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We study a cyclic Leibniz rule, which provides a systematic approach to lattice supersymmetry,
using a numerical method with a transfer matrix. The computation is carried out in AV = 2
supersymmetric quantum mechanics with the ¢° interaction for weak and strong couplings. The
computed energy spectra and supersymmetric Ward—Takahashi identities are compared to those
obtained from another lattice action. We find that a model with the cyclic Leibniz rule behaves
similarly to the continuum theory compared to the other lattice action.

Subject Index B15, B16, B38

1. Introduction

The difficulty in lattice supersymmetry (SUSY) originates from the lack of the Leibniz rule [1]. Since
any local lattice difference operator does not obey the Leibniz rule [2,3], it is difficult to realize the
full SUSY within a local lattice theory [1,4—6]. Several approaches in which part of SUSY is kept
on the lattice and the full symmetry is restored at the continuum limit have been proposed so far
[7-20]. Those are, however, the same in a sense that, without getting into details about the algebraic
structure of a lattice Leibniz rule, nilpotent SUSY is realized on the lattice in various ways. The deep
understanding of the lattice Leibniz rule could help us to define a lattice model naturally keeping as
many symmetries as possible and to study higher-dimensional SUSY theories without fine tunings,
or with fewer fine tunings.

In Ref. [21], another type of lattice Leibniz rule was proposed in V' = 2 SUSY quantum mechanics
(QM) [22,23], which keeps some symmetries exactly. The indices of the new rule appear cyclically!
and we refer to it as a cyclic Leibniz rule (CLR) in this paper, as did the authors of Ref. [21]. The CLR
has many solutions and the general solution for a symmetric difference operator has been studied in
Ref. [24]. N = 4 SUSY QM and the N/ = 2 SYK model are also defined on the lattice such that the
half SUSY is exactly kept [25,26]. For those models, the exact invariance of half symmetry naturally
leads to the CLR although there is another lattice formulation with an exact symmetry in N' = 2
SUSY QM [8]. Furthermore, a kind of non-renormalization theorem holds for the CLR action of the

! The difference between the standard Leibniz rule and the cyclic Leibniz rule is shown in Sect. 3.1. See
Egs. (32) and (33) for the expressions as a product rule.
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N = 4 case such that any finite correction to the F-term is prohibited [25]. So we can say that the
CLR keeps various natural properties of SUSY at a perturbative level; however, its non-perturbative
property, which will be important to extend the CLR formulations to higher dimensions, is still
unknown.

In this paper, we propose a lattice action with the CLR for a backward difference operator and
study its non-perturbative property using numerical computations. We present a solution of the CLR
for any interaction term. Numerical computations are carried out for the ¢° interaction for which
SUSY is unbroken. We do not employ the standard Monte Carlo method used in previous studies of
SUSY QM [8,17,27-29] but a direct computational method on the basis of a transfer matrix [30,31];
see also Refs. [32-36] for related numerical methods. The obtained energy spectra show that the
cut-off dependence of the CLR action is smaller than another lattice action defined by Catterall and
Gregory (CG) in Ref. [8]. The numerical results of the SUSY Ward—Takahashi identities (WTIs) also
tell us that the full symmetry is restored more rapidly than the CG action for the weak and strong
couplings.

This paper is organized as follows. In Sect. 2, we introduce the continuum and the lattice theories
of N/ = 2 SUSY QM. The continuum theory is given in the Euclidean path integral formulation in
Sect. 2.1 and the lattice theory is introduced in Sect. 2.2. The CG lattice action is then presented in
Sect. 2.3. We formulate the CLR for the backward difference operator showing a solution for any
superpotential and mention a relation between the CLR and the standard Leibniz rule in Sect. 3.
Section 4 presents the numerical results. In Sect. 4.1, we briefly explain the computational method
with the transfer matrix [30]. Then, using computational parameters given in Sect. 4.2, we show the
numerical results of energy spectra in Sect. 4.3 and those of SUSY WTIs in Sect. 4.4. We summarize
in Sect. 5. Appendix A is devoted to further study of the CLR and Appendix B shows the results of
weak coupling expansion of several lattice actions.

2. SUSY QM and the lattice theory

N = 2 supersymmetric quantum mechanics is defined in the Euclidean path integral formulation
according to Refs. [22,23,37]. We then present a naive lattice approach to SUSY QM and introduce
a known improved lattice action [8].

2.1. N =2SUSYQOM
With a Euclidean time ¢, the action of N/ = 2 SUSY QM is given by

B 1 1 _ -
S:/ dt |5 @0)” + W2 @) + Vo + I @)v ], (1)
0

where ¢ (7) is a real bosonic variable and v/ (¢), /() are one-component fermionic variables. These
variables satisfy the periodic boundary condition such as ¢ (8) = ¢(0). The superpotential W (¢) is
any function of ¢, which determines the physical behavior of this model. The partition function is
defined as

Zp = / DDy Dy 5, (2)
which is the path integral form of the Witten index.
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The classical action is invariant under two SUSY transformations,

Sp =€y — Y
Sy = €0 — W) (3)
Sy = —e@p+ W),

where € and € are global Grassmann parameters. The Leibniz rule is needed to show that the action
(1) is invariant under these transformations.
The Witten index A is defined by the quantum Hamiltonian H as

A = Tr(—)F P 4)
with

Aol 1, L Y
=2+ 5@ + 5w @ [ 07,9 (5)
2 2 2
where ¢ and p are the position and momentum operators and ¥t and v are the creation and annihi-
lation operators, which satisfy [p,§] = —i and {yr, ¥} = 1. Here £/ = /T is the fermion number
operator. The trace is a summation over all possible normalized states of the system.
We can also write

A = Tr(e Py — Tr(e P+, (6)

where Hy = %ﬁ2 + %W2 (g) + %W’ (g) are the Hamiltonians of bosonic (—) and fermionic (+)
sectors, respectively. The Witten index does not depend on 8 because all non-zero eigenmodes form
pairs between I:[Jr and A_ and only B-independent zero modes contribute to A. It is well known that
A is zero (non-zero) when SUSY is broken (unbroken) in this model. We study a SUSY unbroken
case with A = 1, given by W (¢) ~ A¢> for |¢| — oo, in this paper.

2.2. Lattice theory

The lattice theory is defined on a lattice whose coordinate is given by ¢ = na (n € Z) where a is
the lattice spacing. Lattice bosonic and fermionic variables, which live on the sites, are expressed as
¢n and v, respectively. The lattice size N is a positive integer and 8 = Na. It is assumed that all
variables satisfy the periodic boundary condition

d’n-i—N = ¢, wn-l—N = VY, KZ’VH—N = IZ’n- (7)

The partition function with a lattice action S is given by the same form as Eq. (2) with well-defined
measures:

fofif 2
n=1v"%

[ pivy= | [Tdinivn ©)
n=1

Here each Grassmann measure is an anti-commuting derivative as dv,, = 9/3v, and d,, = 3/3V,.
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The difference operator V acts on a lattice variable ¢, as Vg, = > Vium@m and its transpose

mez
is (V1),m = V. Throughout this paper, V. and V_ denote a simple forward and a backward

difference operator, respectively:

Vign = w, (10)

a
V_gy = $n — Pn-1 (11)

a

Note that (V) = —V_.
We now consider a naive lattice action,
L 1 2 1 2 N N /
Snaive =@ ) {5 (V=tn)® + S W2 @) + U V-th + VuW @)U | (12)
n

which is obtained by replacing ¢ (¢), ¥ (¢), ¥ (1), and 9, of Eq. (1) by the corresponding lattice
variables ¢,, ¥, 1}”, and V_ and replacing the integral by a summation over the lattice site. The
summation in Eq. (12) is taken from 1 to N; hereafter the summation with a lattice site # means
ZnNzl as well. This action is not invariant under a naive lattice SUSY transformation defined by the
same replacement of the variables for Eq. (3).

SUSY, which is broken at O(a) in Eq. (12), is classically restored in the continuum limit a — 0;
however, such a restoration does not occur at the quantum level. As seen in later sections, modifying
O(a) interactions of the lattice action, we can keep only one of the two SUSY transformations
parametrized by € and € at a finite lattice spacing, and the full symmetry is restored in the quantum

continuum limit for such a lattice model.

2.3.  Catterall-Gregory lattice model

An improved lattice action, which keeps some symmetries, is proposed by Catterall and Gregory [8]:

ScG = Snaive + @ Y, V-¢u W (n), (13)

where V_ is the backward difference operator defined in Eq. (11). Note that the added term is a kind
of surface term that vanishes in the naive continuum limit.

We can show that, in the free limit given by W (¢) = mae, Scg is invariant under the lattice SUSY
transformations:

8¢n - ellln - El/_/n
8Yn = E(Viby — W (dn)) (14)
8Un = —€(V_bu + W (¢n)).

For interacting cases, it is not invariant under the whole transformations (14) but invariant under part
of SUSY, 8, = §|z=0:

8eScg = 0. (15)
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This is because the extra term on the right-hand side in Eq. (13) provides —§¢Spaive for any finite
lattice spacing. The remaining € symmetry in Eq. (14) is restored in the quantum continuum limit as
shown in Refs. [8,17,27,30] and also in Sect. 4.4 of this paper.

3. Cyclic Leibniz rule for the backward difference operator

We propose an alternative lattice action with the cyclic Leibniz rule (CLR) for the backward difference
operator and show a solution of the CLR for any superpotential. It is straightforward to extend the
results to the case of the forward difference operator.

3.1. Lattice action with the CLR

The CLR for the symmetric difference operator is proposed in Ref. [21]. As an straightforward
extension of Ref. [21], we introduce a lattice action with the CLR for the backward operator:

1 1 - -
SCLR = az {E(V—¢n)2 + E(Wn)z + an—wn + Z 1//nVVr;ml/fm}a (16)
n m
where W, is a local function of the boson variables? and W/, = gzz We now assume that W,
satisfies the CLR:
D AW m + VW) = 0. (17)

n

As explained in the next section, a desirable local solution of Eq. (17) is

_ U@ —Un-1)
¢n - ¢n—1

where U(¢) = [ ¢ d¢’ W(¢'). The lattice action (16) classically reproduces the continuum one (1)
as a — 0since W,, = W(¢,) + O(a).
The importance of CLR is understood by considering a half lattice SUSY transformation:
Scpn = €Yy
8e¥n =0 (19)
Sen = —€(V_gpy + Wy).

W, , (18)

The lattice action (16) with any solution of Eq. (17) is invariant under Eq. (19) because

SeScLr = €a Yy Xpm =0, (20)
m

where

X ==Y AWV um + WV}, 1)

n

which vanishes as long as W), satisfies the CLR (17).

2 Note that W, # W(¢,) in general because W, may contain ¢,, with m # n as long as the correlation
rapidly vanishes for |m — n| — oco. See Eq. (A.5) of Appendix A.2 for the strict definition of the locality
condition.
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The other half transformation of A/ = 2 is broken on the lattice in general, which is restored at
the continuum limit as seen in Sect. 4.4. However, in the free theory, it still remains as an exact
symmetry because the free lattice action with the solution (18) is invariant under

5E¢n = _Elﬁn
851,0;1 = E(v+¢n - Wn-H) (22)
851ﬁn =0.

Note that W, is used in 8z, instead of W,,. We can actually show that

deScLR = € aZan/_/n + az Ynm(Wnlﬁm - mevf¢n) + aZanklpn‘Lkllfm > (23)

nmk
where
Yom = ;;m—l - W;;m
_ 82 W, (24)
" Ok

Although we have X, = 0 from the CLR, Y, and Z,,,;x do not vanish for a generic superpotential.
However, for the free theory with the solution (18),

m
Wn = 5(‘]511 + ¢n—1)a (25)

it is easy to show that Y,,,,, Z,,.x, and Eq. (23) vanish.

3.2. A solution of CLR for the backward difference operator

We show that Eq. (18) is a local and well-defined solution of Eq. (17) for a generic superpotential.
Once the solution is given, the lattice CLR action retains an exact SUSY as seen in the previous
section.

Let us first consider the free theory. For the backward operator (aV_),;, = 8um — 8n—1,m, We take
an ansatz solution within the nearest-neighbor interactions, W,, = do¢, + d1¢pn—1 + daput1, do +
di +dy = 1, d; € C. It is then found that dy = di = 1/2, d» = 0 is a solution of Eq. (17),
for which Eq. (25) is obtained. However, this straightforward technique is awkward for a generic
superpotential.

Another representation of Eq. (17) makes it easy to find a solution. Rescaling ¢, of Eq. (17) as
u¢y, with a parameter u € [0, 1] and using the chain rule for d,,, we obtain

ad
5 2 NV Walgup} = 0. (26)

Integrating Eq. (26) from # = 0 to u = 1, we find a condition that means a vanishing surface term:

> (Vo)W =0. 27)

This condition is equivalent to Eq. (17) because Eq. (17) can also be derived from Eq. (27)
differentiating Eq. (27) with respect to ¢y,.
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The relation (27) is easily solved by a local function (18). All we have to do is check whether or not
W, given by Eq. (18) is a well-defined function that coincides with W (¢,) as a — 0. By integrating
0, U (¢, — uaV_¢,) fromu = 0tou = 1, we have

1
U(pn) = U(@n-1) = (n — ¢n1)/0 du W (¢n — auNV_gy). (28)

The division in Eq. (18) is well defined because the integral on the right-hand side is well defined
for any configuration of ¢,,. Since the integral is W (¢,,) up to O(a), we can immediately show that
Wn = W(dn) + O(a).

3.3.  CLR versus Leibniz rule

The difference between the CLR and the standard Leibniz rule (LR) is discussed here. In the
continuum theory, LR for 9, is 9, W (¢) = W'(¢)9,¢. So a naive lattice LR is introduced as

LR Y (VW = Wy, V) = 0, (29)
m

for W, that is a local function of bosonic variables. Here we again use W,,, = dW,/d¢,,. We find
that the CLR is different from the LR in general since

CLR : > =V Wu— W, Vm} = 0. (30)
m

Note that /7’ in the second term is transposed.

The CLR coincides with the LR if W/ = W/ for VI = —V (symmetric difference operators),
which corresponds to the case in which the lattice action is invariant under both SUSY transformations
[21]. However, the no-go theorem [2] tells us that the LR does not hold for any difference operator
and any interacting cases with keeping the locality principle. It is therefore difficult to realize the full
SUSY transformation exactly on the lattice. The CLR cannot be realized with a non-trivial solution
in this case.

A similar argument holds for the backward difference operator V_. Suppose that ¥}, is a solution
of the CLR and 8:S = 0. Using W,,, = W,Lm_l from Y,,, = 0, we can show that the CLR coincides
with the LR for V. since VI = —Vand Y., W, (V-®)m = > W,,,(V+¢)m. The no-go theorem
again tells us that one cannot find a solution of the CLR, for which the lattice action (16) is invariant
under both §, and J¢.

The lattice rules (29) and (30) can also be expressed as a product rule of lattice variables. As an
example, let us consider a lattice superpotential,

Wr?.g. = ZMnmk¢m¢ka (31)

m,k

as a discretization of W& (¢ (x)) = ¢2(x). Then the (two-body) LR can be expressed as

Z {VnaMbnc - vbn]\/[nca + vnczwban} = Oa (32)

n

while the (two-body) CLR is

Z {VnaMnbc + anMnca + Vncjunab} =0. (33)

n
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The name of the cyclic Leibniz rule comes from the cyclicity of the indices a, b, c. In Appendix A,
an explicit solution for the m-body CLR is also given.

4. Numerical results

Numerical computation is carried out for the CLR action (16) with the periodic boundary condition
for the superpotential,

W(p) = mp + Am>¢>, (34)

where X is the dimensionless coupling constant and m is the mass. Supersymmetry is kept unbroken
since the Witten index is non-zero for this potential. The energy spectra and the SUSY Ward—
Takahashi identities are evaluated at two coupling constants A = 0.001 (weak) and A = 1 (strong).
We compare the results with those obtained from the CG action (13) to understand the dependence
of the results on the lattice spacing.

4.1.  Numerical methods

We begin with giving the CLR lattice action used in the actual computations:

1

Seir = a3 {5760 + 500+ 90V + 20 Vs (35)

where

ma (m a) A
- 7(¢n +¢n71) + (d’ +¢ ¢n 1 +¢n¢n 1 +¢n 1), (36)
W};m = A(¢n, ¢n—1)6n,m +A(¢n—1,¢n) 8}’!—1,}'}17 (37)
with
2

A(aﬂ)—7+(’"a”(32+z B+ 8. (38)

As shown in Sect. 3.1, the action (35) is invariant under a single SUSY transformation (19) thanks
to the CLR (17).

It it straightforward to show that, integrating out the fermionic variables, the partition function (2)
with Eq. (35) is given as

N
Zp = / D¢ [H(l + A(¢n, $n-1))eF O — (§, & §y1,4 — —A)}, (39)

n=1

where

2
(o ) PO 3+ 2B + af? +ﬂ)> (40)

1
L, p) = —(a - B+ (ma(a + ) +
because Sp = ZnN:1 L(¢pn, pn—1). Note that A(a, B) and L(a, B) are infinite-dimensional matrices
since o, B € R.
The partition function and the correlation functions are expressed in terms of transfer matrices.
In order to define finite-dimensional matrices, each path integral of Eq. (39) is discretized by a
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quadrature. The Gauss—Hermite quadrature formula is given by an approximation of the integral of
a function f'(x):

f def (x) ~ Y gr(0f (v), (41)

xES[(

where Sk is a set of roots of the Kth Hermite polynomial Hx and the weight gk (x) is

ZK_IK!ﬁexz

42
K2HZ | (%) (“42)

gk () =
Since K is the order of the approximation, the sum of Eq. (41) is expected to reproduce the integral
on the left-hand side as K — oco. We will check the convergence of the quadrature, which depends
on the details of the action, by observing the K dependence of the numerical results.
We can express Zp using finite-dimensional matrices 7+ as

Zp ~ tr(TY) — r(TY), (43)

where, for o, 8 € Sk,
(T-)ap = (1 + A(@, B))Rap, (44)
(T4)ap = (1 = A(B, @) Rap, (45)

Raﬁ — /gK(Olz)iK(ﬁ) e_[:(a’ﬁ), (46)

discretizing all path integral measures (8) by the Gauss—Hermite quadrature (41). A comparison with
Eq. (6) tells us that 7_ and 7. are a bosonic and fermionic transfer matrix, respectively. The trace
of Eq. (43) means

tr(X) = Z Xows (47)

a €Sk

where X, is a matrix with o, 8 € Sk.
Similarly, any correlation function is given in terms of the transfer matrices. We basically follow
Ref. [30] to derive the expressions. The two-point correlation function of the bosonic variable is

1 _ . . . .
() ~ r{TN “Ipr*~p — ¥ 7t prt ]D}, (48)

for 0 <j < k < N. Here D, defined as
Dyp = adyp, (49)

represents an operator insertion. The boson two-point function is exactly the same formula as that
of the CG action [30]. On the other hand, the fermion two-point function is slightly different:

i) ~ {RTf‘f‘lTi”f"‘}, (50)

for0<j<k<N.?

* The formula for the CG action given in Ref. [30] is properly reproduced because 7, = R in this case.
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The transfer matrices 74+ can be improved by rescaling the bosonic variables before the dis-
cretization of the measures. According to Ref. [30], applying the quadrature after rescaling ¢ as
¢ — ¢/s (s € R), we have

(T)ap = (1+4 (s, Bs™")) RS, (51)
(T)ap = (1 — 4 (Bs™ s ")) RS), (52)

RY) = [EEECE (g‘;gs’j (P) e 57, (53)

The partition function and the correlation functions are then given by the same formulas as Egs.
(43), (48), and (50) with T f ) and R instead of Ty and R. The operator insertion D is also replaced
by D = D/s while the trace is still given by Eq. (47). We can obtain computational results with
high precision by tuning the rescaling parameter s such that the Witten index Zp = 1 is realized as
accurately as possible.

4.2. Computational parameters

Table 1 shows the parameters used in our computations of the CLR action. We employ two repre-
sentative coupling constants, A = 0.001 as a weak coupling and A = 1 as a strong coupling. The
rescaling parameter s should be tuned for each parameter set such that the Witten index Zp = 1 is
reproduced as accurately as possible, as done in Ref. [30]. The matrix sizes K used for the SUSY
WTIs are smaller than those for the mass spectra to reduce the computational cost. This is because
the SUSY WTIs are evaluated by performing the direct matrix product several times while the mass
spectra are evaluated by diagonalizing 7'y once. Similarly, we use the same lattice sizes with a slightly
different s for the CG action.

We take mB = 30, which is large enough to obtain the numerical results with a negligible finite-3
effect because e #£1 < O(10713) for the first excited energy E1/m > 1. The lattice spacing is
shown as a rounded number, which is uniquely determined from the lattice size N for fixed mp as
ma = mfB/N(= 30/N). For instance, ma = 0.017964 - - - for N = 1670 is denoted as ma = 0.018
in the table but we use ma = 30/N in the actual computations without loss of digit.

Figure 1 shows the results of Zp against 8 for several s. Although Zp = 1 is analytically shown even
on the lattice [21], the numerical results depend on 8. The deviations from Zp = 1 are systematic
errors that come from the finite-K effect. We can decrease the errors tuning s for fixed K. We find
that s = 0.68 leads to [Zp — 1| < O(10~?) for K = 150 in the case of ma = 0.01 and A = 1. Each
parameter has a different value of s so that Zp = 1 is realized within 0(10~?) as shown in Table 1.

4.3. Energy spectra

The energy spectra are read from two transfer matrices 7+ associated with two Hamiltonians IA{i
as Ty ~ e %= The energy eigenvalues of the bosonic and fermionic states E5 and EX are thus
obtained from the nth eigenvalue of 7y: (7-), = e~“Exd and (T, = e~%Er . We use numerical
diagonalizations of 71 to evaluate (74),. The non-zero eigenvalues are degenerate between I§l+ and
H_ and only H_ has a zero mode for the superpotential (34). We expect that 7+ have the same
spectra even on the lattice thanks to the exact SUSY.
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Table 1. Parameters used in the numerical computations of the CLR system. The top and bottom tables are
those for a weak coupling A = 0.001 and for a strong coupling A = 1, respectively.

A =0.001
Energy spectra SUSY WTI

ma N N K ma K N K

0.020 0.47 1500 150 0.600 1.39 50 40

0.019 0.46 1580 150 0.500 1.26 60 40

0.018 0.45 1670 150 0.400 1.13 75 40
0.017 0.44 1770 150 0.300 0.97 100 40
0.016 0.42 1880 150 0.250 0.89 120 40
0.015 0.41 2000 150 0.200 0.79 150 40
0.014 0.40 2140 150 0.150 0.68 200 40
0.013 0.38 2310 150 0.100 0.56 300 40
0.012 0.37 2500 150 0.080 0.51 375 40
0.011 0.36 2730 150 0.060 0.49 500 50
0.010 0.34 3000 150 0.050 0.44 600 50
0.009 0.33 3330 150 0.040 0.44 750 60
0.008 0.33 3750 170 0.030 0.41 1000 70
0.007 0.30 4290 170 0.025 0.34 1200 70
0.006 0.27 5000 170 0.020 0.32 1500 80
0.005 0.27 6000 200 0.015 0.33 2000 100
0.004 0.24 7500 200 0.010 0.29 3000 120

A=1
Energy spectra SUSY WTI

ma s N K ma s N K

0.020 0.97 1500 150 0.600 2.93 50 40
0.019 0.95 1580 150 0.500 2.68 60 40
0.018 0.92 1670 150 0.400 2.46 75 40
0.017 0.90 1770 150 0.300 2.08 100 40
0.016 0.87 1880 150 0.250 1.89 120 40
0.015 0.84 2000 150 0.200 1.69 150 40
0.014 0.81 2140 150 0.150 1.47 200 40
0.013 0.78 2310 150 0.100 1.18 300 40
0.012 0.75 2500 150 0.080 1.06 375 40
0.011 0.72 2730 150 0.060 0.91 500 40
0.010 0.68 3000 150 0.050 0.83 600 40
0.009 0.65 3330 150 0.040 0.74 750 40
0.008 0.61 3750 150 0.030 0.64 1000 40
0.007 0.57 4290 150 0.025 0.65 1200 50
0.006 0.53 5000 150 0.020 0.57 1500 50
0.005 0.48 6000 150 0.015 0.58 2000 70
0.004 0.46 7500 170 0.010 0.47 3000 70
0.003 0.40 10000 170

0.002 0.32 15000 170

0.001 0.23 30000 200

4.3.1. Weak coupling results

Table 2 shows the 10 smallest energy eigenvalues obtained from the CLR action for A = 0.001 at
a lattice spacing ma = 0.01. The central values are those obtained for K = 150 and the errors are
estimated from the largest difference among the results with K = 140, 150, ...,200. The spectra
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1.004 ; ;
s=1 o s=0.93 s=0.68 o
s=0.97 o s=0.90
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Fig. 1. Partition function with the periodic boundary condition against 8 for the CLR action. We use several
s with fixed K = 150 for ma = 0.01,L = 1.

Table 2. Energy eigenvalues obtained from the CLR action for A = 0.001 at ma = 0.01.

n EB/m EF/m

0 0.00000000001(3)

1 1.001 498 936(1) 1.001 498 93546(2)
2 2.00598024(3) 2.005980230(1)
3 3.0134265(5) 3.01342635(3)
4 4.023822(5) 4.023 8202(4)
5 5.037 16(4) 5.037 146(5)
6 6.0535(3) 6.053 40(4)
7 7.073(1) 7.0726(2)
8 8.097(5) 8.095(1)
9 9.13(2) 9.122(5)
10 10.18(4) 10.16(1)

are very similar to those of the harmonic oscillator, £, = nm(n = 1,2,...), since A = 0.001 is
small enough. As we expected, E5 and E" coincide with each other within the errors. The same
degeneracies are observed for the other lattice spacings.

Figure 2 shows the five lowest eigenvalues against the lattice spacing ma. Since the difference
between EB and E is sufficiently smaller than the systematic errors from the finite-K effect, we
plotted only EnF as £, in the figure. As we can see, the cut-off dependence of the CLR action is milder
than that of the CG action.

Tables 3 and 4 show the fit results of the five lowest energy eigenvalues for the CLR and CG
actions, respectively. For the continuum extrapolation, we employ a quadratic polynomial:

E/m = ag + ay(ma) + a>(ma)?. (54)

Two actions reproduce the same ag, which is E;, /m at the continuum limit, within the errors. The CLR
action behaves similarly to the continuum theory in comparison with the CG action as suggested
from small values of a;.

The weak coupling expansion of the first excited energy is demonstrated in Appendix B, in which
the quantum corrections to the masses are evaluated from the correlation functions. We find that, for
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Fig.2. The five lowest energy eigenvalues against the lattice spacing ma for A = 0.001. The results of CLR

(circles) show a better convergence than the CG results (triangles). The solid lines represent the fit results
shown in Tables 3 and 4.

Table 3. Fit results of £, for the CLR action with A = 0.001.

E\/m Ey/m Es/m Eq/m Es/m
ao 1.001495 535(1) 2.005973 34(3) 3.0134165(4) 4.023 814(4) 5.0372(4)
a —0.0004999(4) —0.00101(1) —0.0017(2) —0.004(2) —0.02(2)
a 0.084 00(4) 0.1702(9) 0.27(1) 0.5(2) 2(1)

Table 4. Fit results of £, for the CG action with A = 0.001.

Ey/m Ey/m Es/m Ey/m Es/m
@ 1.0014954(2) 2.0059732(4) 3.0134161(9) 4.023806(1) 5.037 1313)
a  —0.50221(6) —1.0089(1) —1.5202(3) —2.0357(3) —2.557(1)
ow  0.33003) 0.667(7) 1.0202) 1.36(2) 1.8(1)

E| = Ef = E’lB , the one-loop result of the CLR action is

ECLR 3 1
1 _ 2 4,2
m 2 2
while that of the CG action is
ECG 3 1 9
L =14 ZA— —ma — ~mak + O((ma)?, 1?). (56)
m 2 2 4

Both one-loop results coincide with that of the continuum theory, £ /m = 1 + %A, asa — 0. The
CG action has a large discretization error due to the third term of O(ma) in Eq. (56), while the O(a)
term starts from O(Ama) in the CLR action, which is much smaller than O(ma) for A = 0.001.

Figure 3 shows the numerical results of £1 with the perturbative ones (55) and (56) for ma < 0.02.
The numerical results nicely reproduce the perturbation theory shown by the dotted lines and the
relative errors are of the order of 10~°, which is the same size as A%. Although a linear ma dependence
is seen in the CG results, the CLR results perfectly reproduce the continuum theory for this range of
ma since the third term of Eq. (55) is negligibly small for » = 0.001.
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Fig.3. Continuum limit of £} for A = 0.001. The solid lines represent the fit results and the dotted lines are

the perturbative results

Table 5. Energy eigenvalues obtained from the CLR action for A = 1 at ma = 0.01.

n EB/m EF/m

0 0.000 000 0000(2)

1 1.682687275(2)  1.682 687274 859(4)
2 4365387624(8)  4.365387623 19(6)
3 7.62211841(4) 7.622 1184119(5)
4 11.364 0034(2) 11.364 003 389(3)
5 15.5273615(7) 15.527361 44(2)
6 20.068372(3) 20.068 372 02(9)
7 24.954 588(9) 24.9545871(4)
8 30.160 73(3) 30.160725(2)
9 35.666 38(9) 35.666371(6)
10 41.4546(3) 41.45459(2)

4.3.2.
Table 5 shows the 10 smallest energy eigenvalues obtained from the CLR action for A = 1 at a fixed

Strong coupling results

ma = 0.01. The central values are again those evaluated for K = 150 and the errors are estimated
from the largest difference among the results for K = 140, 150, ...,200. The energy spectra have
large quantum corrections compared with Fig. 2 for the weak coupling A = 0.001. EZ and EF
coincide with each other within the errors as well as the case of the weak coupling.

Figure 4 shows the five lowest energy eigenvalues against ma for A = 1. We also show Fig. 5,
which focuses on £ for A = 1, for a comparison with Fig. 3. The obtained £ ,f is again plotted as £,
since EX" = EZ within the sufficiently small errors of O(10~%). The cut-off dependence of the CLR
action is milder than that of CG action as well as the weak coupling shown in Fig. 2.

Tables 6 and 7 show the fit results of £, with a quadratic function (54). The same ag, which is £/m
in the continuum limit, is obtained between the CLR and CG actions. As a visible difference between
Figs. 2 and 4 is seen, the coefficients a; and a, are systematically larger than those for the weak
coupling, which are shown in Tables 3 and 4. In the strong coupling region, we can confirm that the
O(a) dependence of E; obtained for the CLR action is still smaller than that of the CG action.
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Fig.4. The five lowest energy eigenstates against ma for A = 1. The results of CLR and CG are shown as
circles and triangles, respectively. The solid lines represent the fit results shown in Tables 6 and 7.
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Fig.5. Continuum limit of £, for A = 1.

Table 6. Fit results of £, for the CLR action with A = 1.

Ei/m Ey/m Es/m Ey/m Es/m
ay 1.686 5004(6) 4.371816(2) 7.630953(5) 11.374 845(7) 15.53978(1)
a —0.3907(3) —0.684(1) —0.985(2) —1.282(3) —1.575(4)
a, 0.94(2) 4.08(8) 10.2(2) 19.8(2) 33.3(3)

Table 7. Fit results of £, for the CG action with A = 1.
Ey/m Ey/m Es/m Ey/m Es/m

ay 1.686 500(3) 4.37181(1) 7.63095(4) 11.37483(8) 15.5398(1)
a; —1.898(1) —6.422(6) —13.30(2) —22.43(3) —33.75(6)
a, 3.05(9) 12.6(4) 31(1) 58(5) 95(5)

4.4. SUSY WT identities
The CLR action has an exact SUSY parametrized by € in Eq. (19) while the other € symmetry

is broken at finite lattice spacing for any interacting case. The correct mass spectra shown in the
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Fig. 6. (¢,¢y) and (¥, y) obtained from the CLR action for A = 1 and ma = 0.2. The x-axis denotes the
lattice site » and the y-axis shows the numerical values of the correlators on a logarithmic scale.

previous section imply that the broken € symmetry is restored in the continuum limit. Testing the
SUSY WTIs, we study the restoration of the full SUSY.

To this end, we first define the SUSY WTIs on the lattice. However, the broken € transformation
cannot be uniquely defined on the lattice because one can add any O(a) term to the transformation.
Here, forthe CLR action, we employ Eq. (22) as a lattice € transformation, which is an exact symmetry
in the free theory. Correspondingly, we use Eq. (14) for the CG action, whose € transformation is
exactly kept in the free case of Eq. (13).

We can show that

<8(¢n‘/_/N + wnd)N)) - 6Rn + ER,,, (57)

where
Ry = (YY) — (on(V_)N) — (duWN), (58)
Ry = (Yn¥n) — (on(V_d)N) — (Wnt19n), (59)

for the CLR action. For the CG action, Wy and W, of Egs. (58) and (59) are replaced by W (¢n)
and W (¢,), respectively. The second term of R, is actually found as ((Vi¢),¢n), which can be
written in the same form as the second term of R, using the translational invariance. Note that the
third term is the only difference between R, and R,.

For any interacting case, we have R, = 0 since the € transformation is an exact symmetry of the
lattice actions. However, R, does not vanish at any finite lattice spacing for the interacting cases
even if it vanishes for the free theory. If the € symmetry is restored at a quantum continuum limit,
R, should approach zero as ¢ — 0. We evaluate R, numerically to confirm whether the second
SUSY WTI holds in the continuum limit or not, as already investigated for the CG action in Refs.
[17,27,30].

Figure 6 shows (¢,¢n) and (wnlﬁN) for A = 1 and ma = 0.2. When N is sufficiently large, as
confirmed in the figure, (¢,¢n) and (¥, y) behave as

(Pnpy) &~ C(e 9 EL 4 gmaN=mEr) (60)

(Yu¥n) ~ De 51, (61)
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Fig.7. Three correlation functions in R, (left) and R, (right) for the CLR action. The cancellations among
them are clearly observed.

for ] < n <« N. Here C and D are some constants that depend on the lattice spacing. Similarly,
using the translational invariance, the other correlation functions in R,, and R, are expected to be

(GuV_¢n) &~ Cp(e”E1 — gmaW=n=DE1y (62)
(W) ~ Cae™EL 4 Cze™ N —n=DEL (63)
(Wor1¢n) ~ Cye™EL 4 CyemaWV=n=DEL (64)

for 1 < n <« N.Here C; = C(1 — e~%) /a and C,, C3 are some constants that depend on the
lattice spacing. Note that it is possible to ignore the contribution from the second excited state for
1 € n < N.We can immediately show that
Ci=CG=D-QC, (65)

from R, = 0 and the second WTTI holds if and only if C, — C3 as a — 0.

Figure 7 shows the cancellation among three correlation functions in R, (left) and R, (right) for
A = 1 and ma = 0.2. In Fig. 8, similar plots are shown for the CG action. As we expected, the
other correlators show the behavior of Egs. (62), (63), and (64). The cancellation for n < N/2 is
realized in a different way from that of n > N /2. As suggested from Eqgs. (61)—(64), the sum of
two bosonic correlators (denoted as crosses) cancels the fermion correlator (denoted as squares) for
1 <« n « N /2 while two bosonic correlators cancel each other out for N/2 <« n < N since the
fermion correlator is approximately zero compared with the others.

Since each term of R,, and R, is very small for n >~ N /2, we normalize them to observe the breaking
effect clearly:

Ry
[(Wn )|+ 1{dn (V=N | + [ W)
- R,
T W+ K n (V@I + [(War1w)|

S, (66)

(67)

Note again that Wy and W41 of Egs. (66) and (67) are replaced by W (¢n) and W (¢,), respectively,
for the CG action. It is immediately found that S, = 0 for any » since R, = 0.
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Fig.9. S, and S, for the CLR action with A = 1 and ma = 0.2.

The asymptotic behavior of S, can be understood from Egs. (61), (62), and (64). For sufficiently
large N, it can be shown that S, behaves as constants:

C,—Cy
Sy, ~Ah=———, l«Kkn<kKN/2 68
n 1 2|C3|+|D| ( /) ( )
and
C; —(Cy
Sy~ hy=————"—, (N/2 «<n<«N). 69
|C2| + |G / (69
We have
hy = —2h1 4+ O(h3), (70)

when C; and C3 have the same sign. Similar identities to Egs. (68), (69), and (70) hold for the CG
action.

In Figs. 9 and 10, S, and S, are plotted against n. Obviously, S, vanishes as the numerical results
while S, has two plateaux corresponding to /1 and /. We should note that the scale of the y-axis for
the CLR action is rather smaller than that of the CG action. The value of S,, rapidly changes from /;
to hy around n = N /2 as a result of the cancellation of the three correlation functions.
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Fig. 11. Lattice spacing dependence of /; and 4, for A = 1. We plot /; and itz = —h, /2, which are evaluated
atn = N/5and n = 4N /5, as circles and diamonds for the CLR action and triangles and squares for the CG
action.

Figure 11 shows the lattice spacing dependence of /1 and 4, for A = 1 and the numerical values
are shown in Table 8 for the convenience of further studies. Figure 12 shows the same plot for
A = 0.001. We evaluate /] and 4 at n = N /5 and n = 4N /5, respectively. It can be seen that /1
and /&, approach zero as a — (. Consequently, the second SUSY WTI holds in the continuum limit,
i.e., full SUSY is restored in the quantum continuum limit in the low-energy region 1 < n < N.
The breaking effects 4 and /; of the CLR action are significantly smaller than the CG action even
for the strong coupling. Thus we can conclude that the CLR shows a good behavior that is similar
to the continuum theory at a non-perturbative level.

5. Summary and discussion

The property of the cyclic Leibniz rule has been studied in N’ = 2 SUSY QM beyond the perturbation
theory. We have defined the lattice action on the basis of the CLR with the backward difference
operator giving a solution for any superpotential. The numerical computations have been carried out
using the transfer matrix representation of the partition function and the correlation functions. Tuning
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Table 8. Numerical values of 4, and 4, for A = 1.

CLR CG
ma hy hy hy hy

0.600 2.99391782(7)x10™*  —5.9860435(2)x10™*  —4.0012296(2)x107*  6.10759335(1)x 1073
0.500 1.727581(1)x10~* —3.454565(2)x10™*  —3.4686833(2)x10~°  5.44024340(3)x107*

0.400 8.8385(4)x 105 —1.7675(1)x 10+ —2.8283733(2)x 103  4.57824926(3)x 1073
0.300 3.667 16(2)x 1073 —7.33404(4)x 105 —2.0775005(1)x 10> 3.4908132(8)x 103
0.250 2.068 870(6)x 10~° —4.13765(1)x 105 —1.6669089(1)x 10> 2.8615897(1)x 103
0.200 1.008226(2)x 10~° —2.01643(1)x 105 —1.24342044(8)x107>  2.1858056(1)x 103
0.150 3.87190(2)x 10~ —7.7438(4)x10°  —8.2362334(4)x10~*  1.4866210(1)x 1073
0.100 9.51290(6)x 10~ —1.90258(8)x10™°  —4.3652327(1)x 10~ 8.116901(1)x 10~
0.080 4.2875(1)x 10~ —8.575(1)x 1077 —3.0105156(6)x10~*  5.6710394(7)x 10~
0.060 1.50127(2)x 1077 —3.003(1)x10~7  —1.8301692(4)x 10~ 3.495123(2)x 104
0.050 7.6345(2)x 10 —1.527(1)x 1077 —1.3229006(2)x10~*  2.5444813(8)x 10~
0.040 3.3033(3)x 108 —6.607(1)x 10~  —8.8205996(4)x 105 1.709075(1)x 10~
0.030 1.1062(6)x 10~ —2212)x10~%  —5.1741110(6)x 105 1.010 147(1)x 10~
0.025 5.49(2)x 10~° —1.104)x 10~ —3.6707175(4)x 105 7.194 15(1)x 1075
0.020 2.318(6)x 10° —4.6(1)x10™°  —2.400 6488(8)x 10~ 4.72349(1)x 1075
0.015 7.56(4)x 10710 —1.54)x10™°  —1.3803022(8)x 10~ 2.726 72(4)x 1075
0.010 1.5(1)x 10710 —3(1)x 1071 —6.27257(1)x 1076 1244 15(2)x 103
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Fig. 12. Lattice spacing dependence of 4, and 4, for A = 0.001. We plot /; and l~12 = —hy/2, which are
evaluated at » = N /5 and n = 4N /5, as circles and diamonds for the CLR action and triangles and squares
for the CG action.

the rescaling parameter, the energy spectra and SUSY Ward—-Takahashi identities are obtained to high
accuracy. We have compared them with those of the Catterall-Gregory action.

Although the number of exact symmetry is the same between the CLR and the CG actions, the CLR
action provides a milder cut-off dependence of energy spectra for both weak and strong couplings.
In the weak coupling limit, the O(a) term does not appear in the energy spectra for the CLR action
but does for the CG action. Even for the strong coupling, we have observed that the coefficient of
the O(a) term for the CLR action is smaller than the CG action. The lattice SUSY WTIs have shown
the same tendency in the cut-off behavior.

There is a wider class of solutions for the CLR and actually Refs. [21,24] investigated it for a
symmetric difference operator. By using a different solution, there is a possibility of eliminating an
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O(a) SUSY breaking term in Eq. (57) keeping some SUSY on the lattice. However, to find such
an O(a)-improved CLR action, further detailed studies between the quantum corrections and the
solutions of the CLR are necessary.

In the N' = 4 case with the CLR, the number of exact SUSY is greater than the other lattice
formulation. We can expect that a lattice theory with the CLR is highly improved and behaves very
similar to the continuum theory. The results shown in this paper could be useful to construct the
SUSY action with a modified Leibniz rule in higher dimensions.
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Appendix A. More about the CLR
A.1.  Solutions for other difference operators

The solutions of the CLR for the forward difference operator and a symmetric difference operator
Vs = %(VJ’_ — V_) are presented. For any difference operator V, the CLR is defined in the same
manner as Eq. (30). By repeating the same procedures as in Sect. 3.2, we find that Eq. (30) can be
written as

> VéuW,=0. (A.1)

It is then easy to find a local solution of Eq. (A.1):

UnrD)—U(gn) _
¢n+l_¢n for V - V+

Wn = U(ns)—=U(n1) 42)
n+1)— n—1 _
¢n+1*¢n71 fOI' V - VS.

The same discussions as mentioned in Sect. 3.2 tell us that the solutions in Eq. (A.2) are well-defined
local functions that reproduce W (¢,) up to O(a).

A.2. The m-body CLR

We now consider a case of W(¢) = > . ;cm¢™ with coupling constants c,,. Then the lattice
superpotential W), is also expressed as an expansion:

o0

Wu=>_clol] (A3)
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with*

[¢]fz = Moy my,...img@mi Omy -+ Pmy - (A4)

nmi,my,..., my

Here we assume that M, m,,...m, 1S totally symmetric for my,my, . .., my except for the first index

.....

n and [l]f, = 1 as an overall normalization. The locality condition is strictly defined as

My my,...me| < Cexp{—pln —my|} forallk=1,...,¢ (A.5)

.....

where C and p > 0 are some positive constants. The summation in Eq. (A.4) is well defined because
it is absolutely convergent for Eq. (A.5).
The CLR in Eq. (17) is shown to be

n

R vnmgj‘/[n,mo,ml ..... mz,z,mg,l} = O, (A6)

which is referred to as the m-body CLR. It is easy to show that Eq. (A.6) is equivalent to Eq. (17).
We should note that the indices mq, m1, mo, . .., mg cyclically appear in Eq. (A.6). This is the reason
why we called Eq. (17) the cyclic Leibniz rule.

The solutions of the m-body CLR for the backward difference operator can be read from Eq. (18)

using
1 3w,
Myns ooy = — . A7)
n,mji,mp ny E' 8¢m18¢m2 .. a(ﬁml Cm=1,¢=0
We have
1
Mn,m = E (8nm + 8n—1,m)a (AS)
1
Mn,m,k = g (23nm8nk + 8n—1,m5nk + 6}1m5n—1,lc + 28n—1,m8n—l,k), (A9)
1
Mn,m,k,l = E(3sn,msnk8nl + 8n71,m8nk8nl + 8nm8n,k+18nl + Snmfsnkgn—l,l
+ 8n—1,mOn—1k8n1 + Sn—1,mOnkSn—1,1 + SnmOn—14k8n—1,1 + 30n—1,m8n—1,k8n—1,0),
(A.10)

and so on.

The explicit forms of a solution My, m,,...m, for the forward difference operator are obtained by
replacing the lattice site » — 1 by n 4 1 in Egs. (A.8), (A.9), and (A.10). Those for the symmetric
difference operator Vg = %(VJr + V_) are also obtained by similar replacement of the lattice site.

4 The simplest example of M (but it is not a solution of the CLR) is My my..ing = SnmyOnmy * * * umy - Then
the lattice action (16) coincides with the naive one owing to W, = W(¢,) and W, = W'(¢,)8m- We can

express a scattering of lattice variables around the site 7 by M, 1, my,...m, -
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Appendix B. Weak coupling expansion

The weak coupling expansion of the first excited energy is presented at one-loop order for the naive,
CG, and CLR actions. We perform the lattice perturbation theory on the infinite volume lattice.
The first excited energies are evaluated as effective masses obtained from the two-point correlation
functions. In this section, we assume that m > 0 and take a = 1 for simplicity.

B.1.  Perturbative calculation on the infinite volume lattice

The free part of a lattice action S can be expressed in the momentum space as

Tdp (1 _ _ -

Sfree = f I {EDO 'P)p (—p)d () + S; 1(p)l/f(—p)l/f(p)}, (B.1)
—TT

where D (p) and Sy (p) are bare propagators of the boson and the fermion, respectively. The concrete

form of Dy(p) and So(p), which depends on Sg.e, are obtained by the Fourier transformation for a

lattice variable ¢,:

o)=Y e, (B.2)
nez
T 4 )

o= [ L) B.3)
g 2w

with useful identities 8,0 = [ P eirn (3 € 7) and g(p + 27rn) = @(p) for n € Z.

—m 27
The two-point correlation functions are defined as

T d .

Dy = ($utt) = / ﬁD(p)e—’W—”, (B.4)
_ T d ,

St = (Yrnil) = / P s, (B.5)

where D(p) and S(p) are the full propagators. We have D,,; = D,,_;o and S,; = S,—; as a result of
the translational invariance. The free two-point correlation functions (Dyg),; and (Sp),; are calculated
from Eqgs. (B.4) and (B.5) with Dy(p) and So(p) using the complex integral with z = €.

The full propagators can be evaluated in the weak coupling expansion from Dy, Sp, and the boson
and fermion self-energies I1,; and ¥,,;. As is well known, D, is given by an infinite series:

Dy = (Do) — (DoI1Dg) s + (DoT1DoIDg)py — - - - . (B.6)
Thus we have
Dy = ! (B.7)
I’ll = Dal + 1_[ . .
nl
Similarly,
S : (B.8)
= — . .
" S5t +3)

Once I1,; and %,; are evaluated at the n-loop level, D,; and S,,; are obtained at the same order.
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The effective masses mfff and mgﬁc are read from the large distance behavior of D,; and §,,;. For
n—1] > 1,

Dy & CeMefrln=11, (B.9)
Syt & €',y e Mern =l (B.10)
with
1 forn > 1
6, = - B.11
nl {0 forn < I. B.11)

At the one-loop level, the self-energies provide the shifts of masses Am in D, ! (p) and S, ! (p) via
Egs. (B.7) and (B.8). The one-loop effective masses mffép are actually obtained from the formulas
of tree-level effective masses mg’gf with m — m + Am.

B.2. The naive action
We begin with the case of the naive action (12) whose Dy (p) and So(p) are given by

1

D = , B.12
o) 2(1 — cosp) + m? (B.12)
1
S =—. B.13
0 =Ty (B.13)
The free boson propagator in the position space is evaluated from Eq. (B.4):
1 Z—n+l

Do)y =—— @ d , B.14
Dot = =55 7§ 212z 41 (B.14)

where the contour is a unit circle with the center at the origin with z = €. It is easily shown that

—mgeffln—ll
- )
Dont = —F——=, (B.15
T Am?
where
2
m 1
mg ¢ = —log (1 + 5 - 5\/m4 + 4m2>. (B.16)
Similarly,
emeF’effInfll
S =0, — B.17
(S0)nt = Onj T— (B.17)
where
m o = log (1 +m), (B.18)

and 6 is given by Eq. (B.11). Note that mg o and mg of are positive for m > 0 and coincide for
m< 1.
At the one-loop level, the boson and fermion self-energies are obtained as

2 1
Jitm T+m

M(p) = 6am*(

)5 (B.19)
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3am
Vad+m?
The one-loop self-energies provide different corrections to the mass m — m + Amp  where Amp

and Amp are identified from Egs. (B.19) and (B.20), respectively.
The one-loop effective masses are obtained by inserting m + Amp r into Egs. (B.16) and (B.18):

X(p) = (B.20)

f 1, 27, 2 3
— =143mr— —m" — —m°A+ O\, m), (B.21)
m 24 8
EF 3 1 3 1 21

1 2 2 2 3
— =14+-A—=-m——mr+ = —m A+ O . B.22
p. +2 2m 2m —|—3m+16m + O(A",m’) ( )

We should note that E{g is different from Ef even in the continuum limit ma — 0 as a result of the
one-loop effect.

B.3. The CG action
The free propagators of the CG action (13) are
1
2(1 — cosp) +m? + 2m(1 — cosp)’

1
o0 =

Do(p) = (B.23)

(B.24)

Note that the fermion propagator is the same as that of the naive action. A similar calculation to that
done around Eq. (B.14) tells us that the effective masses at the tree level are degenerated as

mg,eff = mg,eff = log(1 + m), (B.25)

which is positive for m > 0.
The self-energies are calculated at the one-loop level as

[I(p) = Am[2m + 2(1 — cosp)], (B.26)
Y(p) = Am, (B.27)
where
Am= 2m (B.28)
S '

These give the same correction to the boson mass and the fermion mass up to O(A). The one-loop
effective masses are evaluated from Eq. (B.25) with m + Am. We thus obtain that

Eq 3 1 9 I , 21 , 3
=14+ A—-m—-mr+-—m"+ —mL+ 00", , B.29
—|—2 Sm = gm 3" g A2, m) ( )

for E; = mB. = mF,. owing to an exact SUSY.
eff eff g

B.4. The CLR action
The free propagators of the CLR action (35) are given by

1

Dolp) = 2(1 — cosp) + m2(1 + cosp)/2’

(B.30)
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1

S = - . . B.31
) = (1 + o) 2 B3
The tree-level effective masses are degenerated as
1+ 7%
Mg o = Mg o = log (1 — é ) (B.32)
2
which is positive for m > 0.
The one-loop self-energies are given by
[T(p) = mAm(1 + cos p), (B.33)
1+ e?
() = Am( J;e ) (B.34)
where
A 6
_mm+6) (B.35)
2(m +2)

The one-loop effective masses are read from Eq. (B.32) with m 4+ Am. The first excited energies for
the bosonic and fermionic states are thus obtained as £] = mfff = mfff:

O 20— Zmh+ —m? + 2mPh + 00 B.36
g = LT AT gt gmA 4 005, ), (B.36)

owing to an exact SUSY.

The results above are obtained for the backward difference operator V_ and Eq. (18) for a solution
of W,,. The CLR action with the forward difference operator V.. and Eq. (A.2) for W, gives the same
effective masses (B.32) and (B.36).
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