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sented here provide a systematic approach for computing corrections to higher order in the
heavy mass expansion; precision applications include predictions for experimental data and
connections to theoretical tests via lattice QCD. A set of pedagogical appendices compre-
hensively reviews modern approaches to performing functional calculations algebraically,
and derives contributions from a term with open covariant derivatives for the first time.
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1 Introduction

The modern perspective on Effective Field Theories (EFTs) takes them to be well-defined
quantum field theories in their own right, with all the attendant structure that implies. In
particular, one can define an EFT at the quantum level using a path integral. However,
the standard approach to extracting observables is to sidestep this intimidating object
by organizing perturbation theory through the use of Feynman diagrams. The recent
reintroduction [1] of the covariant derivative expansion (CDE) [2-4] in a form tailored
to tackling a broader set of EFTs has sparked a renaissance in the extraction of physics
directly from the path integral using functional techniques. A noteworthy example of this
progress has been a general matching formula at one-loop [5, 6] that captures the far off-
shell fluctuations of heavy fields. This result can be used for the extraction of the effective
operators and their Wilson coefficients that characterize the effects of the heavy physics,
encoded in the so-called Universal One-Loop Effective Action (UOLEA) [1, 7-10]; one of its
features is that it elegantly packages together what would be multiple independent Feynman
diagram calculations. This has seen ready application to beyond the Standard Model (SM)
scenarios by facilitating one-loop matching onto the so-called SMEFT. However, there exist
a large number of EFTs whose relationship to UV physics cannot be captured by simply
integrating out an entire heavy field. Here, we present the first application of the modern
functional approach to such EFTs. Specifically, we work in a particular low-energy limit
of the SM [11-14] expanded around a non-trivial background, the Heavy Quark Effective
Theory (HQET) [13, 15-17], see also the reviews [18-22].



There are many novel features of HQET when compared to the SMEFT. Perhaps the
most striking is that — as a model of the long distance fluctuations of a heavy particle —
HQET is a non-relativistic EFT. Obviously, the path integral is a valid description of a
non-relativistic theory (after all, it was invented as an alternative description of quantum
mechanics [23, 24]), but the concrete demonstration that the functional approach is useful
for precision non-relativistic field theory computations has been lacking until now.! An-
other intriguing aspect of HQET is that it invokes the concept of a mode expansion. A
single heavy quark field is decomposed into a pair of fields, which model short and long
distance fluctuations. Then, assuming a particular kinematic configuration, only the long
distance modes can be accessed as external states. The short distance fluctuations can
therefore be integrated out, which generates a tower of local EFT operators. It is this
description that is called HQET. This type of one-to-many correspondence plays a role
in many modern formulations of EFTs, and for the first time here we put such models on
even firmer theoretical footing by computing observables directly from the path integral.
Furthermore, a theoretically appealing aspect of this work is that the covariant derivative
expansion of the functional integral manifests the symmetries of the theory in a transparent
way. This is obviously true for gauge invariance, but we will also be able to approach the
residual Lorentz symmetry known as Reparameterization Invariance (RPI) from a novel
vantage point. In particular, we will identify an intermediate stage in our calculations where
RPI becomes manifest. This provides a nice contrast to the Feynman diagram approach,
where this invariance only holds once one sums the full set of relevant diagrams.

Through our application of the functional approach to HQET, we will expose some
important features of the general formalism. Matching a UV theory onto an EFT, first
done for HQET in ref. [29], can be performed diagrammatically by equating matrix ele-
ments computed with the two descriptions of the theory at a common kinematic point.
This requires knowing the EFT operator expansion and identifying the operators that are
relevant to the EF T matrix element calculation. By contract, using functional methods the
generation of operators and matching of Wilson coefficients occurs in a single step. There
is no need to specify the structure of the EFT before performing a matching calculation.
Working through the example of HQET will show that the problem for how to marry the
mode decomposition with functional methods has a nearly universal solution. Specifically,
given an implementation of the mode decomposition using operator-valued projectors, one
can derive a functional equation of motion for the short distance modes. This can be
used to integrate out these modes, yielding a non-local EFT description that encodes the
complete dynamics of the full theory in the relevant kinematic limit. This justifies the
construction of the EFT as a full path integral over a well defined field.

Deriving concrete predictions using conventional techniques typically involves several
steps and many subtleties, but a functional approach makes the procedure more algorith-
mic. The complicated multi-mode matching calculation has a simple form whose structure
is elucidated by analyzing the resulting integrals using the method of regions [30, 31]. As

To our knowledge, the only time the path integral has been discussed in the context of HQET was
in [25] where the tree-level formulation of the theory was first derived, and in [26—28] where RPI was briefly
discussed in the context of the path integral.



is well known, matching in HQET only receives support from diagrams that have loops
with both a short distance mode and a mode that propagates in the EFT. Understanding
how to access this exact class of diagrams using functional methods has been the subject
of some confusion. Showing that we can derive matching and running in HQET with these
methods is a conclusive demonstration that functional methods provide a complete frame-
work at one-loop. These results will be summarized below as a simple master formula that
encodes the matching of QCD onto HQET at one-loop and to any order in the heavy mass
expansion, see eq. (5.4).

There are important practical implications of this work. One of the primary purposes
of HQET is to provide efficient methods for precision calculations within the SM. There are
a number of EFTs widely used to facilitation precise predictions including Soft Collinear
Effective Theory [32-34], theories of non-relativistic bound states such as nrQCD [35-37],
and others. Improving on the precision of a calculation often requires the application of
novel theoretical approaches, with a goal to provide computational benefits over a naive
perturbative expansion evaluated using Feynman diagrams. Specifically, functional tech-
nology has seen little use in this context, despite the fact that some of the simplifications
it provides are arguably most relevant to the questions these kinematic EFTs are designed
to answer. By showing we can reproduce non-trivial matching and running results for
HQET here, we open the door to understanding how to apply functional techniques in
these other contexts. We additionally lay the foundation for performing new calculations
within HQET itself. In particular, one can now perform matching calculations to higher
order in the heavy mass expansion, which would be relevant to high precision measure-
ments made at experiments such as LHCb and Belle II, and for connecting lattice gauge
theory calculations performed in the heavy quark limit to their continuum limits [38, 39].

The rest of the paper is organized as follows. In the rest of section 1, we provide a
summary of the known results that we reproduce in a novel way throughout this paper.
Next, section 2 provides a condensed introduction to HQET. Section 3 provides a summary
of the traditional method of calculating the simplest piece of the one-loop HQET match-
ing, the residue matching. (Readers familiar with HQET could skip these two sections.)
In section 4, we review how to extract matching and running from a functional determi-
nant. (Readers familiar with functional methods could skip this section.) In section 5,
we introduce the use of functional integration to construct kinematic EFTs, and clarify
how the method of regions simplifies the derivation of the resulting master matching for-
mula. Section 6 is then dedicated to an explanation of how such matching is performed
to one-loop order. This is followed by section 7, which strengthens the case for functional
methods by providing additional matching calculations, along with an example that shows
how operator running can be derived in the formalism as well. Section 8 then concludes.

An extensive set of pedagogical appendices provide an introduction to many of the
relevant technical details. The “covariant derivative expansion” technique used here was
originally invented in 1980s [2—4], we refer to this as “original CDE” in appendix B. This
was reintroduced in the context of modern EFT calculations in ref. [1], and has been applied
by refs. [7-10, 40] to develop one-loop universal effective actions. A closely related variant
of the original CDE, which we call “simplified CDE” in appendix B, was proposed in ref. [5].



This more rudimentary version of the CDE turns out to be significantly more convenient for
extracting operators that do not involve a gauge field strength. Most of the results in the
main text of this paper were derived using this simplified CDE. In appendix B, we clarify
the relations between these two versions of the CDE. For completeness, in appendix B
we also provide some simple universal results (tabulated in appendix B.4.2) for functional
traces derived using the CDE. These include the famous elliptic operator, see eq. (B.84a),
which is the central object of study in the development of the UOLEA. Additionally, we
provide the first computation of the contributions to the UOLEA from a term with an open
covariant derivative (truncated at dimension four). This result is provided in eq. (B.84b),
and was previously unknown as emphasized by refs. [10, 41, 42]. A variety of RGE example
calculations are given in appendix C, and a generalization of the Heavy-Heavy matching
calculation is provided in appendix D.

1.1 Summary of results

In what follows, we will present our methods by way of a few canonical matching and run-
ning calculations. First, we derive the high scale HQET Wilson coefficients by matching
QCD onto the EFT for the heavy-light currents gv*(7°) Q and the heavy-heavy currents
Q1 7"(7°) Q2 using purely functional methods. We also present a functional derivation of
running effects, using the first subleading operators in the HQET Lagrangian as a concrete
example.

In order to fix our notation and make comparison to standard results straightforward,
we provide a brief compendium of the results we will reproduce in this paper. The conven-
tional derivation is presented in much more detail in standard references, e.g., refs. [19, 22].2
This list provides a useful context for our goals here.

Propagator residue. When performing a matching calculation in any off-shell scheme,
such as MS, it is critical to track the difference in propagator residues (necessary for obtain-
ing the desired S-matrix elements using the LSZ reduction procedure) when moving from
the full theory to the EFT. Taking the functional point of view, the resulting effect shows
up as a rescaling of the kinetic terms for the EFT fields. This can then be moved to its
canonical position in the Wilson coefficients by a field redefinition. Thus, the first step per-
formed in what follows is to derive the one-loop corrections to the kinetic terms from QCD:

EHQET D) (1 — AR(l)a5> BU (i’l) . D) hy , (1.1)

where h, models the long distance fluctuations of the heavy quark field, v, is the refer-
ence vector defined in eq. (2.2) below, D, is the covariant derivative, o is the strong fine

*Notation. We have mostly chosen to follow the notation of ref. [22], but have made a number of
minor changes, which is partially why we provide this summary here. For dimensional regularization
(dim. reg.), our convention is to work in d = 4 — 2¢ dimensions. We have also chosen to use a different
standard notation of the EFT heavy quark fields. Additionally, we have reserved the superscript numeral in
parenthesis notation to denote loop order, R is tree-level, RV is the one-loop correction, and so on. This
is different from the standard notation in the HQET community, e.g. in ref. [22] the one-loop correction
to the residue is denoted as R;. Additionally, we note that we will only denote the loop order of the
renormalized terms, i.e., counterterms are implicit.



structure constant, and AR®) is the matching correction for the propagator residue. In a
traditional matching calculation, the correction comes from the difference of the residues
between the full and EFT descriptions:

1 o 2
ARWq, = (RS) - R,{P) s = —gﬁ (3 s+ 4) . (1.2)

s mQ

While this result is sensitive to the choice of matching scale p due to presence of a UV
divergence; the cancellation of terms that depend on the IR regulator serves as a check
that the IR behavior of the two theories is identical.

Heavy-light current. At leading order in the heavy-mass expansion, two HQET oper-
ators have the same quantum numbers as the heavy-light vector current of QCD, implying
that they can appear in the matching:

m

m
07 Q = ("2 0.0 ) a7+ Cua (M ) ) v (19

where Cy; is the to-be-calculated matching coefficient for the vector current, which is a
function of the heavy quark mass m¢ and the strong coupling; there is an analogous ex-
pression for the axial current derived by replacing Cy; — Ca;, Y* — AP, and vh — vH AP
in eq. (1.3). The answer up to one-loop (see eq. (3.48) in ref. [22]) can be written as

1
C\/’l =1 + QAR(I) + VI-(Ii),l - ‘/;(é) g + - ’ (14&)

Cva=Vippas+- -+, (1.4D)

where AR is defined in eq. (1.2), and the other terms (see eqs. (3.66) and (3.73) in
ref. [22], respectively) are

1) 1 Qg 1
VP(IL,l Qs = —37T<6 —7E+ln47r+2) , (1.5a)
(1) B 2 o
VHL,Q Ag = +§? y (15b)
v q, = _las (1 +Indr (1.5¢)
eff =57 31 \e TE ’ )

where % — g + In4r is the standard factor that is subtracted when using the MS scheme,
with vg denoting the Euler-Mascheroni constant. Then the axial matching coefficients are
given by Cq1 = Cy;1 and Cy2 = —Cy2. The one-loop matching coefficients are thus
(compare with eq. (3.74) in ref. [22])

s 4
Crp=1+22 <ln %Q - 3) +0(a?), (1.6a)
2 a 9
CV72 = g? =+ O<a8> . (16b)



Heavy-heavy current. In case of the heavy-heavy currents, for simplicity we will take
the special kinematic choice of zero recoil, corresponding to v; = vy in the EFT (the
generalization to vy # vy, first done in ref. [43], is discussed in appendix D). In this limit,
all possible HQET operators at leading order in the mass expansion are equal by the
equations of motion, and the matching between QCD and HQET is simply?®

Q17" Q2 = nv hyy Y hey (1.7)

with an analogous expression for the axial current given by the replacement ny — 14 and
A" — y#~°. The results can be parameterized as (compare with eqs. (3.98) and (3.101) in
ref. [22])

1
ny =1+ 3 (ARgl) + AR(21)> as + AVP(&{) as, (1.8a)
2a
7714:77‘/_5787 (18b)
T

where ARgl) and ARS) are eq. (1.2) for the heavy quarks @1 and @ respectively, and

2« 3 mo mi
Ay — 2%y, 2 In— — In — 1.9
HH 3 + My — g min " meo 1IN ? s ( )
where m; 2 corresponds to the mass of ()1 2. The matching coefficients then take the form
Qg m1 + mso mq
nw=1+—-24+———"In—|, (1.10a)
T mi—ms Mo

S Tt m ml) (1.10b)

77A:1+as(—+ln
s 3 mi1 — Mmy mo

in agreement with egs. (3.97), (3.99), and (3.101) of ref. [22].

B-functions. Finally, we reproduce the expressions for the running of the HQET match-
ing coefficients at one-loop and at O(1/mq) (compare with eq. (4.8) in ref. [22]):

_ D? - 0, GM
L1 = — cxin(p) hy 2”; hy — Cmag (1) gs ho l;ll;nQ hy . (1.11)
The Renormalization Group Equations (RGEs) are [44-46]
d
,U/@Ckin :O, (1.12&)
d Qg
u@cmag: EQCAcmag, (1.12b)

where C4 denotes the Casimir factor for the adjoint representation
In what follows, we will show how to reproduce all of these results using functional
methods equipped with the CDE technique.

3The choice of notation for the HQET fields here is made for of ease of legibility in later sections,
but deserves comment here so as to not mislead. The labels v 2 differ only to keep track of finite-mass
corrections. They do not indicate different velocities, and the relation between the QCD and HQET
operators is not valid except in the zero-recoil limit. (Compare with eq. (3.89) in ref. [22].)



2 Heavy Quark Effective Theory

One of our main goals here is to initiate the study of functional methods for higher-order
calculations in EFTs that are derived by performing multi-modal decomposition of full
theory fields. Such EFTs are quite common; they occur when the kinematics of the process
being studied selects a preferred reference frame due to, e.g. a conservation law preventing
the decay of a heavy particle, or a measurement function that forces the external states
into a particular region of phase space. These restrictions imply that there are full theory
modes which cannot be put on-shell within the EFT regime of validity, and so it is sensible
to integrate them out. This procedure breaks the full theory space-time symmetries to
some subgroup, while potentially also introducing new internal ones. A theory of this
type is the Heavy Quark Effective Theory (HQET), which describes the fluctuations of a
heavy quark (mgq > Aqcp) in the presence of light QCD charged degrees of freedom. The
simplifications and universal behavior of QCD in the heavy-mass limit were first appreciated
by refs. [11, 12] and especially refs. [13, 14]. A non-covariant EFT making this behavior
manifest was later developed and shown to be well-behaved in perturbation theory [15, 17],
and finally given a covariant formulation [16]. We provide a review of HQET here, with
a particular emphasis on the equation of motion due to the critical role it plays in what
follows. The reader familiar with HQET can skip ahead to section 4, while more details
can be found in, e.g. section 4.1 of ref. [22].
The full theory (QCD) Lagrangian for a heavy quark includes

Lacp D Q (i) —mg) Q, (2.1)

where @) is our heavy quark, and the covariant derivative only includes the QCD interac-
tions, Dy, = 9, —igs G;;T". In the following, additional interactions of the heavy quark
will be modeled through the introduction of current operators as needed.

Naively, it does not seem that the Lagrangian of eq. (2.1) has a good expansion about
the mg — oo limit. The key insight that allows one to circumventing this issue lies in an
appropriately chosen phase redefinition of the field, whose purpose is to cancel the mass
term for certain components. The full quark field can then be separated into so-called short
distance and long distance fields, where the latter become approximately mass-independent.
Physically, this is motivated by the realization that the heavy quark cannot be pushed
very far off-shell by degrees of freedom for which |¢| < Aqep. To make this manifest, we
decompose a heavy quark’s momentum as

' =mqut + k", (2.2)

where v* is a unit time-like vector, and k* is the residual heavy quark momentum which
models small fluctuations about its mass shell. For kinematic configurations such that all
Lorentz invariants depending on k* are small compared to mg, a truncation at finite order
in the |k|/m¢ expansion is justified.* Since the theory is expanded around the mg — oo

“When we expand assuming |k] < mq, we take each element of the k" vector to be much smaller
than mq.



limit, the structure of HQET does not know about the mass of the heavy quark except
through various non-dynamical quantities. In particular, no sensitivity to mq appears in
any of the calculations beyond what is encoded in the structure of the matching coefficients.

As a brief aside, we note that the decomposition in eq. (2.2) is not unique. In particular,
a simultaneous transformation of k* and v* by a fixed vector:

k’u F kﬂ + (5]{3# and ’U’u —_— U'u -, (23)

leaves p* unchanged. Enforcing that v* remains a unit vector implies that dk* must
satisfy v - 0k = dk?/(2mg). Reparameterization invariance (RPI) is then the statement
that physical observables cannot depend on dk*, thereby enforcing the residual Lorentz
invariance of the underlying full theory. We will explore the interplay between RPI and
the functional approach in section 6.1 below.

In order to make use of eq. (2.2), we decompose the heavy quark field into two fields
by first extracting the rapidly-varying phase that remains unchanged by low-energy in-
teractions, and then using v¥-dependent projectors to split the remaining field into short
distance and long distance components:

, 1
ho(a) = e L ), (2.40)
imQu-T 1 77A
(@) = eémavs 1P Q) (2.4D)
or equivalently
Q(z) = e~imau [hv(m) + Hv(x)} . (2.5)
Plugging eq. (2.5) into eq. (2.1) yields
LD hy (iv-D) hy — Hy (iv- D +2mg) Hy + Hyil) | hy + hyil)) H,,  (2.6)

since the projectors enforce ¢ h, = h,, and 9 H,, = —H, (and hence H, P hy = hy Y H, =0),
and we have defined

DY =DV —vt(v-D). (2.7)

The Lagrangian in eq. (2.6) makes the interpretation of H, as the heavy mode manifest —
this field has an effective mass of 2m, permitting a description at lower energies in terms
of h, alone.

To formally integrate out H, at tree-level, we solve for its equation of motion

1
Hy=—— D hy, 2.8
z‘v-D+2me)l (28)

and plug it into eq. (2.6), which yields

Lnon—local 5 B iv-D+i
HQET v lDJ_ .

1
- - hy . 2.
D+2mQ”p¢> (2.9)



Provided that the momentum of the field h, satisfies |k| < mg, eq. (2.9) can be expressed
into a convergent series of local terms

1 1 1 1
. = - (iv-D)+ ———(iv-D)* +--- . (2.10)
w-D+2mg  2mg (QmQ)Q (QmQ)3

Since the leading term is then insensitive to the Dirac structure of the spinor components
of the field, the theory has gained an approximate SU(2) heavy-spin symmetry, which can
be expanded to SU(2ny,) in the presence of nj heavy flavors. This is an example of an
aforementioned emergent symmetry of the EFT.

To understand how this procedure for deriving the EFT Lagrangian can be interpreted
at the path integral level, we note that the projection operators in eq. (2.4) imply that
h, and H, can be treated as two orthogonal projections of (). As such, the path-integral

/DQ = /th /DHU. (2.11)

Since the resulting Lagrangian is quadratic in H,, the Gaussian integral over the short-

measure factorizes:

distance field immediately yields eq. (2.9). Therefore, the procedure described here allows
us to literally integrate out the short distance modes of our original quark. This elegant
derivation of the tree-level HQET Lagrangian by way of the path-integral measure was
first presented in ref. [25]. Furthermore, it also justifies the use of the functional approach
to matching and running developed in ref. [5]. Note that there would be no significant ob-
structions even if our projectors were quantum operators instead of simply being functions
of the kinematics as above, since all objects in the path integral are treated as operators
acting on fields. As long as the mode decomposition that is used to define an EFT can be
written in terms of operator-valued projectors, we expected the methods developed here
to be universally applicable.

2.1 Decoupling the heavy quark

The decomposition of the full QCD Lagrangian given in eq. (2.6) makes it clear that H, can
be identified as a short distance mode which one can integrate out in the limit that |k| <
myg for all fields in a given process. This procedure yields the non-local Lagrangian given
in eq. (2.9), which makes predictions that are equivalent to QCD for processes involving
only h, modes in the external states. Expanding the non-local Lagrangian using eq. (2.10)
and truncating the series at some order in 1/mg yields an EFT which is valid for momenta
|k| < mq. In this subsection, we will briefly review the connection between this procedure
and the fact that the heavy quark should not contribute to the running of the QCD gauge
coupling at scales below mg. This both has a conceptual benefit, and will also be of
practical importance since similar arguments will be used below when we derive our master
formula for one-loop matching given in eq. (5.4).

For this argument, we will work directly with the h, and H, fields, and we will use the
terms that are diagonal in these fields to derive propagators, while the mixed terms will be
treated as interactions. Two features are of critical importance, the fact that the kinetic
terms are linear in the momentum of the state, and the relative minus sign between the



h, and the H, kinetic terms. The later fact implies that the ie factors in the propagators
will take the opposite sign such that the same Wick rotation can be used to Euclideanize
diagrams involving both h, and H, propagators.

The QCD Lagrangian written as eq. (2.6) has three types of couplings between the
heavy quark modes and the gluon: diagonal couplings h,h,G,, H,H,G,, and an off-
diagonal coupling H,h,G,. The integral that results when computing the contribution
to the vacuum polarization for the gluon from the two diagonal loops schematically take
the form

dq 1 1
Lgiag ~ : — ., 2.12
diag /(27r)d <v-q+mize> <v-(q+p)+mize> (2.12)

where m is an IR regulator for the h, loop and is equal to 2mg for the H, loop. Due to
the linear nature of the kinetic terms and the sign on the factor of ie, when integrating
over ¢°, the poles reside on only one side of the real axis, and one can deform the contour
away from all them yielding zero contribution. However, the situation is different for the

mixed loop, where the integral takes the form

d?q 1 1
Iog-diag ~ - - . 2.1
fi-diag /(27r)d <v~q+m+ze> (v-(q+p)+2mQ—ze) (2.13)

Now we see that the opposite sign on the ie terms implies that there is a pole in both the

positive and negative Im ¢" half-planes. The contour will enclose a pole for any possible
deformation, yielding a non-zero contribution to the S-function.

The argument above makes it clear why in HQET the heavy quark does not contribute
to the RGEs of the gauge coupling. Once we construct HQET by integrating out H, and
expanding, the heavy field H, is non-propagating. Therefore, there are no diagrams that
yield contributions of the type in eq. (2.13). The mode h, only yields potentially relevant
integrals of the type in eq. (2.12), which vanish as we have argued. Similar reasoning will
be critical to the derivation of the master formula for matching in eq. (5.4) below.

3 Residues using Feynman diagrams

In this section, we will review the diagrammatic approach to calculating matching coeffi-
cients, using the simple example of the residue of the on-shell propagator for concreteness.
Along the way, we will encounter an order of limits issue, which is a manifestation of the
IR divergence structure of QCD. We will then revisit the calculation by relying on the
so-called method of regions [30, 31] that will avoid the need to deal with this subtlety di-
rectly. This has the additional benefit of providing a familiar setting to review the method
of regions, which will be a critical tool in the derivation of our master formula for HQET
matching coefficients below.

When performing matching calculations, one typically equates matrix elements as cal-
culated in the full theory and the EFT. Particular care must be taken to include the
appropriate residue factors for the external states to ensure that the LSZ reduction is cor-
rectly implemented. One way to extract the residue for the heavy quark @ is to take the
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derivative of the 1PI corrections to the propagator —Z'E(p), and evaluate it on the mass
shell. We will compute this factor for a quark in QCD Rg =1+ RS )ozs + .-, and for a

quark in HQET R, = 1+ Rg)as + -+, from which we get the quantity that appears in
matching calculations AR = RS) — RS), see eq. (1.2).

3.1 Residue in QCD

The one-loop QCD residue RS ) can be obtained by computing the two-point 1PI function

, 4 [ dlq 2—-d)(g+p) +dmg
~i¥qen(p) = 3 95 1 / @md {(q L) — mé} met
= —i[(A— Ac) mg + (B — Bay) ] - (3.1)

Here as well as throughout this paper, “c.t.” denotes the counter term contributions, and

we take the Feynman gauge £ = 1 for gauge boson propagators. Performing standard

manipulations, we derive’

A(pQ) = ;—; (477 u2>6 I'(e)4 (1 - g) /01 dz [méx —pPz(l - x)]_e , (3.2a)

o € 1 .
B(p?) = —3= (47 4?) T(6)2(1—6)/0 dz(1—x) [myz —p*z(1-2)] °,  (3.2b)

s 1

Ag = Qs y ( —YE + 1n471') , (3.2¢)
37 €
s (1

By = — 22 ( — g+ ln4ﬂ'> , (3.2d)
31 \ €

where the MS counter terms A and B are derived by taking the e expansion of A(pQ)
and B(pz). This yields

2 2 2 2 2 2
4 m m my, — my, —
lim(A— Ay) = 2% (3 _Tey Mo Mo P, Mo P (3.32)
e—0 3w \2 p? w2 p? w2
4 2 4 4 2 2 2
. _ Qs Mg, Mg Mo —P .  Mg—pP My

These results are finite but non-analytic at p? = mé. In particular, their derivatives with
respect to p? are divergent when evaluated at p? = m% These are a manifestation of IR
divergences that appear when taking on-shell kinematics.

®See eqs. (3.53), (3.55), and (3.57) in ref. [22], noting again that we use d = 4 — 2¢, while ref. [22]
uses d =4 — e.
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One way to side step this issue, thereby allowing us to extract the residue, is to keep
€ # 0 until after taking the derivative. It is then straightforward to derive

dx
R(Ql)as _ Zqen(p)
dp B
p=mq
= 2m} [d(Ad_QACt) + d(Bd_QBCt)] + (B — Ba)
p p p2=m3 p=m3
Qg 1 w2
=-3, 2| - —ye+hndr | +31In— +4/, (3.4)
T € me

where € is specifically regulating the IR divergence. Next, we will derive the residue in
HQET, where we will see that the same IR divergent terms appear. Therefore, the object
of interest AR is IR finite. This is to be expected, since one of the standard tests that
one has correctly implemented the matching procedure, namely that one is working with
the correct low energy description, is to check that the IR of the full theory and EFT have
the same divergence structure. We will provide a procedure for directly extracting AR™M)
that avoids this IR subtlety utilizing the method of regions, see section 3.3 below.

3.2 Residue in HQET

Next, we perform the two-point function calculation in HQET. Diagrammatically, the
structure is identical to the QCD calculation where the relativistic quark propagator is
replaced by the HQET propagator, yielding

. 4 [ d 1
_’LEHQET<’U'I€): —gggﬂz /(271'(;(1(]2(1)-((]—{—]{3)) —ct.
= [C(v k) — Coplv - k)} , (3.5)

which evaluates to®

'l1—¢T %—I—e)

2«
Clo-k)=—-==2(47p®) T(e)(—v - k) 2 ) 3.6a
(0 k) = =5 % (4 ) T(e) (~v - ) a0 (3] (3.6a)
2 o 1
Cct(U'k?)Igﬁv'k<6VE+1D47T>, (3.6b)

where the counter term is again determined in the MS scheme.” Noting that to zeroth
order in 1/mg the on-shell condition for h, is v -k = 0, we evaluate

R 2avy, e, TO-I(Egl

w®) |, " 3n (47 p?) T(e) (—v - k) ) .kzo_ 0, (3.7a)
dCei(v k)| _ 205 (1

dw-k) |40 37 (e e +1Ind )’ (3.7b)

6See eqs. (3.67) and (3.69) in ref. [22].

"Note that when computing the counter term in dim. reg., one must be careful to isolate the UV
divergence. This is done here by keeping v - k # 0 as an IR regulator at intermediate steps. This is why
we must take a derivative of eq. (3.6b) before sending v - kK — 0 to derive eq. (3.7b). If instead we took
v - k — 0 first, we would effectively be using dim. reg. to regulate the IR divergence as well.
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which yields

dC(v - k) — dC (v - k)
d(v - k)

205 (1
=_Z2 ( —VE +1n47r> : (3.8)

k=0 31 \e

R;Ll)as =

Similar to above, the lim._,o YuqQeT is not analytic at v -k = 0 due to an IR divergence,
and so we had to defer taking the ¢ — 0 limit until after taking the derivative with respect
to v - k.

3.3 Residue difference from the method of regions

The IR divergences in egs. (3.4) and (3.8) are the same, as they must be if the EFT
correctly captures the dynamics of the full theory below a certain scale. This implies that
the residue difference is IR finite:

2
ARWa, = (R(Ql) - R§3>) s = —g‘i (3 s+ 4) . (3.9)

Operationally, we were forced to maintain € # 0 until we evaluated this difference. There-
fore, it would be convenient to have an approach that would allow us to compute AR
directly. This can be accomplished by exploiting a technique known as the method of
regions [30, 31].

To begin, we rewrite some expressions in order to make the comparison between Rg)

and R;Ll) more obvious. Within QCD, we set p* = mg v + k* and define

— 1+
Eqep(k) = Eqep(p) T¢ ; (3.10)
so that
dEqcp (k) dXqep(p) 1+ 1
I e
v-k=0 37) p=mq mQ
_py 149 1

Note that we have changed the evaluation condition from v -k =0 to p = mg in the first
line, which is valid up to O(1/mg). Similarly, we define the HQET quantity

_ 1+
EHQET(k) = EHQET(U . ,IC) T¢ s (3.12)
which is related to RS) as
d= k d= -k 1 1
o dmaer®)| _ dSmger(veR)| Leg g 1HF gy
dk# k=0 d(v - k) vk=0 2 2

This allows us to simply express the difference as

1+9 > d=2qcep (k) — dEuqeT (k)

1)
ARY oy 5 i
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In order to evaluate this difference, we take the integral expressions for ¥qcp and
YHQET given in egs. (3.1) and (3.5) to write

4 9

d - m
_iEQCD(k) = _ggs M?e/ (d q (2 d)(g‘i‘?) +d Q 1_|_¢ B

2m)? f[@+pﬁ—ﬂ%] 2

c.t., (3.15a)

— 4 26/ d?q 1 1+ 9
—1= =—= —c.t.. 1
iZnqeT () 3 95 1 el (a1 h] 2 c.t (3.15b)

Note that the integrands of Zqcp and Epqrt are equal in the heavy quark limit:

lim (2—d)(¢+p)+dmg I+y  (2-d)p+d 1+9 1 1+9¢
mate pgrp-mg] 2 2w GR] 2 @lGrR] 2

(3.16)

Naively, one might be tempted to conclude that Eqcp = Enqet at leading order in 1/mg,
which would imply that AR®M) vanishes. This would be in conflict with the result derived
in eq. (3.9). This is due to an order of limits issue: since the integral is taken over all
momenta, one cannot expanding the integrand for large mg before integrating.

The method of regions [30, 31] is a technique for consistently expanding the integrands
such that non-analytic dependence on small parameters is correctly reproduced after in-
tegration. The key is to isolate regions of the integration domain that are dominated by
single scale contributions. For example, the QCD integral contains two physical scales that
are separated by a large hierarchy |k| < mg. To expand the integrand, we introduce an
intermediate cutoff scale A such that |k| < A < m(, which can be used to split the integral
over ¢" into two pieces. The first receives support from the soft region |¢| < A, while the
second is non-zero due to the hard region |q| > A:

EQCD(k) = EQCD,soft(ka A) + EQCD,hard(ka A) : (317)

The domain of integration is now bounded, so that one can expand the integrand ac-
cording to the assumed scaling in each region, while maintaining |k| < mq fixed. The
soft region can be isolated by assuming |¢| < A < mg holds, while the hard region where
|k| < A < |q| yields a different expansion. Once the integrand has been expanded, the
domain of integration can be restored to infinity when using dimensional regularization so
that the explicit cutoff A no longer appears — the contribution from the extended integra-
tion limits is scaleless and therefore vanishes. This is reflected by our notation since we drop
the A dependence for the expressions where the domain of the integral is taken to infinity.

Applying this procedure to the two-point function integrals, we recognize that the soft
expansion is identical to the naive approach in eq. (3.16). Therefore, we conclude that

EqQep soft (k) = Enqer(k) - (3.18)

This tells us that the residue difference is fully determined by the hard region from QCD:

AR(l)as 1 +7l§ B dEQCD(k‘) - dEHQET(k) - dEQCD,hard(k)

. (3.19)
2 dk# v-k=0 dk# v-k=0
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Note that eq. (3.18) holds to all order in 1/m¢. In eq. (3.16), it was demonstrated only
at the leading order, i.e. mg — oo. To explicitly verify this at higher orders in 1/mg,
one needs to include additional diagrams that contribute to eq. (3.15b) due to higher
order operators in HQET. Then the result in eq. (3.19) still holds, with an appropriate
modification of the evaluation condition v -k = 0.

The practical implication of eq. (3.19) is that we no longer have to track the individual
IR divergences. Instead, the residue difference AR™M) is determined by a single loop integral
ZQCD,hard, and the only divergences that appear are from the UV, which can be subtracted
using counter terms.

For completeness, we evaluate this hard region integral. Starting with eq. (3.15a), we
expand the integrand assuming |k| < |¢| and |k| < mq:

—12QCD,h d(k):—492ﬂ26/ dlg 1 [2mq+@2—d)(d+§)
,har 3 s (27T)d q2 (q+mQ 1))2 _ng

_[2mo+@-dygl2(atmeu)-k|1+yp (3.20)
[(q+va)2_m2Q}2 2 1., .

where we have truncated the expansion up to the linear order in k, since this is all that is
required to isolate the residue. Evaluating the integral yields

ARW g LT u dZacD hara (k)
2 Akt v-k=0
Qg 47T/,L2 ‘ de 1 +¢
- I(e) |1 - —c.t.
3 ( mg ) (6)[ 1—20(2q] 2 ~°
2
s 1
:_042<31nﬂ2+4>+¢’ (3.21)
3m mg 9

which reproduces the result in eq. (3.9).

4 Matching and running using functional methods

This section reviews how to utilize the functional approach for calculating matching co-
efficients and RGEs. To set the stage, we first briefly review the one-particle irreducible
(1PI) effective action, which is a key object in functional methods that one could compute
directly by evaluating the path integral. The general matching condition can be compactly
expressed by equating the 1PI effective actions of the UV theory and the EFT, whose
solution gives us a direct link between the Lagrangians of the two theories, e.g. see ref. [5].
Finally, we also provide a brief review on how to extract RGEs from the 1PI effective
action; more details for RGE calculations are provided in appendix C.

4.1 1PI effective action from a functional determinant

In modern functional methods, the central object of study is the so-called 1PI effective
action I'[¢], where ¢ collectively denotes all the fields in the theory. It is a generating
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functional for the 1PI correlation functions:

. 6Tl
w500 00(x,)

(o) o))

for n>2. (4.1)

One can in principle extract any perturbative quantum field theoretic prediction from
['[¢]. Concretely, the 1PT effective action up to one-loop order can be organized as a loop
expansion:

Ll¢] > IO[] + rW[g]., (42)
where each piece can be extracted from the Lagrangian as

rO[¢] = S[g] (4.3a)

T[] = % In Sdet (— 5252[55]) : (4.3b)

with S[¢] = [d%z L(¢), and “Sdet” is the so-called super-determinant, which tracks the
minus sign difference between fermionic and bosonic loops. The normalization factor %
assumes that we are tracing over “real” degrees of freedom: a complex scalar field should
be separated into its real and imaginary parts, and Dirac fermions should be decomposed

as discussed in section 4 of ref. [5].

4.2 Matching from a functional determinant

In general, one performs a matching calculation by equating the EFT Lgpr(¢) with a UV
theory Lyvy (¢, ®) at a matching scale, where ¢ (®) denotes the light (heavy) particles.
The general matching condition is that all the one-light-particle irreducible (1LPI) dia-
grams agree at the matching scale [47, 48]. The natural definition of this statement when
using functional methods is to enforce that the so-called 1LPT effective action I',[¢] — the
generating functional for all the 1LPI correlation functions — of each theory coincides at
the matching scale:

I'Lerr([¢] = TLuv(e]. (4.4)

One can relate the 1LPI to the 1PI effective action for the UV theory and the EFT:

I'verr[¢) = CEPT[0] 5 (4.5a)
FL,UV[¢] = FUV[¢7 (b] "I):q)c[(ﬂ . (45b)

The relation for the EFT is trivial. By contrast, to derive I't, yv, one must integrate out
the heavy field by plugging in the solution ® = ®.[¢] to its equation of motion.

Solving eq. (4.4) in general is nontrivial. However, ref. [5] was able to make signifi-
cant progress towards this goal by deriving the following general expression for the EFT
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Lagrangian up to one-loop order:®

SEFT = /d455 Z C = Suvl¢, q)Hq):q)C[qs] : (4.6a)
SEIFT - /d4x Z (Cz(heavy C’L(il)nxed) OZ(¢) ) (46b)
where

4 i 5%Suv|o, @]
-1 - - 4.
/d x E Zheavy (¢) = 5 n Sdet ( 552 oo , (4.7a)

. non- . (0)
4 i 525 o local[¢] i B 525EFT W]
/d x E Zmlxed (¢) = 5 In Sdet < —5¢2 5 In Sdet 7 R

i 525non local[¢]

(4.7b)

hard

A few clarifications are in order:

e In this approach, we do need to know the EFT operators O;(¢) in advance. We simply
obtain them (with the appropriate one-loop coefficient) by evaluating the right-hand
sides of egs. (4.6) and (4.7).

e The one-loop contributions to the Wilson coeflicients derive from two classes of loops
in the UV theory. The “heavy” Wilson coefficients cW

i heavy collect contributions

(1)

from loops where only ® appear, while the “mixed” Wilson coefficients C; mixed &€
generated by loops with both & and ¢.

e The non-local Lagrangian appearing in eq. (4.7b) is given by

Sﬁ%r’lf‘local [¢] = Suv [¢7 Q)] ‘q;.:q)cw] 5 (48)

where the heavy field is integrated out using the tree-level solution to its equations
of motion ®.[¢]. No expansion in the heavy masses is performed at this stage, and
hence the resulting Lagrangian contains non-local terms, e.g. see eq. (2.9). This
is in contrast to the tree-level EFT action Sg)lgT [¢], which is derived by expanding
the non-local Lagrangian in the heavy mass limit; therefore, it only contains local
terms, e.g. see eq. (2.10). As we have discussed extensively in section 3.3, expanding
the action in the heavy particle limit yields a critical difference between the two
descriptions, where the non-trivial effects result from being careful about the order
of limits — performing the heavy mass expansion does not commute with taking
the functional determinant (which is essentially equivalent to performing the loop
integration). Although, the two terms in the first line of eq. (4.7b) are not equal,

8Note that as before, we use superscript numbers in parenthesis to denote loop order. We need not
specify the loop order for the full theory action, since we treat the counterterm contributions implicitly.
However, matching results in nontrivial loop orders in the EFT Lagrangian.
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they are intimately related in such a way that allows for the following simplification:

9 we can identify the second term as equivalent to the soft

using method of regions,
region of the first term. Their difference leaves behind the hard region alone, as

shown in the second line of eq. (4.7b).

4.3 RGEs from the 1PI effective action

In this section, we briefly review the general procedure for using the 1PI effective action
to compute the RGEs [5]. Given a Lagrangian

L(¢) O Ok(9) + AOx(d) + -+, (4.9)

we are interested in deriving the RGEs for a coupling )\, where Q) is the corresponding
operator, Ok denotes the kinetic terms, and the “---” allow for the possibility of additional
interactions. The first step is to compute the 1PI effective action, which takes the form

Tigl > [ % [(1+ ax) Ox(6) + (A + 02 Ox(9)] (4.10)

where ax and a) encode the one-loop corrections. Next, we renormalize the kinetic terms
to their canonical value by rescaling the fields ¢:

Mgl — [ % [04() + (1 + 2)0x(@)] (4.11)

where by is derived by Taylor expanding the version of I'[¢] with canonical kinetic terms
as a series in A. Finally, the RGE for A is obtained:

ui(A+bA) =0. (4.12)
For reference, a number of standard RGEs are derived using this method in appendix C;
additionally, functional methods were used to compute the bosonic dimension-6 SMEFT
RGEs in ref. [49]. In section 7, we will apply this formalism in HQET to show that the
kinetic term does not run, and will derive the RGEs for the Wilson coefficient of the HQET
magnetic dipole moment operator.

5 HQET matching from a functional determinant

In this section, we apply the general matching result eqgs. (4.6) and (4.7) to HQET. As
we will see, salient features of HQET will result in further simplifications for matching
calculations, which will be summarized by our master formula eq. (5.4) for HQET one-loop
matching coefficients. In this case, we identify & = (f[v, Hv) as the short distance modes of
the heavy quark, and ¢ collectively as all the propagating long distance degrees of freedom

Simplifying the functional matching calculation with method of regions was also discussed in refs. [6, 9],
where a different (but equivalent) approach to the row reduction procedure was used to diagonalize the
functional determinant matrix in the space of (2, ¢).
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modeled by HQET. There are two special features of matching QCD onto HQET that
simplify the resulting master formula.
First, taking second functional derivatives of eq. (2.6) with respect to H, and H,, we
i,heavy

see that the matching coefficient cW
: 2
i O og) ="t _9"Sqonl9, ]
/dxz;Cm%wOA@——2m8®t< T N
o —iInSdet (iv- D +2mg) =0. (5.1)

vanishes at one-loop:

This functional determinant is zero due to the same contour arguments presented in sec-
tion 2.1 (see also [25]), where we discussed decoupling the heavy quark.!® This indicates
that all the one-loop matching contributions for HQET are mixed loop contributions of the
type given in eq. (4.7b). Therefore, the non-local HQET Lagrangian

Sﬁ%l]:il’%cal [(b] = SQCD [Cba (I)] ‘@ZQCM ) (5'2)
which is given explicitly in eq. (2.9), is equivalent to QCD with respect to the dynamics of
the light fields ¢.

Another useful feature of HQET is that loop corrections are scaleless [50], and therefore
they vanish when using dim. reg.. This means that the second term in the first line of
eq. (4.7b) is also zero:

0% Siyoerlo]
52

We emphasize that this expression is valid when (i) we are computing on-shell S-matrix

%m%a . —0. (5.3)

elements, and (ii) when dim. reg. is used to regularize both UV and IR divergences (see
section 3.2 for a calculation where we regulated the IR by keeping the long distance fluc-
tuations off shell).

Taking both simplifications into account, we arrive at our master formula for computing
the Wilson coefficients of HQET!!

. 2 gnon-local
SI({%ET = %ln Sdet (—W) . (5.4)
In particular, note that we have restored the vanishing region, implying that when using this
result we do not need to perform any method of regions style expansion of the integrals
that result from taking the functional trace, and can simple evaluate the integrals that
result from this procedure directly. In sections 6 and 7, we will demonstrate how to apply
this formula by working out a number of explicit examples. We will additionally see that
this formula makes symmetry properties such as gauge invariance and RPI more manifest.

OThere is an even simpler (albeit gauge dependent) argument also given in ref. [25]: if one takes the
v+ A = 0 gauge, the determinant no longer depends on any field, and its evaluation simply yields a constant
that is absorbed into the path integral measure.

"There is one caveat to keep track of when applying this formula, which is that it is valid when one
sets all the light masses that appear in a loop integral to zero. If one is interested in computing power
corrections proportional to a light mass, then eq. (4.7b) should be used: one should keep the light masses
non-zero, and the hard region must be isolated before integrating.
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6 Residue difference from a functional determinant

This section provides a first non-trivial example of the procedure for matching between
QCD and HQET at one-loop using functional methods: the calculation of the difference
between the propagator residue for QCD and HQET. Along the way, we will highlight
many of the simplifying benefits of performing these calculations directly from the path
integral. Then before moving on to a number of additional (more complicated) examples
in the next section, we briefly discuss how RPI manifests in the functional language.

Before getting into the details, we provide a simple road map highlighting the critical
steps of the calculation:

(i) Beginning with the UV Lagrangian, we will integrate out the short distance mode
using the tree-level equations of motion. This will result in a non-local Lagrangian
(using background fields as necessary to implement gauge fixing) that encodes a
complete description of the dynamics of the light modes. See eq. (6.1).

(ii) Given this non-local Lagrangian, we will then derive the matrix of the second-order
functional derivatives (see eq. (6.5)), whose determinant is the central object to eval-
uate according to our master formula eq. (5.4).

(iii) Next, we will rewrite the determinant into an efficient form for explicit evaluation

via row reduction. See eq. (6.8).

(iv) Finally, we will evaluate this trace using the methodology of the covariant derivative
expansion as reviewed in appendix B. From this expansion, we will isolate the oper-
ators of interest. This yields the second line of eq. (6.12), which is an expression for
one-loop Wilson coefficients multiplied by the appropriate operators. The last step
will be to explicitly evaluate the loop integral. See the final line of eq. (6.12).

Note that along the way, we will drop any terms which do not contribute to the operator
of interest for simplicity.

The rest of this section is devoted to the explicit calculation of the residue difference.
Our goal is to apply eq. (5.4) in order to derive the one-loop correction to the two-point
function of heavy quarks. This implies that we only need to take variations of the La-
grangian with respect to the gluon and the heavy quark field. The first step is to derive
the non-local HQET action. Following section 2, where we reviewed the derivation of the
HQET Lagrangian, we start with QCD (including the gluon kinetic term, gauge fixing,
and ghost contributions) and integrate out the short distance quark modes:

ﬁﬁ%‘ﬁ%cal = hy, (z’v - D+ ZDLM}D:—2mQZlDL> hy — %wa GM* + Lot + Lgn, (6.1)
where the explicit gauge-fixing term Ly and ghost term L), are specified in egs. (B.74)
and (B.75).

Next, we take functional variations of Sﬁ%g%cal. We will treat gauge bosons using the

background field prescription described in appendix B.3:

GY‘u = GB#—I—A“, (6.2)
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where G, is a background field and A, encodes the fluctuations. Covariant derivatives
are expanded similarly:

Du = DB,,u - igsAu7 (6'3)

where Dp , is the covariant derivative that includes the background gauge field. After
taking functional variations with respect to A,,, we replace

GB# — G,u, (643,)
DB,,LL — D;L- (64b)

We only need to take the second variation of the Lagrangian in eq. (6.1) with respect
to Aj, hy, and h, to compute the residue difference:
_ T b
C,ul/,ab e _ (Fu,a> 514,/
52 Speclecal 5 (5A,f; hT m) _ (fu,b)T 0 _pT Sho | . (65)
™t B 0 Shy
where terms not relevant for the residue operator in U*® T#® and T*® are discarded:
Cuu,ab — T],u,u (DQ)ab _ 2Ul“4ab , (663)

_ 1
2 i
h _—
9s ML v - D+ 2mg

1
B=iv-D+il) ——i 6.6
v +leLiv- Zy i), (6.6¢)

1
T = Ry} EE——— ) 6.6d
Js [U +ZmJ_Z.U.D+2mQ’Yl:| vy ( )

[rHviab _ gs fabc G%V’c _ YT Tb hy , (6.6b)

P = gy T [w ot

Here v/ = 4# — v"¢ is defined in parallel with D/ . The reality of the Lagrangian implies
that BT = 4°B~+° and T* = (I'»*)T40 must hold, and it is straightforward to verify these
with the explicit expressions in eq. (6.6).

Next, we evaluate the functional determinant by row reducing eq. (6.5):

CHvab e _(Fma)T

0 SpigE T
g =) 0 T
5(AZ7hv7h’U)

rvb B 0

C,uzz,ab _ fu,a Bfl I‘w,b _ fw,bel THa 0
_ T
= —<F”’b> 0 _BT , (6.7)
vt B 0
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where in the last line we have used (F“’“)T(B_l)T(f"”b)T = b B~IT#e  Following the
prescription in section 4.2, we extract the residue operator part of the one-loop HQET
Lagrangian using

2 ¢non-local
0 SHQET

o 1 _
SHQET =3 In Sdet 5(Aﬁ, Ev, hv)Q

_ i detg | — Crrab 4 prag=1pwb | FV’bB—lrM] i dety, 0 B
2 i 2 -B 0

5 % Indet | — (D)™ + 2Umvab 4 Pra g=1pwb 4 FV’bB—lrﬂﬂ}

U

ba
1 _
—¢Tr [<m> i (Ulw,ab + e g1 Fu,b)] ’ (6.8)

where the subscripts denote the field that is being traced over, i.e., the state that is running
in the loop, and starting with the third line, we have truncated the series and dropped terms
that do not contribute to the residue operator. Note that in the last line, the trace over
the gluon space is taken (i.e. pur and ab indices are contracted). Next, we evaluate this
expression using the explicit objects given in eq. (6.6), and simplify the two traces as follows:

1 ba
(m) Mo UM

where we used T Ty = Cp = 4/3, and

1 - 1
= —ig? d—1 Ry R .
ig;Cp Tr [( )(iD)2 iv-Drzmg ™| (6.9)

—iTr

—¢Tr

1 ba _
<D2> 7y TR BT (6.10)

L 1
(iD)2 " (iD)% + 2mq (iv - D)

gl Cp Tr{ (tv- D+ 2mg) hy

1 1 1
h
(iD)2 " iv-D+2mg (iD)2 + 2mg (iv - D)

+(d—1) [(iD)? — (iv - D)?] hv} .

In performing these manipulations, we set [D,,, D, ] = 0 since this commutator returns the
field strength Gj;,, which does not contribute to the residue difference. Putting these two
results together, we obtain

1 .2 L - 1 V(i )
Silmr = —ig? Cr Tr{(z_D)th DV T 2mg o Dy |4 D) 2mQ]}hU.

(6.11)
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Finally, we evaluate this functional trace using the simplified CDE technique described
in appendix B.2.2 to derive!?

_ 1
S() .2 260 /dd / hv
HQeT 2 ~19s - CF zD+q) (iD + q)%+2mguv - (1D + q)
X [(d—2)v~(iD+q)—2mQ hy — c.t.
D —igg w2 Cr /ddac [ﬁviDu hv]
/ dlq (d—2)g v —2(d—2)¢"v g+ 4dmgg" +4m v*
(2m)d g% (¢* +2mqu - )

_/dd [y iv- D hy] 37T<4:;g >6r(e)[1—(1_€4)6(_26)} —ct.

:/dd [hyiv - Dh]37T (31 T’r‘;+4>. (6.12)

Q

—c.t.

The first line follows from eq. (6.11) by taking the steps shown in eq. (B.46). In the second
line, we have expanded in the covariant derivative D, — this is the explicit step that uses
the Covariant Derivative Expansion. Note that in taking this expansion we need to invoke
‘D‘ < mg to justify only keeping the residue operator. Its Wilson coefficient is given by
a loop integral with a nonzero hard region but a vanishing soft region. This verifies our
general statement made in section 5, in particular eq. (5.3). In the third line, we have
evaluated the loop integral, with the MS scheme counter terms. The result agrees with
eq. (1.2), providing our first demonstration for using functional methods to compute HQET
loop effects. Before moving on to additional examples in section 7, we will briefly discuss
RPI in the context of the residue difference calculation.

6.1 When does RPI become manifest?

In this section, we briefly explore the interplay between RPI and the calculation detailed
in the previous section.'® Our goal here is to understand at what point RPI holds when
computing with the functional approach. For simplicity, we will only explore this question
to leading order in 1/mg in the RPI transformations. The full RPI transformations are
significantly more complicated, since the eigenstates h, and H, rotate into each other at
subleading order, see [26-28, 52, 53] for a discussion.

12Since we treat D, as a commuting object here, the simplified CDE approach is sufficient. If one
were interested in extracting Wilson coefficients for operators that involve the field strength, the more
sophisticated original CDE approach described in appendix B.2.3 would be more convenient.

13RPI relations between coefficients are typically obscured in the course of a conventional calculation,
since different combinations of Feynman diagrams will contribute to the matching of operators at different
orders in the mass expansion. In practice, RPI relations are derived independently and then externally
imposed to minimize the number of matching calculations to be performed [51].
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The RPI transformation shifts*

, k
v — vV =1 — —,
RPI mg
—ik-x }é 1
hy, —— hy =c¢ 1—-—— ) h,+0O — | - (6.13)
RPI 2mg mg

We will now show that this is a good symmetry of HQET by noting that the non-local
HQET Lagrangian is built using the operator B defined in eq. (6.6). In particular, this
object transforms covariantly as

1

B=iv-D+il)| ———i
v +Z¢J‘iv‘D+2mQZlDJ‘
ik - D 1 , , 1
— B =B-"Z40|— | =e*B" 10—, (6.14)
RPI mQ me mg
and hence

Eﬁ%ﬁ%cal O hy Bhy
S . k K = 1
— hyBhy=hy|1———|B|1l——— | hy=hy,Bh,+ 0O — | (6.15)
RPI 2mg 2mg mg,

where we used the fact that $h, = hy, $§ + 9 = 2v -k, and v - k = k%/(2mg).

Alternatively, one can check the interplay between the two terms in the first line
of eq. (6.14). We begin by analyzing the explicit transformation of the local term. Keeping
all terms to O(1/mg), we find

hy (iv - D) hy ——— hy, <1 - k) etk (m p- D> etk <1 — %> Py

RPI 2mgq mQ 2mg
. _ (ik-D  K? 1
mQ 2mg mg,
This change is compensated by a corresponding shift in the non-local piece
. 1
hytlD) | ——— D | h
leDLZ”U'D—FQlelDL v
F ka [ 1 —ik F
h 1 o~ 1R-T 1R-T 1 _~ h
RPT ! < 2mg ) € lelz‘v D +2m iDL )e 2mg ) "

where we used the identities
ik D +idp fy =2iky D) = Qkui(D“—v“v-D> +0 (> =2ik-D+0O

buke = pob = k240 (o). (6.18)

mq
Then clearly eq. (6.15) holds.

1476 reduce notational clutter, we have opted to use k as opposed to dk here to track the change induced
by RPI when comparing with eq. (2.3). Given the form of the relevant expressions, there is no ambiguity.
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The loop-level Lagrangian is given by the super-determinant of the second variation
of eq. (6.1). Therefore, it is also invariant under RPI. Let us explicitly check this to the
order O(1/mg) for the residue difference calculation presented in the previous section. The
various components defined in eq. (6.6) shift under RPT as

1
Uuu,ab , UMV,ab +0 <2> ’ (6.19&)
RPI me
. . 1
B —— e FTBetRT L O <2> : (6.19D)
RPI mQ
THa sy e T \THa g (1 29H) _* Ty | + O 1 (6.19¢)
RPI 2me m |
_ _ _ . 1
rwe —— T — gg hy T‘li <7“ + 27)“) e 10 —5 | - (6.19d)
RPI 2mg meg

From here, we can check the transformations of each term that appears in the argument
of the functional trace in eq. (6.8):

1 ab 1 ab
(m) —>RPI <D2> y (620&)
vV,a v,a 1
T]MVUM xab W T]MVUM ab + O <7n2Q> , (620b)

K

D a el b . _
N T B~2 T W Y [F“a—gsth"émQ

(v“ + 2v“)} B!

X [F”’b — s ('y” + 21}”) i T° hv}

2mQ
e p—1 b 1
=N I BT +0(— |, (6.20c¢)
mq
where in the second derivation we used
7 a —1 v v k b A a p—1 k2 b
N Fro T 0 B (7 +20>—T he = Ty T% B (¢+2) T h,.  (621)
2mg 4mQ

This demonstrates an elegant feature of functional methods when applied to HQET. Specif-
ically, in the last line of eq. (6.8) the terms within the square brackets are manifestly invari-
ant under RPI before evaluating the trace. This is in contrast with the Feynman diagram
approach, where one must sum the full set of Feynman diagrams before the RPI symmetry
becomes apparent.
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7 More matching and running calculations

We have provided an explicit demonstration of a functional calculation in HQET for the
simplest non-trivial example above. However, we have not yet made contact with an actual
observable quantity. The purpose of this section is to do so by exploring more examples of
matching calculations and a derivation of the RGEs for some Wilson coefficients. This will
provide overwhelming evidence that these techniques capture all of relevant physics. Using
the formalism developed in refs. [29, 54|, once the one-loop matching of operators is known,
one-loop relations between exclusive quantities, such as decay constants and form factors,
are straightforward to extract. Furthermore, explaining these examples will provide us with
the opportunity to highlight some additional subtle aspects of applying functional methods.

7.1 Heavy-light current matching

This section is devoted to our next example, matching the heavy-light current. The heavy-
light operator in QCD is defined as

OM:CIV”‘Q’ (71)

where ¢ is a light quark and @ is a heavy quark that will be treated as an HQET field.
Since one should use the reference vector v# when constructing HQET operators, two oper-
ators can be written down at leading order in O(1/mg) that manifest the same symmetry
properties as the heavy-light QCD operator:

(@)
(@)

Il
2

v hy (7.2a)
vk hy . (7.2b)

VT —T
Il
W

The matching condition requires that matrix elements derived using QCD and HQET at
a convenient matching scale u are equal,'®

<q(0, s') | O* ) Q(p, s)> = <q(0, s')

7.3
- (7.3)
where the Wilson coefficients for the HQET operators C 2 = C1 2(mg/p, as(p)) are func-

o o
0L 08 + 0y OF ‘ hv(k:,s)>HQET ,

tions of p and as.
At one-loop order, the two matrix elements can be expressed schematically:

(2(0.5) | 0" Q) = VB R (0.8) [ (14 Wiy ) o+ iy 0t (o).
(7.4a)

<q(0, s') ( C1 O + Cy OF ‘ ho(k, s)>

= VRiRya(0,) (14 Vi o)

X (Cl 4+ Cqy U‘u) u(k, S) , (7.4b)

HQET

5Note that due to confinement, the matching is being done with unphysical external states. This does
not cause any problems since the matching condition between the two theories is universal.
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where the one-loop vertex corrections are Véﬂi, the one-loop residue corrections are
Rg)as = Rp—1and R,gl)as = Ry, —1, and R, denotes the residue for the light quark prop-
agator, which is the same in QCD and HQET. Equating the two expressions in eq. (7.4)
lead to the simplified form given in eq. (1.4). In particular, R, drops out and the matching
coefficient only depends on the residue difference AR = R(Ql) - Rg)
previous section.

, computed in the

In order to extract the heavy-light matching coefficient from the master matching
formula given in eq. (5.4), we follow the same steps outlined at the beginning of section 6.
The set of fluctuating fields that contribute are Aj, hy, hy,q, and . We need the equation
of motion for the H, field, which can be derived from the UV Lagrangian (where sources

J ff for the heavy-light current are now included)

(5 = ~ - 1 a v,a
Lqcep DQ (lﬁ—mQ> Q—&—qzﬁq—&—(qy“@Ju —|—h.c.) —ZGWG“ Lot +Lon.  (7.5)

Note that the sources JMi are not dynamical fields, but must be included to ensure that
the desired operators appear when matching the full theory and EFT actions. We split
the heavy quark field as in eq. (2.5) above, and derive the equation of motion for the short

distance mode:

1 .
HU = ) h'u Tyt elmQ Ut . .
1w - D+ 2mg (Zlm‘ Tuinte q) (7.6)

Since J J is merely a source, we are free to redefine it to absorb the phase, J, j —J J e imQuT,

Plugging the equation of motion eq. (7.6) into the UV Lagrangian eq. (7.5) yields the tree-
level non-local HQET Lagrangian:

— 1 1
non-local __ . . . a v
g = (10D i g i) b= GG Lt L
1
_ /. P e
+q(iD) g+ (q'y b + 37T, Z'U-D+2mQZ]'DJ_hU+h.C.>. (7.7)

We then take the second variation of the non-local action with respect to the relevant
fluctuating fields, again following the prescription described in appendix B.3 for the gluons:

Crab i _(Fﬁt,a)T fpa _(Fg,a>T SAY,
—(f?b>T 0 -BT 0  -sT Shy
5 Spoce! 3<5AZ hT 6hy 6q" 5q> B 0 s, 0 5iT | |
—(fg»”)T 0 -sT o —Bf 5q
| S 0 By 0 5q"
(7.8)
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where terms not relevant for the heavy-light operator are discarded in T'¥** and T/"*

nv,ab nz 2 ab
orab — (D) , (7.92)
1
Bi=iv-D S 9b
1 =1V +m¢w.D+2leD¢, (7.9b)
By =ilp, (7.9¢)
[ 1
Th = g, T [u — 4, 9d
R R e e L (7.94)
_ _ 1
% = g hy T [0H A ———— :
0 = B T o8 ol i (7.9¢)
i 1
At = g, T% | 4* L) pup— 7.9f
2" =9, 1" |7 a+1" v D+ 2mg L ] (7.91)

_ _ 1

' =g [Gg¥* + hy V! ————— A JT | T 7.9

2" =9 [qv L T D T amg a] , (7.9g)
1

S = 144 I N A 7.9h

! [ +1Eliv-D+2mQ]7 Jas (7.9h)
1
= J M+ ————— D |. 9i

Again, only relevant terms are kept here. Since the Lagrangian is real, we expect
- T
Bl =4"By*, T0= (Tf’a) P, S =151, (7.10)
which is explicitly satisfied by the expressions in eq. (7.9).

In order to evaluate this functional determinant, we row reduce the matrix and obtain
the one-loop HQET action

S 21T [ 5 (D5 By ' T T4 By 1 By ' T4 B, By P’{’b)} .

1
(iD)?
(7.11)

Next, we use eq. (7.9) to derive

SI({%ET > —ig?Cp Tr

1 1
DNy e
7(Z.D)2QV UZ’Y a

L [2mo + (14 §)iBv, + [i) — (1+ ) iv- D]
(iD)2 +2mgqiv-D

W he| . (7.12)

This functional trace can be converted into integral expressions using the method described
in appendix B.2.2 (since we do not need any operators involving the field strength). This
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procedure yields
1
J-

0 9 2 d?p S S
Stiqur > 192 1 Cr /ddx/ (2m)d (z’D+p)2qwilD+Zﬂ ¢
2mq+ (L+¢) (i +p)| v+ [iP+p— (1+¢)v- (iD+p)]

(iD+p)2+2va-(iD+p)

_ . d¢ Y +2mgu B
D/ddac q —zgqueC’F/ 5 pd'y“p’yo‘ P @ n Jy, hy +h.c.
(2m) pd <p2—|—2va~p>

o) / A%z (g Iy, J5 ho +hec.), (7.13)

X T h, + h.c.

where we have implicitly defined the integral If; in the last line. Evaluating it yields

o _ . dp —(d—2)py*p+2mqypr”
Ify, = —igs CF/(zﬂ_)d Pry y

p(p? + 2mqu -p)

as [ 4 p? ‘ 2¢ 2 o
—_ _ 2 P (0 N e - (0 AN o 4 ‘14
37T<m2Q> (6)1—26fy U)—> 377(7 1}), (7.14)
and hence 5
1) 20 d,. |z~ _ , —
SuQET 2 3 d%x [q (’y v > Jo oy + h.c.] . (7.15)

This reproduces the one-loop matching coefficient for the heavy-light current, see egs. (1.4)
and (1.5).

7.2 Heavy-heavy current matching

The last matching example we will present is the derivation of the coefficient for the heavy-
heavy current. The steps are essentially identical to the previous calculation, but the details
are a bit more involved here since there are two flavors of heavy quarks to track. Note
that while we will allow the two heavy quark masses m; and mo to differ, we will make
the simplifying kinematic assumption that v; = v9 = v. The velocity labels on the fields
are thus to be taken as flavor indices to keep track of masses only, and not to be taken
as arbitrary. Otherwise, various simplification relations, e.g. Ay, v*hy, = hy,¥*hy, are no
longer valid. In appendix D, we work out the generalization allowing v # vs.
We start with the UV Lagrangian:

Lacp = Q1 (i —mi) Qi + Q2 (i) —m2) Q2 + [Ql (J; SR 75) Qs + h.c.]

1
— ZGZVGW’G + Lor + Lgn (7.16)

where JI and J5ia are sources for the vector and axial heavy-heavy currents respectively.
To reduce the clutter and absorb the phase, we introduce the shorthand

J:t = (J&t ’Ya + ng(:l ,704 75) e:tiAmv-x’ (717)
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where Am = mj —mo. Note that due to the gamma matrices, their conjugation relation is

f
(J +) = ~1%J719%. A new feature of the heavy-heavy current matching calculation is that
now the two heavy quarks mix:

0= 5H_S - _(iU'D+2m1) Hv1 ZE hvl |‘J+ (hw Hvz)a (3.18 )
v1 a
5; (iv ‘ mg) v2 i : 1 hU2 Y (hvl Hm) ) (; .18b)

V2

For our purposes here, we only need to solve these equations to linear order in J:

1 . 1 + 1 :
(Hm) _ (z‘v-D+2m1 i, hm) n o Dramr (1 + worems leL) ho, n O<J2> _

1 . _ )
H, Fo D2 11 oy o (1 ™ iv-‘Dizmllpoh”l
(7.19)
Plugging this solution into the UV Lagrangian, and taking the relevant second variations
yields
S0, a a T - a a T b
o L I A (VA I AR
o\ T
-0y 0 —BF 0 st 6ho,
SPSEAHe = (5AG 8BTSy, 6WT, 6h) | TY* B, 0 S 0 O, |
vy T T 5h
- (].—127 > O _Sl 0 _B2 V2
ryts, 0 By 0 ShT,
(7.20)
with again irrelevant terms for the heavy-heavy operator are discarded in I'"* and ff “
Ouy,ab: nw/ (Dz)ab -9 (U{“’:ab +1< 2) , (7213)
H v
U,u,u,ab: 2 B TaTb TL + 7L h , 7.21b
1,2 Gs M1, ww-D+ 2m1,2 v-D+ 2m271 v2,1 ( )
1
Bis=iv-D+i —_— 7.21
12 =iv-D+il); v D+ 2m1722m¢’ (7.21c)
7
s = g, T° H4iq h
1,2 9s [U + ZJDL’L'U D+ 2m1’2:| V1,2
+ |1+ _ JiLh (7.21d)
LZ"U-l)—l—Q’rfLLQ iv-D—|—2m271 vl (0 '
_ _ W
s = h by —— =4
1,2 Ys v1,2 |:v + iv-D+ 2771172 llDL:|
+h Lﬁ 1+;uz) T (7.21e)
Y210 -D—|—2m2,1 iv-D—|—2m1,2 L ’ '

1
Si12 = [l—i-ilﬁL.

—_ | JT . 7.21f
w-D—i—Qng] [ +z’v-D+2m271UDL] ( )
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Note that this matrix takes the same form as eq. (7.8), so the row reduction is identical.
The functional determinant is then

1
(iD)?

Sigur > 1T [ 0 o, (U + T BT — D0 By S By Fg’b>] +162

S i Cp Tr 1 3 i)+ 2my L i +2my
s (D)2 ™ (iD)2+2myiv-D (iD)?2+2mgiv- D
R i) —2iv-D . i) —2iv-D
(iD)2"" (iD)2+2myiv-D " (iD)2+2mgiv- D
- i), —iv-D ip, —iv-D
+.72hv1 ’Y'u - 2J_ - + - 21_ - Yu h
(iD) (iD)?+2myiv-D  (iD)?2 4+ 2mgiv-D
+ (12, J < J7). (7.22)

Our notation (1 <> 2, JT <+ J~) here (as well as later in the paper) represents only one
term, which results from exchanging both 1 <+ 2 and J* < J~ in the previous term.
Applying the CDE prescription in appendix B.2.2 to evaluate these functional traces, we get

SI({l(Z),)ETD _igs dd
y z¢+p+2m1 N iD+p+2my
(1D+p) ' (iD+p)2+2myv- (i D+p) (i D+p)*+2mav- (i D+p) "
1 5 ip+p—2v-(iD+p) S ip+p—2v-(iD+p)
(iD+p)® " (iD+p)?+2miv-(iD+p) (iD+p)*+2mgv-(iD+p)
N 1 " i +p, —v-(iD+p) g+ i +p, —v-(iD+p) -
(iD+p)? (iD+p)*+2myv-(iD+p)  (iD+p)*+2mav-(i D+p)
+(1e2,J e J7). (7.23)
This can be simplified down to
Stiopr 2 / A% [y (JF I + i Iuns) hos] + (L5 2, JF 5 T7) (7.24)

where the loop integrals are

dip 1
T = 2 260 /
HH s b TF (2m)4 p2(p? + 2my v - p) (p? + 2mav - p)

[ lpr2m) o 2 (g 209) 77 (200

V“WL_”'Z’)’V&(?L_U'P) ’Yu}, (7.25a)
T = 1 YAy S (7.25b)
Evaluating Ifj;; gives
s |1 2 2
Iﬁsza‘L L—7E+1n4w_3_m<mlln”;2_mzlnn;l)]
o 20 3 mo my
3|1 TR, (== —meln == 7.26
— 73 [-l—Am(Wum,u mQHMﬂ’ ( )
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and Ifjy 5 can be evaluated in the same way. Putting it all together yields

20 3 _
Cl - —5% % { [1 + Am<m1 ln% — myln ”;ﬂ Froy A P,

3 ma mi T e
+ [2 + Am <m1 In 7 —maln M)} ho, J5+a Y 75 o, + h.c.} ) (7.27)

which agree with eq. (1.8) and eq. (1.9). We note that the case of heavy-heavy matching
at finite recoil (v; # vg) is provided in appendix D. The next section turns to calculation of
the RGEs, focusing on the particular examples of the Wilson coefficients for two operators
that appear at O(1/mg).

7.3 HQET RGEs

In this section, we will derive the RGEs for the two operators that appear at subleading
order in the 1/m¢g HQET expansion:

T /- Ckin 7 /. 2 Cmag 7 v ~a a
hy - D) hy hy (1D )* hy s hy oF T h,
ACHQET D (iv ) hy + 3mo (iD)) + Imo g o G/W
1 a v,a
1 Gul’ G + Lot + Lon (7.28)
with )
DY = D" —v"(v- D) and ot = % [7“,7”] . (7.29)

The Wilson coefficient ¢y, is related to the leading order kinetic term through RPI, and as
such it will not be renormalized; we will derive this explicitly at one-loop in this section. The
Wilson coefficient for the chromomagnetic moment operator cyag does run, and has phe-
nomenological consequences such as predicting the mass splitting between the ground-state
vector and pseudoscalar mesons that contain a heavy quark. A precision determination of
this mass splitting requires evolving cpag between the bottom mass and the charm mass.

It is straightforward to match onto these Wilson coefficients at tree-level by expand-
ing eq. (2.9). Note that because

= . - | .
ho [UW v (v - D)} hy = hy [2 (¢ Yo — Y 7&) (w . D) h, =0, (7.30)
we can replace Di with D# when it is multiplied by o,
. . . 2 1 ‘ .
iDL i) = (iD1)" — § o iDL, DY
) 1
— (iD1)" = 50 [iDiD"] = (iD1)’ + S 9.0 Gy, T*. (731)
This yields the tree-level matching conditions

0 _ 0 —1. (7.32)

Ckin = Cmag =

These results serve as the boundary conditions for integrating the RGEs whose derivation
are the subject of what follows.
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We follow the procedure outlined in section 4.3. The first step is to compute the 1PI
effective action. We need the second variation of the tree-level action with respect to A,
h, and h,. This yields an equation of the same form as eq. (6.5). As opposed to the
residue difference calculation, which uses the non-local form of the Lagrangian, here we are
computing the 1PI effective action for HQET directly. Therefore, we must Taylor expand
in 1/m¢ and truncate. In particular, we only keep terms up to order 1/mg, and we drop
everything that does not include quark fields:

C/ﬂ/,ab — nuu (Dg)ab _ QUMVvab , (733&)
Urrab = g, fabe Gree — g2 b, [2‘3;;; (" — o) T T + Zj;z o foe TC] hy, (7.33b)
. Ckin /. Cmag v a a
B=iv-D D wage T 7.33
1 + 2mQ (Z J_) + 4mQ gs o) v ) ( C)
a_ n Ckin e Cmag
r“® =g,T¢ [v“h + — QmQ iD" hy, + 5 Q(ZDJ_ hv)x—%(ﬂw thy} , (7.33d)
Twa — g, [h ol 21‘”‘ hyiDYf — 5 Xn_(;pDh hy) + ;mag Dy hy UW] T, (7.33e)
mq mq

Note that we have used a non-standard notation in the above — a bracket with a subscript x
is to indicate that the covariant derivative is closed. This is in contrast with the other terms,
where the covariant derivatives are open. A detailed elaboration of this notation is given
in appendix B.1.5, in particular eq. (B.19). Reusing the row reduction result eq. (6.7), we
follow the same intermediate steps given in eq. (6.8) to obtain the one-loop effective action

B §2SuqQET
§(A%, by, hy)°

1 ba _ 1 be 1 da
D —i'Tr {nl“/ <D2> (U}LV,(zb 4 @ B! FMb) + <D2> Ucd <D2) U;w,ab

1 be 1 da , B
+ (172) ug ( D2> (e Blf”’bJrF”’bBlF“’a)}, (7.34)

where again we emphasize that we are not including higher order 1/mg terms than above.

et = %m Sdet

Next, we use the expressions in eq. (7.33) to derive

in 1 - 1 - 1
FgéETDiTY{QCk 92 (d—1)Cp =5 hy hy — g2 Cp —5 hy —— hy

mg ° D D? Y iv.D

Ckin 1 7 1 9 1
—hy——(iD h

2mg D2 Vi p P

1 c 1 - 1 1
2 mag v a a
Cr—-C h mwae, T h
+gs ( F 2 A) 4mQ D2 v Z"U'Dgso_ uv iv-D v

c 1 1 /- 1
+2g2Ca mag D2 GZVD2<h " T hy — i Dy hy v J“O‘W.DT“h>}

=01 +T+T3+T4+15+T%, (735)
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where we have used
1
TETE=Cp,  ff®"=Cx6, and TETRTHE= (C’F -3 CA> T}, (7.36)

with Cr and C4 denote the Casimir factor for the fundamental and adjoint representations
respectively. Note that we defined the six terms in eq. (7.35) as I'j=; ... ¢ in the order that
they appear. Since we want to derive the RGEs, we need to isolate the UV divergence. To
this end, we regulate the IR using a non-zero gluon mass m?, which is sufficient for any of
the loop integrals we encounter below.

For the first two terms we use eqs. (B.81b) and (B.83a) to obtain

Ckin 92 . 1 7
'y = d—1)CpiTr | ——= hyhy ) DO, 7.37
1=5 Qgs( )CFi 1"<Dz e ) (7.37)

1 . 1
_ 2 ,
I'y=—g;CpiTr <D2+m2 hy iv-th>

1 2\
D —2g2 C’F/d4x (1) <1 m2) (hyiv- D hy). (7.37Db)

For the third term, none of the results in appendix B.4.2 directly apply, so we provide some
explicit steps:

Py =9 Cr 20;;; o {D2 Jlrm2 o wl-D(iDL)leph”}
= s Cr g [ e [ [ o
8 BUv-(ill?—q)(iD_qu‘(ill)—q) hv]
5 2 Cr 2%; / de (nW Vig — 4V2*j;) (Ev D, D, hv)
:/d% (4717) ln::{ 2¢2Cp ;I; (7 (z’DL)th—3hv(z’v-D)2hU]}. (7.38)

In the above, the loop integrals V; o and V% 5,2 can be found in appendix A.4. For I'y and
I's we can use eq. (B.81c) and eq. (B.83b) to find

1 c 1 -1 1
ry=¢>(Cr—=C 138 Ty Ry L Ly L p—
4 gs( F 2 A) 4mQ D2—|—m2 ZU-DQSJ 0% iv-D v

1 2
4 Cma, v
> /d x i) ln[gs (Ca—2Cp) mg gshy o G5, T hv] , (7.39a)

_ 2 Cmag . 1 1 7 v
F5:2950A4mQZTr<D2+m2 gSGZthvUM Tahv>
2

1 o

4
—~ Int&
D/dx(4 )2 an

[—2 92 Ca I‘;fé g hy ot G, T hv] . (7.39b)
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For the sixth term, we again provide the details:

1 1 - 1
I'e=—-2 gS Ca ;mag 1 Tr ( 5 Js G* i Do, hy vV o T hv>

D2 4 m2 9w 2t el iv-D
m 1 1
o _295 277;2 /dd / [ (1D —q)%2 —m? 9s GZ” (1D —q)%2 —m?
X(iD — q)o hy V" oH v(zll)—q) T hv]
5 —2g2C mag / A / v %;2;-’2 gs by M G2, T b,
/d4 [295 C’A v na[g‘/Ql(gsh U“O‘GZVT“hv)
= /d4x ()2 thng C’A;mn;iv”gsﬁvvaa“a GZVT‘L h, =0. (7.40)

Summing all the six I'; yields the one-loop level effective action:
T{er D T14To+Ts+Ta+T5+T

2
D/d4xjsln’u2{—0 Cnag g Ry o™ GO, T Dy
™ m Q

4m

— 20 | By (iv-D) hy+ % oy (1D 1 )2 hy+ 228 g By oP’ GO T%hy| 5. (7.41)

2mg dmg i
Note that in the last line, we have dropped the operator h,, (iv - D)2 h, since it is redundant
due to the equations of motion. Combining this result with the tree-level effective action

F%?(?QET = SHQET yields

2a5C
4 sUF 19
FHQET D/d x{[ P In mQ]

Ckin 7 /. Cmag T v a a
X [h (iv- D) hy + mth (ZDL> oy +4 Q gs hy o G, T hy
2

Qs M Cmag T
T Bz Ca gy, 95 e o G T ’“}

— /d4a: [hv(z’v - D) hy + 261(711; hy (iDJ_)2 hy

2
C —
1_7 In— | % g hy, o' G, T hy, 42
< CA mz) 4mQ g g ny (7 )
where in the second line, we have performed the field redefinition
2CF as 1% e
hy — |1-— In — ho , 7.43
{ 4 mQ] ! (7.43)
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to canonically normalize the tree-level kinetic term h, (iv - D) h,. Finally, we can read off
the RGE equations:

d Ckin d
= —_ - in — , 44
0 MdH 2mg = Md,uck 0 (7.44a)

Qg

d Cmag Qg ,u2 d
= U— 1--— 1 _ —Cmag =
0 Mdu {4mQ < 4 Caln m2>} — 'uduc DY

These results agree with the literature as summarized in eq. (1.12) above.

Cacmag.  (7.44D)

8 Conclusions

This paper provides the first application of functional methods augmented by the covariant
derivative expansion to a kinematic EFT. In particular, we studied HQET — a description
that emerges in the limit that a Dirac fermion is very heavy compared to the scale being
probed by the propagating fluctuations. We focused on the particular example of heavy
quarks coupled to QCD, and reproduced a variety of matching and running results that had
been previously computed using Feynman diagrammatic methods. A critical component
was the existence of an operator valued set of projectors that are used to derive an equation
of motion for the long distance modes that is valid to all-orders in the heavy mass expansion.
Furthermore, the point at which RPI becomes manifest was emphasized. The primary
result of this work was the matching master formula given in eq. (5.4).

There are two clear directions for future progress. First, one can now use these efficient
methods to take one-loop matching calculations to higher order in the heavy mass limit.
This would be relevant for high precision applications to either experiments such as LHCb
and Belle I, or to theory explorations comparing with lattice QCD calculations in the heavy
mass limit [38, 39]. Another interesting direction would be to understand how to use these
methods for other kinematic EFTs, such as SCET, nrQCD, and others. Furthermore,
these methods provide a compelling impetus to revisit the issue of higher-order functional
integration directly in the path integral. If the relevant technology could be developed to
the stage where two-loop (or higher) calculations could be implemented in a straightforward
manner,' then these techniques could contribute to extend precision in «y as well. This
paper makes the benefits of the functional approach to HQET clear, and furthermore opens
the door to using these methods across a broader class of EFTs than had been previously
explored.
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A Loop integrals

In this appendix, we provide a number of frequently encountered loop integrals that are
relevant for the calculations performed in the main text. All loop integrals are regulated
with dimensional regularization d = 4 — 2¢, and parameters are renormalized using the
MS scheme.

A.1 Combining denominators

A general loop integral contains multiple propagators in the integrand. In order to facilitate
the use of the general results presented in what follows, we use the Feynman parameter
technique to combine propagators into a single term:

1 1
- _ day, vz, —1
AT AT /del dep 6(z1+---+2p—1)
« x;nl_l...x;lnn_l F(m1++mn)
0o )\mzfl_“)\mnfl F(m1_|_..._|_m )
= dAo---dA, 2 L ne Al
/0 2 (A1 +Ag Ao+ + Ay Ap )™+ Fmn T(my) - T(my,) (A1)

The first integral in the above expression is convenient for combining propagators that are
quadratic in the loop momentum. For situations where propagators are linear in the loop
momentum, which frequently occurs for HQET calculations, it is more convenient to use
the second integral form of this trick. Note that it is straightforward to obtain this last line
from the more commonly used form given in the first line by making the variable change
Tp>2 = T1\p>2 and then integrating over 1 using the delta function.

A.2 Single scale relativistic integrals

After combining the propagators using eq. (A.1), if the numerator of the integrand has
factors of the loop momenta with open Lorentz indices, one can convert them by relying
on the symmetry of the integral:

1
Py = St (A.2a)
P 2 i) pr (T 0 ) (A.2b)
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This reduces all loop integrals (with at least one relativistic propagator) to the following
essential form with a single scale A:

g [ A )"
Im(A) = _Z,u4 d/ (27.‘.])751 (pgp_)A)n

M4_d (_1)nfm F(

(47r)d/2

m+d/2)T'(n—m —d/2) 1
I'(d/2) I'(n) An—m—d/2"

(A.3)

This integral is straightforward to evaluate after performing a Wick rotation to Euclidean
space. Then to derive MS expressions, one expands these integrals for small e, identifies
the 1/e poles and cancels all the occurrences of 1/e¢ — g + In 47 using counterterms, where
~E is the Euler-Mascheroni constant. For completeness, we provide explicit results that are
frequently used here. For divergent integrals, we use an arrow to indicate that contributions
from counterterms defined in the MS scheme have been added. The integrals for n—m = 1
are quadratically UV divergent:

I (8) = (471r)2 {ni!r(;n(;_/g)/z)] d/2A —1 <47TAM2>H/2F (2 B ;i)

—

m+1
(m+1)A(lnl§+2—ii>. (A.4)
r=1

1
(4m)?
For n — m = 2, the integrals are logarithmically UV divergent:

nA)= L 1 D(m+d/2)] [4rp Q‘d/QF ,_d
mART T )2 [((m+ 1) T(d/2) A 2

2 m~+1
— (471T)2 (m MK +1-Y i) . (A.5)

r=1

For n — m = 3 (and greater), the integrals are UV finite:

) =~y (A6)
. 1 1 1\?
Ima(8) = (47)2 (m + 3)(m + 2) (A) ’ (A7)

and so on.

A.3 Two scale relativistic integrals

Here, we explicitly discuss a commonly appearing integral in relativistic theories that
depends on two scales:

ea [ ?)’
£7k(m27M2) = —zu4 d/ (271.])95[ (p2 - m2§]§ ()p2 - M2)k . (AS)
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Note that when this integral contains a nontrivial numerator p#!-..pts, one can use

eq. (A.2) before combining the propagators, to reduce it to the above form. We evalu-
ate this integral as follows:

! IR d 2\ T
By T P
0

F(n)r(k) (27r)d [pQ—l‘mQ— (1—$)M2]n+k
I (_1)n+kfrr(7"+d/2)F(TH-k—T—d/Q)
- (4m)dr2 T(d/2) T(n)(k)

1 n—1¢1_ \k—1
></ dx e (1=2) ——yT
0 [zm2+(1—z)M2HE—Y
pt=d (=1t T(r+d/2) T(n+k—r—d/2)

(U2 (a2 ——a2 T(dj2)  T(n+hk)
d M?—m?

In the first line above, we have combined the propagators using eq. (A.1). In the second
line, we have evaluated the single propagator loop integral using the result in eq. (A.3). In
the last line, we have performed the Feynman parameter integral which yields a Gaussian
Hypergeometric function 9 Fj (a, b; ¢; z). If the arguments a, b, and ¢ are integers (or half
integers), the Gaussian Hypergeometric function can be expressed in terms of elementary
functions. A non-exhaustive set of explicit evaluations are listed below for some frequently
encountered integrals. Note that I];’k(mQ,Mz) = I};H(M%mz), so we will only provide
results for integrals with n < k. Taking n + k — r = 2 yields the log divergent integral

1 47 pi? 2-d/2 d d
0 (12 172y — amp” _a _a .
I7(m*, M*) = (in)? < 5 ) r(2 5 oFy (2 2,1,2,2

1 <47r'u2>2_d/2r (2 - d> 1—(1—z)%/2-1

(4m)2 \ M? 2 (d/2—-1)z
_ 1 (Mg)d/Q—l B (mg)d/Q—l (47w2)2—d/2r (2 B d)
(4m)?2 (M? — m?) (d/2-1) 2
— (4711_)2 [MQ 1_ 3 <M2 ln]\'u;2 —m?ln :;) + 1] , (A.10)
where for convenience we have defined
m2
z=1-— ik (A.11)

For brevity, we will we simply state the results for the other evaluations of use here. Taking
n+ k —r = 3 yields UV finite integrals proportional to 1/M?

19, (m?, 02) = (4;)2]\;2‘21:2 2+ (1—2)In(l-2)] (A.12a)
I 5 (m*, M?) = (471r)2]\/}23122:; 2(2—3z)+2(1—z)21n(1—z)} : (A.12Db)
Hy(mi v = Lol o hoa-sma -2, (A.12¢)

(4r)> M2 3 23
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Taking n + k — r = 4 yields UV finite integrals proportional to 1/M*

1 113

Ta (W5 00) = s g o B ()12 (=) (=) (A-132)
1 1 1-6

L (M) = (a5 et (-l (1=2)], (A.13b)
1 1 1-2

B (M%) = s gy o [ (6-95+22%) +6(1-2)"In(1-2)] (A 13)
1 116

loa (W5 M5) = (s a1 o 2 (6752 +2(3=2) (1=9) (1)), (A.13d)
1 1 1 5 |2(12-302+22:2-323)

IZ 2 M2 _ - A.13

15 (m”, M7) (47)2 M420325 | +12(1—2)°In(1—2) ’ (A1)
11 1-10]2(24—422+172?)

12 2 M2 _ - A.13f

2.4 (m*, M) (47)2 M4 20 325 +6(4—Z)(1—Z)21n(1—Z)]’ (A3

Lo L I10
(4m)2 M12025 V7

I35 (m?* M?) = 12-122+2%)+6(2—2) (1-2)In(1-2)] . (A.13g)

A.4 Integrals with relativistic and linear propagators

A class of integrals that commonly appear in HQET calculations are built from a rela-
tivistic massive propagator (the mass is often included to regulate the IR) and an HQET
propagator:

ddp pﬂl .. .p:u‘?“
VAL 2) = 4—d/ , A4
n,2s+r (m”) L 27)d (p2 —m2)" (v - p)2tr ( )

Note that for this integral, we cannot apply the numerator reduction formulas in eq. (A.2)
before combining the propagators, because more tensor structures are available due to the
presence of v*. However, the same logic obviously applies, and we simply need to contract
the integrand with both n*¥ or v* to determine the possible forms. For example,

p' =o' (v-p), (A.15a)
1

PP = —— [P = 0") = (v p) (" = dv)] (A.15b)

Results for numerators with more factors of p* can be reduced in the same way. Applying
these relations, we can eventually reduce the integral in eq. (A.14) to the trivial numerator
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case with » = 0, which we can evaluate as follows:

d%p 1
Vios (M?) = —i 4_d/
2 ( ) K (27T)d (pg - mQ)n(v .p)QS
— dp [ Em)*\>1  T(n+2)
Yol end )y e —m2 t 2xme - p) BT ()T (29)

_ iy Adg2s-1 I'(n + 2s) / de /OodA AsT!
S T T@s)) @rdfy @ —m2— Ay

o adags 1l (n+s)T(s) dde (-1)°
_ iy idg2l ['(n)I(2s) / @m)d (2 — m2)"*

pt 22T (1+8)T (n+s—d/2) 1
W -1 '(1+ 2s) I'(n) (mg)n+s—d/2 )

(A.16)

where in the second line we combined the propagators using the A version of the Feynman
parameters in eq. (A.1), and then replaced A — 2mA for convenience. In the third line, we
made the replacements ¢ = p* + Amv* and A = A\®>m?. In the fourth line, we integrated
over A, and to derive the final result, we used eq. (A.3) to obtain the last line. As a cross
check, we see that taking s = 0 in this expression agrees with eq. (A.3):

4—d n—
Voo (m?) = (Zr)m(— "F(F(nc)l/ 2 (m2)£d/2 =1 (m?) . (A.17)

For reference, we provide a non-exhaustive set of explicit formulas with non-zero values

for s:
—d
Via (m?) = (4;)2 (~2) (4;’“2‘2>2 " (2 _ ;Z) — (47102 ln:; (—2),  (A.18a)
Voa () = o2, (A.18b)
) 1 1

3,2 (m?) (i i (-1), (A.18c¢)
Vi (m?) = (4;)277162, (A.18d)
Via () = g (A150)
Vou (m?) = (4;27»:04;1’ (A.18f)
Via () = g (A15g)

where as before, the arrow in eq. (A.18a) denotes that we have included the counterterm
contributions using the MS scheme.
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Combining eq. (A.15) with the results in eq. (A.16), one can compute the integrals in
eq. (A.14) with r # 0. For example

Vi (m2) = =it [ 0 v = 0"V, 00 (m?) (A.192)
n,2s+1 \M") = —1H (27’[‘)d (p2 _ mz)n(v 'p)23+1 =V " Vpas\M ), -1Ja
d?p P'p”
V() = —i 4_d/
n,2s+2 ( ) H (27r)d (pg _ mg)n(v _p)25+2
1
T 112 M —2 (14 s) vHv”] V, 26 (m2) : (A.19b)

B Covariant derivative expansion

In this appendix, we give a comprehensive review of the algebraic approach to evaluating
functional traces (or determinants) known as the Covariant Derivative Expansion (CDE).
A typical object of interest is the one-loop correction to the 1P effective action

: 2
rW[¢] = %m det (-‘;g) =Trln [D? + M? +U(¢)] . (B.1)
which derives from a Lagrangian of the form
L(¢)=—¢' (D*+M?) ¢V (¢), (B.2)

where ¢ is a field, D,, is a covariant derivative, V(¢) is the potential encoding additional
interactions, and U = d?V//d¢? for this explicit example. Here we will present the formalism
capable of computing generalizations of eq. (B.1) such as!”

1 1
e e

where U;(x) can be any functions of interest. This technique was originally invented in

T, (M?) =iTr Un| (B.3)

the 1980s [2-4], and recently reintroduced in the context of modern EFT calculations in
ref. [1], followed by the generalization given in ref. [5]. This technology has been utilized
to compute universal one-loop matching results for relativistic theories [7-10, 40].

Our review of the CDE methodology is organized as follows. In appendix B.1, we
provide a number of useful tools and tricks for manipulating covariant derivatives and
functional traces. In appendix B.2, we review three different algebraic approaches to eval-
uating functional traces, contrasting them against each other, and highlighting the features
of two formulations of the CDE. Then in appendix B.3, we show how the background field
method can be used to take functional variations with respect to gauge bosons in a way
that manifestly preserves gauge covariance. Finally, we provide a compilation of useful
results obtained by applying CDE in appendix B.4.

B.1 Tools and tricks

In this subsection, we spell out many of the manipulations that are required to perform
the calculations utilizing the CDE. This has the additional benefit that it allows us the
opportunity to define notation and conventions. Particular emphasis is placed on subtleties
that can arise.

Y"For results, see egs. (B.80) and (B.81) below.

— 492 —



B.1.1 Baker-Campbell-Hausdorff formula

In deriving the CDE, we will make frequent use of the Baker-Campbell-Hausdorff formula
(see e.g. egs. (B.57) and (B.68)):

o0
1
— B4
-3 oy
Here we have introduced a successive commutator notation A"[B] defined as

A’Bl=B and A"[B]=[A,A"'[B]] for n>1. (B.5)

B.1.2 Gauge coupling

As is well known, one can redefine the gauge field to move the gauge coupling from ap-
pearing within the covariant derivative to the coefficient of the gauge kinetic term. In this
paper, we take the normalization such that the covariant derivative is

D, =0,—1i9G, =0, — igGﬁT“, (B.6)
where the generator matrix 7% depends on the representation of the field that it acts on:
D,¢ = (0, — igGZTg)cb. (B.7)

We will mostly suppress the representation subscript ¢, as it should be clear from the

context. Note that if there are successive covariant derivatives, their representation sub-

9

scripts must all be the same due to the “covariant” nature of the covariant derivative, i.e.,

it preserves the representation:

Dy Dy = (O — i9GIATI) -+ (O, — i9GE T4 )0 (B3)

For convenience, e.g. see eq. (C.2) below, we define a convenient form of the field
strength from the commutator of two covariant derivatives

GP = Dy, D] = —igG ., = —igG),, T, B.9
w

ny =
where as usual the field strength is

G, = 0,G% — 0,G% + gf*"GhGS, . (B.10)
Note that if there are multiple gauge sectors, G ., is the sum of the relevant field strengths.

B.1.3 Functional traces

We use the notation “tr” to denote a trace over the internal symmetries, and “ITr” to denote
a trace over both the internal symmetries and the functional space of the operators:

d
Ton(4) = [ a'a Galtrn (A)i2) = [ 55 olrn () (B.11)
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Here the subscript R denotes the internal symmetry representation that is being traced
over, which we will often suppress when it is clear from the context. Throughout this
appendix, we work in d = 4 dimensional spacetime, except that when we confront divergent
integrals we will use dimensional regularization with d = 4 — 2e.

Another remarkable property is that the functional trace Tr is invariant under cyclic
permutations of operators/functionals, but this is generically not the case for the inter-
nal trace tr, because it only traces over a subspace of the functional. However, when all
the objects in an internal trace tr are functions (i.e. they are all diagonal in the basis
|z), see more elaborations in appendix B.1.5), the cyclic permutation rule holds, see e.g.
eq. (B.26a) below.

B.1.4 Product rule for covariant derivative

We highlight an important feature of the covariant derivative D, — the product rule takes
the same form as for the partial derivative when it is acting on fields:

Dy (Ai Bj) = (DyA); Bj + Ai (D.B); . (B.12)

This can be justified by noting that the direct product of the two fields A; ® B; forms a
tensor representation, for which we have the generator relation

Tiep=Ti®@1p+14Th. (B.13)
Suppressing the representation subscript, this reads
T (Az BJ) = (TaA)Z Bj + A; (TaB)j , (B14)

and leads to eq. (B.12).

Although it might be clear, we emphasize that eq. (B.12) can be contracted with any
non-field constants (that do not transform under the symmetry group in consideration).
This leads to some familiar results such as

D, (616) = Dy (656765 = (D,0') 6+' (D).
Dy (1) = Dy (¥73595) = (D)) ¥+ (D)
Dy (91T36) = Dy (6T41165) = (D) o+ T (D) = (0,—i9GATE )™ (61T50).

For the last equation above, one can also check the non-trivial consistency between the last
two expressions, where in the final form D,, is written out explicitly noting that (qﬁTT ggb)
forms an adjoint representation. A similar but maybe slightly less intuitive consequence is
that the covariant derivative can be pulled out of a trace over the internal symmetries:

tr (D, A) = D, [tr(A)] . (B.16)
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B.1.5 Territory of covariant derivative

In what follows, we will be extensively manipulating functionals — typically referred to as
operators in quantum mechanics. Note that a special class of functionals are just functions.
For example, in quantum mechanics the Hamiltonian H is built out of two functionals, the
kinetic term 7' = —V?2/(2m) and the potential V(z). This latter functional is of this special
kind, in that it is just a function with the property V(z)|z) = V(z)|z).

Because of this, the territory of a covariant derivative D, could be ambiguous. When
an object like D,U appears, where U = U(x) is a function, it is not always clear whether
this is a function with D, acting only on U(x), or a non-trivial functional with D, acting
on everything that appears to the right. Usually, one would use a parenthesis (or a bracket
of any kind) to remove this ambiguity. However, the calculations to be presented are
cumbersome enough that brackets are often used for grouping functionals, as opposed to
specifying the territory of D,. As an explicit example, let us consider the following two
toy Lagrangians

Ly=¢' (-D* - M?) ¢ — ¢! (D'UST*) ¢, (B.17a)

Ly=¢' (—-D* - M?) ¢ — ¢' D" (ULT"¢) , (B.17Db)
where we have introduced a vector field Uj; transforming in the adjoint representation. The
two interactions are different. In the first Lagrangian, D" acts only on Uy and the whole
thing (D“U;f) is a function, which can be treated as a field (an adjoint scalar). But in
the second Lagrangian, D* is acting on both Uj; and ¢. In the above, we successfully used
the parenthesis to distinguish the two scenarios. However, in calculating the 1PI effective
action using eq. (B.1), we will get

2
In det <—%521> = Indet [D* + M? + (D*UST®)]| — Indet [DQ + M+ (D“UgT“)J ,

2
In det (—‘255) = Indet (D* + M? + DFUST?) .
Note that in the second line, a bracket has been introduced to group the three terms, but
we do not mean to “close” the territory of D* (i.e. to restrict the territory of D, to U /‘f
only). In fact, this is precisely an example of a term with an “open” covariant derivative, a
universal evaluation of which we will provide in eq. (B.84b) up to mass dimension four. This
is in contrast with the case of the first line, where the parenthesis is intended to indicate
“closing” the territory of D*. Needless to say, carefully tracking this distinction is critical to
our ability to calculate with functional methods. Practically, when we evaluate functional
traces with the CDE, an open covariant derivative will get shifted due to eip'xiDue_ip'“” =
iD, + py (see eq. (B.46)), while a closed covariant derivative does not. Therefore, to
remove this ambiguity in the meaning of brackets, we put an additional subscript “z” on
the brackets when they are used for specifying the territory of the covariant derivatives.

This was explicitly done in the last expression of the first line above.'®

18When there is no ambiguity in the meaning of brackets, we will drop the explicit subscript = and go
back to our usual way of addressing this issue. In particular, for Lagrangian expressions such as eq. (2.6)
and final results such as eq. (6.12), the subscript x is often dropped. However, note that we have carefully
kept all the subscript x explicit in the results presented in appendix B.4.2.
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We emphasize that a covariant derivative D, = 0, — z'gGZT ® has two parts — the
partial derivative and the gauge fields. Therefore, the meaning of closing its territory by
(D,U), is twofold. First, the partial derivative is only acting on U; second, the generators
T% are in the representation of U:

(DU, = | (0,U7) U(z) —ig GS (T8)7 U7 1(2) | (B.19)

where every functional is projected onto the identity function 1(z). Since this notation
is non-standard, and the second aspect above can be easily overlooked, we provide a few
explicit examples. First, when a D, is followed by a field strength Gf,)g (acting on a field
¢(x)), we have

DquDa = (0u — igGZTé}) Gfa’b Tf; ¢, (B.20a)
(DGR 6= { [auabc —igG (Tg)bC] Gﬁf} 6. (B.20b)

Note the difference in the representations of T%. Second, since the field strength is related
to the covariant derivative through GEV = [D,, D,], it also has a notion of territory. So
similar to the case above, for Gﬂ, we also have

D ~D D.a ra ~D,b b
GD,GP ¢ = GLATIGRI TS g, (B.21a)
(GR,GR) 0= | Gh (T8) GRe | Tho. (B.21b)

To further demystify this notation, we can use the product rule in eq. (B.12) to derive
the following operator/functional equation for a generic functional A:

D,UA= (D, U),A+UD,A. (B.22)
This shows that our notation defined in eq. (B.19) can be written as a commutator:
(DU)y =D,U—-UD, =[D,,U]. (B.23)
In addition, one can repeatedly use this relation to derive expressions like
(DpDyU)s = [Dy; (DyU)z] = [Dy, [Dy, UJ] (B.24)

This will be extensively used in our CDE derivations (see e.g. eqs. (B.57) and (B.68)).
Again, because GEV = [D,, D,], there is a similar expression for the field strength:

(GnuU) =[Gh.U]. (B.25)

na

A potentially confusing consequence is

pvo
tr (G, U) #0. (B.26b)

tr|(GRU),| = (6D, U] =0, (B.26a)
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Note that in the first line above, we are allowed to use the cyclic permutation property
for the internal trace, because both objects ny(az) and U(z) are functions. On the other
hand, the trace in the second line is generically non-zero. For example, taking U(x) to be
another field strength, we have

trg (G2,GPH) = —g2G2, G trpy (T“Tb> — —g?G%,G M dy, (B.27)
where dg is defined as trg (T“Tb) = dpdé%. This term will be used in appendix B.2 as a

benchmark result for contrasting the three algebraic approaches to evaluating functional
traces (see in particular eq. (B.32)). Some additional non-intuitive manipulations are

D ~D D ~D D ~D
GhGh = (GhGh)+GLGh,, (B.28a)
1 1
(D"D"G),)e = 5(GD’“”G5V)QE =5 (GPm.Gh =0. (B.28D)

B.1.6 Integration by parts for covariant derivative

Another useful property of the covariant derivative is integration by parts:

S5 / e tr [(DU),] = / de (D ftr(U)]}, = / A (O]}, =0, (B.29)

To derive this relation, we first pulled the covariant derivative out of the trace using
eq. (B.16), and then used the fact that tr(U) must be a group singlet if this term ap-
pears in the Lagrangian. Eq. (B.29) implies

/ A% tr [U(D,Us)s] = / A% tr[—(D,Uy).Us) - (B.30)

For contrast, we emphasize that integration by parts cannot be used for an open covariant
derivative

/dd:c tr(D,U) # 0. (B.31)

B.2 Algebraic evaluation of functional traces

In this subsection, we present three algebraic approaches to evaluating functional traces:
the Partial Derivative Expansion (PDE), the Simplified CDE, and the Original CDE. Pre-
senting the PDE approach will highlight the benefits of CDE. Since both versions of CDE
are used in the text (matching uses simplified CDE and running uses original CDE), we will
present them both in detail here. For concreteness, we will contrast the three approaches by
evaluating the simplest functional trace Ty in each framework up to mass dimension four:

1 1 1 -1
To(M?) =iTrp | ————— d*z—— ——  trp(GP.GPmvy . B.32
o(M7) = iTrg <D2+M2) 3/ TAm2 M2 12 'R(Gy ) (B.32)

For notational simplicity, we will suppress the representation subscript R, with the under-

standing that the derivation holds for arbitrary representations. A catalog of results for
more involved functional traces are given in appendix B.4.2.
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B.2.1 Partial Derivative Expansion

To begin, we will derive the Partial Derivative Expansion (PDE). This is the brute force
approach to evaluating functional traces. The idea is to ignore the covariant derivative
structure, i.e., by treating partial derivative and the gauge fields independently, and to
perform an expansion in terms of the gauge fields. This yields a large number of terms that
are not gauge invariant individually, but that all combine into gauge invariant quantities
at the end. In fact, PDE is nothing but the Feynman diagram approach represented
algebraically. In particular, since each term generated in the PDE step corresponds to the
contribution of a Feynman diagram, these approaches share the disadvantage that they
lack manifest gauge invariance, which requires dealing with a large number of terms at
intermediate steps. We review this approach to establish that any functional traces can
be evaluated purely algebraically, without invoking any of the additional tricks required to
derive the CDE. This already demonstrates the benefit of functional methods: calculations
are organized into mindless algebraic expansions, which automatically takes care of all the
Feynman rules, relative signs, symmetric factors, etc.. In later subsections, we will derive
the CDE approaches, which are dramatically streamlined by comparison.

As a simple example, consider a gauge theory with an associated coupling g. This
implies there is a covariant derivative:

D, =9, —igG,, (B.33)
so that
D? + M? = 0* + M? — [ig(0"G, + Gu0") + ¢°G.G"] . (B.34)

In order to compute Ty up to mass dimension four, we should expand the argument of the
trace up to four powers in G;:

1 1
Th=iTr| ———— | = —i T}
0o=11r <D2 + M2> tlr <_82 — M2+ [ig(@“G# + Guau) 4 QQG“G“])
O TYC 4+ 126 + T3¢ + 139 (B.35)
with!?

1 1

T =g [_32_1\42(8“(;#—1—(}“8“)_82_]\42} : (B.36a)
1 1

2G _— ;2
15" =1g"Tr e G,G" s
1 H 14 1 14 v 1

YHere we have used

1
A+ B

=A ' AT'BAT '+ AT'BAT'BAT' —A'BAT'BAT'BAT ...
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TnggSTr{_ 1_ G,.G" L "G, +G,0") !

02— M? —92— M2
1 ” .y 1 " 1
e (Gt Cud) 5 CuC s
1 1 .y y
| g ("Gt Gud") —g— 3 (9" Cu+Gud”)
1 o o 1
Xm(a GP+GP8 )W 5 (B36C)
1 1 1
G_ v
Ty _zg4Tr{_82_M2GMG“_82_M2G,,G e
1 " 1 . y
| g G = (0" Cut Cu0")
1 o o 1
g GG Ty
L w u 1 v
| =gz (0" Cut Cud") —g5— GG
1
g O7CrtC) —02—1\42]
1 " " 1
| = @G+ G —— 7
y y 1 1
X (8" G +G0 )aQMQGpGﬂazle
1 " " 1 ” y 1
| g @ Cut Gud") — 5 (Gt Gu) s

1 1
X (8pGp+Gp3p) W (8UGO—+GU80) —82—]\42] } . (B36d)

We see that even for this simplest functional trace Ty, the PDE generates many terms:

Operator | Terms
T3¢ 2
T3¢ 5
3¢ 12
T4¢ 29

It is straightforward to evaluate each term through the repeated insertion of the func-
tional identity element

d
1= / dz |)e| = / <§7§d Pl - (B.37)
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For concreteness, we will provide some details for calculating part of T02G. It contains five

terms2?

TgG _ O2G0 + TgGl + T02G2 + TO2G3 + TO2047

1 1
2G0 — ;2
157" =ig° Tr ((92 —MQG“G!L%@Q M2) ,
1 1 1
2G1 — ;2 v
157 =g Tr(—(?z—MQauG”—QQ—MQa GV—(?Q—MQ)’
1 1 1
2G2 _ - 2 v
o=t TT(—82—M28uG“—a2—M?GV@ —62—M2>’
TG = ig® Tr ! G, 0" ! ayGé
o =W A\ T oY Tt e 2 )
1 1 1
2G4 — ;2 v
TO =19 Tr<_82_M2G“au_82_M2GVa —62—]\42>

In order to demonstrate every detail, we provide the evaluation of 7}

1

oG !

TOQGIEngTr< EERSYE

d4
ig” / Pl <p1

(2m)*

:ig2/d4x1d4x2/

ig2/d4x1d4x2/

Ak
(2m)

<J

e—ik~($1—l‘2) |:_ -

N_a2_M2

1
_aQ_MQ(?“G
dp; dipy o
(2m)* (2m)*

X <P2

dp; dipy

1
—82—M2

]' 174
w5 C

1
b1

7827M2

"G,

1

762 — M2 0"

o

(2m)* (2m)*

i

d

g> /dd$1 d%zq tr (Gu(x1)Gy(x2)]

P
G,(x1)
pi—M2""

L1
pi—

4—d ddpl

M2

2G'1.

)

v

1
_52_M2

9

$1> (21|Gplp2)

o) (22

. 74
@Y

p3—M?

oM

1

G

Gy (x2)

el (P1—p2)-m1 ,i(p2 pl)-le

Py (p1+k)”

/

(2m)? (p

— MR (pr-+ K2 M2

— 92— M2

|

(B.38a)

(B.38b)
(B.38¢)
(B.38d)
(B.38¢)

(B.38f)

)

(B.39)

To evaluate this expression we used the definition of functional trace in eq. (B.11) to derive

the second line, followed by insertions of the unit operator to derive the third line. In the
fourth line, we extracted the eigenvalues, and used the fact that (z|p) = e~*. In the last
line, we make a convenient change of variables ps = p; + k. We are then left with a “loop

*0Note that the gauge field G, (x) does not commute with the partial derivative, as it depends on the
spacetime coordinate x. Therefore, the last four terms are generically inequivalent. On the other hand,
sometimes one assumes that the field is independent of the spacetime coordinate z, e.g. when computing
the Coleman-Weinberg potential. In this case that the background field is constant, it is a lot easier to
evaluate such terms. See e.g. egs. (11.71)—(11.73) in Peskin and Schroeder [57].
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integral” to evaluate. This integral is divergent, so we use dim. reg. (which explains the
appearance of the p4=¢ factor):

i 4—d/ d?p » (p1 + k)"
] emd (pF = M2)2 (pr + k)2 — M2

i d/ 2 / dd€ nw2 a(l— o)k
o —AP  (@-Ap
d
11 dmp\ 22 d 11 kMR
- ou g —— () Tp(e- £ l—g)—— =20
/de x[” (471')24< A > < 2)““"( SUTESCERY ]

1 1 1 2 uv 1.2 M LV
S / dxx[ o, P +2(1 — )M]
0 M?

(4m)2 2 M2
1 /1 p? 1 R 2kHEY
_ N2
= Gy <477 st ap ) (B.40)

where we used eq. (A.1) to combine denominators, substituted ¢# = p/ + (1 — z)k* and
A = M? — 2(1 — x)k?, and used eq. (A.3) to evaluate the integral. In the fourth line, we
have expanded in the external momentum k* up to quadratic order, which is sufficient to
capture all effective operators with mass dimension four. Plugging the integrated result
into eq. (B.39) yields

T3¢ :92/d4m1d4x2 tr[Gp (z1) Gy (22)]

4 2 V1.2 v
x/ d'k pik(e1—r2) 1 (177#”1 a —|—i77u k" + 2% )
4

(2m)? (47)* M? 24 M?
:/d4x1d4x2tr (G (21) Gy (x2)]
1 M2 g v 1 _92 v v
4m)? [l T r (1 0IH20107) | 8 (w1 —a2)
1 1 —¢?
:/d4x = {1 %97 r(G,G")+ e 2i r[Gy (007 +20"0") Gy]}. (B.41)

Note that k has become a derivative starting with the second equality. Unsurprisingly, this
object is not gauge invariant since this is only part of Tj. Deriving a gauge invariant final
result is therefore one of the consistency checks of the calculation.

All the five terms in T02G can be evaluated in the same way:

1 u?
T390 5 / d'z ——In—— (—¢%) tr (G.G"), (B.42a)
(4 ) M? '
7261 5 Ky 1 —g Va2 v
/ = {mMQ 2 (GuG¥) 1y St (G (07 2000 )Gy]}, (B.42b)
T39? 5 / d4x ln/igjtr(G Gﬂ)+i—92tr (G (00> —2010") G, ¢, (B.42¢)
2l M2 4 M? 24 ’
T3 > / d4:v 9 tr (G, GM)+L—92U« (G (0" 0*—60"0") G, ¢, (B.42d)
™2 M?4 M? 24 S
T3 o / d4:v 1ni29jtr(0 G“)+—_—g2tr (G (" 0*+2010") G,] ¢, (B.42e)
™2 M2 4 a M2 24 a e
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which gives

TO2G — T02G0 + T2G1 T2G2 TQG?) + T02G4

1 1 —g?
4 2

. /d ’ (47)? M2 6 tr (G (070" = 0"0") G, ] . (B.43)
Note that T02G is still not gauge invariant. We need terms with higher powers of the gauge
fields Tg’G and TéG, which can be evaluated using the same procedure. A quite tedious
evaluation yields

TG (B.44a)
)
/ dio e WTg tr [G (0 — 010") G, (B.44b)
T3G a4 1 e T We B.44
0o - T (47?)2 M2 3 tr[( )( pv v u)]v ( : C)
TACG dip ! 1 =g GG, — G,G,) GG B.44d
0o - $(47T)QM2 6 tr [(GLGy vG) ] (B.44d)

Putting everything together, we obtain the final gauge invariant result in eq. (B.32)

Ty O T % + T3¢ + T3¢ + T, ©

d4 1 1 92 82 Nz oY Zg orGY
) T - _ _gtr[Gu( n — )G]—?tr[(GuGV_GVG,U«)( G )]

4
- % tr [(GLGy — G, G,) GHGY) }

1 1 g2
4 v
B /d ! (477)2 TWEU (G G™)

1 1 -1
4 D ~D,uv
= /d x (42 0 12 tr (GWG ", (B.45)

where we used eq. (B.9) in the last line.

This completes our example for using the PDE to evaluate a functional trace. It
should now be clear that this approach is very tedious, due to the many terms that are
generated at intermediate steps. This can be traced back to the fact that we split the
covariant derivative into a partial derivative and the gauge fields to perform the calculation,
so gauge invariance appeared broken until all the pieces were finally assembled. Seeing
that all the terms ultimately combined together to yield a very simple gauge invariant
answer motivates finding a method for evaluating the functional traces without splitting
the covariant derivative — this is the covariant derivative expansion.

B.2.2 Simplified CDE

Having motivated the desire for a covariant approach to evaluating functional traces, we
now turn to the most straightforward implementation of a covariant derivative expansion,
which we call “simplified CDE.” This is the CDE method introduced in [5], which is used
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to derive the matching results in the main text of this paper. This will also set the stage
for a modified approach — “original CDE” to be presented in the next subsection.
Again, we evaluate T as a concrete example. The CDE relies on manipulations like

«(zmm)|7)

the following:

Ty (M?) Zz'Tr<D2_il_W> :i/ddm/(;ijr];d (| z) <m
—-i [ [ e [ p )
:_i/ddx/(gi};dtr{ zD+p§2 M]
--if ddx/ (Sjr];d “[(w— p; —M?]' (340

For this derivation, the key step is going from the first line to the second line, which relies
on the fact that (x|f (z#,p")|p) = f (x*,i0") (x|p). After this step, the integrand in the
second line is a function of x and p, and the partial derivative in D), = 8, —igGY, ()T is

—ip-x

interpreted as an operator that acts on any function of z to its right. In this example, this
function of x is simply e~"*. We then use the fact eip'IiD“e*"p'x = 1D, +p, to obtain the
third line. Then in the last line, we have flipped the sign of the loop momentum for future
convenience. Again we emphasize that the integrands in lines three and four are no more
mysterious than simply being functions of x and p; the territory of the partial derivative 9,
(contained in D,,) is closed by the square bracket, to the end of which there is an implicit
identity function 1(z). However, this is not the same as the action implied by our notation
defined in eq. (B.19), because we are not closing the territory of the generator 7' contained
in the covariant derivative D, — its representation is determined by the representation R
(which is suppressed in the expressions above) of the trace tr being evaluated.
Next, one can express the integrand as an expansion in the covariant derivative D,,:

1 - 1 R

Truncating eq. (B.46) up to the fourth power of D,,, we obtain

dp 1 2ip™ 1
Ty > —i [ d° t D - _D?
0> /l// SU/ (27‘[‘)d T |:p2 — M2 + (p2 _ M2)2 o + (p2 — M2)2

4pa1pa2 2,L'pa1 ) )
“op P g (P2 D)
8ip™! p*2ps 1 4
~ i gz D DesDos + D
4
- <szg)4 (Day Doy D2 + Dy, D? Doy + D> Dy Doy
p —
]_6pa1pa2pa3pa4
@ azyp o DesDes Do
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44 1 Ap™ip2 1
> —i/dd;c/( P otr [( pr- PP p pD.+—" D

2m)¢ T L(p? — M?)° (p? — M?)° (p? — M?)°
Ap*p*? 2 2 2
e (Da; Doy D? + Do, D* Dy, + D* Dy, Dy,
16p2L p&z s
Zﬂp ]\Z 2)15’ Day DayDay Doy | - (B.47)

Note that the string of covariant derivatives, e.g. Dy, Doy Das Do, , are acting on the identity,
which projects out the gauge fields

(iDgs) Ly = (i00y) 10 + 9G2, (2) T*1, = gG2, () T, (B.48)

thereby breaking the manifest gauge covariance. If one were to carry this out for every
term in the first line of eq. (B.47), the resulting manipulations would simply revert to the
PDE. Instead, the CDE approach treats these terms abstractly as D, and manipulate
the covariant derivatives directly. This yields significant organizational improvements. Not
only does it group many terms together, it also allows us to drop quite a few terms before
evaluating the loop integral (another way of seeing that they would all conspire to cancel).
Take for example the second line of eq. (B.47), where we have dropped terms that do not in-
volve any covariant derivatives, as well as terms that are odd in the loop momentum p since
these vanish once the loop integral is carried out. Additionally, simplifying the numerator
using eq. (A.2), we can further reduce the remaining seven terms down to only four:

To D —z’/ddm/ (;ii];d tr{{(p2 _1M2)2 - d(pﬁ)jw)g] D?

1 8p? 16p*
+ [ 3 P 1T P 5] D*
(p* = M?)”  d(p? — M?)"  d(d+2)(p*— M?)
4p? 16p*
d(p* — M?)"  d(d+2)(p* — M?)
1 4
n Op 5DMD,,DMD”} . (B.49)
d(d+2)(p? — M?)

Rewriting the last term using

1
D,D,D"D" = D,D, [D*, D"] + D, D?*DH = §G5VGDW + D, D*D*, (B.50)
we get
d 2
T()D—i/dd:c/dpdtr{[ 1 3 — 4p S]DQ
(2m) (p? — M?)"  d(p* — M?)
1 8p? 16p*
i [ - /4 + 14 5] D4
(p2 — M2)°  d(p2 — M2)*  d(d+2) (p? — M?)
4p? 2pt
o [ . 4 = 5] DuDQD“
d(p* = M?)"  d(d+2)(p*>— M?)
8 4
+ P - Gﬁ’,,GD’“”} . (B.51)
d(d+2) (p* — M?)

~ 54 —



Now we are ready to evaluate the loop integrals. Note that the D?, D*, and DMD2D“
terms do not yield gauge invariant objects after acting on the identity function 1(x), so
their coeflicients must vanish. We can see this magic happen explicitly by evaluating

/ dp [ 1 B 4p?
2m) | (p2 — M2)?  d(p? — M2)?

4
—-I} =0, (B.52a)

zjg_d

/ dp [ 1 B 8p? N 16p* ]
@m)® L(p2— M2 d(p2— M2)*  d(d+2) (p® — M2)°
8 16
— 0 _Zrly - 2 _ B.52

dp 4p? 32pt
/ (2m) [d(p2 —M2)Y d(d+2) (p? - M2)5}
= % i d(;iQ)Ig =0. (B.52c)
Here we have used the loop integral notation defined in eq. (A.3) and integrated results
given in appendix A.2. So the only term in eq. (B.51) that survives is the last line,

which gives

i /d4zntr (GD GD”“’) 112 (M2) :/d4x LI
Hy 30 (47)> M2 12

tr (GL,GP*) . (B.53)

pv

This reproduces eq. (B.32).

This shows how to perform calculation using the most naive implementation of a
CDE. The benefit of this approach is that it is very straightforward. In particular, if we
are not interested in operators that involve a field strength, we can discard many terms at
intermediate steps, which dramatically simplifies the calculations. The downside is that it
does generate terms that are not manifestly gauge invariant, but these do not ultimately
contribute. As we saw, checking that the coefficients are zero requires tracking cancellations
among various loop integrals, e.g. eq. (B.52). It would be desirable if this could be avoided,
which is the purpose of the original CDE method presented next.

B.2.3 Original CDE

Having worked through the PDE and simplified CDE approaches, we will now explain the
“original CDE” proposal for performing functional traces that was developed in [2—4] and
recently reviewed in [1]. The simplified CDE generates terms that are not manifestly gauge
invariant, which can be shown to not contribute. One can understand the origin of this
attribute by studying the origin of the loop integral cancellations in eq. (B.52). We notice
that integration by parts lets us organize the integrand into a total derivative of the loop
momentum. For example,
1 4p? 0 pH
e s i e

which is a surface term that integrates to zero. This is why the non-gauge-invariant terms

(B.54)

in the naive CDE approach do not contribute. This CDE approach discussed next is
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formulated to ensure that these contributions do not appear at intermediate steps, thereby
further streamlining functional calculations. Practically, it is more efficient for extracting
the matching coefficients at higher mass dimensions, where multiple insertions of the field
strength could appear in many of the terms.

We start by performing the same steps that led to eq. (B.46), followed by the pair of
operator insertions that are marked in red:

TO(M2):m<D2+M2)_ /dd/ o) [ p;—MJ
1

—i/ddx/(Q

These expressions are equal. The factor inserted on the right e_iD'@ acts on the constant

o - a
tr | op eZD'OP} . B.55
) [ (iD —p)* — M? (559

unit function 1, thereby evaluating to the identity. The factor on the left eiD'f’% also
evaluates to the identity since Taylor expanding it only generates total derivative terms in
p that vanish upon integration. As we will see, sandwiching our integrand between these
two factors will eliminate all the non-gauge-invariant terms that appeared when using the
simplified CDE.

To understand how this works in detail, we note that the operator being sandwiched
is a function of the combination f (iD, —p,). As the two inserted factors are inverse of
each other, they can be brought inside this function such that they act directly on the
argument:

eiD'a%f (1D — pu) e_iD'f’% =f [eiD'é’% (1D, — pu) e_iD'f’%} . (B.56)
Next, we manipulate this into a more useful form using the Baker-Campbell-Hausdorff
formula given in eq. (B.4):

n=0 8]?

—iD, + nz (il)(zD . 9)" [iD 9", iD,]
=D, + Z -9)" [GB,] 0

_ i D fo' QU

=1iD, + §_ 7(71“)!(0&1--0%(;””)16 L. 9oy, (B.57a)
D2 D2 =1/ 9\"
e (pu)e I =3 <ZD'8P> I

. — 1
= pu + ZDM —+ Z m(ZD . 8) [lDya ,Z_DM}

n

- D Qa1 . 9 QY
n—|—2) (Da1 DanGW)xa 0°"9” . (B.57Tb)

=pu+iD, +Z
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In the above, we have introduced 9% as a shorthand for 8;%' We will adopt this notation
from now on unless otherwise specified, since the position partial derivative % will always

be contained in D® and as such will never explicitly appear. Note that to obtain the last
lines in the above two equations, we have used [Da, GEV] = (DaGﬁ)u)x repeatedly, see
egs. (B.20b) and (B.24). Combining these two equations, we get

iD-2 . —iD-2 — (n+1)i" D\ Aa o
e’ op (ZDy_pu)e 8p__p'u+nz:0M(Dal.”Da”G#V)za 1...9% 09
= —pu+ Gy (2) 0, (B.58)
with
CDE = (n+1)" D o an
K Z "ty Pert DonGl) 0% 0% (B.59)

Here we have introduced the “CDE field strength” function GSZ],DE (z). The benefit of the
additional insertions in eq. (B.55) is that they systematically converted all covariant deriva-
tives into commutators, GSVDE (). Furthermore, since this object is an explicit function of
x, there are no gauge covariance breaking terms appearing due to D, acting on the unit
function. The price is that we now have to keep track of the momentum derivatives that
appear in eq. (B.59). In other words, we have systematically traded the position derivatives
for momentum derivatives, which have the feature that they do not have any impact on
the gauge transformation properties.
Putting this all together, eq. (B.55) becomes

Ty = —i / ddz / & ! (B.60)
" @m)* | (p, — GSDE)? — M2 | '

The next step is to perform the CDE expansion, which requires performing two simulta-

neous expansions. First, we expand the “CDE propagator”
2
(pu—GP9") —M? =p*—M*— {n’“’ (PaGSPE+GED py) 0" = GSDEGSR 020" | |
CDE

nv
dimension of interest, noting that each GSPE (x) contributes mass dimension two or more.

which is a Taylor expansion in small G (x). This expansion is performed up to the mass
Second, GS,PE (x) itself should be expressed as a series using eq. (B.59), which should also
be truncated up to the desired mass dimension.

For our example, we keep all terms up to mass dimension four:

1 1 1 1
Lo CDE CDE v
(P — GSPan)Q YT =) P2 — M2 + 2 — Az (PaGl’™ + G’ "pa) 0 2 — M2
1 CDE~CDEaan8 L
T2 M? MG Gyg 99 P2 — M2
1 CDE CDE b1
T 2 — M? " (PaGla” + G pa) 0 2 — M2
1

<0 (PGl + Gl o) O g | (B

— M2
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with

Gt o 2Gf,, 3(Da1GfZ,)x8al — é(DalDangy)I8“18a27 (B.62)

which gives

1 D o 1
(pH_GEl]PEau)2_ 23{ 2_ )2 +Gu P2 MQ( 0 )m
{ (iD"Gyy) 0" +2(iDaGi) puavaa} p2_1M2
vV Q& vV Qo 1
p2— M2 [ (DaD” GD L0707+ (DO‘DﬁG;?V)xpMa 9 86} P2— M2
1
D v
_EG,U«OZG (T]# 8ﬁm
le% 1 v s 1

4 MQp "o 2_M2p 0 POV : (B.63)

Dropping the term without G2 | we integrate over the loop momentum and get (note that

2

terms odd in the loop momentum p vanish upon integration)

Ty > —i | d% { 1M2 ") 172—11\/-’2
4 o [(D DIGE,) 00" + (DaDsGR) 0000 |
HOa—
i v )
[ “”G,?QGEQ <p2 _1M28aaﬁp2 —1M2>]
{ GGy {@2 —1M2)3 d(p? 4—})2]\/[2)4]}
_ /d Y am)? (47 )2 e 121 tr (G, G7") (B64)

in agreement with the previous two approaches. To obtain the second line, we further
dropped terms that vanish due to symmetries, i.e., the term in the first line of the curly
bracket is zero since p#*3” is symmetric under the exchange of i <+ v while G , 1s antisym-
metric. The same argument holds also for the second term in the second hne (after using
integration by parts) and the second term in the third line of the curly bracket. The first
term in the second line of the curly bracket vanishes because the loop integral will yield
n¥*, which contracts with the field strength to give (D“D”Gfu)m = 0, see eq. (B.28b).
This leaves only one term, which can be evaluated using the loop integrals tabulated
in appendix A.2.
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Having worked out this simple example in detail, we will briefly comment on evaluating
more involved functional traces. For example, we frequently encounter functional traces of
the following form

D2 + M? D2 4 M?
First performing the simplified CDE step gives

2y _ 1y [ty [ 9P ! !
)= [ o' [ o e Y ]

Then converting this into an original CDE expression using the additional insertions as in
eq. (B.55), we have

d
T, (M?) = (—1)”i/ddx/ (;iﬂz))d tr

T, (M?) =iTr [1 Uy - ! Un} : (B.65)

1 UCDE
CDE ;v 2 9 1
(pu — G;w 0 ) - M

X +ee X

1 UCDE
p) n
(pp — GEPRO)” — M2
Note that the function Ug(x) should also be sandwiched by the insertions, which defines

(B.67)

the series
D ;. e n
UPE =P o U e =3 (Do Do Up)y 0%t - 0 (B.68)
n=0

The evaluation of several frequently used generic functional traces is given in appendix B.4.2.

B.3 Functional variations for gauge bosons

In the previous section, we showed how to use CDE to evaluate functional traces while
maintaining manifest gauge covariance. In doing so, we assumed that the functional trace
is already expressed in terms of the covariant derivative D,,. This is the case if the variation
is being taken with respect to a field that is not a gauge boson. In HQET, we are typically
interested in loops involving gluons. In order to take the functional variation with respect
to the gauge fields, we would naively be forced to split up the covariant derivative, which
implies a loss of the manifest gauge covariance. By using the background field method (see
e.g. [55, 57, 58]) we can avoid this issue.

The first step is to decompose the gauge field into a background field component G% u
plus fluctuations A,:

Gu=Gpu+A,. (B.69)
One defines a background covariant derivative Dp ,:
Dp, =0, —igGp,, (B.70)
such that the full covariant derivative is
D, = Dp, —igA,. (B.71)

Then up to quadratic terms in A, the original field strength and the gauge field kinetic

term are written as

G, =G% 0+ (DA — (DAL + gf ™ ALAS (B.72)
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and

1 a v,a 1 a v,a v,a a
_ZGHVG# = 1 B,,uuG% -G (D uAy)
1 a v vab abc v,c
+ AL [(nﬂ D2 — DI DY)™ — agfabechy: ] A (B.73)

Everything is manifestly gauge covariant with respect to the background gauge field G,

a
B,uv*

i.e., every term is composed of either Dp , or G

Factors of A, appear at intermediate steps. However, they will be integrated over
perturbatively, which requires gauge fixing. The key to the background field method is
that we can implement a gauge fixing condition for A, that is manifestly gauge covariant

with respect to the background gauge field G ,:

1 a12 1 ab ,p
Lut =~ (D5 4,)) = S 43 (D) (B7
where we have specified to the Feynman gauge £ = 1 in the last expression. The resultant
ghost term is also manifestly background gauge covariant

Ly = (Do) {(DB,uC)a - gf“bCA;cb} S et (—D3) " (B.75)

Note that both the fluctuating part Af, and the ghosts ¢* and ¢* transform under the adjoint

representation of the background gauge symmetry. Once we have preformed a functional

a

variation, we will drop the subscript B from Dp, and G B

B.4 Applications

In this section, we apply the CDE to evaluate functional traces.

B.4.1 Expansions up to mass dimension six

This section collects some intermediate expansion results that are frequently needed for
evaluating functional traces with the original CDE. First, the CDE field strength GSVDE
and UCPE expanded up to mass dimension six are

o0

CDE _ (n+1)d" D\ Aa n
G = 2 5 gy (P DG ) 0% 20
Loo  Yap, a2y oo — YD, DoGP)Y 9010
> 92 W—|—§(1 a1 HV)x _g( a1 Haz W)x
1
_ % ( .DOqDOZQ Dag Ggy)zaa1 aaz 8043
1 D a1 Qa2 Qa3 Yo
+ 131 (Por Do Doy Doy G, ) 0 0720700 | (B.76a)
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Ut = Z %(Dm -+ Da, U), 0% - 0%

n=0

1
S |U + (iDa, U),0% = 5 (Day Doy U), 00

1 1
~ 5(iDay Doy Doy U), 071 0°20° + 1 (Day Doy Doy Doy U), 0% 9°20 0%
1
+ 155 1Dy Doy Daxy Das, Dy U), 01 972009740 | (B.76b)

Note that Gﬁ)l, = [D,, D,] always contributes mass dimension two to the effective operator.
On the other hand, although U is also an object with mass dimension two, it might contain
a dimensionful coupling. So U is guaranteed to contribute only mass dimension one to the
effective operator. Next, we expand the “CDE propagator” up to mass dimension six

1

(pu _G;CUPEaV)Z —M?

1
p2— M2 — [77’“ (pa GSDE+GCDEp, ) 9 — v GEDEGCDE ga g
uv pr Pa Ko v
1 5 1
P2 — M2 +Gw P2—M? pual/p2 — A2
1

1, D 1
+ 3 (ZDOHGW)%p2 — (2pH 9%t 4ot 8up2 —

1 1 , 1
_1 (DoaDaQG;?y)x p2_M2 (puaa2+nua2)a 8041 p2_M2

D)

1 b 1 1 1 1 1
- ZGuqua (Wuppz M2 ayaapz_MQ 4 M2 puapr_M2 panPQ_M2>

_ o
11 , . :
e [(zD“DalDa2G5V+zDa1D“Da2G§)V—l—zDalDQQD“GZ,)x

1
p2— M2

+2(iDay Doy Day ny)xp“aQSI 9”91 92

1 1

oY 9° o™
p2 — M2 p2

e —m

1 .
_ EG‘IL)” (zDa1 Gﬁ,)x

1 1 o1
PP e AT )0 p2—M2]

-2

1 1
oY 9° o
p2 — M2 p2

e

1,
_6 (ZDangy)prDU w

1 1 . 1
_2p27M2 (2puaa1 _{_num)aupZiMz pﬂa p2M2]
1 1

L1 ( D#Da, Doy Doy GB,+ Doy DP Doty Doy G2, >
144 p2— M2

+Dgay Doy DF D, G5V+DalDa2 D, D“GZ,
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1

+2(Day Doy Doy Do, Gh,) pH0 | 8 0%1 020

p2_M2
Lp GP) (D,,GP - 921929 9° !
+§( i ;w)z( a2 pa)gg n p2_M2 p2_M2
1 2pH Ot £ nHL) §¥ 1 2pP 02 +nP*2) 9 1
_m< D +n ) p2—M2( 1% +n ) pQ_MQ
L GP (D, D,.,G? - oot s L
+T6 ul/( oo pa)x n p2—M2 p2_M2

A O (PP ) 070 ]

p2— M2 p2— M2 p2— M2
1 D D 1 . 1
+16 (Day Doy ) G o ”“pp2_M2 91929 aap2_M2
1 (03 163 vV Qo 1 loa 1
_4p2—M2 (p8°2 +nH2) 9" O 1p2_M2ppa e
Lp DD | a1 v 1 1
_ZGMVG,OO'G)\’O 77p p2—M2 pua pg_MQ 80877p2_M2
1 1 A 1
+77upp2_M2 avaﬂpz_Mz p 877p2_M2
gt pHo” pPo° pro" ! (B.77)
p2_M2 p2_M2 p2_M2 p2_M2 ’ ’

Evaluating this expression requires taking momentum derivatives of the free propagators:

(a5} _ (63}
0 p2 — M2 = (p2 M2)2 P, (B783)
grugee L 8 aee 2 e (B.78b)
P=M2 o (p2—M2)? (p-M2)* "
8041 aagaocg p2 1M2 — ( 5 4‘18\42)4pa1p02p063
_ p2—
8
+m <pa1na2a3 +p2peas _|_pa377041042> , (B.78c¢)
8&1 aag aag 8044 1 384 = palpa2pa3pa4

PP=M? (22— M?)
48 ( palpa277053014 +pa1p03770¢20¢4 +p041pa477042043 >

(p2— M2t \ +po2psnoios 4 pae poagaias | paspoayaiaz
+(28M2)3 ("am”m‘*+n“1a3n“2a4+”ma4”a2a3> - (B78d)
o
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Finally, using eq. (B.58), we can also get the “HQET CDE propagator,” which expanded
up to mass dimension six is

_ D I D 1
v- (1D —p) v -p — UI‘GEPE(?”
D) 1 ot GCDEaV U,uvp GCDE@V GCDE@O’
vep vep p v vep
T b GCDBr L GCDEaVr GSDEan
vep * T wep vep T wep
11 1 1
> — + -Gh, (v —0"— (zD GD) —— 00" ——
v-p 2°F vepo vep @ P v-p
1

_1 D UV Q01 Qa2
8(DMDQQGW)C,( — paa o p)

—l—lG’DGD vHoP L o L 0° L
v'p vp U-D

L (iDay Day Doy GB). <vﬂlayaalaa26a31>
v-p v-p

1 1 1
+ GD (ZDQIGIDDC,) (U“UP o” 0% o™ >
x v - p v - p v - p

f(zD G G, (mp oo L af’l)
(R v-p UV-D
1
D D “w Vv Qa1 a2 a3 9oy
+144(D Do, Doy Do, Gi,) <v —v_paa 9200 v_p)

1 LV QO 1 g QYO 1
_ §(Daley)x(Da2Gﬁ,)x <”””pv.pa ) 1U_pa ) QU >

16 M v-p VD v-p
1
16

0'

D
LG (Do, DayGP). (Wlav a"aalawl)
Dy, Dq GD) ng <vuvplavaalaazl 1>
v-p v-p U-p

1

1 1 1
+ GD,,GD Gy | oo ——0" —— 07 ——0" . (B.79)
8 H v-p VP V-p V-P

B.4.2 Functional traces and determinants

Using the expressions provided in appendix A and appendix B.4.1, we have the tools we
need to evaluate various functional traces using the original CDE. In what follows, we
provide a few explicit results.

Single relativistic propagator. For functional traces with n factors of the same rela-
tivistic propagator, we adopt the following notation

1
2\ -
TD (M ) =¢Tr <D2—|—W> y (BSO&)

1 1

el e Ul (B.80D)

T, (M?) =iTr [
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where U;(x) are purely functions of x. Assuming that each factor of U; contributes at least
dimension one to the effective operators, the results up to dimension six are

1 1
Ty (M? d* d - “Lap gD
0( )D/ I’(47T) {MZ 12 KV
v D ~D ~D vo D D
+471 0 [277 P WGWGMGM—:sn (DrGy,,) (DPG L) } (B.81a)
1 1
T (M2)D/d4m ) tr [M2 <ln]\/22+1> Uit 5 12UGD GD‘“’] (B.81b)
7
Ty (MZ)D/d43: Lowd (e (—U1U2)+if(U1D2U2)
(4m)? M? M?6
1 -1
+M460[ (D*0y) ,(D*Us) ,—(DuDyUL), (D* DV Us),
+U,GL,GP M Us+3U, G Uy GPH + UL UG GP 1 } (B.81c)
1
T M2 4
5 ( )D/d:}: p 5 tr {M2 5 U1U2Us
1 -1, .
+WE [(D Ul)x(DHUQ)xU3+CYC11C:| s (B81d)
1 1
T, (M2)3/d4;g e 5 tr {M4 U1U,U3U;,
7
1 -1 .
M6 60 [ (DuUl) (D”UQ)IU3U4—|—2(D“U1)IU2(D“U3)QCU4—I—CyChC} }, (B.81e)
1 1
Ts (M2) D/d4x (4 )2t (MG D U1U2U3U4U5) (B.Slf)
7
1 1
Ty (MQ)D/d4$ (47r) t (WU1U2U3U4U5U6> (B.81g)

Mixed relativistic propagators. The following functional trace with two different rel-
ativistic propagators is often useful:

(|
D2+ m? ' D2+ M?

D /d4x tr

Us

Tiq (m?, M?) =iTr

1
— I UL U, — 512172(U1D2U2)x

(3133 +I35) (D*Uh) (D*Us),
(3133 — 213 3) (DD, UL) (DFDVUy),

(I35 — I3,) (D"Uh),(D"Us), G

™ pr

cm»—l@\»—t©\»~
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18 (911 5 =9Iy — 6135+ I3 5) U1GL,GPH Uy

- EUl G U,GP M (915 5 4 313, — 213 )
1
- EUlUgG,’Z,GD’“” (919, —3I;5 — 313, — 91, + I33) | . (B.82)

The definitions and values of the loop integrals in this expression can be found in
appendix A.3.

Relativistic and linear propagators. A few functional traces containing both relativis-
tic propagators and HQET propagators are important for the calculations in the main text.

1 1
2\ -
T (m?) =T <D2+m2 Vi U2>

D/d4x (41)2‘5 {(111:;) 2(Uyv-iDUy), + ;22[@(@-@)3@}

7

T

11 .
—2§U1U2(v zD”ny)x}, (B.83a)

1 1
Thow =4TIr . :
oo () <D2—i—m2 Ulv-zD UZU-@D U3>
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U1(Day Do, Us),Us
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Universal functional determinants. Finally, with the previous results in hand, the
following functional determinants can be evaluated:

1 2
71ndet (D2+M2—|—U) ) /d4:c (47r)2 tr{M2 <1n]\/22 —|—1) U

2
1% 1 2 1 D ~D,uv
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— . B.84b
+ 12 4U } (B.84b)
In expanding the above, we have assumed that U and J,, are purely functions of x, and that

they contribute at least mass dimension one to the effective operator. The first determinant
is truncated up to dimension six. This is the prototype of the UOLEA, which has now

— 66 —



been studied extensively [7—10, 40, 42]. Note that the second determinant contains an
open covariant derivative, and we have provided the evaluation truncated at dimension
four. This result was previously unknown as emphasized in [10, 41, 42].

C More on RGEs with CDE

In section 4.3, we discussed how one can obtain RGEs using functional methods, first
introduced in ref. [5]. The purpose of this appendix is to provide a pedagogical introduction
to the methodology as applied to RGEs. First, we discuss a minor complication when
computing the RGEs for gauge couplings in appendix C.1, and emphasize how to maintain
the manifest gauge invariance in this case. Then in appendix C.2, we provide detailed
calculations that reproduce the RGEs for some classic examples: the real scalar ¢* theory
in appendix C.2.1, a theory with two real scalars ¢ and ® in appendix C.2.2, and gauge
theories in appendix C.2.3.

C.1 RGEs for gauge couplings

The procedure described in section 4.3 applies to any coupling A. However, there is a minor
complication when considering a gauge coupling g. If the 1PI effective action is written in
terms of gauge invariant operators,?! such as what we will obtain from a CDE procedure,
there will be no explicit operator O, — the gauge couplings are all hidden in the covariant
derivatives. A brute force approach would be to abandon the manifest gauge invariance by
splitting a gauge invariant term and isolating a part of it as a candidate O,. In doing so, one
typically gets multiple terms that can serve as O,. For example, the QCD Lagrangian is

1 _
Lqcp = —ZGZVGHV’G + il
1 1
= LG~ 90)G — gD, G GG, — Lo PG GGG

+ i + gsp @i (C.1)

There are no explicit factors of the gauge coupling in the first line, while expanding the
gluon field strength and covariant derivatives exposes the g, dependence. Clearly, there
are three terms that could be identified as O4. This is not a problem — one can choose to
work with any of these three operators since gauge invariance will ensure that the results
are the same. However, there is another approach, which avoids breaking up the gauge
invariant terms. This is additionally convenient here since the CDE approach yields a form
of the 1PI effective action that is already packaged in this way.

ZINote that this is not generically guaranteed. For example, in the traditional computation of the
1PT effective action for a non-Abelian gauge theory, the result will not be composed of gauge invariant
operators due to the gauge fixing procedure, e.g. see chapter 16.5 of Peskin and Schroeder [57]. However,
when using functional methods, we can benefit from background field gauge fixing eq. (B.74) described in
appendix B.3. With this choice of gauge fixing, the 1PI effective action will be expressed in terms of gauge
invariant operators, as emphasized in e.g. chapter 16.6 in Peskin and Schroeder [57].
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Again taking QCD as the example, we focus on the gauge invariant kinetic term for
the gauge fields:

1 1
£QCD D —-G¢ G = —

GorGhen C.2
4 j 493 j Y ( )

where we are using a notation defined in eq. (B.9) that is convenient when doing CDE
calculations: [D,,D,] = Gf?,/ = G,L,?,}aT“ = —igsGy, T (See appendix B.1 for a list of
conventions.) Then the 1PI effective action takes the form

1 a a, v
I'[¢] D /d4x (493 +ag>G5,; GPan (C.3)

where a, represents the loop corrections.

Note that D,, does not run as long as gauge invariance is maintained at the perturbative
level. Since GI?V is defined as the commutator of the covariant derivative, this term does
not run either. Therefore, the RG invariance of the coefficient of this term directly yields
the RGE for the gauge coupling:

d /1
_ 4 =0. A4
Md,u <4g§ a,g) 0 (C-4)

This is the approach that will be used in what follows for computing RGEs of gauge
couplings.

For completeness, we will quickly show that the result derived by working with an
individual non-gauge invariant term would yield an equivalent expression. Expanding the
gauge invariant kinetic term in eq. (C.3) gives

<4;§ + ag> Gl GPo = (1 + 4g2ay) %GZ (0 0* — 0"0”)Go — go [ (0" GV Gh Gy,
_ %ngabCfaderGlch,u,de,e _ (C.5)

Next, we rescale the gauge fields to renormalize the kinetic term
G — (1 + 4g2ag) /%G1 (C.6)

After this rescaling, the 1PT effective action in eq. (C.3) becomes

I'[¢] — / d'z BGZ (" 9*—0"0") G — (1+4g2ag) " 2. f (9" GV G G,

—(1+4g§ag)*1ig§ fee G GGGl . (C.T)
Taking either the cubic or the quartic interaction term as Og4, we can use eq. (4.12) to derive
eq. (C.4). One can also perform a similar analysis on the fermion kinetic term i) (being

careful to include both the rescaling of 1) and G) as an alternative derivation that yields
the same result.
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C.2 Example RGE calculations

In this section, we provide detailed calculations of RGEs for a number of well known

examples.

C.2.1 Scalar ¢* theory
We start with the simplest example, ¢* theory for a real scalar field ¢. The Lagrangian is
1 1 1 1
Ly> <8¢) m?¢? — At = S (D —m?) ¢ — ;Agt. (C8)

We will demonstrate how to compute the RGEs for the couplings m? and \. Starting with
the Lagrangian in eq. (C.8), we take the second variation with respect to ¢:
528, 1
¢ — _D?—m? - g (C.9)
(69) 2

Making use of the universal result eq. (B.84a) with U = U, = %)\qﬁQ, we see that the
one-loop 1PI effective action contains

2
(1 _ 0°5¢ i 2 2
F¢ ln det, [ (5¢)2] 3 Indety (D +m?+ )\¢ >
1 4, > M2
_ 4 1 M2 Lo lﬁ i 2 44
_/d x(47r) In +1 4)\¢ 4+ (In 2 16)\ o . (C.10)

In the second line above, we have only kept terms up to mass dimension four. Combining
it with the tree-level 1PI effective action F((bo) =So=[ d*z Ly, we get

O, p@ [ fL oo 1[5 X p? 9
Ly +0y D/dx{2¢(D)¢ Q{m 2(47T)2m (lnm2+1 1)

_% P _ 2(?2;2 <ln 7‘7‘;)] ¢4} . (Ca1)

The kinetic term is already canonically normalized, so no additional field redefinition is
required. We then simply use eq. (4.12) to find the RGEs:

dl ., A < 2 ﬂ d 5 A
I C PSR | B C.12a
Hau [ o(am)? | m? Hau (4m)° N
d 322 ;ﬂﬂ d 32
0=p~— [A— In £ = p—A= . C.12b
Hau [ 2(47)? <nm2 Han” T~ (any? (c420)

C.2.2 Heavy-light scalar theory

As a second example, we consider a theory with two real scalar fields ¢ and ®, with masses
m and M respectively. This toy model was analyzed extensively using Feynman diagrams

in [59]. The Lagrangian is

1 1 1
Loy = 3¢ (~D* —m?) o+ 5@ (-D* — M?) @ 4'77(;54 L (C.13)
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where we are not including a ® self-interaction for simplicity.?? We would like to compute
the RGEs for the couplings m?, M2, n, and k. As before, we first compute the second

variation
—D? —m? — ipg? — Lkd? —koP 0
6853 = (06 60) 2 2 . (C.14
(00) = (09 — kD —D2— M? — rp? | \ 50 (C14)
This is a 2 X 2 matrix, which we can diagonalize as
_525((757@) _ D2+m2+%n¢2+%/<;<1>2 KD
(¢, ®)> KD D2+ M?+1k¢?
1
D?*+m?+in¢* + 5P — kP ® 0
m*+5n¢°+ 5P~k D2+M2+%/@¢2K¢
koD D+ M?+1k¢?
Therefore the one-loop level 1PI effective action is given by two terms:
j 528
P()g) = 5 Indety | —— 2%
o2 (¢, ®)
—zlndet D2+mz—|—1 ¢2+1/£<I>2—/£¢(I) L KD
_2 ¢ 277 2 D2+M2+%K§(Z)2
] 1
+ %lndet(p <D2 + M2+ 2;~@¢2> . (C.15)

The terms we need to keep are the kinetic terms for ¢ and @, as well as the potential terms
¢?, ®2, ¢* and ®?¢?. With this in mind, we evaluate the first term as

1
D2+ M2 + kg2

; 1 1
%m dety | D* +m’® + 2n¢” + Snd* — k@

mﬁ@]

i 11 1 1

Tegln (14— = (n¢? + £?) — K2 3 o
23 r‘bn[ T ry 197 RY) K 0 ¢
1 1

o
D2+m2gZ5 D2+ M

ne* + H<I>2)]

1. 1 5 9 K2
D —i'Try [DQ—i—mQ (nqb + k® )] -3t Try [ 2@5@]
1 2 2
- P2 —
16 ¢|:D2+m2 (TKZ) + K )D2_|_m2(
1 |1 u? 1. u? 2
4 2 2 2 2 2
D/d x(4ﬂ)2{m <lan+1> (ngb + rk® )—i——lnm(n(b +/€(I>)

4 16
K2 o, 1 o, M 2,2

where the last line was obtained by using egs. (B.81) and (B.82). For the second term, we
use eq. (B.84a) with U = 1k¢? to obtain

: 2 2

ndete ( D2+ M2+ 2ke? ) = [ dte—2 S |2 (1 Lo+ () Lz

2 2 (4m) M? 4 M?) 16

220f course this coupling is generated by the RGEs, and it is trivial to generalize our calculation here to
incorporate this effect.
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Now putting everything together, we find
(0) (1) 4 1 ) 1 )
Foa) T o) D/d fﬂ{2¢(—D )¢+§(I>(—D )@
A
— = |m*— m*(Iln—+1)— M2 (1t
2 [ 2(4m)” m? 2(4rr)? ) |e
2
! [M2_ K <ln'u2-|-1)]¢2
2 2(471’) m
1 2K 1 " , 2

2
Nk lnN]¢2¢2

2(4m)?  m?
1 3772 MQ 31%2 Iu2:| 4
—— p——"=m - m— . C.17
4! [77 2(4m)*  m?  2(4m)* M? ¢ (G17)

Similar to the single scalar case, the kinetic terms are already canonically normalized. We
do not need any further field redefinitions and directly obtain the RGEs as

d U 5 K p?
0=pu— |m?— m2<ln+1)—M2(ln+1
M [ 2(4m)? m? 2(4m)? M2

d o n 2 K 2
—m* = m° + M=, C.18a
™ T ™ T ) (C.18a)
d K u?
0=pu— |M?— m? 1n—|—1>]
e [ 2(4m)? m?
d K
— u—M?= m?, C.18b
Md# (47)? ( )

C.2.3 Gauge theory

Finally, we will show how this formalism can be applied to gauge theories with charged
fermions. We will perform the calculation for the generalization of QCD as a non-Abelian
SU(N.) gauge theory coupled to Ny quarks. The Lagrangian is

1 .
Lqocp = —ZGZVG’W’“ + Lot + Lon + Gillq . (C.19)
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The trace over gluons gives the adjoint Casimir
tre (TaTb> = N.o%. (C.20)

We denote the quark piece as ¢ and assume that all Ny flavors transform under the same
representation @ of SU(N,). Accordingly, we have

try (T°T") = Nydos™, (C.21)

with the factor dg depending on the representation ). For example, dg = % if Q) is in the
fundamental representation, and dg = N, if @) is in the adjoint representation.

We will take variation with respect to the gauge fields using the background field
method described in appendix B.3. The Lagrangian is

1
Lacp O 4] [77“” (D)™ — 29 fabCGW] A+ (=D 4 q(iD+gd)g.  (C.22)
Taking the second variation, we obtain

= T
Cmsab - e _ (DH9) 5143

62Sqen = (048 6¢7 6q) [ — (0" 0 BT dq | + 20" (-D?) s,
b B 0 5q"
(C.23)
where we have defined
CHviab _ Y (Dz)ab _ 29fachW,c _ (n/u/D2 + QGD,W)GI? 7 (C.24a)
B=ilp, vt = gy T, [ = gqytTe. (C.24b)

To derive the RGE for the gauge coupling, we only need to keep the kinetic term of
the gauge boson. Dropping all term with quark fields, we find

52 Crvab - e _<1w,a>T CcHvab o

S _

2= )" o —BT |>| 0 0-BT|. (C.25)
0(Af.q.q) b B 0 0 B 0

The one-loop effective action is then

1
o

D= %ln Sdet

~ Saen
5(A%, G, q,¢,c)’

—-B 0
=Tg+T.+T,. (C.26)

. . 0 BT
> 5 Indetg (~C#) — ilndet, (D?) — < Indet, ( )
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We now provide a detailed calculation for each of these three terms. For the gluon
piece, we have

I'g= %ln detg (—C’"”’ab) = %ln detg (—77”"D2 — QGD”’”)
1 1 1
=3 In detg (—D277'”B> + iTrG In <5§ + D27}5N2GD”“’>

. ) 1 1
O 2ilndetg (DZ) + 3 Tra <—2?7uo<D22GD o o2 775#2GD”“’)

= 2iIndete (D?) +iTrg < G,?VDQGDW> (C.27)
The functional traces above yield scaleless loop integrals, which evaluate to zero when using
dim. reg.. Therefore, we must isolate the UV divergences in order to compute the RGEs.

To this end, we introduce a mass m? for the gluons which serves as an explicit IR regulator:

. ) 1 1
T'c — 2ilndetg (D2 + m2) +iTrg <D2 e 2GZ, D22 GD"“’>

1 MZ /’L2
4 D ~D,uv D ~D,uv
D /d x () [2 <lnm2> trg <12GWG H > <lnm tra (— GG )
1 u?
4 D ~D,uv
= /d T (47-(-)2 <ln m2 >trG’ <_6GMVG M >

4 1 MQ o 2 va a, v
= [ d*z (i)’ lnm ENCg G, G (C.28)

In deriving the second line above, we have used egs. (B.81c) and (B.84a), keeping only the
gluon kinetic terms. Similarly, the ghost pieces give

. . 1 u?
_ 2 2 2 4 D ~D,uv
I'. = —ilndet, (D ) — —iIndet, (D +m ) ) —/d T (471)2 <ln 2> tre <12GWG Iz )

1 P2y 1 s
—/d4:r (4 <ln > B cng Gt (C.29)

and finally the quark piece gives

: T
r,= L det, 050 _ —ilndetq (B) — —ilndetq (i) — m)
2 B 0
=3 In det, (zlﬂ — m) —3 In det, (—le — m)

= —% In det,, [—(ilzb)2 - mﬂ = —% In det,, <D2 +m? — ia””GZ,)

2
1 d4 1 M t 1 Ny a,BGDG GD GDMV
3—5 2 g g —gote v —1—12 v
:/d4:£ < M)N
m?2
( ”)( fongQGa G““”). (C.30)

m2

|:_ nuanuﬁ_n ,Bnua> 2Ga Ga,8+ g2Ga Ga/u/:|
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Note that in deriving the second line above, we have used the fact that one can flip the
sign of the Dirac v matrices within the trace since only even powers will contribute. In the

third line, we have applied the usual notation 0" = 5 [y#,+"]. To obtain the fourth line,

we have used the universal formula eq. (B.84a), again only keeping gauge boson kinetic
term. To get the fifth line, we have used the trace property of the Dirac -~ matrices
tr (O—Wgaﬁ) =14 (nuanl/ﬁ — 77“677%‘)-

Putting all the three pieces together, we get

2
H’ 11 1 a a, v
<ln > (12Nc - SNfdQ> 9°Ge, GV

FS)CDDFG+FQ+FCD/d4x s

1
(ar)?
1 MQ 11 1 a a,uv
= [ (an)? (1“ mz> [_ (mNC - 3NfdQ> G GP" ] | (€31

where we are using our notation

[D., D)) =Gl =GeT, Gt = —igGy, . (C.32)
Adding the tree-level piece
0 1 a a, v 1 a a, v
ey > [ate (~fane) = [ata g ahiahae, (C33)

we obtain the one-loop effective action:

2
(0) (1) 4 | 1L 1o (1 1 DagiD.auw
FQCD DFQCD+FQCD D) /d T |:4g2 — wh’lm <12NC_ ngdQ GMVaG aGpY-
(C.34)
Following the discussion in appendix C.1, we obtain the RGE equation for the gauge
coupling:
d[1 1 p? (11 1
O=p—|-———=In— [ —=N.— =N
Han [492 (4r)? 2 <12 R Qﬂ
dg g3 <11 4 >
— =pu—= = — —N.— =Nydg | . C.35
B(g) Hau = (3 Ne ~ 30rde (C.35)

Now taking the quarks to form the fundamental representations dg = %, we obtain the
familiar QCD beta function

3
Bacp (9) = —(4‘(;)2 (131N — sz) : (C.36)

In the case of QED, the gauge symmetry is Abelian. Since the structure constants vanish
fabc =0
tro (T“Tb> — N.g% =0, (C.37)

which corresponds to taking N. = 0. Hence, only the quark piece contributes, where the

generator matrix is 1:

tr (T“Tb> = dgd™ =1. (C.38)
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This corresponds to taking dg = 1. Plugging into eq. (C.35), we derive the QED beta
function:
4 g3

BqeD (9) = §WNf :

(C.39)

D Heavy-heavy current matching at finite recoil

In this appendix, we present the calculation of the heavy-heavy current matching for the
case w # 1. This is a generalization of the calculation performed in section 7.2. The
resulting matching coefficients will now be functions of w = vy - v9 # 1. Our results can be
compared to ref. [43] (see also the appendix of ref. [60]).

The UV Lagrangian is the same as for w = 1 case in eq. (7.16),

Lacp =Q1 (i) —m1) Q1 + Qo (i) — m2) Q2 + [Ql (J; SR 75) Qs+ h.c.}

1
— 1GZVGW7G + Lot + Lon - (D.1)
However, in solving the equations of motion for the short distance modes, we now need

to carefully distinguish the two velocities. The solution up to linear order in J is now
(cf. eq. (7.19))

1 1 1
= i hy e T I h D.2
= G Dz D D, <+¢02-D+2m2””¢2> v, (D.2a)
1 1 1
=1 hyy+———J | 1+—1 oo . D.2b
" ivz'D-i-QmQUDu 2+202’D+2m2 ( +w1-D+2m12lD“> vl ( )

Note that the D’i operators depend on the choice of velocity label as well. We have also
introduced the shorthand

JE = (JE "+ Ty ) e (D3)

with Ap# = mqv}{' — mgvh. Taking the second variation of the action proceeds as before,

yielding the same matrix structure

_ T _ T b
R L I A (VR I WA

—(f?b)T 0 —BT 0 ST P,
O*SHgEE = (045 Sk, Shy, ONY, Shu) | TY* B, 0 S 0 oRT,
() 0 stoo By || ot
Y’ S 0 Bs 0 ST,
(D.4)

— 75 —



However, the matrix elements are now generalized to (dropping terms that do not con-
tribute to the matching)

C},LV,CLb: n#l/ (Dg)ab —9 (U{””ab +1< 2) s (D5a)
b ’Yﬁl 2 Y21
Uty = _g? b, , TT® : J* ’ By, ;| D.5b
12 9s flora ivig-D+2mi2° dvgy-D+2maq (D-5b)
) . 1 :
Bia=ivig-D+ilD)q 019D 1 2my ZZlﬁLLz ; (D.5¢)
7112
1’*/1131 = (s Te { UliQ + ’ile,QZ—ULQ D _;_ 2m172] hv1,2
1 ’Yiz 1

144 J* : h D.5d
i [ +ilus w2 D+ 2my 2] 12,1 - D+ 2ma; m’l} (DY)

o
= = V11,2
pa n ; .
I = gs {hm,z [’01,2 + - . ; 2UDL1,2

N
7 V2.1 1 .
h ’ JT |1 T (D5
+ V21 Z"U2,1 - D+ 2m271 |: 2'1)1’2 - D+ 2m172ZlDJ_1,2:| } ) ( e)
1 1
b2 [ " le“’%’vl,z D+ 2m1,2] { * ivey - D+ 2m2,1UDL2,1] ( )

The relevant piece of the one-loop effective action is still abstractly given by the first
line in eq. (7.22), since it derives from a matrix with the same form. However, now one
must be careful to track the non-trivial interplay between the two velocities. Plugging in
the concrete expressions of the matrix elements yields

(1) :

Shqer 2 ¢ Tr [

Lo ab | e p—1wb _ tma p—1 g p—17wb
o nﬂy(U{“’“ + Do priTYt e Brl g By rg) +162

D_Z,QgTr w L 7 2my +2ivi D, 2my+ 2ivy- D
s 3 (D)2 (iD)2+2miiv,-D° (iD)? + 2mgive-D 2
1 - 2my + 2ivy - D v Dy —ive-D g h
(iD)2 " (iD)2+2myivy - D~ (iD)2 4 2mgivy - D1
1 By ¢ i), —ivi-D 4+ 2mg+2ivy- D
(iD)2 " "2 (iD)2 +2mqyivy - D" (iD)?2 +2maoive - D 7

_l’_

+

+;B A iy —ivi- D + i), o —ivy- D .
(iD)2"" " (iD)2 + 2myivy - D (iD)% + 2mgivy - D "2
+(1e2,J 7). (D.6)

This expression reduces to the second line in eq. (7.22) under the special case v1 = v9, as it
must. Next, we apply the CDE prescription discussed in appendix B.2.2 to evaluate these
functional traces (the analog of eq. (7.23)), which eventually simplifies to

Stiopr 2 / A% (R, (T Iy + Jib, Iis) €27 hyy + hec] (D.7)
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where the loop integrals are given by

4 [ d 1
T = 2,2 = /
HE =TS g (2m) p?(p® + 2my vy - p) (p? + 2ma v - p)

X {w (2my + 2v1 - p) ¥ (2ma + 20 - p)
+ (2m1 + 200 -p) 7 (B, — 02 D)
+ 9y (P, —v1-p) 2" (2ma + 2v2 - p)
+" (P — o)V (P, —v2-p) w} . (D8a)
Iiins = Iin IR (D.8b)

Evaluating these integrals is straightforward, although significantly more tedious than in
the equal velocity case. For example, evaluating Iy with dim. reg. in the MS scheme, we

obtain
= C (z,w) ¥~ — Cy (z,w) v} — C3 (2, w) V5, (D.9)
where z = %7 and the three coefficients are given by the following Feynman parameter
integrals
- _ 2a 1=z 4 p? 1 ¢
Cy ( ] d T(e) |1 —3e+2¢
H(zw / x/ ( m? x2+y2z2+2xyzw> (€) €t ze
2
2 142
. rT+yz 2w (1+2w) (:L‘—l-y) . (D.10a)
24?22+ 2zyzw 22 4+ y? 22+2xyzw
2 1—x _ 1—
Cy (z,w) = ozs / dx/ oy (o) e , (D.10b)
1‘2—|—y2z2—|—2$yzw
2as 1”3 v —x (1 —vy) 2 -1
C d = C: : D.10
3(z,w) = / x/ m2+y2z2+2azyzw 2 (<7 w) ( c)

Note that for the integrands of Cs (z,w) and C3 (z,w), we have taken the € — 0 limit and
subtracted the % — e + Ind7 counter terms. We are allowed to do so before performing
the Feynman parameter integral when the ¢ — 0 limit is finite. Further evaluation of
these integrals is again straightforward, but will yield lengthy expressions that are less
enlightening. As an explicit cross check, we can evaluate C5 (z,w):

Cy (2, w) = 230;: {(1_2wzz+22)2 [2(w—1)z(1+z) In 2
(w+1)—2wRw+1)z 1
_ (_(1_5w—2w2)22—2z3> fm 1n<w~|— w2_1)]
12wz 22 (IDZ_HZ)}' i

This agrees with eq. (19) and eq. (A1) in ref. [43]. As noted above, the function Cs (z,w)
and C35(z,w) are related to each other by mj <> mg, as they must. The same relation
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holds for the results obtained in ref. [43], as explicitly stated in eq. (A3) therein. So this
verifies our derivation of C (z,w) as well. We note that our coefficient Cy (z,w) defined
above is slightly different from the C) defined in ref. [43], because in our approach, the
residue difference contribution needs to be added on top of the result obtained in eq. (D.7),
cf. eq. (1.8). We leave the evaluation of C (z,w) and Ifjy 5 as well as the comparison of
them with ref. [43] for future work, as we believe the evidence that functional methods can
be applied to HQET is sufficient.
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