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1 Introduction

The computation of Feynman integrals is a central ingredient for the prediction of collider
experiments. In the past decades, we have seen an enormous progress in our capabilities to
efficiently compute Feynman integrals in closed analytic form or in a purely numerical way.
From the analytic side, several techniques are available. Some of the most effective tech-
niques are the differential equations method [1-5] and the direct integration methods [6, 7.
In dimensional regularisation, one is able to reduce a given (generally large) set of scalar
Feynman integrals to a minimal set of linearly independent integrals, called master inte-
grals (MIs), by using integration-by-parts identities (IBP) [8-11]. Once a basis is identified,
it is possible to define a closed system of first order linear differential equations, that can
be solved in terms of iterated integrals [12]. Our understanding of differential equations
for Feynman integrals has been further refined by the identification of canonical bases of
integrals [13], which make the solution of the equations in terms of iterated integrals com-
pletely algorithmic. In some cases Feynman integrals can be computed in terms of special
functions known as multiple polylogarithms (MPLs) [14] or, more recently, in terms of their



elliptic generalisation, elliptic multiple polylogarithms (eMPLs) [15-18] (for analytic results
involving functions of elliptic type see e.g. [17, 19-49]). Even though having a representa-
tion in terms of known functions is important from the conceptual and practical side, in
recent years this approach has become challenging. For state-of-the-art computations one
usually encounters multi-loop integrals depending on several mass scales. In this case the
differential equations exhibit complicated analytic structures, and their solution in terms
of known special functions is not well understood yet. Similar challenges are encountered
when solving Feynman integrals by direct integration, e.g., in Feynman parameter space.
From the purely numerical side, several methods are available to compute Feynman in-
tegrals by using Monte Carlo integration techniques [50, 51]. As opposed to the analytic
approach, these methods are fully algorithmic. Nonetheless multi-loop multi-scale integrals
generally present numerical instabilities that make their numerical integration challenging.
A different numerical approach has been used in [52-55], where the solution of differential
equations for Feynman integrals is obtained by using Runge-Kutta algorithms.

A third route of exploration has been methods based on series expansions. When it is
difficult to obtain a closed form solution for a given integral, it is usually possible to obtain
a (generalised) power series expansion of the solution. Series representations have a number
of useful features. It is usually possible to compute several orders of the expansion and
obtain an arbitrarily good approximation of the full solution. Moreover their numerical
evaluation is virtually instant, since each term of the expansion is an elementary or a
relatively simple function. All these features make series expansions a natural candidate
to solve large classes of complicated Feynman integrals. Series expansion methods have
been mostly applied to single scale problems in e.g. [41, 56-61]. On the other hand, for
integrals depending on several scales, series expansions have been performed with respect to
one variable, parametrising special kinematic configurations, while keeping the dependence
on the remaining variables exact (see e.g. [62-69]), or to transport analytic boundary
conditions in various regions [70]. Therefore, in the multivariate case, it is desirable to
study a systematic approach to obtain results in all points of the kinematic regions.

In this paper we reduce the computation of a set of multivariate Feynman integrals [28]
to a single scale problem, by defining differential equations along contours connecting two
generic points of the kinematic regions. We then find generalised power series solutions
by solving the (single-scale) differential equations with respect to the contour parameter
(while replacing all the other variables with numbers). In this way the solution can be
transported from a base point, where the integrals are assumed to be known, to a generic
target point. We show that this approach is efficient, and can be repeated to compute
the integrals in any point of the kinematic regions, with high numerical precision. More
specifically, we apply this method to a family of planar (elliptic) Feynman integrals relevant
for the two-loop QCD corrections to Higgs + jet production, below and above the heavy-
quark threshold. Previously [28] these integrals were computed in the Euclidean region
by using integral representations. Our results are new, and provide at the same time the
analytic continuation of these integrals to the physical region, and an efficient method
for their numerical evaluation. Further applications of these methods to the non-planar
integral topologies are presented in a companion paper [71].



The paper is organised as follows. In section 2 we review general properties of the
differential equations for dimensionally regulated scalar Feynman integrals, and their solu-
tion in terms of iterated integrals. In section 3 we describe the series expansion strategy
used in this paper. We show that after defining the (multi-scale) differential equations
along a (one-dimensional) contour, the series solution can be obtained by series expanding
the differential equations and iteratively integrating them up to the desired order of the
dimensional regulator. In section 4 we apply this strategy to a family of planar integrals
relevant for Higgs + jet production in the physical region. We show how, once a series
expansion is found, the analytic continuation is performed in a straightforward manner.
We finally show high precision numerical results and timings, with comparisons to sector
decomposition programs. In section 5 we draw our conclusions.

2 Differential equations for dimensionally regulated Feynman integrals

—

By using standard IBP reduction techniques, it is possible to identify a basis f(Z, €) for a set
of dimensionally regulated scalar Feynman integrals, where f(Z,€) = {f1(Z,¢€), ..., fa(Z,€)}
and & = {x1,...,x,,} is the set of kinematic invariants. Given a basis, one is also able to
define a system of first order linear differential equations satisfied by the basis, that in full

generality takes the form
0 = N
ax‘f(xae) = A$¢($76)f(x¢ 6)7 (21)

where A, is an n-by-n matrix that depends rationally on its variables. If the set of basis

integrals is minimal the differential equations satisfy the integrability condition,
8Az]’ aAu’Cz‘
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where the last term is a commutator. Nonetheless the applicability of our method does not

+ Ay, Ayl = 0, (2.2)

rely on this condition, and it can be applied also to an overcomplete set of integrals.

The basis f is not unique. In [13] it was conjectured that, with a basis change, it is
possible to cast differential equations for Feynman integrals in a canonical form, where the
dependence on the dimensional regulator is factorised. In differential form the canonical
equations have the following form

df(Z,€) = € dA(Z) f(Z, €). (2.3)

In dimensional regularisation we are interested in a solution around ¢ = 0. By series

expanding f (Z,¢),

o)

f(@e) =2 &fM@) (2.4)
k=0
the solution of eq. (2.3) can be written in terms of iterated integrals [72]:

~ . k 1 _ t1 ~
(@ 6) = f@o0 + 3¢y /0 7 (dA)(t) /0 7 (dA) (t2)

k>1 =1

: / 7 (dA)(t) FEI(F), (25)
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where v is a path with domain [0,1] in the space of external invariants and f(Zp,e€) is
a vector of boundary conditions. If f(i) (z) admits a representation in terms of multiple
polylogarithms [14],

S log(t)"
G(a27"‘7a’w7t)7 G(OUHt) = g( )

— a1 w!

t
G(a1, a1 ...ay,t) —/ dt , (2.6)
0
with G(,t) = 1, the transformation matrix to the canonical basis is algebraic, and the
matrix A(z) is a Q-linear combination of logarithms

de
A(Z) =) Cilog(a;()), (2.7)
=1

where d,, is the number of linearly independent logarithms, C; are constant rational ma-
trices, and «;(¥),7 € {1,...,d,} are called letters of the differential equations. The set
of letters is referred to as the alphabet. If the letters admit a representation in terms of
rational functions, then the iterated integrals of (2.5) can be directly expressed in terms
of multiple polylogarithms. On the other hand, if a rational representation is not found,
it is often possible to find a polylogarithmic representation by using the knowledge of the
symbol of iterated integrals [14, 73]. The symbol of the i-th basis element of (2.4) at order

€* is obtained by the following recursive formula,

s(H7@) =38 (17 @) & Ay(@), (28)
J

Once the symbol of the solution is known, it is possible to find a corresponding polylog-
arithmic expression by using an ansatz for the set of polylogarithmic functions, and by
imposing boundary conditions (see e.g, [28, 74]).

When considering integral sectors that do not admit a polylogarithmic representation,
the properties of the transformation matrix to the canonical form are not yet well un-
derstood (but see e.g. [75] for recent progress in this direction). For this reason, when
a canonical basis is not available, we will only assume that the differential equations are
non-singular in the e — 0 limit (note that it is always possible to find a basis of Feynman
integrals satisfying such differential equations, see e.g. [76]).

3 Series expansion along a contour

Given a base point where the integrals are known, we show how the integrals are computed
in a new point by series expanding the integrals along a contour connecting these points.
We first define the differential equations along the contour, and then we show how a series
expansion of the integrals is found by solving the differential equations around a set of points
of the contour. The procedure can be repeated to reach any point of the kinematic regions.
In this section we describe the general framework needed to perform series expansions along
contours. In appendix B we discuss in detail a simple one-loop example.



Provided that a set of differential equations with respect to a complete set of kinematic
invariants is available, we can define the differential equations along a contour ~y(¢) connect-
ing two fixed points @ = {a1,...,an}, b= {b1,...,bm}. This is achieved by parametrising
the contour with a parameter ¢:

—

v(@t) st {x(t), .. xm(t)}, Z(ty) = da, T(ty) =0, (3.1)
and by considering the differential equations with respect to ¢:
o - ,
af(t, €) = Ay(t,e) f(t,e), (3.2)

where the new differential equations matrix can be readily obtained by using the chain rule,

ZA% &C’ ). (3.3)

It is known that a set of master mtegrals, at a given order of the dimensional regulator,

admit a solution in the vicinity of a singular point 7 of the form (see e.g. [77])

smg Z Z Z 731,]2733) T)wj1+j2 log (t - T)jgv (3'4)

J1€8; j2=0 j3=0

where & (471:72:33) are vectors of dimension n (the number of master integrals), S; is a finite
set of integers, wy is a complex constant (typically a rational number that accounts for
the algebraic dependence of the matrix elements), and Nj; is the maximal power of the
logarithms at order ¢’. On the other hand, in the vicinity of a regular point 7, the integrals
admit a standard Taylor series representation

Ao Zc Wt — ) (3.5)

More simply, each Feynman integral, in the vicinity of a singular point 7, is expressed as
a finite combination of terms of the form

(t —7)"log(t — T)kp(t), weQ, keN, (3.6)

where p(t) is a Taylor series. On the other hand, in the vicinity of a regular point, Feynman
integrals admit a Taylor series representation.

In the remainder of this section we show how the series solutions (3.4) and (3.5) can be
found by series expanding the differential equations matrices, and by iteratively integrating
them until the desired order of e.

We know that, for many phenomenologically relevant processes, most integrals admit
a polylogarithmic canonical basis. In the next subsection we discuss how we find a power
series solution of a canonical set of differential equations. This form of the equations is
usually much more compact then the differential equations for a generic basis of master
integrals, and working with simplified differential equations renders their series expansion
more efficient (for a discussion about timings see section 4.4). In section 3.2 we discuss
how we obtain series solutions for coupled sectors. We remark that the applicability of our
method does not rely on (when it exists) a canonical basis of integrals, and a series solution
for an arbitrary basis of integrals can be found by using the methods of section 3.2.



3.1 Canonical differential equations

When dealing with single scale problems, generalised power series solutions are usually
obtained by defining generic power series, and by fixing the corresponding free coefficients
by solving recurrence relations [58, 59, 78]. Here we proceed in a more direct way, which
is particularly suited for differential equations in canonical form. Specifically, we consider
a canonical system of differential equations of the form

o - B
g (t,e) = €A (t) f(t,¢€), (3.7)

and we assume that the solution is known (analytically or numerically with very high
precision, e.g. from a previous expansion) for some ¢t = ty. From eq. (2.5) it is easy to see
that the solution is

0o k t
Flt,e) = flto,e) + ¢ dti Ay(t)

to

t1 tji—1

dtQAt(tg).../ dtj A4 (L) F5 9 (ko) .

to

(3.8)
Since we are interested in the solution in the vicinity of a point 7, we series expand the
differential equations matrix around 7,

At) =Y APt -1, wieqQ (3.9)
1=0

where Aii) are constant matrices.! For a canonical basis, w;,i € N is expected to be the
set of all half integer numbers with w; > —1. However the following discussion holds for
generic complex numbers w;. By plugging the previous expansion into (3.8), we get

00 k 0o ] N t
flt,e) = flto, )+ > S 3 AE’”...AS”/ dty (t — )"

k=1 j=11i1,..,i;=0 to

| ./-tjl dt (1 — 7)Y f_'(k*j)(to) . (3.10)
¢

0

At each order €*, we have to compute integrals of the form,
/(t —7)"log(t —7)*dt, weQ, kel (3.11)

These integrals can be computed analytically in terms of integer powers of log(¢ — 7) and
(rational) powers of (¢ — 7), by using recursively integration-by-parts identities.?
3.2 Coupled sectors

The problem of finding a canonical basis for integrals that do not admit a polylogarithmic
representation is still poorly studied in the literature. In practice, we often deal with

!The series expansion for the matrix Aﬁi) can be obtained for example by using the built-in Mathematica
function Series.
2In practice, these integrals can be computed by using the built-in Mathematica function Integrate.



differential equations where only a subset of the equations is in canonical form, while
the other sectors admit a generic rational dependence on the dimensional regulator and
an algebraic dependence on the kinematic invariants. In this case, by iteratively taking
derivatives 0/0; of equation (3.2), it is possible to obtain a k—th order differential equation
for a single integral, say sz' (t), of the form,

kg (t)

ak—lg(z’) (t)
otk

st ot = 80), (3.12)

+ a1 (t)
where, for ease of notation, we denoted the generic master integral at order e as gl =
f (@) (t). The inhomogeneous term 3 (t) is a linear combination of fgz) (t), and it is known

j
at every iteration ¢. The homogeneous equation associated to (3.12) is

k k—1
aaf;igt) * al(t)w +-+aph(t) =0, (3.13)

and it admits & linearly independent solutions that we denote as hi(t),. .., hi(t). We note
that the homogeneous equation does not depend on the order ¢ under consideration.
By defining the following fundamental matrix,

ha(t) - ha(t)
: () ()
H(t) = . . ' , (3.14)
Lohi(t) - Drhi(t)
the particular solution of (3.12) is
k ¢ -
@) = hi () + h; WilHE) g6 )5 ), 3.15
0 =32 (o + 10 [ SS90 (.19

where xgi), j € {l,...,k} is a set of boundary constants, the Wronskian is defined by
W (F(s)) = det(H(t)), while W;(F(s)) is the determinant obtained by replacing the j-th
column of H(t) by (0,...,0,1). It can be shown that, for functions admitting a series
solution of the form (3.4), the equation in the vicinity of a point 7 can be written as,

9*gW(t) | bi(t) 9" 'g(t) bi (%)

otk T A N T

g (t) = B9 (1), (3.16)

where the functions b;(t) are analytic in ¢ = 7. In this case a series solution in the vicinity
of t = 7 can be found by applying the Frobenius method, which is discussed in detail in
appendix A (see also e.g. [79]). More specifically, the Frobenius method allows to find a
complete set of £ homogeneous series solutions in the vicinity of 7. These solutions have
the form

ha(ty = ST ST eI (¢ )it nog (¢ — ), (3.17)

J1€S; j2=0j3=0



(jl 7j27j3)
7

{1,...,k} and A1,..., \x are the roots of the indicial equation, defined as

where ¢ are complex constants, K; is the maximal power of the logarithm, S; C

AA=1) A=k + D)+ b (DAA—=1) - (A—k+2) +bp(r) =0.  (3.18)

From the form of the homogeneous series solutions, it is clear that the full solution (3.2) will
require, at each order ¢, the computation of integrals of the form (3.10) which, as explained
in the previous section, can be done analytically in terms of integer powers of logarithms
and complex powers of . This shows that, also in the case of coupled differential equations,
we can explicitly find a series representation for Feynman integrals in the vicinity of regular
or singular points of the form of egs. (3.5) and (3.4) respectively.

The Frobenius method is rather standard, and we review its general formulation for
linear differential equations of generic order in appendix A. Here we briefly show its appli-
cation to second order equations, since this is the order encountered in this paper. Let us
consider the case k = 2 of (3.13) and, without loss of generality, let us assume that ¢t = 0
is a (regular) singular point,

O?h(t)
otk

b2y ke = 0. (3.19)

t2
ot

We have to distinguish two cases in order to proceed. Let us first assume that the two
roots of the indicial equation A1, Ao do not differ by an integer number, with Ay > Xo. In
this case two linearly independent solutions are

00 00
hl (t) = t>\1 Z Cly ti, hg(t) = LL)\2 Z C24 L‘i, (61’0, 20 = 1) (3.20)
=0 =0

and the coefficients are fixed by requiring that the differential equation is satisfied order-
by-order in ¢. If the two roots differ by an integer, the solution associated to A1 is obtained
by (3.20) while the second solution is obtained by

ho(#) = ha (8) / h;(t) exp (— / t blif') dt’)dt, (3.21)

which can be expressed as a series by expanding all the integrands around ¢t = 0 and

performing the integrations term-by-term.

3.3 Matching

Given a base point where the integrals are assumed to be known, we want to transport the
solution to a new point, by using series expansions along a contour connecting these points.

In the previous sections we have seen that, given a singular or regular point of the
differential equations, we can find a series solution valid in the vicinity of these points. By
construction, these solutions converge only in a region that does not contain any singularity
other then the expansion point. In the following we will consider truncated series that,
within a given accuracy, provide a good approximation of the full series. When considering
a generic contour 7(t) for a range of values of ¢, we are interested in finding series expansions



along the entire contour. The contour will in general contain multiple singular points of
the differential equations, and it is necessary to find multiple series expansions and match
them together in order to cover the entire contour. A good criterion for determining the
domain of definition of a truncated series is that the series will converge fast enough only
when considering it in a region such that the maximum distance from the expansion point
is half the distance from the nearest singularity.

Let us assume that we have defined a contour (), for ¢t € [0,1] and we want to find
truncated series expansions that approximate the full solution within a given accuracy. v(0)
is the known boundary point and (1) is the target point we want to compute. There might
be real and complex singularities. Let us denote the real singularities as R = {7;|i € N4}
and the complex singularities by C' = {\; = A\'®+i\™|i € N.} where N;, N. € N. Moreover
we define the following set of real regular points C,. = [JN°, {\7¢ — A7 \re \re 4 \im} We
now consider a set of points t; € R{JC, such that t_; < 0 <t} < -+ <tn, <1<
tn.+1 < tn,+2 with N € N. We then find truncated power series around ¢y = 0 and ¢; for
i€{l,...,Ne.+1}. We denote these series as f[:y] (t, €)[ti—ry ts,ti+r:]» Where t; is the expansion
point, and r; is the radius of the series defined as the distance between ¢; and the closest
point t;;. Moreover we define f[‘ﬂ (t, 6)[twri,ti,t¢+m] to be equal to the truncated series for
ti—r; <t <t;+r;, while it is zero otherwise. Since the ¢; are in general not equally spaced
it can happen that some segments of the contour are not cover by any series. In this case
we iteratively introduce new (regular) expansion points x;,i € N, and corresponding series
ﬁw] (t, €) (s —ps,wisri+pi]» SUch that x; is in the middle of an uncovered region and p; is the
distance between ; and the closest point among k;;,t;. The procedure is repeated until
the entire contour is covered.

There are two special cases that need some care. If there are no points t;, we just
expand around ty = 0 and the entire contour will be covered. If there are no points
tN.+1,tN,+2 we iteratively add new (regular) expansion points such that 0 < k; < ty,. At
the end of this procedure it can happen that the point ¢ = 1 in not covered. We then set
tn.+1 = 1 and we add new (regular) expansion points as described above until the entire
contour is covered.

We finally define the solution along the entire contour to be,

f[’y] (t7 6) = Z f['y] <t7 6)[ti—7’i,ti,ti+’r’£] + Z f[’y] (t7 6)[Hi—pi,/€i,l‘ci+pg]7 (322)

i€Se i€Sy
ri < ri, p, < p; are such that there are no overlapping series, and S, C {1,..., N}, S, C
{1,...,N;} (N, is the total number of regular expansion points) are such that no series

outside the unit interval ¢ € [0, 1] is considered in the sum.

In sections 3.1 and 3.2 we have seen that the series solutions depend on a set of integra-
tion constants that have to be fixed by imposing boundary conditions. When considering
a set of series along a contour, the integration constants of one series are fixed by knowing
the boundary conditions at a given point (e.g. when the boundary conditions are known
analytically by other means, or they are known because the contour under consideration
intersects another contour along which the series expansion is already known), while the
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Figure 1. The four planar integral families contributing to two-loop H+j-production in QCD.

other series are fixed by imposing that two consecutive series have the same value in the
contact point, i.e. the point where they are both defined.

4 A planar elliptic family for Higgs+jet production

The planar two-loop QCD corrections to Higgs+jet productions are mediated by the four
integral families depicted in figure 1. These integrals were computed in [28] in the non-
physical region, where all the Mandelstam invariants are negative reals. For the polyloga-
rithmic sectors, the solution was expressed in terms of logarithms and dilogarithms up to
weight two, while the weight-three and four solutions were expressed in terms of one-fold
integrals over the lower weight solutions. Family A contains two elliptic sectors. The first
elliptic sector is I1 10.1,1.1.1,0,0; the homogeneous solutions are elliptic integrals, and the so-
lution in dimensional regularisation requires iterated integrations over elliptic kernels. The
second elliptic sector is [ f}l,l,l,l,l,l,0,0’ and it admits a canonical form for the homogeneous
differential equations, but it is coupled to the first elliptic sector via inhomogeneous terms.
In [28] the solution for the elliptic sectors was expressed in terms of iterated integrals over
elliptic kernels.

In this section we obtain generalised power series expansions for family A in the py <>
ps channel, which exhibits the most complicated (spurious, see section 4.3) singularity
structure of the channels needed for the scattering amplitude. All the other families are
simpler, as they do not involve elliptic structures and can be solved with the same methods.

The family under consideration is defined by the following set of integrals

d d —ag j—ag
Av2ons d*k1d%ko dg™® d (4.1)
a1,02,03,04,05,06,07 ,08 ,0 .
1A283,A4,05,86,47,88,49 (imd/2)2 d{*dy?dsPdytds® dgtdyT

with

dy =m? — k3, dy=m?— (ky+p1+p3)® dr=m®— (ks —p2)°,

dy =m® — (ki +p1+ps)®  ds=m"— (ki +p1)? ds = — (k2 +p1) 2,

ds =m?* — k3, de = — (k1 — k2) 2, dy=— (k1 —p2)%  (4.2)
d1—d7 are propagators while dg and dg are numerators, therefore aq, ..., ay are non-negative

integers while ag, ag are non-positive integers. The kinematics is such that p% = p% = p% =
0 with

s12 = (p1+p2)?, s13 = (p1+p3)%
523 = (p2+p3)2> 10421 = (p1+p2+p3)2 = S12 + S13 + S23, (4.3)

~10 -



where pi is the squared Higgs-mass, p?l = m%{, and m? is the squared mass of the propa-
gators. The relevant physical region is defined by

s19>0 & s13<0 & 812> —s813 +pi. (4.4)
We solve the kinematic constraints for sis,s13,p3 and we define the following scaleless
variables 5
512 Py 513
T =—%, To="—, IT3=—5. 4.5
L= 2 27 2 37 2 (4.5)

The family contains 73 master integrals, and our choice for the integral basis is provided
in the ancillary files of the arXiv submission. The first 65 master integrals satisfy a set of
differential equations in canonical form,

o Fies(d,€) = A ()i (7). (4.6)
The alphabet of the differential equations consists of 42 letters, depending on the following
set of 6 square 1r00ts,3

[21 (21 — 4)]% o [mws (dag — 4oz + 2y (23 — 4))]% ;
(22 (22 — 4)]% : (@1 (43 (22 — x3) + 21 (—a3) 2)]% , (4.7)
[z3 (z3 — 4)]% , [(mg — 1) 2 = 2m23 (—20 + 21 + 23) + w%xg]% )

We remark that our approach does not rely on the rational parametrisation of the set of
square roots, and it works for general algebraic dependence of the differential equations.
Integrals 66-73 are elliptic and satisfy coupled differential equations of the form

9 z - i) P - . -
8x‘f66—73($7 €)=Y IBY(E) fos—73(Z, €) + Jos—73(F, €), (4.8)
7 jzo

where the vector Gge—73(Z, €) depends on the polylogarithmic integrals fi_es (Z,€). Order-
by-order in e the polylogarithmic integrals ﬁ,65(f, €) satisfy completely decoupled dif-
ferential equations. On the other hand, the elliptic sectors are coupled and, in general,
one needs to solve higher order differential equations for single integrals. Specifically, the

homogeneous matrix B§2) has the following schematic form

0«0 %[0 0 0O

0«0 %[0 0 0O

0O %[0 0 0O
BO _ 00 =0 0 0O (4.9)
i 000 0[O0 0 O0 O]

0«0 %[0 0 0O

000 O[O0 O OO

0«0 %[0 0 0O

3For ease of notation we joined products of square roots into one square root. However, as discussed
in section 4.2, in order to perform the analytic continuation, it is convenient to split them in square-root
factors. The actual factorisation of the square roots used in this paper is the one of the integral basis
provided in the ancillary files of the arXiv submission. We also note that, since the square roots appear as
factors in the basis choice, one has the freedom to choose their factorisation provided that, once one choice
is made, all the subsequent operations are carried out consistently with this choice.
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where the lines separate sector If}l,O,l,l,l,l,O,O (first four rows) from sector If1,1,1,1,1,1,0,0
(last four rows). We see that integrals 67 and 69 are coupled. For each of these integrals
we can define a second order differential equation. Once integral 67 or 69 is known, all the
other integrals are decoupled and can be solved by considering first order equations only.

4.1 Series solution of the differential equations
In order to solve the differential equations we need a set of boundary conditions. We use

the point z; = x93 = 23 = 0, and the boundary conditions are [28]

2 4
= 1+£62—§63+7i64+0(65) if i =1,
£i(0,¢) = 6 3 360 (4.10)

0 otherwise.

We are interested in a solution in the relevant physical region (4.4). Therefore we transport

the boundary condition to the point {2, %, —1} by series expanding the integrals along
the contour,?
13
Yo(t) = {z1(t), z2(t), z3(t)} = < 2t, 2—515, —te, telo0,1]. (4.11)
Here we discuss in detail how we expand along the contour v, (¢) defined as
13
Yene(t) = {z1(t), 22(t), z3(t)} = < 2 + 4t, 55 -1, te][0,1]. (4.12)

This contour is interesting because it allows to analytically continue the integrals above the

physical threshold x1 = 4. In order to achieve the decomposition of the contour described

in section 3.3, we need to know where the singularities lie. When considering differential

equations with algebraic dependence (square roots in the present case), the singularities

are all the non-analytic points of the differential equations, i.e. points where the differential

equations diverge but also the zeros of the square roots (branching points). Once the path

is fixed, the problem is one dimensional and we can find the position of the singularities

by solving for the zeros of the denominators of the differential equations and for the zeros

of the square roots (see section 4.2 for a detailed discussion about the different classes of
singular points of the differential equations).

For the path ~y,(¢), the relevant singularities are

1 3

=3, =—— (4.13)

where 7 is the physical threshold and 73 is a spurious singularity outside the [0, 1] interval.

We now partition the contour as described in section 3.3. Specifically, we add the regular

“In this paper we assume p; = 13/25 ~ (125/172)%, which is a good approximation of the Higgs-boson
mass, when normalised to the top mass. However, the applicability of the method does not rely on the
choice of this numerical value. For example, we could equally well consider values of the dimensionless
ratios related to the bottom mass. More generally, we could apply the expansion method by considering
the Higgs mass as an additional variable.
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expansion points k1 =0, ko =1 kg = % which results in the following partitioning of the
contour,

f[”th] <t’ 6) = fT["Ythr] <t’ 6)[07 0, 0'06} + ']E[:Ythr] (t’ 6)[[)'067 0.125, 0'19]

+ Frvon] (6 €)[0.19, 05, 0.81] + Sy (6 ©0.81, 1, 1) (4.14)

where we replaced rational numbers with (exact) real numbers. All the boundary constants
are fixed by imposing the following chain of boundary conditions,

1 (0:€)10, 0, 0.06) = Sr1(Ls€)
J‘T%hr] (0.06, €)0.06, 0.125, 0.19] = ﬁ%hr] (0.06, €)[0, 0, 0.06]
fmhr] (0.19,€)(0.19, 0.5, 0.81] = f?[%hr] (0.19, €)(0.06, 0.125, 0.19)

T (081, €081, 1, 1] = Firne] (0-81, €)j0.19, 0.5, 0.81)- (4.15)

4.2 Analytic continuation

In the previous sections we showed that in order to obtain converging power series expan-
sions along a contour it is necessary to expand around the singular points of the differential
equations (and regular points in order to ensure fast converging series, as described in sec-
tion 3.3). As already mentioned, by singular point we mean any non-analytic point of
the differential equations and of the solution, i.e. power and logarithmic divergences, or
branching points of the square roots. The singularities of the solution are a subset of the
singularities of the differential equations. In this section we discuss the different classes
of singularities encountered in the (series) solution of the differential equations and how
to perform the analytic continuation across them. Moreover, for the sake of the follow-
ing discussion, we remark that we solve the differential equations along contours entirely
contained in the physical sheet.

The first class of singularities are the so-called physical singularities, which correspond
to the singularities predicted by unitarity cuts. In correspondence of physical singularities
the solution develops branch cuts, and in order to analytically continue the solution across
them we use Feynman prescription, i.e. we assign a small imaginary part to the contour
parameter in such a way that the invariant crossing the singularity acquires a small positive
imaginary part. In order to show this, let us write down explicitly the first few terms of
the expansion around the heavy-quark threshold ¢ = %, discussed in the previous section,
for, e.g., the (elliptic) integral 68 at order ¢* which reads,’

fég)m] (t)10.19, 0.5, 0.81]

=10.4832111029292333 — 2.941324925794234 <; — t)

5In what follows we show truncated numerical coefficients, while the full coefficients are computed with
hundreds of digits. Keeping the coefficients numeric allows to drastically speed up the series expansion,
especially at high truncation order.
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1 2 1 3
— 6.056389570960138 (2 - t> — 9.562648662124036 (2 - t)

(NI

1 1
+ [1.698166315737334 — 2.075302321039630 log (2 — t)] (2 — t)

N

1 1
+ [3.363752386195187 — 5.622399506540701 log <2 — t)] <2 — t)

ol (1))

When expanding along a path crossing a physical singularity, in this case x1 = 4, the

N~

branch cuts are expressed by rational powers of the expansion parameter and logarithms.
The analytic continuation is then performed by assigning a small imaginary part to the
parameter ¢, consistently with Feynman prescription. In this case, since x1(t) = 2 + 4t, we
have t — t + id, and,

1 1
1 1 . 1 2 . 1):2 1

—

On the other hand, the expansion f[,, | (t, e)[0.817 1,1] is a regular power series, as t = 1 is
a regular point, and the branch cut ambiguities of the solution in this region are fixed by
imposing the boundary conditions from the analytically coiltinued ﬁ%hr] (t)[0.19, 0.5, 0.81], a8
in eq. (4.15). In figure 2 we present the plots of integrals fgs_73 along the contour 7y,
The second class of singularities are the so-called non-physical singularities, which are
not physical (they are not predicted by unitarity) but they appear in the solution of a given
integral basis. In order to explain the origin of these singularities let us consider a generic

basis element of the integral basis,’

B;(7) = Zcij(f)Ialij7-~~7anij’ (4.18)
J

where I,

a1ij,..ani; 18 @ scalar Feynman integral of the form,

Ak 1
Ial,,..,an = /H (iﬂ'd/Q)l H ﬁ, (4.19)

If one of the coefficients of eq. (4.18), say c;(Z), is singular for # = &5, where Z, is not

a physical singularity and I, is non-zero in s, B (%) is singular for & = &5. This

liky-qnik
is what we call a non-physical singularity, since it originates only from the prefactors of
the integral basis.” For integral bases with algebraic coefficients (as the ones considered in
this paper) there are two kind of non-physical singularities: poles and branching points of

In this work we consider only integral basis with algebraic coefficients.

In general, multiple coefficients ¢;;(Z) might be singular in Zs, or the corresponding Iauj,m,am]' might
vanish in the same point. In this case it is not obvious whether or not Z, is a singular point for B(Z), since
the different singular terms might cancel out, and only after the series solution is obtained one can verify

whether or not Z is a singular point for B(Z).
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Figure 2. Plots of the elliptic integral sectors, for si3 = —1, p? = 32, m? =1 as a function of sy2,

at order €*, obtained by series expanding along the contour 7;y,,. The solid points represent values
computed numerically with the software FIESTA [51].

square roots. Poles do not give rise to cuts, and no analytic continuation is needed across
them. On the other hand, for square roots giving rise to non-physical branch cuts, we can
choose an arbitrary analytic continuation across their branching points, since these cuts

cancel at the level of the integrals I, and at the level of the scattering amplitude.

1ij1eees0nij
More specifically, for the integrals of faimily JA the only physical singularities are for z; =4
and 79 = 4. According to Feynman prescription we define /4 —z1 = —iy/r; — 4 and
V4 — 19 = —iy/7o — 4 when 21,29 > 4. On the other hand, all the other square roots have
no x1 — 4, xs — 4 factors and we choose, for simplicity, to define them as \/a = iv/—a when
a < 0, for any a and in any region. In appendix B we discuss a simple one-loop example
and we show how non-physical singularities appear in the series solution.

Finally we have the so-called spurious singularities. These are singularities of the differ-
ential equations that do not correspond to singularities of the solution. These singularities
are not physical and the coefficients of the integral basis are regular in these points. There-
fore, since we consider contours entirely contained in the physical sheet, the solution is reg-
ular in these points, and the singular terms of the series solution corresponding to spurious
singularities cancel within the truncation error, and no analytic continuation is needed.
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Figure 3. The physical region in the [, z variables for fixed Higgs mass (zo = 13/25) and unit
propagators mass (see text). The lines represent the singular points of the differential equations.
The orange line corresponds to the physical threshold z; = 4.
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Figure 4. Plots along the contour 7., for values of the contour parameter ¢ € [0,1]. The solid
points represent values computed numerically with the software FIESTA [51].
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4.3 Mapping the physical region to a finite region

In physical applications it is often necessary to consider integrals for very large or small
values of the external invariants. When working with series expansions it is then convenient
to map the relevant physical region to a finite region, so that it is possible to expand around
limiting points in a straightforward manner. For two-to-two processes a convenient set of
variables is the following,

xl(l7z):%, ﬂsg(l,z):le(z_l), 0<1<1,0<2<1, (4.20)
which, by keeping the Higgs mass fixed, maps the physical region (4.4) to the unit square
in the [,z space. The [,z variables are also convenient when studying the singularities
of the differential equations. The singularities are the zeros of the denominators of the
differential equations and the zeros of the square roots. For our differential equations, the
singular points are for [ = 0, | = 1, 2 = 0, z = 1 and along the orbits defined by the

following equations,®

13 121 —50 + 371 4+ 10v/25 — 371 + 2512
_— = — z = .
100’ 13+ 120 871

The orbit z = 0 corresponds to points where x1,z3 are infinity and these are singular

(4.21)

points for our integral basis (see below). [ = 0 and z = 1 correspond to z3 = 0 and are not
physical singularities but the series expansions are not analytic there because some of the
square roots vanish. | = 1 is a spurious singularity. The first singularity of eq. (4.21) is the
physical threshold. The second and last singular orbits of eq. (4.21) are spurious. Indeed,
the singular orbits do not correspond to physical singularities, and none of the square roots
or the rational prefactors of the integral basis are singular along these orbits. The physical
region, including the singular orbits, is represented in figure 3.

The [,z variables are also the natural variables to perform expansions along con-
tours reaching very large or small values of the invariants. Let us consider for example
the contour,

845(1 —¢) 13(1 —¢)
t) = {l(t t)} = tel0,1 4.22
() = (10, 0y = {20 BOZOY - hepy, )
which corresponds to a contour from {z; = %, To = %, T3 = —%} to {z1 = 00, x9 =
%, T3 = —é%}. In this case the only singular point is for ¢t = 1, and it is sufficient to

perform only one expansion around it to cover the full contour. ¢ = 1 corresponds to a
(singular) point at infinity. Nonetheless, we never cross the points at infinity and possible
branch cut ambiguities are fixed imposing boundary conditions at a finite point and by
treating the square roots as explained in section 4.2. The plots of the elliptic integral
sectors along 7., are presented in figure 4.

4.4 Numerical results and timings

In this section we provide numerical results with accuracy and timings for the elliptic
integrals fgg_73, which are the most complicated ones. We tested different ways to estimate

8The singular orbits can be found, e.g., by using the built-in Mathematica function Solve.
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Time

Truncation Relative error  Time (73 MIs) Ttogral
Expansion (Y¢hr) O(t%%) <107 79 sec 1.11 sec
Expansion (Veny) O(t1%) <1073 162 sec 2.21 sec
Expansion (Yny, 1 segment) O(t%) <10~ 20 sec 0.27 sec
Expansion (Ytny, 1 segment) O(t12%) <1073 40 sec 0.55 sec
FIESTA 4.1 (Vegas) <1072 60000 sec 821 sec
pySecDec 1.4.3 (QMC) <1072 25000 sec 342 sec

Table 1. Timings for the computation of all the 73 master integrals in the point above threshold
s12 = 5,813 = —1,p3 = }—g,m2 = 1 up to and including order €*, on 1 CPU core. The point is
reached by expanding along the contour 7y, defined in section 4.1. We use FIESTA 4.1 with the
Vegas [80] integrator while pySecDec 1.4.3 with the quasi-Monte Carlo integrator. The '1 segment’
lines correspond to the average time needed to perform the expansion along one of the four line
segments of the contour 7y,,. This timing is more representative of the typical time needed to
reach a given point when several points have been already computed. Indeed, once several points
have been computed (for example when performing a phase space integration) one can use as a
boundary point the closest point to the next target point, which will likely be ‘close’ to an already
computed point.

#  Real part Imaginary part Rel. err.
66 —0.3229462567669706555224248824  +0.0117911783550457146213317093 = 10732
67 —0.3039273344500928782645744918  —0.0091549103610263866197445332 = 10732
68  +0.4989288717476986372753776549  +0.3357385827462031355699714492 = 1032
69 —0.1216791054426520965987437711  —0.0043091895703585235915244984 = 1032
70 +2.0936824603121477765883288075  +0.0934305088779206383805166362 = 10732
71 +0.4453410820313442706096983608 —0.0041620964011457311182442998 = 1032
72 —0.2737950895536402954579381308  +0.0027361587278654015689589630 = 10732
73 —0.6420218523272138407244813424  +0.0011438044096963059034512574 = 10732
Table 2. Numerical results for the elliptic sectors in the point s1o = 5,513 = —1,p3 = %,mz =1
at order €*.

One
estimate of the error is obtained by expanding along two different paths reaching the same

the accuracy of the numerical results obtained by truncating the relevant series.

end point, and then taking the difference of the results. Another way is to keep the path
fixed but truncating the series at different orders. In all the cases we analysed these
methods give the same estimate of the error. In table 1 we provide a comparison of our
expansion method against the c++ version of FIESTA 4.1 [51] and pySecDec 1.4.3 [81, 82].
We remark that the timings include the time needed, starting from the set of differential
equations (4.6) and (4.8), to define the differential equations along the contour, series
expand the matrix elements and recursively integrate them up to the desired e order, for
all the expansion points along the contour. This is an accurate estimate of the timings for
physical applications where, in principle, one has to repeat the procedure for each target

point of interest. In figure 5 we report the time required to compute all the integrals up
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Figure 5. Timings for the computation of the integrals up to and including a given sector at the

point sj2 = 5,813 = —1,p% = i—g,mz =1 up to and including order €*, on 1 CPU core. The point

is reached by expanding along the contour ¢y, defined in section 4.1. The last two values on the
right of the plot correspond to the elliptic sectors.

to and including the sectors defined in eq. (4.23). The sectors are ordered according to
their position in the integral basis under consideration and, at the level of the differential
equations, they are coupled to one or more sectors with lower indices, and none of the
sectors with higher indices. We note that most of the time is spent expanding the elliptic
sectors, due to the lack of a canonical (hence simpler) basis for those integrals. In table 2
we provide high-precision numerical results for integrals ]%6,73 at order €.

Finally, we remark that our method is easily parallelizable since, given one or more
boundary points, the series expansion along different contours are completely independent

operations.
1 :50,0001,01,005 2 :501,0001100 3 :5011001000 4 :500,1,1,1,00,0,0
:50,0,0,1,1,0,1,00, 6 511,000,100, 7 :50000,1,1,1,00, 8 :51,00,1,0,1,1,0,05

9 :51,000,1,1,1,00, 10 1580110011005 11 :5017101,1,0005 12 :S501,00,1,1,1,00
13 :850,0,1,1,1,1,000, 14 :85000,1,1,1,1,00, 15 :850,0,1,1,1,0,1,0,0, 16 :.511,1,1,0,0,0,0,05
17 :511,01,001,00 18 15111110000, 19 :51,1,00,1,01,005 20 :511711,00,1,00
21 :511,1,0,0,1,1,00. 22 :51,1,0,1,1,0,1,00, 23 :51,0,1,0,1,1,1,00, 24 :51,0,1,1,1,1,0,0,0,
25 :51,1,0,1,0,1,1,00, 26 :50,1,0,1,1,1,1,00, 27 :51,1,1,1,1,01,00, 28 :50,0,1,1,1,1,1,0,0,
29 :850,1,1,0,1,1,1,0,0, 30 :51,100,1,1,1,00, 31 :50,1,1,1,1,1,1,00, 32 :51,00,1,1,1,1,0,0,

33 :5101,1,1,1,1,0,0, 34 :511,1,01,1,1,00, 39 :51,1,01,1,1,1,00, 36 :51,1,1,1,1,1,1,0,0-
(4.23)

5 Conclusion

We showed that by defining the differential equations for a set of multi-scale Feynman
integrals along contours connecting two generic points of the kinematic regions, it is pos-
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sible to systematically obtain one-dimensional series expansions for the integrals along the
contours. Specifically, we applied this method to obtain new results for a planar family
of integrals relevant for the two-loop QCD corrections to Higgs + jet production. When
the expansion is performed along a contour such that only one invariant changes along
it, the analytic continuation above the physical thresholds becomes straightforward. We
demonstrated that performing an expansion along a contour is fast, and makes it possi-
ble to repeat the procedure to compute the integrals over the entire kinematic regions,
with arbitrary numerical precision. Our approach is algorithmic, and it seems plausible
to implement it in a computer code that can be applied to solve complicated integrals of
phenomenological integrals.
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A  General formulation of the Frobenius method

The Frobenius method has general validity, and in this appendix we consider a generic
order-k linear differential equation for an unknown function f(¢) (the discussion closely
follows [79]). The Frobenius method can be used to find a complete set of homogeneous
series solutions to the equation in the vicinity of a singular (or regular) point that we
assume being located at t = 0. The homogeneous equation can be written in general as:

O*f (1) o f(t)

LIf(t)] = t* e +tk_1b1(t)W+---+bk(t)f(t):0. (A.1)

Since the b;(t) are analytic in ¢t = 0 they admit a Taylor series representation of the form,

o0

bi(t) =Y b, (j=1...k} (A.2)
j=0
We look for a solution of the form,
F&)y =t it (A.3)
i=0

where lambda is a (complex in general) parameter to be fixed. By substituting the formal
series solution into the equation we obtain,

LIf®)] = o) + oA+ 1)V — gMiM T oop [o(A+5)e) — gW M .. (A4)
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Where the g(j) are linear in the W @ ... U1 with polynomial coefficients in A, while
the polynomial f()) is called the indicial polynomial and it reads,

dN)=AA =1 A—k+ 1)+ AN =1) - A=k +2) + b (A.5)

In order for f(t) to be a solution, the coefficients of the right-hand side of (A.4) need to
satisfy
@)
G- _97 A6
¢ o(A+7)’ (4.6)
which is a recursion relation that can be solved for ¢ with j > 1 if o(\ + j) # 0 for any

j>1. The ¢, j > 1 are then uniquely determined functions of ¢(9). In this case we get
LIf )] = Qa(M)t . (A7)

It is convenient to fix the value of ¢(®), and we conventionally choose ¢® = 1. If A = \;
where \; is a root of the indicial polynomial, o(A;) = 0, and (A + j) # 0 for any j > 1
then, fx, 1(t) = f(t)|x=n,, is a solution of the equation L[f(¢)] = 0. If A; has multiplicity 2,
we need to find a second solution associated to it. If we differentiate eq. (A.7) with respect

({Mg;(t)] =1 [a(];g\t)] _ (82&/\) +10g(t)a()\)) tA. (AS)

to A we get,

If A is a root of multiplicity 2 then o(\) = 83@ ‘A N 0, and % is also a solution of
=A1

eq. (A.1). We have then that the second solution associated to the root A; is

(A.9)

Frvat) = log() 1)) + > o

If A1 has multiplicity mq, all the my solutions associated to A1 are obtained by taking
m1 — 1 derivatives.

Let us now suppose that A\; + ko = Ao, for a positive integer ko, i.e. the root Ay differs
by an integer ko from another root Ao. Moreover we assume that Ay is the only root
that differs from A; by an integer. In this case the solution associated to A; cannot be
determined as explained above, since the recursion (A.6) becomes ill defined when j = ks.
In order to find a solution we set ¢(®) = (A — A\{)™2, where my is the multiplicity of the
root Ao,

oo
fO) = =x)™t +2) U, (A.10)
j=1

An explicit computation shows that eq. (A.7) becomes
LIf()] = (A= A) ™o (M, (A.11)
and the recursion (A.6) can be written as,

D =A=A)™GY,  1<i<ky—1, (A12)
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while

(k) — A= A)™ ) A3
and
D =GO > ke, (A.14)

where the functions G() are non-zero for A = \;. We note that the right hand side of (A.13)
is now well defined when A approaches A; since o(A1+k2) = o(A2) = 0 and the denominator
has a factor (A — A1)™? that cancels against the numerator. This shows that f(¢)|ax=x, with
f(t) defined in eq. (A.10) is a solution of eq. (A.1). However we notice that ¢(Y) = 0 for all
i€ {l,..., ko — 1} so that the solution has the form

f(t) = A1tk Z Atk — Ao Z cUtk2)yi (A.15)
j=0 Jj=0

The leading term of the series is t*2, therefore this solution is linearly dependent from the
solution one would obtain by considering the root Ay. In order to find a solution truly
associated to A\; we take the mo-th derivative of f(¢), which satisfies
oM f(t
L[

W] =malo(W)t* + (A — A1), (A.16)

and 8;/\2,];?) |x=), is indeed a solution. Moreover its leading term is m!t so that agjn{gt) Ia=x,

is a genuine solution associated to A;. If A; has multiplicity m; > 1 the other solutions are
obtained by taking m; — 1 derivatives of 8;;7,{?) with respect to A evaluated at Aj.

The last case we need to consider is when there are more than one root differing from A\;
by an integer. More precisely, we consider r—1 roots Ag, ..., A, with Re(A\) < -+ < Re(Ay)
such that A\ + k; = \; with k; a positive integer. Each root has multiplicity m; and we

define M = S"7_, m;. We set ¢(® = (A — A\)M, so that
F&) =A=2)Mr 4+ Wy, (A.17)
j=1

By proceeding as in the case of only two roots differing by an integer, one obtains that a
solution associated to A is given by

oM f(t)
8)\M )\:)\1 ’

(A.18)

while if m; > 1 the other solutions are obtained by taking m; — 1 derivatives.

B One-loop example

In this appendix we apply the methods of section 3 to a one-loop integral family, and we
discuss in detail the derivation of the series expansion along a given contour. Specifically,
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Figure 6. The integral family contributing to the one-loop H+j-production in QCD.

we consider the integral family relevant for the leading order corrections to Higgs + one
jet production in QCD depicted in figure 6,

d%h, 1
I = B.1
ai,a2,a3,a4 /de/Q d?ldedgstAl? ( )
with
dy =m? =k, dy =m?— (k1 —p1)?, ds = m? — (k1 +p2)?, dy = m* — (k1 —p1 —p3), (B.2)
while the kinematics is p? = p3 = p3 = 0 with,

s12 = (p1+p2)?, s13 = (p1+p3)%,
s23 = (p2+p3)?, pi = (P1+p2+p3)® = s12 + s13 + S23, (B.3)

where p? is the squared Higgs-mass, and m? is the squared mass of the propagators. We
solve the kinematic constraints for sio, s13,p3. A canonical basis for the integral family is

given by,
By = +e 20,00,
By = —erire Ip2,1,0,
B3 = —ersre 12,001,
By = —ergry Ipo2,

Bs = +e®s13 1101,
Bs = +¢%s12 I1.1.1.0,
By = +e2(pt — s13) 11011,
Bs = +e2(p3 — s12) To1.1.1,

Bg = *62 rirsry Il 1.1.1, (B4)

byt

where we have used the following definitions for the square roots,

_ _ ./ _ /.2 _ ] 2
=V —S12, ro = 4m2—312, 3 = \/ —Dy, T4 = 4m2—]34,

rs=+/—513, 16 =\4m? —s13, 7= \/512813 —4m? (—p + s12 + s13).  (B.5)

The corresponding differential equations are,

dB = edAB, (B.6)
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where the matrix A is,

aig; 0 0 O O O O 0 O
az1azz 0 0 0 0 0 0 O
as1 0 az3 0 0 0 0 0 O
~|aws 0 0 s 0 0 0 0 0
A=| 0 0 as3 0 as5 0 0 0 0 (B.7)
0 ag2 0 0 0 agg 0 0 0
0 0 arzara O 0 ar7 O O
0 agp 0 ag4 0 0 0 agg O
0 ag2 ag3 aga ags age agy ags ag9
and its matrix elements,
ain = —lg,
ag =l + 1y — 2114, ago = —ls,
as1 =la + 14 — 23, azs = —ls,
as1 =g + 1y — 2012, agy = —l7,
as3 = —l2 — Iy + 23, ass = — lu,
ag2 = — 1 — lg + 2114, age = — lg,
arz = la + 14 — 2l3, aza = —l3—la+ 2lo, ar7 = — la,
ag = Iy + 14 — 2114, ags = — I3 — g + 2112, agg = — lg,
ag 2 = 21y + 2lg — 2147, ag 3 = 2ly + 2lg — 216,
agq = — 2ly — 2lg — 2lg + 2l13, ags = — Iy — I — Iy — lio + 2l5,
age = —l1 —lo —ly —liop+2l15, agy =11 +la+ 14+ lio — 2l15,
agg =li + lo + g + l1o — 235, ag9 = lio — li1. (B.8)

The letters are defined as

l1 = log (812) s
ly =log m2) ,
I7 = log (4m® — pj) ,

(
(
lio = log (—
(

pi+ s12 + s13)

lo =log (s13),
l5 = log (4m2 — 812) s

Is = log (s13 — pj) ,

11 = log (512513 — 4m? ( p4 + s12 + 513)) )

l12 = log (7“37“4 )
(

log rrsry + 812813)

= log (
= log (2
(-

llg = log

l13 = log (7"57‘6 — 813) s

— 24 —

( —p3 + 2512 + 813) +Trirer7 — 812513) )
( —p3 + 512 + 2813) + rarsTT — 812813) )

2m? (p3 (s13 — p3) + s12 (p3 + s13)) + pIs1213 + rirsrarsry) .

I3 = log (p) ,
l@ = log (4m2 — 813) y

ly = log (s12 — pj) ,

l14 = IOg (T1T2 — 812) ,

(B.9)



In order to discuss the solution we define, as in the main text, the following scaleless
variables,

r1 = —5 Xro = —5 r3 = —& (B.l())
and we set m? = 1. A convenient boundary point is & = 6, where we have

2.2 3 3 4.4
. 1+7r€—<()6 + I L o) ifi=1,
B;i(0,¢) = 12 3 160 (B.11)

0 otherwise.

We consider the contour,

13
y(t) = {z1(t), z2(t), x3(t) } = {Gt, —t, 25t} , teo,1]. (B.12)
The differential equations along the contour are,
OBy, (t, A(Z() =
] () = eaA(x(t))Bm](t, €). (B.13)

ot ot

It is easy to see that the differential equations along the contour are singular for ¢ = 0 and
t = 2/3, the latter being the physical threshold s;2 = 4 while the former is a non-physical
singularity (see discussion below). Following the prescription of section 3.3 we have ,

é[»yﬂ(ﬂ €) = gm](tv €)0,0,1/3 + g[71](t7 €)[1/3,2/3,1]- (B.14)

% around ¢ = 0.

We start with the computation of é[wl](t, €)[0,0,1/3)- We series expand
By using the shorthand a; ; = agzj we have,’

ab, = —1.22474487139158i t~'/% — 0.918558653543691i '/ + O(¢*/?),
ah 5 = +1.500000000000000 + 2.25000000000000 ¢ + O(t*),

ab, = —0.500000000000000 t~*/% + 0.0625000000000000 t'/* + O(t3/2),
af 5 = —0.250000000000000 + 0.0625000000000000 ¢ + O(t?),

a}; = —0.36055512754639i t~'/% — 0.0234360832905159i ¢/% + O(t*/?),
aj 4 = +0.130000000000000 + 0.0169000000000000 ¢ + O(t*),

af 3 = +0.500000000000000 ¢~/ — 0.0625000000000000 ¢'/% + O(t*/%),
afo = +1.22474487139158: ¢ /2 + 0.918558653543691i tV/2 + O(t3/2),
a} 5 = —0.500000000000000 t~*/2 + 0.0625000000000000 ¢'/% + O(t3/2),
a} 4 = +0.36055512754639i ¢t ~'/% 4 0.0234360832905159i ¢/% + O(t*/?),
af o = —1.22474487139158i t~1/% — 0.918558653543691i /2 + O(¢*/?),
af 4 = +0.36055512754639i ¢t /% + 0.0234360832905159i ¢/% + O(£*/?),

9As in the main text, we show truncated numerical coefficients, while the full coefficients are computed
with hundreds of digits.
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ahy = +1.41736677378460i + 0.825742696334332i ¢ + O(t*),

a5 = +0.578637562357844 — 0.169199822921601 ¢ + O(t?),

a4 = —0.417261480198140i + 0.0427320462310059 ¢ + O(¢),

af 5 = +0.578637562357844 t /% — 0.0968701276268713 t'/% + O(t3/?),
afh g = +0.578637562357844 t~ /% — 0.0968701276268713 t'/% + O(t3/?),
a7 = —0.578637562357844 t /% +0.0968701276268713 t'/% + O(t3/?)
ah g = —0.578637562357844 t~ /% + 0.0968701276268713 t'/% + O(t3/?),

ay o = —0.334821428571428 + 0.112105389030612 t + O(¢?), (B.15)

b

while the other matrix elements are identically zero. We are now able to find the series
solution Biy,|(t, €)[0,0,1/3) by using the recursion,

50) _ [ OAE®) 76— 5)
B[fyl](t)[O,O,l/lﬂ = /dt ot B[’Yl] (t)[0,0,l/S} =+ 0[070’1/3]7 (B16)
where C® is the boundary vector and the mtegral on the right-hand-side is an indefi-
nite integral. We remark that by series expanding ( ( ) all the integrals in (B.16) are
elementary and can be performed analytically. At order ¢! we have

5(1) _ DA(Z(t)) 50) (1)
By Moz = / dt=——" B0 (D003 + Clo o1/ (B.17)

The order €’ of the solution is given by the boundary conditions (B.11). By performing the
integrals on the right-hand-side and by imposing the boundary condition é{;f] (0)0,0,1/3 = 0

we get,
1 [71 (75)[0,0,1/3]7 =0,
B! m [(D)0,0,1/3) = —2.44948974278318i 12 — 0.612372435695795i t3/% + O(t7/?),
B m 1(H)0,0.1/3 = —1.00000000000000 42 4 0.0416666666666667 t3/2 + O(t°/?),
B! m [(D00.1/3 = —0.72111025509279; 42 — 0.0156240555270107 t3/% + O(t>/?),
_ (1) (1) _
5 [71 1D0,0,1/3 =0, Byt (D073 = 0, By 1 (B)po,0,1/3 = 0,
B [w 1(B)0,0,1/3 =0, Bg(,,[)%]( )j0,0,1/3] = 0. (B.18)

Proceeding in the same way, at order €2 we get,

Bf[) 1(D.0,1/3 = +0.82246703342411,

Bé,z[) (00,173 = —2.44948974278318i £/ 4 O(t7/?),

3:5,2[) }(t)[o 0,1/3) = +0.166666666666667 32 £ O(t%/?),

Bf[)ﬂ (H)0.0.1/3) = —0.062496222108042i £*/% + O(t*/?),

Bs(f[) 1(D0,0,1/3) = —0.5000000000000000 ¢ + 0.04166666666666 ¢* + O(t?),
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2)

B t)[0,0,1/3] = +3.0000000000000000 ¢ + 1.50000000000000 t2 4+ O(t%),

0
B§ 10
(®
(@)

00.1/3 = +0.7600000000000000 ¢ — 0.03040000000000 2 + O(*),

B [71 $)j0,0,1/3) = —2.7400000000000000 ¢ — 1.48873333333333 t* + O(t%),

B [()poa1/5 = +1.72819751957543 £3/% + O(17/?). (B.19)

It is straightforward to iterate the procedure up to arbitrary order of e. We see that the
solution is singular in ¢ = 0, since it develops a brunch cut for ¢ < 0. This is what we
call, in section 4.2, a non-physical singularity, since the only physical singularity along the
contour is s12 = 4m?. The appearance of this singularity is due to the prefactors defining
the canonical basis (B.4) and we see that, by inverting the basis, the integrals Io, 4,.45,04
admit a regular Taylor series expansion around ¢ = 0. We remark that, according to (B.4),
the differential equations depend originally on \/—t and, as discussed in section 4.2, we
consider the standard brunch for v/—t, i.e. /—t > 0 for t < 0 and /—t = i\/t for t > 0.
The computation of 5[71](t7 €)(1/3,2/3,1] follows the same steps. One first expands
8A(3i(t))

around ¢ = 2/3. The series solution is then obtained by,

5(0) _ DA(Z(t)) Aa-1) (i)
B[yl](t)[1/3,2/3,1] = dtTB[’Yl] ( )[1/3,2/371] + 0[1/372/371]7 (BQO)

and by using as boundary condition the value of the integrals in the contact point of the
two series, in this case t = 1/3,

gfii](1/3)[1/312/371] = E[(%(l/?’)[o,o,l/g}, (B.21)

where the right-hand-side is known from the previous expansion. The first non-trivial e
orders of the solution are,

) B
Bl,['yl}(t)[l/3,2/3,l] =0,

Bé,l[)m ()1 32/31) = — 3.14159265358979i + 2.44948974278318i t'1/2
+ 0.612372435695795i t'%/2 + O('°/?),

Bé,l[)m (t)1/3,2/31] = — 0.795365461223906 + 0.566946709513841 ¢/
+0.242977161220218 /2 + O(¢'®),

Bf[)m (t)1/3,.2/31 = — 0.597638586883139i + 0.462064551372464i t’

+ 0.156832128750508i t'2 + O(¢'3),

1) _ (1) _ (1) _
B5,[71}(t)[1/3,2/3,1] =0, Bﬁ,hﬂ(t)[l/sg/:s,l] =0, B7,hﬂ(t)[1/3,2/3,1] =0

1) _ 1) _
B8,[v1}(t)[1/372/3,1] =0, Bg,[m(t)[1/3,2/3,1] =0 (B.22)
and
(2) _
By (s = +0.822467033424113,
(B)a/s.2/31 = + 3.14159265358979% log (') + 5.628978385526804
— 4.89897948556636¢ t'2/2 — 0.408248290463863i t'3/2

+O(t/?),

@)
By )
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(2) _
B3 (t)1/3,2/31] =

(2) _
By Onysesa =

(2) _
By (t)1/3,2/31] =

(2) _
B i (t)1/3,2/31] =

(2) _
By Onyszsa =

(2) _
Byt (t)1/3,2/31] =

(2) _
By ()y/s.2/3,1 =

4 0.0813205590990830 — 0.170435455976551 t/
4 0.0424833485932810 t'? + O(t'3),

— 0.03622864342525067 + 0.0850653463081840i '
— 0.0389380766597542i t'% + O(t'3),

— 0.316303108453958 + 0.450929831101852 ¢/

4 0.0325413561865079 /2 + O(t'3),

+ 4.93480220054468 — 7.69529898097118 t'1/2
+ 3.00000000000000 ' — 1.92382474524280 ¢'3/2
+ 1.50000000000000 2 + O(t'%/?),

+ 0.494889048719796 — 0.727077436632883 1/
—0.0195184631733177 t'2 4+ O(t'3),

— 4.75621626027884 + 7.69529898097118 ¢'1/2
— 3.27614760553103 ' 4 1.92382474524280 ¢'3/2
— 1.48697710698681 % + O(t'°/?),

+ 3.19991525486188 — 6.57453761281272 ¢'1/

+ 3.18425714889066 ' — 0.299933285256055 t'>/2
+ 0.322016612766481 t'% + O(t'*/?),

(B.23)

where ¢/ = 2/3 —t. We see that for ¢ > 2/3 the solution develops a brunch cut, and the
cut ambiguity is resolved by Feynman prescription which, by (B.12), is t — ¢ + i0 with ¢

a small positive imaginary part.

C Plots

In this appendix we show plots of all the 73 master integrals at order e!. The plots are

obtained by series expanding along the contour ~y,, defined in section 4.1 (s13 = —1, pj =

13
257

FIESTA 4.1. The real part of the integrals is in blue, the imaginary part is orange.
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