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We discuss spontaneous symmetry breaking of open classical and quantum systems. When a
continuous symmetry is spontaneously broken in an open system, a gapless excitation mode
appears corresponding to the Nambu—Goldstone mode. Unlike isolated systems, the gapless
mode is not always a propagation mode, but it is a diffusion one. Using the Ward—Takahashi
identity and the effective action formalism, we establish the Nambu—Goldstone theorem in open
systems, and derive the low-energy coefficients that determine the dispersion relation of Nambu—
Goldstone modes. Using these coefficients, we classify the Nambu—Goldstone modes into four
types: type-A propagation, type-A diffusion, type-B propagation, and type-B diffusion modes.

Subject Index A56, A57, B30, B31

1. Introduction

Spontaneous symmetry breaking is one of the most important notions in modern physics. When a
continuous symmetry is spontaneously broken, a gapless mode appears called the Nambu—Goldstone
(NG) mode [1-3], which governs the low-energy behavior of the system. For example, a phonon in
a crystal, which is the NG mode associated with translational symmetry breaking, determines the
behavior of the specific heat at low temperatures, which is nothing but the Debye 7> law.

The nature of the NG modes, such as the dispersion relations and the number of modes, is deter-
mined by symmetry and its breaking pattern. The relation between them was first shown for relativistic
systems [1-3], where the number of NG modes is equal to the number of broken symmetries or gen-
erators. It was extended to isolated systems without Lorentz symmetry [4—8], where the number of
NG modes does not coincide with the number of broken symmetries [9—11]. A typical example is a
magnon in a ferromagnet, which is the NG mode associated with spontaneous breaking of the spin
symmetry O(3) to O(2). The number of broken symmetries, dim(O(3)/0(2)), is equal to two, but
only one magnon with quadratic dispersion appears. In general, when a global internal symmetry G
is spontaneously broken into its subgroup H, the number of NG modes is expressed as [4-8]

1
NNG = NBs — Erank,o, (1)

where Nps = dim(G/H) is the number of broken symmetries, and p#% := —([iQﬂ ,j“o(x)]) is the
Watanabe—Brauner matrix with the Noether charge Of and the charge density j%°(x) of G [12]. The
NG modes are classified into two types: type-A and type-B modes. The type-B mode is characterized
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by nonvanishing p#“, which implies that the two broken charge densities /2% (x) and j*°(x) are not
canonically independent [13]. (rank p) /2 counts the number of canonical pairs of broken generators,
and every pair of broken charges constitutes one NG mode. Therefore, the number of type-B modes,
Np, is equal to (rank p)/2. The rest of the degrees of freedom, N = Nps — rank p, become the
type-A modes, which have the same property as NG modes in Lorentz-invariant systems. The sum
of the number of type-A and type-B modes leads to Eq. (1). Both type-A and type-B NG modes are
propagation modes with typically linear and quadratic dispersions, respectively.

Similar to isolated systems, spontancous symmetry breaking occurs in open systems. A well-
known example is a diffusion mode in the synchronization transition of coupled oscillators, which
describe chemical and biological oscillation phenomena [14,15]. In the synchronization transition,
U (1) phase symmetry is spontaneously broken, and the diffusion mode appears as the NG mode,
which has different dispersion from that in isolated systems. Another example is ultracold atoms in an
optical cavity [16]. In the system, a laser and its coupling to radiation fields give rise to spontaneous
emission and dissipation, where the internal energy does not conserve. Bose—Einstein condensation
and symmetry breaking can occur even in such a case, and they have been observed [ 16]. Furthermore,
the synchronization transition and the diffusive NG mode of ultracold atoms in the driven-dissipative
setup are discussed in Refs. [17-22]. The diffusive NG modes are characteristic of open systems.

Compared with isolated systems, the relation between the NG modes, the broken symmetries,
and the dispersion relations has not been established in open systems. A crucial difference between
isolated and open systems is the lack of ordinary conserved quantities such as the energy, momentum,
and particle number, because of the interaction with the environment. Thus, we cannot naively
apply the argument for isolated systems to that for open systems. In our previous work we studied
properties of the NG modes in open systems based on toy models [17], in which we found two types
of NG modes: diffusion and propagation modes, whose poles have w = —iy |k|? and (+a — ib) |k|?,
respectively. Here, v, a, and b are constants. In the model study, the nonvanishing Watanabe—Brauner
matrix for the open system leads to the propagation NG modes, where a similar relation to Eq. (1)
is satisfied [17]. However, it is found that the propagation modes split into two diffusion modes
by changing a model parameter in the study of time-translation breaking [23], where Eq. (1) is not
always satisfied. Therefore, we need a model-independent analysis to understand the nature of NG
modes for open classical and quantum systems. This is the purpose of the present paper.

Open classical and quantum systems can be uniformly described by the path integral formulation,
called the Martin—Siggia—Rose—Janssen—De Dominicis (MSRJD) formalism [24-27] for classical
systems, and the Keldysh formalism for quantum systems [28]. Both path integral formulations are
written in two fields. In the language of classical theories, they are called classical and response
fields. In the Keldysh formalism, they correspond to a linear combination of fields on the forward
and backward paths. These doubled fields play an important role in the symmetry of open systems.

The notion of symmetry in open systems is slightly different from that in isolated systems
[17,18,23]. In isolated systems, when there is a continuous symmetry there exists a physical Noether
charge, which we call Of in this paper. “Physical” means that the Noether charge is an observable like
the energy and momentum. In contrast, in open systems the Noether theorem does not necessarily
lead to the physical conserved charge. Instead, another conserved charge, which we refer to as 09,
arises in the path integral formulation. The doubled charges, Q% and QF, relate to the fact that the
path integral is written in doubled fields. Although O itself is not a physical conserved quantity, it
plays the role of the symmetry generator. By using 0%, we can define the spontaneous symmetry
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breaking for open systems and derive the Ward—Takahashi identities [29,30]. As is the case in iso-
lated systems, spontaneous symmetry breaking implies the existence of gapless excitation modes.
Our previous analysis based on the Ward—Takahashi identities [17] is limited in the zero-momentum
limit. In this paper we generalize it to analysis with finite momentum, and derive the low-energy
coefficients for the inverse of the Green functions in the NG mode channel. Using these coefficients,
we classify the NG modes and discuss the relation between these modes and the broken generators.

The paper is organized as follows: In Sect. 2 we show our main result, in which we classify the NG
modes into four types and discuss their dispersion relations. We also discuss how the NG modes can
be observed in experiments. In Sect. 3, we review the path integral formulation in open classical and
quantum systems. In Sect. 4 we discuss the concept of symmetry in open systems and provide two
field-theoretical techniques that we employ to show our main result. Section 5 shows the detailed
derivation of our main result, and Sect. 6 is devoted to the summary and discussion.

Throughout this paper we use the relativistic notation in (d + 1)-dimensional spacetime with the
Minkowski metric 1, = diag(l,—1,—1,...,—1), although the system need not have the Lorentz
symmetry. We employ the natural units, i.e. ¢ = i = 1, where c is the speed of light and £ is the
Planck constant over 2.

2. Main result

In this section we summarize our main results first, because the derivation is technical and compli-
cated. We show the relationship between the inverse of the retarded Green function and low-energy
coefficients that determine the dispersion relation of NG modes. Using the low-energy coefficients,
we classify the NG modes into four types: type-A propagation, type-A diffusion, type-B propagation,
and type-B diffusion modes. We also discuss how these modes can be observed in experiments.

2.1. Green functions and low-energy coefficients

We consider a (d 4+ 1)-dimensional open system that has a continuous internal symmetry G (the
precise definition of symmetry in open systems is shown in Sect. 4.1). Suppose that the symmetry
is spontaneously broken into its subgroup H in a steady state. We assume that the steady state is
unique and stable against small perturbations. The steady state may be not only the global thermal
equilibrium but also a nonequilibrium steady state. We also assume that any spacetime symmetries
of the open system such as the time and spatial translational symmetry are not spontaneously broken,
which implies that the frequency and momentum are good quantum numbers. We are interested in
the behavior of the retarded Green functions that contain NG modes [G (k)]qp, Where @ and 8 run
from 1 to the number of broken symmetries Nps. As in the case of isolated systems, Npg is equal to
dim(G/H). Our main result (generalization of the Nambu—Goldstone theorem) is that the inverse of
the retarded Green function can be expanded as

(G (1P = CP* — iCP*t gy + CP Yk + - @
with coefficients
Cﬂa — O, (3)
CPail = (8p/5H(0)) + f AT (Quhip) (Quif ), @
Chevi _ ghavie gy _ f A (Qn/f @) (Qnf§" (O))e (5)
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n / A (QehE(0)) (Qaf (0)))e. (6)

Here, © and v are spacetime indices, k* = (w, k) are the frequency and the wave vector, and
d“tx = dtdx. The subscript ¢ denotes the connected part of correlation functions. Q is the
projection operator that removes the contribution of NG modes from the operator [the definition
of O, (=1 — Py) is given in Eq. (110)]. The expectation values are evaluated in the path integral
formulation, Eq. (26). In this formulation there are two types of elementary fields, denoted xz and
x4» which correspond to the classical and fluctuation fields, respectively. The operators in Egs. (4)
and (6) are related to the symmetry transformation of the action S[x, x{1. To see this, consider
an infinitesimal local transformation of fields under G: x/(x) — x/(x) + d4x/(x) (i = R, A) with
Saxi'(x) := €q(x)89 ;" (x), where €4 (x) is the infinitesimal parameter depending on spacetime, and
89 x{ (x) is the infinitesimal transformation of x(x). If x/*(x) is a linear representation of G, it can be
represented as 89 x/ (x) = i[T “1% Xib (x), where T is the generator of G. Since G is the symmetry, the
action is invariant under 8 4 if €, is constant. For a spacetime-dependent €, (x), the action transforms
as

848 = — / dx 8,6 ()79 (1), (7)

where jj“ (x) is the Noether current. We also introduce a local transformation 8z such that g x/ =
€q(x)87 x;" (x), with

SpxA(x) = 85 Xz (¥),

%83 x4() quantum system,

SpxR(X) = [0 ®)

classical system.
In isolated systems, these are also symmetry transformations; however, they are not in open systems
[17,18]. Under this transformation, the action transforms as

OrS = /ddﬂX [ga (xX)hp(x) — 8M6a(x)jg“(x)]. ©)

Since 8 transformation is not the symmetry of the action, A% (x) exists.
8]'? jj“ (x) and SP*V(x) in Eqs. (4) and (6) are given through the infinitesimal local transformation

oij“ (x), which is
(SRjaM(X) b (x)(Sﬁ ﬂll( ) 9, € ( )Slsa;vll( )_|_ 10
4 =€pX)opsy (¥ vep X * : (10)

The low-energy coefficients in the inverse of retarded Green functions in Egs. (3)—(6) are expressed
as one- or two-point functions of these operators.

The ordinary Nambu—Goldstone theorem shows C#* = 0 in Eq. (3), which is derived from the
only symmetry breaking pattern, and thus it is independent of the details of the underlying theory.
This claims that there is at least one zero mode when a continuum symmetry is spontaneously broken.
To determine the dispersion relation and the number of NG modes, we need additional data. If we
impose Lorentz invariance on the system, we find CA%#* = 0 and CP%VI = —p Hghe where gP¥ is
an Ngs x Nps matrix with detg # 0. In this case, det G, ' = 0 has 2Ngg solutions with w = =+|k]|.
Each pair of solutions w = =+|k| gives one mode. Therefore, the number of NG modes is equal
to Nps, whose dispersion is linear. This is the Nambu—Goldstone theorem in relativistic systems

4/30



PTEP 2020, 033A01 Y. Hidaka and Y. Minami

[2,31]. Equations (4) and (6) give the data for general cases, not just for isolated systems without
Lorentz invariance but also for open ones. In this sense, our formulae in Egs. (2)—(6) provide the
generalization of the Nambu—Goldstone theorem. In the next subsection we discuss the classification
of NG modes and their dispersion relations.

2.2.  Classification of NG modes

It is interesting to clarify the relation between the broken symmetries, the NG modes, and their
dispersion relations in open systems. In isolated systems without Lorentz invariance, those relations
have been made clear in Refs. [4,5,7,8]. In this section we generalize the relation obtained in isolated
systems to that in open systems. The formula in isolated systems can be reproduced as a special case
of our result.

Our formulae in Egs. (2)—(6) are quite general, so we need additional assumptions to classify NG
modes. First, we assume that det(—iwp — a)zg) # 0 at an arbitrary small but nonzero w, where
we define pf% := CP*0 and gh* := —CP*% This assumption means that the low-energy degrees
of freedom are contained in, at least, up to quadratic order in w. We note that this is implicitly
assumed in the analysis of NG modes in isolated systems [7]. Second, we assume that the action of
the underlying theory satisfies the reality condition (S [xg> X4 )* = —S[xg, —x4]- All the models
discussed in Sect. 3 satisfy this condition. The reality condition implies that all the coefficients CP%H
in Eq. (2) are real. This property leads to the relation that if wy is a solution of det G, Y(w, k) = 0, then
—w”, is also a solution. The third assumption is that G/ L(w, k) is invariant under k — —k, which
makes our analysis simpler. In this section we concentrate on systems that satisfy this condition. One
can generalize our analysis by relaxing the this assumption. From these three assumptions, we can
conclude that there are two types of modes, diffusion and propagation, and the poles of the retarded
Green functions have the form

—iy (k) diffusion mode, (1)
w =
+a(k) — ib(k) propagation mode.

Here, a, b, and y are real and positive due to the stability of the system, and they vanish at & = 0 due
to symmetry breaking. We note that the above three assumptions do not exclude the possibility of
the pole @ = 0 with finite momentum k, or equivalently the pole witha = 0, 5 = 0, or y = 0. The
pole can be excluded from the assumption that the translational symmetry is not broken discussed
in Sect. 2.1. If such a pole exists, there exists a time-independent local operator. By operating the
operator to a given steady state, we can generate another steady state with a finite momentum,
which breaks the translational symmetry. This contradicts the assumption of broken translational
invariance. !

Let us now focus on the relation between the number of modes and the coefficients p#% and g#¢.
The number of zero modes can be evaluated from the number of solutions of det(—iwp — w? g) =
N8BS det(—ip — wg) = 0 with w = 0, which is equal to Ngs + (Nps — rank p) = 2Ngg — rank p. As
in the case of isolated systems [7], we characterize the type-B modes by linearly independent row
vectors in p. p generally has both symmetry and antisymmetric parts. This is different from isolated
systems, where p is an antisymmetry matrix. The symmetric part plays the role of dissipation. The
number of type-B degrees of freedom is equal to rank p. This characterization is different from

! The same argument is used in the analysis of NG modes in nonrelativistic systems [10].
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our previous work [17], in which we proposed that the type-B mode was characterized by the
antisymmetry part of p, and conjectured that the existence of the antisymmetric part implied the
existence of a propagation mode. However, this conjecture is not always true [23]; it depends on the
details of the underlying theory, as will be seen below. Therefore, we change the definition of type-B
modes.”

Since propagation poles are always paired with the positive and negative real parts, we count
the pair of poles as two. On the other hand, the pole of a diffusion mode is counted as one. This
observation gives the relation between rank p and the number of diffusion and propagation modes
as

rank p = NB_diffusion + 2NVB-prop- (12)

As mentioned above, the number of diffusion modes depends on the details of the theory. To see this,
let us consider a simple model with

_ —ikiw + k? —iw k1 1
G, = = 13
T ( iw —ikow + k2>’ p (—1 /Q)’ (13)

and g#* = 0. Here, k1 and «, are parameters. We choose these to be positive. Since detp =
k1k2 + 1 # 0, rank p = 2, i.e. there are two solutions in det G, I' = 0, which are given as

_ —i(k1 + Kk2) £ /4 — (k1 — K2)? K2

4
2(1 + x142) (14)

If4 > (k] —k2)?, one propagation mode appears. On the other hand, if4 < (k1 — K2)?, two diffusion
modes appear. In both cases, Eq. (12) is, of course, satisfied; however, the diffusion or propagation
depends on the parameters.

The remaining gapless degrees of freedom describe type-A modes, whose number is (Ngs —rank p).
Since they have w? terms in G, !, we count each degree of freedom as two, and we find that the
following relation is satisfied:

2(]VBS — rank p) = NA-diffusion + 2NA—prop~ (15)

One might think the existence of the type-A diffusion mode is unnatural. However, we cannot exclude
this possibility at this stage. For example, let us consider G,; U= —w?—2i¢|k|*w+|k|*. The solutions
ofG;1 = O0are w = —i¢ |k|> £+/1 — ¢2|k|?, which correspond to the type-A modes because p = 0.
If ¢ < 1, there is one propagation mode. On the other hand, if { > 1 there are two diffusion modes.
These are nothing but the type-A diffusion modes in our classification. The possibility of type-A
diffusion modes is excluded by assuming an additional condition, as will be seen later.

Combining Eqgs. (12) and (15), we find the general relation

1
Nps = NA-prOp + 2NB-prop + ENA-diffusion + NB.diffusion- (16)

Forisolated systems, where hg vanishes, the transformation generated by § g isupgraded to symmetry

whose Noether current is jl’g“ . In this case, the symmetric part of p#* vanishes, and p?? turns into

2 The type-A NG mode with @ = —i|k|* in our previous work [17] corresponds to the type-B diffusion
mode in the new classification of this paper.
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the Watanabe—Brauner matrix: p#% = ( ]’gjﬁl‘o) = —([ng,jjo]) [12]. In isolated systems, there are

no diffusion modes, i.e. Ny_diffusion = VB-diffusion = 0, so the relation reduces to the standard one:
1

Furthermore, let us consider that the system is isotropic. In this case, C*#*/ can be expressed as
2*P 87 We assume that det g # 0, which simplifies the dispersion relations:

+ap|k|? — ibg|k|*> type-B propagation mode,
w = { —iyplk|? type-B diffusion mode, (18)
+aylk| — iby|k|?>  type-A propagation mode.

In this case, there is no type-A diffusion mode (see Appendix A for the proof).

In addition to gapless solutions, gapped solutions in det G ! (w, k) = 0 may exist. As is in the case
of the gapless modes in Eq. (11), the gapped solutions can be classified into damping and gapped
modes, with

| -ive damping mode, (19)
+ag — ibg gapped mode

at k = 0. The total number of solutions of det G, Y(w,0) = 01is equal to the degree of the polynomial
det G;l(w, 0). Since det G;l(a), 0) = det(—iwp — a)zgr) = "Bs det(—ip — wg), the degree is
equal to (Ngs + rank g). There are 2Ngg — rank p solutions with w = 0, so that the remaining
(rank g + Npg) — (2Nps — rank p) = rank g + rank p — Npg solutions correspond to gapped ones.
Therefore, we find the relation for the gapped modes to be

rank g + rank p — Ngs = 2Ngapped + Ndamping- (20)

If yg or lag — ibg| is much smaller than the typical energy scale, these gapped modes become
the low-energy degrees of freedom. In isolated systems, these kinds of gapped modes are known
as gapped partners [4,5,32-36]. An example is a Ferrimagnet, in which ferro- and antiferro- order
parameters coexist. The Ferrimagnet has one magnon with quadratic dispersion, which is the type-B
mode, and one gapped mode.

2.3.  Spectral function and experimental detection

The dispersion relation of NG modes can be experimentally observed by inelastic scattering pro-
cesses [37-39]. For example, in atomic Fermi superfluids, the NG mode is observed in the spectra
with focused Bragg scattering [37]. The differential cross section is proportional to the correlation
function, which behaves as 2Im G (w, k) /o =: S(w, k) at small w [40].3 S(w, k) will be multiplied
by an additional factor depending on the processes. From the results in the previous subsection, the

3 More precisely, the differential cross section is proportional to G»(w, k) in 1/2 basis of the Keldysh
formalism. At low w, G, (w, k) reduces to 2Im G, (w, k) /w.
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w \ |k a) i \ k|

Fig. 1. The left panel shows the w—|k| dependence of S(w, k) for a type-B diffusion mode, which has a single
peak. The right panel shows S(w, k) for a type-B propagation mode, which has blunt pair peaks. The parameters
are chosen as y3 = 1, a3 = 1, and b = 0.5.

s A 1y LI L

g b g()\//\’\ Sw. k) \J\:tf (el NG

4 '-..\\ ~Y ":\’\

@ \ IK| ® k|

Fig. 2. The left and right panels show the w—|k| dependence of S(w, k) for type-A and -B modes in an isolated

system, respectively. Both have sharp pair peaks. The parameters are chosenasa, = 1,b, = 0.5,a3 = 1, and
by =0.5.

S(w,

retarded Green functions in broken phases are written as

iy
G-diffusion (0, k) = ——2—
B dlffusmn( ) w4+ iVB|k|2
—1
- o) - : ) 21
B-prop(®, &) (w — ap|k|? + ibp|k|*)(w + ap|k|?> + ibp|k|?) @b
The corresponding spectra, Sp.giffusion(®, k) = 2Im Gp_diffusion(®, k) /@ and Spprop(w, k) :=
2Im GB_pr()p (a)v k)/a)ﬂ are
2yp
Si-aiffusion (@, k) = —— 7, .
B-diffusion ( ) w2 + y§|k|4 ( )
4bp|k|?

SB-prop (w, k) = @

(@ — aglk|?)? + bzlk|*) (@ + aglk|?)? + bz|k|*)’

respectively. As a comparison, we show the functional form of S = p(w, k) /w for type-A and -B
modes in isolated systems as

Siw. k) = _4balkT S— (24)
(@ — alkD)? + B2 1K1 (@ + aalkD)? + B3 1k1%)
4
Sp(w, k) = ol (25)

((w — aplk|®)? + b31k|3) (@ + aplk|>)? + b3 |K[S)’

respectively.

Figures 1 and 2 illustrate the w—|k| dependence of S(w, k) in open and isolated systems, respec-
tively. S(w, k) in the open system has a single peak for the type-B diffusion mode, and blunt pair
peaks for the type-B propagation mode. In contrast, S(w, k) in the isolated system has sharp pair
peaks. Thus, S(w, k) has significantly different behaviors depending on the open or the isolated
system.
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The type-B diffusion spectrum will be realized in a driven dissipative Bose—Einstein condensate
(BEC) [18-22]. Similarly, we expect that the type-B propagation mode in a nonequilibrium steady
state can be observed in a driven dissipative BEC with a different symmetry breaking pattern, e.g.
SO3) x U(1) - U(1) realized in a spinor BEC [41,42].

3. Open classical and quantum systems

Here, we briefly review the path integral approach to open classical and quantum systems. Readers
who are familiar with this approach may jump to Sect. 4. As will be seen below, in both classical
and quantum systems the expectation value of an operator can be expressed as the path integral

(Olxg, x41) = / Dy iDxDCDCeSKiAICLCIO 8 4], (26)
P

Here, the subscript o denotes the contribution from the initial density operator, whose definition is
given later. S[xz, x4, C, C] is the action with two types of physical degrees of freedom, xz and x ¢,
corresponding to classical and fluctuation fields, respectively. In classical systems, y § is often called
the response field. In quantum systems, xy and x § are fundamental fields of the Keldysh basis in the
Keldysh path formalism [28]. C and C are ghost fields, which are responsible for the conservation of
probability. The existence of the ghost term depends on the theory. In the following, we show three
examples for classical and quantum systems that can be expressed as Eq. (26).

3.1.  Stochastic system

The first example is a stochastic system. The path integral formalism in this system is the MSRJD
formalism [24-27]. Let us consider a stochastic system whose dynamics is described by the Langevin
type equation:

8¢ =~y —rp’ +E, 27)
where & represents Gaussian white noise that satisfies
(EMEX) = k8(t —1). (28)

Here, « represents the strength of the noise. The probability distribution is defined as

Plt; ¢r] := /d¢R(t1)p[¢R(t1)](3(¢R — o)), (29)

where p[¢r(#)] is the initial probability distribution. Since ¢ (¢) follows Eq. (27), P[tF; ¢r] can be
expressed as

Plir: érl = / , Doty +y + gD 3(0dn + ydn -+ 36}~ O, (30)
P,PR

where det(d; + y + 3)»(]512?) is the Jacobian associated with the transformation from (¢p — ¢ (¢)) to
(0tpr + yor + )»qb?a — &(1)). Here, we introduced the following notation:

Dep = / Déroldr(in)]. 31)
P,PR OrR(tF)=0¢R
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Using the Fourier representation of the delta function, we can write the probability distribution as

trp
Pitrign) = ,. DOADoRdet(d +y + 3 {exp [ drisstasn+ you+rgi-0),. G
PR g

The average of the noise can be evaluated as

(7] dPaED) = exp { - g f dmsi(t)}, (33)
which leads to
tr K
Pltrign) = [ DuDoederts, +y -+ 3dhrexp [ difisan+ yon+ 19 - 563
PR i
(34)
The determinant can be expressed as the Fermionic path integral:
det(d; + y + 3rp3) = / DCDC exp f dtC(d; + y + 30¢3)C. (35)
We eventually obtain the path-integral formula
Pltrigrl = |  DpaDprDCDCeS0reaCCl (36)

0.6R
with the action

Ir

di| ga@ir + v or+ 200 + 1507 | — i f diC(® +y +3143)C. (37)

174

g

S[ér, ¢4, C,Cl = /

174

The expectation value of an operator O[¢p, ¢ 4] is given as

(Olgr, pal) == / dr(tr) / D4 DprDCDCSWr94CLIO10r 6]
0,9R
_. / D4 DerDCDCS#r01CC1 010, 1. (38)
P

In the second line, we include the integral of ¢r(¢r) at the boundary into f 0 Der. Here, we only
considered a single variable with simple interaction and noise. Generalization to multi-component
fields is straightforward. For more detailed derivation, see Refs. [43—45].

3.2.  Open quantum systems

The second example is an open quantum system. The open system can be formally constructed from
an isolated system. To see this, let us consider a quantum system coupled with an environment. The
path integral formula can be obtained by integrating the environment out [46]. The action of the total
system consists of three parts:

Stot[¢» B] = Ssys[¢] + Senv[B] + Sint[¢» B, (39)

where Ssys[@], Senv[B], and Sint[B, ¢] are the actions of the system, the environment, and the inter-
action between them, respectively. ¢ and B are the degrees of freedom of the system and the
environment. We assume that the initial density operator at ¢+ = #; is the direct product of those
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¢17B1
P —

t=tr b, Bs t = o0

Fig. 3. Closed time contour in the Keldysh formalism.

of the system and the environment: p = psys ® Peny. In the path integral formalism, the expectation
value of an operator O[¢1, ¢, ] is given on the path shown in Fig. 3 as

(Olé1, #21) =/D¢1D¢2DBlszpsys[¢1(tl),¢2(t1)],0env[31(ll),Bz(fl)]

% eistot[¢1,Bl]_iStot[¢2aBZ]O[¢R, b4, (40)

where the indices 1 and 2 represent the label of the forward and backward paths in Fig. 3, and we
introduced the matrix elements of the density operators psys[¢1(#7), $2(t1)] := (D1 (t1)| Psys|P2(t1))
and penv[B1(t7), B2(t7)] := (B1(t7)| fenv|B2(t7)). The direct product of the density operators enables
us to formally integrate the environment out. Introducing the influence functional e'I'l#1:92] [46]
defined as

oTIP102] . / DB\ DB peny [By1, By |eSerIB1 1= iSen B2 iSin[91,B11=iSim[2,B1] (41)
we can express the expectation value as
(011, ¢2]) = fp D1 Dppe>1?1-210[ ¢y, 4], (42)
where we defined
Settl@1, P21 := Ssys[@1] — Ssyslé2] + T'1, ¢21, (43)

and the notation of the subscript p by
/ D¢ D, = / D¢1 D2 psysld1(tr), pra(t)]. (44)
P

To see the connection between Se¢r and the action in Eq. (37) in the MSRJD formalism, let us move
on to the Keldysh basis, which is defined as ¢g := (¢ + ¢2)/2 and ¢4 := (p1 — ¢P2). dr and P4
are called classical and quantum fields, respectively. Expanding the action with respect to ¢4, and
keeping ¢4 up to quadratic order, we can obtain the MSRJD action. For example, we consider ¢*
theory in (0 + 1) dimension, whose action is given as

_ l 2 l 2,20 U 4
Sould) = [ di[ 50007 = S02? ~ 9] @5)
In the Keldysh basis, Ssys[¢1] — Ssys[¢2] is expressed as
2 3 _u 3
Ssys[@1] — Ssys[¢2] = fdt[azfiM OrPRr — M"P4PR — UP4Pg — Z¢R¢A]- (46)

The functional form of I'[¢, ¢»] depends on the details of the environment. For a simple case, we
assume

Figr. gl = [ dif ~visdisn + 3063 @7
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where v and D are parameters coming from couplings to the environment. Then, the action reduces
to

Sar= [ dt{a10a0i0n = v6s0bn — 1200 — ubu8h — G0udd+ SDGE] )

For a classical treatment we drop qu term, and neglect the d;¢40;¢r term for slow dynamics. Then,
we arrive at

Sar= [ [ ou@tn+ von-+ 1% + 503, (49)

where we rescaled ¢4 — —p,/v and introduced y = m?/v, k = D/v?, and A = u/v. We can see
that the action in Eq. (49) is the same form as the MSR one in Eq. (37) except for the Jacobian term.

3.3.  Lindblad equation

The third example is a system described by a Lindblad equation [47] (see Ref. [18] for a review of
the path integral formalism of the Lindblad equation). The Lindblad equation with a single Lindblad
operator Lis given as

N iy A T AT 1 TT7 A ATTT
op = —illl, p1+y (1oL = SA'Lp + pL'D) ). (50)

Here, y is a coefficient and L is a function of fields. The term proportional to y describes the
dissipation and fluctuation effects. By construction, the trace of p is time independent, 9, tr p = 0.

When the degrees of freedom is a bosonic Schrodinger field 1/7 (t,x) in (d + 1) dimensions with the
commutation relation [@(t Xx), &T(z‘ N = 8D (x —x'), the path integral for the expectation value
of an operator O[y;, wT ] is given as

Ot v = / DYDY SOty ] 51)
0
with the action
1 KN
S = /dd“x [wfiaﬂm — Hy — ylidppn + Hy — iy (L1L§ -3 L +L§Lz))], (52)

where H; := (YilH|¥i), Li = (YilLly), and L] = (y;|LT|v,).4 For example, if we choose the
Hamiltonian and the Lindblad operator as

H=_—vy'vy, — L=V2y, (53)
the action is written in the form

1
5= /dd+1 [wlion - —wlwu Wi + 5 VUV

iy o] - v+ vfw)] (54)

4 Precisely, speaking, when L depends on both v/ and ', one needs to take care with the ordering of the
field in LL, since 1,0 and 1/f‘ are not commutative.
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where m is the mass. In the Keldysh basis, it becomes

1 1
S = fd”’“x VR =y 00 + Wi+ )R = 5 VYRV — VU VR + iy |
(55)

As we have seen in the three examples, all the systems are described by the path integral.

4. Field-theoretical technique

In this section we provide the concept of symmetry in open systems and two field-theoretical tech-
niques to derive low-energy coefficients. One is the Ward—Takahashi identity that gives the relation
between different Green functions. The other is the generating functional and effective action meth-
ods, which are often employed to prove the Nambu—Goldstone theorem in quantum field theories
(see, e.g., Ref. [31]).

4.1. Symmetry of open systems

In isolated systems, the existence of a continuous symmetry implies the existence of conserved
current. On the other hand, in open systems the energy, momentum, and particle number are generally
not conserved due to the interaction between the system and the environment. Thus, one may wonder
what symmetry of open systems means. Even in such a case, symmetry may exist [17,18]. To see the
symmetry of open systems, let us consider the concrete example with the action in Eq. (54). If y = 0,
this system corresponds to an isolated system. In this case, the action is invariant under yr; — e/
and ¥, — el Yo, where 01 and 6; are constant. In this sense, there is the U(1); x U (1), symmetry,
whose Noether charges are

01 = f dplyn, 0= / ey, (56)

respectively. Here, we defined O, such that [QZ, 1}2] = +1ﬁ2 in the operator formalism, whose
sign is opposite to [Ql, 1}1] = —1}1. This relative sign is caused by the canonical commutation
relation, [1 (¢,%), ¥/| (,x")] = 8@ (x —x') and [12(¢, ), ¥} (1,X")] = —8@ (x —x'), in the operator
formalism. This can be understood as the sign in front of the time derivative term in the Keldysh
action f datl (1#1T 10,y — W; i9;12). This kind of doubled symmetry is used for the construction of
an effective field theory of fluids in the Keldysh formalism [48—59]. In the Keldysh basis, these are
expressed as

O4:=01—O = fddx(llf;gw + I/CIWR), (57)
Or = %(Q1 +0)) = /ddx<1ﬁ;¢R + %W/IATW)- (58)
In isolated systems, these charges generate an infinitesimal transformation as
Sava =iV,  Sayr =iyg, (59)
SRYa =iYR,  ORYR = %iw, (60)
where 8,~1ﬁj = —i [Qi, @] in the operator formalism. On the other hand, when ¥ # 0 one of the

symmetries is explicitly broken. The residual symmetry is U(1)4, which is given by setting the
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parameters as 8; = 6,. The Noether charge O is still conserved, but O is not, which means that
the charge in the usual sense is not conserved.

More generally, we can consider a system with continuous symmetry G. The symmetry of open
systems means that the action is invariant under the infinitesimal transformation of G,

X4() = x4(&) +€adyxix),  xp() > xg() + €adyxg (), (61)

where x§(x) and xg(x) are field degrees of freedom, and €, is constant. We can formally define the
transformation 8% x;(x) such that

Spxq(x) := 85 xg (),

%83‘ x4(x) quantum system,

SgXR(X) = (®)

classical system.

These are generalizations of Egs. (59) and (60) [17]. In open systems, invariance of the action under

8% depends on the theory. If the particle number is conserved, but energy is not, then the action is

invariant under the U (1) transformation x4 — € xz and xg — €' x4/4, but it is not invariant

under the time translation y4(f) — xgr(t+c) and xg(t) — x4(t+c)/4, where 6 and c are constants.
In addition, all the previous examples in Sect. 3 satisfy the reality condition:

(STxg, x41)" = —Slxs, —x41. (62)

In this paper we focus on theories satisfying the reality condition.

4.2. Ward-Takahashi identity

Symmetry plays an important role not only in isolated systems but also in open ones. Here, we
show the Noether current in open systems and the Ward—Takahashi identity [29,30]. Let us consider
atheory with field variables y { and xz. Suppose the action S is invariant under G, and the infinitesimal
transformation is givenas x;* — x;'+€,68% x;', with an infinitesimal constant €,,. When €, (x) depends
on the spacetime coordinate, the action transforms as

848 = — / d x4 (0) €0 (1), (7)

because 545 vanishes if €, (x) is constant. The operator jj“ (x) is called the Noether current. To see
the Ward—Takahashi identity in the path integral formalism, we consider the expectation value of an
operator O x{'], which is given as

(Ol / Dy eSO, 63)

Since x/ is the integral variable, the integral is invariant under the relabeling x — x/“:
O = [ Drte 01 (64)
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Ifwe choose x/“(x) = x/(x) —|-€a (x)8% ;" (x), and assuming that the path-integral measure is invariant
under this transformation, Dy;* = Dy, we find that

(Olxf1) = f Dy eSS (O[5 4] + 5,0[x11) + O(€?)
= (O[x{1) + (8401xM) + i(84S8 Olx{1) + O(€?). (65)
Here, the local transformation of O[] is given as

[xl ]

1001 = [ d* e, R (66)
The leading-order term in €, (x) gives
( f a5 ()D€ OOIX) + 84O T) = 0 (67)
Differentiating Eq. (67) with respect to €, (x), we obtain
. 1801x/']
-3, (" () O[ x* L28%8x7(x)) = 0. 68
WA @OLGN + 15 a8 ) (68)

This is the Ward—Takahashi identity, which is the conservation law in the path integral formalism.

4.3. Generating functional and effective action

In order to show the Nambu—Goldstone theorem, it is useful to introduce the generating functional.
We start with a path integral representation for the generating functional in (d 4 1) spacetime
dimensions:

ZU] = <exp[i/dd+1xJ;(x)¢f(x)]> =/DX,.“ exp[iS[x,-“] +i/dd+1xJ;(x)¢;’(x)], (69)
0

where the x/" are elementary degrees of freedom in the Keldysh basis. ¢f' = (¢, ¢9) is a set of real
scalar fields, which may be the elementary or a composite field of x; > In general, the stationary
state need not be the thermal equilibrium state, i.e. a nonequilibrium steady state is allowed in this
formalism. For the generating functional to be well defined, we assume that the stationary state is
stable against any small perturbations. We also assume a stationary state that is independent of the
choice of the initial density operator, so that we omit the subscript p in the following.
Connected Green functions are generated by differentiating In Z[J] with respect to J:
1 8" InZ[J]

<¢zl (x1) - "pzln n))es = P ; . (70)
178Jg) (x1) - - - 8J g, (xn)

Here, (- - - ) denotes the expectation value in the presence of the source Jé (x), which is defined as

(O)) = U1 /DX, exp{zS[ ]+z/dd+1xJ'(x)¢ (x)} (71)

> When ¢4 and ¢4 are composite, these fields are defined by using the 1/2 basis such that ¢ = (¢1 + ¢2)/2
and ¢4 = ¢ — ¢», where ¢, and ¢, are polynomials of x; and x,, respectively.
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The subscript ¢ denotes the connected part of the correlation function. The Green function without
the external field is given as the limit of Jé (x) = 0:

(9, (1) -+ B (xn))e = lim (@1 (v1) -+ 45 (o)) (72)

Since the Jf(f)j term in Eq. (69) is proportional to ¢¢, it can be absorbed into the action as
the external force, while JR$% cannot. The external force does not change the conservation of the
probability, so that the partition function becomes trivial if J® = 0: Z[JR = 0,J4] = 1. This identity
leads to

1 8" InZ[J]

a et = -
<¢A (—xl) ¢A (Xn)>c in 8‘]01,41 (xl) . (SJ;L (xn)

= 0. (73)
J=0

Therefore, any correlation functions contracted from only the ¢4 vanish. In particular, (¢¢(x)) cannot
be the order parameter.
We introduce here the effective action, which is defined as

el :=—-ilnZ[J] - /ddeJ[’;(x)(pf(x), (74)

where ¢f (x) := (¢{(x)); = —idIn Z[J1/8Ji(x). We assume that @' (x) = (¢{(x)), is invertible so
that the effective action is well defined. The effective action is a functional of ¢’ (x) rather than J é x),
since 8T[p] = — [ @9t xi8JL(x)8 In Z[J1/8Ji(x) — [ A9 x 8T (x) @ (x) — [ dT x JE(x)8¢f (x) =
— [d¥Fx Ji(x)8¢¢ (x), in which J!(x) is not an independent variable but relates to ¢¢(x) through
@' (x) = (¢{(x)),. The functional derivative of I" with respect to ¢ is

STlpl
W = Ja(X). (75)

In the absence of the external field, J, ", (x) = 0, Eq. (75) gives the stationary condition of the effective
action. The second functional derivative of I is

. -1
52T 8J 8¢l (') "
oMl S (7 — DL 0). (76)
8] (x)dgf (x) S (x") 8J4(x)
Here, we defined the two-point Green function as
. SeP ()
—iD (6,3 @) = (9] ()¢ (D)es = i~ f;,‘ 5 (77)

To see the symmetry of the effective action, we apply the Ward—Takahashi identity in Eq. (67). By
choosing O = expi [ d¥+1Ji(x)¢?(x) in Eq. (67), we obtain

/ A x 86 (x) (15 () = / dx € (0)TEX) (8508 (X)) 7, (78)

or equivalently,

ST
Soi(x)

/ dx 860 () (1Y () = — / A7 x €4 (x) (0597 (), (79)

where we used Eq. (75). These equations play an essential role in the analysis of Nambu—Goldstone
modes.
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5. Spontaneous symmetry breaking and the Nambu—Goldstone theorem

In this section we nonperturbatively establish the Nambu—Goldstone theorem in open systems. We
will derive the formulae for the inverse of the retarded Green function for NG modes shown in
Egs. (2)(6). We consider an open system with elementary fields y/ (x). The system has spacetime
translational invariance, and a continuous internal symmetry G. The fields transform under an infin-
itesimal transformation of G: x; — x; + €489 x;' (x) with 6% x/(x) = i[T “1% X,-b (x), where the 7%
are generators of G. We assume that the order parameter belongs to a set of real fields {¢{} that
transforms under G as

¢ (x) = ¢ (x) + €adi (x) (80)

with 8§97 (x) :=i[T “]“b(p{’ (x). In other words, the ¢{' belong to a linear representation of G. ¢¢ may
be elementary or composite. The representation of ¢ may be different from the x”. For technical
reasons, we assume that ¢¢ transforms under the local transformation:

8498 (%) = € ()i[T*1%p? (x). (81)

This assumption will make the derivation of our formulae simple. We assume that the continuous
symmetry G is spontaneously broken to its subgroup H. The symmetry breaking is characterized
by the nonvanishing order parameter, 8%¢;" = (89¢{(x)). We also assume that the translational
symmetry is not broken, i.e. the order parameter is independent of time and space, which enables us
to work in momentum space.

Our procedure consists of three steps. First, we show the existence of gapless excitations. Second,
we will find the relation between the inverse of the retarded Green functions for {¢{'} and their low-
energy coefficients. In general, {¢{'} contains not only NG fields but also fields with gapped modes
that we are not interested in. Therefore, in the third step we derive the inverse of the retarded Green
functions with only NG fields by projecting out the contribution from gapped modes.

5.1.  Existence of gapless excitations

The existence of gapless excitations can be shown by using the standard technique developed in
quantum field theory [31]. In the generating functional method, the order parameter is given as
89 = limy_,0(65¢{ (x)),. Taking €, (x) to be constant in Eq. (79), we obtain

8T
‘/w”%gﬁaﬁjf@)za (82)

Differentiating Eq. (82) with respect to (pjb (), we get
/ﬁ“%w*&wmw&wwz—£MMW%, (83)
where we used §9¢f (x) = i[T "‘]"bcpf’ (x) and Eq. (76). Taking the limit J{; — 0, we obtain

/ﬂ“ﬂnﬂﬁw—mﬁﬁza (84)

where [D_l]]lza(x/ —Xx) = [D_l]lga (', x; ¢ = @) with ¢¢ := lim;_o(¢{ (x))s. In momentum space,
we obtain

(DR (k = 0)8%¢% = 0. (85)
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This identity represents the eigenvalue equation with the zero eigenvalue, whose eigenvectors are
89 ¢g, and it implies the existence of gapless excitations. One can check that the independent number
of 8% ¢y equals dim(G/H) =: Nps. In an isolated system with Lorentz symmetry, Nps is equal to
the number of gapless excitations [31]. However, this is not the case in open systems. To obtain
information on finite frequency and momentum, we need the further data shown in the following
subsections.

5.2.  Low-energy coefficients

In order to obtain finite momentum information, let us go back to Eq. (79) and consider its functional
derivative with respect to (p}’ '):

5 (84S)y = - f a1 D7, (% 9)8a0f () — €@ )IADITN. (86)
@; ")

Here, we employed Eq. (7) on the left-hand side and defined the local transformation
849! (x) 1= € ()85 (x) = € (N)I[T*1% 0} (x) (87)

to simplify the notation. This local transformation is obeyed from Eq. (81). We can also introduce
the local transformation §g¢;’ (x) defined as

Srepf (x) 1= Ep(x)0R0f () = Eg(lTP1%e] 0f (). (88)

Here, we introduced the symbol sij for the transformation defined from 8% /' (x) = s] 8¢ Xf‘ (x) in
Eq. (8). The bar on the €, is introduced to distinguish the transformation for 84, where ¢, is used.
Multiplying Eq. (86) by — [ d“*1x’ sge? (x) and taking the J}(x) — 0 limit, we obtain

fdd+1x’ /dd“xe,g(x )SEGAID™ R (' — x)8% Blen (x)

= — lim [ 49!

J—0

X' $rg} () (8480, (89)

8P ()
where we interchange the left- and right-hand sides. The left-hand side represents the inverse of the
retarded Green function in the NG mode channel. We would like to express the right-hand side in
the language of symmetry. Naively, one might think that the right-hand side in Eq. (89) has the form
—(6r64S). This is not the case. In general, a transformation of fields and the expectation value are
not commutative due to fluctuations, i.e. (6rO); # Sr{O),, where we define

520 = / A 3 2 (1) 82 ), (90)

O
(SXZ‘()

52(O)y = / Ay % ()

)
O). 91
50 ) (O) 1)

Recall that x/(x) is the elementary field of theory and all local operators are polynomials of x;*. The
equality holds if O is a linear function of ¢ and ¢¢. To see the explicit relation between (5gO),
and §(O);, let us consider the Ward—Takahashi identity for g, which leads to

(6RrO); = —i{3rS O); — i/dd+1x/J;(x/)(6R¢f(x/) O)J. 92)
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We note that since the action is not invariant under this transformation, i(6zS O); does not vanish
even when €g(x) is constant. For the trivial operator O = 1, Eq. (92) reduces to

i(6rS)s +i / dx J (x)8ref (x) = 0. (93)

Noting that ((’)d)}’(x))J =3 ((’))J/(SiJi(x) + (d)_]b(x))J (O), and from Eq. (93), we can express (5pO) s
as

(0r0)s = —i(3rS O)y — i / a0 e O e ] (O + (9] ) (O))

SiJ) ()

. )
= —i(5RS Q)¢ — i f A T ) e (I T %6 — —(O). (94)
8iJ, (x)

The subscript ¢ denotes the connected diagram defined as (OlOz)c_; 7 :=(AO1AOy); with AO =
O —(O) ;. We would like to eliminate the explicit dependence of JZ (x) in Eq. (94). For this purpose,
consider the functional derivative of Eq. (93) with respect to (p}’ (x"), which becomes

Wi((sRS) i f A DT W x; 0)8Re8 () + WL(X)E (IlT e = 0. (95)
J
Substituting this into Eq. (94), we can express (5rO)s as

8 8
5 5 HORS) ) ———(O),
Sy (x") 8iJy (x')

(88O)y = —il8pS Obesy + f FEARN

i / ity / 4 DY (xR0 () (O). (96)

i (x)
In order to obtain a more compact expression, we introduce the projection operator defined as

5
0 := [ d'Y Ag} (x)——(O
Py / x' Ag; (X)&p;, (x/)< )J

=i / ditly’ / dx AP DY, (x5 0) (9 () O (97)

Here, we assumed that O does not explicitly depend on ¢. We also introduce Qg := 1 — Py, which
satisfies 77425 = Py, Qé = Qp, and Py Qy = QyPy = 0. By construction, Qp A¢{(x) = 0, that is,
the projection operator Oy removes the linear component of A¢¢ (x) from the operator. The first two
terms on the right-hand side of Eq. (96) are simply expressed as

8 )

———i(8rS) s —
S¢P (x') 815 (x")

i(5pS O)e + / 4ty (O)y = —i((QpdS) (QD)e.  (99)

Noting that [D_I}Za o, x;0) = SJZ (x")/8¢¢(x), and using the chain rule, we obtain the last term of
Eq. (96) as

; s
; / ity / A DY (x9SR () —— (O) = / 4y 0 () ——(0),.

8
815 (x") 8¢y (x)

(99)
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Eventually, we arrive at the expression

(RO)s = 8r(O)s — i{(QpdrS) (QpO))c.s. (100)

If we choose O = §,4S and take the J/ — 0 limit, Eq. (94) becomes

lim | q9t!
J—0

X' Sr@) (') (048)s = (8r84S) +i{(QpRS) (Lpd4S))e. (101)

8¢ (')

Substituting Eq. (101) into Eq. (89), we obtain

f dy / A" x g (NSEFIDT IR (' — x)8% Phen ()
= —(0r64S) — i((QgdrS) (QLpd4S))c. (102)

This expression gives the relation between the inverse of the retarded Green function and expectation
values of operators. The indices ¢ and b in [D™! ]’gf (x" — x) include not only NG fields but also other
fields with gapped modes. Therefore, our next step is to find the inverse of the retarded Green function
consisting of only the NG fields.

5.3. NG modes and their low-energy coefficients

The dispersion relations or the positions of poles can be obtained by solving detD~'(k) = 0
in momentum space. Probability conservation ensures that [D~! ]55 = 0, so that detD~!(k) =
det[ D148 (k) detlD~ 1”4 (k) = 0. Here, we will find the dispersion relation for the retarded Green
function. [D! ]Z‘f (k) contains not only NG modes but also gapped modes, and they can mix. There-
fore, we need to carefully analyze the inverse of the retarded Green function [D™ 1 ]gf (k). To separate
the NG modes and gapped modes, we decompose fields ¢f (x) as ¢f (x) = 6% @pTia (x) +M9“ D ;g (x).
Here, the 1, (x) represent NG fields, with ®;5 (x) the gapped fields.® In this basis, the inverse of the
retarded Green function is expressed as

DR — (Pl ® [D,E%,]f{‘j(k)

“ [Dgr 1P (k) [Dgel?* (k)

(103)

_ ($RE585EHDT TR 8p @M (DT TR (k)
MPPSGGRIDT R (k) MPPMDT R () )

The determinant of the inverse of the retarded Green function can be decomposed into
det[D~'14R (k) = det[Dg L 1(k) det[G ' 1(k) with

Ba
1
G-'1P* = | D=L k) — D=L (k) ——— DL (k . 104
[ T ( )] [ 7-[71( ) n—q;( )D;(lb(k) CDJT( )} ( )

® We note that these gapped fields do not correspond to the gapped or damping modes appearing in Eq. (19).
®,;(x) includes a “mass” term, i.e. det [D;g](O, 0) # 0, while G;! does not include it. G, (k) vanishes at
w=0and k =0.
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We are interested in the dispersion relation of the NG modes, which can be found as the solution of
det G, L(k) = 0. Our purpose now is to express [G, L(k)1Pe by using the correlation functions of
currents. For this purpose, we rewrite Egs. (86) and (95) at the limit J!(x) — 0. Noting that

) = /ddﬂxm ’ o :i/dd+1x[DI]Za(x/—x)(¢f(x)(9)c,

lim ——( b i
J—0 (S(pj (x) 5(p]. (x") 51Ja(x)
(105)
we have the following equations:
i/ A DR (= v)ea (08438 = [ A DT (& — ) (88 ()848)c, (106)
i/dd+1x & (083740 1Y (x — ) = /dd+1x (8RSG% () [ DY, (x — x). (107)
To avoid complicated indices, we write Egs. (106) and (107) in matrix form:
iDgle = Dyl S; + Dyt Se, (108)
i€D ¢ = SxD5 ¢ + SoDgys (109)

where we define [Sylje (x) 1= (7ja (¥)84S5), [Selia(x) 1= (Pig(x)84S), [Srlja(x) == (8rSTja (x)),
and [Seliz(x) := (SpSP;5(x)). Here, we introduce a projection operator P, and @, = 1 — Py
defined as

PrO =i f dHy / Ay Amip ()G VP (= x) (i () O)e. (110)

Unlike Py defined in Eq. (97), P projects to only the NG fields. This is natural since we would like
to focus on only the NG modes. By the definition of Qgy, —i((Qg0rS) (Qpd4S))c is expanded as

—i{(QpSRS) (Qp84S))c = —i(8rS84S)c — Sz Dyt Sy — SoDgLSx — SxD7 S0 — SoDyeSao.

(111)
Similarly, for Q, we find that
—i((Qn0rS) (Qr84S))e = —i(8rS84S)c — Sx G 'Sy (112)
The difference of these is, from Eq. (104),
i{(QrdrS) (LrdaS))e — i{(QydrS) (LpduS))e
_ B B 1 _ - _ B - - B
=S, [Dml, —~ Dﬂ;,FDd,}T} Sy — Sz Dy 1Sx — SoDgrSr — 8Dy 4,50 — SoDgeSe
PP
_ _ 1 _ _
= —(SxDy 4 + SoDgy)— (Dgh Sz + D So). (113)
Dgo
Substituting Egs. (108) and (109) into Eq. (113), we can write the difference as
o 1
i{(QrdrS) (QrbaS))e — il(Qy3S) (Qp3aS))e = EDy——-Dipre. (114)

[odo
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Recall Eq. (102), which is written in the compact notation as

€Dy n€e = —(8r84S) — i{(QprS) (Qp84S))e. (115)
Substituting Eqgs. (114) and (115) into Eq. (104), we finally obtain

€Gy'e = —(3r84S) — i((Qx8rS) (Qrb4S))e. (116)

This equation gives the relation between the inverse of the retarded Green function for NG fields and
the expectation value of operators.
Let us evaluate the right-hand side of Eq. (116). The first term is expressed as

(6R64S) = /ddH SR]A“(x))B €q(X). (117)
The local transformation of the current can be expanded as
SR () = Eg(0I8RI5" () + DEp()SPH M (x) + - (10)

The first term, 8% iy (x), is the transformation of ;" (x) under 8%. SP*#(x) is analogous to the
Schwinger term in quantum field theory. Similarly, §zS is expanded as

SpS = /dde [Ea (X)hg(x) — 3M5a(x)jz“(x)]- ©)

Substituting Egs. (9), (10),and (117) into Eq. (116), we find the inverse of the retarded Green function
in momentum space as

(G (01 = — ik (/5 (0)) + Kok (P41 (0)) — Gheit (hyiky — Gt (K)keoky, -+, (118)
with

Grgy () =1 f a1 e ((Quhip (@) (Qai (0))e. (119)

Gl (k) o= i / A" x " (Qnjp” () (Qrfg" (0)))e. (120)

Here, - - - denotes the contribution coming from the expansion of sh ) A“ (x), which is local and can

be directly evaluated from Eq. (10). We are interested in the low-energy behavior, so that we expand
the inverse of the retarded Green function in terms of k*:

[G;l(k)]ﬁa — Cﬂa _ iCﬂo‘;“kM + C’S“;"“kvku 4+ (121)

and the first three coefficients are then

cPr =, (122)
CPoH = (53/5" () + lim Gt k), (123)
chavi — (P (()y hm Gﬁ"‘ ”“(k) —i 11m TG;?:’AM( ) (124)
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which corresponds to Egs. (2)—(6). These are the formulae that we would like to derive in this paper.
The important assumption of these formulae is that Eqgs. (123) and (124) are nondivergent in the
limit £# — 0. If this is not the case we need to keep the momentum dependence, which may
change the power of the momentum. The reality condition in Eq. (62) implies that all the C**>V#* of

the derivative expansion are real. If the system is isolated, (81‘;j jj“ (0)) vanishes because the action

is invariant under 8g. In this case, CP%0 reduces to (81"3 79

0(0)), which Watanabe and Murayama
obtained in the effective Lagrangian approach at zero temperature [7]. We note that C#%/ vanishes
in isolated systems because of the stability of the system. If this is not the case, one can find a more
stable solution, where the translational symmetry is spontaneously broken.

When the symmetry is not exact but approximate, the action is not invariant under the &4

transformation. Under the local transformation, 545 has the form
848 = f dx [ea(0)AG (0) — i () Buea ()], (125)
where /19 (x) represents the explicit breaking term, which leads to the coefficient in Eq. (122) as
che = —(sBn% v)). (126)

This term gives the Gell-Mann—Oaks—Renner relation in open systems [60]. The explicit breaking
term /% (x) also modifies CPet and CP4VE | which can be straightforwardly evaluated.

5.4. Example

Let us see how our formalism works in a simple model with SU (2) x U (1) symmetry. This model
is known to exhibit both type-A and type-B NG modes in an isolated system at finite density [9,11].
The classical version of this model in an open system is employed for the analysis of NG modes [17].
The action that we consider has the form S = §1 — 5> + S12, with

5= [ @1x[@ = il @+ i = Vel Vi~ gl (127)
12 X[y 9002 + v, 001 + i (@] — 93) (@1 — ¢2)] (128)

in the 1/2 basis. Here, ¢; = (<pl.1, (pl.z) is the two-component complex scalar field. The coefficients
W, A, ¥, and « are the chemical potential, the coupling constant, the friction, and the fluctuation
coefficient, respectively. The dagger 1 represents the Hermitian conjugate. If y and « vanish, this
system reduces to the isolated one. It is useful to express the action in the Keldysh basis, where

@R = (p1 + ¢2)/2 and @4 := 1 — @2, as
I s P - IS : ot ot
S= [ d"x |0 —i)eg(d + in)ps + (3 — in)p, (0 +ipn)pr — VorVos — Vo, Vor
Coilion? 2 124N i t fo -
M lerl® + 1 (PpPa + @ 0R) + VPROPA — Y9 4019R + iKP, 04 |-
(129)

This action is invariant under an SU(2) x U(1) transformation, ¢; — ¢; + i€, T%¢p;, where T 0
is the U(1) generator, and 7% (a = 1,2,3) are the SU(2) generators satisfying the Lie algebra,
[T%,TP] = if*PY TV, where f*P7 is the structure constant with /087 = fe0 = fef0 — 0, and
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fabe = ¢ab¢ (the indices a, b, and ¢ run from 1 to 3). €%4¢ is the Levi—Civita symbol. We choose the
normalization of the generators as tr T*T# = §*f /2. From Eq. (7), the Noether current is given as

40 = =3 — in — y)@ Tk + @ iT* (3 + in)er

FQhiT 0 + i — y)pa — (3 — i) PhiT pa, (130)
jji = VngiT“goR — wZiT“V(pR + V(p;;iT“(pA — gp,iiT“V(pA (131)

Let us solve this model to find the dispersion relation of NG modes within the mean field
approximation [18]. The stationary solution is obtained from

55 8S 85 &S

which leads to |¢z|? = u?/(2A) and ¢4 = 0. We parametrize the solution as gz = @g = (0,v/~/2),
with v = /u?/A. Note that gr = 0 is also a solution; it is, however, unstable against small
perturbations. The order parameter is not invariant under (7% — T3)gy # 0, Tl # 0, T?@y # 0,
while (79 + T3)gy = 0; thus the symmetry breaking pattern is SU(2) x U(1) — U ()70 73, whose
broken generators are 7', 72, and (T° — 73)/2 := 73

In order to see the low-energy behavior, we expand the field around the stationary solution as

1 1
= — (b +ix2, v+ vh+ivd), 1= — (b +ix2 vl +ivd). 133
PR ﬁ XR XR Vg Vi % «/5 X4 X1 V4 Uy (133)

7

Then the action reduces to
iK
S = f a4 [ 07 — v+ VR + V07 — v+ VIUR + T (WD + (D)
— 2Pk + 2mea Og + VR |+ (134)

2

Here, the indices a, b run from 1 to 2. We have dropped constant and total derivative terms. - - -
denotes the nonlinear terms of the fields. €, is the antisymmetric tensor with €1, = 1. Since ! has
the mass gap, we can get rid of ! to obtain the effective Lagrangian for gapless modes by using
the equations of motion:

(=07 =y 0+ VZ = 20°) g + 2ud g + ik =0,
(=97 + v+ V? = 2uP) ) + 29,95 = 0. (135)
At the leading order of the derivative expansion, the solutions are
1 ik 1
Yh= VR oV Va= (136)
R= OUVRT 5 2V 4= oV
Substituting the solutions into the action, we find

Setr = / d e [2eax o + 1§ (-02 — vih+ V2 + VA-307 — v, + VAU

] 1
F5 (0D b+ ewd?) [+ (137)

" We use a slightly different normalization from that in Ref. [17].
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From this effective action, we can read the inverse of the retarded Green function:

—w? + k* — iwy 2ipw 0
Gl = —2ipw —? + K — iwy 0 . (138)
0 0 —3w? +k* — iw

Here, the first, second, and third components correspond to x!, x2, and 2, respectively. The
dispersion relations are obtained from det G;! = 0 as

k2
|k|

1
=~ IkP, =121,

(£2p —iy) (139)
at small k. Therefore, this system has one diffusion and one propagation mode.3

Let us reproduce this result by using the matching formulae of Egs. (2)—(6). For this purpose we
need the explicit expression of 67 4 '“ , SPov ]ﬁ H and hﬂ Under the local transformation, dg@4(x) =

€a(X)iTYpr(x) and Sp@r(x) = €y (x)zT“‘goA (x)/4, ]A“(x) transforms as Eq. (10) with
S = =17 (0 = iW@RTY or — RITY (00 + ip)g

1 RN | .
+ Z(at — i@ iT" o4 — ZgoAlT (0 + lu)m)

1
+voR(T7. TV or = Ly o) 1TH. T s, (140)
5P i Bay (v Ty y 1 .y L s Y
Spia =1 RiTY or — GhiT Vor+ Vo il 04— 70,17V ea), (141)
, 1
SP = (TR, T gr + 70 }(TH. T ), (142)

where {T#, 7%} = TPT* 4+ T*TP. The expectation values are evaluated within the mean-field
approximation as

2(v 20 2100
Gs =5 [ v of @ == lo 1 o (143)
0o 0 vy 0 0 I

Here, the indices of the matrix are 1, 2, and 3/, which are the indices of the broken generators. The
transformation of the action under local 45 is evaluated as Eq. (9) with

1
hy =2y phiTP d,0r — EVGDZiTﬁ dipa + i (@ iTPop — @hiTP py), (144)
.80 . . . .
Jg = wleﬁ(Bt +iw)pr — (0 — zu)dng%R
LR . 1 S . I
+ ZleTﬂ(Gz +i)es = (0 — i iTPeos — yohiTPor + ZVQD,ZlTﬂQDAa (145)

1 1
J = VehiTPor — @hiTP Vo + ZVgajiT%A - Z(pj;iTﬂV@A. (146)

8 More precisely, there are one damping and one gapped propagation mode in addition to the NG modes.
The damping and diffusion NG modes become one propagation mode at large k&, called the gapped momentum
state [61].
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The projection operator Q,; removes the NG fields from operators, so that we obtain

Q= vy + o, (147)
30 1 : 1
Qujp = —5Qu+iy)vyp+---, (148)
/ iyv
Quy = Lok +- - (149)
where the - - - ” denote higher-order derivative terms and nonlinear terms of fields. Other components

have no linear term, so do not contribute to the correlation functions in the mean field approximation.
The correlation functions that contribute to CA%# are

i / 1
i / A (i (0) (@ O)))e = 84385 o+ iy’ / A (UYL 0))e
i
2= 2,2+ iy kO

1
= —i86‘8(‘)’§(2u + iy)u? ;ano

2

v .
= —885p u+iv),
(150)
and
. a ik 1 3/
lim - / T 3 ((Q B () (Quf3 " (0)))e
Vv
2
iypve .9 d+1. ik 1 1
= s B lim o [ e oo
. 2 .
ad
= Sglww lim —iw ! -
2 k—00k, k*—-2u’+iyw
2
v
= 8H8) —iy. (151)
0907,
Collecting these results, we eventually find the low-energy coefficients as
2 Y 2u 0 2 —n'H 0 0
chem — 50“: -2y 0], CPevr = 2 0 " 0 . (152)
% 0 0 —n"*—25858

which are consistent with Eq. (137).°

6. Summary and discussion

We have derived low-energy coefficients of the inverse of retarded Green functions for Nambu—
Goldstone modes in open systems, Eqs. (2)—(6), which provide a generalization of the Nambu—
Goldstone theorem. As is the case in isolated systems, we have classified the NG modes into type-A
and type-B modes by using the coefficient of the single time-derivative term, p#%. These modes are
further classified into diffusion and propagation modes. The relation between broken symmetries

® The index of o and B represents the index of broken generators, which is different from the index of fields.
a =1, 2, and 3’ correspond to x2, x', and 2, respectively.
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and the numbers of these modes are summarized in Egs. (12), (15), and (16). In this paper we have
employed continuum models. It is straightforward to generalize our results to systems with discrete
translational symmetry, where the momentum is replaced by the Bloch momentum.

We have not taken into account hydrodynamic modes, which are expected to appear when Qf is
conserved. The coupling between NG and hydrodynamic modes may change low-energy behaviors.
The limit £ — 0 in Egs. (123) and (124) to obtain Egs. (2)—(6) might not be well defined, although
our formulae in Eqgs. (118)—(120) still give the correct results. In such a case, it is better to treat the
hydrodynamic modes as the dynamical degrees of freedom.

It is also fascinating to consider a spontaneous breaking of spacetime symmetries. In particular,
time-translational symmetry breaking will be interesting in the context of a “quantum time crystal”
[62]. In isolated systems, it is shown that the time-translational symmetry cannot be broken in the
ground state [63]. On the other hand, in open systems, time-translational symmetry breaking can
occur. For example, in reaction—diffusion systems, time-translational symmetry breaking is known
as synchronization phenomena, and the dynamics of phase, which corresponds to that of the NG
mode, is described by a nonlinear diffusion equation [15]. A similar situation can occur in open
quantum systems [23,64].

In the clarification of NG modes, we assumed G, Yw, k) = G, Y(w, —k), which leads to CP¥
vanishing. It will be interesting to relax this condition. If there is a steady-state current that is an
order parameter, C#%/ will be nonvanishing. In this case, a different type of NG mode, which cannot
be classified in this paper, will appear.

Another direction is to consider spontaneous symmetry breaking of higher-form symmetries [65].
Photons can be understood as the NG modes associated with the spontaneous breaking of U(1)
one-form symmetry [65]. As in the ordinary symmetry breaking, there also exists the type-B photon,
whose dispersion is quadratic [66—68]. It will be interesting to see how such a mode changes in an
open system. We leave these issues for future work.
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Appendix A. Proof of Eq. (18)

We prove here that there is no type-A diffusion mode in the following type of inverse of the retarded
Green function:

(G 11P%(w, k) = —iwpP* — 0?P* + K*gP?, (A.1)
where detg # 0 and det(—iwp — w?g) # 0 at an arbitrary small w are assumed. At k = 0 there are

(2Ns—rank p) solutions withw = Otodet G Y(w, 0) = 0. Asdiscussed in Sect. 2.2, 2(Ngg—rank p)
and rank p solutions correspond to type-A and -B modes, respectively. The type-B modes can be
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solved by neglecting the w? term in G, Yw, k),i.e. det(—iwp +k>g) = 0. There are rank p solutions,
which behaves like @ ~ |k|?.

Let us next find the solutions for the type-A modes. For this purpose, it is useful to choose the
basis of G ! such that

G- — —0’g) + kg —’2 + kg (4 C AD
T —\_, 25 k2 _ _ .25 k2 — D B/ ( ' )
w°g3+ k°g3 iwps — w84 + kg4

Roughly speaking, the submatrices 4 and B contain type-A and type-B modes; they interact through
C and D. It is useful to employ the formula det G I = (det B) det(4 — CB~' D) to find the dispersion
relation for type A. If CB~!D is negligible, det4 = 0 gives the solutions of type A. Since A4 is an
(Nps —rank p) x (Nps —rank p) matrix, the number of solutions is 2(Npg —rank p), as we expected.
Therefore, det 4 = 0 contain all type-A NG modes. Since det 4 is a function of w?, the solution has
the form w = +ay|k|*. From the stability condition, a4 must be real. Therefore, no diffusion modes
appear in det4 = 0. So far, we assumed that the contribution from CB~'Din det(4 — CB~'D) is
negligible. Let us now check that it is correct. When w ~ |k|, the submatrices behave like B ~ |k]|,
and A ~ C ~ D ~ |k|?. This leads to CB~'D ~ |k|? « |k|* ~ A. Therefore, the solutions are
determined from det4 = 0 at a small k, and there is no type-A diffusion mode in Eq. (A.1).
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