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1 Introduction

In perturbative field theory and string theory, various integrals have to be computed in
order to obtain scattering amplitudes. In the case of field theory, these are integrals over
loop momenta of virtual particles. In string theory, these are integrals over moduli spaces
of punctured (super) Riemann surfaces. In recent years, physicists, number theorists,
and algebraic geometers have gained a better understanding of the methods necessary to
perform these integrals and of the properties of the resulting functions and numbers — or
periods, respectively.

In field theory, the simplest loop integrals yield polylogarithms evaluated at certain
kinematic points or numbers, which can be computed in dimensional regularization using
methods based on differential equations or direct integration [1, 2]. However, even simple
quantum field theories, such as a ¢*-theory, can eventually produce more complicated
periods at high enough number of loops [3]. In string theory, the simplest amplitudes
describe the tree-level scattering of massless external states. Their low-energy expansion
returns periods of the moduli space of Riemann spheres with n marked points My, [4].
The marked points or punctures, respectively, correspond to the vertex insertion points
of the external string states. Interesting properties of these genus-zero string amplitudes
are made apparent, for example, in the KLT relations, which relate tree-level closed-string
integrals to sums of bilinears of open-string integrals [5]. These relations have beautiful
mathematical interpretations in either intersection theory of ref. [6] or in a more succinct
level, in terms of the single-valued integration of Brown, Dupont and Schnetz [7, 8].

Next in difficulty, there are integrals involving genus-one, or elliptic, curves. They
appear quite non-trivially! in field theory amplitudes, while their appearance is obvious in

In particular, it is hard to determine whether a given integral expressible via elliptic functions, for
example, does not admit a representation in terms of genus-zero quantities.



computing genus-one string theory amplitudes, since the latter involve integrals over the
moduli space of n-punctured genus-one curves M ,. A multitude of methods have recently
been developed in computing these integrals as iterated integrals over either the punctures
or the modular parameter of the torus. There has been progress in the computation of
amplitudes beyond genus-one in both string theory and field theory amplitudes, but the
systematics in these cases are not as developed as in the genus-zero or genus-one cases.

An important tool among the methods above is the use of differential equations. In
the context of string integrals, these are differential equations with respect to the moduli,
e.g. the modular parameter 7 parametrising the torus at genus one, or the vertex insertion
points. Starting form these differential equations, one can perform a series-expansion in
the inverse string tension o’ for these integrals. In order to use this method, though, one
needs a sufficiently large vector of integrals such that, under integration-by-parts (IBP)
and partial-fractioning, one can define an integrable connection acting on such a vector
of integrals. These methods have been used with great success for tree-level and one-loop
string integrals, as can be seen in refs. [9-18].

In the current work, we expand on the method of ref. [17] to the setting of a genus-one
integral with multiple unintegrated punctures. In doing this, we are also generalizing some of
the results of ref. [18] into a genus-one setting. In this last reference, the authors studied open-
and closed-string integrals with multiple unintegrated punctures and wrote them in terms
of generating functions of multiple polylogarithms. In this paper, we are able to describe
functions closely related to genus-one open string integrals with unintegrated punctures via
a generating function of the elliptic multiple polylogarithms (eMPLs) T (’2 o ’;: ;2,7) of
ref. [19], and study some of their properties.

The functions studied in this work satisfy a KZB? differential equations in n punctures.
This means that the differential equation itself provides a representation of a subalgebra?
of the genus-one Drinfeld-Kohno algebra t; ,,: this is a bigraded algebra that ensures the
integrability of the differential equation [22]. We find matrices that satisfy the algebra
relations of t; , and that obey their grading, up to a shift. Moreover, the theory of the
KZB equation explicitly describes the analytic continuation of its solutions. Thus, we are
able to provide explicit identities for the analytic continuation of eMPLs.

1.1 Outline

In section 2, we review some of the special functions required to describe string integrals at
tree level and one loop. In particular, we describe how the integrals we study in this paper
differ from string integrals in that we utilize meromorphic but not doubly periodic functions
for the integrands. This is in contrast with one-loop string integrals (after integration of
loop momentum in the chiral splitting formalism [23-25]), in which the integrands are
doubly periodic but not meromorphic functions. In particular, the integrals we study can

be seen as generating functions of the genus-one Selberg integrals of ref. [15].

-
n?p,
the elliptic curve, of which p punctures are integrated over. The integrands of Z7, , are built

In section 3, we describe Z7 | the vector of genus-one integrals with n punctures on

2For Knizhnik,Zamolodchikov and Bernard, who first studied these equations [20, 21].
3That is, we have a matrix representation of several elements of this algebra, with a few missing generators.



from certain products of meromorphic Kronecker-Eisenstein series F'(z,7,7). A related
non-meromorphic version of these integrands has been conjectured to form an integrand
basis, under integration by parts (IBP), for one-loop integrals before in refs. [13, 14, 17]. In
this section we succeed in using IBP relations and the Fay identity, a genus-one analog of
partial fractioning, satisfied by the F'(z,m,7), to obtain a differential system for Z7, .

We are furthermore able to compare the differential system of Z7 , to the universal
KZB equation, and find that the Schwarz integrability conditions of Z;, , imply several of
the commutation relations known from the theory of the KZB equation. Thus, we claim to
find matrix-and-operator-valued representations :131(]3) of the algebra underlying the KZB
equations: the genus-one Drinfeld Kohno algebra t; ,, [22]. After showing how the initial
values of our differential system for Zj, , degenerates into tree-level string integrals, we end
section 3 with a worked out example of Z7 ;.

In section 4, we argue from two different viewpoints how to obtain back Z7, , from a
boundary value. In particular, we show how to recover the dependence of Z7, , on the n —p
unintegrated punctures z; from a regularized initial (i.e. z; — 0) value v, via generating
functions of eMPLs. We find that this organization of the z;—dependence (a) simplifies
i
generating series of eMPLs suffices to describe all the z;—dependence of Z7, , for the branch

the 7-dependence of v, ; and moreover (b) for our particular representation x; / only one

choice 0 = 21 < zp42 < 2p43 < ... < 2z, of the unintegrated punctures. We furthermore
compare the computation of Z7 ; via this method to a direct-integration calculation.

In section 5, we study the analytic continuation of our integrals Z7 , away from our
original branch choice 0 = 21 < zp12 < 2py3 < ... < z,. With this, we extend the
applicability of our solution Z7, , beyond our initial choice of branch, or equivalently, find
initial conditions compatible with a different branch choice. Moreover, we found these
equations to imply some interesting identities for the change of fibration basis of eMPLs

[ (k- k2 7) that we have been able to verify numerically.

Ez)a $§'0)7 e

for the differential system of Z7 . After building a dictionary between our representation

k) we obtain

In section 6, we take a closer look to the matrix representations x
and the mathematics literature, we note that our representation respects the grading of
the genus-one Drinfeld-Kohno algebra, t; ,, [22]. Moreover, we can deduce the relations of
Tsunogai’s special derivation algebra from some combinations of these matrices [26, 27].

In the appendices, we describe the details of the IBP and Fay identity toolkit and
calculations that allow us to obtain the results of section 3 and 4, and explain our particular
choice of integration cycle for the integrated punctures. In appendix A we lay out a
dictionary relating our integrals Z7, ,, to similar integrals appearing in the string amplitudes
literature. The detailed derivation of the differential system satisfied by Z7, ,, is documented
in appendix B. In appendix C we report on the eigenvalue equations that allow us to prove
the simplicity of our initial values for Z;, . In appendix D we detail a pole subtraction
scheme for the direct integration of Z7 ;. In appendix E we give some more detail on the
analytic continuation of eMPLs from their generating functions. Finally, in appendix F,
we showcase some partial results about the different orderings of integration cycles for the
integrated punctures. In this last appendix we can see that some simplifications for the
initial value of Z7, , do not occur for generic integration contours.



2 Review

2.1 Tree-level open-string integrals

In the computation of open-string amplitudes at tree level, one performs integrals over
(ordered) marked points on the boundary of the upper-half plane, parametrising the vertex
insertion points on the boundary of the genus-zero worldsheet. In the case of n massless
states, we need to perform integrals over the positions of n ordered punctures along the
real line. However, fixing residual gauge symmetries is taken into account by dividing out
the volume of the conformal Killing group* SLa(R), which effectively fixes three punctures.
The remaining (n — 3)—fold string integral takes the form

KN12...n @({Zi}, {Sij}) . (2.1)

gtree _ / dzidzedzs ... dzp—1dz,
" Ju<ain vol SLy(R)

The factor ®({z;}, {si;}) is a SLa(IR)-covariant, rational function of the punctures {z;};; and
other kinematic data such as polarizations {¢;}]"; of the external states and dimensionless
Mandelstam variables

Sij = 20/]% . kj s (2.2)

where k; is the momentum of the i-th external state associated to the puncture z; and o’
is a parameter proportional to the inverse of the string tension (and proportional to the
square of the string length). The other factor KNy, ,, is the Koba-Nielsen factor, which is
a universal factor in n-point string integrals. For massless states, it takes the form

KNig.n= J[ (3 —2)%. (2.3)

1<i<j<n

When computing string integrals, we are usually interested in their o/-expansion, that is, a
series expansions in factors of s;;.

Contemporary methods to compute tree-level string integrals rely on first rewriting
the integrands ®({z;}, {s;}) in terms of a basis of integrands whose a/-expansion is known.
This reduction into a basis of integrals is performed with integration by parts (IBP) and
partial fractioning. We are interested in IBP in the presence of a Koba-Nielsen factor
KN, amounting to the relation

d d d .. d n— d n 3
/ #1d%2d23 “n—192 azl (KN12n(I)({ZZ}7 {SU})) =0 Vi. (24)
v

vol SLy(R)

The integral vanishes because the Koba-Nielsen factor KNis. , vanishes at the endpoints
(or boundary) of the integration contour dv. This process of finding a basis of integrands
modulo IBP-with-a-Koba-Nielsen and partial fraction identities is known to be well-defined
in the genus-zero case [16]. These integrands define the basis of an (n — 3)!-dimensional

4SL,(R) is the group of transformations z; = Zji;, for a,b,c,d € R that keep the boundary of the

upper-half plane fixed. The rational function @({,zjz},{su}) is SLz(R)—covariant such that the whole
integrand is SLz(R)—invariant.




vector space known as (n — 3)th twisted cohomology group H"3(Mg,,d +dlog(KNia ).
We will not make further use of this notation or the concepts of twisted cohomology and
homology groups, but remark that these give a mathematically precise description to what
we mean by a basis of integrands under an ever-present Koba-Nielsen factor. For definitions
of these twisted homology and cohomology groups, the reader is referred to refs. [28, 29],
also see [6, 30] for their introduction into the string-theory literature.

A good candidate for this basis of integrands, originally found by Aomoto [28], and
rediscovered by physicists [31, 32], is the basis of so-called Parke-Taylor factors:®

1 1 1 1

P2 ) = e =) Gt — ) G — 21

(2.5)

One can form a (n—3)!-dimensional basis of integrands by permuting the labels (2,3,...,n—
2). With this basis in mind, the integral in eq. (2.1) can be written as

dz1dzodzs...dz,_1dz,
Ztree — b,({si / KN PT(1,p(2,...,n—2),n—1,n),
" pESan P({ lj}) 2i<Zit1 vol SLa(RR) 12n (Lol ) )

(2.6)

where the coefficients b,({s;;}) are rational functions of the kinematic data, and can be
found via IBP and partial fractioning, say with the methods of refs. [34-36].

A last step towards computing the o/-expansion of the string integral of eq. (2.6) is
to compute each of the basis integrals. The integrals with a Parke-Taylor basis — also
known as Z-theory amplitudes — have an o/-expansion detailed in ref. [37]. We note that
other alternative bases of integrals and their o/-expansion have also been studied in the
literature [10, 11, 16, 38].

2.2 Multiple polylogarithms and multiple zeta values

We proceed to define a family of genus-zero iterated integrals closely related to the string
integrals in eq. (2.6). These iterated integrals are called multiple polylogarithms (MPLs)
and recursively defined as follows [39]:

1
t——al

G(al,ag,...,an;z):/ dt G(ag,as, ..., an;t), (2.7)
0

with a base case G(;z) = 1. A key property of MPLs, by virtue of being iterated integrals,
is that they satisfy the shuffle product. For A = (a1, as,...,a,) and B = (b1, ba,...,bpn),
we have:

G(4;2)G(B;z) = ) G(C;2), (2.8)
CeAuB
where A w B is the set of all permutations of (a1,...,an,b1,...,by) that preserve the

original ordering of the a; € A and b; € B. An example of this shuffle product is given by:
G(ay;2)G(b1,be; 2) = G(ay, b1, ba; 2) + G(b1,a1,b2; 2) + G(b1, b2, a1; 2) . (2.9)

5These are named for their similarity to the Parke-Taylor formula [33] written in 4-dimensional spinor-
helicity variables.



One of the simplest example of an MPL is given by G(1; z) = log(1— z). The apparently
simpler case G(0;z) has a basepoint divergence, but this divergence can be regularized
via tangential basepoint regularization [40]. The regularized value assigned to this MPL
then becomes

G(0;2) = log(2) . (2.10)

Other MPLs that have a similar basepoiont divergence are regularized via shuffling with
this regularized MPL above.

Finally, when the letters of an MPL G(ay, ag, ..., an; z) are either 0 or 1, i.e. a; € {0, 1},
and we furthermore integrate along the unit interval setting z = 1, the MPLs evaluate to
multiple zeta values (MZVs)

Cnl,TLQ,.--,TLT = Z :

1<mi<mao<..mgp

=(-1)'G (onrfl,l,onr—lfl,l,...,0"1*1,1;1) : (2.11)

1

mi1™meo™2 ... m,"r

where 0" denotes a string with n zeroes, and (,, n,....n,. The sum in eq. (2.11) only converges
if n, > 2. Similar to eq. (2.10), the divergent values associated to MZVs can be regularised
using the definition

G(1;1)=0 (2.12)
and the shuffle algebra for the remaining integrals with n, = 1.

2.3 Elliptic multiple polylogarithms and A-cycle elliptic multiple zeta values

We will proceed to define to define an elliptic — or genus-one — analogue of the MPLs
from eq. (2.7). We will follow the definitions of refs. [19, 41]. But first, we will clarify the
setting in which these iterated integrals are defined.

Take 7 to be a complex number in the upper-half plane 7 € H. Then, for z € C
we can define doubly periodic, but not necessarily meromorphic functions f(z,7) to be
complex-valued functions such that

fz,r)=flz+1,7)= f(z+T1,7). (2.13)
For convenience, let’s define the lattice
N =Z+77Z. (2.14)

We note that elliptic functions are unchanged under displacements of z by lattice points A.
Thus, for an elliptic function it is natural to define the domain of z to be in the fundamental
parallelogram, or torus C/A;.

That being said, we will mostly not deal with doubly periodic functions in the present
work, but rather with quasi-periodic functions, periodic under z — z + 1 but with a



well-defined transformation rule for 2 — z + 7. Whenever this transformation rule is
multiplicative, i.e.

h(z+1,7) = h(z,7),
h(z+7,7)=a(z,7)h(z,T) (2.15)
with nonzero factor a(z, ), the corresponding quasiperiodic functions can be understood to

live in the universal cover of the torus, i.e. C.

A quasi-periodic function we will extensively use is the Kronecker-Eisenstein series [42—
44]

01(z +n,7)61(0,7)

F(z,n, 1) = 600 (.0) (2.16)
where 0, is the odd Jacobi theta function
01(z,7) = 2¢"/% sin (72) ﬁ (1—-4") (1 - q"e%iz) (1 - q"e‘zmz> (2.17)
n=1
with
q= e (2.18)

and " denotes differentiation with respect to the first argument. This Kronecker-Eisenstein
series is symmetric under an exchange of its first two arguments F(z,n,7) = F(n, z,7), and
has the following quasi-periodicity properties:

F(z+1,m,7)=F(z,n,7),
F(z+7,n,7) = e_Qﬂi”F(z, 7,7). (2.19)

The function F(z,7n,7) has a residue of 1 around z = 0. One can obtain a doubly periodic
but non-meromorphic function from F(z,n,7) by multiplying the appropriate prefactor [45]

Qz,n,7) = 62”"’%}7(2', n,7) . (2.20)
The meromorphic Kronecker-Eisenstein series satisfies the mixed heat equation®
210 F(z,n,7) = 0.0,F (2,1, 7), (2.21)
and the Fay identity”

F(z13,m,7)F(223,m2,7) = F(213, M2, T)F (221, M2, T) + F(223, M2, 7)F (212, 1, T) ,
(2.22)

5The doubly periodic Kronecker-Eisenstein series Q(ur + v, n, 7) satisfies this equation with 9, replacing
the 0.
"The Fay identity also holds for Q(z,n, 7).



where we introduce short-hand notations for differences of punctures
Zijg = &2 — Zj (2.23)
and for sums of n-variables

mz.n=m+n2+...+ 0. (2.24)

The Fay identity (2.22) should be considered to be a genus-one version of the partial
fractioning identities that the functions 1/z;; satisfy. In fact, if we replace every instance of
F(z,n,7) in eq. (2.22) by 1/z, we obtain the familiar partial fraction identity:
INNEEREEY .
213 223 Z13 221 223 212
Expanding as a series in the auxiliary variable 7, the Kronecker-Eisenstein series
F(z,n,7) is a generating function for an infinite class of functions g(*)(z, 7):

nF(z,n,7) =Y ntg®(z,7). (2.26)
k=0

The functions ¢g\*)(z, 7) satisfy the symmetry relation

9 (=z,7) = (1P (z,7). (2.27)
The first two examples are

9V (z7) =1,

gV (z,7) = 0. log(61(2,7)). (2.28)

Crucially, the only function ¢(¥)(z,7) that has a simple pole at z = 0 is g (z, 7), while
the remaining functions are regular at z = 0 for £ # 1. For other positive values of k,
these functions have simple poles at z = nr, for n € Z\{0}, as can be seen from their
quasi-periodicity following from eq. (2.19):

9B (z+1,7) =" (z7),

k .
k (=27m8)" (j—n
g( )(z +7,7)= nzzo — g( )(z, 7). (2.29)

Also the Fay identity (2.22) has an echo at the level of the functions ¢(*)(z, 7). Using the
short-hand notation

gi(;-b) = g(n)(zijaT) (2.30)

these identities are:

n) (m n+m - i m_1+] n—j m-+j
e AR YE T sl Vsl

i=0 J
= (n—1+7 m—j3) (n+j

+ Z(—w( ; *7)9%3 Dgist) . (2.31)
§=0



The functions g\¥)(z,7) evaluate to Eisenstein series when z — 0:
g®(0,7) = —Gr(7), VEk € Zsa, (2.32)

where the Eisenstein series Gy (7) are defined® by

1 ifk=0,
1 .
G(7) = n%:ez rmE it k € 2N, (2.33)
(n,m)#(0,0)
0 if ke 2N —-1.

Similarly, one can consider the non-meromorphic function (z,n, 7) defined in eq. (2.20)
to be a generating function of doubly-periodic functions f (k)(z, T):

nQ(z,n, T anf(k (z,7). (2.34)
k=0

These doubly-periodic functions f (k)(z, 7) also satisfy Fay relations, are non-meromorphic
and coincide with the ¢*)(z, 7) when z € R.

We now recursively define” iterated integrals of the integration kernels g(k)(z,T) as
follows [19]:

Dbl bnn) = [Cdeg®™ - =P (ko bt (2.35)
where the base case is given by f‘(; z,7) = 1. We will refer to these iterated integrals as
elliptic multiple polylogarithms (eMPLs) in the present work, even if they are not elliptic
in the usual sense of the word. For an eMPL T' (]2 ’;g « ko2, 7), we define its length by r
and its weight by k1 + k2 + ...+ k.. The eMPLs obey the shuffle algebra (2.8), by virtue of
being iterated integrals, but now shuffling each entry ( ’“) as an individual letter, e.g.:

U(azn)T (0 hszn) =T (0 5 e n) +0 (0 o sz ) + D (5 0 arsz)
(2.36)

Like their genus-zero counterpart, eMPLs sometimes require regularization. We employ
tangential basepoint regularization as in ref. [48], leading to the definition

T(};2,7) =log <1 — 627”2) iz + 2 klz>0 (1 — cos(27kz)) g™ . (2.37)

Numerical implementations of eMPLs, e.g. ref. [49], use this regularization, which is
compatible with the shuffle product of eMPLs.

8The Eisenstein series Go (7) is not absolutely convergent, and requires a summation prescription. This

is given by Ga(7) = ZnEZ\{O} nz + Zmez\{o} 2inez m [41].
9One can define iterated integrals T’ (’;i k2o krig, T) by using the doubly-periodic functions £ (z,7)
instead of the functions g(k) (2, 7) [46]. These iterated integrals of non-meromorphic kernel are not homotopy

invariant — however, they can be lifted to be homotopy invariant integrals [45, 47].



Finally, we can obtain elliptic analogues of MZVs by evaluating the eMPLs in the limit
z — 1 along the unit interval. In particular, we have:

;i_grif ("8 ho o e Z,T) =walky, ky—1,...,k1;7), (2.38)
where the A subscript denotes that the elliptic multiple zeta value (eMZV) has been
evaluated by performing an integral along the A-cycle of the torus (i.e. from 0 to 1 along
the unit interval). These eMZVs were first defined and studied by Enriquez [50]. We note
that they will require some non-trivial endpoint regularization if k; = 1 and/or k, = 1,
culminating in the definition

wa(l)=0. (2.39)

The remaining (regularized) eMZVs can be deduced from the well-defined instances of
egs. (2.38) and (2.39) and the shuffle algebra (2.8). In this work we will drop the A-
subscript from now on, and sometimes omit the dependence of the last variable 7. Because
our notation of eMZVs has the last variable written after a semicolon, there should be no
an ambiguity when we omit 7.

2.4 Z]-integrals
We will now define a genus-one analogue of the integrals in eq. (2.1). For o € S,,_1 a

permutation of {2,3,...,n}, these will be of the form:!"

ZM(1,0(2),...,0(n)) = dzodzz...dz, KNy, ¢"(1,0(2),...,0(n)),

/0<22<2’3<...<Zn<1

(2.40)
where KN7, ,, will be a genus-one version of the tree-level Koba-Nielsen factor from eq. (2.3):
KNiy ., = exp ( Z Sijgz—j) ; (2.41)

1<j<i<n

and where G} is given by

g{j =T({525,7) —w(1,0,7). (2.42)
Furthermore, the integrands ¢”(1,0(2),...,0(n)) are written as chains of meromorphic
Kronecker-Einsenstein series:
m
@T(ah ag,. .. 7aﬂ’L) = H F(zai—l - Za“??aq;,.-.,amyT) .

2

¢ (a1) = (2.43)

1We use ¢” throughout this work to not clash with the " of ref. [51]. While ¢” and @” agree on the
A-cycle, we note that the holomorphicity of the latter makes it easier to relate to the mathematical literature
of KZB equations and twisted (co)homology. See section 6 and refs. [52, 53].

"This is a meromorphic version of the open-string Green’s function.
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The auxiliary variables

nai,...,am - 77a¢ + 77a1'+1 + T + 77am 9 (244)

in the Eisenstein-Kronecker series in eq. (2.43) are linear combinations of auxiliary variables
n; associated!'? to the punctures z;, such that the chains ¢” satisfy the following algebraic
properties for two disjoint sequences A and B and a label r ¢ AU B:

o (r,A)g"(r,B) =@ (r,AwB). (2.45)

This identity is obtained by consecutive applications of the Fay identity (2.22).

As defined here, these integrals coincide with the planar integrals of refs. [13, 14], but
differ when considering non-planar integrals.'®> We spell out the dictionary between the Z7
integrals described in this section and the integrals of refs. [13, 14] to appendix A.

The genus-one integrals of eq. (2.40) have two key properties. First, they can be seen
as generating functions of (some of) the genus-one Selberg integrals of ref. [15], by looking
at some of the components of their n-expansion. More importantly, the inclusion of all
possible permutations ¢ and forming the vector of integrals

z, = (7;01,0(2),... J(n)))gesnA (2.46)
from eq. (2.40) leads to a closed differential equation upon differentiating Z] with respect
to 7 (and using IBP and Fay identities). This differential equation can be solved recursively
to compute the o'-expansion of Z] and, thus, the integrals from eq. (2.40). This last
fact about the integrals Z] gives evidence that the vector of integrands described by the
@7 (1,0(2),...,0(n)) form a basis of integrands at genus-one [13, 14]. Section 6 of [55]
contains a proof to this statement in the doubly-periodic version of these integrals.

3 Z-integrals with multiple unintegrated punctures

In this section, we introduce further classes of integrals defined on the punctured A-cycle of
a torus.'® On the one hand, as shown in detail in the thesis [55], they generalize the open-
string configuration-space integrals Z; from eq. (2.40) at genus one to multiple unintegrated
punctures. On the other hand, they are the genus-one analogues of the genus-zero integrals
investigated in ref. [18].

1257 is quasiperiodic ¢7 — exp(27in;)@” under z; — z; + T.

'3 Planar integrals are integrals where the puncturesz; are integrated along the interval z; € (0,1). Non-
planar integrals have a subset of the punctures integrated along the interval z; € (7/2,7/2 + 1). This
terminology is borrowed from ref. [54].

14We use bold face to refer to vectors.

15Tn the thesis [55] of one of the authors of this paper, various results of this section solely worked out by
the author of the thesis have been published already, referring to this paper.
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3.1 Construction of Z;p-integrals

Let us consider n distinct punctures on the unit interval (i.e. the A-cycle), where the first
puncture z; = 0 is fixed at the origin (by the translation invariance of the torus) and the

remaining ones are ordered according to'®
O=z1<2m<zz3<---<z,<1. (3.1)

In ref. [17], the Z]-integrals of eq. (2.40) were modified by introducing an additional
unintegrated puncture zg on the A-cycle, which lead to a recursive method to calculate the
ZT-integrals based on the elliptic KZB associator [15, 17]. We extend this modification and
define for each

0<p<n-1 (3.2)
a class of iterated integrals, where the p punctures 29, 23, ..., 2,41 out of the n punctures
from eq. (3.1) are integrated over and the remaining n—p punctures 21, 2p4+2, 2p+3, - - -, 2n

are kept unintegrated. The integrals Z7 , defined this way will be the central objects of this
work, and are given by [55]:

zr ((1,A1) 7 (p+ 2,Ap+2) , (p+ S,AP+3) s (0, A™) 5 210, Zpess - ,,zn)

p+1 n
= dz; KN7, &7 (1, A 57 (K, AF 3.3
/0<Z¢<Z¢+1<Zp+2 g Zi 12.n ¥ ( ) )kzl;[Jrzso ( 9 ) ) ( )

where for k € {1,p+2,p+3,...,n} the sequences AF are disjoint, possibly empty subse-
quences of all the possible permutations of the p labels (2,3,...,p+ 1) of the integrated

punctures. In other words, for each (n—p)-tuple of (sub)sequences (A', AP+¥2 ... A™) there
exists exactly one permutation o € S, (and vice-versa) acting on the p-tuple (2,3,...,p+1)
such that the following identity of p-tuples holds
(Al,Ap+2,...,A”) =0(2,3,....p+1). (3.4)
This defines!”
(n—1)!
dpp=-——""— 3.5
P (TL —1— p)| ( )

distinct integrals, which can be written as one vector of integrals

Z;p <2p+2, Zp43y .- ,Zn)

= (27, (LAY (p+2,A772) . (0, A™) s 219, 2,

)

’ Z”)) (AL, AP+2 . A™)=0(2,3,....p+1)
(3.6)

16This order defines the branch choice considered. However, the integrals can be analytically continued
away from this specific choice, see section 5.

'"This dimension is an n — n + 2 offset from the genus-zero result from ref. [18]. A reason for this is
that the Parke-Taylor factors (2.5) in the genus-zero setting have a genus-one counterpart in chains of
Kronecker-Eisenstein series (2.43), but at genus-zero we have in addition to the fixed puncture at 0 two
further unintegrated punctures that are usually SL2(R)-fixed at 1 and oo, explaining the offset of two. One
can also define d, , natural integration contours along the A-cycle, following the analogy with the genus-zero
case of ref. [18].
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where o € S), is a permutation of the p indices 2,3,...,p + 1. We remark that the integrals
Z3, , defined above coincide (with the relabeling z, = 2) with the Zf, _; integrals of
ref. [17] for the case (n,p) = (n,n — 2). Additionally, the case (n,p) = (n,n — 1) yields the
integrals Z7 of eq. (2.40):

r =21, (3.7)
3.2 Differential system
The vector Z7, ,(2p+2, 2p+3, - - - » 2n) from eq. (3.6) satisfies a closed differential system [55]

which is reminiscent of an elliptic KZB system on the (n—p)-punctured torus [56]:

0iZy,, = w@(o) + Z Z wgf)ggf) Zy > (3.8a)
k>1 re{l,p+2,...,n}
r#i
2mi0 25, , = —e® 4 Z(l — kPG, + Z Z(k — 1)wgﬁ_1)gé]§) VAR
k>4 r,qge{1,p+2,....,n} k>2
q<r
(3.8b)

where 0; = 0, for p+2 <i < n. The (dn, % dpp)-dimensional square matrices xEO), xl(f )
and € are explicitly known and calculated in appendix B.1 and appendix B.2, respectively.
The explicit formulae are given in eq. (B.11) and eq. (B.19), respectively. For k > 1 their
entries are polynomials of degree k—1 and k—2 in the auxiliary variables n;. The entries

(0)

of ;) are linear combinations of ;' and first-order derivatives Oy~ The matrix €© is

a linear combination of 7;” 2 second-order derivatives with respect to 1; and factors of ¢,

in the diagonals. Moreover, all the entries of the matrices mgo), acgf) and €®) are linear

combinations of the Mandelstam variables s;;. Accordingly, the matrices are proportional
to o':

¥ 2™ k) x o (3.9)

3.2.1 Commutation relations

In appendix B.3, we show how the Schwarz integrability conditions

05,0:]Z7,, =0 (3.10)
and

[0r,0i1Z7,, =0 (3.11)

for a general system of differential equations of the form

0 k) (k
R FUNS SR SR P (312
k>1 re{l,p+2,...,n}
r#i
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A o
2mid- Zy, , =
k>4

are used to extract commutation relations among the matrices x;,’,
this system is a priori more general than the system (3.8), due to the appearence of b(gr

_£0) + Z(l _ k)er(k) +

) Z:L’p

PO (C

r,qe{1,p+2,...,n} k>2
g<r

qT’ gq?"

(3.12Db)

) ek b, Note that

However, as shown below, the integrability conditions imply that they are the same. The

statements in this subsection hold for any function Z7 ,

satisfying the system (3.12). In

particular, we do not use the explicit construction (3.6) of Z7, ..

The restriction (3.10) for an a priori unknown function Z7 ,

leads to the following

relations for distinct labels |i, j,q, 7| = 4 and k,1 > 1:

(k)

T,
2. a @'
=), 2l

20 + 20, 2]

2,20 + 2]
Ee

0]-

2%

k+1
(_1) Tji s

0,

0,

k-1

I=1 qe{1,p+2,...,n}
qFi,j

(el
(m)

Lgj

@]

(I+m)
qj ’

(3.13)

The second integrability condition (3.11) leads to the third and the last relation in
eq. (3.13) and to the following new relations: for distinct labels |7, j, q| and k& > 2

(k)
b\

oY (3.14)

which ensures that the differential systems (3.8) and (3.12) are equivalent, and for

k>4,0>1

k—2

ERRUED Vs

M, (k-1-1)
Lij > Lij }’

(1) [2

I=k/2 je{l,p+2,...,n}

0] = 3

m=1

(l—1>{ (L+h=m=1)

JF

Wﬂ (3.15)

v
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and for k£ > 1

[a:z(f),e(o)} =(k—1) {ml(.;?—l)’ml(o)] + Z Z (l - 1) [ gf]),a:(f - 1)] ’

qe{1,p+2,...,n} =1
qFi
k—1

[ ij »Tq } Z[ LigrT (k l)} . (3.16)

The above relations are all the information we can extract from the integrability
conditions eqgs. (3.10) and (3.11): they are sufficient for the commutators egs. (3.10)
and (3.11) to vanish. We remark that the last lines of (3.13) of (3.16) give two different,
7.

Further relations can be deduced by combining the above relations. We can for example
combine the fourth or fifth relation in eq. (3.13) and the last relation in eq. (3.16) to obtain

for distinct labels 4, j,q and k > 1:

[w%’, > wé‘”] =0 (3.17)

qe{l,p+2,...,n}

but compatible, equations for [z

and

k
) (k+1-1) E\ (k+1-1|
Z[ T, T, +<l>azij ]_0 (3.18)

=1
respectively. We remark that the matrices in a KZB system satisfy some extra relations
that are not implied by the its integrability. See e.g. egs. (6.7) and (6.9), and the text below
these equations.

3.2.2 Boundary values

The asymptotic behaviour of Z7, , for iteratively merging 2,2 — 0, then 2,13 — 0 up to
zn, — 0, respecting the order defined by the domain (3.1) is calculated in this subsection.
The degeneration of the Koba-Nielsen factor can be determined using the change

of variables

Z; = Zp_|.2 Z; (3'19)
for 1 <i < p+ 2, leading to
lim KN, ,, = es12-rth(LORN 0y H e P02 pth).g ]1KNp+k+1 mo (3.20)
n,p,k ph<j<n
for k =2,...,n — p and the regularised limit'®
lim =
n,p,k
li — 271 S(2..p+k=1),p+k i 2 (12..p42),p+3 |j 271 S12..p+2
Zp;go( TiZpik) . (=2mizy43)° . (—2mizpy0) 7
(3.21)

8The factors of (—2mizm)®" cancel the nonanalytic behavior of lim.,, o eisij'“rf(O Em ’T) . The choice
of normalization follows the regularization of the divergent eMPL f‘( 3z, T) of eq. (2.37).
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and where we have used the following two definitions of sums of Mandelstam variables:

SA = Z Sij SAB = Z Sij - (322)
i,jEA icA,jeB
1<j
The punctures and associated momenta s;; appearing in the genus-zero Koba-Nielsen factor
KNi2. p42 in eq. (3.20) correspond to the genus-zero punctures
0=z <22 <+ <Tpy1 < Tpy2 =1. (3.23)

Note that this gives the same result as simply merging z,,, — 0 and squeezing the punctures

Zp42s -+ -y Zp+k—1 i between:
lim (—2miz S12..p+k KINT. =
zp+k%0( p+k> 12..n
s w(1,0 —S(12... 19 T
e512..p+k( )KN12...p+2 H e S(12...ptk).j ﬂKNp—i—k—&—l...n? (3'24)
p+k<j<n
in particular
lim KN7, , = e 2-n@LOTKN (3.25)
npmep 12.n 12..p42 - .

Using the same change of variables, the remaining differential form in the integral Z; ,
from eq. (3.3) degenerates as follows: for z,,o — 0

n p+1
P (1,A1) I1 ¢ <k7Ak>Hdz,~
=2

k=p+2
pt (1, AY) pt (p + 2, APT2) Hfi;dxl if AF=g@fork=p+3,...,n,

_ (3.26)
0 otherwise,
where pt(ay,...,an) is an open-chain version of the Parke-Taylor factor of eq. (2.5),
defined by
e 1
pt(ai,az,...,am) = Hi (3.27)
i—o LTa;_1 — Tay

The remaining limits 2z, — 0 for 2 < k < n — p do not further affect these differential
forms. Putting all together, we find

lim 77, ((1,41), (p+2,47%2) (p+3) ..., (1) Zpr2, 2pts,- - 20)

_ S12..p+kw(1,0 —8(12...p+3),; 97 T
=e p+kw(1,0) H e °(12..p+3),j leNp+k+l.“n
prk<j<n

p+1

. 1 p+2
x /0<a:¢<xi+1<xp+2 1:1_[2 d; KN12..p+2 Pt (1’ A ) pt (p +2,4 )

= el [T NG 2 (1L AY) (4 2 472))
p+k<j<n
(3.28)
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while the remaining integrals Z  from eq. (3.3), violating APT? = APT = ... = A" = &,
vanish. The integral on the last line is an SLo-fixed genus-zero, open-string integral given
in eq. (2.1), i.e.

p+1
255 pr2 (LAY, (p+2,A77%)) :/ [ dzi KN propt (1, AY) pt (p+2,47%2) |
0<z;i<®i+1<Tp42 ;o
(3.29)
where (A!, APT2) is a partition of a permutation o € S, of {2,3,...,p+ 1}, i.e.
(AL, APT2) = 5(2,3,...,p+1),
and
(11/‘1, Lp+2; :Cp+3) = (Oa 1, OO) (330)
the three fixed genus-zero punctures. Thus for k=2,...,n—p
. T — gr. T U +3,p+1
713;1’}{ Zn’p e 6512.4.p+kw(170) H e 8(12'"p+k)ﬂgj1KNp—i—k—l—l‘..’rL ( p 0 p Z;;:e_?g’p+2 9
w p+k<j<n
(3.31)
where
T +1 1
Z;H??’np-ﬁ-? = <f0<xi<m+1<xp+2 Hf=2 dz; KN12..p+2 Pt (1’ A )>A1:a(2,3,...,p+1) (3.32)

is a p!-dimensional basis vector of the integrals Z;$§,p+2 from eq. (3.29) with AP+2 = &.
Using integration by parts and partial fractioning, the remaining integrals from eq. (3.29)
with AP*2 #£ & can be written in terms of the integrals in Z;ff%’p 19, which is implemented
by the ((p+1)! x p!)-dimensional matrix U3 po.

3.3 Example: Z;l-integrals

For p = n — 1, the integrals Z] of ref. [13] and for p = n — 2 the augmented integrals
Z§ -1 of ref. [17] (with 2, = 20) are obtained from the integrals Z; , of eq. (3.3). The next
case to consider is p = n — 3, with two additional unintegrated punctures, z,_1, 2z, besides
z1 = 0. Accordingly, the simplest non-trivial example is the class of Z7 -integrals with

(n,p) = (4,1).
The construction in eq. (3.3) defines the ds; = 3 integrals

z3
Zzl—,l((L A1)7 (37 A3)> (41 A4); 23 24) = \/0 dzo KN71—234 (157—(17 A1)¢T(3> A3)¢T(47 A4) )

(A1, A2, A3) = (2). (3.33)

The corresponding vector from eq. (3.6) is given by

le((]., 2)7 (3)7 (4)’ Z3, Z4) 23 F(212) 2, T)
Zia(zazs) = | Z4((10,3,2), W20, 20) | = [ deo KNIyt | Floaame,) | - (339
11((1),(3),(4,2); 23, 24) F(242,m2,7)
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3.3.1 Differential system of ZLI

Now, let us write down the differential system satisfied by Z7 ; (23, 2z4). The closed formulee
for the matrices in the differential eq. (3.8a) is given in eq. (B.11) and yields for (n,p) = (4,1)
the z3 derivative

8324 1(2’3, 2'4 (CC3 + Z (:173 931 + wg4)g§4))> 271(23’ Z4> s (335)
k>1
the following matrices
—8238772 —823?%2 0
méo) = 512,%2 (512 + 524)0p, 824,%2 ,
O —8237%2 —8238772
) —513 — $23 5923 0
wél) = 512 —s13— 812 0 ;
0 0 —S13
i 0 523(*?72)]“_1 0
xi(n) = | sponh? 0 0l,
0 0 0
—S834 0 0
m(l) = 0 - —
34 = 834 — S24 S24 )
0 823 —834 — 823
0 0 0
k _
af) =10 0 sulm)r'|, (3.36)

0 s23(—n2)F* 0

where k > 2. Similarly, the partial differential equation with respect to z4 takes the form

0427 1 (23, 24) = <x4 +> (4gl) +w§13>g§13>)> Z7 (23, 2) (3.37)
k>1
where for k > 2
—8248772 0 —824L
e 0 —s520y, 824,%2 ;
512,%2 823%2 (s12 + 523)0y,
" —S$14— 5824 0 824
Ty = 0 —S14 0 ,
512 0 —s14— 512
" 0 0 sgg(—m2)F !
Ty = 0 0 0 )
5121’}571 0 0
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—S834 0 0

"1«’[(;;13) = 0 —s34— 524 824 ;
0 523 —S34 + 523
0 0 0
2 =0 0 su(—m) . (3.38)
0 82377]5_1 0

These matrices indeed satisfy the commutation relations from subsection 3.2.1. Moreover,
they satisfy an additional relation

[w(lc) (k+2s)

52 ey =05 Wi} =2,k =1,5€2*, (3.39)

which is not implied by the integrability of the KZB connection, and in fact does not hold for
the matrices one obtains from Z7 , with p > 2. This kind of “accidental relations” among
matrices obtained in differential equations of integrals are common when the number of
integrated punctures p is small (p = 1 here), see e.g. the matrices e¢p and e; in equation (23)
of ref. [10], which do not give rise to higher-depth MZVs when used as arguments of the
Drinfeld associator!® ®(eg, e1). An equivalent phenomena was observed in the genus-one
setup of ref. [18], for (n,p) = (n,1).
The vector Z7 (23, 24) also satisfies a differential equation with respect to 7:

2mit, 25, = [ —€© + 3 (1 - k)Gre® + 3 (k= 1) [bli oy} + b0y + 657 687] | 27,
k>4 k>2
(3.40)

where we find that bg]fn) = mgﬁ_l), and where for £ > 4 the matrices € and €®) are given by:

1 1 1
S123 S23.2 S24. 2

2 2 2
0 1 ) 7712 7712 7712
eV =1 (251234C2 - 5(812 + s23 + 824)3772) | 5125z 5257 S22 |
S12-% S23°5 824
3 3 3
k—2
5127]2 0 0
eP = 0 suph? 0 : (3.41)
k—2
0 0 52479

The matrices a:l(f) for (n,p) = (4,1) satisfy the additional relation (3.39) that is not
implied by the commutation relations of eq. (3.13), but is rather due to the specific form of
the matrices. To write an analogous set of commutation relations for the matrices €®), it is
convenient to first define some matrices é*) for k > 2 an even number, as follows:

2(0) _ ((0)

)

e®) = ) g(h=1) o =)y o) (3.42)

19We give the definition of the Drinfeld associator in eq. (5.8).
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leading to the explicit matrices

512 523 524
€? = —s1934T3 + | s12 s23 524 |
512 523 524

512 523 524
k—2
=12 512 523 824 | - (3.43)
512 523 524

This definition yields the following extra commutation relations for (n,p) = (4,1):

€®™,&®M| 4y =0, mn€ls. (3.44)

This last relation is not implied by the commutation relations we have computed in
egs. (3.15) and (3.16), nor are they implied by the relations of Tsunogai’s derivation algebra
(or Pollack’s relations) [26, 27]. Nonetheless, the definition of the é*) above will be related
to Pollack’s relations in section 6.3, for general values of (n,p).

3.3.2 Boundary values of ZZ’I

Let us specialise the analysis from subsection 3.2.2 to the example Z7] (23, 24). Thus,
we first consider the degeneration for z3 — 0, then additionally z4 — 0 of the integrals
in eq. (3.34)

25 F(Z12a 72, 7—)
Zil (Z3, Z4) = /0 dZQ KNIQ34 F(Z32, n2, 7‘) . (3.45)
F(Z427 72, T)

For the limit z3 — 0, we can use the change of variables z; = z3x; for ¢ = 1,2, 3, such
that 1 = 0, z3 = 1, keeping 24 fixed. Then, the Koba-Nielsen factor degenerates to

—5..GT. —s5::gT.
KNipzs = ][I e 9 II e et
1<j<i<3 1<i<3

_ (_27TZ'23)7812368123W(1,0) H xi—jSijefs(mg)AQL (1 + 0(23))
1<i<j<3

= (—2mizg) 1223 OKN 53 KNT, |5, 4=s 13, 4 (1 + O(23)) (3.46)

where KNyo3 is the genus-zero, four-point Koba-Nielsen factor of eq. (2.3), with an additional
puncture 4 = co. The differential form without the Koba-Nielsen factor degenerates to

dez if A] = (2)

P71, A1)@T (3, A3)p" (4, Ag) dzg = ¢ {222 if A3 =(2) (3.47)
% — 0 if A4 = (2) s
24—23T2

where the last entry tends to 0 as x3 — 0 at fixed 24.
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Putting all together, we find that?"

Zgiino(—2wi23)5123 Z} 5(z3,24)

fol d$2 Kngg_Lm
3w(1,0) — T 1 1
= 51230(1,0) o —5(123),490 fO dxg KN12371—352
0

Zy5°((1,2), (3))

= sl | Zie((1), 3,2)
0
1
— 5123w(1,0) ,—5(123),49]; —s2 | Z120((1,2), (3)) (3.48)
0

where the integrals Zgge are related by the integration by parts relation
s12 Z115°((1,2), (3)) + s23 Z15°((1),(3,2)) = 0 (3.49)

and can be expressed in terms of the Veneziano amplitude

il“(l — 312)1“(1 — 823)
si2 (1 —s12 —s23)

Zy5°((1,2),(3)) = (3.50)

The relation (3.49) leads to the last step in eq. (3.48) and defines the matrix Uy from

eq. (3.31):
Uyo = <_£12) , (3.51)

523

such that

thee((172), (3)) _ tree
(Zgijgem 3, 2))> = U2 Zi5°((1,2),3))- (3.52)

The additional limit z4 — 0 is now straightforward:

1 _ ; 5(123),4 i _ ; 5123 7T
;41210( 2mizy) lelr_>n0( 2mizg)*1 8 Z 1 (23, 24)

= lim (—2mizy)*028).1¢51289(10) =5(125).490 (Ug’2> Z35°((1,2),(3))

24—0

_ gt <U3’2> Z875°((1,2),(3)

1/812
812340.)(1,0) _1/823 F(l — SlQ)F(l — 823) '

0 (1 — s12 — s23)

20Here and throughout this work, we the Mandelstam variables si; to be analytically continued from a
region in which Re(s;;) < 0.

=e

(3.53)
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4 Expansion of Z7 -integrals

4.1 Solving the differential system

The elliptic KZB system (3.8) satisfied by Z7, , = Z} ,(2p+2, ..., 2x) can be solved in the
domain (3.1) using the genus-zero methods in section 3 of ref. [18], leading to a representation
of the o’-expansion of Z,, , in terms of generating series of eMZVs: first, the corresponding
differential

4z}, Z Q,,Z7 Az + Q) Z7 dr (4.1)
1=p+2

will be integrated along the path
(0,...,0,7) B(0,...,0,20,7) " . (zpiny o 20, T, (4.2)

where the path ~; refers to the path (0,...,0,¢, 2i41,...,2,) where t € (0, z;). The matrices
Qil’p and ], , in eq. (4.1) are the operator-valued d, X dp, , matrices appearing on the right
hand side of egs. (3.8a) and (3.8b) in the form 0;,Z7, , = Q;LPZZLP and 0.2, , = Q,, ,Z7 ,
respectively. Second, the corresponding initial value at zpy2,...,2, — 0 will be determined.
And third, homotopy invariance ensures that the solution is valid on the whole domain (3.1).

In order to do so, let us consider for i € {p + 2,...,n} the following generating series

of eMPLs

2 e kr k ky
— 3 S Dbk xf xG0 @3
720 k1,0 kr 20 1,00 €{1,i41,..m}

The matrices XZ(»;?) are defined for j € {1,p+2,...,n}\ {i} and k > 0 from the matrices
(k)

€T

;; appearing in eq. (3.8a) by

W [® J#T,
x = (4.4)
+Zr p+2xz7]f) -7:1

By construction, for each i € {p+2,...,n} the generating series I'; satisfies along the path
v; the partial differential equations

OiL'ily, = sz,ph Lily, , (4.5)

where the matrix Q%’p from the differential form (4.1) is evaluated at ~;, i.e. for 2,10 =
..z;—1 = 0. For i < j, we obtain by definition

OT; =0. (4.6)

Moreover, the asymptotic behaviour of I'; on ; follows from the regularisation of the eMPLs
and is given by?!

: CxD
hH(l) Li(vi(e))(—2mie)” i =1. (4.7)
e—

*1We use the same normalization as in eq. (3.21).
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With these definitions, we can define the d,, ,-component vector

Lpp=T0np(Zpt2,-- ., 20)
=Tp2..Thvny, (4.8)
where v, , is a vector independent of z,,9,..., z,. Remarkably, the vector asymptotically

satisfies for each path 7; the partial differential equation (4.5), i.e.
81{1”717’%‘ ~ le,p‘%’ FR,P‘% ) (4'9)

which can be shown using the commutation relations (3.13) as follows: they imply that for
i>jand se{i+1,...,n}

X0 x] -

j—1
:cgll) + Z azg-i),acgf)] =0. (4.10)
r=p+2

For the special case i > j and s = 1, the last relation of eq. (3.13) ensures that also the
following commutator vanishes

j—1 i—1
1 k 1 1 k k
XX = ol e el 5l
r=p+2 s=p+2
_ 1) (k) (k)
= > [xjr Ty Ty }
re{l,p+2,..5—1}
=0, (4.11)
such that
7 k k
k>0

equation (4.12) ensures that I',, ,, asymptotically satisfies the following partial differential
equation in the limit z;_1 — 220 — -+ — 249 — 0:

. (1) . x D
Oy p ~ (—27mzp+2)XP+271 oo (—2mizi—) i (O L)1 .. T vny

. (1) ) €] .
= (—27TZZp+2)XP+2’1 . (—27‘(’221‘,1)){‘_1’1 (Q%7p|%ri)ri+1 U P
4 , W _ )
= Q;7p|%(—27mzp+2)Xp+2,1 .. (—QWlZi_l)Xzflle‘iFi_H R I Unp
=, Top (4.13)

which proves the asymptotic behaviour (4.9). Of course, I, is singular on ~; for i < n.
However, eq. (4.9) ensures that for the initial-value vector
(1)

_ . . 7Xn . . 7x(1)
Unp = Zlnlglo(—%mzn) S ZPEQHLO(_QMZPH) 2177 (4.14)
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the following representation is indeed the integral of dZj, , starting from the initial value

Vnp along vy, ... Yp42:

Zn,=Tup=Tpis..Thv,,. (4.15)

By homotopy invariance, eq. (4.15) expresses the dependence of Z7, ,, on the punctures
(k)
(4]
expansion of the generating series of eMPLs TI'; in the word length r is its o/-expansion.

Zp42s - - -, Zn o0 the whole domain (3.1). Since the matrices @, are proportional to ¢/, the
Thus, in practice, eq. (4.15) can be used to calculate the o’-expansion of Z,, , up to any
desired order.

The initial vector vy, , from eq. (4.14) can be determined using the following eigen-
value equations

1 Upisprt Upispri
X;(7422,1 ( p+0 P+ > = 810 pr2 < p+0 P+ ) 7

1 Upizpti Upisprt
x0 ( rrrt > = — 512 pth—Lpth ( rr ) , 2<k<n-p, (4.16)

derived in appendix C, and where the matrices Up;3,41 are defined in eq. (3.31) by
integration-by-parts relations of genus-zero integrals. They imply that it is simply given by
the limit from eq. (3.31) for k =n —p:

U
- 1 — ..nw(1,0 p+3,p+1 tr
o= fi, 2 =t (00 2 m
Putting all together, in the domain (3.1), the vector Z7, , can be represented in terms
of genus-zero 7, ,-integrals and generating series of eMPLs as follows:2?
T s512..nw(1,0) Upi3pt1 tree
Z,,=c Lypo... Ty 0 Z)S phn (4.18)

A considerably simpler formula for Z}, , will be given in the next subsection, in eq. (4.25).

4.2 An alternative solution strategy

Instead of using the above arguments with the asymptotic behaviour of the integrals
leading to the representation (4.15), a simpler representation can be deduced for the
integration domain (3.1).

On the one hand, from the calculation (3.31) we see that already for merging only
one puncture 2,42 — 0, the dependence on the other punctures 2,43, ..., 2, becomes quite
simple: it only involves the prefactor formed by the genus-one Koba-Nielsen factor KNJ 5
and the exponentials involving G7:

lim (=2mizp40)°> Pt 27
Zp+2—0 ’

_ S12...p+2w(1,0 —S(12... iGgT T Up+3gp+1 tree
— S12.p+20(1,0) H e 5(12..p+2),j ”KNp+3...n< 0 Ze ha (4.19)
p+2<j<n

22We have checked that this hold for the (n,p) = (4,1) case up to eMPLs of depth 3 and weight 5.
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The eigenvalue equation (4.16) and the definition (4.17) of the initial vector v, can be
used for the following alternative representation of the above limit

. _x@® _ (cr _
lim (—27T22p+2) X “'Z’IZ;’p:eser&”nw(Lo) H e 5(12“.p+2),1(gj1 W(LO))KNT+3,“nvn,p-

p
Z.
p+2—0 p+2<j§n

(4.20)

On the other hand, the vector Z7, , and the matrix I'y;2 defined in eq. (4.3) satisfy on the
domain (3.1) the same partial differential equation (4.5) with respect to z,42:

_ 2
Op+olpro = Q" Tpio,

Opy2Z}, , =277 . (4.21)

Since I'p42 is a path-ordered matrix exponential, it is invertible, such that we can consider
the vector

oy = (Tpi2) ' 27

. (4.22)

Differentiation with respect to z,42 and using the above partial differential equations, we
find 9,, is independent of 2,2,

Op120n = Opia ((I‘p+2)71Z;,p)

= _(Fp+2)_1ﬂg:;2 (FP+2)_1FP+2Z;,]) + (FerQ)_ngj]? Z;,p

=0. (4.23)

Therefore, we can evaluate v, in the limit 2,2 — 0, where the asymptotic behaviour (4.7)
of T4 yields the limit (4.20), i.e.

v, = lim v,
Zp+2—>0

= lim (T,e0) 2],

Zp+2 —0

) . _x® -
= lim (=2mizp2) "r+212Z7

Zp+2—0 p

— ¢Sp+3.nw(1,0) H 6—8<12.4.p+2),j(QJH—W(LO))KN;JF&NHUWP' (4.24)
p+2<j<n

Using this representation of ©,, and multiplying eq. (4.22) from the left by I, leads to
the following matrix representation of Z7

T _ Sp+3..aw(1,0 —8(12...p+2),; (67, —w(1,0)) T
Zn,p = e°P ( ) H e ( p+2),j Jl KNp+3nI‘p+2rvn7p
p+2<j<n

_ s12.prow(1,0 —5(12.. p+2) 10T TENT Upt3p+1) tree
= e p+ ( ) H e (12...p+2),j JlKNp+3_._nI‘p+2 < 0 Zp+37p+2 . (425)
p+2<j<n
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Comparing this representation with the previous result (4.18), we have achieved a consid-
erable simplification for the dependence on the punctures z,y3, ..., z,. In particular, the
following eigenvalue equation can be read off:

U 3 1 _ U 3 1
Fp+3”_:[‘n< pE3p+L ) _ (512, pr2—s12.0)w(1,0) H 5(12...p42),j JlKNp+3 N pE3,p+l )

0 p+2<j<n 0
(4.26)
4.3 Zjl"l-integrals
Let us check the formulee (4.18) and (4.25) for (n,p) = (4,1), i.e
1/812
I'(1 - I'(1 -
ZZ 1(23’ Z4) — 68123410(1,0) F3F4 —1/823 ( 312) ( 323)
’ 0 F(l — S12 — 823)
1/812

— s123w(1,0)=5(123,4)G]; T3 | —1/s93 L — s12)I(1 — 523) (4.27)

I'(1 — — ’
0 (1 — s12 — s23)

where the generating series
=3 Y (M) (@ ) (2 2l (a2s)
>0 k1. ky >0

and

s(z3,20) =Y. Y > f(f;i v Zﬁ.;zs,f)w§§1)~ ) (4.29)

>0 K1k >0 g1, jr€{1,4}

involve the matrices from subsection 3.3.1. The first few terms in the o/-expansion of
Z7 1(z3,24) by the use of eq. (4.27) are given by:

wi
Z7 (23, 24) = e300 =s02s090 | yr | (4.30)
w3

where the non-trivial o/-expansions of the components W7, WJ and W{ are

1
Wi =—
S12
1= 812 + 893 + 513 =~
+|:F(8723, ) F(Ov 23, T )_ F(Z47Z3a )+O(772)
T2 512 S12

1 ™ ~
B {772 <(812+523+313)F(8(1);2377')+(524+834)F(8214;23,7-)

—|—313f (é 8;Z3,T) + 834f (z14 8?2377_>) + o (778)}
Lo (0/2) | (4.31)
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M
1~ 812 + S23 + 813 ~ 894 + 834 =
+|:F(8723a7-)+ F((1)723a7-)+ F(214,23,T)+O(772)
12 523 523

1 A ~
B {772 ((812+323+513)F(8(1);2377')+(524+534)F(82{1;Z3,7)

+S13f ((1) 8;3377') + 534f (z14 8523’T)> +0 (778)}
Lo (o). (4.32)

1~ ~ ~
Wi = |:7]2F(8;23,7’)—F(214;23,7') + 12l (25 23,7) +O(77§)}

— {(812 + 503+ 513) T (8323, 7) + (524 + 834) T (§ 1523, 7)
5157 (§ 9523, 7) + sl (2 §5.23,7) + O (n])]
Lo(a?). (439

There are three key features of the components W, above. Both W[ and W3 have a
kinematic pole (in s1z and so3 respectively) at their O(nJ) coefficients, while every other
coefficients have no kinematic pole. The W3 component, however, has no kinematic pole.
Some of these poles are expected from the form of the initial values — however, the fact
that several of these cancel is not obvious from this differential equation method. Lastly,
another fact not apparent from the differential equation method shown here is that none of
the W, have poles 7y 2 Ny 3 ... of order > 2 in 1. This is not obvious from the generating
series of I'3(23, z4), but is clear from the original definition of the integrand of Z7 ; (23, 24)
in eq. (3.45).

In the next subsection, we will review an alternative way to obtain the o/-expansions
of Z} 1 (23, 24) via the direct o/-expansion of the integral. This will serve both as a sanity
check for the values of W, found above, but will also explain the appearance or absence of
the kinematic poles in these components.

4.4 ZZ’l-integrals by direct integration

Now, we want to cross-check (4.30) via direct integration, i.e. o/-expanding the Koba-
Nielsen factor KNi, ., m-expanding the Kronecker-Einsenstein series and performing the
integrations of every term in this expansion. However, we can see that the vector of integrals
Z], contains entries (W] and W) with poles in the Mandelstam variables s;;, which
cannot be generated by o/-expanding the genus-one Koba-Nielsen factor of the integrand.
These poles only appear a the order 19, and are an indication that we have to deal with the
simple poles of the worldsheet functions g(l)(zj — 29), for j = 1,3. In the presence of these
simple poles, one needs the pole subtraction method of section 5 of ref. [57]. We will detail
the results of using these methods in appendix D.

For the direct integration, we need to o/-expand the integrand. A first identity for the
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o’ —expansion of the Koba-Nielsen factor KN7ys, with z; > z; reads

F((l);Zi—Zj,T):f(;i;Z]7 )+P(07ZZ7 )7 (434)

which we use for all G7; with ¢ # 0. With this identity, we note that the genus-one
Koba-Nielsen factor KNTy3, factorizes as follows:

e (1. 5
KN7,g, = 123(L0T) ¢ s128.40(g207) x exp[—saal (L :23,7) — (513 + 523)T (§5 23, 7)]

x exp[—s1al (§522,7) — s23T (4120, 7) — 804l (522, 7)), (4.35)

from which we can write Z7 ;(z3,24) as

Z} 4 (23, 24)

. _ (1.
— 6812340.)(1,0,7) e 5123,4F(073477)

XeXp[—834F(z4,23, T) — (813+823)f(07237 )]

23 ~ ~ ~ F (z12,m2,7)
X/O d22 eXp[—Slgr(});ZQ,T)—823P(Z13;Z2,7’)—SQ4F(214;22,T)} (232,772, )
F (242,m2,7)

(4.36)

The purpose of writing the Koba-Nielsen factor KNT934 as in eq. (4.35) becomes clear when
we compare eq. (4.36) with eq. (4.30): the last two lines of eq. (4.36) correspond to the
nontrivial vector (W7, W7, Wi)T of eq. (4.30). Furthermore, the last line of eq. (4.36)
contains an integral in z that we can now start to o’-expand and rns-expand its integrand.
For their importance in this subsection, we will define the last line of eq. (4.36) as

V1 F(z12,m2,7)

/ dZQGXp[ 812F(0,22, ) 823F(23,22, )—824F(Z4,22, )} F(ZgQ,’I?Q, )
V3 F(z42,m2,7)
(4.37)

We now report the first few 79,0/~ coefficients of these V" integrals, up to O(a?) and

O(ng) terms:*3

1 1= - -
VlT:% [F(B;zm)—sle(8$;23,T)—824F( 2578, T )+823F((1)8;Z3,T)}

1 a nd ~
- le — D (§523,7) — 25037 (82323, 7) + 5120 (§ 528, 7) + s2al (§ 2523, 7)

—s230 (30523, 7) — 523C2]

+0 () +0(a?) (4.38a)

231t is natural to organize this computation by first expanding in 7, and then taking different orders in
o’. This is contrary to the differential equation method, in which one naturally expands in o’ first, and
afterwards in 2.
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—_

V{:£ F(B;Zs, 7) — 512D (88323, 7) — s2al (§ 123, 7 )+323f((1)8;23,7)]
1 si9- $25 = 5125924 =
-+ T (b, )+7F(07 37) = 22T (§0;2,7) = F(0227)
23 523 523 523

2
F(zl4(l);z377—) 24F(Z4 24973, T ) (2312+524)F(8%;Z37T)
523 523

+524f(8 24373, T )+824f(6zl4;2377) +812f((2)8;2377) _524f(z14 zi;2377)

504l (2 0523, 7) + 812C2}

+0O0 )+ 0 (0/2) , (4.38b)
1 r- . 5 .
Vg i {F(S;Z?,?T) — 5120 (§ §523,7) — 524 (§ 2,523, 7) +523F((1)8§Z3’T)}

+|:_1:‘(214;Z377—)_823f‘(8%;z377—)_323f‘(8z24;z37 )—823F( 4 323, T )
+812 (24 0+”3, T ) (823+S24)f(214 214;237 )_323F(24 0,73, T ):|

+0O () +0 (0/2) . (4.38¢)

In computing these V™ integrals we need to use z-removal identities that are detailed
in appendix B.2 of ref. [46]. Computing these integrals is mostly straightforward, except for
the O(n9) coefficients of Vi and Vi, which are spelled out in egs. (D.4) and (D.6).

We note that the expansions of obtained here for eq. (4.37) is consistent with the one
found in eq. (4.30). This serves as an important sanity check for our method of computing
Selberg integrals by the differential equation of Z7, . We have performed this check up
to and including some O(n3) and o’? expressions. More explicitly, we have found both
computations for Z7 ; to agree up to eMPLs of depth 3 and total weight 5.

5 Analytic continuation and alternative initial conditions

In the previous section, we have studied the o/-expansion of Z n,p-integrals ', . a generating
function of eMPLs defined on the domain

0:z1<zp+2<zp+3<~-<zn<1. (5.1)

In this section, we make use of elements of the theory of the universal KZB equation to
describe how to extend this generating function to a domain

0=21 < 2zg0p12) < 28(p43) <+ < 2g(n) <1, (5.2)

where 8 € S,—p—1. We can relate these two domains by continuously braiding the uninte-
grated punctures around each other, while keeping them distinct along the way. This process
defines a certain braiding of the punctures. We need to make a choice of how to braid the
punctures {212, Zp+3, . - ., 2n} around each other when relating these two domains. That
is, the permutation § described above is actually obtained from a projection of a braiding
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21 z2 z3 21 22 23

) | 1 |
/ 4 pr
f T T T
23 29 21 z3 z2 zZ1

(a) (b)

Figure 1: (a) A graphical representation of the braiding o1 209 301 2 of punctures 21, z2, and z3. (b)
The projection pr forgets the details of the braiding, and just remembers the permutation performed
on the punctures: the permutation (13), which exchanges punctures z; with z3.

g € B,,_p—1, where By is the braid group on N strands. We denote by pr projection from
the braid group B,,—,—1 into the permutation group S,,—,—1:

pr :anpfl — Snfpfl
pr:g = g, (5.3)

where the permutation gP" only remembers the endpoints of the braiding. Figure 1 exempli-
fies what the projection pr does. The theory of the KZB equation will allow us to describe
such a braiding by a simple matrix multiplication acting on our generating function I',, ;.

5.1 Analytic continuation of I';,; and relating fibration bases of eMPLs

We will describe the analytic continuation of Iy, ,(2p42, .. ., 2n) given by an element g € By,
where N = n—p.?* The braid group By on the strands {1,2,..., N} is the group generated
by the elements o; := 05 ;11 acting on nearest neighbors, where 1 <7 < N — 1, satisfying
the relations [58]

00 = 0505 , i —jl =2,
0i0i110; = 041107041 , 1<i<N-2. (5.4)
For convenience, we will label the generators of the braid group by the indices of the
unintegrated punctures {p +2,p + 3,...,n}.?> Now, letting 0ii+1 denote the operation

of braiding the puncture z;1 counterclockwise half a turn around z;, we can define the
function o0 ;41T p, on the region

O0=21<zpro < 3 < - < zig1 < 7 < ... <z, < 1. (5.5)

240ne can also consider the braid group on the torus, Bi,n, with additional generators given by A-cycle
and B-cycle monodromies. We will not consider these braiding elements in this work, but note that the
theory of the KZB equation can also deal with these generators.

25We note that z; is also unintegrated.
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This function is obtained from the analytic continuation of I'j, , by performing the
braiding operation o;;41 described above: we interchange z; and z;41 by moving the
puncture z;41 counterclockwise around z;. We write the function we obtain through this
process of analytic continuation by [22]:

O'@H_lrn’p = Fp+2 e Fn X(O’m.,_l)’vn’p
= (Cpi2.-Tu) | 141y O (5.6)

where X(0;4+1) is a matrix that will be defined later, and (4,7 + 1) is a permutation that
acts on the indices of the punctures z; and z; 41 in the definition of I';, ,. This permutation
acts in the arguments of the eMPLs, in the path-ordered integration of the KZB connection,
shown in eq. (4.2), and additionally on the lower indices of the matrices :137(];) and :BZ(-O).
However, this (7,74 1) permutation does not act on the indices of the Mandelstam variables
si; appearing in the matrix entries of our representation, nor does it on the indices of the
7; variables.

The matrix X(o;;4+1), in a sense, performs the analytic continuation above, and is

given by

1 . 1
K(org) = ( S <>) exp (imatl,)

j=p+2

i—1

1 1 1

x @ _:Cz(',i)+1’ _wg,i)+l - > mg',i)ﬂ , (5.7)
J=p+2

where ®(A, B) is the Drinfeld associator, a regularized holonomy of the KZ equation, and

is given by the series in noncommuting variables Ey,E; [59]:

®(Ey, Ey) = Z > G(ar,...,a2,a1;1)Eq, Eq, ... Eq,
r= Oalya27 7ar€{071}

= 14 G2[Eo, E1] — G3[Eo + Ex, [Eo, EA]] + ..., (5.8)

where we obtain the shuffle-regularized MZVs from the first line, as in eq. (2.11). We
note that its multiplicative inverse is simply given by [®(Ey, E1)]”! = ®(E1, Ep). The
genus-0 case (i.e. the analytic continuation of two punctures for the KZ equation) has a
form precisely analogous to eq. (5.6) here. The genus-0 case is written in equation 5.18 of

(

ref. [18], but with braid matrices e;; instead of the matrices x ) here.

Knowing how analytic continuation works for a generator of the braid group o; 41, we
can furnish from this an action of any group element g € B,,_,. The key is to find out how
to describe the group action of a product of group elements g = g1¢g2. In particular, it is

sufficient to find a matrix X(g) that satisfies:
Tpiz...TuX(g) = ¢ (Tpsz...Tn) | (5.9)

where ¢gP" = pr(g) € Sn—p. By using the equation above and inserting g = g1¢2 we find
the condition

X(g192) = X(g1)g7" (X(g2)) , (5.10)
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where we are using conventions of composition of braidings and permutations consistent
with ool = (34)(45) = (345). We can use eq. (5.10) to obtain X(g) for any group
element g € B;,_.

5.2 Analytic continuation of I'y ; and an alternative initial value

The simplest example of an analytic continuation as described in the previous section is
the case of (n,p) = (4,1), with a braiding o34. From the eq. (5.6), we can see that the
initial value v41 plays an spectating role in this equation, so we can write the analytic

continuation of generating functions of eMPLs as follows:26

F3(23, Z4)F4(Z4) X(0'34) (F3(2’3, Z4)F4 24 |3(_>4 = F4(Z4, 23)F3(23) s (5.11)

where the generating functions on the right-hand side are defined by the permutation (34)
of the middle term, and X(o34) is given by

1 1 ! 1 1
X(os) = @ (b, —a) exp (imall)) & (—ay, ~alb) (5.12)
In particular, we have that

~ (k < (ky
=3 > (kb XEY XY (5.13)
r>0k1,....,kr>0

The matrices X él) are defined for k > 0 from the matrices x (-)

KZB system (3.8a)—(3.8b) by

appearing in the elliptic

< (k k k
X =) ) (5.14)

Meanwhile, we have for the other generating function on the r.h.s. of eq. (5.11):

NEAED Y S T(ke k) X)X (5.15)

720 k1o kir >0 g1, jr€{1,3}

The matrices X ik]) are defined for j € {1,3} and k > 0 from the matrices wl(f) appearing in
the elliptic KZB system (3.8a)—(3.8b) by

< (k k
x¢ =2l (5.16)

We have made explicit which ngk)

appear in eq. (5.11) to make explicit the action of
the permutation 3 < 4, which is consistent with performing the path-ordered integration of
section 4. There is key difference between the definitions here, for I's(z3) and T'y(zq4, 23),
compared with the definitions of eqs. (4.28) and (4.29) for T'y(z4) and I's(z3, z4). The series
I'4(z4, z3) here contains eMPLs where the rightmost puncture is z4, and the punctures to

the left of the semicolon can be z3 or 21, e.g. I' (. ; 24, 7). Meanwhile, the series T's(23, 24)

z3

26The explicit matrices x <0) and m(o) have nz—derivatives, which turns the generating functions I'; into
operators. However, there is no n;—dependence in v4,1, so we can understand the following equation as an

operator acting on a 3 x 3 identity matrix. The end result of this operation is a matrix.
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contains eMPLs where the rightmost puncture is z3 and the punctures to the left of the
semicolon can be z4 or 21, e.g. I' ([} ;23,7).

Now, we will look back at eq. (5.11) and note that it is relating eMPLs in different
fibration bases. For example, the Lh.s. contains T ( 23 24,7), while the r.h.s. contains
r (214 ; 23, 7). Because of this, we can obtain identities relating different fibration bases by
taking coefficients in the o/— and 7ng—expansion of both sides of eq. (5.11).

5.2.1 Two-puncture fibration-basis-change identities from matrix
representations

In this section, we use the explicit matrix representations that we found in section 3.3.1
into the definition of (5.11). As explained in the previous subsection, we insert an identity
matrix as the initial condition on which the operator-valued Lh.s. and r.h.s. of (5.11) act.

From the steps above, we obtain a matrix equation for (5.11) that can be expanded in
both o/ and 72. From this equation, we can now obtain identities by looking at a certain
entries of these matrices, and looking at a certain Mandelstam monomial and 7y power. An
example of this is the following equation, that comes from looking at the 79s34 coefficient
of the (1, 1)-entry:

f’((l);23,7)—|—f’(213;24,7) :i7r—|—f((1);24,7')—|—I~’(214;23,7'). (5.17)

This equation has been checked numerically in Mathematica, and it holds when
arg(z3) > arg(z4) for z3 and z4 in the fundamental parallelogram. The identity is very
similar to the identity for MPLs, which can be found via PolyLogTools [60]:

G(0; 23) + G(z3; 24) = im + G(0; 24) + G(24, 23) , (5.18)

valid in the same domain. Note, however, that both of these last two fibration-basis-change
formulese can be performed by hand. However, one can find higher length-and-weight
fibration-basis-change formulse. For example, one can obtain a fibration-basis-change
formula for the eMPL T ((1) 313 Zlg ; z4,7) — which contains a (3 — by looking at the system
of two equations formed by the 19s23824- and the 1°s33s04- coefficients of the (1, 3)-entry of
eq. (5.11). These identities are showcased in egs. (E.3) and (E.4). We note that the r.h.s.
of these equations feature eMPLs of the form T (%1 - "8" ; 24,7') and T (Kvoheszg,7) for
a; € {0, z4}, making these nontrivial identities.

We note that our numerical implementation has been cross-checked with the one of
GINAC whenever they coincide [49]. We need our own implementation because identities
like the one above always include at least one eMPL that requires an analytic continuation
not supported by the current implementation of GINAC. We note that one can also use
the elliptic symbol of ref. [61] as checks for these equations.

Following this method, one is able to extract equations that relate eMPLs written in
different fibration bases. However, the number of distinct eMPLs grows exponentially with
powers of o/ and 1, — which respectively correspond to the length and the weight of the
eMPLs — while the number of independent Mandelstam monomials grows polynomially with
o'. Thus, at some point the system of equations one is able to obtain cannot necessarily be
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solved for. For example, the eMPLs I’ (282, 7) and r (3 §;2,7) only appear in a single
monomial, $12524, in the (2,1)—entry of the left-hand-side of eq. (5.11). Because of this, we
can obtain an equation involving these two eMPLs that can not be solved analytically for
either of them. Still, one can also insert in eq. (5.11) larger matrix representations with

(n,p) = (n,n — 3). These larger matrix representations are obtained in scenarios that also

( (n;l)! v (n;l)! )7

more 7); variables and more Mandelstam monomials. We invite the interested reader to

leave the last two punctures unintegrated, but involve matrices of size

use the file in the supplementary material for the matrices for (n,p) = (5,1), (5,2) to test
this method. An alternative method to solve for the eMPLs of these analytic continuation
identities is outlined in appendix E.

We have looked at several of the equations we can obtain from inserting the explicit
matrix representations for (n,p) = (4,1) in eq. (5.11). We have performed numerical checks
on these equations up to weight 3 and length 3 in the eMPLs. All the equations so obtained
have been found to be consistent with the same branch choice, namely arg(z3) > arg(z4)
for z3 an z4 in the fundamental parallelogram. This is consistent with the definition of the
braiding operation that performs the analytic continuation.

5.2.2 Alternative initial value for I'y;

In the previous subsection, we described the analytic continuation of I'y ; in an active way.
However, there is an alternate interpretation of this analytic continuation, coming from the
last two terms of eq. (5.6). Because X(0; 1) is invertible, the following equation holds:

—1
F471 = Fg(z;g, Z4)F4(Z4) ’U4,1 = F4(Z4, Zg)Fg(Zg) [X(UgA)] ’1)471 . (5.19)

In the equation above, we remind the reader that the generating functions I'y(z4, 23)
and I's(z3) are defined naturally from performing path-ordered integration in the order

(0,0) = (23,0) — (23, 24) , (5.20)
which suggests that with this order of integration in mind, we should use [X(c34)] va4;1 as
an initial value. That is:

_ (1) (1)
[X(03’4)} 1’0471 = lim (—27T’L'2’3)_X371 lim (—27TZ'Z4)_X4’1
z3—0 24—0

VARD (5.21)

In this passive way of understanding the analytic continuation of eq. (5.6), we will
be able to find the initial values from which to perform path-ordered integration along
alternative integration paths. If we use this alternative initial value in eq. (4.27), now the
o’-expansion will include factors of ir and additional MZVs.

5.3 Outlook for analytic continuation for more punctures

In this short subsection, we restate that egs. (5.9) and (5.10) allow one to write more
complicated analytic continuations (labeled by how one braids the punctures z; around
each other) for any number of unintegrated punctures, and any braiding element g — this
last fact is restating that the o; ;11 are the generators of By ,_,. We will show an example
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of such braidings in this section. We will write eq. (5.9) for the case (n,p) = (5,1), i.e. with
three unintegrated punctures: (z3, 24, 25), and g = 034045:

T'3(23, 24, 25)Ta(24, 25)T5(25) X (034) (X(045)|3<_>4> = T'4(23, 25, 24)T'5(23, 25)T'3(23) , (5.22)

where we have made use of X(034045) = X(034) (X(U45) ‘394) on the Lh.s. and of pr(oss045) =
(345) on the r.h.s. X(o34) is defined as in eq. (5.12), and

(el - @i, —ald)) exp (imely)) @ (<2l 2l — =) |,
(~ly — 2bi —ad)) oxp (imel)) @ (e, 2l —al) . (5.23)

The Lh.s. and r.h.s. of eq. (5.22) contain eMPLs in different fibration basis, and one
can use e.g. the methods of appendix E to obtain change-of-fibration-basis identities for

X(O‘45)|3<_)4 =®
o

eMPLs in three variables. By using numerical methods, and checking the coefficients of
eq. (5.22) by the methods of appendix E, we have found that this equation is valid for
arg(z3) > arg(zq) > arg(zs) for z3, z4, and z5 in the fundamental parallelogram. See
eq. (E.9) for an example of a change-of-fibration-basis identity we can find, associated to
this braiding. We remark that this is a similar domain of validity for g = 034045 as in the
genus-0 case of appendix B.3 of ref. [18].

6 Connections with the mathematical literature

(0

™) and T,

1/’-]
system have been checked to satisfy several of the relations of elements of the genus-one

We remark that the elements x ) that we have described in our differential
Drinfeld-Kohno algebra ¥17 N, for N = n — p unintegrated punctures, which mathematicians
use for the study of the KZB equation. In this section, we will follow the notation of ref. [22],
and refer to some related work on derivation algebras by refs. [26, 27, 56]. More precisely,
the KZB equation in the so-called universal case is a system of differential equations for a

function of (n—p) punctures {z;}, F*%5 (21, zp12, . . ., 2, 7), written in the following form:*7
GFNB = |y 13" ST adk (y)gl) | FRB (6.1a)
k>1 re{l,p+2,...,n}
r#i
2710, FX%B = | — A + Z(l — k)op—oGy + Z Z -1 adk ! yr)gélﬁ) FKZB
k>4 r,g€{1,p+2,...,n} k>2
q<r
(6.1b)

where we are using the fact that the Eisenstein series GG, vanish for odd values of &, so the
only terms that contribute in the second sum are do, for £ > 2. In eq. (6.1) above, the
{x;} and {y;} are generators of the algebra t; ,_,, with indices {1,p+2,p+3,...,n}. A

2"We are using a numbering system for indices matching our convention for Z7, o (2p12, 2p43, -+ Zn)-
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(0)

word of caution: these generators x; should not be confused with the matrices x;
(k)
ij o )]
of a lie Algebra 9, which acts as a derivation algebra on t; ,,—, (i.e. there is a Lie algebra

and
x which we write in boldface letters to avoid confusion. Ay and the d9; are elements
morphism 9 — Der(t; ,—,). We refer to the image of this morphism with the same notation
as elements in ? by abuse of notation). Moreover, we are denoting nested commutators or
repeated adjoint actions by ad”(b) = [a,ad? 1(b)], and adl(b) = ad,(b) = [a, b].

The genus-one Drinfeld-Kohno algebra t; ,—, is generated by the elements {z;} and

{y;}, with indices i € {1,p+2,p+ 3,...,n}, and subject to the following relations:?®
(@i, 2] = 0= [y;, 9], Vi, 7, (6.2a)
tij = [T, 9], LF 7, (6.2b)
tij =ty (6.2¢)
[tij, ta] = 0, i, 5.k, 1} =4, (6.2d)
[yl = = D tiglwartie] = 0= [ya, el {i. g, K} =3, (6.2¢)

J#i

[zi + x5, ti5] = 0 = [yi + yj, tij] | {i,j, k} =3, (6.2f)

Zfﬁizozzyi- (6.2g)

Note that eq. (6.2b) is nothing else as to name a certain commutator t;; to simplify the
rest of the relations the generators of the algebra satisfy. Moreover, we note that eq. (6.2g)
basically states that FX%B is translation-invariant, which reflects the case for our integrals
Z; ¢ >y = 0 translates to >, 0,,Z7, , = 0. Meanwhile, >, z; = 0 is related to an
infinitesimal translation of all the punctures of Zj, , along the 7 direction, which should
also vanish by translation-invariance. The derivations Ag and do have to satisfy the single
relation among them in 0:

adX;" (021) = 0, (6.3)
and as derivations on t; ,,_p, the have to satisfy the following relations:*’
[Ao, i) =i, (6.4a)
[527717 (L‘Z] =0 5 (6.4C)
(620, tij] = [ a2 ()] (6.4d)
Bl =52 X [, (6), (<17 ad, (1)) (6.4¢)

j#i pHgq=2m—1

28The last of these relations is what separates t1,,—p from ilﬂn_p. The generators of the latter are written
with horizontal bars on top of them in the mathematics literature, e.g. ;. We will denote these without the
bar in this work.

*For concreteness, we use here commutators for what in the ref. [22] would be written in functional
relation, e.g. Ao(z;) = ys.
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All in all, this means that the algebra elements appearing in eq. (6.1a) are all elements of

(k) (0)
ij o i

this work form a representation of a subalgebra of t; ,_, % 9, and discuss some nontrivial

tpp X 9.30 In this section, we will explain how the matrices x and €*) we find in

properties of t; ,—, X 0 that are reflected on these matrices that appear in eq. (3.8).

6.1 Building a dictionary between these languages

By comparing eq. (6.1) with eq. (3.8), we can readily postulate a dictionary that relates the
()
27] ’
in (6.2) and (6.4). The dictionary goes as follows:

matrices mgo) and €®) to elements in E,n,p X 0, i.e. with the commutation relations

0) _

2\ =y, (6.5)
wﬁf) = ad; (y;), (6.5Db)
e = Ay, (6.5¢)
G(Zk) = 52k—2 . 65d)

We first note the lack of a matrix representative for the generator x; € E,n,p x 0. Because
(k) (
€ ij i
representation of only a subalgebra £ C t1 ,—,. We would like to emphasize that we tried

of this, even if we were to forget about the action of 9, the matrices ;;” and x 9 furnish a
to find a matrix representative for this z; € t ,,—, but failed to find one in the same using
d(np) X d(n,p) matrices. However, one can formally add Lie algebra generators that act like
the z; € t1 ,,—, and commute with each other, and thus obtain the whole of t; ,,—,.%!

One key property of t; ,,, X0 is that its elements satisfy commutation relations sufficient
for the integrability of the differential system in (6.1a)—(6.1b) (i.e. the commutation of mixed
partial derivatives). In the original writing of this equation of ref. [22], these properties are
used succinctly via holomorphic Kronecker-Eisenstein series that have been expanded in the
writing of this equation here. In our analysis of the integrability of egs. (3.8a) and (3.8Db),
we also arrived at some sufficient conditions that have to be imposed on commutators
of mz(f) , iI}Z(O) and ¢®). We should expect these two results to match, but this matching
is nontrivial, basically, because the commutation relations we found are written in terms
©
us was that most of these commutations relations among the x

of ;.”, e.g. eq. (3.13) instead of the simpler generators x; and y;. A satisfying fact to

(k)
ij
ad];i (yj)) are computed and used in ref. [22], the most complicated of these when proving the

(or rather, among the

compatibility of 0 as an algebra of derivations on t; ,,—, and its own Lie algebraic relations.

To best of our knowledge, among the t; ,,_, relations, only the commutation relations
(k) D) (k) 50
1,47 79,1 4,7 q;t
dictionary of eq. (6.5b), it is straightforward to prove that the commutation relations of

for [x | and [x;"/, ] are not included explicitly in ref. [22]. However, given the

these that appear in eq. (3.13) are implied by the relations among the generators of an_p.
Thus, we remark that to the best of our knowledge, the relations among the generators

39The semidirect product x reflects the fact that the commutators among elements in d and t,,_, written
in the equations (6.4) can all be expressed in terms of commutators of elements of t1 ,—p only.
31We thank Benjamin Enriquez for pointing this out.
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of t ,—p X 0, and the properties of 9 as a derivation imply the relations we have found in
section 3.2.1. We have additionally checked that the explicit matrices that we build out of
the process described in appendix B have been checked to satisfy the relations tabulated in
section 3.2.1, for several different values of (n,p) as sanity checks during the computation
of the matrices themselves.

6.2 Grading of t1,_p

We remark that t; ,—, X 0 is a graded algebra, with grading of its elements given by

deg(xi) = (170) ) deg(yi) = (07 1) )
deg(Ag) = (—1,1), deg(Sam) = (2m +1,1). (6.6)

(k) _(0) i . . . ‘ .
ij > @ and €®) reflect this grading in the following way: according to our

The matrices x
dictionary and the grading above, the second entry of the grading of these explicit matrices
should be 1. Noticing that these matrices are all proportional to Mandelstam variables
sij (which themselves are proportional to o’), we posit that the o/ —order of the matrix
representations that we have found follows precisely the grading of y;. The grading of x; is
slightly more subtle, but a glance at the matrices, for example, in the (n,p) = (4,1) case
should tell use that this grading follows the homogeneity degree3? of the n; — with an
exception for €®, which includes a term of order n? proportional to the identit(%)matrix,

which drops out from every commutator. In particular, given that the matrices x; ~ have a
(mi, ') grading of (—1,1), we conclude that the 7; homogeneity power follows the abstract
grading of z;, with an offset of 1. The homogeneity degrees in n; and linearity in o’ of
the matrices €) also follow the expected grading dictated by the grading given by this
dictionary just described. In fact, this is the case generically for the matrices we find for
our differential system in (3.8a)-(3.8b), as can be read off from egs. (B.11) and (B.19).
Thus, we posit that the homogeneity degree of 7; and the linearity in o’ of the matrices
)0
representation of a graded algebra.?3

x and € is no coincidence, but rather is a consequence of these belonging to a

The grading of t; ,_, described above is relevant when considering equations such
as (5.11). If we give an interpretation of this equation in terms of generators of the algebra
1 n—p, then we notice that the eMPLs of weight w and length r in the generating function,
say, I's(23, 24) appears as coefficient of an element of t; ,_, with grading (w,r). Moreover,
every MZV Gy g,
4 n—p with grading (n1+...+n,,n1+...4+n,) — this last fact means that we should assign
a weight and length (as in eMPLs) of n; + ... 4+ n, to the MZV (y, ny,...n,.. With this in
mind, we note that equations obtained from looking at components of eq. (5.11) will contain

in the Drinfeld associators appears as a coefficient of an element of

T

eMPLs and MZV of uniform total weight and length as just described. An example of such
an equation can be seen in the change-of-fibration-basis identities of egs. (5.17) and (E.9).
As long as the eq. (5.11) indeed holds for generic values in t; ,_p, we should expect every

32We define this to follow the degree of the 7; in the matrices, and to also be equal to —k to 87’;.
33With this dictionary in mind, the two gradings in eq. (6.6) can be seen, up to a shift, as eigenvalues of
the operators [Z] njOn;, ] and [a0a, ], when dealing with the explicit matrix representations.
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such change-of-fibration-basis equation to respect the length-and-weight grading of eMPLs
just described.

6.3 Pollack’s relations

We shall now comment on some extra commutation relations among the ) not implied
by the requirement of integrability. These relations have been studied by Tsunogai [26]
and spelled out in great detail by Pollack [27]. These are commutation relations among a
derivation algebra of elements 6'(Tks)u that satisfy:

dk(o)l (6'&];)11) - 07 k= 07 27 47 SR (67)

€Tsu

(k)

which is a relation satisfied for example by the matrices €*) if we replace €ETey — e,
according to eq. (6.3), after following the dictionary of subsection 6.1. Moreover, the first
lines of egs. (3.15) and (3.16) implies that

ad®e, (z{) = 0. (6.8)

However, there are further nontrivial relations that these derivations of Tsunogai satisfy.
For example, the following depth-two and depth-three identities are expected to be satisfied
by such derivations of Tsunogai [62]:

€ €] =3 [ €] =0,

2 [e'(I’lszfl)’e'(Ifls)u} [ €Tsu Tsu} + 11 [ Tls?l)’ r(I’s)u = O’

80 €. [y €| | 250 [, (e e || +96 [, (€ en |
+462 {6'(;15)117 {e’(Tle)u’ e'(Ii)u” 375 [ ’(I‘s)u’ |:€’(I(‘)s)u7 eTsu” 1725 [6 Tsu [ €Tsu> eTs)u}_

+280 [ef2), [ €] | =0 (6.9)

We have found that, while the matrices €*) that we found in this work do not satisfy
these relations above, a certain combination of matrices do. If we define é*) by

d0) _ (O

(k *ek)—i-Zwk 1), k> 2, even, (6.10)
1<J

then the matrices €%) do satisfy the commutation relations of the Tsunogai special derivation
algebra that we have exemplified above in eq. (6.9). We have checked that these depth-two

relations holds for different values of (n,p), including (4, 1), (5,1), and (5,2). Other higher-
depth irreducible relations®* that generalize the ones in (6.9), and described by ref. [27]

34 Depth here refers to the number of commutators not involving E(Tq)u in the relation. Irreducible relations

are those that are not immediately implied by writing linear combinations of commutators of lower-
depth relations.
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have been checked, including some depth-3 relations that have been written in refs. [27, 62].
The formula of eq. (6.10) generalizes the result of ref. [17],3® valid for (n,p) = (n,n — 2), to
the case of generic values of integrated and unintegrated punctures.

The precise combinations that define € have a geometrical meaning: if we take the
limit z;; — 0 of eq. (6.1b), we obtain a differential equation in 7 but for ; ; instead of
t1n—p. Vectors of string integrals that satisfy such a differential equation have been studied
in detail in refs. [13, 14]. The differential equations studied in these papers gave rise to
matrices €* that are observed to satisfy the commutation relations of Pollack to high
orders. We note that it was important in refs. [13, 14] and in the present work to study
cases of (n,p) beyond p = 1 to make sure that the accidental relations that appear in the
p =1 case (see eq. (3.44)) don’t spoil these tests.

7 Conclusion

In this paper, we present vectors of genus-one open-string-like integrals with any number
of unintegrated punctures, Z; , of length dp;, = (Tg%iz)! that satisfies a KZB system
in multiple variables. We managed to do this by extending previous methods to handle
integration-by-parts (IBP) and Fay identities — a genus-1 version of partial-fractioning —
for chains of Kronecker-Eisenstein series used in refs. [13, 14, 17]. The end result is that
Z,, , can be seen as a path-ordered integration of the KZB equation from an initial value of
tree-level string integrals. More explicitly, the solution for Z7 ) is captured by some initial
value given by a known series in MZVs, and a generating function of eMPLs.

By showing that such a generalization of the vectors of integrals of refs. [13, 14, 17] exists,
we have provided further evidence towards the use of (generalized) chains of Kronecker-
Eisenstein series as a basis of integrands that is complete under IBP and Fay identity. Because
these Kronecker-Eisenstein series themselves are generating functions of the meromorphic
but not doubly-periodic kernels g(k)(zij), the components of these Z7, , contain integrands
closely related to the ones appearing in one-loop open-string amplitudes. Moreover, the IBP
algorithms described in appendix B work perfectly well with the non-holomorphic version
of the integrands of refs. [13, 14, 17].

The main results of this paper is the computation of integrals along the A-cycle (for
unintegrated punctures z; € R). Thus, most of the results here can be readily translated
to ordinary doubly-periodic open-string integrals if we place the unintegrated punctures
Zp42, -, %n on the real axis. However, this is not the case for section 5 in which we use
some results from the theory of the universal KZB equation — itself defined with the
meromorphic kernels g(k’)(zij) — to determine the analytic continuation of Zj , and their
components, the eMPLs T (’;i i ’;: ;z,7) of ref. [19]. This section also suggests that the
analytic continuation of eMPLs is itself dictated by properties of the universal KZB equation
that can be read from ref. [22]. If so, this could be a valuable addition for the numerical
implementations of these eMPLs, e.g. of ref. [49].

35Reference [17] was the first to show that €™ by themselves failed to satisfy Pollack’s relations at depth-3
and above, and found the combination of matrices that indeed satisfy Pollacks’ relations.
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We comment now on some of the questions that we have touched upon, but not gave
a complete answer. We have described in appendix F the steps needed to generalize the
integrals Z} , to a different integration cycle for the integrated punctures. We note that we

do not currently know how to extend the content of this section towards a proof showing
(n—1)!

(n—1-p)I*

that we are working in a meromorphic setup, we believe that one can establish monodromy

that the dimension of the vector space of integration cycles is3 dpp = Given
relations along the lines of refs. [52, 63-67], but we do not try to compute these in the
present work.?” Given all monodromy relations, one could find the number of independent
integration cycles modulo these, which would give a starting candidate for a basis. We
expect that with such bases of integration cycles and integrands in hand, one could perform
the coaction checks for these genus-one integrals along the lines of ref. [18].8

We comment that a proof of the dimensionality®” of the Z n,p could be obtained by giving
the entries of this vector an interpretation as intersection numbers between (representatives
of) twisted cohomology and homology with local coefficients, along the lines of refs. [6, 18, 30],
which build upon the theory of twisted (co)homology of Aomoto and Kita [29]. To the
best of our knowledge, the closest construction in the literature to the one in this work are
the ones by refs. [52, 53]. In particular, the authors of ref. [52] do manage to give a proof
of the dimensionality of the integrands and integration contours for the integrals Z7, , for
(n,p) = (n,1) via methods of twisted (co)homology. Moreover, it would be interesting to
relate the KZB equations in this work to those of the integral representations in ref. [53]
and to investigate possible connections with conformal blocks on an elliptic curve. Finally, a
better understanding of these genus-one integration contours — in particular, their so-called
“twisted intersection numbers” — could lead to a genus-one generalization of the string
theory KLT relations [5].
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A Meromorphic vs. doubly periodic integrals

In this appendix, we compare the integrals of this work with the ones of refs. [13, 14, 17].

36Because of the natural pairing of integration cycles and integrands given by integration, it is fair to
expect these to have the same dimension as vector spaces.

3"We expect that the material given in appendix F will help in checking such monodromy relations.

3%We note that such coaction checks have been done for (n,p) = (n,n — 1) in the section 7.2 of ref. [13]
using the coaction of ref. [61].

39We could be using an overcomplete number of integrals or missing some integrals in defining the
components of Z7, .
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A.1 Dictionary between the integrands

The genus integrals described here and in refs. [13, 14, 17] are schematically of the follow-
ing form:

Z; = / dZQng v dzp_:,_lKANIzmn &D(o, Zijs T]j) y (Al)
Y

where ~ is an integration contour, ®(c, zij,n;) is defined as in eq. (2.43), but with either
meromorphic F(z,n,7) (in this work) or doubly-periodic Q(z,n,7) (in refs. [13, 14, 17])
Kronecker-Eisenstein series. The Koba-Nielsen factor KANIQMn is defined as

KNy, = exp (— > SUQAZ]> ; (A.2)

1<5<i<n

where the open-string Green’s function Q; is given by:

R f((lﬁziij)—w(l,O,T), this work,
g, = (A.3)
U (};l20,7) —w(1,0,7),  refs. [13, 14, 17].

These differences means that with an integration contour v that corresponds to a planar
integral (i.e. integrating along the real axis only), the integrals of our work and of refs. [13,
14, 17] coincide, at least up to a harmless phase difference (due to the absolute value in
QAZJ) We can further expand the dictionary thus far once we notice that the 7 derivative of

KANIQMH is given by

2 A .
o — D 1<i<j<n Sij (91(]') + 2@) KNpy . s this work,

2 A
= 21<i<j<n Sij (fi(j) + 2C2) KNpy s refs. [13, 14, 17],
and that
D) 14 .
L — Dtk Skj (g,(gj)> KNy this work,
0:,KNyp = (1) AT (A5)
= pnski (£ ) KNTp o vefs. [13, 14, 17].

However, an important key identity, the mixed-heat equation (2.21) is not straightforwardly
valid for the holomorphic z-derivative of £2(z,n, 7). Because of this, the differential equations
in ref. [17] are taken when the extra, unintegrated puncture zy is purely real. A thorough
discussion of the ways in which the mixed-heat equation can be written for the non-
meromorphic Q(z,n,7) can be found around eq. (2.9) of ref. [68].

Lastly, because the Fay relations and derivatives of the integrals in eq. (A.1) can be
made to work the same, there is one important corollary: the combinatorics used in this
work to find the differential KZB system (in appendix B) will translate precisely to valid
combinatorics in the doubly-periodic setting of refs. [13, 14, 17]: in the differential equation,
simply replace all gl-(]’?) by a fi(f), and take all the unintegrated punctures to be on the real

axis. Because of this, we note that if one can prove in this meromorphic setting that the
basis of integrands is indeed (f;i)!,?
(n—p—1)!

setting of refs. [13, 14, 17].

then this would also prove this statement in the
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B Deriving the differential system
In this appendix, explicit derivation of various results from subsection 3.2 are given.

B.1 The z;-derivatives for general (n,p)

The derivation of the z;-derivative in the differential system (3.8a)—(3.8b) is similar to the
calculation in section 4 of [17].
The Koba-Nielsen factor ensures that the partial derivative of the integration boundaries
vanishes. Using the antisymmetry of Fj;(n) = F(z; — zj,1,7):
0iFij(n) = —0;Fi;(n) (B.1)

and integration by parts, the derivative of the integrand in eq. (3.3) can be written as a
sum of partial derivatives solely acting on the Koba-Nielsen factor

aiZ:;,p ((13 Al) ) (p+2’Ap+2) ) (p+35 AerS) IARRE] (na An) 3 Rp+25Zp+3sy - 7Zn)

p+1 n
0

<zi<zi+1<Zp4+2 ;—9 k=p+2
p+1 n
:/ IT az <<6i+ > ak> KNIQ_”n> o™ (1.AY [T ¢ (k,A%)
0<2i<zi41<Zpt2 ;—2 ke Al k=p+2
p+1 n
- / [[d=KNT, [ = >0 swgy | &7 (LAY JT & (k4"
0<zi<zi4+1<2p42 ;o ke{i,Ai} k=p+2
jg{i, A}
p+1 n
- ¥ W [1 = KNG, L By (€37 (1,4Y) T &7 (k4% o
ke{i,Ai} 0<zi<zi4+1<2zp42 j—o k=p+2
je{iA'}

= Z <5i7"g§71-)Z;,p((1aA1)7(p+2,Ap+2)7(p+37Ap+3),~~'7(nﬂAn);Zp+2aZp+3a'"7Zn)
re{l,p+2,...,n}

r#i
|A" p+1 n
+Zsia;/ H dz; KNy, Fiay (§) &7 (1,4%) H ¢ (k7Ak) o
j=1 0<2z;<zi+1<2zpt2 i=2 k=p+2
|A%] p+1 n
+) Sair / [[d= KNy, Fuin (697 (1,AY) [T &7 (k,A%) |0
k=1 0<z;<zi41<2Zp+2 ;—9 k=p+2

|A||A] pHl n
+ZZsa;a;/ HdziKN{zmnFa;az ©@ (1,4 H ¢" (k,AF) |50>, (B.2)

k=1j=1 0<z; <zi+1<Zp+2 i=2 k=p+2
where we denote the elements of a sequence A" by
i_ (i i i
Al = (al,aQ,...,LL'Ail) . (B.3)

The essential factors in the above sum over r are

siay Fiay (§) @7 (1, A7) (B.4)
Satr Fair (€) 97 (5, 47) (B.5)
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and

Sutay Fagar (87 (1, AN (1, A7) (5.6)
These are exactly the sums appearing in the derivatives of ref. [17] (with the notational
identification i = 1,7 = 0 and A" = B, A" = A, cf. equations (B.16), (B.18) and (B.14) of
ref. [17]), where they have been rewritten in terms of linear combinations of products

n
i (1,A1) I1 ¢ (k,A’“) : (B.7)
k=p+2
which appear in the definition (3.3) of the integrals Z (A!, AP*2 AP¥3 . A™
Zp+2, Zp+3, - - -5 2n). Thus, we can simply copy the result eq. (4.21) of ref. [17] with the
corresponding notational adaption to obtain the closed formula. Defining the decomposition
of a sequence C' into subsequences Cj; as

C= (Cl, <03 Ci—1,6,Ci41 - .,Cj—1,C5,Cj41 - - -, Cm) y (BS)
| S —
Ciﬂj:Cij
with
Cji =g for j >1, 01’m+1 =C, éjj = (ijl, Cj—2y ... ,Ci) , (B.Q)
where a tilde denotes the reversal of a sequence and for sequences P = (p1,p2,...,p1),

Q= (q1,92,-..,9m) and the following sum of Mandelstam variables

I m
SPQ = Z Z Spig; (B.10)

i=1j=1

the closed formula can be written as

81'Z:L-,p ((17141) ) (p_._27Ap+2) ) (p+37A;D+3) [ARRS] (n,An);Zp+27zp+37' e 7Zn) =

|AY| [A"]
1
Z { <5(i,A’),(T,AT)g7(~i) +Zsa;,(r,m)3 i —Zs(i,m),a;an(,; ) Z;;,p ()

re{l,p+2,...,n} j=1 Tok=1
r#i
|A"] A ko J
k+j—m—I1
_§ E E § -1) Fri (_77A1 v )
k LAY +1
k=1 j=1 m=1 =1

Zi (coos (o AL (o, (A Al e ) (0 A% gwAT ) ) ) oo (5,400 o)

|A™] |A"] ko J
k+j—m—1
=22 sapar 227D Fri (14, 01)
k=1 j=1 m=1[=1
Z;;p ( 7(T’A1m)7 (7’ Allm< R (A ZJMA§'+1,\A' |+1) (ak7A m kMAk+1 | AT |+1)>) )
|A*| J o . .
—Zsa} TZ ( g wm) z, ( . (r,Am (a;,An,ij;HWH)) oo (i, AL, )
\A'I k
_ZSI ak Z (7]‘4 ‘Ar‘Jrl)Z;;,p ( (7" Aqnl) (LAlM(a27AT7n,kMAZ+17‘AT‘+1)) )}7

(B.11)
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where any empty slots in the argument of Z7 , denoted by ... are understood to be exactly
the same as for the initial integral Z] ,((1, A"), (p+2, AP*2), ..., (n, A"); 2p42, ..., 2,) Which is
being differentiated.

Upon expanding the Eisenstein-Kronecker series Fy; in eq. (B.11), one obtains the
(0) (k)

coefficients of the matrices ; ’ and «;,” in the partial differential equation
0 k) (k
az,= 2"+ S 2Pg® |z . (B.12)
k>1 re{l,p+2,...,n}

r#i
B.2 The T-derivative for general (n,p)

The integrals Z7 , also depend on the modular parameter 7. The partial derivative of
the vector Z;, , with respect to 7 can also be expressed in a closed form, given in the
differential system (3.8a)—(3.8b). It is derived in this subsection and follows the calculation
in section 4 of [17].

First, the derivative of the Koba-Nielsen factor

2mi0 KNy == Y. sy (95 +2G) KNT, (B.13)

1<i<j<n

and the heat equation
2mi0; Fyj () = 0,005 (n) = —0;0,F35(n) (B.14)
are required. Denoting A¥ = (af, ..., a\kAH) and k = af, we find

2mi0: Z,, ((I,Al) , (p+2,Ap+2) , (p+3,AP+3) yeeey (my A™) ;zp+2,zp+37...,zn)

p+1 n
:/ Hdzi 27'”67— KN71—2...n @T (LAl) H 557— (k’Ak)
0<2zi<zj41<zp42 j—9

k=p+2

p+1 n
:/ []a= <(27ri87KNI2‘_‘n)¢T (LAY ] & (k4%
0

<zi<zi41<2p+42 ;—2 k=p+2
[AT] AT
+KN71—2,,L Z Z H Fa,;ila,; (na;...a‘rAr‘) (27T7:87-Fa;'71a: (na’;"'arAr‘)) H @T (kj,Ak)
re{l,p+2,...,n} i=1 j=1 ke{1,p+2,...,n}
i k#r
p+1 n
:/ []a ((ZWi(?TKNIQH_n)gET (1A I ¢ (k.4Y)
0<2;<zj41<2Zp42 j—2 k=p+2

[A™]|A"]

—KNTs. Z Z H Fa;,la; (na;...aerr‘> (aa:analr,_,arA” Fa;,laf (na:-..arAr‘))

re{l,p+2,...,n} i=1 j=1
J#i



n

p+1
:/ Hdzi ((QwiafKNfgmn)gf (1,4") H ¢ (k,A")
0

<zi<zi41<7p+2 j—o k=p+2
|A"| /17|
C Y S (S (vt ) T )
ke{l,p+2,...,n}

re{l,p+2,..., n} i=1

p+1 n

- Y s /0 [TazkNG . (o8 +2¢) &7 (1.4") T ¢ (ka”)

1<i<j<n <Zi<Zi4+1<Zp+2 ;=2 k=p+2
p+1

-y /0 [T dzikN, .

re{l,p+2,...,n} 7 0<7i<zi+1<2Zp+2 j=2

[AT] [ |AT]i—1 |A”| | AT
DI DIPILTEVEIES DI DR SrFRTLY | NS B | B (D)
i=1 \ k=i j=0 k=i qe{1,p+2,...,n} j=0 ke{l,p+2,...,n}
qF#r
p+1 n
> sy / [[dzxNi, . (g,)+2<2) T(LAY) T @ (k4%
1<i<j<n 0<zi<zit1<2p+2 j=3 k=p+2
|A"| k—1 p+1
— Z ZZsa ar / Hdzz‘ KNIQH.ngELl;)aT (anar *93'21377“) H SZT (k’Ak)
rE{1p12,.,n} k=1 §=0 0<z;<zi41<2p+2 j—g ’ * Y ke{lp42,.m}
|A™] A9 p+1
- )OI S) Sy oo KN g Btny, [T & (04%)
re{l,p+2,...,n} qe{1, p;Q ..... n} k=1 j=0 0<zi<zit1<2pt2 ;=2 ke{l,p+2,...,n}
qFT
p+1 n
- Y s / [z KNG.... (g”ug@) 5 (1,4") H (k, A%
1<i<j<n 0<zi<zi+1<2p+2 j=2
|A"| k—1 p+1
DS Wy ) R CRR T
k7J k J

re{l,p+2,...,n} k=1 j=0 0<z;<zit1<2p+2 j=2

X H @ (k,Ak)

ke{l,p+2,..., n}

|AT||A?] p+1
Z -
- E E S r lI | IdZZKle ’ng r q <0k>18 T 9]>187] q)
r,q€{1,p+2,...,n} k=0 j=0 0<zi<zi4+1<2Zp+2 j—2

q<r
X H o7 (k,A")
ke{l,p+2,..., n}
=—512.n20 7, , ((1,A1) , (p+2,Ap+2) , (p+3,Ap+3) ,...,(n,A");zp+2,zp+3,...,zn)

A" k—1 p+1

-y ZZS/O []d=KNT ..,

re{l,p+2,...,n} k=1 j=0 <Zi<Zi4+1<Zp+2 ;=2

(o (st} osity) T e

ke{l,p+2,..., n}

|AT]]A?] p+1
- E E E Sa 7‘ q I | dZI KN12 n
r,q€{1,p+2,...,n} k=0 j=0 0<2;<zi+1<2p+2 j=2

q<r

<9aka (9k>1&r—9j>16naq)+g(?q> I & ®a). (B.15)

ke{l,p+2,...,n}
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In ref. [17], the following identities are proven

[A"| k—1
5" suger (o Oy — 00 10 )  T1 (kA7)
k=1 j=0 ke{1,p+2,...,n}
[A™] k—1
=D Saa ( ar — 052100, + 3&) Faar(6) I & (k,Ak> |¢o
k=1 7=0 / ke{l,p+2,...,n}
1 |A™[ k—1 2
=32 2 Saja ( ay 9j213nar_) [I & (ka4
k 15=0 7 ke{l,p+2,...n}
[A"] k-1 - .
+ Z ZS%% Z p( l\A’"|+1) ( 1) - H SET (k’A )
k=1 35=0 l=j+1 ke{l,p+2,....,n}
k#r
QD (T’ Alj,a A_,'_llLLI(CLk;,AlkLLIAk+1 ‘AT|+1>) (B16)
and
|A"[|A9]

Z ZS r ol ( Gar <9k>13 ;o 9j>18naq> —i—g((lz)Ll?) H G (k:, Ak)
J

k=0 j=0 ke{lp+2,...n}
|A"] AT

= Z Z SaZ(zg (‘976216 o ejzlaﬂaq + 65) FaZa? &) H @ <k7Ak> |£O
k=0 j=0 7 ke{l,p+2,...,n}

L lATTAg 2
= | SerAn @A Iarar T 5 Z > Sar (6’k>1a ar 9j213naq_) I ¢ (kﬁAk)

k 0j=0 J ke{1,p+2,...,n}
|A"]1A9| kE Jj
k+] i— l ~T< k)
_ 5 k, A
PRDITHND BHDICE Vit i (NN N | (A (0
k=0 35=0 i=11[=1

ke{l,p+2,....,n}
k#r,q

@ (q,Af) @" (T,Aﬁ“—'<aza(1‘~1§,k'-“1471;+1,|,4r|+1> ( AL jwAl |Aq|+1))>

[AT] A9 ko o
- Z ZSaZaq.ZZ<_1)k+]_z_l Fq; <_nA;|AT|+1) H 357— (kvAk)
k=0j=0  i=11=1 ’ ke{l,pt2,...n}
k#r,q
@T (’r‘, AT ) (q’ A(fl ( (A LUl A;Z+1 |Aq|+l) L <CLZ,A£]€ LUl A2+17|A7“+1>)) y
(B.17)
where
Fj (£6) = £0cFj(£€)
= £0; Y giP (e
k>0
= (k—1) gw )(e)F2. (B.18)

k>0
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This leads to the closed formula

271i0: Z;, ((LAI) , (p+2,Ap+2) , (p+37Ap+3) yeeey (ny A™) ;zp+2,zp+3,...7zn) =

pas )
<2Z(s<1,p+2 ..... n),;)@?,J Z Sij (Omfanj)272§“2312.4.n* Z S (k,AF), (g, Aq)gkq>Z p (o)

=2 2<i<j§p+1 r,q€{1,p+2,...,n}
q<r
A" k—1
2 2 § § : k—1 7 T T T T Ar r
— Sak’a ( z’_\A7'|+1)(_1) Zn,p (...,(T,Al’j,a]‘7Aj,lUJ(ak,Al,kUJAk+1,|Ar|+1)),...)
re{l,p+2,...,n} k=1 j=0 l=j+1
|AT| | A9
k-‘r] i—1 +
D DR B9 DL GZZ ;
% For AL aaia
r,q€{1l,p+2,...,n} k=1 j=1 i=1 =1
q<r

z, (...,(q,Agl),...,(T,A;iu(a;(A;,MA;H,‘A,HI) (a AtwaAl,, lAqu))) )

|A”]]A%]
k+] 71— l
D DR B9 DL qZZ For (147 )
r,q€{1l,p+2,...,n} k=1 j=1 i=1 =1

qg<r

z7. ( (q,Aou< (A JWAL ‘Aqu)w(a;,A~£kuJAZ+17‘A”+1))) ,...,(T,AL)P“)

| A9 J
1ot
S, .4 —1 J F. q
+ Z Z ma; (=1) ar nAHAqH.l
r,q€{1l,p+2,...,n} j=1 =1

q<r

Z;,p(‘..,(q,A‘{l),...,(r,A’" (qA uJAJ+1‘Aq‘+1)) )
A

+ Z Zsak,qz ) 77A;,|AT|+1)

r,qe{1l,p+2,....,n} k=1
qg<r

25 (oo (0 A" (], AL AT ari1)) oo (R AT ) (B.19)

where all arguments of the integrals Z7 , on the right-hand side which are only implicitly
written by the dots, are the same as the ones on the left-hand side. Expanding the
Weierstrass p-function in terms of the Eisenstein series G = G(7) from eq. (2.33)%°

o) =pn, 7)==+ Y (k—1)Gpn* > (B.20)
k>4

and comparing with the closed formula for the z;-derivative (B.11), the 7-derivative of the
vector Zj, , is of the form

2mi0, 27, = | =€ + > (1 - k)Gre® + > S (k aktg® | Z7
k>4 r,q€{1,p+2,....n} k>2
q T
(B.21)

4OThe Eisenstein series G (7) is not absolutely convergent, and requires a summation prescription. This
L _ 1 1
is given by G2(7) = 32, ez 0y 77 + 2mez (o) 2onez mrmn? 41
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where the matrices €®) are homogeneous of degree one in the Mandelstam variables and
homogeneous of degree k — 2 in the n-variables.
B.3 Commutation relations

In this subsection, the (commutation) relations presented in subsection 3.2.1 satisfied by
the matrices in the differential system (3.12), i.e

0z5,=«+> Y 2Pd¥ |z, (B.22)
k>1 re{l,p+2,...,n}
r#£i
omi0 27, = | —€O + 3 (1-k)Gee® + 3 S (k-1 g | Z7 , (B.23)
k>4 r,qe{1,p+2,...,n} k>2
q<r

for an arbitrary solution Z7 . are derived.

n,po
B.3.1 Commutators from [9.,,0.;] = 0

The Schwarz integrability condition leads to commutation relations among the matrices

mi’f) . differentiating

oz, =+ Y aP¢¥ |z, (B.24)
k>1 re{l,p+2,...,n}
r#i

with respect to z;, where j € {p+2,...,n}\ {i}, leads to

0,025, =20,Z7 ,+ > Y. 20 (d) 2,
k>1 re{l,p+2,...,n}
r#i
_ 0| (0 28 (k) T
=Z; Z; + Z Z Zjr 9jr Zn,p
k>1 re{l,p+2,...,n}
T#]

+> Y 2 (5025, + 00,27, ,)
k>1 re{l,p+2,...,n}
r#i

© 0 k k
PPEaT T g,
k>1 re{l,p+2,...,n}

T#j
DS TTYILIES S SRR
k>1 k>1 re{l,p+2,...,n}
r#i
D DNED DRt A (B.25)
kl>1 rse{l,p+2,...,n}
r#i
S#]
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Decomposing the double sum over r, s as follows

> =X >+ >

r,s€{1,p+2,....,n} re{l,p+2,...,n} s€{l,p+2,...,n} re{l,p+2,...,n}
r#i T#,j sF4J,T rF#L,j
s=r

s#j
D D D (B.26)
re{lpt2..n}  se{lpt2..n}  s=i
ri.j s#ij r=d
s=1 r=j

yields
T 0),..(0) 7
0;0,Z,,, = :1:5 )a:§. )Znyp

+ Z Z wEO)mgr gjr Zr’er Z Z :B(k)az(o)gl(T)ZT

k>1 re{l,p+2,...,n} k>1 re{l,p+2,...,n}
v ri
(k) (k) (1) (k) (1)
IR DD Y > T 0 955 Zng
k>1 kl>1 re{l,p+2,...,n} s€{1,p+2,...,n}
r#4,j s#LJr

CX S (el el <) 2,
kI>1 re{l,p+2,...,n}

r;éi,j
+ 3 a2 eel 2, (B.27)
ki>1
Therefore
0=10},04] ZT
= [2\.2{"] 27, +Zgj ([, §’f)] (-0* [, 2]) 27,
+Z(mif)+ (=1) kmgf)) ng Z [ ij ﬂ}gw)g](z)ZT
E>1 kI>1
+Z Z gj(,lf)[ 50)7 ]ﬁ)} zr +Zgw Z Mf)jéo)} zr,
k>1re{l,p+2,...,n} k>1 re{l,p+2,...,n}
%4, r#£i,j
+> > [#.aR]dVe 2, (B.28)
kl>1rse{l,p+2,....,n}
r,8#£1,j
r#s

t2 2 (el [ gl [ o) 70
r#i,j

where we have used that aig](f) = —0; g](f) = —(=1)*9; gz-(f). Since for k > 1 the derivative

0; gl(]k ) has terms proportional to the Eisenstein series of weight two, which does not appear

(k)

in g;;’, the above calculation implies

2l = (—1)F e k>0, (B.29)
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(%) ()] (k) () _

i %5 19;7°9;; = 0, so there is no

constraint on [acg?), gj)] for k,1 > 1 from the above equation. This can be contrasted with

eq. (3.39), which holds for the particular matrices found in this work.
(k) (1)

Moreover for disjoint ,j,7,s and k,l > 1, the products g;, g;s are independent,
such that

This last parity relation implies that 3, ;~o[x

[m(@ m@} =0, |{i,jrst=4. (B.30)

ir *%js

Therefore, the leftover constraint is

0= ol 2] 2, + 3 gy |2 + ) 2] 27,
k>1

> Y ez, Y Y =] 2,
k>1 re{l,p+2,...,n} k>1 re{l,p+2,...,n}
T¢i7j Tiivj
+> Y ([#0.2) ol el + |2 2] 69y 27,
kJI>1 re{l,p+2,...,n}
r#i,j ) ]
Y X =al| )t
kl>1 re{l,p+2,...,n} ’

TF#,]
!
[ (k) (D] k+a—1\ g-a) (k+
FX oy ey (Fr ez
ki>1 re{l,p+2,...,n} " a=0
TF#4,]

k
ok D l4+a—-1 k— I+ T
+ Z Z mgr)7m§2 Z ( ) (j a)gj('r a)Zn,P
kl>1 re{l,p+2,...,n} - a=0
T#4,]

)

SCU RS o 1 IFTRTRC NS S SRR ) P

k>1 I=1 r€{1,p+2,..,n}
r#i,j

k=1 /14 . By

iy Y g§f>([m50>,wg¢>}+z( ) )pgg,mgﬁ q)z;,p

k21 re{lpt2,...n} a=1
T#i,j

I S (I o L | |
k>1 re{lf;?],,n}

P gff)gj(’)Q JJ*Z( >[ 2 “’,wﬁ*a’])Z;p
kJI>1 re{l,p+2,...,n}
T#4,]

-1
I l—1 k+a) _(I—a -
YT g ({ © 20] 4 3 ( ) ) 2t oft q) .. (B31)
kl>1 re{l,p+2,...,n} a=0
T#4,]
where we have used the Fay identity, followed by a change of summation variables. All
the lines have to vanish separately due to the functional independence of the factors
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g](-f), gl(f ), gz(f ) g](-i-),gi(]]-C ) gj(l,,), which yields the following commutators for distinct labels ¢, j,r €
{1,p+2,...,n} and k,l > 0:
[xl(o),a:(o)} =0,
0 0 W], k—1) (i
RIS S S = )
=1 re{l,p+2,...,n}
r#i,j
(0) (k— a) (@)] _
1. wz( ) el <0
2,2} ]+Z < ) 25,201 = 0. (B.32)
B.3.2 Commutators from [0;,8;,] =0
Now, let us investigate the consequence of the vanishing of the commutator
[2mi0r, 05,127, ,, = 0. (B.33)

Using the identity 27ri8.rg(k)

wr

_ kaZig(k+1)

r
can calculate

21070, Z7, ,,

P

k>1re{l,p+2,...,n}
r#i

EEO P>

(k> (QWZGTg(k)> VAR

(O]
ml? g?S

>1 se{l1,p+2,...,n} k>4
s#1
SIS e (o) | 2,

k>2 | re{l,p+2,...,n}

r#i

+H 24> Y

I>1 se{l,p+2,...,n}
s#£i

OO

ZS gZ.S
k>4

and

0.,2mi0,: Z7, ,

Yo Y k-1bY (0.90) | 21,

r,qge{1l,p+2,....,n} k>2
qg<r

+] =€) (1-k)Ge®+ YT > (k—1)b

k>4 r,q€{1,p+2,...,n} k>2
q<r

~52 -

gim

r,g€{1,p+2,...,n} k>2
q<r

r,q€{1,p+2,...,
q<r

n} k>2

SEONDS

1>1 se{l1,p+2
s#i

.....

€O (1-k)Gee®+ YT S (k=1 g

D4 (1-k)Gre®+ > (k=1)b gl

PROMO

ZS ng

-
an

T
Z”J’

implied by the mixed heat equation, we

(B.34)

T J—
Zn,p



| X et (0.0P) |z | Y S e-nl (0.00) | 25,

re{l,p+2,...,n} k>2 re{l,p+2,...,n} k>2
r<i i<r

H =€ a-k)Ge®+ ST S h=0pPg | [ 204> ST 2l | 27,

k>4 r,q€{1,p+2,...,n} k>2 1>1 se{l,p+2,...,n}
q<r s#£1

(B.35)
Therefore

= [27id,,0.,)Z

=S -n Y (0.0) (250 Y @adt@l -0l | 27,

k>2 re{l,p+2,...,n} re{l,p+2,...,n}
r<i i<r

+H2P+Y " > @ | [0+ 1-mGe®+ YT S -1pg() | 27,

1>1 se{1,p+2,...,n} k>4 r,g€{1,p+2,...,n} k>2
s#i q<r

(s mee® s Y SB[ (204 T 200 | 27,

k>4 r,qe{1,p+2,....,n} k>2 I>1 se{1,p+2,...,n}
q<r s#1
(B.36)
The first line has to vanish due to the appearance of derivatives 0, gl(r), leading to
(k) _ (k=1)
b, ==, , (B.37)

which also serves as a definition for bff ) in the case r > 7. Hence

= [~ 2.9 + S (1 -0 G [2".¥] | 27,

k>4

Y | a-nael V] ) 21, +

I>1 se{1,p+2,...,n} k>4
s#i

+ > Y k-0 a2l ob | 27,
r,q€{1,p+2,....,n} k>2
q<r

IO DD DI > Y k-1 a2l g® | 21, (B39)

1>21 se{l,p+2,..,n} r,q€{1,p+2,...,n} k>2
s#£i q<r

— 53 —



Note that each term in the sum over ¢,r on the last two lines is symmetric in ¢, r, due to

2 k=1 (k) z =1 g(k) (B.39)

qr Lrq Tq >
such that the first one can be decomposed as

1
X =5 X
7,q€{1,p+2,....,n} r,q€{1,p+2,...,n}
q<r qF#r

1 D I I »
r,qe{l,eri,...,n}\{i} qe{l,p+2,.z.,n}\{i} re{l,p+2,.:.,n}\{i}
qFT r=1 q=1

N[ —

= > + >, : (B.40)
r,q€{1,p+2,...n}\{i} r6{17p+2,.1.,n}\{i}

g<r q=i
and the second as follows
> =5 X
rq€{1,p+2,...,n} - rq€{1l,p+2,...,n}
q<r atr
1 R R D YD

rg€{l,p+2,..,n}\{i,s}  qe{l,p+2,..n}\{i,s}  q€{l,p+2,...,n}\{i,s}
qFr r=q r=s

+ D DR DL

re{lp+2,..,n\{i,;s}  re{l,p+2,..n}\{4,s} 9= i
q:i q=s =S T':Z

= > + > + > +y .
r,qe{l,p+2<,...,n}\{i,s} qe{l,p+2,...',n}\{z',s} q€{1,p+2,...s,n}\{i,s} q=9
q<r r=i r= =

Thus, we can proceed with

0= (— 20,0+ -0 [oP W]+ Y S 1) [l )] g§§>) z,

k>4 s€{l,p+2,...,n}\{i} k>2

O ([0 o _ ) ) () k=] ) gr
Y gw< 20,0437 1=k G 2]+ 30 (k1) |2 2tV ] ol )z

1>1 se{l1,p+2,...,n} k>4 k>2
sF#1
0 - T
+ S Sty el o | 27,

r,qe{l, p+2 ..... n}\{i} k>2

~ 54 —



l
D > a
1>1 se{l,p+2,...,n}
sF#1

DD

1>1 se{1,p+2,...,n}
s#1

l
9.

l
D > a
1>1 se{l,p+2,...,n}
sF#1

qe{1,p+2,.. 7n}\{z s} k>2

> -1 [l

(qE{l p+2,...,n}\{i,s} k>2

rq€{l p+2 n}\{lys} k>2

3 (k-1) [m

> 2wl | o) | 27,

O (k=1 (k) ™
st ’wqi :| gqi Zn,p
l c— T
O el ] ) 72,

(B.42)

The last line of eq. (B.42) has to vanish since it depends on four distinct punctures,

reproducing eq. (B.30).
using for a +b > 2

(@) (b+1)

bgzs Yis — a9,

@ (k)

St gSZ

The products ¢

a b
( +1)gz(8)

_(b—a)a+b+1)!

(a+ 1)!(b+ 1)!
a+1

>

This yields

0= - [¢.€0]+ 3" (1=K Gi [, €] +

k>4

§ § U]
+ g'LS
1>1 se{l,p+2,...,n}

sF#1

>

+

( b1 >(k—1)Gkg

(a+b+1) . (_

(a+b+1-F)
8

k=4

>

se{l,p+2,...,

5

k>4

r,qg€{1l,p+2,...n}\{:} k>2
q<r

@
gSZ

DD

1>1 se{1,p+2,...,n}
s#i

DIEDY

1>1 se{l,p+2,...,n}
s#1

DD

1>1 se{1,p+2,...,n}

s#1

l
9.

l
)

k>4

[wgo),e(o)} +Z (1-k)

> Zkl[

ge{1l,p+2,...n}\{i,s} k>2

3y Z(k—n[

ge{l,p+2,...n}\{i,s} k>2

>

r,q€e{1, p+2
Gy {m§0)76(k)}> Z;,p+
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n}\{z s} k>2

3 (k-1 [m

appearing in the second line can be rewritten

1)*(a+b)Gatp

"

+b—k (a+b+1—k)
k—1 . .
a1 )( )Gk
(B.43)
S [0 ) 27,

n\{i} k>2

20,4+ 3 -k Gy [2, @]+ (k-1) [

@

zs’

<k 1>}

gf?) z;,

k>2

St o2l o) | 27,

(k)

’L

@

Sl’

2o | 27, +

) T
St 7 Z

k= 1)} )
q.s n,p

(F)

) m(kfl)} gk

st 17 qr

T
Znap



D DD D

k>1 se{1,p+2,....,n}\{i}

DD

1>1 k>4 se{lp+2,...n}\{i}

((b—a)(a+b+1)! (a+b+1)

LD

1<a<b s€{1,p+2,....n}\{i}

k=4

+ 2

(a+ D)1 (b+1)1 Jis

k=4

(0) (k—1
RIS

r,qe{1,p+2,...,n}\{i} k>2
q<r

DI

1>1 se{l,p+2,...,n}
s#1

> oW

121 se{1,p+2,....,n}
sF#1

>y W

1>1 se{1,p+2,...,n}
s#i

=|- {-’vﬁo),e(o)} +> (-

k>4

SIS

k>1 se{1,p+2,...,n}\{i}

DD IEDD

1>1 k>4 se{1,p+2,....n}\{i}

3 (k-1) [x

q€{1,p+2,...n}\{i,s} k>2

> Z(k—l){

q€{1,p+2,....,n}\{i,s} k=2

> Ykl

Yar

a—1

a+1 b+1
a+b—Fk (a+b+1 k) a+b—k
+Z< b_1>(k: 1)Grg >

(K)

r,q€{1,p+2,...,n}\{i,s} k>2
q<r

k)G [wgo),E(k)}

k—2

3

0 k—1 k T
((k 1)[ 0.2l V] [all.e0]) 27,

) [ e®] Z7,,
—1)" (a+b) Gaspi1

) (k—1) Gkgfs‘l*b“'“)) [

n,p

l k—1 k
iz)7 (gz ):| gc(zz) Z:z,p

(1) k 1 k T
! >} o® | z7,

.57,’

st

0 (k=1 k T
alk >} oo | z7

(1) [a 2]

I=k/2 se{1,p+2,...,n}\{3}

([mgf),e(o)} (k— 1)[ (0>
gls)G (1- )([mﬁiﬁe“ﬂ Z(b 1){ (Ik—b— 1) Ezs,)]

b=1

</€71):| Z(kl)[ (k—1— 1)
is -1 is

+ > Yty eal o | 2, +

r,q€{1,p+2,...,n}\{i} k>2

q<r

> T W

1>1 se{l,p+2,...,n}
sF#1

>y W

1>1 se{1,p+2,...,n}
sF#1

)
- Gs;
lzzl 36{1,1;; ..... n}

> Zkl{

ge{l,p+2,...n}\{i,s} k>2

> e

q€{1,p+2,....n}\{i,s} k=2

l c— T
S k=) [0t o | 22,

r,ge{l p+2 ..... n}\{z s} k>2
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0 (H)} ) | 5r
n,p

st qz gql

Dl o | 27,

Sl’

.
Z;

<1>D Z7
n,p

(B.44)



The terms proportional to G, and g-(l)

s G, on the first and third line have to vanish separately,

which leads to the commutation relations

[wl(O)’ E(O)_ = 0 9
] k—2

ERC D DR SR GV T S

I=k/2 se{l,p+2,...n}\{i}

o] = 3 () ) et (345

forl>1, k>4.
) (k)

The products g, g,;” on the third last line of eq. (B.44) can be rewritten using the

Fay identity

!
) (k I+r—1 n) (4 E+r—=1\ g 0 (k+r
9595 = (=) gk +Z< ~1 )gg: )9£i+)+z(:)< k-1 )ggj L

(B.46)

Thus, the remaining terms of eq. (B.44) are

k—2
s (e[S () ] 2,
1

k>1 se{l,p+2,...,n}\{i} =

D DR S ARl Pk i

r,q€{1,p+2,....,n}\{i} k>2
q<r

I+1 1 k—1
= S DT - [2 0,20 2,

Lk>1 5,g€{1,p+2,....n}\{i}
s#q

Sy (e e [eel ] 2,

Lk>1s,qe{1,p+2,...,n}\{i} r=0
s7#q

l
k+r=1\ a_py (ktr) M L0-D] 5
72 Z Z( k—1 ) g’1 )gql (k 1)|: Lsis qz :|an

1L,k>1 s,qe{1,p+2,...,n}\{i} 7=0

=D IR DR R I A P (B.AT)
Lk>1 se{l,p+2,...,n}\ {3}
s#q

We can interchange the role of the summation indices s and ¢ in the second last line,

such that all products of integration kernels are of the form g((]ls) ggf) . Additionally collecting
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terms gil), g(l) and géls) ggf) leads to

k—2
= 3 g§§><{w§§>7€<m] (k— 1)[ ©) = 1)} ( 1){ (k=1-1) o m
1

k>1 se{l,p+2,...n}\{:} I=

k=2 k—2
k-1 0 . (k=i-1) k—1 O (k—1-1) -
oy (e e L () et ) )2

a€{l,p+2,...,n}
qFi,s

k—2
k—1 _ 1 l k—l— T
DO <k>< = [0 =3 0 ) [2) 2 ”])Zw
nI\{i}

k>2 s,qe{1,p+2,...
q#s

72 Z Z(Z—F’f’ 1) (k r) (H—T) (k 1)|: ill)7wglz—1)] Z;’p

1L,k>1 s,qe{1,p+2,...,n}\{i} 7=0
s#q

,Z Z Z(’”T 1> (i=r)g <k+v (k— 1)[ (i)awilf_l)} z7,

L,k>1 s,ge{1,p+2,...,n}\{i} =0

S D S T AR B
Lk>1 se{1,p+2,...,n}\{i}
s#q

@ (k)

The terms proportional to products g,/gqs’ for [,k > 1 on the three last lines have to
vanish separately, leading to

k—1
_ I+r=1\ (- ” g+ O (k=1)] r
-3 () e [0 22,
1,k>1 s,qe{1,p+2,...,n}\{i} r=0
s#q

k+r—1 - .
5 SNED SEED o) (reen) P Tt RO P2

1,k>1 s,qe{1,p+2,....,n}\{i} 7=0

l l T
Y e e [al ] 2,
Lk>1 se{1,p+2,...,n}\{:}
s#q

—1
1 l—l l—r k —1
Sy Y o (") esron[al a2,
1,k>1 s,qe{1,p+2,...,n}\{¢} =0

s#q

—1
1 -1 k+r)  (I—r—1
AT 0 (")) @ [plsn a0 27,
r=0

Lk>1s,ge{1,p+2,....,n}\{i}

l l
+ > e -y ol V] 27,
LE>1 se{l,p+2,...,n}\{:}
s#q

l k—
Yy gz?gg@(ue [ ] o) [0l
1,k>1 s,qe{1l,p+2,...,n}\{i}
s#q

+§ ((z;1> (k+r—1)— (i‘i) (lr)> [wii_”7 (ter— 1)})2;4,. (B.49)
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The identity

<Z;1>(k+r—1)—<i:11>(l—r):(l;1>(k—1) (B.50)
finally leads to

I 9 S S L R e

>1 k>2 s,qe{1,p+2,....n}\{i}

s#q
-1
-1 (I—r) _(k+r—1) .
+2:1< r > |:msz' ’mqi :| Zn,p' (B51)

However, the bracket on the right-hand side of eq. (B.51) vanishes trivially due to the
commutation relation (B.32), i.e

20, 2{] + 21, qz}+z< )[ G2l =0, k1> (B.52)

Thus, we are left with the first three lines of eq. (B.48). The terms on the first two lines

(%) (k)

proportional to g;;” and on the third line proportional to g4s’ have to vanish separately,

since the latter are independent of the puncture z;. Using

k—1 k—1 k—1
(Y (- (1) o
the former term leads to
-2
[0 0] 1y [©@ (k1) =1\ T (k—1-1) ()
O_ [mzs 76 :| (k 1)|: 7 ’mzs :| - (l— > |:wzs ? ZS:|

l
k—2 B i o
- T (S e () e )

?‘

ge{1,p+2,..., =1
q#i,s
k—2
k 0 (k-1 k-1 k—1-1) (I
[ 1(5)7 (0)]_(k_1)[ 5)7 z(s )]_ (l—1> [mz(s )’ z(s)}
=1

S }]:Z:j((];:ll)(k—l—l)—k(k;l)l) [ 0]

q€{L,p+2,....n
q#i,s

® ] _(p_1) [£® L&D S (BN T ke
—[ LisH€ } (k—1) [mz 1 Lig } <11>{wis ) zs:|

o B (Y e

ge{l,p+2,...,n} I=1
q#i,s

_ [m§§>,e<°>} (k— 1){ (0) xz(,’;*l)} _k—2 (;;:11> x

YD (f;_ 11) [ 1] (B.54)

qFi,s
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such that

CaR BT LR VD ol (S [E S D

q€{l,p+2,...,n} I=1
q7#1
for k > 1. Therefore, we are left with the terms proportional to gg;) in eq. (B.48), where
various terms cancel pairwise as follows

k—2
k—1 0 z+1 ! k—1—1 T
S I R -0 [0, 22,
k>2 s,qe{1,p+2,....,n}\{¢ } l:1
qF#s

k—1
_ k 0) , (k—
_Z Z g‘(ls) 2 [ Ty 1(18 1)} Zn,p

k>2 s,qe{1,p+2,...,n}\{i}

q#s
1 k—2
I+1 @ _(k—=1-1) T
> DD DI ) SICE (SR A VI E RS ] P
k>2 s,qe{1,p+2,....,n}\{i} =1
q#s

1 (k (k=1=1) ()] =
52 2 q>Z el el 27,
k>2 s,qe{1,p+2,....,n}\{:}
qF#s

E—1 k—2
) v 0 l+1 l k—1-1 T
:Z Z Qélz)? <|:mz( )7 51‘]: 1>:| |: 21)7 gz )i|> an

k>2 s,qe{1,p+2,...,n}\{:} l:1
qF#s
1 k—2
k 0] (k 1-1) (k—1— 1) 1) T
_52 Z gé.s) ( 1)l(|: st q; :|+|: qi 9ii|)Zn,p
k>2 s,qe{1,p+2,....n}\{:} =1
q7s

-1 =
— 0 l k—1—1 T
Ty (e et ) 2, e
k>2 s,qe{1,p+2,....n}\{:} =1

qF#s

such that the remaining commutator relation is given by

2, 2] = i[ 2570 |fis,q) =3 (B.57)
for k£ > 1.

C Eigenvalue equations

In this appendix, the eigenvalue equations for the matrix U,;3,41 from eq. (3.31) are
determined starting from the following condition

lim ,27id, | Z7, , =0 (C.1)
n,p.k ’
for k=2,...,p—n, where
lim = lm (—2mizpq)*C2pth-Drte o lm (—27izpyg)°02pt2pt3 lim (—2miz,qg)*12 742,
n,p,k  Zptr—0 Zp+3-0 Zp+2-50
(C.2)
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First evaluating the derivative, then the limit yields

. . T
lim 27i0- Z,, ,
n,p,k

=lim | —@4> (-R)Ge®+ D D (k=DapVer | 20,

k>4 r,qe{1l,p+2,....,n} k>2
qg<r

= —€©@ +Z (1—k)Gre®

k>4

+> (k—1) > + > + > =Y T}gr}kgg’;? zr,

k>2 r,q€{1,p+2,....p+k}  q€{l,p+2,...p+k} rq€{p+k+l,..,n}
qg<r re{p+k+1,..., n} q<r

= *6(0)+Z(1*]{3)Gk e® 4 Z wé’ﬁ‘” —Gs Z w,(;)

k>4 r,q€{1,p+2,....p+k} r,q€{1,p+2,....p+k}
q<r q<r

EON(LE] I DD D e e

k>2 qe{1,p+2,....p+k} r,q€{p+k+1,..,n}
re{p+k+1,...,n} q<r

p+k p+k
= <—€<0)+Z(1—k)Gk (e("’)+ > XE.’j”)—Gz > xl

k>4 r=p+2 r=p+2

+> (k—1) > Y wpy ! Jim gfy)

k>2 q€{1l,p+2,....p+k}  rq€{p+k+l,..,n}
re{p+k+1,...,n} q<r
s12.. p+ew(1,0) —5(12...p+5),i 951 KNT Uptsp g tree (C 3)
€ € o ptk+l..n 0 p+3,p+2> .
p+k<j<n
where we have used that
: (k) _
lim g;;" = —Gj. (C4)

ZZ‘—)O

On the other hand, changing the order of the limit and derivative leads to

2mid; lim Z7,
npk

— o s12. pirw(1,0 — 5012 p k), ST ONT Upt3p+1) tree
= 2mi0; <€ 12.p e (10) H e TURrth).d JIKNp+k+1...n> ( 0 2,3 p12

p+k<j<n
2
= ((Gz —20)s12. prk T D 3(12...p+k),j(g§j) —2(2) — > Sqr(gs2) + 2C2)>
p+k<j<n q,re{pt+k+1..n}
q<r

_ ar U

e512...p+kw(1,0) H e 8(12.Hp+k),‘7gj1KN;—i_k—i_l“.n( P+§7P+1> Z;{ﬁ%7p+2’ (C.5)
p+k<j<n
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where we have used that
2mi0;w(1,0) = Ga — 2(2 (C.6)
and
2mi0, Gl = —(gg) +2¢2),

27ri67KN;+kH_“n = - Z Sqr(gg«) + 2<2>KN;+k+1...n' (C.7)
q,re{p+k+1..n}
q<r

Comparing the coefficients of G2 in the above calculations leads to the eigen-
value equations

1 Upispt1 Upispil
X;ﬁm ( p+0 p+ ) = 519 pe2 ( p+0 p+ > ,

U U
x(1) ( P*S’P“) = —S12.ph—1prk ( p+§,p+1) . 2<k<n—p. (C.8)

D Pole subtraction for Z7 -integrals

Here we summarize the computation of the O(n9) coefficients of Vi and Vi defined in
eq. (4.37). For future convenience, we define

h1 (22) = exp [—823f (L522,7) — sl (24;2277)} : (D.1)
and

ha (22) = exp {—3121;((1);22,7‘) — souT (L 22,7')} . (D.2)

Note that hj(z2) behaves like O(1) as z2 — 0, and hj(z2) behaves like O(1) when zo — z3.
Now, we notice that the simple poles of g(l)(zj — z9), for j = 1,3 appear in the endpoints
of the integration contour need to be addressed. Following ref. [46], we can write for the
eta3- component of Vi

= —S [ 1'2 T
Wiy = [ aze = ) g ()

0
zZ3 - z3 ~

:/ dzge_mr((l);zz’f) [h1 (22)—hq (0)] gV (—22)+/ d226_812r((1];z2’7)h1 (0) gV (—22)
0 0
P oy e s12D(§imar) €)) 1 =1

:/ dza e (057 [y () (0)] ) (—22)+—exp [-s12F (hi20.7)] . (D3)
0 12

To obtain third line of eq. (D.3) we integrate a total zp— derivative, and assume we can
analytically continue sj2 from a positive value so we discard the zo — 0 limit. More
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importantly, in the third line of eq. (D.3), the leftover integrand can now be o/ —expanded.
More explicitly, the formula for this 79—component of V;" is:

V{’T]g = / de e 81211(0’227 ) {exp [ 823F (23,22, ) — 824F (24 122, T )} — 1}9(1) (22)

1
+ —exp [—812F (0323, T)} : (D.4)
S12

For the 13- component of Vi we can write:
23
‘/2T|ng:/0 dzye szsr(zs,zz, )hg (22)9(1) (2'372’2)
%3 N zs — 893 1 129,T
= [7 e ) iy s Golg® (o) [z Ty o) g0 ()
0 0

:/ dzp e (27 [y ()~ iy (29)] gV (= 22)

1 - -
—QEXP [—812].—‘((1);23,7')—8241—‘(214;23,7')] . (D5)

The integral in the last line of eq. (D.5) can be safely o/ — expanded. More explicitly, the

n9- component of Vi is given by:

VQT‘ / dze 523F(23’Z2’ ){exp 812F(0,22, )—524F(z4,2'2; 7)]
—exp[—s12l (§;23,7) — s24T (1 5 23, )}g (22 — 23)
1 -
—gexp[—slzr(é%z& ) — sl (2 523,7)]. (D.6)

E Solving for fibration basis changes via commutation relations

In this section, we outline a method to solve generating function equations such as eq. (5.9)
relying solely on the commutation relations of mgf) and :L'(O) in eq. (3.13). The idea is to

(]) (0) 45 abstract non-commutative symbols subject to eq. (3.13) without using
(k) (0)

any specific matrix representation. Throughout this section, we will treat x;; and x;

abstract noncommuting variables. Keeping in mind the dictionary set up in section 6.1,

treat ..’ and x;

as

this means that we are purely using relations of t; y, the genus-one Drinfeld-Kohno algebra.

However, in this appendix we will follow closely the notation a:l(f) and wgo) of section 5.2,

including the numbering notation for the punctures.

E.1 Solving for fibration basis changes in two variables: t; 3

We will now proceed to try and solve eq. (5.11). As a first step, we isolate the generating

function T4(zy, 23):4

T4(z4, 23) = T'3(23, 24)T4(24) X(034) [1"3(,23)}71 : (E.1)

41One can write an inverse of all the generating functions I'y,, by virtue of them being path-ordered integrals.
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According to eq. (5.15), we can obtain the analytic continuation of, T" ( zkjl Zkf 324, T ) by
(k1) (k2)

looking at the component of the r.h.s. of eq. (E.1) that accompanies @ 41 %4y according to
the definition of the Lh.s. of this equation. However, the r.h.s. of eq. (E.1) as written above
( k)

contains matrices x:.’ that do not appear in its l.h.s. In other words, this equation only

holds after one takes 1nto account the commutation relations among the w,gj) and :cgo). We
can try to overcome this obstacle by using a sufficiently large subset of the commutation
relations of t; 3 to put the r.h.s. of this equation into a form that allows comparison with
the Lh.s., i.e. a canonical form.

To obtain a canonical form, we will make use of the commutation relations that we
have found in section 3.2.1. In particular, we make use of the commutation relations to
move mﬁ) and azflo) to the rightmost position of every word w € t; 3, to the right of any
other letter except either of them. That this process terminates is clear from looking at the
commutation relations. After this process is done on the r.h.s. of eq. (E.1), we can look at
the eMPLs of each word to obtain a change-of-fibration-basis identity for the corresponding
eMPL. As an example, we can look at the component of the r.h.s. multiplying the letter

;1‘;:(3}1), to obtain an identity for r <Z3 24, T )

f(zls;z4,7') =imr =T (§;23,7) + T ({; 24, )+F(Z4,23, T), (E.2)

where there is no actual need to use the commutation relations of {173 because this is the
component of a single letter, but notice that it coincides with the result of eq. (5.17). Now,

let’s look at a less trivial example, which is the coefficient multiplying the word m&)m&):

f((l] L2, )——QCQ—ZWF(

z3

bizs,7) +inl (§520,7) =T (§23,7) T (§;24,7)
_F(Ovz47 )f(07z37 )—21_‘(0,23, )f‘(07z47 ) f(g%;zi’,ﬁ)
+F(OZ47237 )+F(00,23, )+F(00az4’ )_F(OZ4;Z3’T)’ (E3)

As a final example, let’s look at the coefficient multiplying the word a:§4) J:&)azéﬁ, which

contains a (3:

F(6313;3,z4, ):—223+3C2f‘((1);23,7)—3C2f‘((1);24,7)—2‘7rf‘(é,z )f‘(o,24, 7)
— 4D (924, 7) T (2523, 7) — 2inl (9523, 7) T (35 24, 7)
+ 3T (3524, 1) T (§ 9528, 7) + 20 (3524, 7) T (§ {5 23, 7)
—T(§:23,7)T(§ §320,7) +inT (§ 35 23,7)
+ T (8324, 7) T (§ 3528, 7) + T (520, m) T (§ 3523, 7)
—|—2'7Tf‘(8(2);Z4,7')+f(é,Z4,7)f(8Zi;23,T)
+inT ({8528, 7) + T (5524, 1) T (L 4523, 7)
+iﬂf((1)(1];24,7)*f((l],Z‘g,,T)f((l](l);Zzl,T)
—iﬂf([l)zl4,23,7')—f((l),24,7)f($;4,23,7') +
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+z’7rf‘(38;Z3,7')+F((1J;Z4,T)f’(%8;23,7')

+T (9524, 1) T (28523, 7) — 2T (9523, 1) T (2 45 24, 7)
(88828 m) +T (882528, 7) +20 (853323, 7)

=20 (06 2:2,7) = T(§3 6528, 7) + T (08 2,528,7)

D@2 0528.m) +T (02 Asas,m) =T (§6032.7)

+ D (58 8:20m) +T (56 4323.7) +T (84, 0523,7)

~T(04 4527) ~T(§06s2 1) +T (5828 7) + G (E4)

We have performed numerical checks on these and several other identities that can be
obtained via this method. These have been found to hold when arg(z3) > arg(z4) for z3

and z4 in the fundamental parallelogram. We note that these last two identities can also
(0) (k)

be derived from the explicit representation of the matrices ;" and x;;’,

as explained in
section 5.2.1.

E.2 Solving for fibration basis changes in three variables: t; 4

In this subsection we will sketch how to use the commutation relations of {174 to solve for
I'4(z3, 25, 24) in eq. (5.22). However, we will do this in two steps, by studying separately
the analytic continuations due to o34 and oy45:

T'3(23, 24, 25)T4(24, 25)T'5(25)X(034) = Ta(24, 23, 25)T'3(23, 25)T'5(25) , (E.5)

and

T'3(23, 24, 25)Ta(24, 25)T5(25)X(045) = T'3(23, 25, 24)T'5(25, 24)Ta(24) - (E.6)

If we look carefully, it turns out that both TI's(z3, 24, 25) and T's(z3, 25,24) in eq. (E.6)
describe the same function — in other words, the braiding o45 only acts nontrivially on
the product of generating functions I's (25, 24)T'4(24). However, the leftover formula is an
(albeit nontrivial) relabeling of the result of the previous section, with a relabeling given by:

<Z3> %4, xi(’,O)v mz(LO)v mi(ilfl)v xéﬁ)v mi’?) - (247 25, mz(LO)> méO)v mfl?> mz(ﬁ) + mi?, iﬂgi) + ngl)) :

(E.7)

Thus, eq. (E.6) has the same information as eq. (E.1) of the two-variable case. Because of
this, we will focus on eq. (E.5) for the rest of this subsection.
We proceed by isolating the term I'y(zy, 23, 25) in eq. (E.5):

F4(Z4, Z3, 25) = Fg(Zg, Z4, Z5>F4(Z4, Z5)F5(Z5)X(034)[F5(Z5)]_1 [F3<23, 25)]_1 . (ES)

We now need to write the r.h.s. of eq. (E.8) in a canonical form. We follow the same logic

as in the two-variable case, and try to use the commutation relations such that in every

word in the r.h.s. of eq. (E.8) we move the letters wflkj) and mz(lo) to the right of any letter

azl(gb) and :13((10) for 4 ¢ {l,p,q}. However, as opposed to the two-puncture case, we need to
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make a choice for using the following commutation relation: we use j = 4 when making use
of the last commutation relation of eq. (3.13). One has to additionally be careful in never
using a commutation relation that would produce an element :cgo).

It is not hard to convince oneself that the algorithm described above terminates.
Moreover, we have experimentally checked that, as a pleasant property of the end result,
every word left over in the r.h.s. of eq. (E.8) is a word that appears in its Lh.s., when using
eMPLs of weight and length up to 4. We do not currently have an argument for why this
should be the case. Now, once the r.h.s. of eq. (E.8) has been written in a canonical form,
we can obtain identities by simply reading out the coefficients of the expected word of the

Lh.s. For example, the coefficient of the word wi?wg? of the r.h.s. of eq. (E.8) is

T(LLlizyr)=-T(3i237) 0 (3524,7) — F(Z 123, 7) — D (524, 7) T (L3523, 7)
+irl (Liza,m) =T (§528,7) T (Ls2a,m) + 0 (L 23, ) D (L5 247)

T (520,70 (2523,7) — f(8;237T)f(z257247) [ (03;237)

+T(8 2523 m) +T (4 6528,7) + T (4 b520m) =T (4 Lszs,7) -
(E.9)

We have checked this last identity to be valid numerically when arg(z3) > arg(zs) >
arg(zs) for z3, z4, and z5 in the fundamental parallelogram.

F Towards general integration domains along A-cycle

We now consider alternate integration domains for our genus-one integrals. The main goal

of this appendix will be to outline the computation of the regularized initial values lim
n,p,n—p
of these new types of integrals. We start with a concrete example by looking at the case of

(n,p) = (3,1). We then outline the three possible outcomes of taking a single regularized

limit lim (—27izp42)®12-»+2. One can thereafter iterate this process.
Zp+2—>0

F.1 An alternate integration domain for (n,p) = (3,1)

Consider the (n,p) = (3, 1) integral with the integration contour v = {z3 =0 < 20 < 1 =0,
which we will denote as Z7 (z3):

F(z12,m2,7)
ZT / dzo KNT T . F.1
(23) 22 KN7o3 (F(Z32,772,7') (F.1)

In order to use the methods of section 4, we need a regularized initial value as z3 — 0
of Z7(23). At the integrand level, we can write

KNiy3 = exp (—s12G3; — 51331 — 523G3s)

= exp (Emisag) exp (—s12G5; — $13G3; — 523G33]
= exp (misgs) €239 L0T) (_ogizg) 752 ¢~ (124528)951 (1 4 O(23)), (F.2)
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where in the first line we obtain a phase factor exp(£misg3) from writing GJ; in terms of
G3,, and in the second line we use the local behavior of T'(};2,7) ~ log(—27iz) + O(2).
Meanwhile, the F'(z32, 72, 7) simply degenerates to F'(z12, 72, 7) when taking the limit z3 — 0
in the integrand. For the integration domain, however, there is a subtlety in taking the
23 — 0 limit, and we cannot simply set z3 to 0 in the integration domain.*?> This can be
seen from writing e.g.:

1 F(z12,m2,7) 3 F(z12,m2,7)
Z7(x :/ dzy KNT 112 —/ dzy KNT 12 T)) F.3
(%) o oo (F(Z32,772,T) R VI CRS (F:3)

The r.h.s. of eq. (F.3) has a first term leading order of O((—z3)%23), which can be seen
from the integrand behavior we just computed. The second term of the r.h.s., however,
has a leading behavior of O((—z3) *12%), see appendix E.1 of ref. [17]. For this second
term to be subleading, we additionally require that the Mandelstam variables satisfy
Re(s123) < Re(s23) < 0. Thus, by further constraining the Mandelstam variables, we can
easily obtain the desired initial condition:

1 - (F
lim (*27[‘1'23)813 ZT(Z3) = exp(iwi523)682sw(170|7') / dzs e—(s12+sz3)9’21 (2127 n2, T) .
230 K 0 F(z12,m2,7

(F.4)

This result coincides with the one of appendix E.1 of ref. [17], under the relabeling
{23, 22,835, m2} = {1 — 20,1 — 22, 505, 1}, except for the phase factor exp(+misa3) which is
due to the difference conventions for KN7y3. The regularized initial condition for Z7 (23) has
nontrivial 7- and 72-dependence, and precisely in the form of the Z7 integrals introduced in
subsection 2.4, under some relabeling of momenta.

F.2 General integration domains along A-cycle for (n,p)
(n,p)

We will now consider more general integration contours V5

will have to describe how to integrate the punctures zs, 23, ..., 2p+1, given that any ordered

. These integration contours

partition of these will be integrated between a pair of the ordered, unintegrated punctures,
21 =0< zpy2 < zpy3 < ... < 2z, <1=0. E.g. for (n,p) = (5,2), we can integrate {z2, 23}

along the contour v = {21 =0 < 23 < 20 < 24 < 25 < 1}.
(n,p)
B

between two neighboring unintegrated punctures z; < zj, and we will label this (possibly

Generically, an integration contour -y will have some punctures being integrated
empty) set of ordered punctures by the ordered partition B’. For example, the contour
~ above involves integrates the punctures z3 and 29 integrated between the neighboring
unintegrated punctures z; < z4, so it will have an ordered set B! = (3,2). Likewise,
we notice that v has B* = () because no punctures are being integrated between the
pair z4 and z5. Likewise, B% = (), and we can fully characterize the integration contour
of vy = {21 =0 < 23 < 29 < z4 < z5 < 1} by the ordered partition of (2,3) given by
B = (Blv B47 BS) =((3,2),0,0)-

“2We will soon state conditions on the Re(s;;) that makes this simple approach work.
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We now give two examples of this notation are given by:

7((?)’%,@),(3)) ={zn1=0<z <2 <zm<z <z <1}, (F.5)
where B! = (0), B* = (0), B = (2), B® = (3), and
(6,3) _ _
Y((4,2),(3),(0)) = {m1=0<2z4<22<25<23<26<1}, (F.6)

where B! = (4,2), B® = (3), B = (0).

More explicitly, any B¥ can be written as B¥ = (b]f, blg,

bR
contour along the A-cycle can be written as:

| Bk|)’ and any integration

(n.p) _ { _
V5 E A= 0< Zp <o < Zb|131| < Zpy2
<2b11)+2<"'<2bp+2 < Zpy3 < ...

|BP+2|

< an—l < tee < an—l < Zn
1 ‘Bn—l‘

<zp <<, < 1}, (F.7)

and where {B', BP*2 ... B"} is a partition of the labels of the p integrated punctures, i.e
as an unordered set:

{B',B"*? .. B"} ={2,3,....p+1}. (F.8)

Let us repeat the analysis from above to determine the degeneration of the type-(n,p)
integrals on the configurations 7(”’p )

5 for the single regularized limit

(2p+2, 2p+3, Zpta - -5 2n) = (0, 2p4+3, Zp4a, -+, Zn) (F.9)

We now focus on the 2,12 — 0 behavior of the Koba-Nielsen factor KNi, ,,, which can

be seen understood with the change of variables z; = z,121; for ¢ € {1, Bl.p + 2}, the
Koba-Nielsen factor degenerates as follows*?

LI L I | G
i=<je{1,B1,p+2}

ie{1,B' p+2} i<je{BP*2 p+3,...,n,B"}

jE{BP*t2 p+3,....n,B"}

=X <—27Tizp+2)_5(1731,p+2) es(l,Bl,p+2)w(1’0) H

~Sij —=5(1,B1,p+2),;971
i<je{l,BL,p+2} je€{BPT2p+3,..,n,B"}
_s..GT.
x 11 e 1% (1 + O(zp12)) (F.10)
i<jE{BP+2,p+3,...,n,B"}

“3Tn these products, we use the convention that i < j for labels 4,5 € {A)} if z; < z;. This rewriting of
the Koba-Nielsen factor generates a phase x, of the schematic form x = exp(}_ £misi;), see e.g. (F.2).

ij
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such that

S, gl
: (1,B*,p+2) T _
lim =z KNiy ,, =

Zp+2—0 P2
(170 2
0 RN g (2 (55D KNT e s (= {s57}) - (F.11)
where for 2 < k < n — p, we have relabeled Mandelstam variables
+k S(1,BY,p+2,BP+2,.. p+k),j ifi=1
%= (F.12)
Sij otherwise,

and where we have can identify tree-level and genus-one Koba-Nielsen factors.** It is
important to note that the SLy—fixed tree-level Koba-Nielsen factor KNy g1, o(2i, {5i5})
is one corresponding to (|B!| + 3) punctures (one of them SLy— fixed at infinity, so not
explicitly seen). The genus-one Koba-Nielsen factor KN ppia 5 ) g (2 {sfj”}) is one
corresponding to (n — |B'|) punctures, with some Mandelstam variables relabeled.

The behavior of the Eisenstein-Kronecker chains under z,42 — 21 = 0 is understood by
first looking at the whole differential form:

n p+1
7 (1,41 k:l:[#2 " (k, A%) g dz;

=" (1, Al) g (p + 2, Ap+2> k:li[+3 vy (k, Ak) bgl dz J':]'H+2 bgj dzp

=¢ (1"41) ¢ (p+ Q’APH) ﬁ ¢ (k7Ak) Zﬁlzl Il dzo JT ] dz-  (F.13)

k=p+3 beB1 Jj=p+2 beBiJ

1
The factor Zz‘fﬂl from the change of variables z; = 2z, 27; for z1 < z; < 2,49 can only be
compensated if the sequences A! and APT? begin with the integration variables in B!, i.e. if
for an unordered partition

{Bl,B}2} = B', (F.14)
we have
A= (BLAY), A= (B, AT (F.15)
In this case, the above differential form degenerates to

n p+1
& (1,4Y) TI ¢ (k. A%) ] d=
=2

k=p+2
=pt (1, B11> pt (p + 2, B;+2) H dxyp
be Bl

x @ (1, Abwa5?) T @7 (k. A%) TI TI doo+ O (2p10) (F.16)
k=p+3 Jj=p+2 beBiJ

44 These Koba-Nielsen factors are now written following the ordering of punctures the punctures, i.e. using
i < j in their definition. This means that we do not need to introduce more phase factors x in iterating this
limiting procedure.
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where the pt are the genus-zero SLy—fixed Parke-Taylor factors with respect to the variables

z; and for 2 < k < n — p, the punctures x,,; = 1 are additional punctures on genus-zero

Riemann surface. Note that the products separates into factors pt(1, Bi)pt(p + 2, B; 12)

containing the rescaled variables z; and factors @7 (1, A} w A5"?) [Tipts P (K, AF) |

depending on the non-rescaled variables z;. Chains which would mix the two are sub-leading.
Putting all together, in the limit z,,2 — 0, the integral

Zf%p (fygp; (1, Al) , (p + 2, Ap+2) , (p + 3, Ap+3) ooy (NG A™)  2py0, Zpg, -y 20 {sij})
p+l

= /y(n,p) [T d=i KNGy, (20, {si5}) @7 (LAI) ﬁ P (k,A’“) (F.17)
5 =2

k=p+2

vanishes unless the condition (F.15) is satisfied. When this condition is satisfied, the integral
degenerates as follows

lim (—2miz, 9)° (1B P+2) VA (vg’p,zp+2,zp+3, ey 2 {s”}) (F.18)

Zp+2—0
s Sw(1,0 r B! 5 B!
— S(1B 2y )Z‘tBeﬁH"Bl‘ (V\BI I+3,] ‘;(17311)7(p+27B;+2);{Sij}>

. . S
lim | (—2mizppe) (1B P+2)
Zp42—0

n—|BY|,p—|B*
Z;7|Bl|,p7\Bl\ (’YB’/ : 2= ‘7 (17A%MA127+2) ) (p+3’AP+3) 7"‘7(n7An);Zp+37“'azn;{Sp+2 ):| )

| (F.19)

where we have stripped off a factor of a genus-zero Z'"®-integral with n punctures, n — 3 of
which are integrated over and three of which are fixed to

(x1,Tp—1,2n) = (0,1,00). (F.20)

ziee, (fygf); (1,3%) : (p +2, B§+2) ;{Sij})

— H do; KNy g1 10 (w4, {5i5}) Dt (1,31) pt (p + 2, B;+2) .

‘Tl:o<$b% <rb§ <..‘<m‘1B1 | <l=zpy2 icBl

(F.21)
We have not yet finished evaluating the last limit because the genus;l intelgral now
needs to be integrated over the z,,2—dependent integration domain ’y%f'B lp-IB ‘, where
_ Bl p— Bl
7%/\ o] |:{21:O<zp+2
< Zb;l;+2 <K be;irg‘ < Zpy3 < ...
< an,1 < << an,1 < Z’I’L
1 |B”*1\

<zpn <o < ZbInB"I <1}, (F.22)

i.e. the lower integration boundary is now z,y2. It would be convenient to just set zp42 =0
in the integration domain, but this is not correct, because other terms of similar leading
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behavior contribute, see e.g. the previous subsection. However, following the methods of
appendix E.2 of ref. [17], we can make these other contributions subleading by requiring
that,*> for any 1 <[ < |BP+?2|:

+2 +2
Re(sllo7p+2,b€+27bg+2’m’b;ﬁg) < Re(sy,52) <0. (F.23)

Assuming that this last equation holds (or that we can analytically continue from such
kinematic points), we write the regularized initial value of our integral:

. . s(1 g1 T n,p .
lim (—=2mizy q) -F1w+2) Z7 (’Yé ,Zp+2»zp+37-~-7zn7{5ij})
2p4+2—0 )

1 1
=0t 0z (P (LBY) L (042, Bh) sy )

—|B'|-1,p—|B? +2 +2
Z;—\Bl|—1.,p—\B1| (Vgﬁ/l | oo |7(15A%MA12) )7(p+37Ap+3),--'7(n7An);Zp+37-~-7zn;{5f]' ) )

(F.24)
here the integration domain 7™ 15 1=12-1B' dependence:
where the integration domain v, as no z,+2—dependence:
”"BlH’p*'Bl‘—{z =0< zZpt2 < - < Zpr2 < Zpp3 <
B')/ 1 b:ll)-‘r b;‘n;-p+2| p+3 e
< an—l < ot < an—l < Z’I’L
1 |Bn—1|
< Zpn <'~<Zb‘an‘ <1}. (F.25)

We will now comment on the implications of the regularized-initial value eq. (F.24).
When one takes a single limit, the Z} (B, A) integrals*® have a simple behavior: they either
vanish at the leading order, depending on the compatibility of A and B by eq. (F.15) (this
happens e.g. with the third entry of eq. (3.34)). When the initial value does not vanish
at leading order and if B! is nonempty, we obtain, as a factor, a genus-0 string integral
of (|B!| + 3) punctures.*” Further, we are left with a genus-one integral with fewer total
unintegrated and integrated punctures, and with some shift of the Mandelstam variables

NN p+2, 7
%15 77 Sij L (n—|B-1p—|Bl))"

Note that if p — |B!| = 0, then the leftover Z (o |B1|-1,p—|B1|) IS nOt an integral, but
simply a genus-one Koba-Nielsen factor. This is precisely what happens with the integrals
that are the focus of the main text, see eq. (4.19).

We note that one can iterate this process in a straightforward way to compute lim
n,p,n—p

From the rules above, we note that these regularized initial values will be given, if they

do not vanish, by products of tree-level integrals, Z%® and, for the cases where B" is

nonempty, these products of tree-level integrals will multiply a genus-one integral Zl%" +1|.48

45The key idea is to write the contour that we want, with z,.2 = 0 as the lower integration boundary, as

an union of contours in which the puncture 2,42 is in all possible intermediate points between z1 and zp43.
p+2

The leading behavior of each of the new contours that we obtain this way is (—2mizp42)

To make these other contours subleading with respect to the contour we want, the condition stated follows.
46We hope the notation here is intuitive: A describes the integrand and B describes the integration contour.
47If B! is empty, this factor is 1. See e.g. eq. (F.4).

48We saw an example of such genus-one integral earlier in this appendix, in eq. (F.4).
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Finally, we remark that in order to iterate this limiting procedure, we require the
Mandelstam variables to satisfy, for 2 < k <n—pand 1 <[ < BPtk.

+k +k
Re <Sf,p+k7b’f+2,b§+2,...Jyf”) < Re (sf,erk) <0. (F.26)
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