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Abstract In multi-Higgs-doublet models, requiring simul-
taneously that (i) CP violation only arises spontaneously, (ii)
tree level scalar flavour changing couplings are absent and
(iii) the fermion mixing matrix is CP violating, can only be
achieved in a very specific manner. A general approach with
new clarifying insights on the question is presented. Consid-
ering the quark sector, that peculiar possibility is not viable
on phenomenological grounds. We show that, considering the
lepton sector, it is highly interesting and leads to viable mod-
els with u—t symmetric PMNS matrices. Phenomenological
implications of the models, both for Dirac and Majorana (in
a type I seesaw scenario) neutrinos, are analysed.

1 Introduction

An appealing motivation for the introduction of several Higgs
doubletsin SU (2); ® U (1)y models is the possibility to have
spontaneous CP violation (SCPV) [1,2]. One can indeed con-
struct viable scenarios in which the sole origin of CP vio-
lation in the CKM matrix is the vacuum [3]. On the other
hand, a significant source of concern in multi-Higgs mod-
els is the possibility of tree level scalar flavour changing
neutral couplings (SFCNC), severely constrained by experi-
ment. In the context of Natural Flavour Conservation (NFC)
d la Glashow and Weinberg [4], reference [S5] addressed the
implications of spontaneous CP violation; it was argued that
even if CP is broken by the vacuum, in case one requires
that SFCNC are absent, the CKM mixing matrix is nev-
ertheless CP conserving for any number of quark families
(notice that, although [5] considered NFC, this argument only
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involved the absence of SFCNC). Later on, it was pointed
out in [6] and [7] that the previous general argument can be
evaded, leading to CP violating CKM matrices with very spe-
cific properties together with flavour conservation (FC), i.e.
absence of SFCNC; this exception, however, is outside the
NFC paradigm, where quarks of a given charge receive their
mass through the couplings of precisely one neutral Higgs
boson. However, as discussed in [6], this very specific form
of the CKM matrix was not phenomenologically viable. In
this work, we address the question in the context of the lepton
sector and present a simple model where the PMNS mixing
matrix, as a consequence of the simultaneous requirement
of flavour conservation and CP violation originated by the
vacuum, has u — 7 symmetry [8]. It is to be stressed that no
additional symmetry is involved in order to enforce a PMNS
mixing with that property. The paper is organised as follows.
In Sect. 2 we set our notation discussing general aspects of
two-Higgs-doublet models (2HDMs). In Sect. 3, we revisit
the arguments in [5-7] concerning FC and SCPV. A general
approach to the question is addressed in Sect. 4. Finally, in
Sect. 5 we present our minimal model with Dirac neutrinos,
together with a straightforward extension to a type I see-
saw scenario, and discuss some relevant phenomenological
consequences. Additional aspects are addressed in the appen-
dices: appendix A is a concise summary of the most relevant
points concerning the scalar sector of a CP conserving 2HDM
with SCPV; appendix B is devoted to an analysis of the stabil-
ity of the model (and extensions of it) under renormalization
group evolution of the Yukawa matrices; and appendix C
recalls the basics of the diagonalization of O (3, R) matrices.

2 Flavour conservation in 2HDMs

The Yukawa couplings of 3 generations of quarks and 2 Higgs
doublets have the following form

— .ﬁ,ﬂyq = Q% <Y1(u)ci)1 + Yz(u)éz) u%
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+00 (Yl(d)CD - Y2(d)<I>2> 4%+ He., (1

where Q9, u%, d% are 3-vectors in generation space (left-
handed doublets with subscript L and right-handed singlets
with subscript R), Y;u) and Y;d) are 3 x 3 Yukawa coupling
matrices, and @ are the scalar (Higgs) doublets, with ) j=
ioy®; (j = 1,2). Electroweak symmetry is spontaneously
broken by the vacuum expectation values

vjeief 0
(q)j>= ﬁ E vj,ejeR. 2)
It is helpful to consider the Higgs basis {H1, H>} [9-11]
Hy\ ([ cp sp e it b 3)
Hy) —Sg e_ingbz ’

with v2 = v? + 13 = (V2Gp)~! =~ (246 GeV)?, ¢ =
cos B = vi/v, sg = sin B = v2/v and tg = tan B, such that
(Hi) = 5 (9). (H2) = (). In this basis, one has

v 0 (10 5 07.) .0
- Eng = Q% (Mqu +NMH2> Up

+0° (Mng + N3H2> 4 +He., (@

with the mass matrices

v ; .
MO = —e it (c Y@ 45 e_’eY(u)),
u \/i B B 2
v ) 16, (d)
My = —=" (C Y\ 4 spey. >, 3)
d /2 Bl B 2

and the additional Yukawa couplings

v . .
NO = —ﬁe_’gl <—sﬂY1(“) + cﬂe—’eyz(“)) :
o _ Y 191( (@ i0 (d))
= —e¢ —sgY; " 4+ cge'’Y. s (6)
d \/i B B 2

where 6 = 6, — 0;. Bidiagonalization of the mass matrices
in Eq.(5) proceeds as follows: since MO 0-' and MO'M?
(f = u, d) are hermitian and positive deﬁmte with the same
set of eigenvalues, there are unitary matrices Uy, and U g,
such that

.
Uj, MPM] Uy, = diag(n, . o),

07
UfRMf MfoR = dlag(mfl,mfz, mf3), (7)

with mpg; real positive, and
MY > My =U} MYUy, = diagmp.mp,mp). (8

The matrices Uy, and Uy, are the unitary transformations
of fields into the mass bases, namely fg = Uy fr and
fL = Uy, fL, giving rise to a CKM matrix of the form V =
Ul ;. Uq, . Analogously, one has N0 = Ny = UT NY U g for
the Yukawa couplings in Eq. (6). The oft- dlagonal elements
of the matrices N, and N; encode SFCNC. Therefore, there

@ Springer

is FC if the matrices N and N are bidiagonalized with the
same Uy, , Uyg, Ug,, Ugpg:

Ul N°U,, = N, = diag(ny1, nu2, nu3),
FC N u; 1(4) UR u . u u u (9)
Uy, NgUagr = Na = diag(na1, naz. nas),

where, in principle,ny; € C, f =u,d, j =1,2,3.

If one imposes invariance of .i”yq under standard CP trans-
formations [12],! the Yukawa matrices are real Y, 0 _ y®
Similarly, CP invariance requires real coefficients in the
scalar potential. Finally, if 8 # 0, =, one may have SCPV

[13].

3 SCPV and SFCNC

Considering a CP invariant Lagrangian, that is real Yukawa
matrices in Eq. (1), and SCPYV, the following “CP conserving
mixing” argument was presented in [5]:

FC means that the matrices Mg and N(? (g = u,d) are

simultaneously bidiagonalized, which is equivalent to Yl(q)

and Yz(q) being bidiagonalized at the same time. Since Y fq)
and Yz(q) are real, the bidiagonalization is achieved with real

orthogonal matrices, OqTL Y;q) Oy4r = diag(yﬁ), yj(%) y](%))
y]((}c) € R, implying that M, = OT M? qOqr and Ny =
OT N? g Oqr are diagonal. Then, the CKM matrix is V. =
RU 0 , Oa, Rp with Ry, Rp diagonal rephasing matrices:
the CKM matrix is thus essentially real, not CP violating.
Convincing as it is, the previous argument can be evaded
[6,7]: even if the matrices Y fq), Yz(q) are real, they can have
complex eigenvalues and in that case they are not necessarily
bidiagonalized simultaneously with real orthogonal matrices.
In [6], a model with 2 Higgs doublets, 4 quark generations

and the following Yukawa matrices, was presented:

()

yi 0 0 0

Y(u) of | 0 y(u) 0 0

0 0 aj bj

0 0 —b j aj

d . d @ (@
(¥ = diag(y. y5". »19. ¥, (10)
where O is a real orthogonal matrix and Y;u)* = Y;u),
y @ — Y;d) (the Yukawa Lagrangian %y for quarks in

J
Eq. (1) is CP invariant). The crucial ingredient in Eq. (10) are
the 2 x 2 blocks in Y;u), namely

aj b
Bi=(% f). (11)
! <—bj aj

I We do not consider here non-standard CP transformations.
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They obey (no sum over j) BjB] = B Bj = (aj +b)1»
(henceforward, 1,, isthe n x n 1dent1ty matrlx), SO that B; BjT

and BjT B have two degeneratereal eigenvalues a? +b§ while
B has two complex conjugate eigenvalues a; £ ib;:

toas aj-i-ibj 0 .
Uy Bjlhy = ( 0 aj—ib;)" with

o L1 1
O_ﬁi—i‘ (12)

This implies that Y l(u), Yz(u) are simultaneously diagonalized
unitarily?

U;LYJ(wUuR = dlag(yﬁl), yj2 aj+ibj,a; —ibj),
L = 0 Upay, Uny = Upsay, (13)
with
1 0 O 0
y 01 O 0 (14)
B41=10 o L L
V2 ooV2

On the other hand, it is straightforward to check that the
simultaneous real orthogonal bidiagonalization of Y, ) and

(u) fails. In fact, one can bidiagonalize either By or B»
w1th real orthogonal matrices, but not both simultaneously if
B1 and B; are not proportional—and that is the case if the
resulting quark masses are non-degenerate—.

The diagonalization of the mass matrices involves addi-
tional (diagonal) rephasings in order to have real mass terms,
omitted in the resulting CKM matrix, which is

1% =u{34] 0. (15)

From Eq. (15) it follows that V3; = V5 = (03 i—i04))/V2,
and thus the rephasing invariant relation

IV3jl =1V4jl, j=1,2,3,4 (16)
This relation is not phenomenologically viable in a 4 quark
generation model; a 3 quark generation implementation of
the same idea is not feasible for the same essential reason:
experimentally, two CKM elements in the same row/column
cannot have the same modulus. However, if instead of the
CKM matrix one considers the PMNS lepton mixing matrix,
this possibility is open: before addressing it in Sect. 5, the
question is analysed in more generality in the following sec-
tion.

2 There is still some freedom in Uy, since a rephasing Uy — Up x
diag(e’®, ¢'f) does not change Eq. (12).

4 Evading the “CP conserving mixing’’ argument: a
general analysis

As discussed in [7], a necessary ingredient to evade the
“CP conserving mixing” argument is the presence of com-
plex conjugate eigenvalues in the Yukawa matrices. In a
fermion sector (f) with CP invariance at the Lagrangian level,
this implies that the matrices Y/(f)Y OT and Y; Oy J(f) have
real degenerate eigenvalues, and thus the 51multaneous real
orthogonal bidiagonalization involved in the “CP conserving
mixing” argument fails; nevertheless, a simultaneous uni-
tary diagonalization of the Yukawa matrices which involves
complex eigenvectors could exist and lead to a CP violating
mixing matrix.

We address the question aiming to a more transparent
understanding of the conclusions reached in [7], clarifying
in the process how the simultaneous unitary diagonalization
of the Yukawa matrices arises. We circumscribe our discus-
sion to 3 fermion generations. Since the key ingredient is the
degeneracy of the eigenvalues of Yj(.f) YT and Y;f)T Y;f), we
discuss separately the case of two degenerate eigenvalues and
the case of all three eigenvalues degenerate.

Two degenerate eigenvalues

Let us consider first that Y ;f)Y;f)T

{13y, 135, w5,), with pj1, pjo € Rand p3, # p3,. Since
yOy®T

has eigenvalues

is real and symmetric, there exists a 3 x 3 real
orthogonal matrix Or, such that

f f .
ol yPy"T o, = diag(u3,. 13, u?y). (17)

This does not fix Oy completely, since Eq.(17) is invariant
under

100
OL— 01 |0 , 02€ O2,R). (18)
0))
0
If one writes explicitly
Yjoo uj1 uj2 T
OZY;f)z Wil Xj11 o Xj12 :<;}j' XJ'>’ (19)
Wiz Xj21  Xj22 / /

one can introduce Og € O(3, R) such that?

/
f f y; 00
and thus
Ty (@) OT _ vy Oy, (OT

o1v'y o, = vy

22 1 =T
= ( 3}].-'/ -/ -')/).wj X/ X/T) . (21)
YWy wiwi + XA

3 The point is that one can choose O so that its second and third

columns, seen as a vectors, are orthogonal to (y;, IZJT).

@ Springer
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Comparing Eq. (17) with Eq. (21), and assuming (1, it j2 #
0, one obtains zI);.T = (0, 0) and, most importantly, X ; X }T =
,u?zlz. The latter condition implies that (x ]-2)’1 X // is a real
orthogonal 2 x 2 matrix. The most general Y;f) such that

Y;f) Y}f)T has two degenerate eigenvalues is thus of the form

i 00
v oo |0 or. (22)
0o 9

with O, Og € O(3,R)and O, € O(2, R). The appearance
of an orthogonal submatrix is most important. On the one
hand, those having det O, = +1, thatis SO (2, R) matrices,
are of the form*

cosa Sino

02,€SO2,R) & 0,= <_ sina cosa

) , o €[0; 2.
(23)

They have complex conjugate eigenvalues ¢/* and e,
with corresponding complex conjugate eigenvectors v, =

= (})and v_ = (¥4)*. Since v, v_ are orthonormal, the

el

following unitary diagonalization exists

cosa Sino ; i
ul . Uy = diag(e'®, e '%),
0\ —sina cosa ) &( )

I (11
=7 %)

which is the central ingredient of the counterexample pre-
sented in [6] to the “CP conserving mixing” argument dis-
cussed in Sect. 3: it is sufficient to realize that, introduc-
aj .

A—j_, sing; =
aj £ib; = Ajei”"f and the B; matrix in Eq.(11) is sim-
ply

B — . [ co5%i
I\ —sing;

(24)

. b
ing A; = /a%—i—b?, cosp; = )\_';’ then

Sm“’«/’), thatis A;'B; € SO2. R).
cos @, :
(25)

Notice in addition that Uy in Eq. (24) does not depend on
a: all SO (2, R) matrices are simultaneously diagonalizable
following Eq. (24). On the other hand, if the orthogonal sub-
matrix of interest satisfies det O, = —1 instead, it has the
form

0, € O2,R),detOr) =—-1 & 0,
_ <c9sa sin & ) « e [0: 27,
sinoe —cos o

and presents real eigenvalues £ 1: although the degeneracy in
Yj(f) Y}f)T is still present, there is no simultaneous irreducibly
complex unitary diagonalization such as Eq. (24).

(26)

4 One can also address SO (2, R) matrices following the systematic
approach of appendix C, which yields the same results.

@ Springer

Three degenerate eigenvalues

Having stressed the role of orthogonal matrices, the case
of Y;f) Y;f)T and Y;f)TY;f) having all eigenvalues degen-
erate becomes almost straightforward: one necessarily has
YOy P = 4215 (uj #0 € R), thatis p 'Y € 03, R).
O (3, R) matrices have two complex conjugate eigenvalues
with corresponding complex conjugate eigenvectors, and a
real 1 eigenvalue corresponding to a real eigenvector. We
emphasize two important points (for the sake of clarity, a
short reminder of the unitary diagonalization of O(3,R)
matrices is provided in appendix C): (i) the eigenvectors are
orthonormal and thus a unitary diagonalization of Y;f) exists,
(i1) the eigenvectors do not depend on the eigenvalues and
thus there are different O (3, R) matrices that can be unitarily
diagonalized simultaneously.

One can then construct counterexamples to the “CP con-
serving mixing” argument extending the case analysed in
[6] in a transparent manner via Y;f) = 1j0j, nj € R,
O; € O(3,R), with all O; simultaneously diagonalizable
unitarily. In [6,7] there is no mention of the intimate connec-
tion between degeneracies, complex eigenvalues, a simul-
taneous unitary diagonalization, and the role of orthogonal
matrices: the previous discussion makes it clear (without
invalidating, of course, the results in these references).

Concerning the resulting mixing matrices, the crucial
common point in the previous two cases (Y;f) Y;f)T with
two or three degenerate eigenvalues) is the following. Con-
sider the unitary matrix U that diagonalizes simultaneously
the Y;f) for all j; its columns, as vectors, are {7, Uy, V_},
which are orthonormal and, crucially, vy = (v_)* with
both v+ non-real, while on the contrary 7 is real. If the
mixing matrix V is V = UT03 where O3 € O@3,R)
with real orthonormal column vectors ok, k = 1, 2, 3, then
Vor = (U4)* - 0 and Vi = (V)* - 0x = U4 - 0 = V3.
It follows that |Var| = [Vak| as in Sect. 3 (starting with
a different ordering of the columns of U/, the equality of
moduli of V elements would apply to the correspondingly
permuted rows). If the Y;f) are such that one has instead

V= 03T U, the equality of moduli is in terms of columns
rather than in terms of rows. One can even consider a mix-
ing matrix V = U’ with both & and U’ complex unitary
matrices with orthonormal columns &/ — {7, v,, v_} and
U — {¥', v, v_}, where (T)i))* = ﬁi). In this case, rather
than equality of moduli in two full different rows/columns,
one has V31 = V5, = (0_)* - Fand Vi3 =V}, =7 - 30
such a possibility is not phenomenologically viable neither
for CKM, nor for PMNS; besides the equality of moduli, the
resulting mixing matrix is CP conserving [7] (one can readily
check that the imaginary part of a rephasing invariant quartet
vanishes). It is thus clear how, in general, the basic ingredient
underlying the particular example of Sect. 3 can yield a mix-
ing matrix with the same kind of specific property: equality
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of moduli in pairs of rows/columns. As mentioned, this kind
of property is ruled out in the quark sector, but not in the
lepton sector, to which we now turn our attention.

5 Lepton models

This kind of scenario with FC and a spontaneous origin of
CP violation giving an irreducibly complex mixing matrix
is not viable in the quark sector. Consequently, we do not
discuss the quark sector further and only mention that one
would need, in order to have SCPV and a complex CKM, to
ensure that SFCNC are under control, as done for example in
[3]. Nevertheless, the idea can still work in the lepton sector.
In Sect. 5.1 we present a simple implementation with Dirac
neutrinos; then, in Sect. 5.2, we extend it to a seesaw scenario
with Majorana neutrinos, and finally, in Sect. 5.3 we discuss
some relevant phenomenological consequences concerning
neutrinos and charged leptons interactions.

5.1 Dirac neutrinos

For Dirac neutrinos we introduce 3 right-handed neutrino
fields v%, which are singlets under the gauge group, giving
rise to the following leptonic Yukawa sector:

- A = E (Yl(”)ﬁn + Yé‘”éz) VY
+L9 (r71 + v, ) € + Hee., @7)
where the Yukawa matrices are given by
) ()

O _ g W) )
Yo =diag(y;, vy, v3), Y

¢
. Ty 0 0
=0"1; 0 cosg; sing; |- (28)
0 —sing; cosg;

with 4}, ¢j, y%) s yj(.‘;c) real and O a real orthogonal 3 x 3
matrix. Thus, %y, i1s CP invariant. The procedure is anal-
ogous to the steps recalled for the quark sector in Sect. 2:
transformation of the scalars into the Higgs basis, identifi-
cation of mass matrices and additional Yukawa matrices and
diagonalization of mass matrices; with the first step,
v — ~ ~
- 5% = Lo (M‘?Hl + NEHz) V9
+10 (M?Hl + N?Hz) O +He. (29

Electroweak and CP invariance are spontaneously broken by
the vacuum in Eq. (2). Then, the mass matrices read

v ; .
MO = —~i0 (c Y 4 e_’gY(U)) )
v \/E B B 2
v ) i6v(0)
MO = el@l (C Y( + sge Y ) , (30)
¢ ﬁ B B 2

while the additional Yukawa couplings are

v i .
NO = —~ifh (_Sﬁylm i cﬂe_leyéu)) ’

v \/5
N} = %em' (—sngl(K) —i—c;;eieYz(l)) . (31)

The diagonalization of the charged lepton mass matrix M?
is implemented as

M{ — U} M) Uy, = My = diag(me. my,, m-)

v 14 i0_ (L i
= Edlag (|c,gyfl) + slgelayél)h lcgrie'?!
+s,3kzeiaei‘p2|, leghie™" 9 + S,s)»zeieé’_i(m) , (32
where
Ur, = 0" Ups).  Uey = UppaiRey,

1 0 0
1 1

um =19 5 5| (33)
1 —1
O 5 X

and the rephasing Ry, to obtain real diagonal elements is’
Re, = e Vidiag(e 1, e7172, 7113,
¢ TN
y = arg(c,gyfl) + sﬁe”gyél)),
V2 arg(chlei‘p‘ +Sﬂkzeigei‘p2),
v = arg(c,g)qe*’""1 + s;;kzeiee*i‘pz).

(34)

Correspondingly, N? — Ny = UJL N? Uy, . Although we
analyse Ny in Sect. 5.3, the important point to notice mean-
while is that Ny is diagonal—there is FC as intended—but
not necessarily real, and this has potential implications for
CP violation to be addressed later. The neutrino mass matrix
M‘? , and also N,?, are already diagonal—only a rephasing is
needed to have real eigenvalues in M, = UJL MOU,,—and
thus the PMNS matrix (up to rephasings) is

¥
U =Uy, 0. 35)
Then,

1 .

leading to the rephasing invariant property
|U2j| =1U35] j=1,2,3. 37)

The PMNS matrix in Eq. (37) has “u — 7 symmetry” [8]. One
salient consequence of this “u — 7 symmetry” is that, in the
standard PDG parametrization [14,15], the angle 6,3 = /4
and the Dirac CP violating phase is § = % /2. Furthermore,
with Uy; = Oy}, the parametric freedom in O allows to fix

3> As usual, Eq.(32) leaves an additional common rephasing freedom
Uey = U R, Ug, = Uy, R, with R = ¢ 1ag(1.02.83)

@ Springer
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the values of the remaining parameters in agreement with
experiment [16, 17]. Some comments are in order.

e Itisremarkable, and to some extent counterintuitive, that
CP violation in PMNS is independent of the specific value
of 6 # 0, m: that is, no matter the specific value of 6 (as
long as 6 # 0, ), the Dirac CP phase in the PMNS
matrix is § = +m /2.

e On general grounds, if two charged leptons were degener-
ate, the PMINS matrix would be CP conserving: following
Eq. (32), one thus needs, in terms of the parameters of the
model,

my #me & cgsgiirasin(@y —@1)sinf # 0. (38)

In addition to having two relatively complex vevs, i.e.
cpsg # 0and 6 # 0, w, non-degeneracy of the charged
leptons requires the presence of 2 x 2 Eq. (25)-like blocks
in both Yl(e) and YQ(E), and furthermore these blocks have
to be not proportional.

e Notice the peculiar fact that in the “basic” Jarlskog CP-
violation sensitive invariant [11,18,19], non-fulfilment
of Eq. (38) would yield det[M; M, , M, M;}] = 0 because
of the (squared) mass differences factors. In this model,
checking CP violation at the level of weak basis invariants
is crucial [20].

e Eq.(28) is the only viable implementation of the basic
idea to obtain a complex PMNS matrix with SCPV
together with flavour conserving Y ;”), Y j@: relations like
Eq.(36) for other rows, or instead for columns if one
exchanges Y;V) = Y/@, are in conflict with with the cur-
rent knowledge of the PMNS matrix [16,17]. One can
also consider couplings like Y;e) in Eq. (28) both for neu-
trinos and charged leptons: in that case, equality of mod-
uli in two rows/columns of the PMNS matrix would not
extend to the whole row/column, but that would neverthe-
less remain not viable (and would lead to a CP conserving
PMNS matrix, contrary to the intended goal).

e Itis to be noticed that the diagonalization of the neutrino
mass matrix has had almost no role in the obtention of the
u — 7 symmetric PMNS matrix (we have indeed chosen
diagonal YI(V) and Y2(V) to start with).

e Itis to be stressed that the © — v symmetry of the PMNS
matrix does not derive from an additional fundamen-
tal symmetry of the model; as a consequence, as dis-
cussed in appendix B, the minimal implementation of the
basic idea—to combine SCPV with FC and CP violating
mixings—, is not stable under one loop renormalization
group evolution (one loop stability can be nevertheless
obtained within non-minimal implementations).

We have thus achieved the main goal of this work: Eq. (28),
together with SCPV, gives a model without tree level SFCNC

@ Springer

where the PMNS matrix is not only CP violating, it is
phenomenologically viable and has u — t symmetry. In
appendix B we discuss the stability of this scenario under
renormalization group evolution (RGE).

5.2 Majorana neutrinos—type I seesaw

Attending to the fact commented above that the diagonal-
ization of the neutrino mass matrix has a secondary role in
the previous scenario with Dirac neutrinos, it is natural and
simple to extend this scenario with the inclusion of Majo-
rana mass terms for the right-handed neutrinos (and thus
incorporate, as usual, a rationale for the smallness of neu-
trino masses). Aiming for simplicity, we introduce diagonal
Majorana mass terms

1 S J—
oiﬂv,Maj = _E [(V%)CMRV% + V%MR(V%)C] s

—T
R =Cvfy (39)

with Mg = diag(Mg1, Mgz, Mg3), Mg; € R. The neutrino
mass terms are then

1 f—— 0 MO* VO
AL
v

(o m

With MS and My diagonal, the diagonalization of .Z is
reduced to three textbook diagonalizations of 2 x 2 seesaw
blocks of the form

0 ,u;) io Y () i, )
R i =e'"'—(cpy,; + sge 7, nje€C,
(Mj Mg; Hj ﬁ( BY1;j Be Yy ) 1)

il < Mg;j, (41)
that is
T _ [ Miight 0 _({C S\(R, O
u ‘///“—( 0 mheavy>’ u‘(—s* c)\lo 1)
(42)
with

C = diag(cos a1, cos aa, cos 3),

S = diag(e”gl sinay, ¢ sin ay, €3 sin a3),

R, = i diag(e'P1, /P2 &%), (43)
where
;]
tan2a; =2—— K 1, B; = —arg(u;), (44)
MRj
and
w2
[miight] jk = djklpjltan oy > 6k Mj -,
Rj
eas] i = 8 M 224 5 (45)
Mheavyljk = 0jkMRj =0k MRj.
2tana;
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Being (v.nm)j the 6 mass eigenstates, 3 light with j = 1,2, 3
and 3 heavy with j = 4,5, 6, Eq. (42) corresponds to

W = (CRy S) (vim), V% = (=SR: C) ((vpm)). (46)

Note that, as usual, the light neutrinos are mostly vg and the
heavy neutrinos are mostly v%.
The resulting 3 x 6 PMNS is

U=U (CR,S). (47)

with UJL in Eq. (33). In Eq. (47), deviations from 3 x 3 unitar-
ity in the light sector are controlled by the very small sin o
factors in §, and Majorana phases can be read from R,. To
conclude with this illustrative scenario with Majorana neutri-
nos, we stress the important points in common with the pre-
vious Dirac neutrino scenario: (i) there is FC in the charged
lepton sector, and (ii) the PMNS matrix is not only CP vio-
lating, it has ; — t symmetry. SFCNC in the neutrino sector
are addressed in the next subsection.

5.3 Phenomenological implications

In this subsection we finally address some phenomenological
implications of the previous scenarios. We discuss separately
neutrinos and charged leptons.

5.3.1 Neutrinos

In the Dirac neutrino case, both NS and N, are diagonal and
there are no SFCNC. Furthermore, if MB in Eq. (30) does
not involve large cancellations, one reasonably has (N,) j; ~
my; and thus the flavour conserving Yukawa interactions of

neutrinos appear to be safely negligible with a @ ~ 10713
suppression.

Concerning the Majorana neutrinos of the seesaw sce-
nario, there are some differences with respect to the Dirac
neutrino case. First, since the Yukawa interactions arise from
L%N?ﬁzv% + H.c. terms in Eq. (29), and vg (v%) are mostly
light (heavy) neutrinos, the Yukawa couplings involving only
light neutrinos are suppressed by sin«; in Eq. (44). In addi-
tion, since one has a scenario with three independent pairs
with one light and one heavy neutrino each (mixings and
couplings between different pairs are absent), there are in
fact no SFCNC in the light-light sector. There are, neverthe-
less, SFCNC involving one light and one heavy neutrino (one
non-vanishing coupling for each independent pair): since our
concern lies with effects not at the large scale M Rj» We do
not discuss them further.

As a final comment on the neutrino sector, while the orig-
inal motivation—obtaining a CP violating PMNS mixing
matrix when one requires that (i) the only source of CP viola-
tion is the vacuum state, and that (ii) there are no SFCNC—
fully applies in the Dirac neutrino case, this motivation is

weakened in the second scenario with Majorana neutrinos,
since neutrino masses arise differently (they involve a differ-
ent diagonalization). However, it is remarkable that the most
relevant features of the Dirac neutrino case in Sect. 5.1, that
is a u — v symmetric PMNS and no SFCNC for charged lep-
tons, are preserved in the simple seesaw Majorana scenario
of Sect. 5.2.

5.3.2 Charged leptons

The most important sources of potential phenomenological
concern are the flavour conserving couplings of the charged
leptons in N;. From Egs. (30)—(32), with ¢ = ¢ — ¢1, we
have

2
v
ne = (Noee = 53— (cpsp O3 = 317 1)
Me

(&)

¢ NGO
+y11 )él)(c,zs - Sé)COSG + lyfl)yél) Sln9> ,

2

v
My = (N = ﬂ(cﬁsﬂo\% — 3] + (e — sg)(48)
w

x cos(f + @) +iAijAg sin(f + fﬂ)),

2
e = (Np)ry = —— 22— A2) 4 A da(c — s2
= e)n—zm cpsp(ry — A7) + Aira(cg — sp)
T

X cos(0 — @) +iriAosin(0 — (p)).

The charged lepton masses appear explicitely in Eq. (48)
because, from Eq. (32), we have used

2 ¢ ¢ 0 (¢

v—zm? = C/zs[yfl)]z + sé [yél)]z + 2"/33/3)’}1))’;1) cos 6,

2

v—zmi = CIZS)\,% + sé)»% + 2cgsgrira cos(0 + @), (49)

2
ﬁm% = c%;)»% + sék% + 2cgsgrirz cos(@ — ¢).

The couplings of the charged leptons with the physical neutral
scalars (see appendix A for further details) are
1. - .

Lsiy = —;Sj Z(af + 1b§)/5)£, t=e, T, (50)
with j = 1, 2, 3, corresponding to {S1, S2, S3} = {h, H, A},
and

af- = Rijmg + RajRe (n¢) — R3;Im (ny), 51
b = RajIm (n) + R3jRe (nr) ,

where R j is the scalar mixing in Eq. (62).
The observables that can be affected and deserve some
attention are listed below.

e Signal strengths of the 125 GeV SM Higgs-like scalar in
£7¢~ decays.

@ Springer
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Fig. 1 Loop contributions to
the eEEDM

(a) One loop.

e Similarly, scalar resonances in pp — S — £1¢~ for
g%~ m% (with ¢2 the invariant mass of the lepton pair);
one can also consider production of the charged scalar
H* and decays HF — ¢*tv, H- — £~ 1, but they are
controlled by the same couplings and the experimental
sensitivity is poorer.

o Contributions to precision observables sensitive to loops
involving the new scalars and the couplings in Eq. (48),
such as the g — 2 of the electron and the muon (g is the
gyromagnetic ratio), and the electric dipole moment of
the electron (eEDM).

One could address them through a full numerical exploration
of the parameter space of the model (which in principle has
enough parametric freedom to satisfy those constraints), but
that is beyond the scope of this work—establishing that the
model can be viable—and would require, in addition, that the
quark sector is also specified. Fortunately, references [21-23]
can provide a satisfactory answer. In these works, a general
flavour conserving 2HDM is considered in order to address
deviations from SM expectations in g — 2 of both the elec-
tron and the muon. In the full numerical analyses presented
in [21-23], signal strengths of the SM Higgs-like and bounds
on resonant production of the new scalars are relevant con-
straints. These constraints are satisfied despite the fact that
the diagonal entries of N, required to obtain sizable contri-
butions to (g — 2),,, are much larger than the correspond-
ing charged lepton masses (in addition, one important ingre-
dient is that the scalar sector has to be close to the scalar
alignment limit). Since here we do not necessarily require
such values of the couplings, no problem is to be expected
from these observables. The only exception is the eEEDM d,,
since CP conservation is assumed in [21-23]. Let us anal-
yse the eEEDM in some detail. The experimental constraint is
|de] < 1.1x1072e-cm=5.6x10"10¢-GeV~!. With the
couplings in Eq. (51), the contribution of one loop diagrams

@ Springer

al +ibds
(b) Two loops (Barr-Zee).

like Fig. lato d, is

e
de| = ——
el = gz j_Z
2 2 2
mg\ _my 3 m;
Si S S

. eme aib$ (3 m?
|de|_8rr2v2 m2 §+ln m; ’ ©3)

j=hH.A TS S

As a guidance to how problematic the constraint could be,
consider the contribution of a scalar with mass mg >~ 500
GeV and couplings ag = b > 10m,; with these values,

ebe 3 %

4P = o3 |25 (5w (s

8mrv mg 2 mg
~29x10%e.Gev!. (54)

It is thus clear that, even considering a scalar S not too heavy
together with enhancements in both the scalar and pseu-
doscalar couplings ag and b§ with respect to ., these contri-
butions are not expected to be in conflict with the experimen-
tal constraint. One might worry then about Barr-Zee two loop
contributions, where the key point is that one of the “small”
electron Yukawa couplings is replaced by the Yukawa cou-
pling of an internal fermion (which can compensate other
loop suppression factors). The contribution of the illustrative
diagram in Fig. 1b to d, is

2 2
. m . m
boal F <f> +ashl G <f)
2 §7Ss 2
mg mg

f n2
. eaN; Q
aSh) = e 2y

8713v2mf ’
(55)
Lzt 1=2x(1—x) x(1—x)
F@) _5/0 dr i 1n< - ) (56)
oz (! 1 x(1 —x)
G(2) —5/0 dxx(l—x)—z 1n( . ), 57



Eur. Phys. J. C (2023) 83:940

Page 9 of 12 940

where N,;f and Q s are the number of colours and the electric
charge of fermion f, a? and b‘; are the scalar and pseu-
doscalar couplings of f (as in Eq.(50)), and F and G are
loop functions. With the previous values mg =~ 500 GeV,
a§ = b‘g =~ 10m,, and an internal top quark f = ¢ with cou-
plingsa§ = b\, >~ m;,wehave 1dS5 D) ~ 3x10" B e.GeV~!,
which is incompatible with the experimental bound. From
this rough comparison it is clear that the eEDM is indeed
a relevant constraint and these illustrative values (consid-
ered simultaneously) are too naive or generic: although not
“automatically granted”, compatibility with experiment can
be regained by a combination of heavier scalars, smaller
Yukawa couplings of the electron,® smaller Yukawa cou-
plings of the top quark (unless the bottom quark contribution
is much enhanced by the couplings, the dominant contribu-
tion is the top quark one), and even cancellations from the
contributions of the different scalars. As an example consider
the joint contribution of two scalars S; and S, with masses
mgs, = mgs, = 1 TeV, couplings to the electron given by
Eq.(51) withn, = %me, couplings to the top quark anal-
ogous to Eq. (51) with £ + ¢, R3; > —Rg3; (this change of
sign is simply due to the opposite weak isospin of up quarks
and charged leptons) and n; = %mt, and finally scalar
mixings Ry = R33 = cosbthz, Roz = —R3p = sinb3
with 6,3 = 0.2. Considering these illustrative values, which
have similar size scalar and pseudoscalar couplings both for
e and 1, one has |41 + 450 ~ 37 x 10716 ¢e.GeV~!,
in agreement with the experimental bound. The main point,
to close the discussion, is that the model remains viable but
the eEDM plays an important role in shaping the available
parameter space.

One might also worry about potentially dangerous con-
tributions to @ — ey transitions similar to Fig. 1. At one
loop, rather than the Fig. 1a with a neutral scalar and an elec-
tron running in the loop (with the external photon attached
to the electron) one has an internal charged scalar and a neu-
trino (the external photon now attached to the scalar). At
two loops, Fig. 1b is modified replacing the neutral scalars
S with the charged scalar H and the internal photon with a
WT. For Dirac neutrinos, the smallness of neutrino masses
and couplings (N,) jj ~ m,,; safely suppress 1 — ey transi-
tions. For Majorana neutrinos in the scenario of Sect. 5.2, one
might worry about the contributions with internal “mostly
heavy” v%. One expects again suppressed contributions from
the large heavy neutrino masses in the one loop diagrams,
and (less transparently, see [24]) from the heavy neutrino
in the initial-to-final fermion line, together with the heavier
W in the internal vector boson line. In any case, although
plausible, this does not guarantee automatic agreement with

6 Smaller Yukawa couplings are in fact to be expected since the cou-
plings in Eq. (51) involve the interplay between the real and imaginary
parts of (Ny)¢. and the scalar mixings R j«.

experimental constraints on y — ey transitions, and, as in
the case of the electron EDM, they can play a relevant role
in shaping the available parameter space in more detailed
phenomenological studies.

6 Conclusions

In the context of multi-Higgs-doublet models where CP
invariance holds at the Lagrangian level, the simultaneous
requirement of (i) absence of SFCNC and (ii) spontaneous CP
violation, is analysed. In [5], it was argued that these two con-
ditions necessarily lead to a CP conserving mixing matrix. As
shownin [6], the Yukawa couplings of a very particular model
can reconcile both requirements with a CP violating mixing
matrix. Further aspects of the question were addressed in [7].
There are two central ingredients. First, the combinations

Y;f) Y;f)T and YJ@TY;D must have (real) degenerate eigen-

values. Second, Y " must have complex conjugate eigen-
values with corresponding complex conjugate eigenvectors
leading to a simultaneous unitary diagonalization of all ¥ ;f)
(j = 1,2...), which guarantees the absence of SFCNC.
A general approach to the model presented in [6] and the
analysis presented in [7] has been addressed in this work,
stressing the important role of orthogonal matrices and their
intimate connection with degeneracies, complex eigenvalues
and a simultaneous unitary diagonalization of the Yukawa
couplings. We present the only viable implementation of this
idea in the lepton sector, considering both Dirac and Majo-
rana neutrinos (the latter in a type I seesaw scenario). In
all cases, the resulting PMNS mixing matrix, as a conse-
quence of the simultaneous requirement of SFCNC absence
and SCPYV, is experimentally viable and ; — v symmetric.
Phenomenological implications of the model are discussed,
with particular emphasis on the role of the electric dipole
moment of the electron in shaping the available parameter
space.
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Appendix A: Scalar sector

The CP conserving 2HDM scalar potential reads

Y (@1, ®2) = ]y B D1 + 43, B2 + i, (B D2 + DLD)
(@] D)2 + ho (D] Dr)?
F203(P] D) (DS D2) + 204 (B3 D) (] Do)
FAs (@] D)7 + (@) P1)?) + A6(P] D)
X (D] D) + BID1) + 27 (D)D) (@] Dy + Df @),
(58)
where i, 3.j € R With V (v1, v2,0) = 7 ((®1), (®2)) and

(@) in Eq.(2), the stationarity conditions for the vacuum
allow to trade’

2 1)2 2 2
ul, = —7[4)\50/3% cos 6 + Agcy + A7s3],

M%l —vz[klclzg + A3+ Ag — )»5)S§ + Agcpgsg cos 0],
—vz[kzsé 4+ A3+ da — k5)c/23 + A7cpsg cos0].

(59)

2
Hao

Expanding the fields around the vacuum

._i( V297 )
T V2 v+ ting)”
Hl:L( «/EOGJf‘ 0>7H2:L<«0/§H'+0>’
V2 \v+H"+iG V2 \R°+il

(60)

one can identify the would-be Goldstone bosons G°, G,
and read the mass terms for the new neutral scalars (for H*
one can readily obtain m%li = v2(hs — A1) as

(HO RO 1°) M3 (HO RO 1°)" 61)

R =

7 As discussed in [25], if one imposes perturbativity constraints on the
quartic couplings A ;’s, this forces the scalar masses to be bounded from
above. The absence of a decoupling regime can be avoided, however,
by allowing soft CP violating terms Im (13,) # 0 in Eq. (58).

@ Springer

with M(Q) real and symmetric. The neutral scalars mass matrix
/\/l(z) is diagonalized with a real 3 x 3 orthogonal matrix R

h H°
R MR = diag(m2, m¥, m%), |H|=RT[R],
A 1°
(62)

which gives the physical neutral scalars {h, H, A}. The
important point to recall here is that, since

[M(Z)]B = —v%sin Ol4rssgcp cost + )»66/23 + A7s§],
[MGls = v*sin0[245(ch — s3) cos 0 + (b7 — Ae)spcpl,
(63)

are in principle non-zero, R “mixes” all neutral scalars and
we do not have, as usual in other contexts, scalars h, H and
pseudoscalar A (as clearly seen in Egs. (50)-(51)).

Appendix B: Renormalization group evolution

As commented in precedence, the ;© — T symmetric character
of the PMNS matrix does not derive from an imposed addi-
tional symmetry. It is thus interesting to analyse the one loop
renormalization group evolution of this kind of scenario, pay-
ing special attention to two aspects: (i) despite being absent
at tree level, how SFCNC may arise at one loop; (ii) is it
possible to depart from the minimal implementation of the
model (while maintaining the essential ingredients) and still
obtain absence of SFCNC at one loop?

The one loop renormalization group evolution (RGE) of
the lepton Yukawa couplings is

ng
YO —cv®+Y° (3Tr {rOyOT vy
j=1

|
+-y My My O 4 - Y“)Y(MY“)} (64)

2/ 27

ng
DY®W = v+ Z (31 {r v vty

+Tr { (Z)Y(K)T n Y(v)TYw)}) y®

j=l1

L Oy Oy 4 1y(V)Y(V)Ty(V)}
2

5] (65)
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where ¢y and ¢, are linear combinations of squared SU (3),
SU(2)r and U(1)y gauge couplings, D = 16112{“‘[11# with
1 the energy scale, and ny is the number of Higgs doublets.

It is rather clear from Eqgs.(64)—(65) that in principle
SFCNC will arise through one loop RGE. If FC is imposed at
some scale prc, one would thus expect SFCNC at a scale
proportional to In(u/ urc), which might be sufficient to keep
them under control. In both Egs. (64) and (65), the terms that
can spoil FC are the ones with products of 3 Yukawa cou-
pling matrices within square brackets. Half of these terms
are nevertheless harmless. With Ya(() and Ya(v) in Eq. (28), the
terms YG(Z)Y;Z)TY]@) and Y ]@Y;Z)T Yée) have the same struc-

ture of chz) and are simultaneously diagonalized unitarily,
while Y[SV) Y}”)T Y;V) and Y;") Y;V)TYKSV), like Ya(v), are diag-
onal. From the point of view of FC, the problematic terms

which give rise to SFCNC through RGE are Y;V) Y;”)TY]@,

Y}”) Y;””Y;", Y]@ YémY;") and Y;“ Y}”TY;”). If one thinks
of extending the simple model of Sect. 5.1 in order to pre-
serve FC at one loop, it is by no means impossible to consider
scenarios where this is achieved, as we discuss for illustra-
tion in the following. First, one can observe that if more
than two Higgs doublets are considered and if no Higgs dou-
blet couples simultaneously to E% and v%, then all terms

Y;v) YCEU)T Y;Z) and Y]@ Yy)TY}") vanish. This does not elimi-
nate the terms Y;”) Y;V) "v® and Y;e) Y/@ YY) in fact, since

Y;V) Y ;U)T and Y ]@ Y j@ﬁ are guaranteed to be non-vanishing,
these terms must be present. However, they will not give
rise to SFCNC if Y;V)Y;U)T « 13 and Y;Z)Y]@T x 13. An
example scenario with Dirac neutrinos where PMNS is CP
violating, there is FC and the only source of CP violation
is SCPV, and where SFCNC do not arise through one loop
RGE is the following: a model with 5 Higgs doublets with
real Yukawa couplings

Y9 =300, 1Y =10n v"=0 j=345,
(66)

y =0, j=1.2,

v = 0ldiag(y,0,0), (" = 0!diag(0, y,0), (67)

v = 0l diag(0, 0, y),

where Oyy, O, O, € O(3,R), and Oy, Oy, have the
same eigenvectors but different eigenvalues (see appendix C).
The vevs (®;) (j = 3,4,5) need to be chosen such that
yv3/\/§ = myl, yv4/ﬁ = my, yUS/ﬁ = my3 (that is,
these vevs are responsible of the hierarchy/ordering of the
neutrino masses). We then have in Egs. (64) and (65)

5 5

W)y )iy O _ O (O ) _
d vy =0, Y yPrOr =0, (68)
j=1 j=1

and

5 5
My _ N p0) 0 _ 2

DY = vy =y,

j=1 j=1

X X (69)
OTp© _ Ny @y OF _ 52, 12

2V =3y =6+,

j=1 j=1

which give both DY,EZ) and YLEE), and DY‘EU) and Ya(v), simul-
taneously diagonalizable, and thus no SFCNC arise through
one loop RGE.

Appendix C: O (3, R) matrices

Matrices O € SO (3, R) are of the form O = exp(«¢A) with
real @ € [0; 27r[ and A a normalized antisymmetric matrix®

0 ny  —y
o A A A AD L AD A2
A=|—-n3 0 ny |, njeR, ny+n;+n3=1
ny,  —n 0

(70)

The eigenvalues of A and their corresponding normalized
eigenvectors are

-T A A A
Ao =0, vy = (11,12, 13)

= (sin ¥ cos ¢, sin ¥ sin ¢, cos ¥),

1
Ay =i, 0L = —(—cos ¥ cos 71)
+ =+ \/E (p (
+ising, —cos ¥ sing —icosg, siny}),
A= _i, 1_5— = (ﬁ-l—)*v

where, for convenience, a parametrization of the real unit
vector (711, 2, n3) with spherical-like coordinates is used.
The set {vg, U4, v_} is orthonormal,” and thus we have the
unitary diagonalization

Tt
vp U4 - | . (72)
Vo
For O = exp(«A) it is immediate that the eigenvalues are 1,

¢’ and e, the corresponding eigenvectors are v, v and
v_ above, and its unitary diagonalization reads

U AU = diag(0,i, —i), U=

U 0U = diag(l, ', e7'). (73)

Geometrically O represents a rotation in R of angle «
around the axis (i1, 12, n3) (in terms of A, one has the com-
pact expression O = 1 + Asina + A%(1 — cos)).

8 The elements of A are [Alp = €apelic, With €qpe the antisymmetric
Levi—Civita tensor.

9 This is guaranteed since ¥ i (j = 0, %) are eigenvectors of the real
symmetric semipositive definite matrix AT A.

@ Springer
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This construction makes clear that the eigenvectors of O

do not depend on «; this implies, in particular, that O; =
exp(a1A) and Oy = exp(arA) with o] # oy and the same
A in Eq. (70), can be unitarily diagonalized simultaneously.

Finally, if O’ € O(3,R) with det 0’ = —1 (i.e. O’ ¢

SO (3, R)), the previous discussion applies straightforwardly
by noticing that — 0’ € SO (3, R).
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