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1 Introduction

The celestial operator product expansion (OPE) has been the celestial holographer’s work-
horse since its inception in [1–3]. Of particular interest is its use in defining current algebras of
celestial soft currents in Yang-Mills theory and Einstein gravity [4], which imply the existence
of infinitely many symmetries constraining physical observables. In the gravitational case
an appropriate redefinition of modes of positive-helicity soft gravitons, equivalent to a light
transform, gives rise to the celebrated w1+∞-wedge current algebra [5]. However, it was
shown in [6] that the analogous construction in a generic effective field theory (EFT) leads to
a naïve current algebra that fails the Jacobi identity unless the coupling constants satisfy
particular conditions. In practice, it is usually easier to diagnose this failure of Jacobi with
the so-called double residue condition in momentum space [7],

0 ?=
(
Res

z2�z3
Res

z1�z2
− Res

z1�z3
Res

z2�z3
+ Res

z2�z3
Res

z1�z3

)
An (1.1)

where the zi refer to the following parametrization of (future-directed) massless momenta:

pi = ωi (1 + ziz̄i, zi + z̄i, zi − z̄i, 1− ziz̄i) , i = 1, . . . , n. (1.2)

This is a valid parametrization in split signature spacetime in which zi, z̄i are real and
independent coordinates. The “holomorphic” OPE of the corresponding celestial operators
is obtained in the limit z12 → 0. This is also a limit in which (the left spinors of) the
momenta become collinear.
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The failure of the double residue condition on hard celestial amplitudes was traced to
the presence of a branch cut in the multicollinear limit [8]. This motivated the authors to
propose that the OPE in a generic tree-level EFT takes the form

OJ1
∆1

(z1, z̄1)OJ2
∆2

(z2, z̄2) ∼ Ca

z12
OJa

∆a
+ Cb

z∆b
12

RJb

∆′
b
. (1.3)

Here OJi
∆i

are a pair of massless bosons with helicities Ji (i = 1, 2), the Ca terms arise from
three-point interactions in the bulk EFT as described in [1, 2] and the Cb term represents
less well-understood branch cut terms associated with multi-particle operators. Importantly,
it was shown that such terms are absent at tree-level when the double residue condition is
satisfied. In this paper, we demonstrate that tree-level OPEs in supersymmetric EFTs always
satisfy the double residue condition implying a simpler OPE than their non-supersymmetric
counterparts.1

The discussion so far has been at tree level, but it is important to ask also what happens
at one loop. In pure Yang-Mills and Einstein gravity, the positive-helicity sectors are relative
safe havens from corrections, and we can think of the number of minus-helicity legs in an
amplitude as a rough measure of its complexity. In the positive-helicity sector of Einstein
gravity, which at one loop is equivalent to self-dual gravity, amplitudes remain rational [12]
and there are no corrections to the celestial OPE. Accordingly the w1+∞-wedge symmetry is
preserved exactly [13]. There is a closely analogous story for self-dual Yang-Mills and the
positive-helicity sector of Yang-Mills [14–18]. Moving on to single-minus amplitudes or all-plus
form factors, amplitudes are still rational [17, 19] but the celestial OPE receives corrections in
the form of double pole terms. The resulting naïve current algebra fails Jacobi [20, 21]. The
authors of [20] showed that Jacobi can be restored by the addition of a certain scalar with a
quartic kinetic term. Moreover [20] also pointed out that carefully chosen matter content
would achieve the same while [21–23] noted that such OPEs are associative in self-dual
supersymmetric theories. Attempts to venture even further from the self-dual sector, for
example by studying maximally helicity violating (MHV) Yang-Mills amplitudes (which
have two minus-helicity legs), have met with seemingly less well-behaved celestial OPEs
that include both double poles and log terms [24, 25]. Other related aspects of loop-level
celestial amplitudes have been studied in [26–29].

Upon including loop corrections, the OPE (1.3) is generically modified to

OJ1
∆1

(z1, z̄1)OJ2
∆2

(z2, z̄2) ∼
Ca

z12
OJa

∆a
+ Cb

z12
OJb

∆b
+ Cc

z2
12
OJc

∆c
+ Cd

z∆d
12

RJd

∆′
d
+ non-factorizing. (1.4)

The Cb and Cc terms are the single pole and double pole contributions arising from massless
loops. The non-factorizing contributions involve logarithms of z12 as well as derivatives with
respect to the conformal dimensions. The explicit form of this correction for gluons can be
found in [24, 25]. We will show that Cc = 0 for all bosonic OPEs in certain supersymmetric
theories. While we cannot apply the double residue condition at one loop due to the non-
analytic structure of the OPE, the vanishing of double poles is a concrete way in which
CCFTs dual to SUSY theories are simpler than their non-SUSY counterparts, making them

1Supersymmetric OPEs and algebras for some supersymmetric cases have been computed in [9–11].
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ideal candidates to further probe the effect of loop corrections. Indeed the power of SUSY
has been well exploited and has led to enormous progress in the computation of multi-loop
scattering amplitudes, and it seems natural that this should extend to Celestial Holography.
Loop corrections also affect the soft theorems and thereby the corresponding Ward identities.
In particular, the subleading soft graviton theorem, which is equivalent to the superrotation
Ward identity, receives loop corrections from the IR divergent part of one-loop amplitudes as
well as the finite part in generic theories of gravity [30, 31]. The finite corrections are derived
from the single-minus amplitudes and thus vanish in supersymmetric theories, implying
that the superrotation Ward identities are corrected only by the universal IR divergent
terms. In some cases, it might be possible to incorporate supersymmetry naturally into
the structure of the celestial CFT [32].

In the rest of this paper, we will analyze the constraints imposed by SUSY on celestial
OPEs. We will restrict to N = 1 SUSY and to the analysis of bosonic OPEs. After setting
notation and recapitulating some basic facts about N = 1 SUSY theories in section 2, we
prove in section 3 that Jacobi holds at tree level for N = 1 SUGRA and all N ≥ 1 global
SUSY EFTs.2 We then move on to describe the collinear structure of one-loop amplitudes
using the simple example of pure Yang-Mills in section 4. Finally we present the cancellation
of double poles at one loop in section 5.

2 Preliminaries

In this work, we will focus on collinear singularities of scattering amplitudes in split signature
or Kleinan spacetime and the corresponding celestial OPEs. Collinear particles are necessarily
massless, and massive interactions can be integrated out, so for our purposes we restrict atten-
tion to massless theories. We find it convenient to adopt the following conventions. Coupling
constants will be indicated explicitly as opposed to stripping them off as is commonplace in
the literature on scattering amplitudes. Amplitudes involving coloured particles will implicitly
be colour-ordered unless specified and colour indices will always be suppressed. Finally, we
assume a perturbative expansion of amplitudes based on the number of loops and write

An

(
1J1 , 2J2 , 3J3 , . . .

)
=

∞∑
L=0

A(L)
n

(
1J1 , 2J2 , 3J3 , . . .

)
. (2.1)

Here A(L)
n represents the contribution from all L-loop Feynman diagrams, which we will refer

to as the L-loop amplitude with A(0)
n being the tree-level contribution.

2.1 Three-point amplitudes

We will often make use of 3-point amplitudes and list them here for convenience. When
all three particles are massless, these are given by

A3(1J1 , 2J2 , 3J3) =
{

κJ1,J2,J3 [12]J1+J2−J3 [23]J2+J3−J1 [31]J3+J1−J2 if J1 + J2 + J3 > 0,

κJ1,J2,J3 ⟨12⟩J3−J1−J2⟨23⟩J1−J2−J3⟨31⟩J2−J1−J3 if J1 + J2 + J3 < 0.

(2.2)
2We use “global” to emphasize the absence of local SUSY, i.e. the absence of a graviton multiplet.
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where ⟨ij⟩ and [ij] are the usual angle and square brackets of the spinor helicity variables
associated with null momenta and κJ1,J2,J3 are the 3-point couplings of the theory with mass
dimension [κJ1,J2,J3 ] = 1−|J1 + J2 + J3|. We ignore 3-point amplitudes with J1 +J2 +J3 = 0
(unless all three Ji = 0) since they do not lead to consistent 4-point amplitudes [33].

2.2 Parametrizing the collinear limit

For collinear configurations of three particles with momenta labelled by p1, p2 and −P ,
momentum conservation and the on-shell condition imply

p1 + p2 − P = 0, p2
1 = p2

2 = P 2 = 0 =⇒ p1 · p2 = ⟨12⟩[21] = 0. (2.3)

In split signature, ⟨12⟩ and [12] are real and independent. In this paper, we will be interested in
the “holomorphic” collinear limit in which ⟨12⟩ → 0 with [12] held fixed. In this limit, we have

1
[2P ]λ1 = 1

[P1]λ2 = 1
[12]λP . (2.4)

In order to make the transition to celestial amplitudes, we will adopt the following parametri-
zation for outgoing massless momenta (valid in (+,−,+,−) signature)

pi = ωi (1 + ziz̄i, zi + z̄i, zi − z̄i, 1− ziz̄i) , i = 1, . . . , n. (2.5)

The corresponding spinor helicity variables are

λi =
√
2ωiϵi

1
zi

 , λ̃i =
√
2ωi

1
z̄i

 , i = 1, . . . , n. (2.6)

Finally, a convenient way to describe the collinear limit in this parametrization is

ω1 = t ωP , ω2 = (1− t)ωP , z1 = z2 = zP , z̄P = tz̄1 + (1− t)z̄2. (2.7)

We will always consider the particles 1 and 2 to be outgoing.

2.3 An N = 1 SUSY primer

In theories with N = 1 SUSY we can simultaneously diagonalize the momenta and one of the
supercharges. States in such theories are thus labelled by the eigenvalues of a supercharge
in addition to the momenta. In each massless multiplet there is a “top” state of highest
helicity and a “bottom” state of one-half lower helicity. For example in the graviton multiplet
{|+2⟩, |+ 3

2⟩} the top state is |+2⟩, and in the multiplet {|− 1
2⟩, |− 1⟩} the top state is |− 1

2⟩.
We use the notation An

({
tJ1
1 , . . . , tJk

k

}
,
{

b
Jk+1
k+1 , . . . , bJn

n

})
for the n-point amplitude with

top legs tJi
i and bottom legs bJi

i . The superscripts Ji on specify the helicities, and we suppress
other labels. These theories are heavily constrained by supersymmetric Ward identities
(SWIs) [34, 35]. The SWIs say that amplitudes whose external legs are all top or all-but-
one top must vanish, and similarly for bottom states. At four points this means nonzero
amplitudes must have precisely two top and two bottom legs. At three points the SWIs
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partially break down, but it is still true that 3-point amplitudes with all-top or all-bottom
legs vanish. These identities can be summarized as

An

({
tJ1
1 . . . , tJn

n

})
= 0 n ≥ 3, (2.8)

An

({
tJ1
1 . . . , t

Jn−1
n−1

}
,
{

bJn
n

})
= 0 n ≥ 4, (2.9)

along with CPT conjugate relations which exchange tJi
i ↔ b−Ji

i . These are non-perturbative
statements and hold at all loop orders. In this paper, we will consider theories with arbitrary
numbers of N = 1 SUSY multiplets of massless particles drawn from the following set:{

|2⟩, |32⟩
}

,

{
|1⟩, |12⟩

}
,

{
|12⟩, 0

}
+ CPT conjugates. (2.10)

Note that positive-helicity bosonic states are at the top of their multiplets — an observation
that will prove useful in section 3. We have excluded the gravitino multiplet {|3

2⟩, |1⟩},
which arises only in extended SUGRA, because its graviphoton state |1⟩ is at the bottom
of its multiplet yet has positive helicity. This obstructs our argument for N ≥ 2 SUGRA,
but nonetheless it is plausible that the large amount of supersymmetry would still protect
the Jacobi identity. We leave the resolution of this question to future work. We make no
assumptions on the gauge groups of the particles other than those required by SUSY.

3 Tree-level supersymmetric EFTs

In this section we show that N = 1 SUGRA and N ≥ 1 global SUSY EFTs around stable
vacua give rise to (bosonic) celestial soft currents satisfying the Jacobi identity at tree level.3

In practice, it is usually easiest to work with momentum space amplitudes, and [7] showed
that satisfaction of Jacobi implies the vanishing of the holomorphic all line shift constructible
part of the amplitude. The converse was shown by [36], along with the observation that the
whole question boils down to the angle bracket weight −1 parts of 4-point momentum space
amplitudes, where the angle bracket weight of a term is defined by writing the amplitude
in spinor-helicity form and counting the number of angle brackets in the numerator minus
the number in the denominator.4 For example the 4-point amplitude in ϕ3 theory is simply

1
⟨12⟩[12] +

1
⟨13⟩[13] +

1
⟨14⟩[14] , and all three terms have angle bracket weight −1, so the naïve

celestial currents in ϕ3 theory do not satisfy the Jacobi identity.
We want to know the angle bracket weight −1 parts of our 4-point amplitudes, which is

the same as the all line shift constructible part. A 3-point amplitude with positive helicity
sum,

∑3
i=1 hi > 0, is a monomial of square bracket spinor products and therefore has angle

bracket weight zero. A 3-point amplitude with negative helicity sum is a monomial of angle
bracket spinor products, and therefore has positive angle bracket weight. 3-point amplitudes
with helicity sum zero are believed to only be consistent for 3-scalar interactions, which are
absent due to our assumption of vacuum stability. In the all-line shift construction one sews

3Note that vacuum stability precludes 3-point couplings between massless scalars, since they would imply
that the vacuum is merely a stationary point of the potential, as opposed to a local minimum.

4The fact that all line shift constructibility requires the angle bracket weight of an amplitude to be negative
was proved in [37].
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together two 3-point amplitudes with a massless propagator to get a 4-point amplitude. The
propagator has angle bracket weight −1, and to maintain that weight for the full 4-point
amplitude we must use only 3-point amplitudes with positive helicity sum in our construction.

Let us further refine the types of 3-point amplitudes that can contribute to a 4-point
amplitude with nonzero angle bracket weight −1 part. In addition to having positive helicity
sum, the SWIs also imply that they cannot be all-top. In order to sew together legs from
two 3-point amplitudes, the legs must be CPT conjugates. This means that one is top and
one is bottom. The other legs will become the external legs of the 4-point amplitude, of
which precisely two must be top due to SWIs, so overall we see that precisely three of the
six legs of our two 3-point amplitudes must be top. This means that one of the 3-point
amplitudes must have a single top leg. We have finally arrived at our key condition: we need
at least one 3-point amplitude with a positive helicity sum but only one top leg. The only
such massless 3-point amplitudes are of the following types:

A++, ϕ̄, ϕ̄, A++,−, ϕ̄, A+, ϕ̄, ϕ̄. (3.1)

Here we use ++ to denote a positive-helicity graviton, + to denote a positive-helicity
gluon/photon, ϕ to denote a scalar that is at the top of its multiplet, and ϕ̄ to denote a
scalar at the bottom of its multiplet. There may be many species of gluon/photon/scalar.
We have used the fact that positive-helicity gluons/photons in N = 1 SUGRA are necessarily
at the tops of their multiplets, and similarly in N ≥ 1 global SUSY theories. To rule out
these amplitudes we examine explicit Lagrangians.

The most general N = 1 SUGRA Lagrangian is given in (G.2) of [38], and one can
read off 3-point couplings to find that

0 = A++,ϕ̄,ϕ̄ = A++,−,ϕ̄ = A+,ϕ̄,ϕ̄. (3.2)

Therefore all 4-point amplitudes have vanishing angle bracket weight −1 part, and consequently
Jacobi is satisfied in N = 1 SUGRA around a stable vacuum. In global SUSY theories there
are no gravitons, so our only worry is the amplitude A+,ϕ̄,ϕ̄. It would need to come from
an operator like Aµϕ̄∂µϕ̄ (possibly with different species of ϕ̄), which has mass dimension
four and is therefore renormalizable. The most general renormalizable N = 1 global SUSY
Lagrangian is given in (10.53) and (11.4a) of [39], and we can see that such a term is absent.
Note this applies also to theories with N > 1 global SUSY, since they are special cases of
N = 1. Therefore Jacobi is satisfied in N ≥ 1 global SUSY EFTs around a stable vacuum.

4 Review of collinear factorization at one loop

OPEs in CCFT are inherited from the collinear structure of scattering amplitudes. In this
section, we will review the general structure of collinear limits of one-loop amplitudes which
has been well-studied in gauge theory and gravity [14, 40–46]. With pedagogy in mind, we
will work with the simple example of pure Yang-Mills theory. The generalizations to other
theories including gravity are straightforward.

The 3-point amplitudes of this theory can be read off from (2.2) to be

A(0)
3

(
1+, 2+, 3−

)
= κ1,1,−1

[12]3

[23][31] , A(0)
3

(
1−, 2−, 3+

)
= κ1,1,−1

⟨12⟩3

⟨23⟩⟨31⟩ , (4.1)
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In writing the above equations, we have suppressed the colour factors and set the two 3-gluon
couplings κ1,−1,−1 = κ1,1,−1 equal to preserve parity. Note that

A(0)
3

(
1+, 2+, 3+

)
= A(0)

3
(
1−, 2−, 3−

)
= 0 (4.2)

since [κ1,1,1] = [κ−1,−1,−1] = −2 and their presence would be indicative of higher dimension
operators. In the collinear limit, we have at tree level

A(0)
n

(
1+, 2+, 3, . . . n

)
=

∑
J=±1

Split(0)
(
1+, 2+;−P−J

)
A(0)

n−1

(
P J , 3, . . . n

)
. (4.3)

The splitting function can be easily determined from 3-point amplitudes as a consequence of
unitarity which dictates that the residue on the two-particle pole (p1 + p2)2 → 0 is

A(0)
n

(
1+, 2+, 3, . . . n

) (p1+p2)2→0−−−−−−−−→
∑

J=±1
A(0)

3

(
1+, 2+,−P−J

) 1
⟨12⟩[21]A

(0)
n−1

(
P J , 3, . . . n

)
.

(4.4)
The splitting functions can thus be read off as

Split(0)
(
1+, 2+;−P−

)
= A(0)

3

(
1+, 2+,−P−1

) 1
⟨12⟩[21] =

κ1,1,−1
⟨12⟩

[12]2

[2P ][P1] , (4.5)

Split(0)
(
1+, 2+;−P +

)
= A(0)

3

(
1+, 2+,−P +1

) 1
⟨12⟩[21] = 0. (4.6)

In arriving at the above results we have used (4.1) and (4.2). It is easy to check that after
using the parametrization in (2.7), the splitting functions reduce to the standard ones [40].

The collinear behaviour at one loop is

A(1)
n

(
1+, 2+, 3, . . . n

)
=

∑
J=±1

Split(0)
(
1+, 2+;−P−J

)
A(1)

n−1

(
P J , 3, . . . n

)
+

∑
J=±1

Split(1)
(
1+, 2+;−P−J

)
A(0)

n−1

(
P J , 3, . . . n

)
. (4.7)

We now focus on the corrections from a gluon loop. There are two distinct contributions
— factorizing and non-factorizing — each associated with its own splitting function,

Split(1)
(
1+, 2+;−P−J

)
= Split(1)

fact

(
1+, 2+;−P−J

)
+ Split(1)

non-fact

(
1+, 2+;−P−J

)
. (4.8)

The factorizing contributions arise from gluon loop corrections to the 3-point amplitude (with
one leg initially off-shell). We present the details of this computation in appendix B, merely
displaying the result that leads to the double pole below

A(1)
3

(
1+, 2+,−P +

) ⟨12⟩→0−−−−→
Ng κ3

1,1,−1
16π2

[P1][2P ]
⟨12⟩ +O

(
⟨12⟩0

)
. (4.9)

The one-loop corrections to the splitting functions follow from these and are given by

Split(1)
fact

(
1+, 2+;−P +

)
= A(1)

3

(
1+, 2+,−P +

) 1
⟨12⟩[21] (4.10)

=
Ng κ3

1,1,−1
16π2

[P1][2P ]
⟨12⟩2[12] +O(⟨12⟩−1).
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Consequently, the corresponding splitting function in (4.10) has a double pole at ⟨12⟩ = 0.
This double pole can be predicted from dimensional analysis and little group scaling. The
lack of a dimensionful parameter means that the splitting function cannot be proportional to
the 3-point amplitude A3

(
1+, 2+, 3+)

, whose coupling κ1,1,1 has mass dimension −2. The
only way to construct an expression consistent with little group scaling and with the correct
dimension is to introduce an extra pole. Since λ1 ∝ λ2 ∝ λP , this leaves us with a unique
choice. We will use this reasoning to identify the splitting functions that can contain double
poles in section 5. Finally, the non-factorizing contributions in (4.8) arise from IR divergences
in the one-loop amplitude. We will not elaborate on them here other than to say that they give
rise to logarithmic terms in the splitting function and refer the reader to [41] for more details.

5 Double pole cancellation in supersymmetric theories

In this section we demonstrate the cancellation of double poles in the splitting functions of
two bosons in N = 1 SUGRA and renormalizable N ≥ 1 global SUSY theories around stable
vacua. We focus only on massless loops since double poles can only arise from these. We
note that in the SUGRA case the massless 3-point amplitude couplings have mass dimensions
[κJ1,J2,J3 ] ∈ {−1, 0}, and in the global SUSY case they all have [κJ1,J2,J3 ] = 0. There are
six classes of splitting functions: Split

(
tJ1
1 , tJ2

2 ; tJP
P

)
, Split

(
tJ1
1 , tJ2

2 ; bJP
P

)
, Split

(
bJ1

1 , tJ2
2 ; tJP

P

)
and the three others obtained by the replacement tJi

i ↔ bJi
i . We will focus on the first three

classes as all arguments made for these can be applied mutatis mutandis to the remaining
three. The SWIs force Split

(
tJ1
1 , tJ2

2 ; tJP
P

)
to vanish. To see this, we start from the SWI

An

({
tJ1
1 , . . . , t

Jn−1
n−1

}
,
{

bJn
n

})
= 0. (5.1)

Taking the collinear limit ⟨12⟩ → 0 of this equation, we get∑
Split

(
tJ1
1 , tJ2

2 ; b−JP
P

)
An−1

({
tJP
P , . . . , t

Jn−1
n−1

}
,
{

bJn
n

})
+

∑
Split

(
tJ1
1 , tJ2

2 ; t−JP
P

)
An−1

({
tJ3
3 , . . . , t

Jn−1
n−1

}
,
{

bJP
P , bJn

n

})
= 0, (5.2)

where the sum is over all possible supermultiplets that can be exchanged. The amplitudes
on the first line are zero by (5.1) while the amplitudes on the second line are generically
nonzero. It follows that∑

Split
(
tJ1
1 , tJ2

2 ; t−JP
P

)
An−1

({
tJ3
3 , . . . , t

Jn−1
n−1

}
,
{

bJP
P , bJn

n

})
= 0. (5.3)

Since the splitting functions are universal and the above equation must be true in any theory
with N = 1 SUSY, we can conclude that the splitting function for each multiplet must
individually vanish yielding the desired result,

Split
(
tJ1
1 , tJ2

2 ; tJP
P

)
= Split

(
bJ1

1 , bJ2
2 ; bJP

P

)
= 0. (5.4)

We are left with Split
(
tJ1
1 , tJ2

2 ; bJP
P

)
and Split

(
bJ1

1 , tJ2
2 ; tJP

P

)
. We first focus on the former. It

is useful to first identify the subset of these which can manifest double poles. To this end,
we note the following constraints on the splitting function:
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1. Under a little group transformation, the splitting function behaves in the same way as
the corresponding 3-point amplitude.

2. It must have mass dimension −1.

3. Since all holomorphic spinors are proportional in the collinear limit, as in (2.4), at leading
order all angle brackets can be written in terms of ⟨t1t2⟩ without loss of generality.

These constraints fix the form of the splitting function to

Split(1)
(
tJ1
1 , tJ2

2 ; bJP
P

)
= NK

[t1t2]J1+J2−JP [t1bP ]J2+JP −J1 [bP t1]JP +J1−J2

⟨t1t2⟩[t2t1]
(5.5)

where K is the product of all couplings involved in the diagram underlying the splitting
function and N is an order one number times a power of ⟨t1t2⟩[t2t1]. Both N and K are little
group neutral. Their combined mass dimension must be [NK] = 1− J1 − J2 − JP ensuring
that the splitting function has dimension −1. Note also that [K] ≤ 0 since the couplings are
either marginal or irrelevant. A double pole in ⟨t1t2⟩ might arise if [NK] < 0, or equivalently

J1 + J2 + JP > 1. (5.6)

A glance at the list of supermultiplets in (2.10) shows that the only configurations with two
top states and one bottom state that satisfy (5.6) are

(J1, J2, JP ) = (1, 1, 0) , (2, 0, 0) , (2, 1, 0) , (2, 2, 0) , (5.7)
(2, 2,−2) , (2, 2,−1) , (2, 1,−1) .

For non-gravitational amplitudes [K] is always zero since there are only dimensionless
couplings. For gravitational amplitudes, it depends on the number of gravitons in the
splitting function under consideration and also on the particle(s) circulating in the loop. We
expect double poles only if [N ] < 0. A list of the most singular behaviours as ⟨t1t2⟩ → 0 of
NK for the triplets in (5.7) is shown in table 1. In some of the cases there is more than
one possible loop which gives the same leading singular behaviour and in each line in the
table we have only indicated one such contribution.

The only potentially troublesome configurations are (J1, J2, JP ) = (2, 2, 0) , (2, 1, 0) ,

(2, 2,−1). However, these cannot be constructed using the tree-level 3-point couplings in
N = 1 SUGRA. To see this, first consider the (2, 2, 0) configuration. Note that the two possible
ways of building the integrand from triple cuts are shown in figure 1.5 The construction on the
left requires A(0)

3 (t+1
ℓ2

, b0
ℓ3

, b0
P ) while the one on the right requires A(0)

3 (t+2
1 , b−1

ℓ1
, b0

ℓ3
). However,

as observed in (3.2), these 3-point amplitudes are absent in N = 1 SUGRA. Constructing
the integrand from double cuts runs into a similar issue since the 4-point tree-level amplitude
required for this construction must in turn be constructed from the 3-point ones shown in
figure 1. A nearly identical argument shows that double poles cannot arise in the other two
configurations thus implying that the class Split

(
tJ1
1 , tJ2

2 ; bJP
P

)
does not contain double poles.

5It is also possible to construct this amplitude with a scalar in the loop. However, this would require a ϕ3

type interaction which we discount on the basis of vacuum stability.
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(J1, J2, JP ) NK (up to a numerical constant)
(1, 1, 0) κ2,1,−1 κ1,0,0 κ−2,1,0

(2, 0, 0) κ2,1,−1 κ1,0,0 κ−1,0,0

(2, 1, 0) κ2,−1,0 κ1,1,−1 κ1,0,0
1

⟨t1t2⟩[t2t11]

(2, 2, 0) κ2,1,−1 κ2,−1,0 κ0,0,1
1

⟨t1t2⟩[t2t1]

(2, 2,−2) κ3
2,2,−2⟨t1t2⟩[t2t1]

(2, 2,−1) κ2
2,0,−1 κ1,1,−1

1
⟨t1t2⟩[t2t1]

(2, 1,−1) κ2,1,−1κ1,−1,−1κ1,−1,1

Table 1. A list of the most singular behaviours of one-loop splitting functions.

t+2
2

t+2
1

b0
P

t+1
ℓ1

b−1
ℓ2

b−1
ℓ1

t0
ℓ3

t+1
ℓ2

b0
ℓ3

t+2
2

t+2
1

b0
P

t+1
ℓ1

b−1
ℓ2

b−1
ℓ1

b0
ℓ3

t+1
ℓ2

t0
ℓ3

Figure 1. The two possible configurations of 3-point amplitudes involved in the construction of the
loop integrand for A(1)

3
(
t+2
1 , t+2

2 , b0
P

)
.

Since (5.6) is symmetric in J1, J2, JP , most of the arguments presented above also apply to
Split(b1, t2; tP ). The configurations which potentially gave rise to double pole are necessarily
of the form (t1, t2, bP ). This completes the proof that double poles cannot arise at one-loop in
supersymmetric theories. It also proves that double poles are absent in theories with global
SUSY and only renormalizable 3-point interactions. We expect such cancellations to hold at
all loop orders but leave a thorough investigation of this to the future.
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2+

1+

3+

ℓ

ℓ + p2

p3 − ℓ

−ℓ

ℓ − p3

Figure 2. A unitarity cut of A(1),sc
3 .

A Computation of A(1),sc
3

In this appendix, we will compute the one-loop correction to the splitting function of two
positive helicity gluons from a massive scalar loop. This serves to demonstrate the fact that
massive loops do not give rise to double poles while also setting up some of the machinery
necessary to compute the correction from a gluon loop. The one-loop correction arises from
the amplitude A(1),sc

3
(
1+, 2+, 3

)
. Here particles 1 and 2 are positive helicity gluons and

particle 3 is an off-shell gluon but we have chosen to treat it as a massive particle instead. We
will adopt the convention of labelling massive or off-shell particles in boldface. The particle
circulating in the loop is a massive scalar. We are interested in the behaviour of the loop
corrections as p2

3 → 0 and thus need to keep it off-shell to begin with. We first construct the
integrand by gluing tree-level amplitudes on a unitarity cut [14, 47] (see figure 2):

A(1),sc
3

(
1+, 2+, 3

)
=

∫
dDℓ

(2π)D
A(0)

4

(
1+, 2+,−ℓ, p3 − ℓ

)
A(0)

3 (−ℓ,−p3 + ℓ, p3)

× i

(ℓ + p2)2 − m2
i

(ℓ − p3)2 − m2
i

ℓ2 − m2 . (A.1)

We can decompose the D dimensional vector ℓ = ℓ̃ + µ, with ℓ̃ living in the 4D subspace of
physical momenta and µ in its orthogonal space and re-write the above equation as

A(1),sc
3

(
1+, 2+, 3

)
= −i

2Γ
(

D−4
2

)
(4π)

D−4
2

∫
dµ2

(
µ2

)D−6
2

∫
d4ℓ̃

(2π)4 (A.2)

×
∑

states

A(0)
4

(
1+, 2+,−ℓ, p3 − ℓ

)
A(0)

3 (−ℓ,−p3 + ℓ, p3)
((ℓ̃ + p2)2 − m2 − µ2)((ℓ̃ − p3)2 − m2 − µ2)(ℓ̃2 − m2 − µ2)

.

The sum is over all the states that circulate in the loop. In this case, it is merely a trace
over the representation of the scalar. In arriving at this equation, we have utilized the
spherical symmetry of the integrand (since all the physical momenta are orthogonal to µ)
and performed the angular integral over the (D − 4) sphere. Furthermore, we are treating
the amplitude as involving massive particles rather than D-dimensional ones. We can now
simplify this expression by noting that in the amplitudes, we have

ℓ2 = (ℓ − p3)2 = µ2 =⇒ 2ℓ · p3 = p2
3. (A.3)
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Consequently, we have the following leading behaviour

A(0)
3

(
−ℓ0, (−p3 + ℓ)0 , p3

1
) p2

3→0
−−−→ A(0)

3

(
−ℓ0, (−p3 + ℓ)0 , p±3

)
+O

(
p2

3

)
. (A.4)

We can thus use the minimal coupling [48]

A3
(
10, 20, 3±

)
= κ1,0,0 ϵ3 · p1 (A.5)

instead of an all-massive 3-point amplitude. Here ϵ3 is the polarization vector of the gluon.
Finally, we also need the 4-point amplitude [49, 50]

A(0)
4

(
1+, 2+, ℓ0, (−ℓ + p3)0

)
= κ2

1,0,0
[12]
⟨12⟩

m2 + µ2

(p2 + ℓ̃)2 − m2 − µ2 . (A.6)

Putting this together gives

A(1),sc
3

(
1+, 2+, 3

)
= −

i Nsc κ3
1,0,0

2Γ
(

D−4
2

)
(4π)

D−4
2

[12]
⟨12⟩

∫
dµ2

(
µ2

)D−6
2

∫
d4ℓ̃

(2π)4

×
(
µ2 + m2) ϵ3 · ℓ̃

(ℓ̃ + p2)2 − m2 − µ2)((ℓ̃ − p3)2 − m2 − µ2)(ℓ̃2 − m2 − µ2)
(A.7)

where ϵ3 is the polarization vector of the off-shell gluon. The integral can be simplified
by Feynman parametrization to

A(1),sc
3

(
1+,2+,3

)
=−

Nscκ3
1,0,0ϵ3 ·p2

2Γ
(

D
2

)
(4π)

D
2

[12]
⟨12⟩

∫ 1

0
dα1

∫ 1−α1

0
dα3

×
∫

dµ2
(
µ2

)D−6
2

(
µ2+m2)α1(

p2
3α3(1−α1−α3)−m2−µ2) (A.8)

=
Nscκ3

1,0,0ϵ3 ·p2

2(4π)
D
2

[12]
⟨12⟩Γ

(6−D

2

)
p2

3

∫ 1

0

∫ 1−α1

0

dα1dα3α3(1−α1−α3)(
m2−p2

3α3(1−α1−α3)
) 6−D

2
.

Setting D = 4 − 2ε and p2
3 = 0 in the integral, we get the leading behaviour

A(1),sc
3

(
1+, 2+, 3

) p2
3→0

−−−→
D=4

Nsc κ3
1,0,0 ϵ3 · p2

48 (4π)2
[12]
⟨12⟩

p2
3

m2 . (A.9)

We can now extract the two separate helicity amplitudes by using the polarization vectors

ϵ+
3 = λ̃3 ξ

⟨3ξ⟩
, ϵ−3 = λ3 ξ̃

[3ξ] . (A.10)

which gives

A(1),sc
3

(
1+, 2+, 3+

) p2
3→0

−−−→
Nsc κ3

1,0,0
24 (4π)2

[12]
⟨12⟩

⟨12⟩[21]
m2

[32]⟨2ξ⟩
⟨3ξ⟩

=
Nsc κ3

1,0,0
24m2(4π)2 [12][23][31], (A.11)

A(1),sc
3

(
1+, 2+, 3−

) p2
3→0

−−−→
Nsc κ3

1,0,0
24 (4π)2

[12]
⟨12⟩

⟨12⟩[21]
m2

⟨32⟩[2ξ]
[3ξ] =

Nsc κ3
1,0,0

24m2(4π)2
[12]2[23]
[31] ⟨12⟩.

In arriving at the above results, we have made use of (2.4). As expected, these contributions
are not singular as ⟨12⟩ → 0 and thus do not lead to double poles in the splitting function.
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B Computation of A(1)
3

The computation of the correction from the gluon is very similar to the one in the previous
appendix. Once again, we construct the integrand by the method of unitarity cuts. Since
we are working in D dimensions, and we were interested in obtaining the loop correction
from a massless scalar, we would just have to set m = 0 in (A.7). In order to obtain the
correction from a massless gluon, we must make the following modifications:

1. Use the 4-point amplitude with two gluons and two massive spin-1 particles instead
of (A.6) in the integrand.

2. Use the appropriate 3-point minimal coupling A(0)
3

(
ℓ1

1, ℓ1
2, 3±

)
.

3. Sum over the states (polarizations and colours) of the spin-1 particle.

The required amplitudes are [48, 49]

A(0)
4

(
1+, 2+, ℓ1

1, ℓ1
2

)
= κ2

1,0,0
[12]
⟨12⟩

⟨ℓ1ℓ2⟩2

(p2 + ℓ̃1)2 − µ2 , (B.1)

A(0)
3

(
ℓ1

1, ℓ1
2, 3±

)
= κ1,1,−1

µ2 ϵ±3 · ℓ1⟨ℓ1ℓ2⟩2. (B.2)

Here µ is the mass of the spin-1 particles and we have ℓ2
1 = ℓ2

2 = µ2 and the angle brackets
involve massive spinor helicity variables [48]. The object entering the integrand is the sum∑

states
A(0)

4

(
1+, 2+, ℓ1

1, ℓ1
2

)
A(0)

3

(
ℓ̄

1
1, ℓ̄

1
2, 3±

)
=

Ng κ3
1,1,−1ϵ±3 · ℓ1

(p2 + ℓ̃1)2 − µ2
[12]
⟨12⟩

1
µ2

∑
polarizations

⟨ℓ1ℓ2⟩2⟨ℓ̄1ℓ̄2⟩2 (B.3)

=
Ng κ3

1,1,−1ϵ±3 · ℓ1

(p2 + ℓ̃1)2 − µ2
[12]
⟨12⟩ × 3µ2 = 3Ng A(0)

4

(
1+, 2+, ℓ0

1, ℓ0
2

)
A(0)

3

(
ℓ̄

0
1, ℓ̄

0
2, 3±

)
.

In the above equation, we have used the notation ℓ̄1 to denote the fact that within the
polarization sum, this particle has the opposite spin orientation to ℓ1. Ng is the dimension of
the adjoint representation. In arriving at the first equality on the last line, we have made
use of the completeness relation

∑
polarizations⟨ℓ1ℓ2⟩2⟨ℓ̄1ℓ̄2⟩2 = 3µ4 [51] which holds since

massive particles have three degrees of freedom. The final equality notes that the integrand
for the contribution of a massive spin-1 particle is thrice that of a scalar. Since the particle
is actually massless and has two degrees of freedom, we must subtract one scalar degree of
freedom. With these observations, we can write

A(1)
3

(
1+, 2+, 3±

)
=

Ng κ3
1,0,0 ϵ±3 · p2

(4π)
D
2

[12]
⟨12⟩Γ

(6− D

2

)(
p2

3

)D−4
2

× (−1)
D−4

2

∫ 1

0

∫ 1−α1

0
dα1 dα3 α

D−4
2

3 (1− α1 − α3)
D−4

2 (B.4)

D=4−−−→
Ng κ3

1,0,0 ϵ±3 · p2

(4π)2
[12]
⟨12⟩ .
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Using the polarization vectors in (A.10), we get

A(1)
3

(
1+, 2+, 3+

)
=

Ng κ3
1,0,0

(4π)2
[32][31]
⟨12⟩ , A(1)

3

(
1+, 2+, 3−

)
=

Ng κ3
1,0,0

(4π)2
[12]3

[23][31] . (B.5)

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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