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Within the ultrarelativistic quantum molecular dynamics (UrQMD) model, by reversely tracing nucleons 
that are finally emitted at mid-rapidity (|y0| < 0.1) in the entire reaction process, the time evolution 
of elliptic flow (v2) of these traced nucleons is studied in Au+Au collisions at beam energy of 0.4 
GeV/nucleon with different impact parameters. The initial value of v2 is positive and increases with 
impact parameter, it then decreases as time passes and tends to saturate at a negative value. It is found 
that nucleon-nucleon collisions always suppress the value of v2 (enhance the out-of-plane emission), 
while the nuclear mean field potential effect is more complex, which depends on both impact parameter 
and reaction time. The most relevant density probed by v2 of nucleons at mid-rapidity is found to be ∼
60% of the maximum density reached during the collisions.

© 2023 Huzhou University. Published by Elsevier B.V. This is an open access article under the CC BY 
license (http://creativecommons .org /licenses /by /4 .0/). Funded by SCOAP3.
1. Introduction

Collective flow which characterizes the collective motion of the 
produced particles in heavy-ion collisions (HICs) is of great impor-
tance for studying the underlying physics [1–9]. It provides indirect 
access to the properties of the hot and dense matter created in 
HICs, and therefore has been extensively studied both theoretically 
and experimentally over a broad energy range. At intermediate en-
ergies (with beam energy of several hundreds MeV per nucleon), 
experimental data of collective flow are often compared with the-
oretical calculations performed with transport models in order to 
infer physical information. These include the nuclear equation of 
state (EOS), the in-medium nucleon-nucleon (NN) cross section, 
the nucleon effective mass, and the nuclear symmetry energy; see 
e.g., Refs. [10–22].

The directed flow (v1, also called in-plane flow) and the elliptic 
flow (v2, also called out-of-plane flow) are two lower-order com-
ponents widely studied in HIC at intermediate energies [1,12,16]. 
The former characterizes the particle collective motion in the re-
action plane (the plane spanned by the impact parameter vector 
x and the beam direction z). The latter describes the particle col-
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lective motion in the direction perpendicular to the reaction plane. 
Elliptic flow is one of the most important observables in HICs not 
only at intermediate energies but also at relativistic energies. Ellip-
tic flow at intermediate energies has attracted considerable atten-
tion because it exhibits good sensitivity to the not well constrained 
nuclear equation of state [3,23–26]. It is found experimentally that 
v2 depends on beam energy, impact parameter, particle species, 
and colliding nuclei [12,27,28]. From theoretical point of view, v2
is highly sensitive to the nuclear mean field potential and nucleon-
nucleon (NN) collisions [29–35]. However, a quantitative attribu-
tion of these effects to v2 is still unclear.

In the present work, within the ultrarelativistic quantum molec-
ular dynamics (UrQMD) model, the evolution of v2 of free nu-
cleons at mid-rapidity in the final state is traced over the entire 
reaction history. The contributions of each issue to v2 are disentan-
gled by recording the change of momenta. The paper is organized 
as follows. In Sec. 2, the method to calculate the individual contri-
butions from the nuclear mean field potential and NN collisions to 
v2 is presented. Results and discussions are presented in Sec. 3. A 
summary is given in Sec. 4.

2. Methodology

The elliptic flow parameter v2 is the second-order coefficient 
in the Fourier expansion of the azimuthal distribution of emit-
article under the CC BY license (http://creativecommons .org /licenses /by /4 .0/). 
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ted particles, v2 = 〈V 2〉 =
〈

p2
x−p2

y

p2
t

〉
. Here, px and p y are the two 

components of the transverse momentum, pt =
√

p2
x + p2

y , and the 
angular bracket denotes an average over all considered particles of 
all events. (Throughout this letter, uppercase V 2 represents p2

x−p2
y

p2
t

of a nucleon). For a certain particle species, v2 depends both on 
the rapidity yz and the transverse momentum pt . Usually, the 
scaled unit y0 ≡ yz/y1cm (the subscript 1cm denotes the incident 
projectile in the center-of-mass system) is used instead of yz [12]. 
In HICs with mass-symmetric projectile-target combination, the v2
is an even function of y0. v2 of nucleons at mid-rapidity (y0 ∼
0) is of great importance because these nucleons are expected to 
emerge from the most compressed region, carrying information of 
the hot and dense matter that is formed in HICs. We therefore fo-
cus on the v2 of free nucleons at mid-rapidity (|y0| < 0.1) in this 
study.

To study HICs at intermediate energies, the following density-
and momentum-dependent potential is frequently used in QMD-
like models [34–37],

U = α · ( ρ

ρ0
) + β · ( ρ

ρ0
)γ + tmd ln2[1 + amd(pi − p j)

2] ρ

ρ0
. (1)

In this work, α = −398 MeV, β = 334 MeV, γ = 1.14, tmd = 1.57
MeV, and amd = 500 c2/GeV2 are adopted in UrQMD model, which 
yields a soft and momentum-dependent EOS with the incompress-
ibility K0 = 200 MeV. The symmetry potential derived from the 
SV-sym34 interaction is chosen which yields the nuclear sym-
metry energy with slope parameter of 81.2 MeV. The FU3FP4 
parametrization [32] for the in-medium NN cross section and 
an isospin-dependent minimum spanning tree (isoMST) method 
[38] for cluster recognition are used. It is found, with appropriate 
choices of the above parameters, that the recent published experi-
mental data at intermediate energies can be reproduced fairly well 
with the UrQMD model [17,18,35].

In the framework of the UrQMD model [39,40], the momentum 
of each nucleon can be changed either by the force caused by the 
nuclear mean field potential or by nucleon-nucleon (NN) scatter-
ing. As a many-body microscopic transport model, UrQMD allows 
recording of momentum changes of each nucleon in the mean field 
propagation and NN scatterings. The variation of v2 caused by a 
collision can be calculated as

�vcoll
2 (t) =

〈
V aft.coll

2 (t) − V bef.coll
2 (t)

〉
. (2)

The average is taken over all the traced nucleons within the time 
step �t which is set to 1 fm/c in this work. The variation of v2 due 
to the mean field potential can be calculated using the momenta 
of nucleons after and before mean field propagation,

�vmf
2 (t) =

〈
V aft.mf

2 (t + �t) − V bef.mf
2 (t)

〉
. (3)

Together, the variation of v2 can be obtained as follows

�v2(t) = �vmf
2 (t) + �vcoll

2 (t). (4)

3. Results and discussions

It is our goal to quantify the effects of initial geometry, mean 
field potential, and collision term to v2 in HICs at intermediate en-
ergies. Note that in Ref. [30] the contributions of the nuclear mean 
field potential and NN collisions to v2 in HICs at intermediate 
energies with a fixed impact parameter b = 6 fm were analyzed, 
and found that v2 is more affected by potential effects. It is well 
known that v2 depends heavily on impact parameter, thus a de-
tailed study of the origin of the elliptic flow and its dependence 
2

on the impact parameter is needed to accurately characterize these 
contributions.

In the present work, Au+Au collisions at E lab = 0.4 GeV/nu-
cleon with impact parameters b = 2, 4, 6, 8, and 10 fm are sim-
ulated. Momenta of free protons and neutrons finally emitted at 
mid-rapidity (|y0| < 0.1) are traced during the entire evolution of 
the collision and the v2 development is investigated. The average 
number of traced free nucleons are 27.5, 21.2, 14.7, 8.9, and 4.2 for 
b = 2, 4, 6, 8, and 10 fm, respectively. More than 50 000 events 
for each impact parameter are calculated such that the statistical 
errors are negligible on the scale of the plots.

Fig. 1 displays the locations and momentum directions of the 
traced nucleons in the reaction plane at t = 0, 10, 16, 20, 30, 40 
fm/c. One sees that px of the most traced nucleons are along the 
direction to the coordinate origin, because these nucleons have 
higher probability to experience a collision. Collisions are the main 
reason making the initial nucleons (with large |pz | and y0 ≈ ±1) 
emerge in the mid-rapidity (with almost zero pz and y0 ≈0) re-
gion at the final state. In addition, it can be seen that although 
most of the traced nucleons are located in the central region where 
density is higher than the normal density, there are still a few of 
the traced nucleons located away from the central region; see e.g., 
Fig. 1(c). This implies that densities probed by v2 of nucleons at 
mid-rapidity should be smaller than densities in the central region.

Fig. 2 shows the time evolution of v2 of the traced nucleons 
emerging at mid-rapidity in the final state. At the initial time, 
v2(t=0 fm/c) is non-zero, indicating that those nucleons are not 
randomly “selected” out of the uniform distribution in the initial 
state. This is especially so for large b where v2(t=0 fm/c) is pos-
itive because nucleons with larger |px| and smaller |p y | tend to 
have higher probability to experience NN scattering and finally 
emerge at midrapidity. This effect becomes more important with 
increasing impact parameter. v2 decreases as time passes and ap-
proaches to zero at about t = 10 fm/c. This is mainly caused by the 
nuclear mean field potential, as collisions are rare before this time, 
which will be more clearly seen in Fig. 3. v2 further decreases 
to negative value and tends to saturate as the reaction proceeds. 
In the case of b = 10 fm, the magnitude of v2 first decreases 
to a minimum value at about t = 25 fm/c and then it slightly 
increases to the saturation value. It is mainly caused by the attrac-
tion from target- and projectile-like fragments in very peripheral 
collisions. At the final state, v2 is negative because of the blocking 
by spectators–nucleons emitted in the reaction plane direction en-
counter spectators and are redirected, leading to the squeeze-out 
pattern. We note that in Refs. [24,41–48], the time evolution of v2
was analyzed for particles emitted in the vicinity of a given time 
or up to a particular time, different from the present study.

The contributions of the mean field potential �vmf
2 (t) and NN 

collisions �vcoll
2 (t) to v2 of the traced nucleons are illustrated 

in Fig. 3. Note that v2 in Au+Au collisions with impact parame-
ter b = 2 fm is too small to get distinct values of �vmf

2 (t) and 
�vcoll

2 (t), thus the result for b = 2 fm is not presented in the figure. 
At the initial time, �vcoll

2 (t) is zero because it takes approximately 
5 fm/c for target and projectile nucleons to encounter each other. 
The value of �vcoll

2 (t) is always negative which indicates NN col-
lision enhances the signal of out-of-plane elliptic flow (decreases 
the value of v2). This is due to the effects of Pauli blocking by the 
spectator nucleons, because the outgoing nucleons along the re-
action plane will be blocked. The value of �vmf

2 (t) can be either 
negative or positive, depending on the impact parameter and time. 
At the initial time, �vmf

2 (t) is positive (negative) for small (large) 
b because of the negative (positive) v2, which can be understood 
from the fact that the mean field potential tends to attract nu-
cleons until the target and projectile encounter with each other. 
As the collision process gives rise to a region of high density, the 
mean field potential becomes repulsive and tends to enhance the 
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Fig. 1. Particle scatter plot in the reaction plane for Au + Au collisions with impact parameter b = 8 fm and beam energy E lab = 0.4 GeV/nucleon. Solid dots with arrows 
represent the traced nucleons, while circles denote other nucleons. The arrows denote the direction of the momentum vector (px, pz). Results from 15 random events are 
displayed.
Fig. 2. Time evolution of v2 of the traced nucleons finally emitted at mid-rapidity 
(|y0| < 0.1) with different impact parameters.

out-of-plane emission (decrease the value of v2), hence one sees 
negative �vmf

2 (t). In large impact parameter cases of b = 8 and 10 
fm, �vmf

2 (t) can become positive during the expansion stage be-
cause of the attraction from target- and projectile-like fragments. 
The saturation time tsat, which is defined when the absolute value 
of �v2(t)/dt is smaller than 0.0001 c/fm, increases from 26 fm/c to 
45 fm/c when the impact parameter increases from 4 fm to 10 fm. 
This late saturation time is caused by the presence of spectators in 
peripheral collisions.

If one compares �vmf
2 (t) with �vcoll

2 (t), it is found that, the 
mean field potential plays a dominant role in v2 evolution until 
t ≈ 8 fm/c for b = 4 fm and ≈20 fm/c for b = 10 fm. Then the col-
3

lision effects become dominant and their contributions gradually 
weaken and eventually disappear as NN scatterings cease. For very 
peripheral collisions, the mean field potential may dominate the 
evolution of v2 again at later times due to the attraction caused 
by target- and projectile-like fragments.

The time evolution of NN collision rate is important to under-
stand their effect in the evolution of v2. The number of collisions 
per event and the number of collisions per nucleon experienced 
by the traced nucleons are plotted as a function of time in Fig. 4
(a) and (b), respectively. It can be seen that, when b is varied 
from 2 fm to 10 fm, the average collision number per event de-
creases dramatically, while the average collision number per traced 
nucleon decreases only weakly. It is the reason why �vcoll

2 (t) in 
Fig. 3 changes weakly (compared to �vmf

2 (t)) with impact param-
eter. During the whole reaction, the average number of collisions 
experienced by the traced nucleons (ncoll) varies from 2.8 to 2.0 
when b increases from 2 to 10 fm. The inverse of ncoll is propor-
tional to the Knudsen number (Kn), which can be used to quantify 
the degree of perfection of fluid [49,50]. Ideal hydrodynamics is the 
limit Kn → 0, that corresponds to infinite scattering rates, this is 
the perfect-fluid limit. Whereas the limit Kn → +∞ corresponds 
to free streaming particles. The Knudsen number has been dis-
cussed in the studies of ultrarelativistic heavy ion collisions, e.g., 
at RHIC and LHC energies, where hydrodynamical models are usu-
ally applied. In the present studied energy, the system is away 
from the hydrodynamic limit, although the obtained Kn is similar 
to that estimated at the center-of-mass energy 

√
sN N = 200 GeV 

[49,51]. Note that ncoll has a different meaning in our work and 
in Refs. [49,51]. ncoll studied in the present work corresponds to 
the typical number of collisions that an initial nucleon experienced 
in order to emerge in the mid-rapidity at the final state. While 
the inverse Knudsen number discussed at RHIC and LHC energies 
denotes the average collision number experienced by a particle 
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Fig. 3. The time evolution of �vmf
2 (t), �vcoll

2 (t), and their sum �v2. Lines are 
smooth curves drawn through the calculated points. The saturated time tsat for each 
impact parameter is indicated by italic text along the vertical dashed line.

before freezing out. Further studies of Knudsen number and its re-
lation to v2 in HICs from intermediate to relativistic energies are 
certainly required to get a whole physical picture. In addition, it is 
found that there are still a few collisions even after tsat, especially 
for less peripheral collisions, i.e., b = 4 fm. These particles emerg-
ing from late collisions are less blocked by the spectator nucleons 
(i.e., isotropic scattering is dominant), and their contributions to v2
are negligible.

The role of the surrounding nucleons in the evolution of ellip-
tic flow is also very important, although we focus on the nucleons 
that emitted at mid-rapidity throughout the paper. At the present 
studied energy, the surrounding nucleons block the escape of nu-
cleons along trajectories in the reaction plane and squeeze nucle-
ons out the compressed region in directions perpendicular to the 
reaction plane. These two effects are naturally comprised in the 
mean-field propagation and nucleon-nucleon scattering of trans-
port model.

It is known that HICs are non-equilibrium and dynamical pro-
cesses, and the density of the created environment changes with 
reaction time. It is therefore of interest to know which densi-
4

Fig. 4. Upper panel: The time evolution of the number of collisions per event expe-
rienced by the traced nucleons. Lower panel: The same as the upper panel but for 
the number of collisions per event per nucleon.

ties are probed by or mostly related to v2 of nucleons at mid-
rapidity. This is an important question especially for investigating 
the density-dependent nuclear symmetry energy with elliptic flow 
ratio. To that end, the average density at the central region (ρc) of 
Au+Au collisions and the density experienced by the traced nucle-
ons (ρt ) are plotted in Fig. 5. At the initial time, ρc is smaller than 
ρt because there are no nucleons located at the coordinate origin 
at t = 0 fm/c. Further, it can be seen that not only the peak value 
of ρt is smaller than that of ρc , but also the duration of high den-
sity conditions in ρt is shorter than that in ρc . In addition, one 
finds that the standard deviation of ρt is much larger than that 
of ρc , because the traced nucleons may come from a variety of 
spatial regions with different densities, which can be easily under-
stood from Fig. 1. To quantify densities that are mostly related to 
v2 of nucleons at mid-rapidity, the �v2 weighted average density 
is calculated as follows,

〈ρ〉v2
=

∫ tsat
0 |�v2(t)|ρt(t)dt∫ tsat

0 |�v2(t)|dt
. (5)

The obtained 〈ρ〉v2
are 0.206 and 0.145 fm−3 (1.3ρ0 and 0.9ρ0) 

for b = 4 and 10 fm, respectively. These values are close to that 
obtained in Ref. [29], where the force (due to the nuclear mean 
field potential) weighted density is obtained to be 0.187±0.07 
fm−3 for the same system and beam energy but with b = 3 fm 
and |y0| < 0.8. Moreover, in Ref. [14], by thoroughly analyzing 
the elliptic flow difference resulting from switching the density-
dependent nuclear symmetry energy at certain density regions, 
the maximum sensitivity of the neutron-proton elliptic flow ra-
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Fig. 5. The time evolution of the average density at the central region (ρc , dashed 
line) and density experienced by the traced nucleons (ρt , solid line). The curves and 
shaded bands denote the mean and the standard deviation, respectively.

tio lies in the (1.4∼1.5)ρ0 region, this value is close to our result 
even though a different method and transport model are applied. 
In Ref. [52], the densities weighted by the pion production rate 
and the force acting on � resonance are obtained to be 0.272 and 
0.224 fm−3 (1.7ρ0 and 1.4ρ0) for the same system and beam en-
ergy but for more central collisions, respectively. Taken together, 
these calculations indicate that the most relevant density probed 
by v2 of nucleons at mid-rapidity in Au+Au collisions at E lab = 0.4
GeV/nucleon is around (0.9∼1.3)ρ0 (dependent of the impact pa-
rameter), and is only about 60% of the maximum density created 
during the reaction and is smaller than that probed by the pion 
observable.

4. Summary

To summarize, by reversely tracing nucleons finally emitted at 
mid-rapidity (|y0| < 0.1) in the entire reaction process, the con-
tributions of the nuclear mean field potential and NN collisions to 
the elliptic flow evolution in Au+Au collisions at beam energy of 
0.4 GeV/nucleon with different impact parameters are studied. At 
the initial time, v2 of the traced nucleons are positive and increase 
with increasing b, because the initial nucleons with positive v2
have high probability appeared at mid-rapidity. The value of v2 de-
creases as time passes and approaches zero at about t = 10 fm/c, 
mainly caused by the nuclear mean field potential. As the reac-
tion proceeds, the contributions of the NN collisions to v2 become 
more important, and v2 further decreases to negative values and 
then tends to saturate. It is found that NN collisions always sup-
press the value of v2, while the mean field potential may slightly 
raise the value of v2 during the expansion stage in peripheral re-
actions. The most relevant density probed by v2 of nucleons at 
mid-rapidity lies in (0.9∼1.3)ρ0 and dependent of the impact pa-
rameter. Their values are found to be ∼ 60% of the maximum 
density reached during the collisions.
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