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ABSTRACT: The parity violating model based on teleparallel gravity is a competitive scheme
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independent parity-odd terms that are quadratic in torsion tensor and coupled to a scalar
field in a way without higher-order derivatives. Using these parity-odd terms, we formulate
a general parity violating scalar-tensor model in teleparallel gravity and obtain its equations
of motion. To explore potentially viable models within the general model, we investigate
the cosmological application of a submodel of the general model in which terms above the
second power of torsion are eliminated. We focus on analyzing cosmological perturbations
and identify the conditions that preserve the parity violating signal of gravitational waves
at linear order while avoiding the ghost instability.
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1 Introduction

Stimulated by experimental advances in gravitational waves (GWs) [1, 2] and the cosmic
microwave background radiation [3, 4], parity violating (PV) gravities attracted lots of
interests in recent years. The most famous PV gravity model is the Chern-Simons (CS)
gravity [5, 6], which modifies general relativity (GR) by a parity-odd topological term
composed of curvature. The CS gravity predicts the amplitude birefringence phenomenon
of GWs, that is, the left- and right-handed GWs have different amplitudes. However, this
model suffers from the problem of ghost instability [7] and its further extensions within the
framework of Riemannian geometry [8-10] dose not fully circumvent this difficulty because
ghost modes still appear at high energy scales, as shown in ref. [11]. It is very difficult to
have a ghost-free PV gravity model within the framework of Riemannian geometry. To seek
the possibilities we may go beyond the Riemannian geometry.



Teleparallel gravity (TG) is one of the alternative formulation of gravity, which identifies
gravity as the spacetime torsion in stead of the curvature [12, 13]. In the TG framework, there
is a GR equivalent TG model call teleparallel equivalent of general relativity (TEGR) [14]
and this provides another way to modify the GR. Along this way, a PV gravity model within
the TG framework called Nieh-Yan modified teleparallel gravity (NYTG) was recently
proposed in refs. [15, 16]. The NYTG model modifies TEGR by the coupling between an
axion-like field ¢ and the Nieh-Yan density [17]. The Nieh-Yan density is a parity-odd
topological term, so at the background with 9,¢ # 0, the Nieh-Yan coupling term violates
the parity spontaneously. The NYTG model predicts velocity birefringence phenomenon of
GWs, that is, the left- and right-handed GWs have different propagating velocities. More
importantly, through detailed studied on the cosmological perturbations, it was shown in
refs. [15, 16] that the NYTG model is ghost-free. The post-Newtonian, astronomical and
other cosmological tests of the NYTG model can be found in refs. [18-22]. Other recent
studies on PV gravities can be found in refs. [23-36].

However, the Nieh-Yan density is not the only parity-odd term composed only of torsion.
An extention of the NYTG model was considered in refs. [37, 38], which includes all parity-
odd terms that are quadratic in torsion and composed only of torsion. But through detailed
studied on the cosmological perturbations, it was shown in ref. [38] that the extended
NYTG model suffers from the problem of ghost instability again, unless it reduces to the
NYTG model. Although the NYTG model is a rare ghost-free PV gravity model, it hides
a scalar dynamical degree of freedom at linear perturbation level in flat universe [15, 16].
This makes it tricky to deal with scalar perturbations in flat universe, especially when
considering primordial fluctuations in the early universe [21, 22]. All these circumstances
motivate us to explore other possibilities of PV model within the TG framework

To open up new ideas, let us briefly recall the case of modified gravity in Riemannian
geometry. In Riemannian geometry, in order to avoid the Ostrogradski instability [39, 40],
the Lovelock’s theorem [41, 42] greatly restricts the form of gravity models composed only
of curvature. However, the scalar-tensor models [43-47] provides a broader way to build
colorful gravity models in Riemannian geometry, in which a scalar field is included as a part
of gravity in addition to curvature. Among them, the Horndeski model [48-52] is the most
general scalar-tensor model leading to second-order field equations. Similarly, scalar-tensor
models can also be constructed within the TG framework [53-55], in which a scalar field is
included as a part of gravity in addition to torsion. Along this way, the Horndeski analogue
in the TG framework was proposed in ref. [56], which includes general parity-even terms
that are quadratic in torsion tensor and non-minimally coupled to a scalar field. More
importantly, the idea of the scalar-tensor model provides a new window for us to explore
more PV models within the TG framework. In fact, within the framework of symmetric
teleparallel gravity [57, 58], where gravity is identified as non-metricity tensor rather than
curvature or torsion, the idea of scalar-tensor model has been applied to explore PV gravity
models [59, 60] and has achieved gratifying results [61]. This prompts us to believe that
such an idea is also feasible within the TG framework.

In this paper, we will investigate PV scalar-tensor models within the TG framework.
First, we find out all independent parity-odd terms that are quadratic in torsion tensor



and non-minimally coupled to a scalar field. To avoid Ostrogradski instability, higher-order
derivatives are forbidden. Then, we construct the most general PV scalar-tensor gravity
model including all these parity-odd terms and obtain its equations of motions. Next,
we apply the PV scalar-tensor model to cosmology and mainly focus on the analysis of
cosmological perturbations and their stability. In order to facilitate the study of cosmological
perturbations, in this process, we only consider the submodel of the general model which
removes all terms above the second power of torsion. Through detailed investigations on
the cosmological perturbations, we will find out the conditions that make the submodel
ghost-free while preserving the PV signal of GWs at the linear perturbation level.

The present paper is organized as follows. In section 2, we will give a brief introduction
to the teleparallel gravity. In section 3, after first introducing the torsion decomposition,
we will find out all parity-odd terms we need and use them to construct a general PV
scalar-tensor gravity model. To simplify further analysis, in section 4, we consider a simple
subcase of the general model and study its cosmological linear perturbations. In section 5,
we will give a summary of this paper.

In this paper, we adopt the unit 87G = 1 and the signature (—, +, +,+). The indices
of interior space are denoted by A, B,C,... =0,1,2,3 and a,b,c,... = 1,2,3. They are
lowered and raised by the Minkowski metric n45. The spacetime indices are denoted by
wv,p,...=0,1,2,3and ¢, 5, k,... =1,2,3. They are lowered and raised by the spacetime
metric g,,,. The volume element is denoted as €, p60 = v/—9g€upo, Where g is determinant of
the metric, €#P? = €,,,, is antisymmetric symbol which satisfies €g;j1 = €;;, and €123 = 1.
In addition, we distinguish the spacetime affine Sonnection I'”,, and its associated covariant
doerivative V from the Levi-Civita connection I'”,, and its associated covariant derivative
V respectively.

2 Teleparallel gravity

The TG theory is formulated in a spacetime endowed with a metric g,, and an affine

connection I'”,,, which is curvature free and metric compatible,

A
Rw/pa = QO[VFUM]p + 2FU[V|MF wp = 0, Vpgw, = 3pgw, — QFUp(ugy)a =0. (2.1)

Without curvature and nonmetricity, the gravity is identified with torsion 7%, = 2I'"},,
in the TG theory. Such a spacetime can also be described by the tetrad e‘i and the spin
connection wAB " They relates the metric g, and the affine connection I'”,,, through the
following relations

A B A A B
Guv = nape’ e, TP, =ef ((9”6 , +wipe l,) , (2.2)
where e 1 is the inverse of e“L, which satisfies e“Le X =6", and eA#e A4 =%, In the language

of tetrad and spin connections, the torsion tensor can be expressed as

pr/ = 26Ap (8@614” + OJAB[MBBV}> . (23)



The teleparallel constraints (2.1) indicate that the spin connection can be in general
expressed as

wABu = (A"HH0,A%, (2.4)

where AAB is Lorentz matrix which is position dependent and satisfies the relation

A
I

matrix AAB can be regarded as the basic variables of the TG theory. In this way, the

nABAACABD = nop at any spacetime point. Therefore, the tetrad e, and the Lorentz
teleparallel constraints (2.1) are automatically satisfied.

The simplest TG model is the so-called teleparallel equivalent of general relativity
(TEGR) model whose action is

1 1 1 1
STEGR = 5 /d4l' |€| T+ S, = 5 /d4l' |€| (—4Ta/u/TaW/ - §Ta,u1/TMaV + T)\T)\) + Sma

(2.5)
where T\ = T7), is the torsion vector, |e| = /—g is the determinant of the tetrad e“L,
T is the torsion scalar, and other matter with the action .5, is assumed to be minimally
coupled to the metric. It can be proved that the TEGR action (2.5) is identical to the

Einstein-Hilbert action up to a surface term
1 . .
STEGR = 5/(21433\/ —g (R + QVMT“) + S, (2.6)

where the curvature scalar R is defined by the Levi-Civita connection fpw, and considered
as being fully constructed from the metric. Since the surface term in the action does not
affect the equations of motion, we say that the TEGR is equivalent to GR at the level of
the equations of motion [14].

The coincidence that the TEGR model is equivalent to GR provides another way to
modify the GR, which is to modify the TEGR model within the TG framework. Unlike the
case where the curvature is the second-order derivative of the metric g, in Riemannian
geometry, the torsion is only the first-order derivative of the basic variables eA# and AAB in
the TG theory. This makes gravity model in T'G theory very easy to avoid the Ostrogradsky
instability brought by higher-order derivatives [39, 40]. All we need to do is to ensure
that the Lagrangian does not include the derivative of the torsion. A variety of modified
TG models have emerged, such as the most studied modified TG model, i.e., the f(T)
model [64, 65], which generalizes T in the action (2.5) to a smooth function f(T), and the
new GR [66, 67], which modifies the coefficients of Tt T, Tt TH and T ATy in the
action (2.5) as undetermined constants.

3 Parity violating scalar-tensor model in teleparallel gravity

In this section, we will construct the general parity violating scalar-tensor model which are
quadratic in torsion tensor and contain arbitrary first-order derivatives of a scalar field.
First, we briefly introduce the irreducible decomposition of torsion tensor.



3.1 Irreducible decomposition of torsion

In order to better serve the construction of independent terms composed of torsion, we
review the irreducible decomposition of torsion in this subsection. The torsion tensor 77,
can be decomposed into three irreducible (Lorentz group) parts as follows [62, 63|

2 4
Th = 5 000+ o + 5

3 [uv]> (31)

where the vector part v,,, the axial part a” and the tensor part t,,, are respectively defined as

1 vpo
a, = gg;wpaT L, (33)
1
tuvp = Tiw)p + 3 ("(ugv)p - Uﬂgu'/) g (3-4)

where v, and a* each have 4 independent components and the tensor part t,,, satisfies
’t[ul,]p =tup) = 0, tﬂaa = taua = taau =0, (3.5)

s0 t,,p has only 16 independent components.

Splitting the 24 components of torsion into 4+4-+16 independent components makes
it easier to construct independent parity-even and parity-odd terms composed of torsion,
which can constitute the Lagrangian of TG models. For example, when a scalar field ¢ is
introduced and higher-order derivatives are forbidden, the independent linear torsion terms
are only as follows

Ip =v"¢,, Jo=a"¢,, (3.6)
where Iy is parity-even, Jy is parity-odd, and ¢, = 9,¢. Note that t*"?¢,¢,¢, = 0 due to
the symmetry of t#¥? itself. The idea of constructing independent terms is that the terms
of types v, a and t must be independent. In the same way, when we consider the quadratic
torsion terms, the terms of types vv, va, vt, etc. are also independent. For example, in the
absence of scalar field, there are 3 independent parity-even terms which are quadratic in
torsion tensor

Tyee = Uun'uv Toxi = auaﬂa Tien = t/u/ptw/p~ (37)

Once it is allowed to couple with the first-order derivatives of a scalar field, there will be
more independent parity-even terms which are quadratic in torsion tensor as follows [56],

h=1I5 IL=Jj, Iz=tv, I =~{ta,

I5 = tMPUtVPUQSquV’ 16 = tpa#typo'gb,ud)l/v I7 = tut,un (38)
where we have defined
t =t ¢ 04, PrY — Euvaﬁtpa& = EPUMQS,)Q&U. (3.9)

The elements of the set {Tvec, Taxis Tten, 11, 12, I3, 14, I5, I, I7} are the basic building blocks
of most curent parity preserving TG models. In fact, a very general scalar-tensor TG model



has been considered in ref. [56], which includes all the above parity-even terms. The model
is called Bahamonde-Dialektopoulos-Levi Said model and is the Horndeski analog within
the TG framework.

As mentioned in the introduction, in this paper, we will find out all parity-odd terms
which are quadratic in torsion and couple to the first-order derivatives of a scalar field.
We will see in a moment that the torsion decomposition technique can be of great help in
this matter.

3.2 Parity-odd terms which are quadratic in the torsion tensor

In this subsection, we consider the independent parity-odd terms which are quadratic in the
torsion tensor. They are the building blocks for constructing the PV scalar-tensor model in
the next subsection.

In the absence of scalar field, there are two independent parity-odd terms

Py = v*a,, Py =", (3.10)
Some literatures on TG model customarily adopt another set of independent terms as

1. .

P1 = §Tp’“’TpW, Py =1T,T", (3.11)
where TPH = (1/2)eM O‘fBTpW and T), = T‘LU = 3a,. Note that since the curvature vanishes,
P, is actually the Nieh-Yan density [17], which is a topological term with odd parity. It
can be verified that the following invertible relations hold

1 9 3
Pl=—- Py= P — P, 12
1 3732, ) 4731 2772 (3.12)

So the set {P1, P2} is equivalent to the set { Py, P»}. The elements of the set { Py, P>} are
the basic building blocks of almost all current PV models within the TG framework.

Next, we consider the case involving scalar field coupling. To avoid the Ostrogradsky
instability, we only consider the coupling to the first derivative of the scalar field. From
the analysis in section 3.1, we know that the terms of types vv, va, vt, aa, at, and tt are
independent. Among them, terms of types vv and aa cannot produce parity-odd terms, so
we only consider terms of types va, vt, at, and tt respectively below. For type va, only one
parity-odd term can be constructed

J1 = n“a”qb“qﬁ,, = IoyJy. (313)

For type at, two parity-odd terms can be constructed

Jo = aptpuyﬁb,ud)m Jo = apt'uyp¢u¢u' (3.14)

Since t,,, = —2t,(,,,), we have Jo = —2J5, which means only Js is independent. For type
vt, only one parity-odd term can be constructed

Jz = =P, 0,05 = P, (3.15)



For type tt, six parity-odd terms can be constructed

J4 = _guypo-tauytﬁpo'qbagbﬁ = %Mngu(pV’ J5 = euypat)\uyt)\OépQSU¢)a = {AMVt)\pugbqu)P’
J6 = 5'uypat)\w/tpa)\¢a¢a = {/\w/tup)\gbu(bpv j56 = Euypat)\uytpa)\(boqsa = p\wjtupAéuﬁépy
J7 = _Euypatayutpﬁ’yqbcrgbaqﬁBQw = {Mtua j? = _Euypatauutﬁ'ypqﬁod)agbﬁqﬁ’y- (316)

It can be found that the six parity-odd terms in eq. (3.16) are not independent. Because
the property of t[,,], = t(up) = 0 can lead to t,,, + tup, + tpu = 0 and t,,, = —2t,(,,), we
can derive the relations

Jr==2J7, Jsg = —(J5 + Jg). (3.17)

Meanwhile, it can be proved that the following identities hold (see appendix A for proof)
1 1 1
Js = B(XPQ —2Jy), Jo = 6(XP2 +4Jy), Jr = 6XJ4, (3.18)

where X = —¢#¢,. Hence only two of the parity-odd terms of type tt mentioned above
are independent. Therefore, we can conclude that in total there are only six independent
parity-odd terms which are quadratic in torsion tensor and contain at most the first-order
derivatives of scalar field. Considering that there is also a linear torsion term .Jy, here we
can choose

Jo, Pr, Po, Ji, Jo, J3, Ja, (3.19)

as the independent basis of the parity-odd term. It should be clear that the choice of
independent basis is not unique. For example, we can introduce the following parity-
odd terms

PO — T'U‘QZ)M, 733 - _T#Tllqbu(;sya P4 = letjp(ﬁ,uqsyfp)

- 1-
Ps = 2T’“’pq§u¢yTp, Ps = §TMPUTVpU¢#¢V' (3.20)

It can be proved that the following identities hold

1 1 1 1
= — = — [ p— — -
Jo 3730, J1 3773, J2 18(XP2 P3) 6P4’
Js= S(XPy—Py) = 2Ps,  Ji= —(XPy— Py 4+ Pt P54 OPs. (3:21)
3= 3 2 3) = 4P 4= 2 3)+ 5Pat Ps+ 1 Pe. .

Combining the identities in eqgs. (3.12) and (3.21), it can be verified that the linear transfor-
mation between the set {Py, P1, P2, P3, P4, Ps, Ps} and the set {Jy, P1, P, J1, Ja, J3, J4} is
reversible. Thus there is another independent basis equivalent to the basis (3.19) as

Po, P1, P2, P3, P4, Ps, Ps. (3.22)

This basis can facilitate the analysis of cosmological perturbations in section 4. We will use
these two equivalent basis interchangeably below as needed.



3.3 Parity violating scalar-tensor model

Since we have obtained the building bricks of the PV scalar-tensor model in the previous
subsection, we can construct the general PV scalar-tensor model within the TG framework as

S = /d4 e\[ +G(¢, X, Jo, P, Pa, J1, Jo, J3, J4) | + S, (3.23)

where G can be any smooth function of ¢, X, Jo, P1, P2, J1, Jo, J3, J4. Since we are mainly
concerned with the parity-odd terms in this paper, we keep the parity-even terms in its
simplest form, which is the form of the TEGR model. The model (3.23) is a very general
model, and all previously studied PV models in TG are just special cases of it. For example,
when G = ¢(c1P1 + c2Pa) + %X — V(¢), where ¢; and ¢y are constants, the action (3.23)
reduces to the action of the extended NYTG model in refs. [37, 38].1 If further let c2 = 0,
the action will be reduced to the action of the NYTG model in refs. [15, 16].

This general PV scalar-tensor model has two kinds of gauge symmetries: the diffeomor-
phism and the local Lorentz transformation, the later makes the following change:

ef}J - (L_l)ABeBM, Ay — AL, (3.24)

where LAB is also the Lorentz matrix. It’s easy to prove that the metric g, and the torsion
tensor 7%, are invariant under the transformation (3.24), so is the action (3.23). Due to
the local Lorentz invariance, we can always choose the gauge A4, = 64 B, i.e., w4 By =0
This is the Weitzenbock connection which had been frequently adopted in the literature.
This gauge is also called the Weitzenbock gauge.

The equations of motion of the model (3.23) follow from the variations with respect to
tetrad eﬁ and Lorentz matrix A“ separately:

GH 4+ NW = @Hv, (3.25)
Nl =, (3.26)

where G* is the Einstein tensor fully determined by the metric, 0% = (2/\/=9)(6Sm /09,
is the energy-momentum tensors for matters, and

N = €t + SH 4 (Vy — 10y) AR (3.27)
where we have defined
¢= —Q+EQOJO+ (161 +X93) Pi+GsPo+ <;gl +93> Ji+ (Zl,)gz +6Q4> J2+GsJ3+Gy s,
SM = (3G5 P, —2Gx )d"d" + [(2g1—3g3)10+2g5} (3000 42100, )
+(291—392)J0¢(“n”)+ 5(G2-9G4) (3ae) — 67" — 374" 2t e, )
f(2g] —3XGs) (21(“”% +30(“u”)) +G, (9t<“”)9ap—2t“”) ,
APHY = 7(92—691)J09p[”¢”]+ (G11o+Gs)e!P? oy —Gs (T4 — ’W )+ GadP Pl al — 3G,

1
+3 g £MP70,+ 2 (XGa—6G1 )V a" +2(Gs—Gs)g Ay L 5 (G2—9Ga)e" "7t —3Gur{",

More general parity-even terms and more complicated form of scalar field are also considered in ref. [37].



and Gy = 0G/0¢, Gx = 0G/0X, G; = 0G/0J; and G = 0G/0P;, in addition
T{w = ¢(NtV)pU¢pa0_’ T;V = ¢(Mty)pa¢aap7 T:f)?lw = ¢p5wjaﬁ¢anﬁ7 Tflw = ¢p{amx¢0.

Similar to most modified TG models, the equation of motion (3.26) from the variation of
A4 is not independent of eq. (3.25). This is reasonable since the Lorentz matrix A%, can
always be set to the identity matrix by the gauge transformation (3.24). A more detailed
explanation can be found in ref. [16]. There is another equation following from the variation
of the action (3.23) with respect to ¢,

V" — Gy =0, (3.28)
where
D' = —2G x P +G1 Joo" + (Go+ G Lo 0 — Got' 1y +2G TP b0, 426,86, (3.29)

It can be verified that when G = $X — V(¢), eq. (3.28) reduces back to the familiar equation
Clg + Vg = 0, where 0= —g’“’ﬁuﬁy and Vj is the first derivative of the potential V' (¢) to
the scalar field ¢.

3.4 Flat universe background

As a preliminary exploration of the PV scalar-tensor model (3.23), in this subsection, we
apply the model to flat universe and investigate the effect of the PV terms on the background.
In flat universe, the metric can be expressed in rectangular coordinate as

ds? = gudatda” = a’ <d772 — (L-jda:ida:j) , (3.30)

where a = a(n) is the scale factor, 7 is the conformal time. Unlike the case of Riemannian
geometry, in TG theory the connection is still arbitrary to some extent even after the metric
is determined. For this reason, as suggested in refs. [71-73], we should additionally require
that the connection is also homogeneous and isotropic, that is,

Ll = ViV & =V (T7,,67) = 0, (3.31)

where £# represents all Killing vector fields corresponding to the metric (3.30). Combining
egs. (3.30) and (3.31) selected the flat universe solution in which the tetrad eﬁ and spin
connection wAB u have the following forms

e‘éL = aé‘i, wABu = 0. (3.32)

It can be verified that the background solution (3.32) leads to
Jo=Pi=Po=J1=Jo=J3=J1=0, (3.33)

thus G = G(¢, X) is just a function of the scalar field and its first-order derivative. It seems
that the PV terms has no effect on the background. We can also examine this conclusion



from the perspective of the equations of motion. Putting the solution (3.32) into egs. (3.25)
and (3.28), we obtain the background equations as

3% = a®p + 2Gx ¢ — %G, (3.34)
OH +H? = —a*(p+ G), (3.35)
269" + (20 +4GxMH)¢' — a’Gy =0, (3.36)

where H = a’/a is conformal Hubble rate, prime represents the derivative with respect
to the conformal time 7, and p and p denote the energy density and pressure of other
matter. The background equations (3.34)—(3.36) are exactly the same as the case where the
Lagrangian of the scalar field is G(¢, X) in GR. This clearly confirms that the PV terms
has no effect on the flat universe background. If we want to probe the PV signals of the
model (3.23) in flat universe, we need to investigate its cosmological perturbations.

4 Cosmological perturbations and stability analysis

To analyze the PV signals and stability of the model (3.23), we investigate the cosmological
perturbations of the model (3.23) around the flat universe background in this section. We
will focus on the quadratic action of perturbations, find out the necessary conditions to
make the model stable, and explore the PV signals in GWs.

For the sake of simplicity, in the following we discard all terms above the second power
of torsion and take the parity-even part of the action (3.23) as the simplest standard form.
This simplification allows the function G to be reduced to

1 6
G(9, X, Po, P1, P2, P3, Ps, P5, Ps) = §X — V(o) +_ file, X)P, (4.1)

i=0

where f; can be any smooth function of ¢ and X. In addition, for the sake of convenience,
we also denote

fis =0fi/00, fix =0fi/0X, fi=fi+Xf;, fix=0f;/0X. (4.2)

In this section, we will focus on the quadratic action of perturbations, which can be
regarded as the effective action of the linear perturbations [74]. When applying the model
to the inflation epoch, in that case the scalar field ¢ may be considered as the inflaton, we
need to quantize these perturbations to have a mechanism for generating the primordial
perturbations which seed the large scale structure at later time. For this purpose, the
quadratic actions are indispensable. In the inflation epoch, we can ignore other matters
except inflaton, so that in the following contents, we always choose .S, = 0. With the above
simplifications, the action (3.23) can be reduced to
6
S = / d*z |el T

55X VO + Y /6. X)P | (43)
i=0

~10 -



From now on, we apply the model (4.3) to cosmology. From eqgs. (3.34)—(3.36), the
background equations of the model (4.3) can be obtained as

3% = (1/2)¢ + a2V, (4.4)
2 +H = —(1/2)¢" +a*V, (4.5)
¢+ 2H¢ +a*Vy =0, (4.6)

which are exactly the same as in GR, as expected.
After clearing the background, let us look at the perturbations. We use the following
parametrization for perturbed tetrad [75, 76]:

eooza(1+A),eoi:a(ﬁ,i—k,@’iv), ey = ads (X,z"f‘XzV),

c c 1
e, = aéj |:(1 — w) 51‘]‘ + a4+ a;{i — €35k ()\,k + )\Z) + ihz; (4.7)

the subscript “, 7" means 0;. So the perturbed metric components have the familiar form:
goo = —a*(1+24), go; = a*(B,; + B}),
gij = QQ[(I — 21#)5@' + 20472']' + Cv;/j + O‘;{i + hlj;], (4.8)

where B = x — 3 and BY = x/ — Y. All the vector perturbations are transverse and
denoted by the superscript V', both the tensor perturbations are transverse and traceless
and denoted by the superscript 7. In addition, the scalar field ¢ is decomposed as

o(n, ) = ¢(n) + 6¢(n, 2).

Due to the diffeomorphism invariance and the local Lorentz invariance, it is safe to
take the unitary gauge é¢ = 0, a = 0, alv = 0 and the Weitzenbock gauge wABH =0 at
the same time on the general cosmological background with ¢’ # 0 [16].2 Therefore, in the
following contents, we will adopt the gauge

% A
0p =0, a=0, o =0, wp,=0 (4.9)
to simplify our calculations, We also introduce the gauge invariant scalar perturbation

(=—(+Hdp/¢) (4.10)

representing the curvature perturbation of the hypersurfaces of constant ¢ field. Then, we
can choose ¢, A, B, 3, A\, BY, Y, AV and hiTj as independent variables.

Note that higher-order derivatives are just one of the sources of ghost modes. Hybrid
kinetic terms such as 2’y = (1/2)[(z' +v)? — (2/ — v')?] = (1/2) (272 — 2§?) can also bring
ghost modes. Although there is no higher-order derivative in the model (4.3), the parity-odd
terms P; may lead to hybrid kinetic terms. Therefore the model (4.3) is likely to suffer from
the problem of ghost instability. We will investigate the quadratic actions for the scalar,
vector, and tensor perturbations of the model (4.3) separately in the following subsections.

20n the background with ¢ = 0, d¢ is gauge invariant, it is impossible to set ¢ to zero by gauge
transformation. Therefore, there is no unitary gauge on the background with ¢’ = 0. When we consider the
case of Minkowski or de Sitter background, we should adopt other gauge.
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4.1 Quadratic action for scalar perturbations

For scalar perturbations, we introduce notations B = B ;; and A= i, and expand all
scalar perturbations as follows

3 — o7 =
o= [ (;I;S ¢, F) e, (4.11)

Then the quadratic action for the scalar perturbations can be directly obtained as

SP = / dn &3k o2 [ — 3¢ + K2(C? 4 240) + 2(¢' — HA)B + 6HC' A — a®V A?

+2f20(A = BN + (2fa + 4X f5)0'A + 2fo3 (kB — B)A — 4e1 AN+ deaC
(4.12)

where

¢1 = X(¢' fox + 2H fix + 3H fasx),
o = ¢ fo— f1 — fo + H(f2s +2X f3),

and we have simply marked A*B as AB, A*A as A2, and so on. It can be seen that A,
B are non-dynamical fields and the variations of the action (4.12) with them lead to the
following constraints

HA — ¢ + fazA =0, (4.13)
—3HC — K 4+ a®VA+HB + 20\ — fog )N = 0. (4.14)

These constraint equations are just used to solve the non-dynamical variables A and B.
One can eliminate these two non-dynamical variables from the action (4.12) by substituting
the constraints (4.13) and (4.14) back into it. After that, the quadratic action for scalar
perturbations can be expressed as

1 / ~ ~ ~ ~ -
S = [ and® k{5232 B +a? 2N (¢ H ) + A 2 g+ CagR+ €03
(4.15)
where 22 = a2¢/?/H2, and

Cr=4X f3+ (2a*VH 2 — 4) fa3 — 4H ¢y,
Co = deg — 2k*H ™ fos,
Cs3 = 4H " foger — a®VH 235+ a 2 [a*H ™ (fos foa)] -

Obviously whether fo4 is zero or not will affect the number of dynamical degrees of freedom
(DoFs) in the action (4.15), so we will discuss it case by case below.
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4.1.1 The case of faoy # 0

In the more general case with fos # 0, the kinetic terms N3’ and X' ¢’ generally contain
ghost modes, as mentioned in the paragraph just before this subsection. In order to
explicitly see how many dynamical DoFs and how many ghost modes there are, we define
new perturbation variables 1,2 in terms of the old variables 8 and A as follows

=g (G- BHHTO), = (A B-HT). (4.16)

It can be verified that the transformation (4.16) is linearly reversible. Then we can express
the action (4.15) in terms of the new perturbation variables as

1
S = [and®k {522 +a? 21?8+ 4 ) +U (G, e (017)
where
Ci=(4- 2@2‘/%—2)]@24 +Cq,
Cs =4dcy+a? [(22 — 2a2)f24]/-
U(¢71,72) = Calv1 4+ 72) + 2k% fa3(75 — 47) + CsC (1 + 72).

The action (4.17) clearly shows that (, 1 and 7, are all dynamical DoFs, and one of v; and
~v2 must be a ghost mode, because the signs of the kinetic terms of v; and v, are always
opposite. This will cause the vacuum instability. The only way for scalar perturbations to
avoid ghost instability is to keep foq = 0.

4.1.2 The case of fa4 = 0 on the background with ¢’ # 0

In the case of faq = 0, the quadratic action (4.15) reduces to the following one
1 / < < ~ <
SY = /dn d3k{2z2(§ 2 k) + a? [clg’A + 2k2X (f3 — f4)AB + Col A + cg,ﬂ } (4.18)

It can be seen that 3, A are also non-dynamical fields. On the background with ¢’ # 0, the
variations of the action (4.18) with respect to 5 and A lead to the following constraints

(fs — f1)A =0, (4.19)
C1¢" + Col + 2K2X (f3 — f1)B + 2C3\ = 0. (4.20)

If f3 # f4, these constraint equations are just used to solve the non-dynamical variables
X and . One can eliminate these two non-dynamical variables from the action (4.18) by
substituting the constraints (4.19) and (4.20) back into it. After that, the quadratic action
for scalar perturbations can be reduced to

SY = /dnd3k BZQ((? — k2. (4.21)

It can be seen that the quadratic action (4.21) is exactly the same as that in GR. There is
only one scalar dynamical DoF and that DoF is healthy.
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If f3 = fu, then C3 = 0 automatically, so the constraints (4.19) and (4.20) degenerate into
Ci¢ +Co¢ = 0. (4.22)

Unless C; = Ca = 0, the constraint (4.22) states that there is no scalar dynamical DoF at
the linear perturbation level. This is a bit strange because the action (4.3) clearly shows
that there is at least one scalar dynamical DoF contributed by ¢. This contradiction implies
that the model (4.3) suffers from strong coupling issue in flat universe when f3 = f4 but
C1 # 0 or Co # 0. In addition, the absence of scalar DoF also makes the inflaton ¢ unable
to provide the primordial density perturbation. To overcome these difficulties, we need to
additionally require C; = Co = 0 when f3 = fy.

To sum up, after satisfying the ghost-free condition foq = 0, we still need to require
the following conditions to avoid strong coupling problem on the background with ¢ # 0,

fs#fa or f3—f1=C=Ca=0. (4.23)

Eq. (4.23) means that either f3 # f; or f3 — f4 = C; = Co = 0 is satisfied. After that,
the quadratic action for scalar perturbations can be reduced to the action (4.21), and the
action (4.21) shows that there is one healthy dynamical DoF.

4.1.3 The case of fa4 = 0 on the background with ¢’ =

Note that neither the unitary gauge nor the gauge invariant ¢ is well-defined on the
background with ¢’ = 0. In order to make the discussion cover the cases of de Sitter and
Minkowski background, we introduce two new variables as

O b o=+ HE. (4.24)

£=0p+ 5

These two variables are well-defined on background with ¢’ = 0. Then we can express the
action (4.18) in terms of £, o and \ as

1 . N 5 X 5 X 5 3
s = / dn d®k a2 [2(6 2= mE?) + 22 XH T (f5 — f)Ao + C& A+ Cod + Cs)? | |
(4.25)
where

mi = k> + a*Vyg + ¢/ (¢'V + 2H V) /1

Cr = —¢'Heg/a®

Co= —(HVy + ¢'V)e — 4His

Cs = X2[4e1 — PVH2(fs — f))(f3 — fa)

¢ = ¢ fox/H+2fix +3(fs — f1) + 3X (fsx — fax)

G = 4fs + (2a°V/H? — 4)(f3 — f1) — 4

&= fo— fio+ Xfap +2(Vy + 30'H/a®) (fix — fa — X fax) + ¢'H(3f3 — fa)/a®

Although the action (4.25) is obtained in the unitary gauge, the action (4.25) should hold

in any gauge that satisfies wAB =0, because variables £, o and X are invariant under the
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infinitesimal diffeomorphism.?® Therefore, the action (4.25) can be applied to the background
with ¢’ = 0.

On the background with ¢’ = 0, that is, the de Sitter background, the action (4.25)
can be reduced to

D= [andka {S[67 - 02+ Vi) + Mo - IR} (426)

The action (4.26) can also be obtained directly in the Newton gauge (see appendix B for
details). It can be seen that A is non-dynamical field and the variations of the action with
respect to it lead to the following constraint

H(frp — f0)§=0. (4.27)

As analyzed in the section 4.1.2, there should be at least one dynamical DoF in scalar
perturbations because the action (4.3) contains the dynamical term of the scalar field ¢.
This requires that the constraint (4.27) can always be satisfied automatically, that is,

(fie — fo)lx=0 = 0. (4.28)
After that, the action (4.26) is reduced to
s@ = [anaka? { €2 = (k2 + V)€ } (4.29)

The action (4.29) shows that there is one healthy dynamical DoF.

The Minkowski background can be viewed as a de Sitter background with an infinite
Hubble radius, i.e. H = 0. On the Minkowski background, the action (4.26) can be directly
reduced to the action (4.29) without imposing any additional conditions. It means that
there is always one dynamical DoF on the Minkowski background. In order to make the
number of dynamical DoF to be background-independent, we need to require that there
is also one dynamical DoF on the de Sitter and flat universe background. This is exactly
what we have done above.

4.2 Quadratic action for vector perturbations

For vector perturbations, we can expand them with the circular polarization bases, such as

-

3 - -
Z / CE B (0, F) eA () &7 (4.30)

where the circular polarization bases {é2(k), A = L, R} satisfy the relation €ijrk;jés, Ak) =
ikpaé; Ak ) where p;, = —1 and pr = 1. Note that we use the normal letter A for the left-
and right- hand indices to distinguish it from the italic letter A used to represent the tetrad
indices. Then the quadratic action for the vector perturbations can be directly obtained as

k?
55/2):2/(17701%@2 {f24(2>‘lAﬁ/ApAkBAﬂ/A)k2(beA+2f25ﬁA)>‘A+pAk(52>‘i+c3ﬁi)+4B12% ;
A
(4.31)

3The gauge transformation law of perturbation variables in eq. (4.7) can be found in section TV.B of
ref. [16]. It is easy to verified that the variables £, o and X are invariant under infinitesimal diffeomorphisms.
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where
€3 = —c2 + CL*Q[CLZX(fz; + f5— fo)]-
It can be seen that By is non-dynamical field and the variation of the action (4.31) with

respect to Ba leads to the following constraint

2p A foa
k

One can eliminate By from the action (4.31) by substituting the constraint (4.32) back into

Bp = 2foAA +

Bh. (4.32)

it. After that, the quadratic action for vector perturbations can be expressed as
SP = [ and®ha 202055 — Fi53° ~ 2pakfafaida
A

— 2% fas A Ba + (pakco — k% fo) AR + pakesfii | (4.33)

In the case of fay # 0, the mixing terms S5’N, and —5;2 in the action (4.33) generally
indicate the existences of ghost modes. In order to explicitly see how many dynamical
DoFs and how many ghost modes there are, we redefine the following independent vector
perturbation variables through S and Aa:

A 1 A 1
Ba=PBa——Aa, Aa=—_—Aa. (4.34)
foa foa

It can be verified that the transformation (4.34) is linearly reversible. Then we can express
the action (4.33) in terms of the new perturbation variables as

s :Z/dnd3ka2 [fi(&ﬁf-ﬁjf)wc(;iwg+2C7XABA+CSXi+pAkc33§ . (4.35)
A

where

Co = foa(fay — Pakfofaa),

Cr = pakes — k> fog fos,

/

Cs = pak(cs + f3162) = K far(2fos + f3 f2a) — a2 (a%Cs) -
The quadratic action (4.35) shows that all the four components of vector perturbations, B A
and A A with A = L, R, are dynamical modes. It also clearly shows that both components
of B 4 are ghost modes because their kinetic terms have wrong signs. Again, this will cause
the vacuum instability and the only way for vector perturbations to avoid ghost instability

is to keep foq = 0.
In the case of fag = 0, the quadratic action (4.33) reduces to

Sg) => / dnd’k a® { — 2k? fasAaBa + (pakcs — k* f2) AR + pakesfi | (4.36)
A
Obviously in this case all vector perturbations are non-dynamical. The variations of the

action (4.36) with respect to fa and Ap lead to fo = Ay = 0. So naturally there is no
ghost instability.
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4.3 Quadratic action for tensor perturbations

For tensor perturbations, we can expand them as follow

— d.?)k, =0 A - 1"5
W) = X [ haln By ey () 7, (137
A 7 (2m)2
where the circular polarization bases {é%(/g),A = L,R} satisfy the relation

klelikéjAk(E) = ip A/{:éiAj(l;). Then the quadratic action for the tensor perturbations can
be directly obtained as

2
s -y / dn k% [W)® = R ()13, (4.38)
A
where
Wi (k) = k* 4+ 2(¢' fo — f1 + 3H f23)pak. (4.39)

From the action (4.38), one can obtain the equation of motion for GWs as
A 2HR), + Wi (k)ha = 0. (4.40)

Firstly, it can be seen from the action (4.38) that the tensor perturbations are ghost-free.
Secondly, the modified dispersion relation wi(l{) is helicity dependent when ¢'fy — f] +
3H faz # 0. It can be seen from eq. (4.40) that this causes GWs with different helicities to
have different phase velocities v

D
coupling f; and slow evolution of scalar field ¢, we can expand the expression of Uﬁ as

= wa /k, i.e., the velocity birefringence. Considering small

M
UA:wi:1+pA

= =L o), (4.41)

here we have defined M = ¢ fo — f{ + 3H f23. This is the explicit signal of parity violation
in this model. We can also see that the phase velocity difference become important only at
the region of small k (large scales), so this is an infrared effect. Within the framework of
Riemannian geometry, the slightly complicated PV gravity model will have both the velocity
birefringence phenomenon and the amplitude birefringence phenomenon on GWs [9, 10].
But within the TG framework, even if the NYTG model is extended to the complicated
model (4.3), the GWs still has only the velocity birefringence phenomenon but no amplitude
birefringence phenomenon, and it is still the infrared effect. It seems that to construct PV
gravity models with the amplitude birefringence phenomenon on GWs in the TG framework,
we need to bring derivatives of torsion into the action.

The expression of phase velocities of tensor perturbations shows that GWs and light
propagate with different velocities. This difference can be tightly constrained by the present
gravitational wave experiments. The authors in paper [20] found that the effects of velocity
birefringence can be explicitly presented by the modifications in the GW phase. Confronting
such modifications with data of GWs events of binary black hole merges observed by
LIGO-Virgo, they also gave an up bound on the velocity birefringence parameter which
corresponds to |2M|/a < 6.5 x 107*2 GeV in this paper. One can see that this bound is very
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tight and shows that there are no significant signals of the velocity birefringence of GWs.
But we also should note that this bound only constrains the parameter M /a at present
universe, and since M /a depends on the evolution of the universe, it may be significant at
early universe.

4.4 Futher analysis on stability

From the analysis in section 4.1 and section 4.2, we know that the only way to avoid ghost
instability is to keep
f24:f2(¢7X)+Xf4(¢7X):07 (442)

no matter for scalar perturbations or vector perturbations. In the NYTG model [15],
fo = fa =0, the condition (4.42) can be satisfied, so the NYTG model is ghost-free. In the
extended NYTG model [38], fa # 0, fs = 0, the condition (4.42) cannot be satisfied, so the
extended NYTG model suffers from the problem of ghost instability. It can be seen that
the ghost-free condition (4.42) is consistent with previous studies.

After the ghost-free condition (4.42) is satisfied, in order to avoid the strong coupling
problem, we need to additionally require the following conditions

(f1p — fo)lx=0 =0, (4.43)
fs#fs or f3—fi=C=Cy=0. (4.44)

These conditions ensure that the number of dynamical DoFs on the Minkowski, de Sitter
and flat universe background are the same at the linear perturbation level. This is nec-
essary to avoid strong coupling. In addition, these conditions also ensure that there is a
healthy dynamical DoF in scalar perturbations, which can generate the primordial density
perturbation through inflation.

From eq. (4.44), it seems that there are two feasible conditions. However, the condition
f3— fa=C1 =Cs = fou =0 would give the following requirement

fo+Xfs=fa+Xfs=0, (4.45)
O H " fox +2fix — f3=0, (4.46)
&' (fo — fig — foo) — X' (fix + fox) + 2XH f3 = 0. (4.47)

In order to make eqs. (4.45)—(4.47) independent of the specific background evolution, that
is, independent of the specific values of H, X, etc., the functional forms of { fi(¢, X), i =
0,1...6} can only satisfy the following conditions

f2(¢7X):f3(¢aX):f4(¢’X):07 fO(¢vX):f0(¢)a f1(¢7X):fl(¢)v
fo(®) = 8%;@-

Note that due to the identity @MT # = P1, when the condition (4.48) is satisfied, the
contribution of Py and the contribution of P; in the action (4.3) will cancel out, so the

(4.48)

condition (4.48) is equivalent to the following condition
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But the condition (4.49) will make w? (k) = k?, that is, the dispersion relation of GWs
no longer depends on helicity. This means that GWs have no PV effect at the linear
perturbation level and such a property is undesirable for a PV gravity model. Therefore, in
order to preserve the PV signal in GWs, we should adopt f3 # f4 in eq. (4.44).

To sum up, if we want to extract a suitable PV gravity model from the action (4.3), we
should require {fi(¢, X), i=0,1...6} to satisfy the following conditions

R0, 3) = —XA(0.). fo(o.0) = PED 6,30 2 6,30 (450)
In this way, not only the ghost instability can be avoided, the number of dynamical DoFs is
background-independent, but also GWs have PV effect at the linear perturbation level.

It should be noted that there may be some DoFs hidden under the cosmological
background at the linear perturbation level, as in the case of the f(T) model [68, 77-79].
Therefore, we cannot conclude that the model satisfying condition (4.50) must avoid the
strong coupling problem. For a healthy PV model, the condition (4.50) is a necessary
but not necessarily sufficient condition. To completely solve the strong coupling problem,
the study of higher-order perturbations or even Hamiltonian analysis is required. These
analyzes will be left to subsequent studies.

5 Conclusion

In this paper, we wrote down all independent parity-odd terms which are at most quadratic
in torsion tensor and contain arbitrary first-order derivatives of scalar field in the teleparallel
gravity framework. We constructed the general parity violating gravity model using those
parity-odd terms and obtained its equations of motions. In preliminary cosmological
exploration, we find that all parity-odd terms have no effect on the flat universe background.
To probe the parity violating signals in flat universe, we need to consider the cosmological
perturbations. In further cosmological application, we considered a submodel of the general
parity violating model, which is linear in parity-odd terms coupled with some arbitrary
functions of scalar field and its first-order derivatives. We carefully studied its cosmological
linear perturbations and analyzed their stability. For tensor modes, we found that they are
always ghost-free and generally exhibit a parity violating signal of velocity birefringence. For
vector perturbations, we found that in general there are four dynamical degrees of freedom
and two of them are ghost modes. The only way to avoid the ghost modes is to make
functions satisfy foq = 0. Similarly, scalar perturbations generally have three dynamical
degrees of freedom and one of them is ghost mode, unless foqy = 0. After the ghost-free
condition foq = 0 is satisfied, in order to preserve the dynamics of the scalar perturbations
and the parity violating signal of gravitational waves at linear order, we need to further
require functions to satisfy (fis — fo)|x=0 =0 and f3 # f4. Finally, we conclude that the
submodel with fos = (fig — fo)|x=0 = 0 and f3 # f4 is a potentially viable parity violating
model in teleparallel gravity, which is ghost free and exhibits the velocity birefringence
phenomenon of gravitational waves at linear order.
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A Proof of some identities

The identities in eq. (3.18) play a key role in counting the number of independent PV
quadratic torsion terms. Therefore, they are important in this paper and deserve a detailed
proof. In this appendix, we give proofs of these identities.

Without loss of generality, we assume that ¢* is timelike and future-directed. Then for
any point O in spacetime, we can choose the coordinate such that so that g,, = 71,, and
" = (vVX,0,0,0) at point O. At point O, we denote

x0 = €jktiootojks Yo = €ijktoitijn- (A.1)

From t,,), = ¢ = 0, we can obtain

wvp)
tooi = —2tio0, tio = —(toir + toui)- (A.2)
Since t,,, is completely traceless, we have
tuii = tu00, tiiy = toou- (A.3)
Also note that
2¢iktofintijh = €ijkCitnenpatopatije = (0j10kn — Oki10jn) Enpgtopqtisn
= ek (tui — tin)tojr = €k (tooi — tioo)tojr = 3xo. (A.4)
Combining eq. (A.1), (A.2) and (A.4), we can obtain
€ijktoiitiik = 3o + Yo, eijrtiotiie = — (30 + 2y0)- (A.5)

Next we can expand P, Jy, Js, Jg and J7 into coordinate components, and use eqs. (A.1)-
(A.5) to simplify these results to

Py=—6(3x0+y0), Ji=6Xzo, Js=—-X(5x0+10), Jo=X(zo—1y0), Jr=X"x0.
(A.6)
Through eq. (A.6), we can simply verify that the identities in eq. (3.18) do hold at point
O. Although eq. (A.6) is coordinate-dependent, the identities in eq. (3.18) are coordinate-
independent. And because O can be any point in spacetime, the identities in eq. (3.18)
hold in the whole spacetime.

B Scalar perturbations on de Sitter background in Newton gauge

In section 4.1.3, we obtain the quadratic action (4.26) for scalar perturbations on the de
Sitter background by means of the quadratic action (4.25) on the flat universe. Since
the action (4.25) is obtained in the unitary gauge which is ill-defined on the de Sitter
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background, one might question the reliability of the action (4.26). To ensure that the
action (4.26) is reliable, in this appendix, we will calculate the quadratic action for scalar
perturbations on the de Sitter background in the Newton gauge.

The so-called Newton gauge is to set the perturbation variables o and B in eqs. (4.7)
and (4.8) to zero. In contrast to the unitary gauge, the Newton gauge is well-defined on the
background with ¢’ = 0, which makes the results in the Newton gauge more plausible when
we consider the de Sitter background.

In the Newton gauge, the quadratic action for scalar perturbations on the de Sitter
background can be obtained directly from the action (4.3) as

S = / dn 43k a2{; [5¢>’2 — (K + a2v¢¢)5¢2} ~ 342 — 2V A2
(MY + 2K)A + K2 4 AH(frp fo)aqu}, (B.1)

where we have imposed the ghost-free condition foq4 = 0. Obviously A is non-dynamical
and the variations of the action (B.1) with A lead to the following constraint

1
a’Vv
Substituting eq. (B.2) back into the action (B.1), then the action (B.1) can be reduced to

A= ———(3Hy + k*?). (B.2)

1 ’ k4 Y
SP = /dnd3ka2{2 [&;s 2—(k2+a2V¢¢)5¢2] +W¢2+4H(f1¢—fo)6<bk}' (B.3)

It can be seen that the kinetic term of ¢ is canceled out in this process. So ¢ is non-dynamical
and the variations of the action (B.3) with ¢ lead to the following constraint

b = 0. (B.4)

Substituting eq. (B.4) back into the action (B.3), then the action (B.3) can be reduced to

SY = /dn 4>k aQ{; [5¢’2 —(k*+ a2v¢¢)6¢2} + 4H(frp — f0)5¢5\}- (B.5)

This is exactly the action (4.26) because £ = d¢ on the de Sitter background. The fact that
two different methods give the same result demonstrates that the action (4.26) is reliable.
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