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The simplest cosmologies motivate the consideration of dark matter subcomponents that interact
significantly with normal matter. Moreover, such strongly coupled relics may have evaded detection to date
if upon encountering the Earth they rapidly thermalize down to terrestrial temperatures, 7', ~ 300 K~
25 meV, well below the thresholds of most existing dark matter detectors. This shedding of kinetic energy
implies a drastic enhancement to the local density, motivating the consideration of alternative detection
techniques sensitive to a large density of slowly moving dark matter particles. In this work, we provide a
rigorous semianalytic derivation of the terrestrial overdensities of strongly coupled relics, with a particular
focus on millicharged particles (MCPs). We go beyond previous studies by incorporating improved
estimates of the MCP-atomic scattering cross section, new contributions to the terrestrial density of sub-
GeV relics that are independent of the Earth’s gravitational field, and local modifications that can arise due
to the cryogenic environments of precision sensors. We also generalize our analysis in order to estimate the
terrestrial density of thermalized MCPs that are produced from the collisions of high-energy cosmic rays

and become bound by the Earth’s electric field.

DOI: 10.1103/PhysRevD.109.075027

I. INTRODUCTION

There is compelling gravitational evidence to conclude
that Standard Model (SM) particles make up less than 5%
of the energy budget of the Universe. The rest is made up of
dark matter (DM) and dark energy, both of whose funda-
mental natures are unknown despite decades of theoretical
and experimental scrutiny. While this program has set
stringent limits on nongravitational interactions between
DM/dark energy and the SM, current experimental data
does not preclude the existence of cosmological relics
(denoted as y) that interact significantly with normal
matter; accelerator experiments provide only a weak con-
straint on such couplings [1,2], most astrophysical bounds
are significantly weakened for DM masses much larger
than ~10 MeV, and cosmological observables are unable
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to constrain dark relics that make up only a small fraction
(<1%) of the DM abundance [3-6]. In fact, thermal relics
that are strongly coupled to the SM should be produced
with small abundances [7], providing strong theoretical
motivation for such a scenario. Furthermore, provided that
their mass m, is not too large, strongly coupled relics
thermalize in the overburden consisting of the Earth’s
atmosphere and crust before reaching terrestrial direct-
detection experiments, such that their kinetic energy after
thermalization, set roughly by room temperature T'g ~
300 K ~ 25 meV, is far below the threshold of conven-
tional direct-detection experiments.

Upon thermalizing in the Earth’s environment, the y phase
space is drastically modified compared to the virialized
galactic population. In particular, the loss of kinetic
energy typically implies a significant enhancement to the
local terrestrial density. For instance, since y’s thermal
velocity v, ~ /300 K/m, ~ 5 x 10-°, /T GeV/m, is
well below the Earth’s escape velocity v, ~4 x 107 for
m,, > 1 GeV, such particles remain gravitationally bound
as a hydrostatic gas, accumulating over the entire age of
the Earth tg5 ~4.5 Gyr to extremely large densities [8].
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However, this hydrostatic piece is only one contribution
to their total terrestrial density. An additional component
arises as our Solar System sweeps through the Galactic
halo, giving rise to a dynamic influx of y’s currently
entering the Earth’s environment [9-15]. This component
has not yet reached hydrostatic equilibrium and is thus
conceptually distinct from the accumulated density of
gravitationally bound particles. Although this population
does not accumulate in time and so is not enhanced in its
density by the large time scale g, the conservation of flux
implies a large local overdensity that can exist even in the
absence of the Earth’s gravitational field. As we show below,
the evolution of particles in this terrestrial “traffic jam” is
well described by the physics of diffusion as a gravitationally
biased random walk. Although the total number of such
particles currently flowing into the Earth’s atmosphere is
potentially minuscule compared to the accumulated popu-
lation, the former is relevant for particles of any mass and in
fact may dominate over the hydrostatic piece near the Earth’s
surface across a large range of model space.

In this work, we provide a model-independent frame-
work to determine the terrestrial population of strongly
coupled relics. The formation of large terrestrial over-
densities of strongly coupled relics has been investigated in
the literature previously. For instance, the gravitationally
bound hydrostatic population was considered in Ref. [8],
while the dynamic traffic jam contribution was investigated
in, e.g., Refs. [9-15]. As we show below, we go beyond
previous calculations in several ways: (1) we include
additional contributions to the terrestrial density of sub-
GeV particles in the well-motivated case that the scattering
cross section is enhanced at low momentum transfer, (2) we
provide simple semianalytic expressions that can be used to
determine the detailed spatial density profile of the traffic
jam overdensities, and (3) we incorporate local effects
stemming from the presence of laboratory detectors and
inhomogeneities in the density of normal matter. This
formalism can also be generalized to incorporate additional
effects arising from the Earth’s electromagnetic fields, which
may be relevant for certain models of millicharged relics.

A natural class of strongly coupled particles that quickly
thermalize to terrestrial temperatures—thus evading limits
from underground detectors—are those in which the
interaction is mediated by a light force carrier. In particular,
upon encountering the Earth’s crust, the mean free path of y
is much smaller than a kilometer—the characteristic depth
of underground detectors—only if the mass of this force
carrier is much below O(1) GeV. However, the existence
of a new light mediator is typically constrained to be
extremely feebly coupled to the SM by, e.g., direct searches
for new forces at low-energy accelerators, fifth-force
experiments, and considerations of stellar cooling (see,
e.g., Ref. [16] and references therein). An exception to this
arises if y feebly couples to the SM through a known long-
range force, such as electromagnetism. This naturally arises

if the DM-SM interaction is mediated by an ultralight,
kinetically mixed dark photon, since direct bounds on dark
photons decouple in the small-mass limit [17]. In this case,
x appears as effectively charged under electromagnetism
over length scales smaller than the dark photon Compton
wavelength, which can be macroscopic. Even for small
effective charges ¢, <1, such millicharged particles
(MCPs) can efficiently scatter with nuclei many times in
the Earth’s atmosphere or crust, shedding their kinetic
energy before encountering underground detectors [18].
For this reason, we will focus exclusively on MCPs in this
work, although our formalism can be easily adapted to any
theory of strongly coupled relics. However, we note that
there are few, if any, viable alternative models of strongly
interacting relics with sufficiently large scattering cross
sections with normal matter (> 1073 cm?) to develop
large terrestrial overdensities. Compared to previous analy-
ses [14], we find qualitative agreement in the formalism
developed to calculate the local overdensity of MCPs with
mass m,, > 1 GeV, although we show below that a careful
treatment of y-nuclear scattering leads to an overdensity a
few orders of magnitude larger than previously estimated.
For MCPs of mass m, <1 GeV, we also point out a new
contribution to the terrestrial density that leads to large
overdensities even for MCPs so light that the Earth’s
gravitational field can be safely ignored. The effect of
“thermal diffusion,” pointed out in the context of DM in
Ref. [19] and reemphasized recently in Ref. [15], is also
explicitly included in our calculations. We find that this
leads to a relatively minor numerical change in the local
distribution of strongly coupled relics.

We also generalize our formalism to determine the
terrestrial density of sub-GeV MCPs that are produced
from the collision of high-energy cosmic rays in the atmo-
sphere and then rapidly thermalize in the Earth’s crust. This
constitutes an irreducible contribution to the local MCP
density independent of any additional cosmological pop-
ulation generated in the early Universe. We demonstrate
that for certain classes of MCP models, the atmospheric
voltage can efficiently trap such MCPs, potentially leading
to irreducible densities as large as n, ~ 1 cm™ for certain
ranges of masses and couplings. Throughout most of this
work, we focus predominantly on MCP cosmological
relics. It will be stated explicitly when we generalize our
analysis to include MCPs produced from cosmic rays.

The outline of the paper is as follows. Sections II through
VII focus exclusively on the terrestrial abundance of
millicharged relics. In particular, Sec. II begins by review-
ing the relic MCP model space and presenting a conceptual
overview of the development of large terrestrial over-
densities, in order to provide intuition for our main
results. In Sec. III, we briefly outline details relevant for
determining terrestrial MCP-nuclear scattering, such as
the calculation of the transfer cross section and modeling
of the terrestrial environment. In Sec. IV, we discuss
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Cartoon depiction of a millicharged relic particle y entering the Earth’s atmosphere with an initially virialized effective

temperature 7T ';, ~ lO*GmZ. Before reaching an underground detector, y sheds its kinetic energy by scattering with nuclei in the Earth’s
atmosphere and crust, thermalizing down to terrestrial temperatures T'q, ~ 300 K. Since the interaction rate is strongly peaked towards
smaller momentum transfer, thermalization significantly shortens the mean free path of y. After thermalizing, y diffuses throughout the
Earth and may become gravitationally bound depending on its mass.

model-dependent modifications to our analysis that can
arise from the effect of the Earth’s electric and magnetic
fields. In Sec. V, we introduce the general formalism
used to evaluate overdensities. In Sec. VI, we review the
accumulation of the gravitationally bound hydrostatic
population. In Sec. VII, we apply our general formalism
to the dynamic traffic jam population. In Sec. VIII, we
present our final estimates for the terrestrial density of MCP
relics. In Sec. IX, we generalize this analysis to include
MCPs that are produced from the collisions of high-energy
cosmic rays. Finally, we state our conclusions and discuss
future lines of research in Sec. X. We also provide an
appendix that contains additional technical details.

II. MODEL SPACE AND CONCEPTUAL
OVERVIEW

MCPs possess a small effective charge g, <<'1 under
standard electromagnetism. Most classes of MCP models
fall under one of two categories. In the first category, small
charges arise indirectly if y has a dark charge O, ~ 1 under
a dark photon A’ that has a small kinetic mixing with the
SM photon. In this case, y couples to normal electromag-
netism on length scales smaller than the dark photon’s
Compton wavelength with an effective charge g, =
ee’Q, /e, where € < 1 is the small kinetic mixing param-
eter, ¢’ is the A’ gauge coupling, and e is the SM electric
charge [17]. We refer to such particles as “effective MCPs.”
Alternatively, y may directly couple to the SM photon with
a small electric charge on all length scales. Although this
second possibility appears unnatural from top-down con-
siderations of gauge-coupling unification, it is technically

natural to posit the existence of new particles with
arbitrarily small electric charge. We refer to such particles
in this latter scenario as “pure MCPs.”

Over a large range of masses and couplings, relic MCPs
y rapidly thermalize to terrestrial temperatures upon scat-
tering with nuclei in the Earth’s environment (this will
be made more precise in later sections). Here, we briefly
describe the effects that thermalization has on the terrestrial
overdensities of strongly coupled relics. After thermalizing,
y diffuses throughout the Earth, which can be modeled
as a random walk biased in the direction of the Earth’s
gravitational field, as shown schematically in Fig. 1. The
ultimate fate of such particles depends on their mass m,.
For m, > 1 GeV, an O(1) fraction of the incoming
galactic flux becomes gravitationally bound. Such particles
thus contribute to two distinct terrestrial populations: a
gradually accumulating population in hydrostatic equilib-
rium, as well as a dynamic in-flowing (or “traffic jam”)
population as new particles are constantly raining in from
the Galactic halo. Alternatively, MCPs much lighter than
1 GeV do not remain gravitationally bound and thus solely
contribute to the traffic jam population. Since the hydro-
static overdensity has already been worked out in detail in
Ref. [8], we briefly review it in Sec. VI and continue in this
section with an introduction to the traffic jam population
which provides a qualitative explanation of this phenome-
non, leaving a more detailed explanation to Sec. VII.

A broad understanding of the traffic jam overdensity
follows straightforwardly from the conservation of flux.
In the Earth’s frame, approximating the Earth’s surface as
extending across the y-z plane, we characterize the incom-
ing bulk flow of Galactic virialized (i.e., not yet thermalized
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FIG. 2. Schematic cartoon outlining the journey of a millicharged relic particle y thermalizing in the Earth’s environment. A virialized
MCP y enters the Earth’s atmosphere from the left, traveling to the point xgyg until it suddenly thermalizes with terrestrial matter [orange
(dark gray) dot]. At terrestrial temperatures, the mean free path of y is greatly reduced as it diffuses throughout the Earth. Once an
outwardly traveling thermalized MCP passes a surface located at xjgg [yellow (light gray) dot], it is able to free stream out of the
atmosphere or remains gravitationally or electrically bound and begins the entire process again, depending on the MCP mass and charge.
At positions to the left of xgrg, the flow of MCPs is governed by both the Galactic flux j; as well as the thermal diffusion flux j,. The
boundary condition involving j, and j; imposed at xgrg and x; gg is discussed in Sec. VIL. In particular, at positions to the right of xrs,

the flow is solely governed by the thermal diffusion flux j,.

to terrestrial temperatures) MCPs as j ;. ~ 1i. V ying» Where
ny; 1s the number density of MCPs in the Galaxy. The
velocity of virialized DM should be calculated as an aver-
age incoming velocity transverse to the Earth’s surface, i.e.,
Vaind = [, ~0 @°V0,f,(v), where the DM velocity distri-
bution f,(v) is approximately a Maxwell-Boltzmann dis-
tribution truncated at the Galactic escape velocity and
boosted by the Earth’s relative velocity ~10~3 through
the Milky Way halo. Therefore, V ;.4 varies as a function
of time and geographical position, but we ignore these
subleading effects. At a sufficient depth below the Earth’s
atmosphere, most strongly coupled MCPs thermalize to
terrestrial temperatures. In this region, the MCP flux is
solely determined by the combined effect of the Earth’s
gravitational field and diffusion. In particular, y is biased to
drift radially inwards due to the attractive pull of the Earth’s
gravitational field g. This attraction is resisted by the
friction imparted by rapid collisions with surrounding
nuclei N. Diffusion, on the other hand, is dictated simply
by the temperature and collision rate between y and the
surrounding medium and biases the flow of particles
against large density and temperature gradients. As dis-
cussed in Sec. V, in the absence of large temperature
gradients, both effects combine to yield a thermalized flow
given by the bulk number-current density

Jy=n,V,—D,Vn,, (2.1)
where n, is the terrestrial number density of y, V,, is the
gravitational drift velocity (precisely the terminal velocity
of y, with gravitational and collision-induced frictional
forces balancing out), and D, is the diffusion coefficient.
For thermalized MCPs diffusing with a characteristic step

size f@,l V, and D, are parametrically set by V, ~ g€/
and D, ~ £y, where Dy~ /Tg/m, + Tg/my is the
relative thermal velocity between y and nuclei N at
terrestrial temperature 7.

The resulting terrestrial density 7, can be determined by
demanding the continuity of MCP number. In the low-mass
limit (m, <1 GeV), the Earth’s gravitational field plays
little role, and so the first term of Eq. (2.1) can be ignored.
Furthermore, we assume that upon encountering the Earth’s
environment, a Galactic MCP travels at a speed Vg
before cooling down to a temperature of 7'g ~ 300 K upon
reaching the “first thermalization surface” located at xprg
[see Eq. (5.6)]. After thermalizing, y then remains in the
Earth until it diffuses outwards past the “last scattering
surface” located at xj g5 [see Eq. (5.7)]. Here, the positions
Xprs and xpgg mark the beginning and end of the MCP’s
random walk through the Earth and are shown as the orange
and yellow circles in Fig. 2, respectively (see Sec. VB
for a more precise definition). Hence, escaping the Earth
involves diffusing outward a distance of xprg — Xigs,
which takes a time of roughly fgg ~ (Xprs — Xrs5)2/ Dy
Hence, while the rate of deposited MCPs is j,;, the
outgoing diffusion flux diminishing the terrestrial density
is ~n,(xprs — Xrss)/tair ~ 1, D,/ (Xers — XLss). A steady
state is reached after a time 7 > f4; when the terrestrial
density n, builds up to a point at which the outgoing flux
(i.e., the rate at which thermalized MCPs diffuse from xgrg

11,”@ is the typical length traversed by an MCP before
exchanging an O(1) fraction of its momentum, i.e., the distance
it travels before turning around. This is in general distinct from
the mean free path, the latter being the typical length traversed
between scattering events.
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FIG.3. Thermally averaged transfer cross section () for MCP
scattering off of room-temperature nitrogen (averaged between
positively and negatively charged MCPs) as a function of the
MCP mass m, for various values of the effective charge g,. The
solid lines take the MCP phase space to track that of the virialized
Galactic population, corresponding to MCPs that have not yet
thermalized with the Earth, whereas the dotted lines assume that
MCPs have equilibrated to room temperature 7 ~ 300 K.

to xpgs) 1s comparable to the incoming Galactic flux (i.e,
the rate that MCPs are deposited at xgpg), which occurs for
a terrestrial overdensity of

lim —-
m,<GeV Ny, D)( 20 f@

Ny Viina (Xprs — Xrss) _ Viina Xprs — Xiss

(2.2)

Note that the characteristic step size is much smaller at
lower temperatures (i.e., g < Xprs — X ss) since the
MCP-nuclear scattering rate is enhanced at small momen-
tum transfer (see Fig. 3 below). Hence, both factors in the
last equality of Eq. (2.2) contribute to a large terrestrial
MCP overdensity.

On the other hand, in the Ilarge-mass limit
(m, > 1 GeV), the first term in Eq. (2.1) dominates and
the MCP density is simply dictated by equating j; and
~n,V,, which gives

lim 2 Yoind.
m,>GeV Ny \%

(2.3)

As an example, for MCP masses and couplings of m, <
10 TeV and g, 2 107, the gravitational drift velocity
V,< 107 is much smaller than V ;4 ~ 1073 (see Sec. V),
implying a density n, many orders of magnitude larger than
the Galactic density.

In later sections, we carefully derive Eqs. (2.2) and (2.3)
in more detail. At that point, we also see how to generalize
these results to the case where the density or temperature
of terrestrial nuclear scatterers (and, hence, the MCP
scattering rate) is not uniform in space. First, though, in

Secs. Il and IV we briefly discuss the determination of the
scattering rate between MCPs and terrestrial atoms and the
effect of MCP interactions with the Earth’s electromagnetic
fields, respectively.

III. TERRESTRIAL SCATTERING

In this section, we evaluate the MCP-atomic momentum-
transfer scattering cross section o7 at an MCP temperature
T, before and after thermalization, and we discuss other
inputs to determine the scattering rate, such as terrestrial
compositions, densities, and temperatures in the atmos-
phere, crust, mantle, and core. The crust, mantle, and core
are described using the preliminary reference Earth
model [20], incorporating the most abundant elements:
oxygen, silicon, aluminum, and iron. For the atmosphere
consisting mostly of oxygen, nitrogen, and helium, we
employ the Mass Spectrometer Incoherent Scatter
Extended model [21]. In our analysis, we only incorporate
MCP-atomic nuclear elastic scattering since this has
been found to dominate over other processes such as
electronic recoils and Rutherford scattering with rare
ions/electrons [18]. We also make the simplifying approxi-
mation to treat the atoms of terrestrial molecules as
individual target scatterers. We do not expect these approx-
imations to introduce more than an O(1) error in our final
results.

To account for the screening of the nuclear charge by
electrons in terrestrial atoms, we follow Ref. [18] and
model the electrostatic potential of the nucleus N using the
Thomas-Fermi model. In the case that the A’ is much longer
ranged than the size of the atom, the MCP interacts with
the modified nuclear Coulomb potential (Ze/r)e™"/%z,
where Z is the atomic number of the nucleus, a, is the
Thomas-Fermi radius a; = (972/2Z)"/3(ay/4), and ay =
1/(aemm,) is the Bohr radius. In certain limits, further
approximations can be made to simplify the calculation
of the scattering cross section. For instance, in the pertur-
bative (@emZq,m,naz < 1) or large momentum transfer
(HyNVreiaz > 1) regimes, the Born or classical approxima-
tions apply, respectively, where u,y is the MCP-nuclear
reduced mass and v, is the relative velocity. However, no
such approximation is valid across the entirety of the mass,
coupling, and momentum-transfer ranges considered in this
work. We thus choose to employ semianalytic solutions to
the Schrodinger equation incorporating the Thomas-Fermi
potential, adapting the results for the transfer cross section
o7 from Refs. [22,23].

Figure 3 shows the thermally averaged transfer cross
section (or) for y scattering off of a nitrogen atom

*These studies quote results for scattering through a potential
(ax/r)e™™" within the context of self-interacting DM X. In
adapting these results to MCP-nuclear scattering, we therefore
make the replacements m, — a;', oy — ZAem s and my = 24,y
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(the most abundant element in the atmosphere), as a
function of the MCP mass m, and for different choices
of charge g, and MCP temperature, using the full semi-
analytic results as given in Refs. [22,23]. In this section,
we average the scattering rate for positively and negatively
charged MCPs in order to simplify the presentation.
However, in our final numerical results we separately
present the MCP density for either charge. The brackets
correspond to a thermal average over the y — N relative
velocity v [24-27]

© 202 2 92
) = dv..(--- \/: rel e—vrc]/Zvﬂ’
G /0 ) V3 1’)(3)

Vo = \/Tx/mx + Ty/my.

(3.1)

In Fig. 3, the solid lines show the transfer cross section for
an MCP phase space that tracks the Galactic distribution,
i.e., with an effective temperature of Tvirszstind/ 3,
whereas the dotted lines assume that the MCPs have

equilibrated to room temperature T'qy ~ Ty ~ 300 K.
For m, < 1 GeV, the momentum transfer in a single
scatter is very small and is thus in the “quantum
|

regime” [22]. In this case, when solving the Schrédinger
equation the interaction potential is often approximated
with the so-called Hulthén potential, since it admits simple
analytic solutions. The transfer cross section is then
determined to be [22]

m,<GeV 2 omt 03

3022/3 2,2 4
lim {o7) ~min I DY)
AemMe /l;(NUO

Note that in the expression above the rate is independent
of the characteristic relative thermal velocity 7, for small
charge g, or mass m,, which arises from the screening of
the nucleus at small momentum transfer, as characterized
by the Thomas-Fermi potential. This is exemplified by the
fact that the solid and dotted lines in Fig. 3 (corresponding
to different MCP temperatures and thus different relative
velocities) approximately coincide for small MCP masses.
Alternatively, for m, > 1 GeV the momentum transfer is
enhanced and is in the “classical regime” [23]. In this case,
depending on the coupling strength, the limiting forms of
(o7) are parametrically [23]

10222, q2 )
% ’ Zaem‘];(/az < HyN Vs

lim (o7)~{ ' (3.3)
> GeV 10 Jog (220 Zagq,/az > p,n 02
@i Z3m;; g azpn;)’ emdy/ Gz = HyNVo:

The first line in the expression above implies that for small
coupling, o7 is significantly enhanced at small momentum
transfer (as can be seen by comparing the dotted and solid
lines for m, > 1 GeV in Fig. 3). Instead, for large
coupling, o7 has a mild logarithmic growth with increasing
q,- This is exemplified in Fig. 3 when comparing the results
for g, = 107 and 4, = 1072; for large masses and small
relative velocities (corresponding to the dotted lines in
Fig. 3), there is only a mild enhancement in (). Note that
for virialized MCPs, the cross section is generically peaked
near m, ~ (azVyina) ™' ~ 10 MeV, where the momentum
transfer involved is sufficient for the MCP to interact with
the unscreened nuclear charge. Furthermore, for large
couplings and small relative velocities, there exist resonant
enhancements to the scattering cross section due to the
formation of quasibound states, as shown by the dotted
cyan curve, corresponding to g, = 1072 and T,=Tg.
In Sec. V, this scattering rate is incorporated into the
fundamental equations governing the evolution of the MCP
phase space. In this work, we ignore model-dependent
contributions arising from MCP self-interactions. In mod-
els of pure MCPs, y-N scattering is enhanced relative to y-y
scattering by Z/q, > 1 and the larger density of terrestrial

[

matter. However, in models of effective MCPs, self-
scattering can proceed via A’ exchange. As an example,
fixing ¢’ = e and g, 2 1077, we find that y-y scattering
dominates over y-N scattering in the crust for n, > 10'* cm?.
Since we only ever calculate the relative terrestrial over-
density n,/n.;., we implicitly assume that n;. (and hence n,)
are sufficiently small such that y-N interactions completely
dominate the evolution of the terrestrial MCP population.

IV. TERRESTRIAL ELECTROMAGNETIC
FIELDS

In addition to scattering off of normal matter, MCPs may
interact with electromagnetic fields sourced by the Earth,
Sun, and Milky Way. Interactions with environmental
magnetic fields and the solar wind have been considered
before [18,28-32]. We leave the incorporation of extra-
terrestrial electromagnetic fields in estimating the terrestrial
population to future work. We assume that these effects can
either be incorporated by rescaling n,;. or that they can be
entirely ignored due to model-dependent effects that we
consider below.

In this work, we instead focus on the electromagnetic
fields present on the Earth. These are the Earth’s magnetic
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field Bg ~ 0.5 G sourced by its fluid outer core and the
radially inward electric field Eg ~1 V/cm present
between the crust and ionosphere as a result of the large
potential difference Vg ~ 0.5 MV relative to the top of the
atmosphere. The voltage difference between the Earth’s
conducting crust and ionosphere layers is maintained by the
insulating intermediate region of air in the Earth’s lower
atmosphere. However, the small conductivity of air leads
to a radially inward discharging current /g ~ 2 kA of
positively charged SM ions. This discharging current is
approximately offset by the average occurrence of light-
ning, which acts to recharge the crust and maintain the large
atmospheric voltage across the global scale. This mecha-
nism is referred to as the “global atmospheric electrical
circuit” (GAEC) [33-35].

A. Pure MCPs

For models in which MCPs directly couple to electro-
magnetism across all length scales (the so-called “pure
MCPs” discussed in Sec. II), terrestrial electromagnetic
fields may significantly impact the trajectories and reten-
tion of incoming MCP relics on the Earth. For instance, the
incoming flux of MCPs from the Galactic halo is signifi-
cantly modified if their corresponding gyroradius r,~
(m,Vyina)/ (€q,Bg) is much smaller than the Earth’s radius
Rg ~6.4 % 10° km, which is the case for millicharges
of g, > 107> x (m,/GeV). For such couplings, Galactic
MCPs cannot efficiently penetrate into the Earth’s envi-
ronment near the equator, but still may gather near the
poles, analogous to the Van Allen radiation belt of solar
wind particles [18].

Pure MCPs also directly couple to the atmospheric
electric field, which can impact the terrestrial accumulation
by either accelerating or decelerating positively or neg-
atively charged MCPs, respectively. For instance, any
thermalized negatively charged MCPs are ejected from the
lower atmosphere for eq, Vg > Tg ~ 300 K, correspond-
ing to ¢, > 1077, On the other hand, for such couplings
positively charged MCPs become electrically bound to the
Earth and remain below the crust. In this case, the incoming
flux of positively charged MCPs amounts to an additional
radially inward electrical current I, ~ eq,(j,i/2)47R
on the Earth. Thus, the existing limit on anomalous charge
transport through the atmosphere (i.e., demanding that
I, < Ig) forbids charges
q, 2 max[1077,5 x 107 x (m,/GeV)(ppm/p,)].  (4.1)
where p, and ppy are the Galactic MCP and DM energy
densities, respectively. For couplings smaller than Eq. (4.1),
the incoming adiabatic flux of MCPs does not modify the
GAEC and any backreaction on the Earth’s electric field is
negligible. In other words, this millicharge separation is
compensated for by an opposing SM charge separation,

with a large enough mismatch to maintain the global
electric field. Conversely, Eq. (4.1) constitutes a bound
(although one that is weaker than direct limits on MCPs),
since MCP couplings greater than this value would sig-
nificantly modify the mechanism at work that maintains the
atmospheric voltage.

B. Effective MCPs

The situation is modified if MCPs indirectly couple to
electromagnetism, as in models of “effective millicharge.”
For instance, when such interactions are mediated by an
ultralight kinetically mixed dark photon, the MCP trajec-
tory is dictated by the dark magnetic field sourced by the
Earth, whose strength is exponentially suppressed if the
dark photon’s Compton wavelength is shorter than an Earth
radius, corresponding to a dark photon mass of my 2
10~ eV (in this case, the solar and Galactic dark magnetic
fields are also suppressed). Also demanding that the dark
photon is sufficiently light to not alter the low-momentum
transfer enhancement associated with MCP-nuclear scatter-
ing at terrestrial temperatures (see Sec. III), we restrict our
consideration to my < /iy Tg ~5 keV x (u,y/GeV)'/2.
Direct bounds on the existence of dark photons in this mass
range 107'* eV < my < 10 keV restrict the kinetic mixing
parameter to be € < 107° [36-40]. Thus, in these models,
for the largest charges that we consider in the sections
below (g, ~ 1072), we require ¢'Q, = eq,/e ~ 10°, where
¢’ is the dark gauge coupling and Q, is the dark charge of y.
Hence, the effect of the Earth’s magnetic field can be
screened throughout the entire parameter space of interest if
y is a dark composite state with a correspondingly large
charge under the dark photon.

The effect of the Earth’s electric field is rendered
completely negligible if the MCP interaction is mediated
by a dark photon, independent of the dark photon’s mass.
To see this, let us consider the case that the A’ is exactly
massless, in which case SM charged particles source solely
the visible massless SM photon, whereas y couples to both
the massless visible and invisible photons [17]. For such a
model, positively charged MCPs accumulate in the Earth’s
crust until they source a dark electric field of opposite sign
that couples to the incoming MCPs just as strongly as the
normal terrestrial electric field. This occurs once N, ~
(¢/€')EgR% positively charged MCPs have accumulated
on the Earth. The time scale for this dark electric shorting to
occur is typically much smaller than the age of the Earth,

Tshort ~ (e/e/)Eg;/jvir ~ 1072 sec

x (m,/GeV)(e/e)(pom/py)- (4.2)

Since € < ¢/, the resulting number density of electrically
bound MCPs n, ~ (e/e')Eg/Rg ~107* cm™ x (/') is
much smaller than the terrestrial densities that we consider
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below and has little effect on the Earth’s normal electric
field. Thus, in models involving kinetically mixed dark
photons, the effect of the Earth’s dark electric field is
quickly neutralized.

From the discussion above, we see that the role of the
Earth’s electromagnetic fields is highly model dependent.
In our analysis below, we investigate various cases. For
models of effective MCPs, we take the dark photon mass to
be sufficiently heavy such that the strength of local electro-
magnetic fields is exponentially screened. Alternatively, in
models of pure MCPs, we incorporate the effect of the
terrestrial electric field in binding positively charged MCPs
to the Earth. In this case, additional effects stemming from
the terrestrial magnetic field are assumed to be implicitly
incorporated by rescaling the incoming MCP flux, set by
the density n;.

V. STRONGLY COUPLED FLUIDS
AND RANDOM WALKS

After determining how strongly coupled relics interact
with the terrestrial environment, we can calculate the
resulting modifications to their phase space. At the coarse-
grained level, the dense terrestrial population of MCPs
is most economically described as a classical fluid. In
Secs. VA and V B, we write down the equations governing
this MCP fluid and show how at the particle level this is
equivalent to a gravitationally biased random walk. The
starting and ending positions of this random walk are
dictated by the thermalization and momentum-transfer drag
lengths, which are calculated in Sec. V B. This general
formalism will be used in following sections to determine
the terrestrial MCP density.

A. General formalism for a strongly coupled fluid

A tightly coupled MCP fluid is completely specified
in terms of its number density n, and bulk velocity V){.3
Higher moments of the phase space (quadrupole, octupole,
etc.) are parametrically suppressed by the large interaction
rate between MCPs and terrestrial matter [41].4 The
fundamental equation is the continuity equation, which
expresses the conservation of MCP number,

on, +V-j, =0, (5.1)
where j, =n,V, is the number-current density associated
with the bulk motion of the MCP fluid.

*We use notation where capitalized vectors correspond to bulk
velocities of a fluid and lowercase vectors correspond to the
velocities of individual particles.

This is analogous to how the baryon-photon fluid in the early
Universe is well described by density and velocity perturbations,
with a small quadrupole suppressed by the large Compton
scattering rate [42].

We proceed by making several simplifying approxima-
tions. First, we restrict our analysis to a single spatial
dimension. From the perspective of a strongly coupled
MCP, the Earth is taken to be a one-dimensional semi-
infinite region starting at the top of the atmosphere and
extending to deep underground at x — oo with gravitational
field g = gX. In this work, we evaluate the MCP density
near the Earth’s surface, i.e., at depths much smaller than an
Earth radius, x < Rg. Hence, treating the Earth as a semi-
infinite system is well justified provided that an incoming
Galactic MCP thermalizes well before traversing an O(1)
fraction of the Earth’s radius.’

Our next assumption involves modeling the thermalized
MCPs as an ideal g356 of temperature T (x) and ignoring
terms that depend on spatial gradients of Tg. Note that
the terrestrial temperature varies by less than 2 orders of
magnitude within the Earth’s atmosphere and crust, com-
pared to the nuclear density which varies by more than 13
orders of magnitude. Hence, for most regions throughout
the Earth, we do not expect such temperature gradients
to play a large role in determining the MCP density. The
importance of thermal gradients for m, <10 GeV was
recently stressed in Ref. [15]. In Sec. VIII B, we investigate
the role of such effects, finding that they modify the final
density near the Earth’s surface by less than O(10%).

Finally, we take the MCPs to be tightly coupled to
terrestrial matter, such that their mean free path is much
smaller than the Earth’s radius. As shown in the Appendix,
with these assumptions the MCP current takes the sim-
plified form

Jy=n,V,—=D,Vn,. (5.2)
The gravitational drift velocity V, and diffusion coefficient
D, are defined as

Ty

\/ - e
“ o Tpm,

g
. (5.3)
g Fp

where F,, is the “momentum drag rate,” i.e., the rate at
which scattering with nuclei changes the MCP momentum

’In three spatial dimensions, the conservation of flux implies
J, = const/ r*> for a spherically symmetric system, instead of
J, = const as in the case of a single dimension. Hence, provided
that the radial coordinate is well approximated as r=~ Rg, it
suffices to work in a single spatial dimension.

®This is valid provided that the potential energy arising from
self-interactions of nearby MCPs is smaller than their thermal
kinetic energy. For models of effective MCPs that couple to a
dark photon, this corresponds to (Q,¢’ )zn}( I > T,, or equiva-
lently to dark Debye lengths greater than the MCP interparticle
spacing. Since the importance of such self-interactions is density
dependent, we implicitly assume that n.;, (and hence n,) is
sufficiently small so that the terrestrial population can be
approximated as an ideal gas.
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by an O(1) fraction. The momentum drag rate I, evaluated
at an MCP temperature T, is related to the yN — yN
transfer cross section o7 by

~ 37_)(%/<Urel/GT> (m;( < mN)
TplT) v { (/) (or o)/ (3T) (g )
Hyn Vg

where ny is the terrestrial number density of nuclei, the
brackets are defined as 1n Eq. (3.1), and £, ~ 1/ (nyor) is
the mean free path of y. " We use the first and second lines
of Eq. (5.4) in our calculations, which are approximate
expressions that hold in the limit that m, < my and
m, > my, respectively. Note that the ratio between the
diffusion coefficient and gravitational drift velocity,
D,/V,=Tg/(m,g), is independent of the interaction rate
', and is effectively the distance over which a particle with
kinetic energy T, can move against a uniform gravitational
field. As we discuss further in Sec. VIIIC, this implies
that in certain cases thermal diffusion can homogenize and
wash out spatial structure in terrestrial overdensities on
smaller length scales.

In general, forces from terrestrial electromagnetic fields
should also be included on the right-hand side of Eq. (5.2)
if y also couples to electromagnetism on length scales
larger than O(100) km. We omit these effects for now since
their contribution is model dependent, as discussed pre-
viously in Sec. IV. We have also ignored modifications
to j, resulting from the bulk flow of normal matter in the
Earth’s frame, which amounts to ignoring transient effects
from weather and the circulation of air in the Earth’s
atmosphere.

B. Momentum and thermalization drag length

For spatially uniform V, and D,, Egs. (5.1) and (5.2)
reduce to the standard form of the convection-diffusion
equation,

on, =D,N?*n, -V, -Vn,, (5.5)
which is mathematically equivalent to the underlying
equation governing the concentration P of particles under-
going a one-dimensional biased random walk [43]. The
locations that mark the beginning (xgrg) and end (xy gg) of
this random walk (see the orange and yellow circles in
Fig. 2, respectively) are determined by I',,, which is the rate
for an MCP to lose an O(1) fraction of its momentum.
Thus, a virialized Galactic MCP entering the Earth’s
environment will thermalize and begin random walking

7 . . .
More precisely, #png is the distance traveled before a
momentum transfer of ~u, v, occurs.

at the position x = xprg of the “first thermalization surface”
(FTS) defined by

1~ /,u)(N/ p(Tv1r)
my w1nd '

where T, is evaluated at the effective temperature T\, =~

(5.6)

m, V2. /3 of the Galactic population and the integral is
over the terrestrial depth x traversed by an MCP. The
prefactor on the rhs of Eq. (5.6) accounts for the fact that in
the low-mass limit, y must exchange its momentum
my/m,, > 1 times before exchanging a significant portion
of its energy, and hence the distance it penetrates before
thermalizing is enhanced by the square root of this
ratio [24-27]. Analogous to Eq. (5.6), we define the end
point of the random walk x = xj g as the point at which an
outgoing thermalized MCP is unlikely to undergo further
momentum exchange through scattering,

LSS dx plUe) (T@)

V3Te/m,

In this sense, xjgg is the “last scattering surface” (LSS),
above which MCPs efficiently free stream out of the Earth’s
environment without significant momentum transfer. Note
that for MCPs that are gravitationally or electromagneti-
cally bound to the Earth, x;qg is only a temporary end
point, as such particles remain on a bound orbit as they free
stream out, eventually reenter the Earth’s environment,
and begin random walking once again. The integrands of
Egs. (5.6) and (5.7) are the inverse of the virialized (i.e.,
Galactic) and thermalized momentum-exchange length
scales,

| ~ (5.7)

3Tvir,€B/m;(/Fp(Tvir,€B)’ (58)

fvir,GB =
which are shown as the solid and dotted lines in the left
panel of Fig. 4, respectively. The various features of these
curves follow the same line of argument as given for Fig. 3
in Sec. III, after performing the mapping from o7 to I',, in
Eq. (5.4). Note that £g is the distance a thermalized MCP
travels before exchanging an O(1) fraction of its momen-
tum and turning around and, hence, is effectively the “step
size” of its random walk throughout the Earth.

Equations (5.6) and (5.7) only determine the typical
values of the starting and stopping positions of the MCP’s
random walk. Fundamentally, xprg and x; g5 are distributed
according to their probability distribution functions, as not
every MCP will equilibrate or escape the Earth at the exact
same location. For m, < my or m, > my, y must travel
many mean free paths £, ~ 1/(nyor) before thermaliz-
ing to terrestrial temperatures. In this case, the central limit
theorem implies that the distribution for xprg is very
narrowly peaked and hence is well approximated by the
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FIG. 4. Left: MCP-nuclear momentum drag length [see Eq. (5.8)] [i.e., the distance traversed by an MCP before exchanging an O(1)
fraction of its momentum due to scattering with terrestrial nuclei] as a function of the MCP mass at a depth of 1 km underground and for
various choices of the MCP coupling. The solid lines correspond to an MCP phase space that tracks the virialized Galactic DM
distribution, whereas the dotted lines assume that the MCPs have thermalized to terrestrial temperatures. Right: position xgrg at which a
virialized MCP from the Galactic halo thermalizes with the Earth (solid lines) and the position xj g5 at which an outwardly traveling
MCP that is thermalized with the Earth free streams out of the atmosphere (dotted lines) as a function of mass for various choices of the
MCP coupling. These positions are shown as the corresponding height with respect to the Earth’s surface.

deterministic expression of Eq. (5.6). Such a statement
cannot be made for the LSS x; g for m, < my, but as we
show below the dependence on xjgg is mild when evalu-
ating the terrestrial density at greater depths x > xjgg,
which applies to most of the parameter space of interest.
In the right panel of Fig. 4, we use our estimates of £;; g
as well as the modeling of the Earth’s environment to
determine the typical heights corresponding to xgpg (solid
lines) and x;gg (dotted lines). Here, positive or negative
values of the “height” are defined with respect to the Earth’s
surface and hence correspond to the Earth’s atmosphere
or crust/mantle/core, respectively. As expected, for m, >
1 GeV, x;g5 is located at much larger heights (where the
Earth’s density is parametrically reduced) than xgrg due
to the large enhancement of the scattering rate at low
velocities (see Sec. III). At the position xgrg, an incoming
Galactic MCP exchanges an O(1) fraction of its energy
and begins random walking throughout the terrestrial
environment. Above the position xj g5, thermalized MCPs
can traverse the remaining atmosphere without significant
exchange of their momentum. Thus, a thermalized MCP
diffusing outwards is unlikely to undergo any further signi-
ficant scatters beyond this point. These locations, xprg and
Xiss, therefore define the beginning and end points of an
MCP’s random walk and will be used as inputs in Sec. VII
to calculate the traffic jam density.

For m, < my, the larger number of momentum ex-
changes required to thermalize implies that only a fraction
of low-mass MCPs efficiently shed their kinetic energy
before possibly turning around and reflecting off of the
Earth. We determine the likelihood to successfully thermal-
ize Pry, by first noting that Eq. (5.5) also applies to the

evolution of the probability per unit length P of an
individual diffusing particle [43]. For an MCP that
exchanges a significant fraction of its momentum and
begins diffusing through the Earth after traversing a
distance 7;, at time t = 0, the probability that it is found
at a position x at time ¢ > 0 is given by the following
solution to Eq. (5.5) [43]:

1 (—2yi)? (+24ip)
( e 4D)(/ —e 4DX‘ )

A /47[Dlt

We employ a “sudden thermalization approximation,” such
that after this initial time A7, ~T',(T\;,)~" spent traveling a
distance 7;;, the incoming MCP suddenly thermalizes after
scattering for an additional time of Aty, ~ (my/u,y — 1)x
L, (Tyi)™" = (my/m,)T,(Ty;;)~" [25]. The thermalization
probability is thus the integrated probability that the
particle has not escaped after time Az, which is given by

Pr[h:A de(x,At[h):erf(,/3ml/4mN), (5.10)

where we used that D, = T;./(T',m,) and £ = Ving /T,
In the low- and high-mass limits, we thus have Pry =~

(3/7)(m,/my) and Pry, ~1, respectively.

A recent numerical study of Pry, conducted in Ref. [44]
showed a broad consistency with the estimate of Eq. (5.10).
We remark that both Eq. (5.10) and the results of Ref. [44]
are derived for the case of roughly isotropic scattering. The
actual MCP-atomic scattering cross sections, depending
on the model parameters, may be strongly peaked in the

Plx.1) = (5.9)
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forward direction, in which case the probability of large-
angle scattering is relatively suppressed. In this case, the
thermalization probability Pry, may be somewhat enhanced,
e.g., by a Coulomb logarithm, since energy loss can occur
continuously over many low-momentum-transfer scatters.
Therefore, Eq. (5.10) should be viewed as a conservative
estimate. We also note that MCPs may lose energy via
ionization, especially at larger velocities, but this energy-
loss mechanism appears to be subdominant to elastic
scattering on atoms due to the small velocities of MCPs
compared to atomic electron velocities.

VI. THE HYDROSTATIC POPULATION

Before calculating the dynamic traffic jam density in
Sec. VII, we first review the hydrostatic population bound
by the Earth’s gravitational or electromagnetic fields. In
doing so, we follow the approach of Ref. [8], finding good
agreement with their results for the gravitationally bound
population. The volume-averaged rate at which a wind of
virialized Galactic MCPs flows into the Earth is

i 1j' ”Ré :énvirvwind
®7 M 4n/3)Ry 4 Ry

(6.1)

where a dot denotes a time derivative and Rg, is the Earth’s
radius. However, as discussed above, not all incoming
MCPs thermalize to terrestrial temperatures. Accounting
for this implies that the volume-averaged capture rate is

fieap = Pry i, (6.2)
with Pry given in Eq. (5.10). Here, we have ignored
depletion of the terrestrial density from self-annihilations
of MCPs to dark or SM photons. As discussed above, since
the importance of such self-interactions is highly model
dependent, we implicitly assume that n; (and hence n,) is
sufficiently small so that such processes do not significantly
modify the evolution of the MCP population.

Let us begin by focusing on the role of the Earth’s
gravitational field. To remain gravitationally bound, a
thermalized MCP must have a radially outward velocity
smaller than the terrestrial escape velocity. The fraction
of particles with a speed greater than the escape velocity
leads to an outgoing “evaporation flux” that depletes the
terrestrial population, denoted as jey,,- The corresponding
volume-averaged depletion rate is related to jey,, by

, ~ 4”Ré9 o jevap
I’levap - ]evap (477/3)R39 - REB .

(6.3)

The evaporation flux is given by jeyap = 71, (Voygesc)» Where
(Voutese) 18 the average outward-going velocity above the
escape velocity [45]

—Uz/v(z)

e
<Uout.esc> = / dSVm vcos 6 6(1} - vesc)
0

vo(l + vgsc/v(z))

N 2\/7
and vy = /2T g (x1s5)/m, is evaluated at the free-streaming

surface x; 5. This outgoing flux is significant provided that
the exponential in the last equality of Eq. (6.4) does not
suppress the rate. Taking Tg(xpss) 22300 K, vese/vg <
O(10) for m, <1 GeV; thus, we expect thermal evapora-
tion to significantly deplete the gravitationally bound
hydrostatic population for m, < 1 GeV. From Egs. (6.3)
and (6.4), the volume-averaged evaporation rate is

2 /.2
ViV,
e el o,

(6.4)

r _ 3 v0(1+vgsc/v(2))
RV Rg

2 2
e_besc/vo

hevap = revapn)(v
(6.5)

The final terrestrial abundance of gravitationally bound
MCPs is governed by both capture and evaporation such
that 71, = Ficap — Fleyap = Ticap — Devap’,- Assuming a negli-
gible initial abundance, this can be solved to find the
volume-averaged abundance that has accumulated over the
age of the Earth t5 ~4.5 Gyr,

B . 1 — g_revaptea
NMpound = ncapteB
Iﬁeva f
p'®

(6.6)

In Eq. (6.6), we have put a bar over the number density
to signify that this is the mean density averaged over the
entire terrestrial volume. A more detailed description can
be obtained by noting that such a population eventually
approaches hydrostatic equilibrium. This corresponds to
zero bulk flow of the accumulated MCP fluid. Enforcing
zero bulk current j, =0 in Eq. (5.2) yields 9, logn,~
—m, g/ Tg. Integrating over the terrestrial radial coordinate
r, we then have

1 Rge™ !
) =3 oo B i)

/
I(r) :/rdr’ 9(r') ,
0 Te(r)
where the r-independent constant for 7, (r) has been fixed
by demanding that the mean density is equal to 7iyqyng
of Eq. (6.6).

Equation (6.7) is the radial profile for the gravitationally
bound hydrostatic population of MCPs. As shown by the
solid lines in Fig. 5, we use it to determine the terres-
trial overdensity n,/n.; of this hydrostatic population at
various depths underground, assuming a temperature at
the last scattering surface of T'g(x1s5) = 300 K. Note that

(6.7)
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FIG. 5. Gravitationally bound hydrostatic overdensity (solid

lines) of MCP relics as a function of the MCP mass, evaluated at
various depths underground (from darkest to lightest blue: 6 Mm,
4 Mm, 2 Mm, and 1 km underground). The MCP coupling is
assumed to be large enough for MCPs to rapidly thermalize in the
Earth’s environment and the temperature at which these particles
evaporate from the Earth is fixed to T'qy = 300 K. Also shown as
the dashed line is an example of the electrically bound hydrostatic
population, which tracks the gravitationally bound density at
large masses.

this is only a representative example, as the temperature
at the last scattering surface depends on the MCP charge
and mass [we find that Tg(x.ss) =300 K for g, ~
107>/ min [1 GeV,m,]]. For m, < 1 GeV, an O(1) frac-
tion of the incoming flux evaporates on a time scale much
shorter than the age of the Earth, thus considerably
reducing the gravitationally bound density. Instead, for
m, > 1 GeV, MCPs remain efficiently gravitationally
bound until today. However, in this case, hydrostatic
equilibrium in the presence of the Earth’s gravitational
field dictates that the density of more massive MCPs
is more strongly peaked towards the Earth’s inner core,
diminishing the density near the Earth’s surface. This
explains the large hierarchy between the various curves
of Fig. 5 for large masses. This behavior can be seen
explicitly in the numerator on the rhs of Eq. (6.7), since the
exponential is strongly suppressed for large m, unless I(r)
is particularly small (corresponding to radial positions near
the Earth’s center). Note that in this section we have not
approximated the Earth as one dimensional, and thus our
results are valid for arbitrarily large depths. At depths
relevant for underground detectors (~1 km), we see that
the overdensity of such a population of strongly coupled
relics is only significant over a narrow mass range centered
around m, ~ 1 GeV. In the next section, we show that the
dynamical traffic jam population can instead contribute the
dominant terrestrial density near the Earth’s surface.
Also shown by the dashed line in Fig. 5 is the density
corresponding to an electromagnetically bound hydrostatic
population of MCPs. As discussed in Sec. IV, this arises if

q, > 10~7 and y couples to the Earth’s electric field over
large distance scales, such as in models of pure MCPs. In
this case, even very light thermalized particles can remain
efficiently bound in the Earth’s crust. For m, > 1 GeV, the
resulting profile underground is identical to that of the
gravitationally bound population, since this electric field is
screened in the crust. At the level of our analysis, we have
incorporated this effect by simply setting the evaporation
flux jeyap to zero. Accounting for inhomogeneities in the
Earth’s electric field is beyond the scope of this work, but
could suppress the efficiency of the Earth’s electric field in
trapping MCPs over terrestrial time scales. We leave the
consideration of this to future work.

We conclude this section by briefly commenting on the
nature of the MCP population above the last scattering
surface xjgg, where the phase space transitions from
hydrostatic to free streaming. A detailed understanding
of this region is relevant for studies of indirect signatures
arising from the annihilation into SM particles at large radii
above the absorptive layers of the Earth and its atmosphere.
We can approximate this “ballistic” free-streaming pop-
ulation at height 2 > 0 above the last scattering surface as

m,gh
) ~ ) < exp (<72
@
m, h
~ l’l){(.sts> X exp —GW X M y (68)

where we took T'g, ~ 300 K and ignored model-dependent
effects arising from terrestrial electromagnetic fields. Thus,
substantial MCP densities can persist in regions well above
the last scattering surface for certain masses. We leave a
dedicated study of this region to future work.

VII. THE TRAFFIC JAM POPULATION

In this section, we derive the terrestrial overdensity of
MCPs arising from the dynamical traffic jam population, as
previously described parametrically in Egs. (2.2) and (2.3).
This corresponds to MCPs that have only just recently
entered the Earth’s environment and is thus distinct from
the accumulated hydrostatic density of the previous section.
In the various subsections below, we determine the traffic
jam density by solving Eq. (5.2). In order to determine
explicit solutions, this equation must be supplemented with
the appropriate boundary condition at the points xgrg [see
Eq. (5.6)] and x;gg [see Eq. (5.7)] at which an incoming
Galactic MCP thermalizes and begins diffusing or an out-
wardly diffusing MCP stops exchanging momentum with
nuclei, respectively. Thus, xprg and x g5 denote the starting
point and the minimal depth for an MCP’s random walk as
it diffuses throughout the Earth.

The nature of the boundary condition enforced at the
last scattering surface xjgg is dictated by the strength of
the MCP interaction with the Earth’s gravitational or
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electromagnetic fields. Since the velocity of very light
thermalized MCPs is much greater than the terrestrial
escape velocity, we impose an absorbing boundary con-
dition at xj gg for such masses if y does not couple to the
Earth’s electric field (once such a light thermalized MCP
approaches terrestrial depths less than xj g5 it free streams
and escapes the Earth). On the other hand, much heavier
MCPs or those that couple strongly to the Earth’s electric
field remain gravitationally or electrically bound, corre-
sponding to imposing a reflecting boundary condition at
Xrgs (once reaching depths shallower than x;gg, an out-
going MCP that is, e.g., gravitationally bound will free
stream along a trajectory that causes it to later reenter the
Earth’s environment). For the sake of pedagogy, for each of
these regimes we provide two alternative derivations that
either (1) explicitly ignore time variations by assuming
that steady state has been reached or (2) involve solving for
the time dependence of the density explicitly. As we will
see below, the first of these two will allow us to generalize
the solution to realistic terrestrial environments in which
the density of nuclear scatterers varies as a function of
position by many orders of magnitude. For the reader
uninterested in the technical details of these derivations,
most of this section may be skipped; the main results are
given in the boxed Egs. (7.8), (7.9), and (7.14).

A. Steady-state formalism

Here we provide a semianalytic treatment for evaluating
the terrestrial traffic jam density in the case that both the
diffusion coefficient D, and drift velocity V, vary with
depth x. However, to simplify the analysis, we take their
ratio D, /V, = Tg/(m,g) to be constant, corresponding to
uniform temperature. We comment on the role of temper-
ature gradients in Sec. VIII B, finding that they modify
the density near the Earth’s surface only at the level of
O(10%). In Sec. V, we wrote down the fundamental
equations governing MCP diffusion [Egs. (5.1) and (5.2)],
which we rewrite here for convenience,
on,+V-j, =0, Vn,—(V,/D,n,~—j,/D,. (7.1)
In the steady-state limit, the first equation implies that the
diffusion current j, is constant in space except near regions
of discontinuities, where its gradient is ill defined. Once
again approximating the Earth as one dimensional and
taking V,/D,, = const, the second equation of Eq. (7.1) can
be solved with the method of Green’s functions,

00 Vgl f x/
nx(x)zl dx'e” Px l]))((()

(7.2)

Thus, evaluating the terrestrial density n, requires deter-
mining the MCP diffusion current j,, which is spatially
uniform except near regions of discontinuities. As shown

schematically in Fig. 2, we model the incoming Galactic
flux of MCPs as flowing unimpeded into the Earth, until
coming to a sudden halt at xprg due to repeated scattering
in the Earth’s environment. Therefore, after this point
(x > xprs) the MCP flow is governed purely by diffusion,
whereas before this point (x < xgrg) it is determined both
by a combination of diffusion and the inflowing wind of the
Galactic population. The conservation of total flux then
implies that

Jy(x > xprs) = J,, (x < Xprs) + Juir- (7.3)
We then evaluate Eq. (7.2) by splitting up the integral
corresponding to these two regions. Hence, before the
thermalization point x < xgrg, the density n, of Eq. (7.2) is

_V_,/(X/fx)
XFTS e P
n,(x < x =j(x<x / dx’'
)(( FTS) )(( FTS) . DX()C/>
_V‘q()c/—x)
+ ( ( )+ . )/oo d ,e Dy
J,(x<x Jvi X ,
X FTS vir s D){ ( x/)
(7.4)

where V,/D, is treated as a constant in the argument of the
exponential. Similarly, for x > xgrg We have

. / ® e DX
m,(x > xers) = (f (¥ < xprs) +J"if)l dx’w.
(7.5)

Note that we need to determine j,(x < xgrg) in order to
evaluate n, in Egs. (7.4) and (7.5). To proceed, we must
therefore enforce the appropriate boundary condition at
the last scattering surface x;gqg. For MCPs that do not
remain gravitationally or electromagnetically bound to the
Earth, we model their exiting of the terrestrial environment
with an absorbing boundary placed at xjgg, resulting in
n,(xrss) = 0. From the second equation of Eq. (7.1), this
boundary condition gives

Jy(x < xprs) = =D, (xLs5) 01, (XLs5) (7.6)
where we used that j, =const for x < xprs. Using
Eq. (7.4) in Eq. (7.6) and solving for j,(x < xgrg), we find

XosTs dx/e_(vg/D;()(xl_xLSS> DX%X')

xoLoSS dx e‘(Vy/Dz)(x'-sts) D)ix)

j)((x < xFI‘S) = _jvir (77)

Having determined j, (x < xprs), Eqgs. (7.4) and (7.5) then
determine the unbounded traffic jam density to be
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n, (x < xprs)

Nyir

unbound

XFTS , € Dy © , € Dx
= ¢1Vwind dx' ——++ 2 Vyina dx' ——
X X

7 (x=x)

(7.8)

D)( (x,> FTS D){ (xl)

for x < xppg and

n, (x > xprs)

Nyir

(7.9)

[e]
— /
= szwind/ dx D)
unbound X )((x )

for x > xprg. The dimensionless coefficients ¢ and ¢, are
defined as

XFTS D,(x)
cp = —Prth 7 £ P

oo dx'e_(vq/D;()( _XLSS> 1 Vi

XLss D,(x

¢y = c1 + Pry,,

|
where we have included the probability to thermalize, Pry,
[Eq. (5.10)], by hand.

We can gain some intuition on the results above when
D, and V, are both separately independent of position.
Integrating Eq. (7.7), we see that when diffusion is
important, i.e., m,g(xprs — x1ss) K Tg, J,(* < Xprs) =
—Jvir» SO that the outgoing diffusion flux cancels the
incoming Galactic flux, as we argued in Eq. (2.2). In the
opposite mass limit, there is no flux leaving the Earth,
leading to j,(x < xprs) = 0. Furthermore, when D,
and V, are both independent of position the integrals in
Egs. (7.8) and (7.9) can be performed analytically, which
yields

n,(x < xprs)  Vying ( Yylorrs—)

nvirPrth Vg

and

I’ZZ(X > xFTS) Vwind ( —‘/'Jﬁﬁ
o l—e

i Py, 14

where in the second equality of Egs. (7.11) and (7.12) we
have taken the low- or high-mass limit and used the
shorthand notation Axg;, = xprg — X155 > 0. In Eq. (7.11),
the first line shows the limit where diffusion dominates over
gravitational drift, and the outgoing flux j,(x < Xprg) =
—Jvir due to diffusion is supported by a linear density
gradient. In the other limit, as shown in the second line,
there is no outgoing flux and diffusion is inefficient, such
that the particles follow an exponential distribution follow-
ing the law of atmospheres. Also note that for x > xprg the
first and second lines of Eq. (7.12) match the parametric
forms given previously in Eqgs. (2.2) and (2.3).

Equations (7.6)—(7.12) were evaluated for MCPs that are
not bound to the Earth. In the other case where these
particles do remain gravitationally or electrically bound, we
must modify the boundary condition imposed at xjgg.
Instead, for bound particles we enforce a reflecting boun-
dary condition, corresponding to zero flux past the last
scattering surface, i.e., j,(x ss) = 0. Since the diffusion
current j, is uniform for x < xgrg, this reflecting boundary
condition along with Eq. (7.3) implies that
(7.13)

Jy(x < xprs) =0, 7, (X > Xprs) = Juir-

Vyind (X=X1.55) T
VgAxp D, ’ m, < gAxp
) R ) (7.11)
wind D,
—<e x m, >
v, ’ X gAxg
VwindAxFL T
o om, K GAx
) ~{ . (7.12)
wind
V, > m)( > gAxg °

Using this in Eq. (7.4), the traffic jam overdensity for
terrestrially bound particles is given by

[ e Dy

n)( ('x) / /
= Prthv ind dx .
bound e max (x,Xprs) D)( (X’)

Nyir

(7.14)

Similar to the previous calculation, in the case that Dx and
V, are independent of position, the integral in Eq. (7.14)
can be performed analytically,

_bErs=Vy
n)( (X) ~ vwind % e Dy s
Nyir Prth Vg 1,

Comparing the first and second lines of Eq. (7.15) to the
results for an absorbing boundary condition in the second
lines of Eqgs. (7.11) and (7.12), we see that the terres-
trial overdensities are independent of the particular boun-
dary condition that is imposed at xjgg in the large-mass
limit. This is as expected, since large masses correspond
to enhanced gravitational drift velocities such that an

X SXETS: (7.15)

X > Xprs-
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exponentially small number of particles are able to diffuse
against the gravitational field from xprg to the last scatter-
ing surface xjgs-

B. Time-dependent formalism

In the previous subsection, we derived semianalytic
expressions for the steady-state traffic jam density by
imposing the conservation of flux and found that these
expressions reduce to simple analytic ones in the limit that
the temperature and density of the terrestrial environment
are approximately uniform. In this section, we rederive
these analytic results in the time domain, restricting our
analysis to the special case D, = const and V, = const for
simplicity. Aside from serving as a useful cross-check, the
derivation below allows us to see the time scale over which
the traffic jam density approaches steady-state behavior.

Let us begin by rederiving the traffic jam density of
particles that are not efficiently bound to the Earth. As in
the last section, we model the diffusion of such MCPs as a
biased one-dimensional random walk starting at position
X = Xpps > Xpgs > 0 with an absorber placed at x = x;gs.
To proceed, we note that the diffusion equation of Eq. (5.5)
also applies to the evolution of the probability per unit
length P of a single diffusing particle [43]. For a particle
that begins to diffuse through the Earth at xprg at time
t = 0, the probability per unit length that it is found at a
later time ¢ at position x is® [43]

( ) | 1 (=xprs=Vg0)? Vg(prs—riss)
P X, t = |e 4Dy 1 —e Dy
unbound
\V/4nD,t
_(.\’+XFTS —ZXLSS—Vgt)z
X e D1 . (7.16)

In Eq. (7.16), the first and second terms are both propor-
tional to Green’s functions of the one-dimensional diffusion
equation, with the coefficient of the second term fixed to
enforce the absorber boundary condition P(x;gg,?) = 0.
Furthermore, note that for x > x;qg this reduces in the
t = 0 limit to P(x,0) ~ §(x — xprg), i.e., the probability
density of a particle at the starting point xgrg. Let us now
generalize Eq. (7.16) for the diffusion of many MCPs. For a
Galactic MCP current depositing particles at xppg at a
rate of j;, the resulting number density at time  is’

¥Note that this corrected expression appears in the errata of
Ref. [43].

To derive Eq. (7.17), note that a single particle starting a
random walk at time ¢ has a number density P(x,¢—¢')/dA at
time ¢, where dA is some small transverse area element. The
number of such particles starting their random walk within some
small initial time interval dt’ is j,;dAdr. Hence, integrating
over all past times, the total number density of such particles is
n, = jyr |1 d?P(x,1 —'). Changing variables 7 — ¢ — ¢ and
including a factor of Pry, gives the form in Eq. (7.17).

t
n,(x,t) = Pry, jvir/ di'P(x,1). (7.17)
0

Using the explicit form of P(x,7) in Eq. (7.16), we
analytically evaluate the above integral in the long-time
t - oo limit. From Eq. (7.16) we see that this limit
corresponds to > fmaX/Vg,ffnax/D , where .~
max(x, Xprs, X ss) — min(x, xgrs, X1s5) is the longest char-
acteristic length scale under consideration. Evaluating
Eq. (7.17) at a depth x before (x;g5 < x < xpyg) or after
(x > xprs > x155) the starting point xprg, we find exact
agreement with Eqgs. (7.11) and (7.12), respectively.

As before, we instead model the diffusion of MCPs
that are efficiently bound to the Earth as a biased one-
dimensional random walk starting at position x = xppg >
xpgs > 0 with a reflector placed at xyqg. The analysis is
nearly identical to the previous example. In this case,
the analogue of Eq. (7.16) for a reflecting boundary
condition is [46]10

P(x’ t) |bound

1 (—xprs Vg1 Voleprs=rss) _(roprs =255 -Vn?
e 4Dyt + e Dy e 4Dyt
\/4rD,t

: & eVQ(XL—);Lss) |:1 —orf (X + Xprs — 2xLSS + Vql>:| ‘

2, 2/D,i

(7.18)

Integrating over time as in Eq. (7.17), we find that this
results in a terrestrial overdensity identical to that previ-
ously derived in Eq. (7.15).

We conclude this section by commenting on the match-
ing condition imposed on j, in Eq. (7.3). In this section,
we independently rederived Eqs. (7.11), (7.12), and (7.15)
without imposing any conditions (other than the reflecting
boundary condition) on j,. Using these results for n, in
the expression for j, in Eq. (5.2) and taking Pry, ~1,
we find

_Vylprs—x1ss)
abs — iy ) € K X < XFTS»
Je = Jvir _Vglprs—viss)
1—e Dy ,

ref 5 O’
Jy = Jvir
L, x> xprs,

X > XFTS»

X < XFTS, (7.19)

for an absorbing or reflecting boundary condition, respec-
tively. Note that the above expressions agree with and,
hence, justify the use of Eq. (7.3).

""Note that there is a typo in the brackets of Eq. 29 of Ref. [46].
This has been corrected in Eq. (7.18).
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VIII. DETERMINING THE OVERDENSITIES
OF COSMOLOGICAL RELIC MCPs

A. General results

The last few sections developed the formalism necessary
to estimate the hydrostatic and traffic jam terrestrial over-
densities for MCP relics. In this section, we numerically
evaluate these overdensities within the larger MCP para-
meter space, using Egs. (6.7), (7.8), (7.9), and (7.14).
Note that in models where MCPs do not couple to the
Earth’s electric field, Eqs. (7.8) and (7.9) are valid in the
limit that m, < 1 GeV and Eq. (7.14) strictly applies to
m, > 1 GeV, corresponding to solutions of the diffusion
equation for absorbing or reflecting boundary conditions,
respectively. Hence, our results for the traffic jam density
are expected to break down near m, ~ 1 GeV. We postpone
a more careful treatment to future work since this is only
a small subregion of masses that we consider; although we
do not expect qualitatively distinct results in this region
of parameter space, such an analysis requires a numerical
evaluation of the Boltzmann collision operator. We also
remind the reader that in deriving the semianalytic expres-
sions of Eqgs. (7.8), (7.9), and (7.14), we assumed that the
ratio V,/D, ~m,g/Tg is spatially uniform. Since the
temperature of the Earth varies within a couple orders
of magnitude ranging from the core to the atmosphere,
when evaluating the traffic jam overdensity n,(x)/n,; ata
depth x we utilize the average quantity (V,/D,) which is
obtained by averaging V,/D, across the spatial interval
spanning  min(x, Xgrs, Xy gg) — Max(x, Xprs, X1s5).  We
investigate the role of temperature gradients later in
Sec. VIIIB, finding that they have a minor effect near
the Earth’s surface.

Figure 6 shows the separate contributions from the traffic
jam and hydrostatic density of effective MCP relics (i.e., in
the case that they do not couple efficiently to terrestrial
electromagnetic fields), evaluated at a location of 1 km
underground and as a function of the MCP mass. The traffic
jam density is shown as solid colored contours for various
choices of the MCP coupling. The hydrostatic population is
shown in dashed gray, assuming that the terrestrial temper-
ature governing MCP evaporation is Tg(x;ss) = 300 K
[see the discussion immediately below Eq. (6.4)] and that
the MCP coupling is large enough for these particles to
thermalize in the Earth. Since for the largest charges
considered additional complications arise from the forma-
tion of y~ — N bound states (see discussion below), Fig. 6
shows the density solely for positively charged MCPs. As
discussed in Sec. VI, we see that the hydrostatic density is
strongly peaked near m, ~ 1 GeV, since much heavier
masses are gravitationally attracted to reside closer to the
Earth’s center, while much lighter masses are likely to
evaporate over terrestrial time scales. We note that for
sufficiently large couplings the traffic jam density provides
the dominant contribution to the terrestrial density at this

effective y*, height = —1 km

T T T T T T T T T T T T

T T T T T T T

traffic jam

15 :
10 4 = 102

1012
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103
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1 .
102 101 1 10 102 103
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FIG. 6. Traffic jam (solid colored lines) and bound hydrostatic
(dashed gray line) overdensity for positively charged effective
MCP relics, evaluated at a depth of 1 km, as a function of mass
and for various choices of the charge g,. For the hydrostatic

density, we assume a temperature at the last scattering surface
of Tg =300 K.

depth for the full range of masses shown. Evaporation
similarly suppresses the traffic jam density for small
masses. For large masses, the density is exponentially
suppressed for charges sufficiently small such that MCPs
thermalize well below 1 km underground. This behavior
can be understood by looking at the first line of the
simplified expression in Eq. (7.15), which shows that at
heights above the point at which MCPs thermalize in the
Earth (corresponding to depth x < xppg), the terrestrial
density falls off exponentially with the corresponding
distance scale D,/V, ~ Tg/(m,g). Thus, this exponential
suppression is increasingly severe for larger masses.

In Fig. 6, the dependence of the traffic jam density on the
MCP coupling g, is reversed for high vs. low masses. For
m, > 1 GeV, larger couplings imply a smaller gravita-
tional drag velocity V, and thus an enhanced density, as in
Egq. (7.15). For m,, < 1 GeV, the dependence on g, is less
trivial. For such masses, we find that the traffic jam density
is governed by the diffusion coefficient D, evaluated at the
position xppg where a virialized MCP from the Galactic
halo thermalizes with the Earth. As g, is reduced below
1072, Galactic MCPs tunnel further into the FEarth’s
environment before thermalizing. In this case, D;( evaluated
at xppg 1s reduced since the enhanced terrestrial density at
Xprs outweighs the smaller MCP coupling, ultimately
giving rise to a larger MCP overdensity. This is to be
expected, since if y thermalizes in denser environments,
the outgoing diffusion flux is suppressed by the smaller
mean free path between collisions, and hence a larger
density is required to balance the incoming Galactic flux
of MCPs. As g, is reduced further, the MCP density is
eventually suppressed since MCPs thermalize well below a
depth of 1 km.
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FIG. 7. Terrestrial overdensity of MCP relics evaluated at a depth of 1 km underground, incorporating both the traffic jam and
hydrostatic populations, as a function of the MCP mass m, and coupling ¢,. The shaded green regions correspond to different values of
the overdensity n,/n.;, as labeled by the white text. In the top-left and top-right panels, these overdensities are evaluated for positively
and negatively charged effective MCPs, respectively, corresponding to models in which the terrestrial electric field does not bind such
particles to the Earth (see Sec. IV). The bottom panel presents our results for positively charged pure MCPs where the terrestrial electric
field binds these particles to the Earth (we do not show results for negatively charged pure MCPs, since upon thermalization they are
ejected from the lower atmosphere by the Earth’s electric field). In this panel, the incoming flux of MCPs is significantly affected by the
Earth’s magnetic field above the pink dotted line. Also shown in gray are existing constraints on MCPs from accelerator probes and
neutrino experiments [47-51] as well as observations of SN1987A [52]. Above the orange and red dashed lines, Galactic MCPs rapidly
thermalize before traveling a distance of 1 m or Rg /10 in the Earth’s crust, respectively. Thus, the sensitivity of underground direct-
detection experiments is exponentially suppressed above the orange line, while below the red line MCPs do not rapidly thermalize in the
Earth. For couplings above the dashed cyan line in the top-right panel, negatively charged MCPs efficiently form bound states with iron
nuclei. Thus, in this region of parameter space, the formation of y-N bound states should drastically modify our estimates.

In Fig. 7, we show the total terrestrial overdensities as a
function of the MCP relic mass and charge, incorporating
both the hydrostatic and traffic jam contributions and
evaluated 1 km underground (the results are nearly
unchanged for anywhere near the Earth’s surface). In the
top row, we show the density of positively (left) and
negatively charged (right) MCPs in models of effective
MCPs, in which case the terrestrial electric field ineffi-
ciently couples to MCPs (see Sec. IV). In the bottom panel,

we show the density of positively charged pure MCPs, in
which case the terrestrial electric field binds such particles
to the Earth. In this case, the region above the pink dotted
line denotes couplings for which the MCP gyroradius is
ry < Rg and hence the Earth’s magnetic field is expected
to alter the incoming flux. Also shown in solid gray are
existing constraints [47-52]. We do not show limits that
rely on MCPs constituting some fraction of the DM
abundance since these are sensitive to the particular value
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of n, & n;, and are thus irrelevant for MCPs that comprise
a very small DM subcomponent. For instance, underground
direct-detection experiments are completely insensitive to
MCPs that make up much less than ~10~% of the Galactic
DM density since the small flux of unthermalized particles
is too small to detect [14]. The minimum couplings
required for an MCP to thermalize before traveling a
distance of 1 m or Rg/10 in the Earth’s crust are shown
as the orange or red dashed lines, respectively. Thus,
above the orange line the sensitivity of surface-level and
underground direct-detection experiments is exponentially
suppressed, while below this line the sensitivity of conven-
tional experiments depends sensitively on n.;. Also
shown in the top-right panel as a dashed cyan line is the
minimum coupling g, ~m,/u,y required for negatively
charged MCPs to efficiently form bound states with iron
nuclei [14,53]. Hence, above this line the large capture rate
of y~ on terrestrial nuclei should drastically modify our
results for the class of models considered here.

For sufficiently large masses and small couplings,
Galactic MCP relics do not rapidly thermalize in the Earth
which exponentially suppresses the magnitude of the
terrestrial abundance, corresponding to the region below
the dashed red line in Fig. 7. For g, 2 10~ ~4, the traffic jam
contribution to the density greatly exceeds that of the bound

hydrostatic population for all masses. Instead, for m, =~

1 GeV and ¢, < 10~* the hydrostatic density is the domi-
nant contribution, consistent with the results of Fig. 6. We
note that there are minor differences in the traffic jam
contribution to the density when comparing the top-left
and bottom panels, corresponding to positively and neg-
atively charged effective MCPs, respectively. In particular,
for large couplings negatively charged MCPs have an
enhanced interaction with atomic nuclei (due to the attrac-
tive nature of the interaction, analogous to Sommerfeld
enhancement [54]), leading to smaller diffusion coefficients
and gravitational drag velocities, thus enhancing the local
density [see Egs. (7.12) and (7.15)]. Our results build upon
and correct previous estimates in several important ways:
(1) our treatment of the traffic jam population for m, <
1 GeV is qualitatively new and was not considered in
previous studies; (2) for m, 2 1 GeV our estimates yield a
significantly larger density than previously estimated in,
e.g., Ref. [14], due to an improved treatment of MCP-
nuclear scattering; and (3) we have shown that the Earth’s
electric field can exponentially increase the local density
for sub-GeV pure MCPs.

B. Effects of terrestrial temperature gradients

In order to simplify our analysis, throughout this work
we have ignored modifications to the local MCP density
arising from terrestrial temperature gradients. Although
Ref. [15] recently claimed that such effects are an important
contribution to the terrestrial density of sub-GeV relics

(specifically for a model of strongly coupled DM that
scatters through heavy mediators), they did not present a
quantitative comparison to an analysis that instead assumes
a uniform temperature. In this section, we do just that. Our
results show that our estimates for the MCP density near the
Earth’s surface are unchanged at the level of O(10)%.

As derived in Ref. [41] and discussed in the Appendix, in
the low-mass m, << my limit the general form for the MCP
diffusion current is

. L (m,g
JZ - 3”N T@

Note that in the case that the thermally averaged quantity
(vre1/or) does not depend on position (as in the case of
uniform temperature), the above expression reduces to
Eq. (2.1). At low masses, we can ignore the contribution
from the gravitational field and Eq. (8.1) can be trivially
integrated to solve for the MCP density,

)<nx<vm/aT>>. (8.1)

1, () (w7 (x) = =3 / U any()j, (), (82)

where the thermal average of the bracketed quantity is
evaluated at a temperature 7 g (x) and we have enforced the
absorber boundary condition at the last scattering surface,
n,(xpss) = 0, for unbounded MCPs. We can determine the
resulting traffic jam density from the matching condition
for j, in Eq. (7.3). In particular, we see that the above
expression diverges at large depth, x> xprg, unless
Jy(x > xprs) =0, implying that j,(x < xprs) = —jyir-
Note that this behavior of j, agrees with the V, — 0 limit
of the first equation in Eq. (7.19). Using this in Eq. (8.2)
then yields the final form for the traffic jam overdensity in
the low-mass limit,

lim 2 =

My <<y Pyie | traffic jam

3 Vwind /min (x.xgrs)
— dx'ny(x').
<Urel/6T> ()C) XLss N( )

(8.3)

Equation (8.1) can also be used to determine the
accumulated hydrostatic density in the presence of temper-
ature gradients for m, < my. The procedure is nearly
identical to that already shown in Sec. VI, except that
Eq. (8.1) is used instead of Eq. (2.1) when enforcing
J, = 0. Proceeding in this manner, we find that Eq. (6.7) is
modified to

1= 3 ,—m,I
§”boundRe;e ml(r)
dr' e I(r )CU(’,’ I’/)

< ret/o7) (1)
<Urel/UT>( )

im, 1y (r)

’

|hydrostat1c = f

cy(r,v') =
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where 7ipgq and I(r) are defined in Sec. VI. Note that
Eq. (8.4) is identical to our previous result in Eq. (6.7) aside
from the inclusion of ¢, (r, ") in the denominator of the
expression for n,.

It is instructive to compare the results of Egs. (8.3) and
(8.4) to our previous analysis that ignored the effect of
temperature gradients. For m, << 10 GeV, we find good
agreement between the two approaches at the level of
O(10)% when evaluating the density near the Earth’s
surface. In that sense, ignoring temperature gradients
introduces less error than, e.g., imperfect modeling of Pry,.
It is possible that in regions of much larger temperature
gradients, such as high up in the ionosphere or in the
outskirts of stellar bodies, MCP densities are modified
more significantly [15]. We leave a more detailed inves-
tigation to future work.

C. Laboratory-induced modifications
to the traffic jam density

The analysis above calculated the overdensity of MCPs
due to the surrounding density of normal matter near the
Earth’s surface. But, what happens to these ambient MCP
densities in an underground lab, in which the density of
normal matter is much smaller compared to the density
of the surrounding rock? Similarly, what is the density of
MCPs near precision sensors, whose components are much
more dense and cold than the surrounding environment? In
this section, we investigate such modifications to the local
MCP density arising from variations in the immediate local
environment.

Let us begin by first investigating the low-mass limit,
where the effect of the Earth’s gravitational field can be
ignored. The general result was derived above in Eq. (8.3).
In particular, assuming that incoming MCPs thermalize at
shallower depths than the lab, the position dependence of
the local overdensity scales simply as

n,(x > Xgrs) 1
X

<1}rel/oT> (x) .

In the left half of Fig. 8, we plot ratios of this quantity
at two different temperatures, comparing it at cryogenic
(T, = 100 mK) and room (7, = 300 K) temperatures. As
discussed in Sec. III, the cross section o7 is approximately
independent of temperature at very low masses. Hence, for
the lowest masses shown, the low-temperature enhance-
ment to the MCP density simply scales with temperature as

|

lim
m,<ny Nyir

(8.5)

m,>my Nyir

n,(x >x 0 ¥ m. — 0T (X" 1
lim w = Prtthind/ dx' Exp [_/ dx”g 7 O )(( )
X X

1y (100 mK) / ny (300 K) , effective y*

: z\\'\U“

\m‘\'““‘\\vl‘

ot
1pefic Aey

1072 107! 1 10 102 10°
m, [GeV]
FIG. 8. In shaded blue with corresponding white labels we

show the enhancement to the local traffic jam density in a 1-m-
sized 100 mK cryogenic environment, as compared to room
temperature, as a function of the MCP mass m, and coupling g,.
These overdensities are evaluated for positively charged effective
MCPs scattering off of oxygen nuclei N. Also shown in gray
are existing constraints on MCPs from accelerator probes and
neutrino experiments [47-51] as well as observations of
SN1987A [52]. Above the red dashed line, Galactic MCPs
rapidly thermalize before traveling a distance of Rg/10 in the
Earth’s crust. In the region labeled T, ~ 300 K, room-temperature
MCPs do not efficiently thermalize with the cryogenic region
within a distance of 1 m. For MCP masses close to my ~ 15 GeV
or mgr = 100 mK/(g x 1 m) ~ 80 GeV, our analytic approxi-
mations are not expected to hold.

\/1/T,. For slightly heavier masses near m,, ~ few x GeV,
o becomes increasingly large at low temperatures, leading
to a greater low-temperature density enhancement.

Next, we consider the high-mass limit, m, 2 my ~
10 GeV. As discussed in the Appendix, in this case the
general form for the MCP diffusion current is

T e

m

o 1
lim j, = R (gnx -
X

m,>my »

where the temperature 7', (x) is a function of position. To
determine the MCP density, we solve Eq. (8.6) in a similar
manner as described in Sec. VII A, imposing a reflecting
boundary condition at xj g5. Assuming that incoming MCPs
thermalize at shallower depths than the lab, the solution that
generalizes Eq. (7.14) is given by

(8.7)

T

() D,(x)’

To evaluate the above expression, we assume that the environment consists of two regions of distinct temperature: outside
the lab with temperature 7'y, and inside the lab with temperature 7',, << T'g. Modeling the laboratory as a one-dimensional
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region centered at the point xj,, with width Ax,,,, we find that the laboratory density of MCPs (compared to the ambient

density outside of the lab) reduces to

m>my 1, (outside lab)

1, (Xiap ) Tea/ T
/ V!

where V(eB 1ab) =g/’ (S120) i< the gravitational drift velocity

outside or 1n51de the lab, respectively. In the first and
second lines of the expression above, we have taken the
limit that the MCP mass is much less or greater than
Mige = Tyap/ gAX1ap, TESPECtively. For my, > mg, the ef-
fect of thermal diffusion is negligible compared to the
gravitationally induced drift, since in this case the time
scale to gravitationally drift through the laboratory is much

shorter than the time spent diffusing the same distance, i.e.,

Axiyp/ Vglab < Axi,/ D){lab As a result, the laboratory-

induced modification to the MCP density depends solely
on the gravitational drift velocity V, = g/T",. Instead, for
m, << mg, the Earth’s gravitational field can be ignored
such that the conservation of MCP pressure P, ~ T, n, [see
Eq. (8.6)] implies that n, o 1/T,. The modification to the
MCP density for a Axy,, = 1-m-sized region at T, =
100 mK is shown for m,, Z my in the right half of Fig. 8. In
this case, for m, 2 my, mgi the density is reduced at small
temperature due to the fact that o7 saturates for very large
charges and the relative velocity is reduced with smaller
temperature, which enters through I'), ~ nyo7v,. Instead,
for my < m, < my, there is a sizable enhancement since

the density scales inversely with the temperature.
In the above example, we considered the effect on the
MCP density arising from temperature variations inside a
|

. n,(inside lab)
lim ———
m,>niy Nyir

Moreover, we can evaluate the MCP overdensity outside of the laboratory (e.g., x < U

. Vind
n, (outside lab) y )
lim 4——— ~Pry x
nm,>my Ryir ‘z,é;,;j
Vf]

Comparing Eq. (8.9) to the second line of Eq. (7.15), we see
that for m, > my the MCP overdens1ty inside the lab
tracks the locally expected value'! only if the effective

"By the “locally expected value” we mean that 1, (x)/ny is
given by the homogenous result in Eq. (7.15) with D, = D, (x)
and V, = V,(x).

(lab)
g9

ad Pr[h X

(m){ < Mmgifs = T]ab/gAxlab)»

(8.8)
(m){ > Mg = Thap/ gAxlab)’

laboratory. However, over what small length scale does a
local variation to the nuclear density become relevant? To
investigate this, we assume a uniform temperature envi-
ronment, such that we can use the formalism previously
developed in Sec. VII, and instead we consider the effect of
nuclear density variations. Examples of such scenarios
include an underground cavern that is equilibrated with
the surrounding rock or a precision sensor that is much
denser than the surrounding cryogenic environment. Let
us refer to the diffusion coefficient and gravitational drag

velocity outside the laboratory as D (®), V;GB)

inside the laboratory as D(lab) Vf,lab) const, where D< ) #
(lab) and V ?é Vlab and D /V = D (lab) /Vlab

Dy
=T,/(m,g) = const, corresponding to a non-

= const and

o vy®
uniform nuclear density and uniform temperature between

the two regions. We model the laboratory as extending

across the finite spatial region [x,ﬁﬂ‘;l‘j),xﬁﬁ‘;i)] and, for

simplicity, we incorporate the presence of only a single
species of nucleus. First, note that for m, < my Eq. (8.3)

implies that for x > xprg n, is independent of the local

nuclear density ny(x). For m, > my, we can evaluate the

integral in Eq. (7.14) analytically. Inside the lab (i.e.,

xfxljs) <x< xE},“;'?)), we find

Ve (D,/V,y < X — ),
' (8.9)
o) (D,/V,> xlab) —Xx).
min ) which yields
( 1) _ v« D [V, < xlab) x&?ﬁ) )
(8.10)

(otherwise).

|
length scale D, /V, = Tg/(m,g) is much smaller than the
size of the laboratory Otherwise, it is partially determined
by the parameters of the external environment. Similarly,
from Eq. (8.10) we see that the MCP overdensity outside
the lab is altered by the presence of the lab if the effective
length D,/V, is larger than the distance to the lab in
addition to being smaller than the size of the lab itself.
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Note that this is similar to our finding for temperature
variations in Eq. (8.8), since m, = mg;y iS equivalent to

v
D™ /v — Ax,.. In this sense,

D
Dy . o(1) mx (T8 100 GeV
% 100 mK m

g 4

(8.11)

(where we have normalized the temperature to a typical
value for cryogenic instruments) is the effective “resolution
length scale” of the traffic jam density over which the
MCP population tracks variations in local parameters, as
alluded to in the discussion below Eq. (5.3). Hence, in
uniform-temperature environments, laboratory apparatuses
larger than Eq. (8.11) may modify the density of the traffic
jam population relative to the external environment.
Note that this finding is justified from the point of view
of energy conservation; Eq. (8.11) is roughly the distance
that an MCP with kinetic energy Tg can climb up the
potential energy hill of the Earth’s gravitational field, i.e.,
m,qg(D,/V,) ~ Tg. Thus, thermal averaging “washes out”
structure on length scales smaller than this value.

IX. DETERMINING THE OVERDENSITIES
OF COSMIC-RAY-PRODUCED MCPs

We now generalize the formalism developed in the
previous sections to determine the terrestrial density of
MCPs that thermalize in the Earth’s crust after being
produced from the collisions of high-energy cosmic rays
in the upper atmosphere. Unlike models of MCP relics,
this population of MCPs constitutes an irreducible con-
tribution to the terrestrial density independent of dynamics
in the early Universe. Regardless, as we discuss below, the
density of such particles is still subject to the details of
the model since, analogous to the discussion in Sec. IV, the
Earth’s electromagnetic fields may significantly impact the
resulting population after thermalization (before thermal-
ization, the relativistic boost of such particles implies that
local electromagnetic fields are of little importance).

Given the spectrum of such MCPs and their probability
to thermalize within the Earth, determining the resulting
terrestrial density is a simple generalization of the formal-
ism developed in Secs. VI and VII. In particular, we
previously approximated the influx of relic MCPs as
Jvir & nyir Viing- For cosmic-ray-produced MCPs, we quan-
tify the spectrum as the differential flux j. per y,v,,
dj/d(y,v,), where y, and v, are the boost and velocity
of the produced MCP, respectively. To determine the
accumulated hydrostatic bound density of MCPs produced
from cosmic rays, the accumulation rate of Eqgs. (6.1) and
(6.2) is modified to

dj 4”Ré
(ryv,) (4n/3)Rg’

hcap:/d(y)(v)() Prth(?){)d (91)

where Pry, is the probability for an MCP of boost y,, to stop
and fully thermalize within the Earth’s environment [note
that we cannot use Eq. (5.10) here to determine Pry,, since
that is only valid for nonrelativistic MCPs]. The calculation
of Pry, and dj,/d(y,v,) will be discussed below. The rest
of the analysis to determine the hydrostatic density is
identical to that of Sec. VI.

The results of Sec. VII can also be modified in a
straightforward manner in order to determine the traffic
jam density n,, of thermalized MCPs produced from cosmic
rays. Indeed, the traffic jam overdensity (n,/ny; )| Of
relic MCPs from Sec. VII is simply related to the density
produced from cosmic rays through

djcr
n,= [ d(y,v,) Pr
g / ()

Note that when integrating over momenta in the integral
above, (n,/nyi)| e 1S determined using the same expres-
sions as in Sec. VII [i.e., Egs. (7.8), (7.9), and (7.14)], with
the thermalization point xprg calculated as a function of
¥,v, (to be determined below) and the last scattering
surface xjgg determined exactly as in Sec. VIIL.

The spectrum and stopping power of MCPs produced by
cosmic rays was calculated previously in Refs. [51,55,56].
In this work, we adopt the results of Ref. [55] which
calculated the secondary production of MCPs from meson
decays. For m, < O(100) MeV, pion decays, e.g., 7° —
vy Ty, constitute the dominant production mechanism,
whereas the decay of vector mesons, e.g., p,¢,J/y —
¥y, is responsible for the production of heavier MCPs.
We conservatively do not include the interstellar medium
contribution calculated in Ref. [56]; in that work, the
effective range of the Coulombic force was assumed to
be Galactic and the propagation of the slow MCP flux
through the solar wind and the Earth’s magnetic field
requires careful analysis that is beyond the scope of this
work. In our analysis, we also use the MCP stopping power
as determined in Ref. [55] to calculate the point xprg Within
the Earth’s crust, demanding that y thermalizes before
traversing a full Earth radius, Rg. In particular, we set the
thermalization probability to Pry(y,) = 0 when the pen-
etration depth is greater than Rg,.

The number density of thermalized MCPs produced
from cosmic rays is shown as a function of the mass and
charge in Fig. 9, evaluated at a depth of 1 km underground
(the depth dependence is not significant for the light masses
shown). In the right panel, we assume that positively
charged MCPs are efficiently trapped in the Earth’s crust
by the atmospheric electric field. As discussed in Sec. IV,
this is relevant in models of pure MCPs where the small
millicharge is generated without a kinetically mixed dark
photon. In this case, highly relativistic MCPs produced by
cosmic rays are unattenuated by the Earth’s magnetic field,

th( ){) (”)(/”vir)|relic )

9.2
Vwind ( )
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Analogous to Fig. 7, we show the total thermalized density of MCPs evaluated at a depth of 1 km underground, but now shown

for MCPs produced by the collisions of high-energy cosmic rays. In the left panel, we assume that the terrestrial electric field does not
couple to MCPs (as in models where the coupling is generated by a kinetically mixed light dark photon), resulting in a greatly
diminished terrestrial density. In this case, we average the momentum drag rate I, for positively and negatively charged MCPs before
evaluating the terrestrial density. In the right panel, we instead assume that MCPs efficiently couple to the Earth’s electric field and thus
can remain electrically bound to the Earth after thermalizing to terrestrial temperatures. Since in this case negatively charged MCPs are
expelled from the atmosphere, this panel only shows the density of positively charged MCPs.

but positively charged MCPs remain efficiently trapped
by the atmospheric voltage barrier after thermalizing in
the crust. As a result, the accumulated bound population
dominates over the inflowing traffic jam population for
most of the parameter space shown, leading to densities as
large as n, ~ 1 cm™ for certain masses and couplings.

In the left panel of Fig. 9, we instead assume that g, is
generated via a dark photon, such as in models of effective
MCPs where the effect of the Earth’s electric field has a
negligible effect (see Sec. IV for additional details). For
such models, sub-GeV MCPs are not bound by the Earth’s
electromagnetic or gravitational fields, such that the traffic
jam population dominantly contributes to the terrestrial
density. However, the evaporation of such particles over
short time scales greatly diminishes the thermalized abun-
dance, resulting in densities smaller than n, ~ 107 cm™
throughout the parameter space shown.

X. CONCLUSIONS

We have considered in detail the accumulation and
distribution of exotic MCPs in the Earth and its atmosphere.
Our main results for the terrestrial density enhancement, as
presented in Fig. 7, can be used for further exploration
of observational effects associated with MCPs (such as
their possible annihilations, scattering in low-threshold
dark matter detectors, anomalous heat/charge transport,
etc. [57,58]). In this work, we have presented the best
quality to date estimate of the hydrostatic population and
the steady flow (traffic jam density) of MCPs. In particular,
we have incorporated the intricate dependence of the

MCP-atomic scattering cross section on many model and
environmental parameters, as well as interactions with
terrestrial electromagnetic fields, which significantly com-
plicate the treatment compared to the case of dark matter
particles with a constant elastic cross section on atoms.
Furthermore, we have developed a semianalytic formalism
necessary for dealing with many aspects of the problem:
initial thermalization, gravitationally biased diffusion, and
the evaporation of MCPs. This formalism can be applied to
specific experimental configurations in order to account for
local variations in temperature and nuclear density and the
resulting modifications to the local MCP density.

A potentially important aspect of the treatment, so far
ignored in our paper, is the role of MCP self-interactions.
For instance, annihilations, whose associated time scale is
likely to be rather long, enter as a “sink” to the MCP
density in addition to losses from evaporation. Further-
more, depending on the density, the self-interaction of
MCPs may affect the accumulation and distribution in the
case that the self-interaction energy significantly contrib-
utes to the pressure, such that the MCP population cannot
be accurately modeled as an ideal gas. This is most relevant
for large densities of effective MCPs, in which case self-
interactions are not suppressed by the small degree of
A’ —y kinetic mixing. Both of these effects (annihilation
and self-scattering) are, however, higher order in the MCP
density, and therefore our results provide a complete
treatment in the limit of small densities.

A detailed understanding of the terrestrial MCP density
is an essential tool in order to place meaningful constraints
on such models. Beyond this, it would be interesting to

075027-22



TERRESTRIAL DENSITY OF STRONGLY-COUPLED RELICS

PHYS. REV. D 109, 075027 (2024)

apply this understanding to new experimental strategies
geared towards trapping or significantly enhancing the
MCP density in the lab. For instance, optimized configu-
rations of cryogenic or electromagnetic systems could be
used to enhance the sensitivity of existing detection
strategies, such as those employing ion traps [59]. We
leave a larger exploration of such experimental strategies to
future work.
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APPENDIX: MOMENTUM DRAG RATE

In this appendix, we discuss the derivation of the
scattering rate I'), provided in, e.g., Eq. (5.4). The starting
point is the nonrelativistic Boltzmann equation for the
scattering process y;N; — y Ny,

&Ip,,  dpy,  dpy,
(27m)*2m,, (27)32my (27)*2my

df, 1
dr — 2m,

x (22)*6* (P, + P, = Pl = P ) IMPF.

(A1)

where the subscript i or f refers to an initial or final state,
|M|? is the spin-averaged squared matrix element, and
Fef,fn — f)(f f N, is the phase-space factor.

Equation (A1) was evaluated in the small MCP mass
m, < my limitin Sec. 1.11 of Ref. [41]. As discussed there,
in the limit that light MCPs scatter rapidly with nuclei, their
phase space can be expanded around a Maxwell-Boltzmann

distribution f9, ie., f,(p,) =~ /% p,) + Af,(p,). where
Af,/ fg < 1. In this case, Eq. (Al) evaluates to [41]

df,
lim L = _nNUrelaTAf;(,»’ (AZ)

where ny is the nuclear number density, v, is the initial-
state relative velocity, and o7 is the transfer cross section.

The lhs of Eq. (A2) is then expanded as

df, of, of, of,
_){’—_){’+Vx[.a_;(‘+g.#’
Xi

A3
dt ot ( )
where v, is the MCP velocity. In the steady-state limit, the
first term in Eq. (A3) can be dropped, df,. /0, ~ 0. Using this
in Eq. (A2),

i A -
74 N

1 o o
L i Ad
<V’“ 0X e ov, )’ (A4)

where on the rhs we approximated the MCP phase space as a
Maxwell-Boltzmann distribution fgl_. The MCP number
current can then be evaluated as j, ~ f d3p){(2ﬂ)‘3A Yy
which yields

1 (mg
lim j, = — |-+~ —
<y 3ny \ T,

NNOTUre)

)<nx<vrel/aT>>. (A3)

Instead, in the large-mass limit, we can approximate
the MCP phase space as being described by a boosted
Maxwellian (i.e., consisting solely of a monopole and
dipole moment), as in Sec. 1.12 of Ref. [41]. This was also
done in past work studying the effect of DM-nuclear colli-
sions on cosmological observations [24-27]. In particular,
using the results provided in the appendix of Ref. [27],
the first integrated moment of the rhs of Eq. (Al) is
approximately

. d&p,,  df,
pm / 2n) " dr

my
= - m_ n,ny / d3vrelfrel(vrel - V)()UrelvrelaT’ (A6)
X

where the MCP bulk velocity is V, = j,/n,, the rela-
tive velocity distribution is defined as fi(Vye) =
(2m)=¥2py3 e Ml /2%, and By = \/T,/m, + Ty/my. In
the limit that the bulk MCP velocity is much smaller than
the relative particle velocity V, < vy, frei(Vies — V) can
be expanded around small V, in the expression above.

Once again using Eq. (A3) to evaluate the lhs, we have

) vp
m/11>>n’1nNn)(0,VZ +n,(V,-V)V, + m—j -n, g
my
= 3mi2 nZnN<O-Tv?el>V)(’ (A7)
Vo

Although for incoming virialized MCPs V,~Vyina 18
comparable to vy ~ Ving, We use the linearized form of the
momentum drag rate, which we expect to introduce only O(1)
errors.
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In the tight-coupling limit, the first two terms on the lhs are smaller than the term on the rhs in the expression above, such

that the MCP number current is approximated as

lim j, =

72
3m,vyn,

m>my

ve,
3,8~ :
myny(rvy,) n,n,

(A8)

In the limit that the temperature is spatially uniform and the MCP pressure is that of an ideal gas, i.e., P, ~ T, n,, Egs. (AS5)

and (AS8) give Eqgs. (5.2)-(5.4).
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