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1 Introduction

The production of C-even quarkonia in y*~ fusion processes keeps providing us with important
information on their structure [1-8]. While untagged e*e™ cross sections give access to the
decay width of quarkonia into vy pair, in single tagged collisions, transition form factors
involving one virtual and one real photon can be measured.

Here, we continue our work on the light-front formulation of v*vy* — x transition form
factors for a given meson state y. We have already presented the formalism for computing
the v*y* transition amplitudes to 0,17 charmonia using light-front c¢ wave functions
(LFWFs) [9-12]. The majority of works in the literature concentrates on the transition form
factors for spinless quarkonia, and for the x.o discusses only the two-photon decay width,
see for example results obtained from a Bethe Salpeter equation approach [13], relativistic
quark models [14, 15], Dyson-Schwinger equations [16] or lattice QCD [17], an exception
being the light front approach of [18].

We adopt two different approaches to the LEFWFs. In the first one, they are obtained
from the radial wave functions in a potential model, supplemented by a Melosh-transform of
the relevant spin-orbit structure. The second is based on direct solutions of the bound-state
problem formulated on the light-front (LF). Here, convenient tables of the wave function
from the Basis Light Front Quantization (BLFQ) approach of refs. [18, 19] are available
in the literature [20].

This work aims to extend the formalism to the v*v* — x.o transition amplitude based
on the quarkonium LFWEF. For this purpose, we focus on the form factors describing
such a coupling for one real and one spacelike virtual photon as a function of the photon
virtuality. Only very sparse data are available on this process at the moment, while in



Figure 1. An example diagram for one virtual photon transition, with ¢; = (¢}, ¢; = *%, g1, =0),
1

@ =0(q5 =0,q5 =P~ —qy,d1).

principle experiments such as Belle can provide such data in the future. Recently, the Belle
collaboration has measured the radiative decay width [3], where they select two quasi-real
photon collisions in no-tag mode.

The paper is organised as follows. First, we discuss how the current transition matrix
elements for one virtual photon are related to the LEFWF. In the next section, we derive the
corresponding form factors. We present numerical results for the transition form factors, also in
the non-relativistic approximation using cc wave function obtained by solving the Schrédinger
equation. We will use the same set of potential models as in our earlier works for 7., Xc0, Xe1-
We then compare our results for the radiative decay width to available measurements.

2 Transition matrix elements for one real and one virtual photon

As in our recent work on the 11+ states [12], we start with formulating the y*y — 27 process
in a Drell-Yan frame, in which one of the photons carries vanishing light-front plus momentum
(for notation, see figure 1). The relevant four-momentum transfer satisfies ¢ = —@%, , and we
approach the on-shell limit for this photon by letting its transverse momentum go to zero
Go1 — 0 for a meson in an external electromagnetic field. The process can therefore be viewed
as a dissociation of an incoming virtual photon in an external electromagnetic field. We chose
the polarization vector of the latter such that we project on the light-front plus component of
the current. This choice of the frame and the current is the preferred one for the evaluation
of electroweak transition currents of hadrons, as it is free from parton-number changing
transitions, and instantaneous (in LF time) fermion exchanges [21]. The pertinent helicity
amplitudes are then related to matrix elements of the LF-plus component of the current as

M = N) = (xes (V) J+(0) 7. (Q%))
= 2q1 \/7626%/ ded” k1J_67T3 Z \Il (2, EJ— Ny - VEL)\PZ?L (2, I;J_: QQ) .

(2.1)

Here, o(0) denotes the (anti)quark polarization, and in what follows we will represent the

helicities +0/2 and £+6/2 by 1 and |. The fine structure constant is aem = €2/(47), ey

is the electric charge of quark with flavour f and with mass my. The derivative operator

(@1 -V EJ_) is acting on the LFWF of the transverse ¥)Z or longitudinal ¥7% photon, we

do not explicitly display the photon polarization A.



The explicit form of the photon LEWFs reads (see e.g. ref. [22])

507_5 (él . EJ_) (2(1 — 2)55,)\ — 22507)\> + 50550)\\/§mf

TR @Y = el - 2) Pl me (- Q2 - (22)
1 f -
— 3 _
V(R QY = (- 2)) et (2.3)
k| +mf+z(17z)Q2

where my is (anti)quark mass, and z = kT /g™ is the light front momentum fraction of
photon carried by the quark and (1 — z) by the antiquark. Here, we defined £? = m?c +
2(1 — 2)Q?. Inserting the photon LFWFs into eq. (2.1), we obtain for the transverse photon

with helicity A = +1:
Xes NI (0) 7 (+1, Q%)) =

dzd?k, ey 2V2my (oL kL)
_9 Noe2e? | ———= 0 (2, k !
a1V Nee Kl Vz2(1 — z)16m3 { o (k) [EJ_2 +e2)?

EL(H) D 2@ kL)EL(F) EJ.)) }

- 2 - 2
ki + g2 [lﬁ_ +€2]2

+(zzxpﬁ*(2, ki) —2(1—2)U (2, EL)) (

(2.4)
and for the incoming longitudinal photon

ek ) 260k
Vz(1 — z)1673 [/;’lz +e22 (2.5)
(U (2 k) + 0 (2, E1))

(Xes W) (0) 1 (@) = =201V Nee?ed 2Q [

Now we wish to perform the azimuthal angle integration. To this end, we note that

. S 1 . @1 o - - ki
€r(+) - =—— +1 =—"=e% e (+) kL =—F=¢€"7
L(+) -G \/i(q%: q2y) NG () ko NG
. 1, . A o
Qo1 k1 =qoiki cos(pg — ) = %ﬂui <€Z¢q€_w + e—wqew) . (2.6)

In addition to these angular dependencies, also the LEFWF depends on the azimuthal angle ¢
of k. Indeed, our LEWFs are eigenfunctions of the LF-Spin operator

J.=8.+L., (2.7)
which acts on the WFs as
T = X0 () = (T — i) W), 28)
2 Oy
so that we can isolate the ¢ dependence as
U (2,ky) = 90 (z, ki) el=? | with L,=\N—5,. (2.9)

As a result,

\II%‘T(z,kl) zzﬁﬁ(z,kl)ei(’\ e, \I/ﬁ(z,kj_) = 1[1%(2,1@_) N, q}i\T(zvkl) ziﬁi\T(z,kl)ei)‘ 2.



We can now straightforwardly perform the angular integration:
dzk:LdkL 1
7 T (0) | (+1,Q%)) = —2 \/2N622{ = )00
x [myk g (2, k) =2 (209 (2, m—a—z)w(z,m)}
+( i420) dzk, dk| 1
G2 =i0)On2 | R
s [m s B ek )R (203 (2 k)= (L=2) 2, k) )] }
(2.10)

In the same manner, we obtain for the transitions of the longitudinal photon:
Xes MTL(0) 75 (Q%)) = — 21/ NeePe? QQ((CD:E +iqay)0x —1 + (qoz — iQ2y)5x,+1)

dzkidky  2(1—z)ky <¢ (2, k1) + 0N (2, kJ.)) :

Vz([A = 2)872 [k% +¢€2)?
(2.11)

The procedure for obtaining the LEWFs for the spin-two state is described in appendix A.

3 Form factors for vy* — 21+

Now, we wish to express our results for the transition amplitudes in the Drell-Yan frame
through the invariant transition form factors commonly used in the literature. For definiteness,
here we use the form factors introduced in ref. [23], while for different conventions, see
e.g. refs. [24, 25].

We start from the parametrization of the covariant amplitude for the process

Y (qu)v(g2) — 2++:!

1
ira Mvas = 5,fV(Q2 —q1)alq2 — 1) Frr.o(Q?)
1
+ 5 (5;%&63_,8 + 53_045 5pV5a,8) FTT,Q(Qz)
2
q
+ (qw - 1qzu> Sa(a2 — 1) Fir(Q?) (3.1)
q1 - q2
where 1

8o = G — @ Bk ((CH “@2)(q2uq10 + Q1puq20) — qfqzquy) : (3.2)

Here, the four momenta of photons satisfy ¢ = —Q?, Q% > 0, and ¢5 = 0.
We now match the form factors defined above to the transition amplitudes calculated
in the LF formalism by expressing them as

M = X) = e (N, M#P B (X). (3.3)

"We have simplified the notation in ref. [23] by introducing

FLT(QQ) = (qg - Q%)F{“L — Fryp.



Introducing the light-like vectors n, which full fill conditions n* -nt =n~-n~ = 0 and

12 )
nt -n~ = 1, we write the photon momentum as
2
Qi = qfn:[ ——n, . (3.4)
2q,

Further, we define the polarization of the incoming photon and outgoing meson in the LF
notation, for the photon:

1
eu(0) = aquu + q?_n; ,oeu(N) = et()\) , (3.5)

and for the tensor meson:

EB(+2) = E*(+1)EP(£1),

BB (1) = é(Ea(ﬂ)Eﬁ(O) + B(0)EP(£1)).
E*B(0) = jé(Ea(—H)Eﬂ(—l) T+ EO(-1)EP(+1) + 2B°(0) E(0)) (3.6)
where ) M 3. p
B(0) = g7 P = pon s B = et () - ‘“(Pi'na . (3.7)

We have denoted the four-momentum of the tensor meson as P, = q1,, + g2, and notice, that
P, = qf . Above M denotes the mass of the tensor meson, and P? = M?2.
Now, we can move to the transition amplitudes in the Drell-Yan frame (see figure 1).

2 2
M(+1 = 0) =2¢] € (EL(+1) - Go1) }M]\;Q Prro(Q%),
M(+1 — +2) = —2qf'e2 (€7 (+1) - §2L)M FTT,2(Q2) )
MO0 = +1) = 20 (L (+1) - o) 2 Fur(@?). (33

Combining these expressions with our results for the matrix elements, we obtain the three
independent transition form factors:

M? dzk dk
Frr,0(Q*) = /6N, S

1

Q] o e
_622((22—1)(@?i(z,/u)-i—d&(z,/ﬁ ) ( (2, kL)‘&&(%’ﬂ)))}

1

_|_

[mfk:ﬂpﬁ(z kL)

M? dzk, dk N
2 LA 0
Necr a2 Vz(1—2)8n2 [k {mf hutty(z,kL)
2
(3 ~ ~
— S 22— 1) (@, (2 k) + 0 (2, k) ) | (3.9)
de‘J_ko_ 1

Fro2(Q%) = —2v/Neeh (M?+@Q7) {m‘fkﬁ/;#(zah)

V(1= 2)8n2 [k +e??
+k§((22—1)(%Z(z,m)ﬂ%ﬁz(z,m))+(@f(z,kl)—z/ijf(z,m)))], (3.10)

FLT(QQ) :4\/F66?M/ dzk,dk; (1 Z)kl (w (Z,kj_)""&i’}l(z,kj_)) ) (311)

Vz(1—2)8n2 [k3 +e2]?
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From this representation of the transition form factors we can distinguish the ingredients
related to spin-singlet (&%‘i(z, k1) —@i‘%(z, k1)), as well as spin-triplet (1@1(2, k1) +1§1\%(2, k1)).
The former one, which is a relativistic correction, vanishes for the longitudinal tensor meson
for symmetry reasons. Using the formulas given in the table in appendix A1l of ref. [23], these
form factors can be also related to helicity amplitudes in the v*v c.m. frame.

Some comments on the large-Q? asymptotics of the transition form factors are in order.
At very large 2, one expects an approach based on meson distribution amplitudes to be
applicable. As will be shown in section 6, our form factors enter the y*v-cross section at
large Q2 with prefactors Q4FTT70, Frrp2, Q3Fir. Now we immediately see that out of these
for large Q2 only Q*Frr o — const, while Frro ~ 1/Q% and Q*Fir ~ 1/Q. This is in full
agreement with the analysis in refs. [26, 27], where it was concluded that only the transition
form factor for the longitudinal tensor meson is of leading twist. Then, for asymptotically
large %, neglecting quark masses, we obtain, again in full agreement with refs. [26, 27]:

1 M dz Ldz
4 2y _ 2 2y _ 2 2
QFrro(@) =iy || 1ol 2) @) =i [ S0 312
The light-front wave function representation of the leading twist distribution amplitude
(DA) a(z, 1i?) is

v ON, - -
Freap2(z, 1) = 87220 —2) /OM dky ky (d}&(%lﬂ) + 90 (2, kl)) ) (3.13)

where f,, is the so-called meson decay constant. The DA is normalized as

/01 dz (22 — 1) pa(z,p?) =1, (3.14)

and we have already used above, that it is odd under exchange of z <+ 1 — z. We refrain from
a further analysis of this asymptotics, as our previous analysis of 7. [9] showed, that it is
of rather little practical relevance for heavy quarks. Instead, we will show our results for
form factors in the full form as given in egs. (3.9), (3.10) and (3.11). In figure 2 we present
transition form factors FTT’O(QQ), FTT’Q(QQ), Fir(Q?) for one real and one virtual photon
as a function of the photon virtuality. In the numerical calculation, we use light-front wave
functions obtained for different c¢ potentials from the literature as in ref. [12] or [28]. There
is a relatively large spread of the results, similar to what was observed for v*y — x¢1 [12].
We also show results for BLFQ wave functions from ref. [20] obtained with running QCD
coupling. For the BLFQ case, we also show an uncertainty band reflecting the basis size
dependence. We calculate it as recommended by the authors in [29]. We take the central
value from the results for the basis size Npax = 8. The difference to the Ny.x = 16 result
is taken to obtain the uncertainty band.

3.1 NRQCD limit

It is instructive to derive the transition form factors in the limit of nonrelativistic (NR)
motion of quarks in the bound state. To reach the NR limit, we should expand the integrand
around the z = 1/2 and k; = 0, ie.

1 1
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Figure 2. Three transition form factors within the LFWF approach: on the Lh.s. — Fpr(Q?),
on the r.h.s. — Frr2(Q?), in the middle — Frr(Q?). Here the line denoted as BLFQ is a result
obtained with the light front wave function from the database [20], the uncertainty band is calculated
as recommended in ref. [29].

thus,
1 - 2
A(1-2) =7 - &, (R +md +2(1 = 2)Q%)” = (m} + Q*/4)%. (3.16)
In the Melosh transform formalism described in appendix A, the LEFWF can be related to the
NR radial WF, u;(k). After the NR expansion, all FFs will be proportional to the integral
[e.e]
/ dk k*uy (k) o< R'(0), (3.17)
0

where R/(0) is the derivative of the (spatial) radial WF at the origin, which we obtain as
in ref. [10]. As a result, the transition form factors take the form:

2
Proo@®) = & (4) || e s R 0). (318)

SN.M 1
T M?+ Q2

R'(0), (3.19)

-7 -
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Figure 3. The three transition form factors in the non-relativistic limit (with M = 2my): on the
Lh.s. — FTT,O(Q2)a on the r.h.s. — FTTVQ(QZ), in the middle — FLT(QQ)-

Fir(@) = ¢ (=8)\ [ g F1O)- (3.20)

Above, M stands for the mass of x.2 (1P), and N, is the number of colors. In the NR limit,
the mass of the meson should be understood as M = 2my. These results fully agree with

those obtained previously in [24, 25].

In figure 3, we present similar results for the non-relativistic approach with M = 2m, see
egs. (3.18)—(3.20). We hope that in the near future, such form factors will be extracted by the
Belle collaboration. So far, only 'y (Q?) as defined by the Belle collaboration was measured.

4 2Tt — 4~ decay width

The radiative decay width is described by two contributions from J, = 2 (Frr32), and
JZ =0 (FTT,O):

o [[Frro(0))? - M, N |Frr2(0))

Ty (xe2) = (4marem) 1207 807 M,
c2

(4.1)

-8 —



LFWF NRQCD
M= M,, M=2m;

potential type Me Frrpo Frr2 Frra Frro

[GeV] [GeV—2] [GeV] [GeV] [GeV]
Cornell 1.84 3.43-1074 —0.13 —0.29 —0.28
logarithmic 1.5 5.84-1074 —0.18 —0.23 —0.30
Buchmiiller-Tye  1.48 5.91-1074 —0.19 —0.23 —0.31
power-like 1.334 7.20-10~% —0.22 —0.21 —0.31
harmonic osc. 1.4 5.28 1074 —0.19 —0.16 —0.22
BLFQ [20] 1.57  (2.27+0.06) - 1072 —(0.21 +£0.01)

Table 1. Transition form factors for x.2(1P) at the on-shell point with corresponding c-quark mass.

LFWF NRQCD
M=M,, M =2my
Iy (A =0) Doy (A = +2) FF&:B) Loy Fy(A==2) Ty(A=+2)

[keV] [keV] [keV] [keV] [keV]
Cornell 1.18 x 1074 0.15 0.7x 1073 0.15 0.79 0.69
logarithmic 3.37 x 1074 0.32 0.3 x 1073 0.32 0.49 0.98
Buchmiiller-Tye 3.36 x 1074 0.34 1.0 x 1073 0.34 0.51 1.052
power like 5.18 x 1074 0.47 1.1 x 1073 0.47 0.40 1.25
harmonic osc. 2.80 x 1074 0.33 0.8 x 1073 0.33 0.23 0.60
BLFQ (5.240.2) x 1073 0.394+0.01 (1.340.1) x 1072 0.39 +0.01

Table 2. Helicity decomposition of the two-photon decay width of x.2(1P).

Therefore, we can neglect the J, = 41 contribution related to Fyr in no-tag mode. Nev-
ertheless, one would expect the cross-section o (J, = 0) to be considerably smaller than
orr(J, = £2). In further calculation we take M, , = 3.556 GeV [30].

The form factor at the on-shell point Frrr2(0) in the non-relativistic limit leads to the
following expression:

3N,
Frr2(0) = 8e2 <
12(0) = 8¢/ — 3

R(0). (4.2)

Furthermore, as can be seen from eq. (3.18), in the NR limit we have Frrr(0) = 0, so that
we need to consider only the contribution from J, = £2 for the radiative decay width:

4 3226

F'Y'Y()\ - :II2) = agmef 5M4

RO = atue 55 RO (43)
In table 1 we show the values of transition form factors Frr o and Frr o for Q? =0. In the
fully relativistic calculation, we find that at @ = 0 the Fr1 does not vanish, but gives a
negligibly small contribution. The corresponding widths I'y, (A = 0) and I'y, (A = £2) in
keV are shown in table 2. Indeed, the decay width for A = 0 is three orders of magnitude
smaller than that for A = +2. We also show the ratios of the different helicity contributions
to the width. For the NR limit, where the A = 0 contribution vanishes, we show the result
for A = £2 for two different approximations.



The BES III Collaboration measured the ratio between two-photon partial widths, for
the xc2 helicity A = 0 and A = £2 [6]:
I'yy(A=0) -2
— = (00£06+1.2) x10™~, 4.4
which is a straightforward confirmation that the helicity-zero component is strongly suppressed.
We predict the ratio of the order of 1073, The BES III precision is not sufficient to measure
the small ratios predicted in this work.

5 Form factor for vy* — 01+

We now want to compare the two-photon decay width for 07" and 27T states. To make
the comparison more transparent we reformulate the results of [10] using the same setup
in the Drell-Yan frame as in section 2. Now we have

dzk, dk
(Xcol5(0) |7 ( Q2 2(h VN €f €L(N)-q21)2 —_—

Vz(1—2)872

(—27;+—(Z7/ﬂ)+(1—2)IB—+(ZJM)) } .

(5.1)
The helicity amplitude with the transverse photon polarization 65 = (0,0,€, (X)) is obtained as

ki K 2
X{mf flﬁ++(z L)+ § 25
kL +e2)2 (kL +e2)2

T T Q1v92u oy o +€L(N) gL 9
Cuny MH‘V eun <g/“’ — a1 - q2> 47TaemFTT(Q ) = 2(]1 W 47Taem FTT(Q ) s (52)

and Frr(Q?) is a function invariant under Lorentz transformation.

dzkidky [ meki ¥y (2,k1)
Vz(1—2)8n2 U;J_2+52]2
(<2z—1><zz7+_<z,m>+¢_+<z,kl>>+<¢+_<z,m>—¢_+<z,lm))}.

(5.3)
For further use of LFWF calculated via the potential model and Melosh spin rotation

Frr(Q?) = 6? \/ﬁc2(Mio +Q%)

B mi+z(1-2)Q?
ST

transformation [10], we can find the relation between the so-called “radial” part of the
light-front wave function 1(z, k) as defined in [10] and ¥}, (z, k1 ):

~ ki ~ ~ mys(l —2z)
M ) k = ) k ’ ] —\% k = i ’ k = ) k :
¢++(2 1) 20— Z)@Z)(z L) (2 (z,k1) =1 +(Z 1) 202 P(z, k1)
(5.4)
In particular, radiative decay width can be found from the relation:
2
TS,
Doy (xe0) = 2222 [ Fro(0)f2, (55)
Xc0

where we take M, , = 3.41 GeV for the meson mass [30]. We recall some well-known relations
from the early years of quarkonium physics (see the review [31] and references therein).
Namely in the NR limit we obtain

L 249N,

Ly (Xe0) = a2mey I “IR'(0), (5.6)
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Loy (Xeo) [keV] T (Xe2) [keV] R = (2p

v (Xc0)
Cornell 0.44 0.15 0.34
logarithmic 0.91 0.32 0.35
Buchmiiller-Tye 0.96 0.33 0.34
power-like 1.32 0.46 0.35
harmonic oscillator 0.98 0.33 0.34
BLFQ 1.70 £0.33 0.39 +0.02 0.23 +£0.03
PDG [30] 2.20 + 0.15 0.56 + 0.03 0.25 + 0.02
BES I1I [6] 2.03 £ 0.08 £0.06 +0.13 0.60 +0.02 £ 0.01 + 0.04 0.295 + 0.014 + 0.007 + 0.027
Belle [3] 0.653 +0.013 + 0.031 + 0.017
CLEO [7] 2.36 £0.35£0.22 0.66 &+ 0.07 £ 0.06 0.278 £ 0.050 = 0.036

Table 3. Radiative decay widths obtained in the LFWF approach and the ratio R =
Laq(Xe2)/Tam (Xeo)-

and therefore

R

P’W(?)PQ) 4
" = — ~0.27. 5.7
1“77(3]30) 15 57)

In table 3, we present results for Iy, (xc0), I'yy(Xc2) and for their ratio (last column)
for different cc potentials. In contrast to individual widths we get rather stable ratio
Iy (Xe2)/Tyy(Xe0) ~ 0.34 — 0.35. For comparison using BLFQ wave functions from the
database [20]. In this case, the ratio is significantly smaller. For completeness, we also
collected experimental results from the BESIII, Belle, and CLEO collaborations. We wish
to note here that the power-like potential gave the best description of the width as well as
the Q?-dependence of the form factor for 7. [9].

6 ~*v cross-section and off-shell width

Now, we wish to compare the Q?-dependence of our form factors to the sparse data available
from single-tag experiments.

The definition of off-shell widths that we were using comes from writing the y*v cross-
section for photons as (i,j € T,L) [32]

2 [T (Q?
3 oy W (@)
N;N; 2V X (W2 — M?2)2 + M2T?2
327 w?
= —2J+1)—Fr
( )QM\/X

- N;N;
For the case of one off-shell photon, we have that the kinematical factor v X = %(M 24+ Q2.
Further, Ny = 2, N, = 1, and J is the spin of the resonance of mass M and total decay
width T'. By BW(W?2,M?) we denote the Breit-Wigner distribution, which in the narrow
width limit becomes

BW(W?, M*)T5(Q%). (6.1)

BW(W?2, M?) — ﬁa(w —M). (6.2)
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Figure 4. Off-shell decay width I'*(Q?) for x.o (on the Lh.s.) and y.2 (on the r.h.s.) compared to the
Belle data [2]. For the y.2 we took €y =1 in eq. (6.10). In the NRQCD approach, we took M = M, .

Now, the TT and LT cross sections are obtained from the c.m.-frame helicity ampli-
tudes as [33]

oTT = Nl)?(M*HHMHH + M (+=)M(+-)) BW(W?, M?),
oLr = 2\}7( M*(0+)M(0+) BW(W?2, M?). (6.3)

Using the formulas in ref. [23], we relate our FFs to the helicity amplitudes, and obtain
for the TT case:

(47méem)2 2 2 2 Q? ! 4 12 2 2 3 s2
orT = W{FTTQ(Q )+ 3 1+ e M* Fipo(@Q )}BW(W , M=), (6.4)
and, for LT:
2
oLr = % (47 tem)? FAp(Q%) BW (W2, M?). (6.5)

Comparing to eq. (6.1), with Np = 2,J =2, W = M, we derive the off-shell widths

Ti(Q%) = (4maem)’{ (6.6)

M2

Fipy(Q%) | MPFip(Q%) Q*\"
SorM 1207 LRV }

For Q% = 0 this agrees with the formula for the two-photon decay width; see eq. (4.1).
For the LT case, we obtain

9\ 2
FiT(Qz) = (4W0‘em)2ﬁ (1 + jig) MQQFET(QQ) . (6.7)
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Let us now turn to the Q?-dependence of the single-tag cross-section, which we write as:

r@ =2 /deVVdQQ (UTT(W ,Q )+€OULT(W ,Q )) . (6-8)
The factor two appears because each of the lepton can emit the off-shell photon. In the
narrow-width approximation, we therefore have

—1
do (2J 4+ 1) Q> 2dL 5
= 472 1+ —=— —_ T« .
aQz =~ " T e ( M2 deQ?‘sz (@), (6.9)
with the effective off-shell width defined as
Loy (@) = Thp(Q%) + €02l (Q%) - (6.10)

Off-shell widths are convention-dependent, and to compare to the experimental data
from ref. [2], we note that the Belle collaboration writes

do 5(2J 4+ 1) Q? 2dL Belle / 2
dQ2 = 47T M2 (1 W W‘W:M ,Y*e,ye(Q ), (611)
which means, that
Belle 2 Q2 - 2
Then the cross-section for x.o can be written as:
-1
do (2J +1) Q? 2dL . .
o 4W2W (1 + 37 W\W:M (FTT(QZ) + 6()2PLT(Q2)) : (6.13)

In the case of x.9 we have only one form factor, which has transverse contribution Frpp.
According to ref. [23] the cross-section for scalar meson has the form:

(47raem)2

oTT = WF%T(QQ) . (614)
Therefore, the off-shell width for x.o is:
. (4T avem )?
@) = Ul g (). (6.15)

In figure 4 we present the off-shell decay width normalized to its value on-shell for x.g
(Lh.s.) and xc2 (r.h.s.). We show explicitly the factor (1 + %22) ’ on the y-axis caption due
to the difference between our definition and the one used by the Belle collaboration. The
experimental data are taken from figure 13 of ref. [2].

The existing data are not sufficient to judge which potential model works better. Future
Belle data could provide valuable information on this issue.

In figure 5 we show our results for the off-shell widths I'7 and I'{ in order to better
highlight the differences in normalization for the different models. In figure 6 we show
the total off-shell width, for ¢¢ = 1 as well as the contributions from the form factors
Frry, Frr2 and Fir. Here we see, that as expected from the analysis of the asymptotics
in section 3, the leading twist form factor Fprr o dominates for very large Q2. However in
the phenomenologically important range of Q% < 20 GeV?, the formally higher twist form
factor Frro gives the largest contribution.
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Figure 5. The off-shell decay width dependence on photon virtuality Q2 for the transverse component
(Lh.s.), see eq. (6.6), and longitudinal-transverse (r.h.s.), see eq. (6.7).

0.45F XC2(1P) T =Iq+g =
o4 7 Crifh-=0)
------ Tr(h=2)

r,(Q%) [keV]

R T R T
Q? [GeVA]

Figure 6. x.2(1P) off-shell width, see eq. (6.10) for two different approaches: BLFQ and LFWF
obtained from QQ Buchmiiller-Tye potential model and Melosh spin-rotation transform. In case of
the BLFQ model we took Nyax = 8 and the difference between Ny,.x = 8, and Ny.x = 16 to estimate
the sensitivity band.

7 Conclusions

In the present paper, we have extended our light-front formulation to a formalism of photon
transition form factors to the case of yy* — 27T couplings (helicity form factors) in terms
of the light-front quark-antiquark wave functions of the meson. We have presented detailed
formulae for Frr o, Frr2 as well as Fir form factors expressed in terms of the light-front
wave functions. To obtain light-front wave functions, we use methods discussed previously in
ref. [10] for five different cc potential models, see also appendix A. In addition, we have used
the light-front wave functions from the Basis Light Front Quantization approach of [18, 20].

The two-photon decay width is smaller than the value measured by the Belle collaboration.
This can be caused by too approximate c¢ wave functions and/or higher Fock components in
the x.o wave function and requires further studies which go beyond the scope of the present
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letter. The role of higher Fock states was discussed e.g. in ref. [34] for quarkonium decay
into pairs of light mesons. Recently the issue of higher Fock components was also discussed
in [35] in order to obtain a renormalized c¢¢ Hamiltonian.

We find the T'(A\ = 0)/T'(A = £2) ratio of the order of 1072, which is in agreement
with the current experimental precision.

We also have shown helicity form factor results for one real and one virtual photon as a
function of the photon virtuality. We have obtained a large spread of the results for different
potentials. The form factor results are ready to be verified e.g. by the Belle collaboration
in single-tag ete™ collisions. Furthermore, we have defined and calculated the so-called
QQ*-dependent off-shell diphoton width and compared it to the Belle data. It is rather difficult
to conclude on the consistency of the model with the rather low statistics of the available
Belle data. Future Belle II [36] or STCF [37] high-statistics data on v*y — x.2 would be very
useful to test the wave function and the formalism discussed in our studies.

Note added. After our work had been submitted to arXiv, the preprint [38] appeared
which also discusses the two-photon couplings of yx.2. This work uses a different form of
relativization of the cc wave function, based on a covariant y.occ vertex. This method differs
from the one adopted here and leads to the tensor meson being a mixture of p and f-waves,
whereas we have presented the results for the pure p-wave state.
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A LFWFs in Melosh transform approach
We first need the Melosh transform of the operator O = & - €, which is defined as:
O = Ri(2,k1)OR(1 — 2,k}), (A1)
see e.g. [10] for an explicit definition of R. Using the identity
(G-a3)(3-b)(3-@) =2(@-b) (& a) —a(d-b), (A.2)

we obtain, using our master formula [10] that

{5’ . 6’(22(1 — 2)ME + Momf)

B!
~—
+ ~—

i(Mo + 2my)e- (i x k) 1
~ (22— 1)M(¢- kG ii—d-iag-k)}. (A.3)
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Notice, that in this section, My denotes the invariant mass of the QQ pair, i.e.

k2 +m?
ME="2_ T (A.4)
z(1—2)
Here, it is be useful to simplify
2 1 2772
22(1 — 2) M + Mymjy = 5(MO(M0 +2myp) = (1-22)2M3) . (A.5)

The polarization vector can now be either longitudinal € = 77, or transverse, € = € .
Some simplifications occur in either case. Let us start with the longitudinal case:

1 1 (22: - 1>2M0 o - EJ_
O)y= ———=<307i-|(1l-"2— | +(22—-1)——— . A6
0T Z0-2) {U n2< Mot zm; ) T Va0 Tom, (4.6)
Now, we need the vertex
) = Oy, (A7)
1 1 22—1)2M 2:—1)k, [—e ¥
I L I PTC e ) I Q¢ : (A.8)
z(1-2) 10/ 2 Mo+2my Mo+2my 0 e
For the transverse polarization, we obtain
O = ! ! {5 €] (2z(1 —2)ME + Mgmf)
\ Z (1 — Z) M() (M() + me)
— 2k, & [k, ] +i(Mo+2my) k., &1 (A.9)

— (22— 1)Moé 1 G-t}
Here, we have used that
a-(Axb)y=r-(bxa)=[b,dL]=bray —bya,. (A.10)
Furthermore, for
eL(A) = —ﬁ()\é’z +i€y), (A.11)
we can write

1 1
O =
L 21 = 2) Mo(Mo + 2my)

1 ; 1 .
+ (MO + me)ﬁku_el/\d) ]]. + (22 - ]-)MO)\ﬁkJ_el)\d)& . ﬁ‘}

1 1 [N 1 i\ \/Ek]_)\ -Ad)_, g
= mfa-eL—{——k‘LeZ‘z’]l—ie’ g-ki
Vz(1—2) Mo{ V2 Mo +2my

{5 @ mp(My +2mys) — V2X\k €95 - k)

A12
My + 2my V2 ( )
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Our vertex
Y = 0 iy, (A.13)

then becomes

INCONUNS SRR T S P o S U N 0 e
T - veM | T\ 0 1-a) T mer o
2 _et(A-1)¢ _ irg
2k2 \ (e 0 >+(2z I)Mok‘l< 0 e )} (A14)

- My + 2my 0 e Mo +2m;  \ X 0

Now we can construct the LEWF for the spin-2 state. Namely, we start with the rest of
the frame from the form:

/3 k
é“T 0'120'257' ’Lj( ) ( ) s (A15)
which satisfies the normalization condltlon
3 / B IVE) TN (k) =5, and / W2(k)dk = 1. (A.16)

T,T

The polarization tensor is given by

+
EL = ei(£1)ej(£1)

41 1

Efj ) ﬁ(ei(:l:l)nj + niej(i1)> ;
1
V6

where €(\) = (€.(A),0),77 = (0,0,1). Notice that the polarization tensor is symmetric

B = — (ei(+1)ej (1) + ei(~LD)e; (+1) + 2nim;) (A.17)

and traceless,

EN6; =0. (A.18)
We have the operator O;; for 3P, [14]:
O;j = oy iag% , (A.19)
where k = %\/]\402—74771?, and
= \/g 04EY, T[ONOT()] =1, (A.20)
i, = gfope M L (A.21)
Then, the vertex for the spin-2 meson is
- ;rs;wk - s
]
_ f( (+1) ]” ei® r( ”’j/? i 4 702, — 1)M0) . (A.22)
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Then, the LFWF will have the form and normalization:

- 3 dzd?k
\Iféi)(z,mf Ly b(2,k1) ﬁ |5 02167 2 k)=t (A23)
m
J uy (k) uy (k) / dzd?k, )
ki)=4/— =\ M _— k =1 A.24
o2k Atk VAT z(l—z)167r3‘¢<z’ L)l ’ ( )
kie™ 2k% —(22—1)> Mg (22—1)? M2
50 1 %{mﬁW)} (22—1){1\4 oy taMo— &Tm;)}
7 62(1—2) (22-1)2M2 kL ei® 22 —(22—1)2 M2
(22— 1){1\4 +2mf+’ 2(M+2mf(3] — [ " hotom, 0}
(A.25)
(2z—1) w[@z 1)2 M, }
20— (11 ) e D4 K sy e ey G0 | (A.26)
z(l—2z2 i (22—1)2 M, % (2z—1)
kJ-e v |: M0+2m‘f0 _Z:| kQ 2 Mo+2my
i (2z—1) —ip | (22—1)2 My
) ) oo B i [nn )
@l(j&l) _ 5 (1 ) My +2my M0+QTnf ’ (A27)
zZ(l—z —q 2z—1)“ M, (2z—1
—kpeie [GEUM L 1)) m(2s-1)+2k2 525
. k2 i 22—1) M,
‘I)(Jrz)_ —k,e¥ mf+M0+2mf %kiew(lJr(Mow)mfo) (A 28)
7o Moy+/2(1—2) 11 4 (22—1)M, i 1 ’ '
—ghk1e®” (1_ Mo+2mfo> —kle Mo+2my
i 12 —i2p 1 1p o—ip (1 (22=DMo
9 ke kie Mot2 afiLe ( Mo+2m
Vs’ Mo+/z(1—z) ((Jz 771l)fM k2 T (A.29)
k 6—199 (1+ M0+2mf0) mf+Mo+§mf
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