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In this paper, the three-dimensional Einstein–Maxwell theory in the presence of a dilatonic scalar field 
has been studied. It has been shown that the dilatonic potential must be considered as the linear 
combination of two Liouville-type potentials. Two new classes of charged dilatonic BTZ black holes, as 
the exact solutions to the coupled scalar, vector and tensor field equations, have been obtained and 
their properties have been studied. The conserved charge and mass of the new black holes have been 
calculated, making use of the Gauss’s law and Abbott–Deser proposal, respectively. Through comparison 
of the thermodynamical extensive quantities (i.e. temperature and entropy) obtained from both, the 
geometrical and the thermodynamical methods, the validity of the first law of black hole thermodynamics 
has been confirmed for both of the new black holes we just obtained. A black hole thermal stability or 
phase transition analysis has been performed, making use of the canonical ensemble method. Regarding 
the black hole heat capacity, it has been found that for either of the new black hole solutions there are 
some specific ranges in such a way that the black holes with the horizon radius in these ranges are 
locally stable. The points of type one and type two phase transitions have been determined. The black 
holes, with the horizon radius equal to the transition points are unstable. They undergo type one or type 
two phase transitions to be stabilized.

© 2017 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

Although the Einstein’s tensorial theory of gravitation is in 
agreement with a large amount of observational tests, but it fails 
regarding some important issues [1–5]. Modification of the Ein-
stein’s theory of gravity is one of the main approaches to over-
come the related failures. Among the various proposed modifi-
cations [6–13], the so-called scalar-tensor theories [14], as the 
modification arisen from string theory, have provided interesting 
results [15]. The Einstein’s action is naturally modified by the 
scalar-tensor superstring terms at the high energy regime. In the 
low energy limit of the string theory, the Einstein’s theory of grav-
ity is recovered which is coupled to a dilatonic scalar field [16].

Black holes with scalar hair are interesting solutions of Ein-
stein’s theory of gravity and also of certain types of modified 
gravity theories. These solutions have been investigated by theo-
retical physicists in four and higher dimensional space times for 
a long time (see [17] and references therein). The first studies on 
the three-dimensional black holes, as the interesting predictions 
of Einstein’s theory of relativity in lower dimensional space times, 
have been done by Banados, Teitelboim, and Zanelli (BTZ) [18]. 
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Investigation of the three-dimensional black holes is one of the in-
teresting subjects for recent gravitational studies [19]. Chan and 
Mann [20], are the first authors who investigated the charged 
three-dimensional dilatonic black holes in the presence of a mini-
mally coupled logarithmic dilaton field.

It is a commonly believed that study of three-dimensional so-
lutions help us to find a deeper insight into the fundamental ideas 
in comparison to higher dimensional black holes. Also, according to 
(A)dS/CFT correspondence, there is a dual between quantum grav-
ity on A(dS) space and Euclidean conformal field theory on the 
lower dimensional space times [21,22]. From this point of view, 
study of physics in (2 + 1)-dimensional space times can be useful 
for understanding of quantum field theory on A(dS) spacetimes. 
Although this subject area has been considered extensively [23], it 
still has many unknown and interesting parts to be studied [24].

On the other hand, after the discoveries of Bekenstein, Bardeen, 
Carter and Hawking, it is well-known that black holes can be 
considered as the thermodynamical systems with a temperature 
proportional to the surface gravity and having pure geometrical 
entropy equal to one-fourth of the horizon area [25–27]. When a 
dilatonic scalar field is coupled to the three-dimensional Einstein–
Maxwell theory, it is expected to produce new and interesting 
consequences for the black hole solutions. Thus, it is worth to find 
exact solutions of Einstein–Maxwell theory in the presence of a 
le under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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dilatonic scalar field with an arbitrary coupling constant, and in-
vestigate how the thermodynamical properties of black holes are 
modified. Also it is interesting to investigate the black holes rem-
nant and find out the impacts of dilatonic field on the thermal 
stability of the black hole solutions.

The main object of this paper is to introduce new charged dila-
tonic BTZ black holes as the exact solutions to the coupled scalar, 
vector and tensor field equations, and provide a detailed analysis 
of the thermodynamical properties as well as the thermal stabil-
ity of the new three-dimensional electrically charged black holes 
in the presence of a dilatonic scalar field.

The paper is outlined in the following order. In Sec. 2, by 
varying the proper Einstein–Maxwell action coupled to a dilatonic 
scalar field, the related scalar, vector and tensor field equations 
have been obtained. By introducing a static spherically symmetric 
geometry two new classes of charged dilatonic BTZ black holes, as 
the exact solution to the field equations, have been obtained. The 
asymptotic behavior of the new black holes are neither flat nor 
like anti-de Sitter (AdS) black holes. Sec. 3 is dedicated to study 
of thermodynamical properties of the new charged dilatonic black 
hole solutions obtained in the previous section. The conserved 
masses and charges of the black holes have been calculated based 
on the Gauss’s law and Abbott–Deser proposal, respectively. Also, 
the black holes temperature, entropy and electric potential have 
been calculated from both, the geometrical an thermodynamical 
approaches. The compatibility of the results of these two alterna-
tive approaches confirms the validity of the first law of black hole 
thermodynamics for both of the new black holes obtained here. 
Sec. 4 is devoted to study of thermal stability or phase transi-
tion of the new charged dilatonic BTZ black holes introduced here. 
A black hole stability analysis has been performed, making use 
of the canonical ensemble method and regarding the black hole 
heat capacity with the black hole charge as a constant. It has been 
found that the black holes under consideration are stable or may 
undergo phase transition if some simple conditions are satisfied. 
Some concluding remarks and discussions have been presented in 
Sec. 5.

2. Basic equations and black hole solutions

The action for three-dimensional charged hairy black holes can 
be written in the following general form [20,28]

I = − 1

16π

∫ √−gd3x
[
R− U (φ) − 2gμν∇μφ∇νφ −Fe−2αφ

]
.

(2.1)

Here, R is the Recci scalar. φ is the scalar field coupled to it-
self via the functional form U (φ). The parameter α is the scalar-
electromagnetic coupling constant and F = F μν Fμν being the 
Maxwell invariant. Fμν = ∂μ Aν − ∂ν Aμ and Aμ is the electro-
magnetic potential. By varying the action (2.1) with respect to the 
gravitational, electromagnetic and scalar fields, we get the related 
field equations as

Rμν − 1

2
Rgμν + 1

2
gμνU (φ) = T (s)

μν + T (em)
μν , (2.2)

T (s)
μν = 2∇μφ∇νφ − gμν(∇φ)2,

T (em)
μν = −1

2
Fe−2αφ gμν + 2e−2αφ Fμα F α

ν ,

∇μ

[
e−2αφ F μν

]
= 0, (2.3)

4�φ = dU (φ)

dφ
− 2αFe−2αφ, φ = φ(r). (2.4)
Assuming as a function of r, the only non-vanishing component 
of the electromagnetic field is Ftr = −E(r) = h′(r), and we have

F = −2E2(r) = −2(h′(r))2. (2.5)

In overall the paper, prime means derivative with respect to the 
argument. The gravitational field equations (2.2) can be rewritten 
as

Rμν = U (φ)gμν + 2∇μφ∇νφ − (
F gμν − 2Fμα F α

ν

)
e−2αφ. (2.6)

We consider the following ansatz as the three-dimensional spheri-
cally symmetric solution to the gravitational field equations (2.6)

ds2 = −�(r)dt2 + 1

�(r)
dr2 + r2 R(r)2dθ2. (2.7)

It leads to the following independent differential equations

E00 ≡ � ′′ +
(

1

r
+ R ′

R

)
� ′ + 2U = 0, (2.8)

E11 ≡ E00 + 2�

(
R ′′

R
+ 2R ′

rR
+ 2φ′2

)
= 0, (2.9)

E22 ≡
(

1

r
+ R ′

R

)
� ′ +

(
R ′′

R
+ 2R ′

rR

)
� + U + 2F 2

tre−2αφ = 0.

(2.10)

Noting Eqs. (2.8) and (2.9) we obtain

R ′′

R
+ 2

r

R ′

R
+ 2φ′2 = 0. (2.11)

The differential equation (2.11) can be written in the following 
form

2

r

d

dr
ln R(r) + d2

dr2
ln R(r) +

(
d

dr
ln R(r)

)2

+ 2φ′2 = 0. (2.12)

From Eq. (2.12), one can argue that R(r) must be an exponential 
function of φ(r). Therefore, we can write R(r) = e2βφ , in Eq. (2.12), 
and show that φ = φ(r) satisfies the following differential equa-
tion

βφ′′ + (1 + 2β2)φ′2 + 2β

r
φ′ = 0. (2.13)

The case of β = α has been considered in a previous work [29]. 
Here, we are interested on the case β �= α.

It is easy to write the solution of Eq. (2.13) in terms of a posi-

tive constant b as φ(r) = γ ln
(

b
r

)
, with γ = β(1 + 2β2)−1. Similar 

solutions have been used by Hendi et al. [28]. The authors of 
ref. [20], have started with a power law of the form R(r) ∝ rn and 
φ(r) ∝ ln r, and showed that black hole solutions can exist if n is 
restricted in some ranges. In the following subsection, we proceed 
to obtain the solution of the field equations with the condition 
β �= α.

2.1. Solutions with β �= α

We start with the scalar field

φ = γ ln

(
b

r

)
, and γ = β

1 + 2β2
. (2.14)

Making use of these solutions together with Eqs. (2.3) and (2.7), 
we have{

h(r) = − q
A r−A, and A = 2γ (α − β),

Ftr = q r−(1+A),
(2.15)
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where, q is an integration constant related to the total electric 
charge on black hole. It will be calculated in the following sec-
tion. Note that in the case of β = α, h(r) is a logarithmic function 
of r [29]. In order to the potential function h(r) be physically rea-
sonable (i.e. zero at infinity), the statement A = 2γ (α − β) must 
be positive. Thus we suppose that α > β .

Now, Eq. (2.10) can be rewritten as

� ′ − 2βγ

r
� + r

1 − 2βγ

[
U (φ) + 2F 2

tre−2αφ
]

= 0. (2.16)

For solving this equation for the metric function �(r), we need to 
calculate the functional form of U (φ(r)) as the function of radial 
coordinate. For this purpose we proceed to solve the scalar field 
equation (2.4). It can be written as

dU (φ)

dφ
− 4βU (φ) − 4(2β − α)F 2

tre−2αφ = 0. (2.17)

Noting Eq. (2.15), the first order differential (2.17) can be solved 
as

U (φ) = 2�e4βφ + 2�0e4β0φ, (2.18)

where

�0 = q2(ϒ − 1)

b2(A+1)
and ϒ = (1 + αβ − 2β2)−1 and

β0 = 1 + αβ

2β
. (2.19)

It is notable that the solution given by Eq. (2.18) can be considered 
as the generalized form of the Liouville scalar potential. Also, it 
must be noted that in the absence of dilatonic field φ, we have 
U (φ = 0) = 2� = −2
−2 and the action (2.1) reduces to that of 
Einstein-�-Maxwell theory.

Now, making use of Eqs. (2.15), (2.16) and (2.18) the metric 
function �(r) can be obtained as

�(r) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−m r2/3 − 3
( r

b

)2/3
[

2b2� ln
( r




) − 3q2

(α−1)2 (br)
2
3 (1−α)

]
,

for β = 1, α > 1

−m r2βγ − (1 + 2β2)2
[

�r2

1−β2

(
b
r

)4βγ

+ q2ϒb−2A

β(β−α)

(
b
r

)2γ (α−2β)
]
,

for β �= 1.

(2.20)

The plots of metric functions �(r), presented in Eq. (2.20), for 
β = 1 and β �= 1 cases have been shown in Figs. 1 and 2, respec-
tively. The effects of α, Q and b on the metric function �(r) have 
been shown in Fig. 1 for the case β = 1. Plots of Fig. 2 show the ef-
fects of parameters α, β and b on the metric function �(r) for the 
case β �= 1 by considering the condition α > β . From the curves of 
Figs. 1 and 2, it is understood that the metric function �(r) can 
produce two horizon, extreme and naked singularity black holes 
for both of β = 1 and β �= 1 cases.

Now, we investigate the curvature singularities. As a matter of 
calculation, one can show that the Ricci and Kretschmann scalars 
can be written in the following forms

R =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

2
9r2 + 6�

(
b
r

)4/3 + 2q2

b2(1+2α)/3

(
2α−5
α−1

)(
b
r

)2(1+α)/3
,

for β = 1,

6�
(

b
r

) 4β2

1+2β2 + 2β2

b2(1+2β2)2

(
b
r

)2 + 2q2(3ϒ−2)

b2(1+A)

(
b
r

) 2(1+αβ)

1+2β2
,

for β �= 1,

(2.21)
RμνρλRμνρλ

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

r−2δ1
(
ζ0 + ζ1rδ + ζ2r2δ

) + r−δ1
[
ζ3 + rδ(ζ4 + ζ5 ln r)

]
ln r,

for β = 1,

r−4
[

B1r
4γ
β + B2r4γ (α−2β) + B3r4γ (α−β) + B4r4γ β

+ B5r
2γ
β

(1−αβ+2β2) + B6r
2γ
β

(1+αβ−β2) + B7r
2γ
β

(1+β2)

+ B8r2γ β + B9r2γ (3β−α) + B10r2γ (4β−α)

+ B11r2γ (β+α) + B12r2γ α

]
,

for β �= 1,

(2.22)

where δ = 2
3 (α − 1), δ1 = 2

3 (α + 1), ζi ’s and Bi ’s are functions of 
�, q, m, β, α and b. From Eqs. (2.21) and (2.22), one can ar-
gue that there is an essential singularity located at r = 0. Also, 
the black holes asymptotic behavior are neither flat nor AdS. Re-
cently, three and higher dimensional asymptotically Lifshitz black 
holes have been studied by many authors [30].

3. Thermodynamics

In this section, we would like to check the validity of the first 
law of black hole thermodynamics for the new dilatonic black 
holes we just introduced. At first it must be noted that the con-
served charge of the black hole can be obtained by calculating 
the total electric flux measured by an observer located at infin-
ity with respect to the horizon (i.e. r → ∞) [31–33]. Making use 
of Eq. (2.15) together with the help of Gauss’s law, after some sim-
ple calculations we arrived at

q =
{

2Q b
2
3 (α−1), for β = 1,

2Q bA, for β �= 1,
(3.1)

which reduces to that of charged BTZ black holes in the absence of 
dilatonic field.

The other conserved quantity to be calculated is the black hole 
mass. As mentioned before, it can be obtained in terms of the mass 
parameter m. The Abbott–Deser total mass of the charged dilatonic 
BTZ black holes introduced here can be obtained as [28,35]

m =
{

24M b−2/3, for β = 1,

8M(1 + 2β2)b−2βγ , for β �= 1,
(3.2)

which is compatible with the mass of charged BTZ black hole when 
the dilatonic potential disappears.

We can obtain the Hawking temperature associated with the 
black hole horizon r = r+ , which is the root(s) of �(r+) = 0, in 
terms of the surface gravity κ as

T = κ

2π
= 1

4π

d

dr
�(r)|r=r+

=

⎧⎪⎪⎨
⎪⎪⎩

− 3
2π ( b

r+ )1/3
[

b� + q2b
(1−4α)/3

α−1

(
b

r+

) 2
3 (α−1)

]
, for β = 1,

− 1+2β2

2πr+

[
�r2+

(
b

r+

)4βγ + q2ϒ

b2A

(
b

r+

)2γ (α−2β)
]

, for β �= 1.

(3.3)

Since, the terms in the brackets have opposite sign (� < 0), 
from thermodynamical point of view, the physical and un-physical 
black holes can appear. Also, it must be noted that extreme black 
holes occur if q and r+ be chosen such that T = 0. Now, making 
use of Eq. (3.3) we can obtain the horizon radius of the extreme 
black holes as
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Fig. 1. �(r) versus r for β = 1 and � = −1. Left: Q = 1, b = 3, M = 2.5 and α = 2.1, 2.195, 2.3, 2.4 for black, red, blue and green curves, respectively. Middle: M = 3, b = 3, 
α = 2.5 and Q = 1.1, 1.2, 1.255, 1.32 for black, red, blue and green curves, respectively. Right: Q = 1.2, M = 3, α = 2.5 and b = 3.0, 3.1, 3.18, 3.3 for black, red, blue and 
green curves, respectively. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 2. �(r) versus r for M = 2, Q = 1 and � = −1. Left: b = 2, β = 0.06 and α = 2.0, 2.3, 2.8, 3.4 for black, blue, red and green curves, respectively. Middle: b = 2, α = 2, 
and β = 0.06, 0.0702, 0.084, 0.1 for black, blue, red and green curves, respectively. Right: α = 2, β = 0.06, and b = 1.2, 1.4, 1.68, 2 for black, blue, red and green curves, 
respectively. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
rext =

⎧⎪⎨
⎪⎩

(
q2
2

α−1

) 3
2(α−1)

b
α+2
1−α , for β = 1, α > 1,

b
(

q2
2ϒ

b2(1+A)

)ϒ
2 (1+2β2)

, for β �= 1.

(3.4)

It is evident that, in the case β �= 1, extreme black holes ex-
ist if ϒ > 0. In order to investigate the effects of scalar hair on 
the horizon temperature of the black holes correspond to β = 1
the plot of black hole temperature versus horizon radius, for dif-
ferent values of α, has been shown in Fig. 3 (left). The physical 
black holes with positive temperature are those for which r+ > rext
and un-physical black holes, having negative temperature, occur if 
r+ < rext . The plot of T versus r+ , with β �= 1, for different val-
ues of α and β has been shown in Fig. 4. They show that both, 
the physical (having positive temperature) and un-physical black 
holes (having negative temperature), will occur if the parameters 
are fixed, properly.

Next, we calculate the entropy of the black holes. It can be ob-
tained from Hawking–Bekenstein entropy-area law, that is

S = A

4
=

{
πb
2

( r+
b

)1/3
, for β = 1,

πb
2

( r+
b

)1−2βγ
, for β �= 1.

(3.5)

The black hole’s electric potential �, measured by an observer lo-
cated at infinity with respect to the horizon, can be obtained by 
using the following standard relation [17,31–33]

� = Aμχμ|reference − Aμχμ|r=r+ , (3.6)

where, χ = C∂t is the null generator of the horizon and C is an 
arbitrary constant [34]. Noting Eqs. (2.15) and (3.6) we can obtain 
the black hole’s electric potential on the horizon. That is

� =
⎧⎨
⎩

3Cq
2(α−1)

r
− 2

3 (α−1)

+ , for β = 1,

Cq
A r−A+ , for β �= 1,

(3.7)

in terms of the constant coefficient C , which will be determined in 
the following.

In order to investigate the consistency of these quantities with 
the thermodynamical first law, from Eqs. (2.20), (3.1) and (3.5), we 
can obtain the black hole mass as the function of extensive param-
eters S and Q . For this purpose we use the relation �(r+) = 0. The 
corresponding Smarr-type mass formula is obtained as

M(S, Q )

=

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

1
4

[
b2


2 ln
(



r+(S)

)
+ 6Q 2

(α−1)2

(
b

r+(S)

) 2
3 (α−1)

]
,

for β = 1,

− 1+2β2

8

[
�b2

1−β2

(
b

r+ (S)

)2(3βγ −1) + 4ϒ Q 2

β(β−α)

(
b

r+(S)

)A
]

,

for β �= 1.

(3.8)

We can calculate the intensive parameters T and �, conjugate to 
the black hole entropy and charge, respectively. It is a matter of 
calculation to show that(

∂M

∂ S

)
Q

= T for both β = 1 and β �= 1, (3.9)

and(
∂M

∂ Q

)
S
= �, (3.10)

provided that [34]

C =
{

(α − 1)−1, for β = 1,

(1 + αβ − 2β2)−1, for β �= 1.
(3.11)

Therefore, we proved that the first law of black hole thermody-
namics is valid, for both classes of the charged dilatonic BTZ black 
holes, in the following form

dM(S, Q ) = T dS + �dQ . (3.12)

4. Thermal stability analysis in the canonical ensemble method

In this section, we would like to analyze the stability or phase 
transition of the either of the black hole solutions, regarding 
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Fig. 3. Assuming β = 1, � = −1, Q = 1, b = 3 and α = 2, 2.2, 2.5, 3, for black, red, blue, and green curves, respectively. Left: T versus r+ . Right: (∂2 M/∂ S2)Q versus r+ . (For 
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
the black hole heat capacity with the fixed black hole charge, 
separately. It is well known that the positivity of heat capacity 
C Q = T (∂ S/∂T )Q = T / 

(
∂2M/∂ S2

)
Q or equivalently the positivity 

of (∂ S/∂T )Q or 
(
∂2M/∂ S2

)
Q with T > 0 are sufficient to ensure 

the local stability of the black hole. The unstable black holes un-
dergo phase transitions to be stabilized. Type one phase transition 
takes place at the points where the black hole heat capacity van-
ishes. On the other hand, an unstable black hole undergoes type 
two phase transition at the divergent points of black hole heat 
capacity [17,31–33]. With these issues in mind, we proceed to an-
alyze the thermal stability or phase transition of both of the new 
black hole solutions we just obtained here.

4.1. Black holes with β = 1

Making use of Eq. (3.7), the denominator of the black hole heat 
capacity can be calculated as(

∂2M

∂ S2

)
Q

= 3

π2

(
b

r+

)2/3 [
� + q2

(
2α − 1

α − 1

)
b

− 2
3 (2α+1)

(
b

r+

) 2
3 (α−1)

]
.

(4.1)

Since α > 1 and � = −
−2, the terms in the brackets have op-
posite sign and it is understood from Eq. (4.1) that if

r+ ≡ r0 =
[

q2
2
(

2α − 1

α − 1

)] 3
2(α−1)

b
α+2
1−α , (4.2)

the denominator of the black hole heat capacity vanishes and black 
holes with the size satisfying this condition undergo type two 
phase transition. It must be noted that r0 > rext (see Eq. (3.4)). 
At the r+ = rext the black hole heat capacity vanishes and the type 
one phase transition takes place. In addition, for r+ > r0 the de-
nominator of the heat capacity is negative and the physical black 
holes (black holes with positive temperature) will be thermody-
namically unstable. On the other hand, for rext < r+ < r0 the de-
nominator of the black hole heat capacity as well as the black hole 
temperature are positive and as a result the heat capacity of the 
black holes with the horizon in this range are positive and they 
will be locally stable. The plot of 

(
∂2M/∂ S2

)
Q versus r+ is shown 

in Fig. 3 (right). The plots show that the physical black holes with 
the horizon radius in the range rext < r+ < r0 are locally stable. 
Otherwise they are thermally unstable and can undergo phase 
transition to be stabilized.

4

(

b
fr
h
b
th

r+

A
r+
v
fo
p

.2. Black holes with β �= 1

It is a matter of calculation to show that

∂2M

∂ S2

)
Q

= 1 + 2β2

π2

[
�(2β2 − 1)

(
b

r+

)2βγ

+ q2(1 + αβϒ)

b2(1+A)

(
b

r+

) 2γ
β

(1+αβ−β2)
]
. (4.3)

The statement given in Eq. (4.3) denotes the denominator of the 
lack hole heat capacity. It is consisted of two terms which, apart 
om scalar hair, show the contributions from � and from black 
ole charge, separately. One can argue that charged dilatonic BTZ 
lack holes are unstable and undergo type two phase transition at 
e real roots of Eq. (4.3), which are located at

≡ r1 = b

[
q2
2(1 + αβϒ)

(2β2 − 1)b2(1+A)

]ϒ
2 (1+2β2)

. (4.4)

lso, the type one phase transition takes place at the point 
= rext , given by Eq. (3.4), where the black hole heat capacity 

anishes. The plots of 
(
∂2M/∂ S2

)
Q versus r+ are shown in Fig. 4

r various α and β values. They show that for the properly fixed 
arameters the three following cases are distinguishable

• rext exist but r1 does not exist (Fig. 4 (left)). In this case (
∂2M/∂ S2

)
Q does not vanish and no type two phase tran-

sition takes place. The type one phase transition takes place 
at r+ = rext , where the temperature and hence the black hole 
heat capacity vanishes. Both T and 

(
∂2M/∂ S2

)
Q are positive 

for r+ > rext and the charged dilatonic BTZ black holes with 
β �= 1 are stable if their horizon radius, r+ , is greater than rext .

• r1 exist but rext does not exist (Fig. 4 (middle)). The black 
holes have positive temperature and therefore are reasonable, 
thermodynamically. The black hole heat capacity does not van-
ish and no type one phase transition takes place. It diverges at 
r+ = r1 and black holes with the horizon radius equal to r1
are unstable. They will undergo type two phase transition to 
be stabilized. The black hole heat capacity is positive for the 
charged dilatonic BTZ black holes with the horizon radius, r+ , 
greater than r1 and they are thermodynamically stable.

• Both rext and r1 are exist (Fig. 4 (right)). The black hole tem-
perature vanishes at r+ = rext . Therefore, the charged dilatonic 
BTZ black holes with β �= 1 undergo type one phase transition 
at this point. The black holes with r+ < rext , having negative 
temperature, are not physically reasonable. The denominator 
of the black hole heat capacity vanishes at r+ = r1. There-
fore, r+ = r1 is the point of type two phase transition. For the 
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Fig. 4. Left: T (green α = 3.5 and black α = 0.5) and (∂2 M/∂ S2
)

Q (blue α = 3.5 and red α = 0.5) versus r+ for � = −1, β = 0.04, b = 3 and Q = 1. rext exist but r1 does 
not exist. Middle: 0.02T (green α = 1.2 and black α = 1) and (∂2 M/∂ S2

)
Q (blue α = 1.2 and red α = 1) versus r+ for � = −1, β = −0.8, b = 3 and Q = 1. r1 exist but rext

does not exist. Right: 20T (green α = 3.2 and black α = 3.1) and (∂2 M/∂ S2
)

Q (blue α = 3.2 and red α = 3.1) versus r+ for � = −1, β = 1.5, b = 3 and Q = 1. Both rext

and r1 are exist. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
charged dilatonic BTZ black holes with the horizon radius in 
the range rext < r+ < r1, both T and 

(
∂2M/∂ S2

)
Q , are positive 

and they are locally stable.

5. Conclusion

Here, we studied the charged dilatonic BTZ black holes as the 
exact solutions to the Einstein–Maxwell theory coupled to a dila-
tonic scalar field. We solved the coupled scalar, electromagnetic 
and gravitational field equations in a static spherically symmetric 
space time and obtained two new classes of charged dilatonic BTZ 
black hole solutions. The solutions contain an essential (not coor-
dinate) singularity located at the origin. Also, they do not behave 
asymptotically like the flat or AdS black holes. Furthermore, we 
showed that both of the new black hole solutions (correspond to 
β = 1 and β �= 1) present naked singularity, extreme and two hori-
zon black holes if the parameter α and β are chosen suitably (see 
Figs. 1 and 2).

We calculated the electric charges and masses of the black 
holes, as conserved quantities, making use of the Gauss’s law and 
Abbott–Deser proposal, respectively. Also, we calculated the en-
tropy, temperature and electric potential using the geometrical 
methods. On the other hand, through a Smarr-type mass formula, 
we constructed out the black holes masses as functions of both 
charge and entropy, as the thermodynamical extensive quantities. 
Making use of the Smarr-type mass formula we calculated the 
electric potential and temperature, as the thermodynamical inten-
sive quantities, for both classes of the new BTZ black holes. We 
found that the thermodynamical quantities obtained from geomet-
rical and thermodynamical approaches are identical for either of 
the black hole classes. It confirms the validity of the first law of 
black hole thermodynamics for both of the new black hole solu-
tions in the form of Eq. (3.11).

Finally, making use of the canonical ensemble method, we per-
formed the thermal stability analysis of both classes of the new 
BTZ black holes. Regarding the black hole heat capacity with con-
stant black hole charge, we found that the black holes correspond 
to the case of β = 1 are stable if their horizon radius is in the 
range rext < r+ < r0 (see Eqs. (3.4) and (4.2)). This class of BTZ 
black holes undergo type one phase transition at r+ = rext and type 
two phase transition at r+ = r0 (see Fig. 3). In order to discuss the 
thermal stability of the second class of the black hole solutions 
according to the plots of Fig. 4 three possibilities are considered, 
separately. (i) If the parameters are chosen such that rext is exist 
but r1 does not exist, there is type one phase transition located at 
rext . No type two phase transition can occur and black holes with 
the horizon radius greater than rext are stable. (ii) when the pa-
rameters are fixed in such a way that r1 exist but rext does not 
exist, no type one phase transition takes place. There is type two 
phase transition point located at r+ = rext . The black holes with 
the horizon radius greater than r1 are locally stable. (iii) It is pos-
sible to fix the parameters such that both rext and r1 are exist. In 
this case r+ = rext and r+ = r1 are points of type one and type two 
phase transitions, respectively. The black holes are locally stable if 
their horizon radiuses are in the range rext < r+ < r0.

The dynamical stability and quasi-normal modes of these novel 
dilatonic black hole solutions will be investigated in the forthcom-
ing papers.
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