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We propose a minimal extension of the Standard Model by incorporating sterile neutrinos and a QCD
axion to account for the mass and mixing hierarchies of quarks and leptons and to solve the strong CP
problem and by introducing GSM × ΓN ×Uð1ÞX symmetry. We demonstrate that the Kähler transformation
corrects the weight of modular forms in the superpotential and show that the model is consistent with the
modular and Uð1ÞX anomaly-free conditions. This enables a simple construction of a modular-independent
superpotential for scalar potential. Using minimal supermultiplets, we demonstrate a level-3 modular form-
induced superpotential. Sterile neutrinos explain small active neutrino masses via the seesaw mechanism
and provide a well-motivatedUð1ÞX-breaking scale, whereas gauge singlet scalar fields play crucial roles in
generating the QCD axion, heavy neutrino mass, and fermion mass hierarchy. The model predicts a range
for the Uð1ÞX-breaking scale from 1013 to 1015 GeV for 1 TeV < m3=2 < 106 TeV. In the supersymmetric
limit, all Yukawa coefficients in the superpotential are given by complex numbers with an absolute value of
unity, implying a democratic distribution. Performing numerical analysis, we study how model parameters
are constrained by current experimental results. In particular, the model predicts that the value of the quark
Dirac CP phase falls between 38° to 87°, which is consistent with experimental data, and the favored value
of the neutrino Dirac CP phase is around 250°. Furthermore, the model can be tested by ongoing and future
experiments on axion searches, neutrino oscillations, and 0νββ decay.
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I. INTRODUCTION

Despite being theoretically self-consistent and success-
fully demonstrating experimental results in low-energy
experiments so far, the Standard Model (SM) of particle
physics leaves unanswered questions in theoretical and
cosmological issues and fails to explain some physical
phenomena such as neutrino oscillations, muon g − 2, etc.
Various attempts have been made to extend the SM in
order to address these questions and account for exper-
imental results that cannot be explained within the SM.
For instance, the canonical seesaw mechanism [1] has
been proposed to explain the tiny masses of neutrinos
by introducing new heavy neutral fermions alongside
the SM particles. Additionally, the Peccei-Quinn (PQ)
mechanism [2] has been suggested to solve the strong CP

problem in QCD by extending the SM to include an
anomalous Uð1ÞX symmetry.
Recently, Feruglio [3] proposed a new idea regarding the

origin of the structure of lepton mixing. He applied modular
invariance1 under the modular group to determine the flavor
structure of leptons without introducing a number of scalar
fields. This approach requires the Yukawa couplings among
twisted states to be modular forms. It is a string-derived
mechanism that naturally restricts the possible variations in
the flavor structure of quarks and leptons, which are
unconstrained by the SM gauge invariance. However,
explaining the hierarchies of the masses and mixing in
the quark and lepton sectors remains a challenge. As studied
in most references [5], the Yukawa coefficients are assumed
to be free parameters2 which can be determined by matching
them with experimental data on fermion mass and mixing
hierarchies. This approach is not significantly different from
that in the SM, except for the introduction of modular forms.
Alternatively, it is also possible to take the Yukawa coef-
ficient to be of order unity, accommodating the hierarchies of
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1Modular invariance was analyzed for supersymmetric field
theories in Ref. [4].

2In Ref. [6], the Yukawa coefficients are assumed to be of
order unity.

PHYSICAL REVIEW D 108, 095034 (2023)

2470-0010=2023=108(9)=095034(26) 095034-1 Published by the American Physical Society

https://orcid.org/0000-0001-7508-3881
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.108.095034&domain=pdf&date_stamp=2023-11-21
https://doi.org/10.1103/PhysRevD.108.095034
https://doi.org/10.1103/PhysRevD.108.095034
https://doi.org/10.1103/PhysRevD.108.095034
https://doi.org/10.1103/PhysRevD.108.095034
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


the fermion masses and mixing. Recently, Ref. [7] has
demonstrated that the vanishing QCD angle, a large
Cabibbo-Kobayashi-Maskawa (CKM) phase, and the
reproduction of quark and lepton masses and mixings
can be achieved by using coefficients up to order 1; see
also Ref. [8].
To incorporate sterile neutrinos and a QCD axion into the

SM and provide a natural explanation for the mass and
mixing hierarchies of quarks and leptons, we propose an
extension of a modular invariant model based on the
four-dimensional (4D) effective action derived from super-
string theory with GSM × ΓN ×Uð1ÞX symmetry. The non-
Abelian discrete symmetry ΓN with N ¼ 2, 3, 4, 5 plays a
role of modular invariance and may originate from super-
string theory in compactified extra dimensions, where it
acts as a finite subgroup of the modular group [9]. To
ensure the validity of a modular invariant model with
GSM × ΓN ×Uð1ÞX, we take the followings into account:

(i) T-duality relates one type of superstring theory to
another, and it also appears in the 4D low-energy
effective field theory derived from superstring theory
(for a review, see Ref. [10]). In particular, 4D low-
energy effective field theory of type-IIA string
theory with a certain compactification is invariant
under the modular transformation of the modulus τ,

τ→ γτ¼aτþb
cτþd

; ða;b;c;d∈Z; ad−bc¼1Þ: ð1Þ

So, the 4D action we consider is required to be
invariant under the modular transformation and
gauged Uð1ÞX symmetry as well as the Kähler
transformation [refer to Eq. (9)]. This is necessary
to cancel out the modular anomaly (see Ref. [11])
associated with the modular transformation (1) under
the nonlocal modular group ΓN and the gauged
Uð1ÞX anomaly, at the quantum level.

(ii) While type-II string theory allows for low axion
decay constant models via D-branes, leading to the
gauged Uð1ÞX that becomes a global PQ symmetry
when the Uð1ÞX gauge boson is decoupled [12],
heterotic string theory typically has aUð1ÞX-breaking
scale with a decay constant close to the string scale.
The broken Uð1ÞX gauge symmetry leaves behind a
protected global Uð1ÞX that is immune to quantum-
gravitational effects, achieved via the Green-Schwarz
(GS) mechanism [13]. The PQ-breaking scale, or the
low axion decay constant, can be determined by
taking into account both supersymmetry (SUSY)-
breaking effects [14] and supersymmetric next-
leading-order Planck-suppressed terms [15–17].

The model features a minimal set of fields that trans-
form based on representations of GSM × ΓN × Uð1ÞX and
includes modular forms of level N. These modular forms

act as Yukawa couplings and transform under the modular
group ΓN . It should be noted that the Kähler transformation
[refer to Eq. (9)] corrects the weight of modular forms in
the superpotential due to the modular invariance of both
the superpotential and Kähler potential; see Eq. (20). This
enables a simple construction of a τ-independent super-
potential for scalar potential. The so-called flavored-PQ
symmetry Uð1ÞX guarantees the absence of bare mass
terms [18]. We minimally extend the model by incorpo-
rating three right-handed neutrinos Nc and SM gauge
singlet scalar fields χðχ̃Þ. The scalar fields with a modular
weight of zero and charged by þð−Þ under Uð1ÞX play a
crucial role in generating the QCD axion, heavy neutrino
mass, and fermion mass hierarchy. Then, the complex
scalar field F ¼ χðχ̃Þ with modular weight zero acts on
dimension-4 (dimension-3) operators well sewn by GSM ×
ΓN ×Uð1ÞX and modular invariance with different orders,
which generate the effective interactions for the SM and the
right-handed neutrinos as follows:

c̃1O3ðF Þ1 þO4

Xfinite
n¼0

cn

�
F
Λ

�
n
þ � � � ð2Þ

Here, Λ is the scale of flavor dynamics above which
unknown physics exists as a UV cutoff, and Yukawa
coefficients cnðc̃1Þ are all complex numbers assumed to
have a unit absolute value (jc̃1j; jcnj ¼ 1). The dimension-4
(dimension-3) operators O4ð3Þ are determined by GSM ×
ΓN ×Uð1ÞX and modular invariance in the supersymmetric
limit. These operators include modular forms of level N,
which transform according to the representation of ΓN [3].
Wewill demonstrate that any additive finite correction terms,
which could potentially be generated by higher weight
modular forms, are prohibited due to the modular weight
of the χðχ̃Þ fields being zero. Note that there exist the infinite
series of higher-dimensional operators induced solely by
the combination of χχ̃ in the supersymmetric limit. These
operators, represented by dots in Eq. (2), can be absorbed
into the finite leading-order terms and effectively modify the
coefficients c̃1 and cn at the leading order. Furthermore, to
avoid the breaking effects of the axionic shift symmetry
caused by gravity that spoil the axion solution to the strong
CP problem [19], we imposed a Uð1ÞX-mixed gravitational
anomaly-free condition [17,20,21].
The rest of this paper is organized as follows. The next

section discusses modular and Uð1ÞX anomaly-free con-
ditions under GSM × ΓN ×Uð1ÞX symmetry, along with
the modular forms of superpotential corrected by Kähler
transformation. Section III presents an example of a
superpotential induced by level-3 modular forms. We
introduce minimal supermultiplets to address the chal-
lenges of tiny neutrino masses, the strong CP problem
and the hierarchies of SM fermion mass and mixing.
For our purpose, we show how to derive Yukawa
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superpotentials and a modular-independent superpotential
for the scalar potential and determining the relevant
Uð1ÞX PQ symmetry-breaking scale (or seesaw scale).
Additionally, we provide comments on the modular invari-
ant model. In Sec. IV, we visually demonstrate the inter-
connections between quarks, leptons, and a flavored-QCD
axion. In Sec. V, we present numerical values of physical
parameters that satisfy the current experimental data on
flavor mixing and mass for quarks and leptons while also
favoring the assumption in Eq. (2). The study predicts the
Dirac CP phases of quarks and leptons as well as the mass
of the flavored-QCD axion and its coupling to photons
and electrons. The final section provides a summary of
our work.

II. MODULAR AND U(1) ANOMALY FREE

T-duality relates different types of superstring theory
and is also present in the 4D low-energy effective field
theory derived from superstring theory (see Ref. [10] for a
review). In particular, type-IIA intersecting D-brane mod-
els are related to magnetized D-brane models through
T-duality [10]. The group ΓðNÞ acts on the complex
variable τ, varying in the upper-half complex plane
ImðτÞ > 0, as the modular transformation Eq. (1). Then,
the low-energy effective field theory of type-IIA intersect-
ing D-brane models must have the symmetry under the
modular transformation (1). First, we shortly review the
modular symmetry. The infinite groups ΓðNÞ, called
principal congruence subgroups of level N ¼ 1; 2; 3;…,
are defined by

ΓðNÞ ¼
��

a b

c d

�
∈ SLð2; ZÞ;

�
a b

c d

�

¼
�
1 0

0 1

�
ðmod NÞ

�
; ð3Þ

which are normal subgroups of homogeneous modular
group Γ≡ Γð1Þ ≃ SLð2; ZÞ, where SLð2; ZÞ is the group
of 2 × 2 matrices with integer entries and determinant
equal to 1. The projective principal congruence subgroups
are defined as Γ̄ðNÞ ¼ ΓðNÞ=f�Ig for N ¼ 1, 2. For
N ≥ 3, we have Γ̄ðNÞ ¼ ΓðNÞ because the elements −I
do not belong to ΓðNÞ. The modular group Γ̄≡ Γ=f�Ig is
generated by two elements S and T,

S∶ τ → −
1

τ
; T∶ τ → τ þ 1; ð4Þ

satisfying

S2 ¼ ðSTÞ3 ¼ ðTSÞ3 ¼ 1: ð5Þ

They can be represented by the PSLð2; ZÞ matrices

S ¼
�

0 1

−1 0

�
; T ¼

�
1 1

0 1

�
: ð6Þ

The groups ΓN are finite modular groups obtained by
imposing the condition TN ¼ 1 in addition to Eq. (5),
where ΓN ≡ Γ̄=Γ̄ðNÞ. The groups ΓN are isomorphic to the
permutation groups S3, A4, S4, and A5 for N ¼ 2, 3, 4, 5,
respectively [9].
We work in the 4D N ¼ 1 string-derived supergravity

framework defined by a general Kähler potential GðΦ; Φ̄Þ
of the chiral superfields Φ and their conjugates,

GðΦ; Φ̄Þ ¼ KðΦ; Φ̄Þ
M2

P
þ ln

jWðΦÞj2
M6

P
; ð7Þ

and by an analytic gauge kinetic function fðΦÞ of the
chiral superfields Φ, where MP ¼ ð8πGNÞ−1=2 ¼ 2.436 ×
1018 GeV is the reduced Planck mass with Newton’s
gravitational constant GN , KðΦ; Φ̄Þ is a real gauge-invari-
ant function of Φ and Φ̄, and WðΦÞ is a holomorphic
gauge-invariant function of Φ. Based on the 4D effective
field theory derived from type-IIA intersecting D-brane
models, we build a modular-invariant model with minimal
chiral superfields transforming according to representations
of GSM × ΓN ×Uð1ÞX. Here, we assume that the non-
Abelian discrete symmetry ΓN as a finite subgroup of the
modular group [3] and the anomalous gauged Uð1ÞX
including the SM gauge symmetry GSM may arise from
several stacks on D-brane models [10]. In the 4D global
supersymmetry, the most general form of the action can be
written as

S ¼
Z

d4xd2θd2θ̄KðΦ; Φ̄e2AÞ

þ
�Z

d4xd2θ

�
WðΦÞ þ fabðΦÞ

4
WαaWb

α

�
þ H:c:

�
;

ð8Þ

where A≡ AaTa is the gauge multiplet containing Yang-
Mills multiplet, Ta are the gauge group generators, and
Wα is a gauge-invariant chiral spinor superfield containing
the Yang-Mills field strength. The chiral superfields Φ
denote all chiral supermultiplets with Kähler moduli,
complex structure moduli, axiodilaton, and matter super-
fields, transforming under GSM × ΓN × Uð1ÞX. We assume
that the low-energy Kähler potential K, superpotential W,
and gauge kinetic function f for moduli and matter
superfields are given at a scale where Kähler moduli
and complex structure moduli are stabilized through fluxes
(see Refs. [22–24]), leading to a consistent low-energy SM
gauge theory.
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Under the modular transformation Eq. (1) and the
gauged Uð1ÞX symmetry, the action (8) should be invariant
with the transformations3

KðΦ; Φ̄e2AÞ → KðΦ; Φ̄e2AÞ þ ðgðΦÞ þ gðΦ̄ÞÞM2
P;

WðΦÞ → WðΦÞe−gðΦÞ;

fðΦÞWαWα → fðΦÞWαWα; ð9Þ

where gðΦÞ≡ gðτÞ is a function of modulus τ. Then, the
given symmetry GSM × ΓN ×Uð1ÞX can be violated at the
quantum level by (i) an anomalous triangle graph associated
with modular transformation Eq. (1) under the nonlocal
modular group ΓN and (ii) anomalous triangle graphs with
external states Aa

νAb
ρVXμ, where Aa

ν and Ab
ρ are gauge bosons

of the SM gauge group GSM and Vμ
X is the connection

associated with the gauged Uð1ÞX. These anomalies can be
canceled by the GS mechanism [13].

A. Modular anomaly-free and modular forms of level N

To demonstrate the invariance of KðΦ; Φ̄e2AÞ and
fðΦÞWαWα of Eq. (8) under the finite modular group
ΓN and the gauged Uð1ÞX, we consider a low-energy
Kähler potential4:

K ¼ −M2
P ln

�
ðSþ S̄ − 3c̃ lnð−iτ þ iτ̄ÞÞ

×

�
UX þ ŪX −

δGSX
16π2

VX

�Y2
i¼1

ðU i þ Ū iÞ
�

−M2
P lnð−iτ þ iτ̄Þ3 þ ð−iτ þ iτ̄Þ−kjφj2

þ ZXφ
†
Xe

−XVXφX þ � � � ; ð10Þ

where −k is the modular weight, ZX is the normalization
factor, S denotes the axiodilaton field, τ represents the
overall Kähler modulus, and UX and U i correspond to
the complex structure moduli. The dots in Eq. (10) denote
the contributions of nonrenormalizable terms scaled by an
UV cutoff MP invariant under GSM × ΓN ×Uð1ÞX. We
note that the matter fields φX with Uð1ÞX charge, complex
structure modulus UX, and the vector superfield VX of the
gauged Uð1ÞX including the gauge field Aμ

X participate in
the 4D GS mechanism. We take the holomorphic gauge
kinetic function to be linear in the complex structure
moduli UX and U i, fabðΦÞ ⊃ δabðSþUX þ U iÞ. These
moduli are associated with the SM gauge theory, which
we will not be focusing on. The GS parameter δGSX
characterizes the coupling of the anomalous gauge boson

to the axion θX. The matter superfields in K consist of all
scalar fields that are not moduli and do not have Planck-
sized vacuum expectation values (VEVs). The scalar
components of φ and φX are neutral under the Uð1ÞX
symmetry and the modular group ΓN , respectively.
Calculating KIJ ¼ ∂I∂J from the Kähler potential (10),

we obtain the kinetic terms for the scalar components
of the supermultiplets which are approximated well for
MP ≫ hφi; hφXi and VX ¼ 0 as

Lkinetic ≃
3M2

P

h−iτ þ iτ̄i2 ∂μτ̄∂
μτ þ M2

P

hUX þ ŪXi2
∂μŪX∂

μUX

þ M2
P

hSþ S̄ − 3c̃ lnð−iτ þ iτ̄Þi2 ∂μS̄∂
μS

þ Kφφ̄∂μφ̄∂
μφþ KφX φ̄X

∂μφ̄X∂
μφX; ð11Þ

where Kφφ̄ ¼ KφXφ̄X
¼ 1 for canonically normalized scalar

fields achieved by rescaling the fields φ and φX for given
values of the VEVs of τ and UX. The Uð1ÞX charged
modulus UX and scalar field φX can be decomposed as

UX ¼ ρX
2
þ iθX; φXjθ¼θ̄¼0 ¼

1ffiffiffi
2

p ei
AX
vX ðvX þ hXÞ; ð12Þ

where ρX=2 ¼ 1=g2X with gX being 4D Uð1ÞX gauge
coupling and AX, vX, and hX are the axion, VEV, and
Higgs boson of scalar components, respectively. Because
of the axionic shift symmetry, the kinetic terms of Eq. (11)
for the axionic and size part of UX do not mix in
perturbation theory, where any nonperturbative violations
are small enough to be irrelevant, and the same goes for
the axion and Higgs boson of the scalar components of φX
for vX → ∞.
Since the matter superfields φ and axiodilaton S trans-

form as

φ → ðcτ þ dÞ−kρðγÞφ; S → S − 3c̃ lnðcτ þ dÞ; ð13Þ

where ρðγÞ is the unitary representation of the modular
group ΓN and c̃ is a constant, the transformation of the
Kähler potential K given in Eq. (9) leads us to

gðτÞ ¼ lnðcτ þ dÞ3: ð14Þ

Generically, the transformation of K in Eq. (9) incorpo-
rating Eq. (14) gives rise to a modular anomaly arising from
δS ¼ −c̃ 1

4

R
d4xd2θWαWαgðτÞ þ H:c: [11],

−
1

8
c̃fðgðτÞþgðτ̄ÞÞQμνQμνþ iðgðτÞ−gðτ̄ÞÞQμνQ̃μνg; ð15Þ

where Q̃μν ¼ 1
2
εμνρσQρσ with associated gauge field

strengths Q and the first term in the brackets represents
the kinetic term for gauge bosons and the second term is the

3The upper two shifts in Eq. (9) of the Kähler potential and
superpotential are known as the “Kähler transformation” with
reference to Eq. (7).

4It is similar to the one-loop Kähler potential presented in
Ref. [11].
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CP-odd term. After receiving a correction due to the
modular transformation of S in Eq. (13), The gauge kinetic
function fab is given at leading order by

f1−loopðΦÞ ¼ δabðSþUXÞ − c̃ lnðcτ þ dÞ3; ð16Þ

where the second term in the right-hand side is the
correction. It is worthwhile to notice that this correction
cancels the modular anomaly (15) generated by gðτÞ; gðτ̄Þ.
The modular invariance WðΦÞ under the modular group

ΓN (N ≥ 2) provides a strong restriction on the flavor
structure [3]. The superpotential WðΦÞ can be expanded in
power series of the multiplets φ which are separated into
brane sectors φðIÞ,

WðΦÞ ¼
X
n

YI1…InðτÞφðI1Þ · · · φðInÞ; ð17Þ

where the functions YI1…InðτÞ are generically5 τ-dependent
in type-IIA intersecting D-brane models [10,26]. The
superpotential WðΦÞ must have modular invariance under
the transformation WðΦÞ → WðΦÞe−gðτÞ, where gðτÞ is
given by Eq. (14). To ensure this, we need to satisfy
two conditions: (i) the matter superfields φIi of the brane
sector Ii should transform

φðIiÞ → ðcτ þ dÞ−kIiρðIiÞðγÞφðIiÞ ð18Þ

in a representation ρðIiÞðγÞ of the modular group ΓN , where
−kIi is the modular weight of sector Ii, and (ii) the
functions YI1…InðτÞ should be modular forms of weight
kYðnÞ transforming in the representation ρðγÞ of ΓN ,

YI1…InðγτÞ ¼ ðcτ þ dÞkYðnÞρðγÞYI1…InðτÞ; ð19Þ

with the requirements

kYðnÞ − 3 ¼ kI1 þ � � � þ kIn ;

ρðγÞ ⊗ ρðI1Þ ⊗ · · · ⊗ ρðInÞ ∋ 1: ð20Þ

The weight of modular forms in the superpotential is
corrected by the Kähler transformation in Eq. (9) due to
the modular invariance of both the superpotential and
Kähler potential. For example, a τ-independent super-
potential for scalar potential can be simply constructed
by the matter supermultiplets that belong to the untwisted
sector in the orbifold compactification of type-II string
theory [see Eq. (37)]. We will show an explicit example of
the superpotential induced by the modular forms of level 3
in the Sec. III.

B. Gauged U(1) anomaly free

The 4D action given by Eq. (8) should also be Uð1ÞX
gauge invariant. Under the Uð1ÞX gauge transformation
VX → VX þ iðΛX − Λ̄XÞ, the matter superfields ΦX and
complex structure modulus UX transform as

ΦX → eiXΛXΦX; UX → UX þ i
δGSX
16π2

ΛX; ð21Þ

where ΛXðΛ̄XÞ are (anti)chiral superfields parametrizing
Uð1ÞX transformation on the superspace. So, the axionic
modulus θX and axion aX have shift symmetries

θX → θX −
δGSX
16π2

ξX; aX → aX þ δGSX
δQX

fXξX; ð22Þ

where ξX ¼ −ReΛXjθ¼θ̄¼0, fX ¼ XvX is the axion decay
constant and δQX are anomaly coefficients defined in
Eq. (25). Then, the Uð1ÞX gauge field Aμ

X transforms as

Aμ
X → Aμ

X − ∂
μξX: ð23Þ

Since the gauged Uð1ÞX is anomalous, the axion aX and
axionic modulus θX couple to the (non-)Abelian Chern-
Pontryagin densities for the SM gauge group in the
compactification. In type-II string vacuum, the Uð1ÞX
anomalies should be canceled by appropriate shifts of
Ramond-Ramond axions in the bulk [27–30]. The 4D
effective action of the axions, θX and aX, and its corre-
sponding gauge field Aμ

X contains [16,31]

KUXŪX

�
∂
μθX −

δGSX
16π2

Aμ
X

�
2

−
1

4g2X
Fμν
X FXμν

− gXξFIX DX þDXgXXjφXj2 þ jDμφXj2 þ θXTrðQμνQ̃μνÞ

þ aX
fX

δQX
16π2

TrðQμνQ̃μνÞ; ð24Þ

where the gauge field strengths Q ¼ G, W, Y for SUð3ÞC,
SUð2ÞL, and Uð1ÞY , respectively, and their gauge cou-
plings are absorbed into their corresponding gauge field
strengths. Fμν

X is the Uð1ÞX gauge field strength defined by
Fμν
X ¼ ∂

μAν
X − ∂

νAμ
X. In jDμφXj2, the scalar components of

φX couple to the Uð1ÞX gauge boson, where the gauge
coupling gX is absorbed into the gauge boson Aμ

X in the
Uð1ÞX gauge covariant derivative Dμ ¼ ∂

μ − iXAμ
X. The

coefficients of the mixed Uð1ÞX × ½SUð3ÞC�2, Uð1ÞX×
½SUð2ÞL�2, and Uð1ÞX × ½Uð1ÞY �2 anomalies are given,
respectively, by

δGX ¼2Tr½XT2
SUð3Þ�; δWX ¼2Tr½XT2

SUð2Þ�; δYX¼2Tr½XY2�:
ð25Þ

5In type-II string orientifold compactifications, the Yukawa
couplings have modular properties [25].
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Here, UðnÞ generators (n ≥ 2) are normalized according
to Tr½TaTb� ¼ δab=2, and for convenience, δYX ¼ 2Tr½XY2�
is defined for hypercharge. The Fayet-Iliopoulos (FI) term
LFI
X ¼ −ξFIX

R
d2θVX ¼ −ξFIX gXDX with DX ¼ gXðξFIX −

XjφXj2Þ leads to D-term potential for the anomalous
Uð1ÞX,

VD ¼ 1

UX þ ŪX
ð−ξFIX þ XjφXj2Þ2; ð26Þ

where ξFIX is the FI factor produced by expanding the
Kähler potential (10) in components linear in VX and
depends on the closed string modulus Re½UX� ¼ ρX=2.
Since the FI term is controlled by the string coupling,
it cannot be zero. The restabilization of VEVs by φX
necessarily implies spontaneous breaking of the anoma-
lous Uð1ÞX, which will be shown later.
The first, third, fourth, and fifth terms in Eq. (24)

result from expanding the Kähler potential of Eq. (10).
The first and sixth terms together, and the fifth and
seventh terms in Eq. (24), are gauge invariant under the
anomalous Uð1ÞX gauge transformations of Eqs. (22)
and (23). The gauge-invariant interaction Lagrangian is
given by

Lint
Aθ ¼ −Aμ

XJ
θ
μ þ θXTrðQμνQ̃μνÞ − Aμ

XJ
X
μ

þ aX
fX

δQX
16π2

TrðQμνQ̃μνÞ; ð27Þ

where the anomalous currents JXμ and Jθμ coupling to the

gauge boson Aμ
X [that is, ∂μJ

μ
X ¼ δGSX

16π2
TrðQμνQ̃μνÞ ¼ −∂μJ

μ
θ

with δGSX ¼ αQXδ
Q
X ] are represented by Jθμ ¼ KUXŪX

δGSX
8π2

∂μθX

and JXμ ¼ −iXφ†
X ∂
↔

μφX.
Expanding Eq. (24) and setting θX ¼ aθ=8π2fθ with

fθ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
2KUXŪX
ð8π2Þ2

q
to canonically normalize, Lint

Aθ becomes

1

2
ð∂μaθÞ2 þ

aθ
8π2fθ

TrðQμνQ̃μνÞ þ
1

2
ð∂μAXÞ2

þ AX

fX

δQX
16π2

TrðQμνQ̃μνÞ − Aμ
XðJXμ þ JθμÞ þ

1

2g2X
m2

XA
μ
XAXμ

−
1

4g2X
Fμν
X FXμν −

g2X
2
ðξFIX − XjφXj2Þ2; ð28Þ

where the gauge boson mass mX obtained by
the super-Higgs mechanism is given by mX ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2KUXŪX

ðδGSX =16π2Þ2 þ 2f2X
q

. Then, the open string axion

aX (decay constant fX) is mixed linearly with the closed
string aθ (decay constant fθ),

Ã¼ aX
δGSX
2
fθ −aθfXffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

f2X þðδGSX
2
fθÞ2

q ≈aX; G¼ aθ
δGSX
2
fθ þAXfXffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

f2X þðδGSX
2
fθÞ2

q ≈aθ;

ð29Þ

where the approximations are valid under the assumption
that fθ is much larger than fX. The gauged Uð1ÞX absorbs
one linear combination of aX and aθ, denoted G, giving it
a string scale mass through the Uð1ÞX gauge boson, while
the other combination, Ã ≈ aX, remains at low energies and
contributes to the QCD axion. At energies below the scale
mX, the gauge boson decouples, leaving behind an anoma-
lous global Uð1ÞX symmetry.

III. MINIMAL MODEL SETUP

For our purpose, we take into account Γð3Þ modular
symmetry, which gives the modular forms of level 3. The
group Γ3 is isomorphic to A4, which is the symmetry group
of the tetrahedron and the finite groups of the even
permutation of four objects having four irreducible repre-
sentations. Its irreducible representations are three singlets
1; 10, and 100 and one triplet 3 with the multiplication rules
3 ⊗ 3 ¼ 3s ⊕ 3a ⊕ 1 ⊕ 10 ⊕ 100 and 10 ⊕ 10 ¼ 100, where
the subscripts s and a denote symmetric and antisymmetric
combinations, respectively. Let ða1; a2; a3Þ and ðb1; b2; b3Þ
denote the basis vectors for two 3’s. Then, we have

ða ⊗ bÞ3s ¼
1ffiffiffi
3

p ð2a1b1 − a2b3 − a3b2; 2a3b3 − a1b2 − a2b1; 2a2b2 − a3b1 − a1b3Þ;

ða ⊗ bÞ3a ¼ ða2b3 − a3b2; a1b2 − a2b1; a3b1 − a1b3Þ;
ða ⊗ bÞ1 ¼ a1b1 þ a2b3 þ a3b2;

ða ⊗ bÞ10 ¼ a3b3 þ a1b2 þ a2b1;

ða ⊗ bÞ100 ¼ a2b2 þ a3b1 þ a1b3: ð30Þ

The details of the A4 group are shown in Appendix A. The modular forms fðτÞ of level 3 and weight k, such as Eq. (19), are
holomorphic functions of the complex variable τ with well-defined transformation properties
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fðγτÞ ¼ ðcτ þ dÞkfðτÞγ ¼
�
a b

c d

�
∈Γ3 ð31Þ

with an integer k ≥ 0, under the group Γ3. The three
linearly independent weight-2 and level-3 modular forms
are given by [3]

Y1ðτÞ ¼
i
2π

�
η0ðτ

3
Þ

ηðτ
3
Þ þ

η0ðτþ1
3
Þ

ηðτþ1
3
Þ þ

η0ðτþ2
3
Þ

ηðτþ2
3
Þ −

27η0ð3τÞ
ηð3τÞ

�
;

Y2ðτÞ ¼
−i
π

�
η0ðτ

3
Þ

ηðτ
3
Þ þ ω2

η0ðτþ1
3
Þ

ηðτþ1
3
Þ þ ω

η0ðτþ2
3
Þ

ηðτþ2
3
Þ
�
;

Y3ðτÞ ¼
−i
π

�
η0ðτ

3
Þ

ηðτ
3
Þ þ ω

η0ðτþ1
3
Þ

ηðτþ1
3
Þ þ ω2

η0ðτþ2
3
Þ

ηðτþ2
3
Þ
�
; ð32Þ

where ω ¼ −1=2þ i
ffiffiffi
3

p
=2 and ηðτÞ is the Dedekind eta

function defined by

ηðτÞ ¼ q1=24
Y∞
n¼1

ð1−qnÞ with q≡ ei2πτ and ImðτÞ> 0:

ð33Þ

The Dedekind eta function satisfies

ηð−1=τÞ ¼
ffiffiffiffiffiffiffi
−iτ

p
ηðτÞ; ηðτ þ 1Þ ¼ eiπ=12ηðτÞ: ð34Þ

The three linear independent modular functions transform

as a triplet of A4, i.e., Y
ð2Þ
3 ¼ ðY1; Y2; Y3Þ. The q expansion

of YiðτÞ reads

Y1ðτÞ ¼ 1þ 12qþ 36q2 þ 12q3 þ � � �
Y2ðτÞ ¼ −6q1=3ð17qþ 8q2 þ � � �Þ
Y3ðτÞ ¼ −18q2=3ð1þ 2qþ 5q2 þ � � �Þ: ð35Þ

Yð2Þ
3 is constrained by the relation

ðYð2Þ
3 Yð2Þ

3 Þ100 ¼ Y2
2 þ 2Y1Y3 ¼ 0: ð36Þ

A. Modular invariant supersymmetric potential
and a Nambu-Goldstone mode

Using Eqs. (17)–(20), we construct unique supersym-
metric and modular invariant scalar potential by introduc-
ing minimal supermultiplets. Those include SM singlet
fields χ0

6 with modular weight 3 and χðχ̃Þ with modular
weight 0. Additionally, we have the usual two Higgs
doublets Hu;d with modular weight 0, which are respon-
sible for electroweak (EW) symmetry breaking. The fields
χ and χ̃ are charged by þ1 and −1, respectively, and are

ensured by the extended Uð1ÞX symmetry due to the
holomorphy of the superpotential. (If the seesaw mecha-
nism [1] is implemented, the field χ or χ̃ may be responsible
for the heavy neutrino mass term).
Under kI × A4 ×Uð1ÞX with the modular weights kI

according to Eq. (20), we assign the two Higgs doublets
Hu;d to be (0, 1, 0) and three SM gauge singlets χ, χ̃, χ0 to be
ð0; 1;þ1Þ, ð0; 1;−1Þ, (3, 1, 0), respectively.7 The A4-singlet
χ0 field with modular weight 3 ensures that the functions
YI1…InðτÞ are independent of τ. The,n the supersymmetric
scalar potential invariant under GSM ×Uð1ÞX × A4 is given
at leading order by

Wv ¼ gχ0χ0HuHd þ χ0ðgχχχ̃ − μ2χÞ; ð37Þ

where dimensionless coupling constants gχ0 and gχ are
assumed to be equal to 1 but are modified to Eq. (60) by
considering all higher-order terms induced by χχ̃ combi-
nations. Note that the PQ-breaking parameter μχ corre-
sponds to the scale of the spontaneous symmetry breaking.
In the global SUSY limit, i.e., MP → ∞, the scalar

potential obtained by the F and D terms of all fields is
required to vanish. Then, the relevant F term from Eq. (37)
and D term of the scalar potential given by Eq. (26) reads

Vglobal
F ¼ jgχχχ̃ − μ2χ j2;

Vglobal
D ¼ jXj2g2X

2

�
−
ξFIX
jXj þ jχj2 − jχ̃j2

�
2

: ð38Þ

The scalar fields χ and χ̃ have X charges þ1 and −1,
respectively, i.e.,

χ → eþiξχ; χ̃ → e−iξχ̃; ð39Þ

with a constant ξ. So, the potential VSUSY has Uð1ÞX
symmetry. Since SUSY is preserved after the spontaneous
breaking of Uð1ÞX, the scalar potential in the limit of
MP → ∞ vanishes at its ground states; i.e., hVglobal

F i ¼ 0 as
well as hVglobal

D i ¼ 0. From the minimization of the F-term
scalar potential, we obtain

hχi ¼ hχ̃i ¼ vχffiffiffi
2

p with μχ ¼ vχ

ffiffiffiffiffi
gχ
2

r
; ð40Þ

where we have assumed hχi; hχ̃i ≫ hHu;di. The above
supersymmetric solution is taken by the D-flatness con-
dition for [16,17]

6The field χ0 can act as an inflaton [16].

7As a consequence of kI × A4 × Uð1ÞX , the other superpoten-
tial term καLαHu and the terms violating the lepton and baryon
number symmetries are not allowed. Besides, dimension-6
supersymmetric operators like QiQjQkLl (where i, j, k must
not all be the same) are also not allowed. This restriction is crucial
for stabilizing the proton.
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ξFIX ¼ 0; hχi ¼ hχ̃i: ð41Þ

The tension between hχi ¼ hχ̃i and ξFIX ≠ 0 arises
because the FI term cannot be canceled, unless the VEV
of flux in the FI term is below the string scale [14,32]. The
FI term acts as an uplifting potential,

ξFIX ¼ M2
P
δGSX
16π2

Δρ
ρ0

; ð42Þ

where Δρ ¼ ρX − ρ0, which raises the anti-de Sitter mini-
mum to the de Sitter minimum [14]. To achieve this, the F
term must necessarily break SUSY for the D term to act as
an uplifting potential. The PQ scale μχ can be determined
by taking into account both the SUSY-breaking effect,
which lifts up the flat direction, and supersymmetric
next-leading-order Planck-suppressed terms [15–17]. The
supersymmetric next-to-leading-order term invariant under
A4 ×Uð1ÞX satisfying Eq. (20) is given by

ΔWv ≃
α

M2
P
χ0ðχχ̃Þ2; ð43Þ

where α is assumed to be a real-valued constant being of
unity. Since soft SUSY-breaking terms are already present
at the scale relevant to flavor dynamics, the scalar potential
for χ, χ̃ at leading order reads

Vðχ; χ̃Þ ≃ −α1m2
3=2jχj2 − α2m2

3=2jχ̃j2 þ α2
jχj4jχ̃j4
M4

P
; ð44Þ

where m3=2 represents soft SUSY-breaking mass and α1
and α2 are real-valued constants. This leads to the PQ-
breaking scale (equivalently, the seesaw scale),

μχ ≃
�
g6χα1α2
16α4

� 1
12ðm3=2M2

PÞ13; ð45Þ

indicating that μχ lies within the range of approximately
1.2 × 1013 to 1.7 × 1014 GeV (or 2.6 × 1013 to 1.2×
1015 GeV) for m3=2 values ranging from 1 to 103 TeV
(or from 10 to 106 TeV) for α1 and α2 of order unity.
The model includes the SM gauge singlet scalar fields χ

and χ̃ charged under Uð1ÞX, which have interactions
invariant under GSM ×Uð1ÞX × A4 with the transforma-
tions Eq. (9). These interactions result in a chiral sym-
metry, which is reflected in the form of the kinetic and
Yukawa terms, as well as the scalar potential VSUSY in the
SUSY limit,

L ⊃ ∂μχ
�
∂
μχ þ ∂μχ̃

�
∂
μχ̃ þ LY − VSUSY þ Lϑ þ ψ̄i=∂ψ

þ 1

2
N̄i=∂N þ 1

2
ν̄i=∂ν; ð46Þ

where ψ denotes Dirac fermions and VSUSY is replaced by
V total when SUSY-breaking effects are considered. The
above kinetic terms for χðχ̃Þ are canonically normalized
from the Kähler potential (10). Here, four component
Majorana spinors (Nc ¼ N and νc ¼ ν) are used. The
global Uð1ÞX PQ symmetry guarantees the absence of bare
mass term in the Yukawa Lagrangian LY in Eq. (46). The
QCD Lagrangian has a CP-violating term

Lϑ ¼ ϑQCD
g2s

32π2
GaμνG̃a

μν; ð47Þ

where gs stands for the gauge coupling constant of SUð3ÞC
and Gaμν is the color field strength tensor and its dual
G̃a

μν ¼ 1
2
εμνρσGaμν [here, a is an SUð3Þ-adjoint index],

coming from the strong interaction. After obtaining
VEV hχi ≠ 0, which generates the heavy neutrino masses
given by Eq. (53), the PQ Uð1ÞX symmetry breaks
spontaneously at a much higher scale than EW scale.
This is manifested through the existence of the Nambu-
Goldstone (NG) mode AX, which interacts with ordinary
quarks and leptons via Yukawa interactions; see
Eqs. (71), (81), and (92). To extract the associated boson
resulting from spontaneous breaking of Uð1ÞX, we set the
decomposition of complex scalar fields [17,18,20] as

χ ¼ vχffiffiffi
2

p ei
AX
uχ

�
1þ hχ

uχ

�
; χ̃ ¼ vχ̃ffiffiffi

2
p e−i

AX
uχ

�
1þ hχ̃

uχ

�

with uχ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2χ þ v2χ̃

q
; ð48Þ

in which AX is the NG mode and we set vχ ¼ vχ̃ and
hχ ¼ hχ̃ in the supersymmetric limit. The derivative
coupling of NG boson AX arises from the kinetic term

∂μχ
�
∂
μχ þ ∂μχ̃

�
∂
μχ̃ ¼ 1

2
ð∂μAXÞ2

�
1þ hχ

uχ

�
2

þ 1

2
ð∂μhχÞ2:

ð49Þ

Performing uχ → ∞, the NGmode AX, whose interaction is
determined by symmetry, is distinguished from the radial
mode hχ , which is invariant under the symmetry Uð1ÞX.

B. Modular-invariant Yukawa superpotentials
and anomaly coefficients

By introducing just two A4-singlet fields, χ and χ̃, with
modular weight 0 and charged under Uð1ÞX by þ1 and −1,
respectively, and using economic weight modular forms, we
construct Yukawa superpotentials that are invariant under
GSM × Uð1ÞX × A4 satisfying Eq. (20). This approach can
explain the observed hierarchy of fermion masses and
mixing given by the CKM matrix for quarks as well as
by Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix for
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leptons. Furthermore, the approach provides a solution to
the strong CP problem by breaking down the Uð1ÞX flavor
symmetry. Since the modular weights of the fields χðχ̃Þ
are 0, any additive correction terms induced by higher
weight modular forms are forbidden in the superpotential
[see Eqs. (37), (50), and (53)]. However, higher-order
corrections arising from the combination χχ̃ are allowed,
but they do not modify the leading-order flavor structure.
Now, let us assign A4 × Uð1ÞX representations and

quantum numbers as well as modular weights kI to the
SM quarks and leptons including SM gauge singlet
Majorana neutrinos as presented in Table I.8 Here, three
quark SUð2ÞL doublets and three up-type quark singlets
are denoted as Qið¼1;2;3Þ and ðuc; cc; tcÞ, respectively.
Dc ¼ fdc; sc; bcg represents the down-type quark singlets.
Then, the quark Yukawa superpotential invariant under
GSM × A4 ×Uð1ÞX with modular forms is sewn with
F ¼ fχ or χ̃g through Eq. (2) as

Wq ¼ αð0Þt tcQ3Hu þ αð0Þc

�
F
Λ

�jfcj
Yð6Þ
1 ccQ2Hu

þ αð0Þu

�
F
Λ

�jfuj
Yð6Þ
1 ucQ1Hu

þ αð0Þb

�
F
Λ

�jfbjðYð6Þ
3 DcÞ100Q3Hd

þ αð0Þs

�
F
Λ

�jfsjðYð6Þ
3 DcÞ10Q2Hd

þ αð0Þd

�
F
Λ

�jfdjðYð6Þ
3 DcÞ1Q1Hd þWðhÞ

q ; ð50Þ

where αð0Þi denotes coefficient at leading order and WðhÞ
q

stand for higher-order contributions, which are simply
constructed by the leading-order operators in Eq. (50)
multiplied by

P∞
n¼1ðχχ̃Λ2Þn. Note that all Yukawa coefficients

in the above superpotential, αð0Þi , are assumed to be
complex numbers with an absolute value of unity. Since
it is hard to reproduce the experimental data of fermion
masses and mixing with Yukawa terms constructed with

modular forms of weight 4 in quark and charged-lepton
sectors in this model, we take into account Yukawa terms
with modular forms of weight 6 which are decomposed as
1 ⊕ 3 ⊕ 3 under A4 given explicitly by [3]

Yð6Þ
1 ¼ Y3

1 þ Y3
2 þ Y3

3 − 3Y1Y2Y3

Yð6Þ
3;1 ¼ ðY3

1 þ 2Y1Y2Y3; Y2
1Y2 þ 2Y2

2Y3; Y2
1Y3 þ 2Y2

3Y2Þ
Yð6Þ
3;2 ¼ ðY3

3 þ 2Y1Y2Y3; Y2
2Y1 þ 2Y2

1Y2; Y2
3Y2 þ 2Y2

2Y1Þ:
ð51Þ

In the above superpotential, only the top-quark operator is
renormalizable and does not contain a modular form,
leading to the top-quark mass as the pole mass, while
the other quark operators driven by χ (or χ̃) are dependent

on modular forms. Using modular forms of weight 6, Yð6Þ
1

and Yð6Þ
3 , with the quark fields charged under A4 ×Uð1ÞX,

which does not allow mixing among up-type quarks, the
off-diagonal entries in the up-type quark mass matrix are
forbidden, as indicated in Eq. (65). From the above
superpotential, the effective Yukawa couplings of quarks
can be visualized as functions of the SM gauge-singlet

fields χðχ̃Þ and modular forms Yð6Þ
1ð3Þ, except for the top

Yukawa coupling (see the details given in Sec. IV).
According to the quantum numbers of the quark

sectors as in Table I, the color anomaly coefficient of
Uð1ÞX × ½SUð3ÞC�2 defined as NC ≡ 2Tr½XψT2

SUð3ÞC � reads

NC ¼ −ðfu þ fc þ fd þ fs þ fbÞ: ð52Þ

Note that UðnÞ generators (n ≥ 2) are normalized accord-
ing to Tr½TaTb� ¼ δab=2. The Uð1ÞX is broken down to its
discrete subgroup ZNDW

in the backgrounds of the QCD
instanton, and the quantityNC (nonzero integer) is given by
the axionic domain-wall number NDW. At the QCD phase
transition, each axionic string becomes the edge to NDW
domain walls, and the process of axion radiation stops.
To avoid the domain-wall problem, one should consider
NDW ¼ 1 or the PQ phase transition occurred during (or
before) inflation for NDW > 1.
Next, we turn to the lepton sector, where the fields are

charged under GSM × A4 ×Uð1ÞX with modular weight kI .

TABLE I. Representations and quantum numbers of the quark fields under GSM × A4 × Uð1ÞX and modular
weight kI according to Eq. (20). In ðQ1;Q2ÞY ofGSM,Q1 andQ2 are the representations under SUð3ÞC and SUð2ÞL
respectively, and the script Y denotes the Uð1Þ hypercharge.
Field Q1 Q2 Q3 Dc uc cc tc

GSM ð3; 2Þ1=6 ð3; 2Þ1=6 ð3; 2Þ1=6 ð3; 1Þ1=3 ð3; 1Þ−2=3 ð3; 1Þ−2=3 ð3; 1Þ−2=3
A4 1 100 10 3 1 10 100
kI 0 0 0 −3 −3 −3 3
Uð1ÞX fb − fd fb − fs 0 −fb fd − fb − fu fs − fb − fc 0

8All fields appearing in Table I are left-handed particles/
antiparticles.
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Remark that the sterile neutrinos Nc (which interact with
gravity) are introduced (i) to solve the anomaly-free
condition of Uð1Þ × ½gravity�2, (ii) to explain the small
active neutrino masses via the seesaw mechanism, and
(iii) to provide a theoretically well-motivated PQ symmetry-
breaking scale. In Table II, the representations and quantum
numbers of the lepton fields as well as modular weight kf
determined along with Eq. (20) are presented. Here, Le, Lμ,
and Lτ denote SUð2ÞL lepton doublets, and ec, μc, and τc are
three charged-lepton singlets. The field Nc represents the
right-handed SUð2ÞL singlet neutrino, which is introduced

to generate active neutrino masses via canonical seesaw
mechanism [1].
We note that the mixing between different charged

leptons does not occur when the lepton Yukawa super-
potential is economically constructed with modular forms
of weight 6, resulting in the diagonal form of the charged
lepton mass matrix as can be seen in Eq. (78). In contrast,
modular forms Yð2Þ

3 , Yð6Þ
1 , and Yð6Þ

3 are used to construct
neutrino mass matrices.9 Then, the Yukawa superpoten-
tial for lepton invariant under GSM × A4 ×Uð1ÞX with
economic modular forms are sewn with F ¼ fχ or χ̃g
through Eq. (2), respectively, as

Wlν ¼ αð0Þτ

�
F
Λ

�jfτj
Yð6Þ
1 τcLτHd þ αð0Þμ

�
F
Λ

�jfμj
Yð6Þ
1 μcLμHd þ αð0Þe

�
F
Λ

�jfej
Yð6Þ
1 ecLeHd þ βð0Þ1

�
F
Λ

�jgejðYð2Þ
3 NcÞ1LeHu

þ βð0Þ2

�
F
Λ

�jgμjðYð2Þ
3 NcÞ100LμHu þ βð0Þ3

�
F
Λ

�jgτjðYð2Þ
3 NcÞ10LτHu þ γð0Þ1

1

2
Yð6Þ
1 ðNcNcÞ1χ þ γð0Þ2

1

2
Yð6Þ
3 ðNcNcÞ3χ þWðhÞ

lν ;

ð53Þ

where αð0Þi , βð0Þi , and γð0Þi denote coefficients at leading

order and WðhÞ
lν stands for higher-order contributions

triggered by the combination χχ̃. Like in the quark sector,
the Yukawa coefficients in the above superpotential, such

as αð0Þi , βð0Þi , and γð0Þi , are assumed to be complex numbers
with an absolute value of unity. In the above superpotential,
the charged-lepton and Dirac neutrino parts have three
distinct Yukawa terms each, with their common modular

forms being Yð6Þ
1 and Yð2Þ

3 , respectively. Each term involves
F=Λ to the power of an appropriate Uð1ÞX quantum
number. The flavored Uð1ÞX PQ symmetry allows for
two renormalizable terms for the right-handed neutrino Nc,
which implement the seesaw mechanism [1] by making
the VEV hχi large. The details on how the active neutrino
masses and mixing are predicted will be presented in
Sec. IV C.
Nonperturbative quantum gravitational anomaly

effects [19] violate the conservation of the corresponding
current, ∂μJ

μ
X ∝ RR̃, where R is the Riemann tensor and R̃

is its dual, and make the axion solution to the strong CP
problem problematic. To consistently couple gravity to

matter charged under Uð1ÞX, the mixed-gravitational
anomaly Uð1ÞX × ½gravity�2 (related to the color anomaly
Uð1ÞX × ½SUð3ÞC�2) must be canceled, as shown in
Refs. [17,20,21], which leads to the relation,

3NC ¼ fe þ fμ þ fτ þ ge þ gμ þ gτ: ð54Þ

Thus, the choice of Uð1ÞX charge for ordinary quarks and
leptons is strictly restricted.

TABLE II. Representations and quantum numbers of the lepton fields under GSM × A4 ×Uð1ÞX and modular
weight kI determined according to Eq. (20).

Field Le Lμ Lτ ec μc τc Nc

GSM ð1; 2Þ−1=2 ð1; 2Þ−1=2 ð1; 2Þ−1=2 ð1; 1Þ1 ð1; 1Þ1 ð1; 1Þ1 ð1; 1Þ0
A4 1 10 100 1 100 10 3
kI 5

2
5
2

5
2

− 11
2

− 11
2

− 11
2

− 3
2

Uð1ÞX 1
2
− ge

1
2
− gμ

1
2
− gτ ge − 1

2
− fe gμ − 1

2
− fμ gτ − 1

2
− fτ − 1

2

9By selecting appropriate modular weight of particle contents,
lower-weight modular forms can be used, such as Yð2Þ

3 in the
Dirac neutrino sector, and Yð4Þ

1ð10;100Þ and Yð4Þ
3 in the Majorana

neutrino sector. However, this leads to additional interactions,
including 1

2
Yð4Þ
1 ðNcNcÞ1χ, 12Yð4Þ

10 ðNcNcÞ100χ, 12Yð4Þ
100 ðNcNcÞ10χ, and

1
2
Yð4Þ
3 ðNcNcÞ3χ. Another option is to use Yð2Þ

3 in the Dirac
neutrino sector and no modular form in the Majorana neutrino
sector, which results in only 1

2
ðNcNcÞ1χ and degenerate heavy

Majorana neutrino mass states at the seesaw scale. However,
we have found that this approach is difficult to reconcile with
experimental neutrino data.
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Below the Uð1ÞX symmetry-breaking scale (here, equiv-
alent to the seesaw scale), the effective interactions of QCD
axion with the weak and hypercharge gauge bosons and
with the photon are expressed through the chiral rotation of
Eq. (62), respectively, as

LWY
A ¼ AX

fA

1

32π2
fg2WNWWμνW̃μν þ g2YNYYμνỸμνg; ð55Þ

Lγ
A ¼ AX

fA

e2

32π2
EFμνF̃μν; ð56Þ

where gW , gY , and e stand for the gauge coupling constant
of SUð2ÞL, Uð1ÞY , and Uð1ÞEM, respectively, while their
corresponding gauge field strengths Wμν; Yμν, and Fμν

with their dual forms W̃μν; Ỹμν, and F̃μν, respectively.
Here, NW ≡ 2Tr½Xψf

T2
SUð2Þ� and NY ≡ 2Tr½Xψf

ðQY
f Þ2� are

the anomaly coefficients of Uð1ÞX × ½SUð2ÞL�2 and
Uð1ÞX × ½Uð1ÞY �2, respectively. And the electromagnetic
anomaly coefficient E of Uð1ÞX × ½Uð1ÞEM�2 defined by
E ¼ 2

P
ψf

Xψf
ðQem

ψf
Þ2 with Qem

ψf
being the Uð1ÞEM charge

of field ψf is expressed as

E ¼ NW þ NY ¼ −2ðfe þ fμ þ fτÞ

−
2

3
ð4fu þ 4fc þ fd þ fs þ fbÞ: ð57Þ

The physical quantities of QCD axion, such as axion mass
ma and axion-photon coupling gaγγ , are dependent on the
ratio of electromagnetic anomaly coefficient E to color
one NC. The value of E=NC is determined in terms of the
X charges for quarks and leptons by the relation,

E
NC

¼ 2ðfe þ fμ þ fτÞ þ 2
3
ð4fu þ 4fc þ fd þ fs þ fbÞ

fu þ fc þ fd þ fs þ fb

¼ 6ðfe þ fμ þ fτÞ þ 2ð4fu þ 4fc þ fd þ fs þ fbÞ
−fe − fμ − fτ − ge − gμ − gτ

;

ð58Þ

where the first and second equalities follow from Eqs. (52)
and (54), respectively. Our model with a specific value of
E=NC can be tested by ongoing experiments such as
KLASH [33] and FLASH [34] [see Eq. (76) and Figs. 1
and 2] by considering the scale of Uð1ÞX breakdown
induced by Eq. (45).
Compared to conventional A4 symmetry models result-

ing in tribimaximal [36] or nearly tribimaximal [37] mixing
in the neutrino sector, the modular invariant model leads
to neutrino mixing without the need for special breaking
patterns and the introduction of multiple scalar fields.
Our model can be uniquely realized for quark sector by
assigning A4 ×Uð1ÞX quantum numbers to matter fields
with appropriate modular forms based on Eq. (2). Some
comments are worth noting. First, by selecting the appro-
priate modular weight for the right-handed down-type
quark fields, it is possible to construct down-type quark
Yukawa superpotential with lower modular weight forms

Yð2Þ
3 or Yð4Þ

3 while keeping the same up-type quark Yukawa
superpotential given in Eq. (50). However, it is hard to
reproduce the experimental data for quark masses and
mixing hierarchies in this way due to the limited number of
parameters. Second, unlike the case in Table I, the quark
SUð2ÞL doublets and singlets can be assigned to A4 triplets
and singlets by choosing appropriate modular weight forms

FIG. 1. Plots for axion-photon coupling jgaγγ j as a function of the flavored-QCD axion mass ma for NO and IO. The orange shaded
region and vertical red lines indicate the conventional QCD axion predictions and the exclusion region of various axion search
experiments, respectively; see Ref. [35].
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and Uð1ÞX quantum numbers, respectively. In this case, the
quark mass hierarchies can be realized in the limit of hτi ¼
i∞ (i.e., Y1 → 1, Y2 → 0, and Y3 → 0), whereas it is hard to
reproduce the CKM mixing angles since additive correction
terms induced by higher weight modular forms are for-
bidden by the modular weight zero of χðχ̃Þ fields. Third, in
the opposite scenario where the quark SUð2ÞL doublets and
singlets are assigned to A4 singlets and triplets, respectively,
it is not possible to account for the observed quark mass
hierarchy due to the charge assignment of Uð1ÞX. Fourth,
for leptons, unlike the case in Table II, the left-handed
charged-lepton SUð2ÞL doubletsL can be assigned to theA4

triplet, and their Uð1ÞX quantum numbers are taken to be
1
2
− gl, whereas SUð2ÞL singlets (ec, μc, τc) are assigned to

the A4 singlets (1, 100, 10), and Uð1ÞX quantum numbers are
taken to be ðgl − fe − 1

2
; gl − fμ − 1

2
; gl − fτ − 1

2
Þ. To gen-

erate neutrino mass through the seesaw mechanism, Nc is
assigned to the A4 triplet, and theUð1ÞX quantum number is
taken to be − 1

2
. In this case, we have the freedom to select

the weights. For instance, we can choose the following
weights: kL ¼ 5

2
, kec ¼ kμc ¼ kτc ¼ − 3

2
, and kNc ¼ 1

2
. Then,

the lepton Yukawa superpotential reads

Wlν ¼
�
αð0Þτ

�
F
Λ

�jfτ jðYð2Þ
3 LÞ100τcþαð0Þμ

�
F
Λ

�jfμjðYð2Þ
3 LÞ10μc

þαð0Þe

�
F
Λ

�jfejðYð2Þ
3 LÞ1ec

�
Hd

þβð0Þ
�
F
Λ

�jgljðNcLÞ1Huþ γð0Þ
1

2
ðYð2Þ

3 NcNcÞ1χþ��� ;

ð59Þ

where dots stand for higher-order contributions triggered
by the combination χχ̃. It is worth noting that the
above superpotential enables mixing between different
charged leptons, analogous to the down-type quark
sector. Additionally, the Dirac neutrino Yukawa matrix,
denoted as mD, exhibits a proportional relationship to
m†

DmD ∝ ð1; 1; 1Þ, and the heavy Majorana neutrino
mass term follows a similar form, as found in Ref. [3].
By selecting other specific weights, namely, kL ¼ 9

2
,

kec ¼ kμc ¼ kτc ¼ − 7
2
, and kNc ¼ − 3

2
, a notable change

occurs in the modular form of the Majorana neutrino

operator. Specifically, the term Yð2Þ
3 transforms into Yð6Þ

1ð3Þ,
resulting in an expression that aligns with the form
presented in Eq. (53). While these cases show potential
for reproducing lepton mass and mixing, further inves-
tigation is necessary to confirm its viability. Fifth, it is
difficult to explain the mass hierarchy of the charged
leptons when we assign the three right-handed charged
leptons, the left-handed charged leptons and Nc to the A4

triplet, three A4 singlets (1, 1 00, 1 0) and the A4 triplet,
respectively. This difficulty is caused by the charge
assignment of Uð1ÞX.

IV. QUARK AND LEPTON INTERACTIONS
WITH QCD AXION

Let us discuss how quark and lepton masses and mixings
are derived from Yukawa interactions within a framework
based on A4 × Uð1ÞX symmetries with modular invariance.
Nonzero VEVs of scalar fields χðχ̃Þ spontaneously break

FIG. 2. Plots for axion-electron coupling jgaeej as a function of the flavored-QCD axion mass ma for NO (left) and IO (right). The
orange shaded region indicates the conventional QCD axion predictions.
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the flavor symmetry Uð1ÞX10 at high energies above EW
scale and create a heavy Majorana neutrino mass term.
Then, the effective Yukawa structures in the low-energy
limit depend on a small dimensionless parameter
hF i=Λ≡ ΔF . The higher-order contributions of super-

potentialsWðhÞ
qðlνÞ become

P∞
n¼1 c̃iΔ2n

χ · (leading-order oper-

ators) with c̃i ¼ eiθ̃i , which make the Yukawa coefficients
of the leading-order terms in the superpotentials given in
Eqs. (37), (50), and (53) shifted. Denoting the effective
Yukawa coefficients shifted by higher-order contributions
as αi, βi, and γi, we see that they are constrained as

1 −
Δ2

χ

1 − Δ2
χ
≤ jαij; jβj; jγij ≤ 1þ Δ2

χ

1 − Δ2
χ

with Δχ ≡ vχffiffiffi
2

p
Λ
; ð60Þ

where the lower (upper) limit corresponds to the sum of
higher-order terms with θ̃i ¼ πð0Þ. When HuðdÞ acquire
nonzero VEVs, all quarks and leptons obtain masses. The
relevant quark and lepton interactions with their chiral
fermions are given by

−L ⊃ quRMuquL þ qdRMdqdL þ
gffiffiffi
2

p Wþ
μ quLγ

μqdL

þ lRMllL þ
1

2

	
νcL NR


 0 mT
D

mD ei
AX
uχ MR

!�
νL

Nc
R

�

þ gffiffiffi
2

p W−
μlLγ

μνL þH:c:; ð61Þ

where g is the SUð2ÞL coupling constant, qu ¼ ðu; c; tÞ,
qd ¼ ðd; s; bÞ, l ¼ ðe; μ; τÞ, ν ¼ ðνe; νμ; ντÞ, and N ¼
ðN1; N2; N3Þ. MR contains a VEV of χ presented by
Eq. (48). The explicit forms of Mu;d;l will be given later.
The above Lagrangian of the fermions, including their
kinetic terms of Eq. (46), should be invariant under Uð1ÞX,

ψf → eifψf
γ5
2
αψf; t ¼ invariant; N → ei

γ5
2
αN; ð62Þ

where ψf ¼ fu; c; d; s; b; e; μ; τg and α is a transformation
constant parameter.

A. Quark and flavored-QCD axion

As axion models, the axion-Yukawa coupling
matrices and quark mass matrices in our model can be
simultaneously diagonalized. The quark mass matrices
are diagonalized through biunitary transformations

Vψ
RMψV

ψ†
L ¼ M̂ψ (diagonal form), and the mass eigen-

states are ψ 0
R ¼ Vψ

RψR and ψ 0
L ¼ Vψ

LψL. These transfor-
mation include, in particular, the chiral transformation of
Eq. (62) that necessarily makes Mu;d;l real and positive.
This induces a contribution to the QCD vacuum angle in
Eq. (46), i.e.,

ϑQCD → ϑeff ¼ ϑQCD þ argfdetðMuÞ detðMdÞg ð63Þ

with −π ≤ ϑeff ≤ π. Then, one obtains the vanishing QCD
anomaly term

Lϑ ¼
�
ϑeff þ

AX

Fa

�
α0s
8π

GaμνG̃a
μν with Fa ¼

fa
NC

; ð64Þ

where α0s ¼ g2s=4π and the axion decay constant Fa with
fa ¼ uχ of Eq. (48). At low energies, AX will get a VEV,
hAXi ¼ −Faϑeff , eliminating the constant ϑeff term. The
QCD axion then is the excitation of the AX field,
a ¼ AX − hAXi.
Substituting the VEV of Eq. (40) into the superpoten-

tial (50), the mass matrices Mu and Md for up- and
down-type quarks given in the Lagrangian (61) are
derived as

Mu¼

0
BBB@
αuΔ

jfuj
χ Yð6Þ

1 eifu
AX
uχ 0 0

0 αcΔ
jfcj
χ Yð6Þ

1 eifc
AX
uχ 0

0 0 αt

1
CCCAvu; ð65Þ

Md ¼

2
6664
0
BBB@

αdΔ
jfdj
χ αsxΔ

jfsj
χ αbyΔ

jfbj
χ

αdyΔ
jfdj
χ αsΔ

jfsj
χ αbxΔ

jfbj
χ

αdxΔ
jfdj
χ αsyΔ

jfsj
χ αbΔ

jfbj
χ

1
CCCAð1þ2xyÞ

þ

0
BBB@
α̃dyΔ

jfdj
χ α̃sΔ

jfsj
χ α̃bxΔ

jfbj
χ

α̃dxΔ
jfdj
χ α̃syΔ

jfsj
χ α̃bΔ

jfbj
χ

α̃dΔ
jfdj
χ α̃sxΔ

jfsj
χ α̃byΔ

jfbj
χ

1
CCCAðy2þ2xÞ

3
7775C̃Y3

1vd;

ð66Þ

where vd ≡ hHdi ¼ v cos β=
ffiffiffi
2

p
, vu ≡ hHui ¼ v sin β=

ffiffiffi
2

p
with v ≃ 246 GeV, and

C̃¼ diag
�
eifd

AX
uχ ;eifs

AX
uχ ;eifb

AX
uχ

�
; x¼Y2

Y1

; y¼Y3

Y1

: ð67Þ

The terms with αd;s;b in Eq. (66) generate by taking the

modular form Yð6Þ
3;1 given in Eq. (51), whereas the terms

with α̃d;s;b in Eq. (66) generate by taking Yð6Þ
3;2.

10If the symmetryUð1ÞX is broken spontaneously, the massless
mode AX of the scalar χ appears as a phase.
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The quark mass matrices Mu in Eq. (65) and Md in
Eq. (66) generate the up- and down-type quark masses:

M̂u ¼ Vu
RMuV

u†
L ¼ diagðmu;mc;mtÞ;

M̂d ¼ Vd
RMdV

d†
L ¼ diagðmd;ms;mbÞ: ð68Þ

Diagonalizing the matricesM†
fMf andMfM

†
f (f ¼ u, d)

determines the mixing matrices Vf
L and Vf

R, respectively
[38]. The left-handed quark mixing matrices Vu

L and Vd
L are

components of the CKM matrix VCKM ¼ Vu
LV

d†
L , which is

generated from the down-type quark matrix in Eq. (66)
due to the diagonal form of the up-type quark mass matrix
in Eq. (65). The CKM matrix is parametrized by the
Wolfenstein parametrization [39] [see Eq. (B1)] and has
been determined with high precision [40]. The current best-
fit values of the CKM mixing angles in the standard
parametrization [41] read in the 3σ range [42]

θq23½°� ¼ 2.376þ0.054
−0.070 ; θq13½°� ¼ 0.210þ0.016

−0.010 ;

θq12½°� ¼ 13.003þ0.048
−0.036 ; δqCP½°� ¼ 65.5þ3.1

−4.9 : ð69Þ

The physical structure of the up- and down-type quark
Lagrangian should match up with the empirical results
calculated from the Particle Data Group (PDG) [35],

md ¼ 4.67þ0.48
−0.17 MeV; ms ¼ 93þ11

−5 MeV;

mb ¼ 4.18þ0.03
−0.02 GeV; mu ¼ 2.16þ0.49

−0.29 MeV;

mc ¼ 1.27� 0.02 GeV; mt ¼ 173.1� 0.9 GeV; ð70Þ

where t-quark mass is the pole mass; c- and b-quark masses
are the running masses in the MS scheme; and the light u-,
d-, and s-quark masses are the current quark masses in the
MS scheme at the momentum scale μ ≈ 2 GeV. Below the
scale of spontaneous SUð2ÞL ×Uð1ÞY gauge symmetry
breaking, the running masses of c and b quarks receive
corrections from QCD and QED loops [35]. The top-quark
mass at scales below the pole mass is unphysical since the
t-quark decouples at its scale, and its mass is determined
more directly by experiments [35].
After diagonalizing the mass matrices of Eqs. (65)

and (66), the flavored-QCD axion to quark interactions
are written at leading order as

−Laq ≃
∂μa

2uχ

�
fuūγμγ5uþ fcc̄γμγ5cþ fdd̄γμγ5dþ fss̄γμγ5sþ fbb̄γμγ5b

�

þ ∂μa

2uχ

�
ðfd − fsÞλ

�
1 −

λ2

2

�
d̄γμγ5sþ ðfs − fbÞAdλ

2s̄γμγ5b

þ Adλ
3ðfdðρþ iηÞ − fs þ fbð1 − ρ − iηÞÞb̄γμγ5dþ H:c:

�

þ i
a
2uχ

�
ðfd − fsÞλ

�
1 −

λ2

2

�
ðmd −msÞd̄sþ ðfs − fbÞAdλ

2ðms −mbÞs̄b

þ Adλ
3ðfdðρþ iηÞ − fs þ fbð1 − ρ − iηÞÞðmb −mdÞb̄dþ H:c:

�
þmuūuþmcc̄cþmtt̄tþmdd̄dþmss̄sþmbb̄b − q̄i=Dq; ð71Þ

where Vd†
L ¼ VCKM of Eq. (B1) is used by rotating the

phases in Mu away, which is the result of a direct
interaction of the SM gauge singlet scalar field χ with
the SM quarks charged under Uð1ÞX. The flavored-QCD
axion a is produced by flavor-changing neutral Yukawa
interactions in Eq. (71), which leads to induced rare flavor-
changing processes. The strongest bound on the QCD
axion decay constant is from the flavor-changing process
Kþ → πþ þ a [43–47], induced by the flavored-QCD
axion a. From Eq. (71), the flavored-QCD axion inter-
actions with the flavor-violating coupling to the s and d
quarks are given by

−Lasd
Y ≃

i
2
ðfd − fsÞ

a
NCFa

s̄dðmd −msÞλ
�
1 −

λ2

2

�
: ð72Þ

Then, the decay width of Kþ → πþ þ a is given by

ΓðKþ → πþ þ aÞ ¼ m3
K

16π

�
1−

m2
π

m2
K

�
3
fd − fs
2FaNC

λ

�
1−

λ2

2

�2;
ð73Þ

where mK� ¼ 493.677� 0.013 MeV, mπ� ¼ 139.57061�
0.00024 MeV [35]. From the present experimental upper
bound BrðKþ → πþaÞ < ð3 − 6Þ × 10−11ð1 × 10−11Þ for
ma ¼ 0–110 (160–260) MeV at 90% C.L. with BrðKþ →
πþνν̄Þ ¼ ð10.6þ4.0

−3.4 jstat � 0.9systÞ × 10−11 at 68% C.L. [48],
we obtain the lower limit on the QCD axion decay constant,
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Fa
2jNCj

jfd − fsj
≳ ð0.86 − 1.90Þ × 1011 GeV: ð74Þ

The QCD axion mass ma in terms of the pion mass and
pion decay constant reads [17,18]

m2
aF2

a ¼ m2
π0
f2πFðz; wÞ; ð75Þ

where fπ ≃ 92.1 MeV [35] and Fðz; wÞ ¼ z=ð1þ zÞð1þ
zþ wÞ with ω ¼ 0.315z. Here, the Weinberg value lies

in z≡mMS
u ð2 GeVÞ=mMS

d ð2 GeVÞ ¼ 0.47þ0.06
−0.07 [35]. After

integrating out the heavy π0 and η at low energies, there is
an effective low-energy Lagrangian with an axion-photon
coupling gaγγ: Laγγ ¼ −gaγγaE⃗ · B⃗ where E⃗ and B⃗ are the
electromagnetic field components. The axion coupling is
expressed as,

gaγγ ¼
αem
2π

ma

fπmπ0

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fðz; wÞp �

E
NC

−
2

3

4þ zþ w
1þ zþ w

�
: ð76Þ

The upper bound on the axion-photon coupling, derived
from the recent analysis of the horizontal branch stars in
galactic globular clusters [49], can be translated to

jgaγγj < 6.6 × 10−11 GeV−1ð95% CLÞ

⇔ Fa ≳ 2.525 × 107
 ENC

− 1.903

 GeV; ð77Þ

where z ¼ 0.47 is used.

B. Charged-lepton and flavored-QCD axion

Substituting the VEV of Eq. (40) into the super-
potential (53), the charged-lepton mass matrix given in
the Lagrangian (61) is derived as

Ml ¼

0
BBBBB@
αeΔ

jfej
χ eife

AX
uχ 0 0

0 αμΔ
jfμj
χ eifμ

AX
uχ 0

0 0 ατΔ
jfτj
χ eifτ

AX
uχ

1
CCCCCAYð6Þ

1 vd:

ð78Þ

Recall that the coefficients αi are complex numbers with
an effective absolute value satisfying Eq. (60). Then, the
corresponding charged-lepton masses are given by

me ¼ αeY
ð6Þ
1 Δjfej

χ vd; mμ ¼ αμY
ð6Þ
1 Δjfμj

χ vd;

mτ ¼ ατY
ð6Þ
1 Δjfτj

χ vd; ð79Þ

where Yð6Þ
1 is given in Eq. (51) and the phases in each term

can be absorbed into ðliÞR. They are matched with the
empirical values from the PDG [35] given by

me ¼ 0.511 MeV; mμ ¼ 105.658 MeV;

mτ ¼ 1776.86� 0.12 MeV: ð80Þ

Flavored axions typically interact with charged leptons
(electrons, muons, and taus) [17,18,20,21] and can be
emitted through atomic axiorecombination, axiodeexcita-
tion, axiobremsstrahlung in electron-ion or electron-electron
collisions, and Compton scatterings [50]. Then, the flavored-
QCD axion to charged-lepton interactions read

−Lal ≃
∂μa

2uχ
ðfeēγμγ5eþ fμμ̄γμγ5μþ fττ̄γμγ5τÞ

þ
X

l¼e;μ;τ

ðmlll − li=∂lÞ: ð81Þ

Like rare neutral flavor-changing decays in particle physics,
the interaction of the flavored-QCD axion a with leptons
makes it possible to search for the QCD axion in astro-
particle physics through stellar evolution. The flavored-
QCD axion coupling to electrons reads

gaee ¼ jfej
me

uχ
: ð82Þ

Stars in the red giant branch of color-magnitude diagrams
in globular clusters provide a strict constraint on axion-
electron couplings, which leads to a lower bound on the
axion decay constant. This constraint is expressed as [51]

jgaeej < 4.3 × 10−13ð95% C:L:Þ
⇔ NCFa ≳ 1.19jfej × 109 GeV: ð83Þ

Bremsstrahlung off electrons eþ Ze → Zeþ eþ a in
white dwarfs (WDs) is an effective process for detecting
axions, as the Primakoff and Compton processes are sup-
pressed due to the large plasma frequency. Comparing
the theoretical and observed WD luminosity functions
(WDLFs) provides a way to place limits11 on jgaeej [56].
Recent analyses of WDLFs, using detailed WD cooling
treatment and new data on the WDLF of the Galactic disk,
suggest electron couplings jgaeej≲ 2.8 × 10−13 [52].
However, these results come with large theoretical and
observational uncertainties.
We note that the entries of the quark and charged-lepton

mass matrices given in Eqs. (65), (66), and (78) except for

11Note that Refs. [52,53] have pointed out features in some
WDLFs [54,55] that could imply axion-electron couplings in the
range 7.2 × 10−14 ≲ jgaeej ≲ 2.2 × 10−13.
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the entry corresponding to the top quark are expressed as a
combination of Δjfαj

χ and modular forms for each compo-
nent. Accurate determination of the values ofΔχ , its power,
and the value of τ is crucial to reproduce the observed
CKM mixing angles given in Eq. (69) and quark masses in
Eq. (70). The values of those parameters are also closely
linked to those in the lepton sector, and they should
necessarily be determined in order to reproduce the
observed values of charged-lepton masses and to predict

light active neutrinos derived from Eqs. (84) and (86). The
Uð1ÞX PQ scale, which corresponds to the seesaw scale [as
shown n Eq. (85)], can be estimated as μχ ∼ 6 × 1013 GeV
from Eq. (45) for m3=2 ∼ 100 TeV.

C. Neutrino

Similar to the case of charged-lepton mass matrix, the
heavy Majorana mass matrix given in the Lagrangian (61)
is derived from the superpotential (53) as

MR ¼ M

0
BBB@

1þ y3 − 5xy 0 0

0 0 1þ y3 − 5xy

0 1þ y3 − 5xy 0

1
CCCA

þM

0
BBB@

2ffiffi
3

p ðγpþ γ0yrÞ − 1ffiffi
3

p ðγypþ γ0xrÞ − 1ffiffi
3

p ðγxpþ γ0rÞ
− 1ffiffi

3
p ðγypþ γ0xrÞ 2ffiffi

3
p ðγxpþ γ0rÞ − 1ffiffi

3
p ðγpþ γ0yrÞ

− 1ffiffi
3

p ðγxpþ γ0rÞ − 1ffiffi
3

p ðγpþ γ0yrÞ 2ffiffi
3

p ðγypþ γ0xrÞ

1
CCCA; ð84Þ

where p ¼ 1þ 2xy, r ¼ y2 þ 2xy, γ ¼ γ2=γ1, γ0 ¼ γ02=γ1,
and the common factor M can be replaced by the QCD
axion decay constant Fa,

M≡ jγ1Y3
1hχij ¼

jγ1j
2

FajNCY3
1j: ð85Þ

The terms with γ2 in Eq. (84) are derived by taking the

modular form Yð6Þ
3;1 satisfying Eq. (51), whereas the terms

with γ02 are derived by taking Yð6Þ
3;2. Equation (84) has three

unknown complex parameters, γ, γ0, and γ1, where the
phase of γ1 contributes as an overall factor after seesawing.
Other variables such as x, y, and Y1 are determined from
the analysis for the quark and charged-lepton sectors,
and hχi is fixed from the seesaw formula (87) whose scale
is given by PQ scale (45). The Dirac mass term in the
Lagrangian (61) reads

mD ¼

0
BB@

β1Δ
jgej
χ β2yΔ

jgμj
χ β3xΔ

jgτj
χ

β1yΔ
jgej
χ β2xΔ

jgμj
χ β3Δ

jgτ j
χ

β1xΔ
jgej
χ β2Δ

jgμj
χ β3yΔ

jgτj
χ

1
CCA

×

0
BB@

eige
AX
uχ 0 0

0 eigμ
AX
uχ 0

0 0 eigτ
AX
uχ

1
CCAY1vu: ð86Þ

The coefficients βi and γi in the neutrino sector, like in the
quark and charged-lepton sectors, are complex numbers
corrected by higher-dimensional operators, resulting in an
effective absolute value satisfying Eq. (60). Equation (86)
contains three complex parameters (β1, β2, and β3), where
one of the phases can be removable as an overall factor
after seesawing. As shown before, the parameter Δχ can be
determined from quark and charged-lepton sectors. In
addition, its Uð1ÞX quantum number gα can be determined
from the numerical analysis for the neutrino sector with
the help of the condition of Uð1ÞX-mixed gravitational
anomaly free given in Eq. (54).
After integrating out the right-handed heavy Majorana

neutrinos, the effective neutrino mass matrixMν is given at
leading order by

Mν ≃ −mT
DM

−1
R mD ¼ U�

νdiagðmν1 ; mν2 ; mν3ÞU†
ν; ð87Þ

where Uν is the rotation matrix diagonalizing Mν and mνi
(i ¼ 1, 2, 3) are the light neutrino masses. Then, the PMNS
mixing matrix becomes

UPMNS ¼ Uν: ð88Þ

The matrix UPMNS is expressed in terms of three mixing
angles, θ12, θ13, θ23, and a Dirac-type CP-violating phase
δCP and two additional CP-violating phases φ1;2 if light
neutrinos are Majorana particles as [35]
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UPMNS ¼

0
BB@

c13c12 c13s12 s13e−iδCP

−c23s12 − s23c12s13eiδCP c23c12 − s23s12s13eiδCP s23c13
s23s12 − c23c12s13eiδCP −s23c12 − c23s12s13eiδCP c23c13

1
CCAQν; ð89Þ

where sij ≡ sin θij, cij ≡ cos θij and Qν ¼ Diagðe−iφ1=2;
e−iφ2=2; 1Þ. Then, the neutrino masses are obtained by the
transformation

UT
PMNSMνUPMNS ¼ Diagðmν1 ; mν2 ; mν3Þ: ð90Þ

Here, mνi (i ¼ 1, 2, 3) are the light neutrino masses. The
observed hierarchy jΔm2

Atmj ¼ jm2
ν3 − ðm2

ν1 þm2
ν2Þ=2j ≫

Δm2
Sol ≡m2

ν2 −m2
ν1 > 0 and the requirement of a

Mikheyev-Smirnov-Wolfenstein resonance [57] for solar
neutrinos lead to two possible neutrino mass spectra:
normal mass ordering (NO)m2

ν1 < m2
ν2 < m2

ν3 and inverted
mass ordering (IO) m2

ν3 < m2
ν1 < m2

ν2 . Nine physical
observables can be derived from Eqs. (89) and (90):
θ23, θ13, θ12, δCP, φ1, φ2, mν1 , mν2 , and mν3 . Recent
global fits [58–60] of neutrino oscillations have enabled a
more precise determination of the mixing angles and mass
squared differences, with large uncertainties remaining for
θ23 and δCP at 3σ. The most recent analysis [61] lists
global fit values and 3σ intervals for these parameters in
Table III. Furthermore, recent constraints on the rate of
0νββ decay have added to these findings. Specifically, the
tightest upper bounds for the effective Majorana mass
ðMνÞee, which is the modulus of the ee entry of the
effective neutrino mass matrix, are given by

ðMνÞee < 0.036−0.156 eV ð136Xe-based experiment ½62�Þ
ð91Þ

at 90% confidence level. 0νββ decay is a low-energy probe
of lepton-number violation, and its measurement could
provide the strongest evidence for lepton-number violation
at high energy. Its discovery would suggest the Majorana
nature of neutrinos and, consequently, the existence of
heavy Majorana neutrinos via the seesaw mechanism [1].
Transforming the neutrino fields by chiral rotations of

Eq. (62) under Uð1ÞX, we obtain the flavored-QCD axion
interactions to neutrinos

−Laν≃
a
2uχ

X
i≠j

νifðmνi −mνjÞIm½V�ij

− iγ5ðmνi þmνjÞRe½V�ijgνjþ
∂a
4uχ

Nγμγ5Nc; ð92Þ

where mνi are real and positive, Q½V�ij ¼ ðge − 1
2
Þ

Q½U1iU�
1j� þ ðgμ − 1

2
ÞQ½U2iU�

2j� þ ðgτ − 1
2
ÞQ½U3iU�

3j� with
Q ¼ Re or Im, and Im½V�ij ¼ −Im½V�ji with U≡UPMNS.
Since the light neutrino mass is less than 0.1 eV, the coupling
between the flavored-QCD axion and light neutrinos is
subject to a stringent constraint given by Eq. (74), which
significantly suppresses the interaction. Therefore, we will
not take it into consideration. Reference [62] provides the
latest experimental constraints on Majoron-neutrino cou-
pling, which are below the range of ð0.4 − 0.9Þ × 10−5.
Once the lepton Uð1ÞX quantum numbers are fixed, the

seesaw scaleM ∼ vχ of Eq. (85) comparable to the PQ scale
of Eq. (45) can be roughly determined using the seesaw
formula (87). By putting Eqs. (84) and (86) into the seesaw
formula (87), we obtain numerically a range of values for
hχi. For instance, see Table IV; it implies that for normal
mass ordering the maximum scale should be below
∼1015 GeV and for inverted mass ordering the maximum
scale should be below ∼5 × 1014 GeV. Refer to Tables V
and VI for NO and Table VII for IO, with Fa ¼ 2jhχi=NCj.
By using the seesaw formula (87), one can set the scale hχi

TABLE III. The global fit of three-flavor oscillation parameters at the best-fit and 3σ level with Super-Kamiokande atmospheric
data [61]. Δm2

Sol ≡m2
ν2 −m2

ν1 , Δm
2
Atm ≡m2

ν3 −m2
ν1 for NO, and Δm2

Atm ≡m2
ν2 −m2

ν3 for IO.

θ13ð°Þ δCPð°Þ θ12ð°Þ θ23ð°Þ Δm2
Solð10−5 eV2Þ Δm2

Atmð10−3 eV2Þ
NO 8.58þ0.33

−0.35 232þ118
−88 33.41þ2.33

−2.10 42.2þ8.8
−2.5 7.41þ0.62

−0.59 2.507þ0.083
−0.080

IO 8.57þ0.37
−0.34 276þ68

−82 49.0þ2.5
−9.1 2.486þ0.084

−0.080

TABLE IV. Uð1ÞX charges linked to seesaw scale.

jgej jgμj jgτj hχi=GeV
NO 6 4 5 1013

5 3 4 5 × 1013

4 2 3 1014

3 1 2 5 × 1014

2 0 1 1015

IO 2 3 3 5 × 1013

1 2 2 1014

0 1 1 5 × 1014
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along with the Uð1ÞX quantum numbers gα without loss of
generality. Doing so results in an effective mass matrix with
nine physical degrees of freedom,

m0≡
 β21
γ1Y1

 v2uhχi ; jγj; jγ0j; jβ̃2j; jβ̃3j; argðγÞ;

× argðγ0Þ; argðβ̃2Þ; argðβ̃3Þ; ð93Þ

in which m0 is an overall factor of Eq. (87), β̃2≡
β2=β1; β̃3 ≡ β3=β1, and 1 − 2Δ2

χ ≤ jβ̃2ð3Þj; jγj; jγ0j ≤ 1
1−2Δ2

χ
.

Out of the nine observables corresponding to Eq. (93), the
five measured quantities (θ12, θ23, θ13, Δm2

Sol, Δm2
Atm) can

be used as constraints. The remaining four degrees of
freedom correspond to four measurable quantities (δCP,
φ1;2, and the 0νββ-decay rate), which can be determined
through measurements.

V. NUMERICAL ANALYSIS FOR QUARK,
LEPTON, AND A QCD AXION

To simulate and match experimental results for quarks
and leptons [Eqs. (69) and (70) and Table III], we use linear
algebra tools from Ref. [63]. By analyzing experimental
data for quarks and charged leptons, we determined the
Uð1ÞX quantum numbers listed in Tables V and VI for
normal neutrino mass ordering and Table VII for inverted
neutrino mass ordering. We also ensured the Uð1ÞX-mixed
gravitational anomaly-free condition of Eq. (54) and
consistency of the seesaw scale discussed above Eq. (93)
with the PQ-breaking scale of Eq. (45).
Notably, in our model, the flavored-QCD axion mass

(and its associated PQ-breaking or seesaw scale) is closely
linked to the soft SUSY-breaking mass. Our analysis covers
the PQ scale hχi from roughly 1013 to 1015 GeV due to
Table IV, corresponding to m3=2 values of 1 to 106 TeV, by
considering Eq. (45) and Table IV. The given Uð1ÞX
quantum numbers can then be used to predict the branching
ratio of Kþ → πþ þ a [Eq. (73)] as well as the axion
coupling to photon [Eq. (76)] and electron [Eq. (82)]. See
Tables V, VI, and VII for more details. The predictions of
our proposed model can be tested by current axion search
experiments. KLASH [33] is sensitive to the mass range of
0.27 − 0.93 μeV, whereas FLASH [34] covers the mass
range of 0.5 − 1.5 μeV. The predictions corresponding to
those range of ma covered by those experiments will be
tested in foreseeable future. Figure 1 illustrates plots of the
axion-photon coupling jgaγγj as a function of the flavored-
QCD axion mass ma for NO (left) and IO (right), respec-
tively. Each plotted point corresponds to values listed in
Tables V–VII, which are consistent with the experimental
constraints described in Eqs. (74), (77), and (83). And Fig. 1
illustrates that certain data points in Table V (I-c, I-d, I-e)
have been fully excluded by the ADMX experiment [64],
while another data point (II) in Table V has been marginally

excluded by the same experiment. Figure 2 shows plots for
axion-electron coupling jgaeej as a function of the flavored-
QCD axion mass ma for NO (left) and IO (right).

A. Quark and charged-lepton

The Yukawa matrices for charged fermions in the SM, as
given in Eqs. (65), (66), and (78), are taken at the scale of
Uð1ÞX symmetry breakdown. Hence, their masses are
subject to quantum corrections. Subsequently, these matri-
ces are run down to mt and diagonalized. We assume that
the Yukawa matrices at the scale of Uð1ÞX breakdown are
the same as those at the scale mt, since the one-loop
renormalization group running effect on observables for
hierarchical mass spectra is expected to be negligible. The
low-energy Yukawa couplings required for experimental
values are obtained from the physical masses and mixing
angles compiled by the PDG [35] and CKMfitter [42].
We have 13 physical observables in the quark

and charged-lepton sector: md, ms, mb, mu, mc, mt,
me, mμ, mτ, and θq12; θ

q
23; θ

q
13; δ

q
CP. These observables are

used to determine 13 effective model parameters: 21
parameters (jαdj, jαsj, jαbj, jα̃dj, jα̃sj, jα̃bj, αe, αμ, ατ,
αt, αc, αu; argðαdÞ; argðαsÞ; argðα̃dÞ; argðα̃sÞ; argðα̃bÞ; Δχ ,
tan β; Re½τ�; Im½τ�) among which eight parameters are
fixed by quantum numbers (fe;μ;τ; fd;s;b; fu;c). Using
highly precise data as constraints for both quarks and
charged leptons, with the exception of the quark Dirac CP
phase, as described in Eqs. (69), (70), and (80), we
scanned all parameter ranges and determined that

Δχ ¼ ½0.596; 0.602�; tan β ¼ ½6.8; 7.3�;
τ ¼ ð0.0001 ∼ 0.046Þ þ ð1.0906 ∼ 1.1086Þi: ð94Þ

The real part of τ, denoted as ReðτÞ, contributes to the phase
of the Yukawa coupling, while the imaginary part of τ,
denoted as ImðτÞ, influences the magnitude of Yukawa
coupling, as demonstrated in Eqs. (65), (66), (78), (85),
and (86). When hτi ¼ i, resulting in real values of x and y in

Eq. (67) as Yð2Þ
3 ¼ Y1ðiÞð1; 1 −

ffiffiffi
3

p
;−2þ ffiffiffi

3
p Þ, it becomes

apparent that it is challenging to satisfy the empirical results
of quark masses and CKM mixing angles due to the overall
factors in Eq. (66) being real. Therefore, it is imperative to
deviate τ from i in order to accommodate the phase in CKM
matrix. Figure 3 shows how the quark Dirac CP phase δqCP
behaves based on certain constrained parameters. Our
model predicts that δqCP falls between 38° and 87°, which
aligns well with experimental data. The horizontal black-
dotted lines in Fig. 3 represent the 3σ experimental bound
for δqCP. Notably, the effective Yukawa coefficients satisfy-
ing the experimental data fall well within the bound
specified in Eq. (60), as shown in the top-left panel of
Fig. 3. This reflects that these coefficients have a natural size
of unity, as stated in Eq. (2).
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We choose reference values, for example, that satisfy the experimental data,

Δχ ¼ 0.597; τ ¼ 0.0074þ 1.0997i; tan β ¼ 6.8; ð95Þ

which result in effective Yukawa coefficients from Eq. (60) satisfying 0.45≲ jαij≲ 1.55. With the inputs

argðαdÞ ¼ 1.007; argðαsÞ ¼ 2.232; argðα̃dÞ ¼ 4.723; argðα̃sÞ ¼ 3.388; argðα̃bÞ ¼ 1.164;

αu ¼ 1.320 for jfuj ¼ 21ðαu ¼ 0.788 for jfuj ¼ 20Þ; αc ¼ 0.950; αt ¼ 1.006;

jαdj ¼ 1.039; jαsj ¼ 1.218; jαbj ¼ 0.790; jα̃dj ¼ 0.896; jα̃sj ¼ 0.822; jα̃bj ¼ 1.158; ð96Þ

we obtain the mixing angles and Dirac CP phase θq12 ¼
12.980°, θq23 ¼ 2.320°, θq13 ¼ 0.218°, δqCP ¼ 64.216° com-
patible with the 3σ Global fit of CKMfitter [42] [see
Eq. (69)]; the quark masses md ¼ 4.593 MeV, ms ¼
103.819 MeV, mb ¼ 4.206 GeV, mu ¼ 2.164 MeV,
mc ¼ 1.271 GeV, and mt ¼ 173.1 GeV compatible with

the values in PDG [35] [see Eq. (70)]. Here, without loss of
generality, the up-type quark masses mu, mc, and mt are a
one-to-one correspondence with αu, αc, and αt, which have
been taken real, and we have set argðαbÞ ¼ 0.
The masses of the charged leptons me, mμ, and mτ are in

a one-to-one correspondence with the real parameters αe,

FIG. 3. Model predictions for δqCP are shown, left-upper, right-upper, and left-lower panels, as functions of the parameters that are
constrained by other empirical results. The horizontal black-dotted lines indicate the 3σ experimental bound.
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αμ, and ατ from Eq. (79). Using the numerical results of
Eq. (95) from the quark sector, with the inputs

αe ¼ 1.268 for jfej ¼ 20 ðαe ¼ 0.757 for jfej ¼ 19Þ;
αμ ¼ 0.900; ατ ¼ 1.148; ð97Þ

we obtain the charged-lepton masses, which agree well
with the empirical values of Eq. (80).

B. Neutrino

The seesaw mechanism in Eq. (87) operates at the
Uð1ÞX symmetry breakdown scale, while its implications
are measured by experiments below the EW scale.
Therefore, quantum corrections to neutrino masses and
mixing angles can be crucial, especially for degenerate

neutrino masses [63]. However, based on our observation
that the neutrino mass spectra exhibit hierarchy at the scale
of Uð1ÞX breakdown (as depicted in Fig. 4), we can safely
assume that the renormalization group running effect on
observables can be ignored.
Neutrino oscillation experiments currently aim to make

precise measurements of the Dirac CP-violating phase δCP
and atmospheric mixing angle θ23. Using our model, we
investigate which values of δCP and θ23 can predict the mass
hierarchy of neutrinos (NO or IO) and identify observables
that can be tested in current and next-generation experi-
ments. To explore the parameter spaces, we scan the
precision constraints fθ13, θ23, θ12, Δm2

Sol, Δm2
Atmg at 3σ

from Table III. Using the reference values from Eq. (95) in
the quark and charged-lepton sectors, we determine the
input parameter spaces of Eq. (93) for both NO and IO at the

FIG. 4. Plots for 0νββ-decay rate (upper panel) and leptonic Dirac CP phase δCP (lower panel) as a function of the neutrino masses
mνi and the atmospheric mixing angle θ23, respectively, for NO (left) and IO (right). Vertical and horizontal dashed lines represent the
1σ bounds for θ23 and δCP, respectively, in Table III. Horizontal red lines indicate the upper bound of KamLAND-Zen result of
Eq. (91) [65].
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Uð1ÞX-breaking scale, for example, taking hχi ¼ 5 × 1013 GeV (see Tables V, VI, and VII); for NO

β̃2 ¼ ½0.48; 1.10�; β̃3 ¼ ½0.61; 1.18�; argðβ̃2ð3ÞÞ ¼ ½0; 2π�
m0hχi=v2u ¼ ½0.59; 1.84�; γ ¼ ½0.37; 0.84�; γ0 ¼ ½0.37; 0.65�

argðγÞ ¼ ½4.42; 5.55�; argðγ0Þ ¼ ½1.30; 2.19�; ð98Þ

where β1 ¼ ½0.97; 1.47�, β2 ¼ ½0.61; 1.11�, and β3 ¼ ½0.69; 1.15�; and for IO

β̃2 ¼ ½0.55; 0.87�; β̃3 ¼ ½0.56; 0.86�; argðβ̃2ð3ÞÞ ¼ ½0; 2π�
m0hχi=v2u ¼ ½0.81; 1.39�; γ ¼ ½0.758; 1.154�; γ0 ¼ ½0.350; 0.618�

argðγÞ ¼ ½2.92; 4.19�; argðγ0Þ ¼ ½0.1; 1.29�& ½5.66; 6.26�; ð99Þ

where β1 ¼ ½0.98; 1.29�, β2 ¼ ½0.69; 0.95�, and β3 ¼
½0.68; 0.93�. For these parameter regions, we investigate
how the 0νββ-decay rate and Dirac CP phase can be
determined for the normal and inverted mass ordering.
These predictions are represented by crosses and X marks
for NO and IO, respectively, in Fig. 5. Referring to the two-
dimensional allowed regions at 3σ presented in Ref. [61],
we note that the most favored regions correspond to
δCP ∼ 250°, whereas there are no favored regions with
respect to θ23. Ongoing experiments like DUNE [66], as
well as proposed next-generation experiments such as
Hyper-K [67], are poised to greatly reduce uncertainties
in the values of θ23 and δCP, providing a rigorous test for
our proposed model. Furthermore, ongoing and future
experiments on 0νββ decay like NEXT [68], SNOþ [69],
KamLAND-Zen [65], Theia [70], and SuperNEMO [71]
may soon reach a sensitivity to exclude the inverted
mass ordering of our model. In addition, the sum of the
three neutrino masses,

P
mν ¼ mν1 þmν2 þmν3 , can be

FIG. 5. Plots for 0νββ-decay rate as a function of leptonic Dirac CP phase δCP for NO (left) and IO (right). Vertical dashed lines
indicate the 1σ bound for δCP listed in Table III, while horizontal red lines represent the upper bound of KamLAND-Zen result of
Eq. (91) [65] for the 0νββ-decay rate.

FIG. 6. Plot for
P

mν ¼ mν1 þmν2 þmν3 as a function of
mlightest for NO (red) and IO (black).
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constrained by cosmological and astrophysical observa-
tions. The current upper bound on the sum of three neutrinos
is given by

P
mν < 0.120 eV at 95% C.L. for TT, TE, and

EEþ lowEþ lensingþ BAO [72]. The bound is obtained
by assuming that neutrinos are stable on timescales of order
the age of the Universe and gets weakened if neutrinos
decay, so values of

P
mν as large as 0.9 eV are still by the

data [73]. On the other hand, the sum of neutrino masses is
predicted from the atmospheric and solar mass splittings
when the lightest neutrino mass is fixed. Figure 6 represents
the prediction of the sum of neutrino masses. From our
numerical analysis carried out as described before, the
lightest neutrino mass is constrained to be 0.0003397≲
mlightest ¼ mν1 ≲ 0.0007945 eV for the case of NO, which
results in 0.0582≲Pmν ≲ 0.0605 eV. In contrast, for the
case of IO, the sum of neutrino masses falls within the range
of 0.1003 to 0.1038 eV. This range results from the
constraint on the lightest neutrino mass, 0.001125≲
mlightest ¼ mν3 ≲ 0.001647 eV, which is obtained from
our numerical analysis.

VI. CONCLUSION

We proposed a minimal extension of a modular-invariant
model that incorporates sterile neutrinos and a QCD axion
(as a strong candidate of dark matter) into the SM to
account for the mass and mixing hierarchies of quarks and
leptons, as well as the strong CP problem. Our model,
based on the 4D effective action, features the GSM × ΓN ×
Uð1ÞX symmetry. To ensure the reliability of our model, we
have examined the modular forms of the superpotential,
corrected by Kähler transformation, under the GSM × ΓN ×
Uð1ÞX symmetry, while also considering the modular and
Uð1ÞX anomaly-free conditions. The model features a
minimal set of fields that transform based on representa-
tions of GSM × ΓN × Uð1ÞX and includes modular forms of
level N. These modular forms act as Yukawa couplings and
transform under the modular group ΓN . Our numerical
analysis guarantees that, in the supersymmetric limit, all
Yukawa coefficients in the superpotential are complex
numbers with a unit absolute value, implying a democratic
distribution.
We demonstrated, as an explicit example, a level-3

modular form-induced superpotential by introducing min-
imal supermultiplets. The extension includes right-handed
neutrinos (Nc) and SM gauge singlet scalar fields (χ and χ̃)
with zero modular weight and (þ and −) charge under
Uð1ÞX. These scalar fields are crucial in generating the
QCD axion, heavy neutrino mass, and fermion mass
hierarchy. Modular invariance of both the superpotential
and Kähler potential allows for Kähler transformation to
correct modular form weight in the superpotential, enabling
a τ-independent superpotential for the scalar potential. The
sterile neutrinos are introduced to satisfy the Uð1ÞX-mixed
gravitational anomaly-free condition, explain small active

neutrino masses via the seesaw mechanism, and provide a
well-motivated PQ symmetry-breaking scale. As the fields
χðχ̃Þ have modular weights of 0, any additional correction
terms arising from higher-weight modular forms are not
permitted in the superpotentials. However, the combination
χχ̃ can trigger higher-order corrections that are permissible
and do not modify the leading-order flavor structures.
Taking into account both SUSY-breaking effects and
supersymmetric next-leading-order Planck-suppressed
terms, we have determined the low axion decay constant
(or seesaw scale). This leads to an approximate range for
the PQ scale hχi (equivalently, the seesaw scale) of 1013 to
1015 GeV for m3=2 values between 1 and 106 TeV; see
Tables V–VII. Interestingly enough, in our model, the PQ-
breaking scale (or axion mass) is closely linked to the
seesaw scale and the soft SUSY-breaking mass. Our model
with E=NC could be tested by ongoing experiments such
as KLASH [33] and FLASH [34], see Figs. 1 and 2, by
considering the scale of Uð1ÞX breakdown.
We explored numerical values of physical parameters that

satisfy the highly precise data on the mass of quarks and
charged leptons, as well as the quark mixing angles, except
for the quark Dirac CP phase. Our model predicts that the
value of δqCP falls within the range of 38° to 87°, which is
consistent with experimental data. Notably, the effective
Yukawa coefficients satisfying the experimental data fall
well within the bound specified in Eq. (60), as shown in the
top-left panel of Fig. 3. This suggests that our assumption,
as stated in Eq. (2), that the Yukawa coefficients have a
natural size of unity is plausible. Using precise neutrino
oscillation data as constraints, we investigated how the
0νββ-decay rate and Dirac CP phase could be determined
for the normal and inverted mass ordering in the neutrino
sector. Referring to the 3σ allowed regions in Ref. [61], we
note that the most favored regions for our proposed model
are δCP ∼ 250°, with no favored regions with respect to θ23.
Ongoing experiments, such as DUNE [66], and proposed
next-generation experiments, such as Hyper-K [67], are
expected to greatly reduce uncertainties in the values of
θ23 and δCP, providing a rigorous test for our model.
Additionally, ongoing and future experiments on 0νββ
decay, such as NEXT [68], SNOþ [69], KamLAND-Zen
[65], Theia [70], and SuperNEMO [71], may soon have
the sensitivity to exclude the inverted mass ordering in
our model.
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APPENDIX A: THE GROUP A4

The group A4 is the symmetry group of the tetrahedron,
isomorphic to the finite group of the even permutations of
four objects. The group A4 has two generators, denoted S
and T, satisfying the relations S2 ¼ T3 ¼ ðSTÞ3 ¼ 1. In the
three-dimensional complex representation, S and T are
given by

S ¼ 1

3

0
B@

−1 2 2

2 −1 2

2 2 −1

1
CA; T ¼

0
B@

1 0 0

0 ω 0

0 0 ω2

1
CA; ðA1Þ

where ω ¼ ei2π=3 ¼ −1=2þ i
ffiffiffi
3

p
=2 is a complex cubic

root of unity. A4 has four irreducible representations: three
singlets 1; 10, and 100 and one triplet 3. An A4 singlet a is
invariant under the action of S (Sa ¼ a), while the action of
T produces Ta ¼ a for 1, Ta ¼ ωa for 10, and Ta ¼ ω2a
for 100. Products of two A4 representations decompose into
irreducible representations according to the following

multiplication rules: 3 ⊗ 3 ¼ 3s ⊕ 3a ⊕ 1 ⊕ 10 ⊕ 100,
10 ⊕ 10 ¼ 100, and 100 ⊕ 100 ¼ 10. Explicitly, if ða1; a2; a3Þ
and ðb1; b2; b3Þ denote two A4 triplets, then we
have Eq. (30).

APPENDIX B: THE CKM MIXING MATRIX

The CKM mixing matrix is given in the Wolfenstein
parametrization [39] by

VCKM ¼

0
BB@

1 − 1
2
λ2 λ Adλ

3ðρ − iηÞ
−λ 1 − 1

2
λ2 Adλ

2

Adλ
3ð1 − ρ − iηÞ −Adλ

2 1

1
CCA

þOðλ4Þ; ðB1Þ

where λ ¼ 0.22500þ0.00082
−0.00063 , Ad ¼ 0.813þ0.026

−0.018 , ρ̄ ¼ ρ=
ð1 − λ2=2Þ ¼ 0.157þ0.036

−0.018 , and η̄ ¼ η=ð1 − λ2=2Þ ¼
0.347þ0.030

−0.020 with 3σ errors [42].

TABLE V. The quark and lepton Uð1ÞX quantum numbers that satisfy experimental results, including Eqs. (69), (70), and (74) and
Table III as well as the Uð1Þ-mixed gravitational anomaly-free condition for normal neutrino mass ordering. We present numerical
results for QCD anomaly coefficient NC, QCD axion decay constant Fa, QCD and QED anomaly ratio E=NC, axion-electron coupling
gae (z ¼ 0.47), axion-photon coupling gaγγ (z ¼ 0.47), axion mass ma, and branching ratio BrðKþ → πþ þ aÞ≡ BrðKπaÞ.

Uð1ÞX fu fc fd fs fb fe fμ fτ ge gμ gτ NC
Fa
GeV

E
NC

gae
10−17

jgaγγ j
10−17 GeV−1

ma
10−7 eV BrðKπaÞ

20 8 14 11 5 20 9 4 6 4 5 4.2þ1.9
−1.7 × 10−15

I-a ∓ � � ∓ � � ∓ � � ∓ ∓ �4 5 × 1012 − 5
6

36.13 66.00 10.89
I-b ∓ � � ∓ � � ∓ ∓ � � ∓ �4 5 × 1012 19

6
36.13 26.94 10.89

I-c ∓ � ∓ � � � ∓ � � � � �10 2 × 1012 1
15

36.13 112.71 27.21
I-d ∓ � ∓ � � � � ∓ � � ∓ �10 2 × 1012 − 29

15
36.13 228.88 27.21

I-e ∓ � ∓ � � � � � � ∓ ∓ �10 2 × 1012 − 53
15

36.13 321.82 27.21

21 8 14 11 5 20 9 4 5 3 4 4.2þ1.9
−1.7 × 10−15

II ∓ � � ∓ ∓ � � � � � � �15 1.3 × 1012 −2 37.06 358.09 41.87

20 8 14 11 5 19 9 4 5 3 4 1.7þ0.8
−0.7 × 10−16

III-a ∓ � � ∓ � � ∓ ∓ � ∓ � �4 2.5 × 1013 11
3

6.87 7.71 2.18
III-b ∓ � � ∓ � � � ∓ ∓ ∓ ∓ �4 2.5 × 1013 − 16

3
6.87 34.11 2.18

III-c ∓ � � ∓ � � ∓ � � ∓ ∓ �4 2.5 × 1013 − 1
3

6.87 10.88 2.18
III-d ∓ � ∓ � � � � � � ∓ ∓ �10 1013 − 10

3
6.87 62.04 5.44

III-e ∓ � ∓ � � � � ∓ � ∓ � �10 1013 − 26
15

6.87 43.45 5.44

20 8 14 11 5 20 9 4 4 2 3 4.2þ1.9
−1.7 × 10−17

IV-a ∓ � � ∓ � � ∓ � ∓ ∓ � �4 5 × 1013 − 5
6

3.61 6.60 1.09
IV-b ∓ � � ∓ � � ∓ ∓ � ∓ � �4 5 × 1013 19

6
3.61 2.69 1.09

IV-c ∓ � ∓ � � � � ∓ � ∓ � �10 2 × 1013 − 29
15

3.61 22.89 2.72
IV-d ∓ � ∓ � � � � � ∓ ∓ � �10 2 × 1013 − 53

15
3.61 32.18 2.72

IV-e ∓ � � ∓ ∓ � � � � � � �14 1.43 × 1013 − 7
3

3.61 35.30 3.81
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TABLE VI. The same as in Table V.

Uð1ÞX fu fc fd fs fb fe fμ fτ ge gμ gτ NC
Fa
GeV

E
NC

gae
10−17

jgaγγ j
10−17 GeV−1

ma
10−7 eV BrðKπaÞ

21 8 14 11 5 19 9 4 4 2 3 4.2þ1.9
−1.7 × 10−17

V-a ∓ � � ∓ � � ∓ � ∓ � � �5 4 × 1013 4
15

3.43 5.05 1.36
V-b ∓ � � ∓ � � ∓ ∓ � � � �5 4 × 1013 52

15
3.43 4.24 1.36

V-c ∓ � � ∓ � � � ∓ ∓ ∓ ∓ �5 4 × 1013 − 56
15

3.43 16.67 1.36
V-d ∓ � ∓ � � � � � ∓ � � �11 1.8 × 1013 − 92

33
3.43 30.64 2.99

V-e ∓ � ∓ � � � � ∓ � � � �11 1.8 × 1013 − 4
3

3.43 21.34 2.99

20 8 14 11 5 19 9 4 3 1 2 1.7þ0.8
−0.7 × 10−18

VI-a ∓ � � ∓ � � ∓ � ∓ ∓ � �4 2.5 × 1014 − 1
3

0.69 1.09 0.22
VI-b ∓ � � ∓ � � ∓ ∓ � � � �4 2.5 × 1014 11

3
0.69 0.77 0.22

VI-c ∓ � ∓ � � � � � ∓ ∓ � �10 1014 − 10
3

0.69 6.20 0.54
VI-d ∓ � ∓ � � � � ∓ � � � �10 1014 − 26

15
0.69 4.35 0.54

21 8 14 11 5 20 9 4 3 1 2 1.7þ0.8
−0.7 × 10−18

VII-a ∓ � � ∓ � � ∓ � ∓ � � �5 2 × 1014 − 2
15

0.72 1.24 0.27
VII-b ∓ � ∓ � � � � � � ∓ ∓ �11 9 × 1013 − 98

33
0.72 6.36 0.60

21 8 14 11 5 19 9 4 2 0 1 4.2þ1.9
−1.7 × 10−19

VIII-a ∓ � � ∓ � � ∓ � � 0 ∓ �5 4 × 1014 4
15

0.34 0.51 0.14
VIII-b ∓ � ∓ � � � � � � 0 ∓ �11 1.8 × 1014 − 92

33
0.34 3.06 0.30

20 8 14 11 5 20 9 4 2 0 1 4.2þ1.9
−1.7 × 10−19

IX-a ∓ � � ∓ � � ∓ � ∓ 0 ∓ �4 5 × 1014 − 5
6

0.36 0.66 0.11
IX-b ∓ � ∓ � � � � � ∓ 0 ∓ �10 2 × 1014 − 53

15
0.36 3.22 0.27

TABLE VII. The same as in Table V, except for the inverted neutrino mass ordering.

Uð1ÞX fu fc fd fs fb fe fμ fτ ge gμ gτ NC
Fa
GeV

E
NC

gae
10−17

jgaγγ j
10−17 GeV−1

ma
10−7 eV BrðKπaÞ

19 8 14 11 5 20 9 4 2 3 3 1.7þ0.8
−0.7 × 10−16

I-a ∓ � � ∓ � � ∓ ∓ � ∓ � �3 3.33 × 1013 10
3

7.23 4.62 1.63
� ∓

I-b ∓ � ∓ � � � � ∓ � ∓ � �9 1.11 × 1013 − 22
9

7.23 46.54 4.90
� ∓

20 8 14 11 5 19 9 4 2 3 3 1.7þ0.8
−0.7 × 10−16

II-a ∓ � � ∓ � � ∓ � ∓ ∓ � �4 2.5 × 1013 − 1
3

6.87 10.88 2.18
� ∓

II-b ∓ � ∓ � � � � � ∓ ∓ � �10 1013 − 10
3

6.87 62.04 5.44
� ∓

20 8 14 11 5 20 9 4 1 2 2 4.2þ1.9
−1.7 × 10−17

III-a ∓ � � ∓ � � ∓ ∓ � � � �4 5 × 1013 19
6

3.61 6.60 1.09
III-b ∓ � � ∓ � � ∓ � � ∓ ∓ �4 5 × 1013 − 5

6
3.61 2.69 1.09

III-c ∓ � ∓ � � � � ∓ � � � �10 2 × 1013 − 29
15

3.61 22.89 2.72
III-d ∓ � ∓ � � � � � � ∓ ∓ �10 2 × 1013 − 53

15
3.61 32.18 2.72

19 8 14 11 5 19 9 4 1 2 2 4.2þ1.9
−1.7 × 10−17

IV-a ∓ � � ∓ � � ∓ ∓ ∓ � � �3 6.67 × 1013 4 3.43 3.47 8.16
IV-b ∓ � � ∓ � � ∓ � ∓ ∓ ∓ �3 6.67 × 1013 − 4

3
3.43 5.82 8.16

IV-c ∓ � ∓ � � � � ∓ ∓ � � �9 2.22 × 1013 − 20
9

3.43 22.11 2.45
IV-d ∓ � ∓ � � � � � ∓ ∓ ∓ �9 2.22 × 1013 −4 3.43 31.40 2.45

19 8 14 11 5 20 9 4 0 1 1 1.7þ0.8
−0.7 × 10−18

V-a ∓ � � ∓ � � ∓ ∓ 0 � � �3 3.33 × 1014 10
3

0.72 0.46 0.16
V-b ∓ � ∓ � � � � ∓ 0 � � �9 1.11 × 1014 − 22

9
0.72 4.65 0.49
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