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Abstract In this paper, we make a detailed discussion
on the n and n’-meson leading-twist light-cone distribu-
tion amplitude ¢2;,,(/> (u, ;) by using the QCD sum rules
approach under the background field theory. Taking both
the non-perturbative condensates up to dimension-six and
the next-to-leading order (NLO) QCD corrections to the
perturbative part, its first three moments (E;n(/)ﬂ no With
n = (2,4,6) can be determined, where the initial scale
o is set as the usual choice of 1 GeV. Numerically, we
obtain (€3 ). = 0.23170019, (&3 )l = 0.1097007,
and <§26;n)|uo = 0.066J_r8:882 for n-meson, (522;,7/”#0 =
021170015 (&) o = 0.09375505, and (59 )1y

0.0541‘8:882 for n’-meson. Next, we calculate the Dy — n(/ )

transition form factors (TFFs) fﬂm (qz) within QCD light-
cone sum rules approach up to NLO level. The values at
large recoil region are fﬂ ) = 0'476t8:8§(6) and f_ﬁ/ ) =
0.5441'8:832. After extrapolating TFFs to the allowable physi-
cal regions within the series expansion, we obtain the branch-
ing fractions of the semi-leptonic decay, i.e. D — et
ie. B(D} — nVetv,) = 234610333 (0.7927 0 113) x 1072
and B(D} — nVutv,) = 2.32070303(0.7731017%) x
1072 for £ = (e, j) channels respectively. And in addition
to that, the mixing angle for n — n’ with ¢ and ratio for the
different decay channels Rf; ,,~ are given, which show good
agreement with the recent BESIII measurements.
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1 Introduction

The D;f-meson, which is composed of a charm quark and
a strange antiquark, has been discovered in year 1993.
There are rich physics contents in D -meson decays. The
D -meson semileptonic or exclusive decay processes pro-
vide important heavy-to-light theoretical bases for study-
ing heavy quark decays, investigating light meson spec-
troscopy and supplying a bridge between weak and strong
interaction couplings of quarks. More and more experi-
mental results have been reported from the BABAR, the
CLEO, the BESIII collaborations, and etc., such as the
D;F — (i, 7, K, ap(980), f0(980), ¢, Kty decays’
branching fractions are within the range of [0.12,2.61]%
[1-6]. Total semileptonic branching fractions provide use-
ful discrimination on the different theoretical evaluations of
hadronic matrix elements, which sizably affect the charm
quark semileptonic decays. The Dy — 1) ¢+, is different
from the usually considered channels with final state contain-
ing light-quark composition only, and it has attracted much
attention from both theoretical and experimental groups.
Moreover, the n’-mesons, composed by s5 quark pair, are
especially intriguing, since the s-quark plays an important
role for the flavor physics. In deep leaning of those two pro-
cesses, one can obtain useful information on the CKM matrix
element | V| and the heavy-to-light transition form factors
(TFFs).

Experimentally, the semileptonic decay processes for
D — n” ¢+ v, have been found by the CLEO collaboration
early in year 1995, and their measured value of the ratio of
branching fractions B(D} — n'e™v,)/B(D{ — netv,) is
0.35+£0.0940.07 [7]. Then, the CLEO collaboration issued
the measured value of the branching fractions in years 2009
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and 2015, i.e. B(D} — ne™v,) = (2.48 £ 0.29 £ 0.13) %,
B(D} — netv,) = (2.28 £0.14 £ 0.20)%, B(D} —
n'etv.) = (0.91£0.33+0.05)%, and B(D} — n'etv,) =
(0.681+0.1540.06)% [8,9]. In year 2017, the BESIII collab-
oration measured the branching fractions by using the same
channels based on the integrated luminosity of 482 pb~!
of the eTe™ collision at the center-of-mass energy /s =
4.009 GeV, and they issued B(D}f — nutv,) = (242 +
0.46+0.11)%, B(D{ — n'utv,) = (1.06+£0.54+0.07) %,
B(D} — netv) = (2.30 £ 0.31 +0.08)%, and B(D}" —
n'etve) = (0.93+£0.30+£0.05)% [10,11]. In year 2019, the
BESIII collaboration finished the improved measurements
on the branching fractions by using e*e™ annihilation data
corresponding to an integrated luminosity of 3.19 fb~! col-
lected at a center-of-mass energy of 4.178 GeV and then gave
the first determination of D; — n(’) TFF, e.g. B(D;r —
netve) = (2.323 £0.063 £ 0.063)%, B(D} — n'etv,) =
(0.824+0.073+0.027)%, £/ (0)|Ves| = 0.44554+0.0053 +

0.0044, and fﬂ/ (0)|Ves| = 0.4774+0.049£0.011 [12]. There
are large discrepancies for D" — n" ¢+ v, among different
experimental collaborations. With more and more data accu-
mulated in the near future, the experimental precision shall be
greatly improved and the gap among different measurements
could be shrunk.

Theoretically, the decay widths or branching fractions for
the semileptonic decay D} — 5 ¢+, depends heavily
on the precision of the Dy — 5 TFFs. At present, the
D; — n) TFFs have been studies under various approaches,
such as the lattice QCD (LQCD) [13], the traditional and
covariant light-front quark model (LFQM) [14-16], the con-
stituent quark model (CQM) [17], the covariant confined
quark model (CCQM) [18,19], the light-cone sum rules
(LCSR) [20,21], the QCD sum rules (QCD SR) [22]. The
LCSR approach is based on the operator product expansion
(OPE) near the light-cone x> ~» 0 and parameterizes all
the non-perturbative dynamics into the light-cone distribu-
tion amplitudes (LCDAs), which have been applied for deal-
ing with many semileptonic decay processes [23-39]. One
may observe that the predicted values of Dy — n) TFFs
behave differently from various groups. Those discrepan-
cies indicate that it is important to improve the accuracy of
theoretical calculation. In this paper, we will calculate the
Dy — n) TFFs by using the LCSR approach up to next-to-
leading order (NLO) QCD corrections.

It is well known that the states 1 and n’ are considered
as candidates for mixing. The mixing among pseudoscalar
mesons is of great theoretical interests and significance for
understanding the dynamics and hadronic structures, which
is caused by the QCD anomaly and related to the chiral sym-
metry breaking. Thus, one can gain a better insight into the
dynamics if the mixing parameters are more accurately deter-
mined. The semileptonic decays D — n" ¢+ v, probe the
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s5 components of  and n’, which can well separate the strong
and weak effects in theory, are expected to be sensitive to
n — n’ mixing angle [40]. Many measurements on the pro-
cesses, where n and 1’ are involved, have been carried out to
fix the mixing parameters. The n—n’ mixing can be described
in different forms. To investigate the n — n’ mixing, two
schemes have been suggested in the literature [41-47], i.e.
the singlet-octet (SO) mixing scheme and the quark-flavor
(QF) mixing scheme. The SO mixing angle 6 between 1 and
n’ is known to be in the range of & € [—10°, —23°]. In this
scheme, The 1 and 1’ are the mixtures of the flavor SU(3)
octet ng and single 7 states:

n\ _[cos® —sind ns )
n ] \sinf cos6 no /)’
where 13 = (uit + dd — 255)/~/6 and o = (uii + dd +
55)/+/3. Analogously, information could be gathered on the
mixing scheme in the QF basis, which is consists with the

form n and )’ states as combinations of |n,) = |iu +dd) /2
and [n) = [55):

[n) = cos ¢|ng) — sin |ny),
In') = sing|ng) + cos g|ny). (2)

It has been shown that in this scheme a single angle is essen-
tially required. In year 2007, the KLOE Collaboration pro-
vides the value ¢ = (41.5 £ 0.3 & 0.75y5 & 0.64,)° by
extracting the pseudoscalar mixing angle ¢ in the QF basis
by measuring the radio B(¢ — n'y)/B(¢ — ny) [48].
Some theoretical groups have calculated the single mixing
angle ¢ [21,22,47,49], their predicted values are within the
range of ¢ € [39°,41.8°]. One can put forward the ratio
Rym = B(Ds — n'€Tv)/B(Dy — nltvg) to access
the n — n’ mixing angle through the ratio of the TFFs
@* /fﬁ’ (g®) [22], which are related to the 7 — ’ mixing
scheme. In particular, information could be gathered on the
mixing scheme in the QF basis. In this paper, we will use
the QF basis with the single mixing angle ¢ to analyze the
D; — 1" decay modes, and the corresponding TFFs satisfy
the relation

_ 1@

tan ¢ 7 .
£ @)

3

One usually takes the large recoil point of the squared
momentum transfer ¢g> = 0 to do the calculation, i.e.
tangp = |f+" (0)|/|f1/ (0)|. A more accurate Dj‘ — n(/)ﬂ“'vg
LCSR analysis is important.

The 7 and 7" mesons full of rich phenomenology, which
are predominantly flavor-singlet states. This means that their
wave functions are approximately symmetric in the three
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lightest quark types (up, down, and strange), which build
up the light-hadron spectroscopy. Thus, the LCDAs for -
meson, as one of the most important parameters, composed
by s5 are significant to the D; — 1) TFFs, which can be
expanded as a Gegenbauer polynomial series:

ooy (. 11) = 6uil [1 +D45 0 (u)c,f/z(s)} : “

n=1

where a;; 20 (w) stands for the nth-order Gegenbauer moment,
i = (1 —u)and & = (2u — 1). When the factorization scale
W is large enough, the twist-2 LCDAs ¢2:n(’) (u, n) tends to
the asymptotic form ¢2;n(” (u, 00) = 6uu. There are some
theoretical and experimental predictions for the Gegenbauer
moments ag’m (u), such as the fitting results coming from

CLEO collaboration a%_ ri(MO) = —0.07 £ 0.03 [50], the fit-

ting results from BABAR result ain(uo) = —0.05 £ 0.02
[51], the results predicted by Kroll and Passek-Kumericki
a%m(uo) = —0.05 £ 0.02 [52], and the fitting results from a

sum rule analysis ag; 0 (o) = 0.25£0.15 [20]. By taking the
approximation with 7, K -meson, Ball and Zwicky predicted
as. ,(10) = 0.115 and as. , (10) = —0.015 [53]. At present,
few works have been done to calculate the second and higher
order moment. Particularly, the twist-2 LCDA of n'-meson
is rarely studied. So it is important and meaningful to make
a more accurate calculation on the second order moment and
the higher order moments for 7”-meson LCDAs within the
QCD sum rule approach.

An effective way to calculate the nth-order moments of
the r;(/ )-meson LCDAS is to use the following definition,

1
@Zn(/)ﬂu = /0 du Sn ¢2;n(’) (u, ). (5)

(SZ 0 )| can be calculated by using the Shifman—Vainshtein—
Zakharov (SVZ) sum rules [54-59]. In which, the pertur-
bative QCD is established on the assumption that the per-
turbative vacuum and the short-distance interaction are not
affected by the long-distance structure of the non-Abelian
gauge field. The QCD physical vacuum contains a series
of vacuum condensates, such as the quark condensate (qg),
the gluon condensate (G?), and etc. These vacuum conden-
sates reflect the non-perturbation characteristics of QCD.
The QCD sum rules based on the background field theory
(BFTSR) method gives a possible way to consider the non-
perturbation effect, which also provides a systematic descrip-
tion of these vacuum condensates from the field theory point
of view. At present, the BFTSR has been used in calculating
the twist-2 or twist-3 LCDAs for 7, K, D, Dy, ay, K5, fo,
p, J/¥, a1 (1260)-mesons [60-72]. Besides, other methods
in studying the LCDAs can be found in Refs. [73-81]. In
this paper, we will calculate the n’-meson twist-2 LCDAs
within the BFTSR approach for the first time.

The rest of the paper are organized as follows. In Sect. 2,
we present the basic idea of the QCD background field
theory, the detailed BFTSR procedures for calculating the
moments of & o) (u, p), the branching fractions and the
transition form factors involved in the semileptonic decay
Ds‘|r — n(/ )¢+ v, In Sect. 3, we present our numerical results
and make a detailed comparison with other experimental and
theoretical predictions. Section 4 is reserved for a summery.
The intermediate processes for calculating the moments of
n”-meson LCDA within the BFTSR and the basic defi-
nition of 7)-meson twist-2, 3, 4 LCDAs are given in the
Appendixes A, B and C.

2 Calculation technology
2.1 Basic idea and formulas for background field theory

The important aspect for the SVZ sum rules approach is
the OPE, which has been introduced by using the QCD
physical vacuum (0|Oy|0)phys.. Its special property is the
non-perturbation effect, which can be described by the clas-
sical background field satisfying the equations of motion.
The main idea of the background field theory method is to
describe the non-perturbation effect with the classical back-
ground field satisfying the equation of motion and to describe
the quantum fluctuation, namely the perturbation effect, on
this basis within the frame of the quantum field theory. More
specifically, one can use the following substitution in the the-
oretical Lagrangian and Green’s functions [55,82,83]

A () — A% () + ¢8 (),
Y = @) + ), ©)

where AZ (x) and ¥ (x) stand for the gluon and quark back-
ground fields, d)ﬁ (x) and n(x) represent their quantum fluc-
tuations, respectively. In the presence of background fields,
the quantization of (])Z (x) and n(x) has been completed in
Ref. [84]. Among them, the gluon quantum field satisfies the
background field gauge,

D (A =0,
DS (A) = 870, — g AL, )

where the color indices a, b, c = (1,2, ..., 8), g is the cou-
pling constant of strong interactions, ¢ is the structure
constant of the SU (3) group. The advantage of choosing the
background field gauge is that it makes the theory be invari-
ant under the background field gauge, making the calculated
physical quantity independent of the gauge. With the help of
Eq. (6), one can obtain the following effective Lagrangian
[54]

@ Springer
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Lett = Locp (A, ¥) + L(ghosts) + n(ip —m)n
+youlem 0t~ (1= 1) DM
+ 2, fGL” }¢g T+ g (BT + i T)
— 82 Y fape Ay — g5 f4°
X BB D! — 381 Facs O L9
+ g T n, ®)

where the Locp (A, ¥) with A7 (x), ¥ (x) has the usual form
of QCD Lagrangian and can be minimized to zero when
the classical fields Aﬁ (x) and v (x) are the solutions of the
equation of motion, and « is the gauge-fixing parameter. The
L(ghosts) is the contribution of the ghost particle term. Espe-
cially, in order to describe the various quark-antiquark pairs
and gluons in a vacuum, one can follow the classical QCD
Lagrangian [54]

1 -
Lacp(A, ¥) = _ZGZ”GWU Y —m)y, ©))

with G4 = 9, A% — 0,.A% + g, f*7° Ab A5, stands for the
gluon field strength tensor. The gluon field AZ (x) and quark
field ¥ (x) satisfy the QCD equations of motion,

D — m)y(x) =0,
DG (x) = g ()Y T Y (x), (10)

where D, = 9, — igST“A;i(x) witha,b,c=(1,2,...,8)
and 57]’ = S“bi)ﬂ — g f“”C.AICL(x) are fundamental and
adjoint representations of the gauge covariant derivative,
respectively. As an advantage of using the background
field theory, one can take different gauges for dealing
with the quantum fluctuations and background fields. More
specifically, one can adopt the background gauge, i.e.
533¢B“ (x) = 0 for the gluon quantum field [85-87], the
Schwinger gauge or the fixed-point gauge, i.e. x“Aﬁ x)=0
for the background field [88].

As the background field satisfies the motion equation (10),
at least one background field is included in the coupling
between the quantum fluctuation field and the background
field. In the effective Lagrangian, there is no contribution
from the vertex gﬂﬁy“d)ﬁ T%y, and it only has the vertex
gs gﬁg{)ﬁT“n and its conjugate contributions. According to the
effective Lagrangian, the quantum quark and gluon propaga-
tors in the background field are [67]

Sp(x) = iliy*D, —m] ™", (11)
S (x) = i[gun (DM + 28, f**° G5, 171, (12)

@ Springer

where the gauge-fixing parameter is taken as ¢ = 1. Within
the framework of BFT, the quark propagator will be affected
by the background quark and/or gluon fields, which satisfies
the equation

(i) — m)Sp(x,0) = 8§*(x). (13)
If taking
SF(x,0) = (i +m)D(x, 0), (14)

Eq. (13) can be changed as
(O —=Puo* — Q4+ m*)D(x, 0) = §*(x), (15)

where O = 92, and

Py =2iA,(x),
Q= V”V“AV(X)AM(X)+iVV)/“3uAM(X)- (16)

Moreover, after applying the fixed-point gauge, the gluon
background field can be expressed by using the gauge invari-
ant Gp.q.a, aS

1 1
A (x) = EXVGW + gx”x“GW;a
1 1
+ gx”x"‘xﬂGw;aﬂ + %xvxaxﬁxvau;aﬂV

+ 1Jt—4x”x“xﬂxyx8Gm;a,3y3 + (17)
where G,.q,...«p, 18 the notation for (Dgy, - - Dy, G0 (0),
where the indexes «; - - - «,, indicates the covariant deriva-
tive up to n-th order. Substituting Eq. (17) into Eq. (15), we
obtain the expressions for D(x, 0). By further using Eq. (14),
we obtain the required quark propagators in the background
field, i.e.,

Sp(x,0) = S%(x, 0) + S%(x, 0)

2
+53,0) + > S50 (2, 0)

i=1

3 5

+3 50w 0+ >S5, 0). (18)
i=1 i=1

We present the quark propagators with various gauge invari-
ant tensors G . q,...a, that shall result in up to dimension-six
operators in the Appendix A1l. Because the fixed-point gauge
violates the translation invariance, the quark propagator from
x t0 0, Sr(0, x), can not be directly obtained by applying the
replacement x — —x in Eq. (18). However, it can be related

with Sr(x, 0) via the relation [59]

Sr(0, x| A) = CSE(x, 0] — ADHC, (19)

where C stands for the charge conjugation matrix and the
symbol T indicates transposition of both the Dirac and the
color matrices.
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Furthermore, one will encounter the vertex operator

I'(z - B)" with I' indicates all kinds of Dirac matrices for
heavy/light-meson twist-2, 3 LCDAs. Generally, we have the
following expansion [60]

G- 9+42-B) 4,
(20)

@ D'=@G D-z D)=

where the ellipsis denotes for the higher-order terms, which
are irrelevant for our present analysis and

z-B=-2iz-A

2i
= —ixhz" _ K,V
= Gy 3xsz,w;p

i i
oV [NV
—Zx“x”x 2"Gvipo — Ex“x”x x*2"G pv: poa
(21)

i
y
—ﬁx“xpx“x x'2"G v pore + -

<~
We can expand the operator (z - D)" into series of the oper-
<>
ators (z - 9)" and G 4y p....

<~
(z-D)"as

For the purpose, we first expand

(z- B)O =1,
¢ D)'=z-9+z- B,
(z-D) =G 9)’+2¢ )z B)+ (- B,
@D’ =@ 3)0°+3: 2)>:-B)
+|@ 02 B +3@ DE B+ @ B
) (22)

[T L)

where, the operator “underline” below symbol “B” (or “x

in the Appendix A2) indicates that the operation a does not
act on it. In deriving those equations, the following equation
has been adopted,

n
|

(z-9)"(z-B) = Zﬁ(z D [COE i
(23)

By keeping only those terms that shall leads to operators up
to dimension-six, we can obtain the full expression for the
vertex operator, which are listed in the Appendix A2.

2.2 SVZ sum rules for the moments of G0 (x, )

Following the traditional way of constructing the light pseu-
doscalar meson, we take the following definition

(05(0)Cszyslz, —z1(iz - D)"s©) ")

=i(z- )" fr0 (&5, o) s (24)

where z,, stand for the light-like vector and [z, —z] is the
path-ordered gauge connection, fn(o are the n and n’-meson
decay constant, (iz~l<3)" = (iz~3 —iz- (5)”. Basis on the QF
scheme, the flavour content is C; = (C; — +/2Cs)/+/3 with
SO basis C; = 1/,/n7 and Cg = Ag/~/2 [21,47]. In which
the A; is the standard SU 7(3) Gell-Mann matrix and 1 is the
3 x 3 unit matrix. As a special case, the Oth-order LCDA’s
moment for Eq. (5) satisfies the normalization condition

1
(€0 )l = / duudhy (e, 1) = 1. (25)
' 0
To derive the SVZ sum rules for the moments (52 o) > We

introduce the following correlation function,

ne g =i / A2 (01T (), ] (0))10)

= (z-)"21"0 (g%, (26)

270

where J,,(x) = §()Cy2ys(iz- D)"s(x). J] (0) = 5(0)Cyyss
(0) and z2 ~~ 0. Only even moments are non-zero and the
odd moments of the LCDA are zero because of G-parity, i.e.
n = (0,2,4,6,...) will contribute to the final results.! At
one hand, in deep Euclidean region g2 < 0, one can apply
the OPE for the correlation function Eq. (26).

nyo g =i f d*xe I THC,C)

x { = Tr0IS}:0. x)75(iz - D) S5 (x. 0)7510)
+ TrO (s O)ys iz - DY' S} (x, 0)7510)
+ Tr (01530, )5z - D)'SO0)s (1)7y510)

where Tr[C;Cs] = 1. In the detailed OPE calculation, we
adopt the MS-scheme to deal with the 1nfrared divergences.
Lorentz invariant scalar function 12( o (q2) in Eq. (26)
depends on the condensation parameter and will encounter
the vacuum matrix elements of the following form,

0/G%,G%,10), (0G4, Gb, G, 10).

(

<0|G“MGPU .10), (01G}, wa 2 10),
<O|Guv AT
(

G, 10), (015 (x)g5()10),
014 ()q5 (NG,

10). (01G%(0)g5()GA,. [0). (28)

The full expression for the vacuum condensates which one
may encounter in the following calculations are listed in the

I This point can also been seen in Eq. (16) of Ref. [47].

@ Springer
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Appendix A3, which can also be found in our previous work
[60]. On the other side, the correlation function (26) can be
treated by inserting a complete set of intermediate hadronic
states in physical region to obtain its hadronic representation

,0
"0 g (@) = 787 —

m20) £ € o)

0(q* = 5,0). (29)

3
T4+ H(n + 3)

in which Sp0) stand for the continuum threshold for the low-
est continuum state. The first term is the contribution of -
meson poles, and the second term is the contribution of con-
tinuum states above poles. Then both of the OPE part and the
hadronic representation of the invariant function 12( ?,3 (q?)
can be marched with the following dispersion relatlon

(n,0)
1 oo ImL7, (s)
L[ s ) . (30)
o2 s — g2 2:7",QCD

The Borel transform helps to reduce the contribution from the
continuum states on the left of Eq. (30) and the contribution
of the higher-dimension condensates on the right, and finally
the sum rules can be obtained,

11 5 5

L —s/M? (n,0) _ (n,0) 2

i fdse Im]2 s had(s) = BM212 "o, QCD(q ),
(31)

where M2 is Borel parameter, B2 is Borel transformation
operator,

B li L 2)"( d ) (32)
2 = m ———(— - .
M —q%.n—o00 (n—1)! 7 d(_qz)

—q*/n=M>

In order to deal with the s-quark mass (m;) contribution to
(S;’; 0 ), we take the expansion according to different orders
of mF with k = (0,2,4,...), i.e. Lx(n, M?), since my is
closer to Agcp, which is different fr(;m our previous treat-
ment for the heavy quark such as ¢ = (¢, b) in Refs. [62,63].
Here, we take the first two orders of the squared s-quark
mass, i.e. 1,0, M?) and L2 (n, M?). The reason lies in
the suppression of m? < 0.1% for the third-order, which
are quite small and can be safely neglected. Recently, we
have suggested a new method for renormalization of vari-
ous moments, i.e. the Oth-order moment (52 ) |u should be
considered to the total results. The reason hes in the accuracy
is often up to dimension-six condensates and the NLO QCD
corrections for the perturbative part instead of the infinite
dimension or infinite-order perturbative parts [89]. The final
expression for (é;;n(,) )|, can then be written as

@ Springer

P2 3 o (€D o)

n
2
mo /M

M?2e

11 Sy
=——/77 dse
JTM2 4m?

x (1 n %A;) {[1 + (=1

3vn+]
8r(n+ 1)(n+ 3)

—s/M?

2 2my (5s)

1—
x (n+1) Y

+[1+ (—1)"]} +

(@sG%) 14+n0(n—2) 8n+1
127 M4 n+1 9
ms(gs50TGs)  (gs3s)
402n +1
MO gip6 D
B (gffG3>n9(n P > (g:99)°
4872 MO 48672 M6

(-

{— 2(51n
MZ
In —) +3(17n + 35)

u?

2

+6(n —2)[2n<—ln %) —25@n+ D) y(n)

1
+ = (491> + 1001 + 56)“ + 1,2(n, M?). (33)
n s

Due to the mass of s quark is heavier than u, d-quark, the
Im§ (n, M 2)-terms should be considered in this paper, which
are

Imgm,MZ):m?{ 2"22 601 =20 ~2)

M? (87 fG?)
+2n <—ln7> —n—2:| +m

2
x {— 108" +6(n — 2) |:4n(2n —1) <— In %2)
nw

—4ny () +8(i> —n + )| +6(1 — 4)
x [2n(8n — 1) (n) — (19n% + 191 + 6)]

M2
+ 8n (3n—1)( ln—) (21n +53n—6)}
u?
>(8299)* [ no M?
— == 166" |16 —In— | =3
97272 M3 12

s (%)
+0m -8 +12n—12) (—In =) =2
u?
i+ 4 (50 2l
X (291 4+ 22) yr(n) + 4| 5n —2n—33+7
1O —4) [2(56n2—25n+24)1/}(n)

— (139n2+91n+54)] n 8(27n2— 150 — 11)
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MZ
x ( In —) — 3(63n% + 1591 — 50)}
u?

n 4(n — 1) mg(ss) 8n —3ms{gs50TGs)

3 Mo 9 M3
42n + 1) (gy5s)?
o gng . (34)

For convenience, we put the detailed terms contribute to the
BFTSR (&7 20 )|, in the Appendix B. By taking the index n
to zero, we get the sum rule of the Oth-order moment, which
takes the following form,

2 v3 =)

WX DD 2 11 50
2:70 n0 /n dse

Mzemi(/)/Mz - ;W 4m?2 8
2mg(5s) B mg(gsSaTGs) (s G?)
M4 oMo 12 M4
e3> | Y(e3d9)* 1
81M° Mo 48672
m? (@,G?) (g} fG?)
x [—50( I~ >+ 105] {3ﬂM6 — g
2212 2
208549 To 1 MO s
97272 M3 12
< =0)2
4m5<w) B 1m(gs50TGs) B i(gsss> 7 (35)
3 M 3 M3 81 M$
where
~ n—+1 n
vm)=y\—— | —V¥|5)+In4 (36)
2 2
with v> = 1 —4m?/s and A) = 0, A, = 5/3, A}, = 59/27,

Ay = 353/135 are the NLO correction to the perturbative
part [90]. The Oth-order derivative of the digamma function
zﬂ(n + 1) = ¥/_,1/k — yg, where the Euler’s constant

= 0.557216. Furthermore, in order to get the Gegen-
bauer moment a2 > one can expand qﬁgm(,) (u, 1) into a
Gegenbauer polyn0m1a1 series by using Eq. (4) and the basic
definition of (& p o)1 (5). Then, one can get the following
relations up to 6th order,

2 1 2
<%_2;,](/)>|M = g + §a2m(/) (M)v
3 8 8
(s;;n(/)ﬂu 35 + — 35 2 20 () + == 77 2 o) (n),
. 112 120
<$2§’7(/)>|M 2 + = 77 2 n(/) (M) + 100] 2 n(/) (/,L)
+ — 2145 2 0 (n). 37

Following this method, one can get higher-order Gegenbauer
moments.

2.3 The semileptonic decay D — ¢+,

All the following calculations are performed under the Stan-
dard Model (SM). In order to derive the full analytical LCSR
expressions for the TFFs, we use the traditional current
method to calculate the TFFs. The correlation function for
the TFFs of Dy — n) is defined as [28]:

Mu(p.q) =i f d*xel ™ (" (p)|T{5(x)ypuc(x), E(0)iyss(0)}0)

= M[q% (p + @) *1pu + Tlg% (p + gy (38)

Following the basic procedure of LCSR approach, the corre-
lation function can be treated by inserting complete interme-
diate states with the same quantum numbers as the current
operator (Giyss) in the time-like (p + ¢)>-region. After iso-
lating the pole term of the lowest pseudoscalar Ds-meson,
one can reach the following expression,

0" (p)I5yucIDs(p + @))(Ds(p + q)|ciysq|0)
—-(p+9)?
iy 0 (P)I5yucl DX (p + ))(DH(p + q)|ciysq|0)
o min = (p +q)?
=" g%, (p + )*1gu. (39)

% (p. q) =

lq, (p +@)*1pu +

with the superscript “had” and “H” stand for the hadronic
expression of the correlation function and higher-excited
state of Dg-meson, respectively. The decay constant of Dj-
meson can be defined via the relation, (Dg|ciysq|0) =
mZDS fp,/mc. The definition of transition matrix element for

D; — 1 has the following form

" @+ 7 @
(40)

(D) |5yuclDs(p + q)) = 2.£!

~ 0 0

with f”() = f1 (@*) + f7 (¢*). Then one can take the
imaginary part of the invariant amplitude IT"[¢2, (p +¢)?]
and T1"[¢2, (p + ¢)*] which has the following form,

ImM" (g%, s) = 78(s — mpz2)
n(’)
y szngxf-q-

c
Imﬁhad(qz, 5) =m8(s —mp2)

+7pM ()8 (s — 50)

(7

mp2 fp, f- ; - -
) —2 4 5P (s)0(s — §o) (41)

c

where pt(s) and 5" (s) denote the spectral density of higher
resonance and the continuum states DH, which can be
approximated by invoking the so-called quark-hadron dual-
ity ansatz ot (s) = 0P (s) with o(s) = (p(s), #(s)) and
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the perturbative spectral density pQCP and 5P, the usual
step-function 6 (x). Here, the so (5o) are effective parame-
ters, which characterize the lower limit of continuum state,
namely the continuum threshold parameters. After extract-
ing the pole terms, the so(Sg) can separate the ground state
Dy and the excited state Dfl. When taking the limit for the
interval between the two adjacent excited states, the sum of
excited states is transformed into the integral of continuum
states and so(So) will be changed into the lower limit of the
integration. Traditionally, the continuum threshold are often
taken as the magnitude that is close to the squared mass
of the first excited state. The ground state of Dg-meson is
calculated by the LCSR approach. The excited states’ con-
tribution can be highly suppressed when making the Borel
transformation. Meanwhile, the continuum states, contribu-
tion is usually required to be less than 30% so as to make the
LCSR calculation more accurate and reliable. Then, one can
use a general dispersion relation in the momentum squared
(p + ¢)%, which can establish a relationship with the QCD
parts, i.e.
MOCD (2 ) = l/"o ImI™(g?, s) ‘.
T w2 s —(p+q)?
FOCD (2 ) = 1 /oo ImI1™(g?, 5)

— . 42
T s —(p+q)? ’ “2)

Here, we shall only deal with Im[1had [qz, s] for the TFFs

f}r](,) (¢%), which are the only TFFs contribute to the required
branching fractions.

On the other hand, when the correlation function (38) is
dominated by the light-like distances, it can be expanded
around the light-cone. The light-cone expansion is performed
by integrating out the transverse and minus degrees of free-
dom and leaving only the longitudinal momenta of the par-
tons as the relevant degrees of freedom. The integration
over the transverse momenta is done up to a cutoff, ur,
all momenta below which are included in the n”’-meson
LCDAs. Large transverse momenta are calculated in pertur-
bative theory. Thus, the correlation function can be separated
into perturbative and nonperturbative contributions, both of
which depend on the longitudinal parton momenta and the
factorization scale ur [47].

In order to make our result more accurate, we consider
both the leading-order (LO) for all the LCDASs’ part and
gluon radiative corrections to the dominant twist-2, 3 parts of
the correlation function. The OPE result for the correlation
function TTOPE is then represented as a sum of LO and NLO
parts,

% 142, (p + ¢)*1 = Fo(¢*, (p + )%

asC
+ o Fl@ (p+a)?). (43)

@ Springer

To calculate the invariant amplitude Fy(g2, (p + ¢)?) and
Fi(g?, (p + ¢)?), one needs to know the expression for the
c-quark propagator, i.e.

—ikx Mc + k

2 2
k= —m

_ [ dYk
OO0 =i [ S

d e [T metd
_ 7 LS d
’g/ an)t’ /0 ”[2(m2—k2>2

x G*Y (vx)oy, + ﬁqu#v(WC)%}} (44)
C

To do the calculation, the expression of twist-2, 3, 4 LCDAs
matrix elements are needed, which are displayed in the
Appendix C. To get the final LCSR expression, we need
to use the Borel transformation to transform the variable
(p+q)? into Borel parameter M2, Then the expression of the
Dy — 1) TFFs up to NLO gluon radiation correction to the
twist-2, 3 LCDAS can be obtained by equating the two types
of representation of the correlation function and by subtract-
ing the contribution from higher resonances and continuum
states, i.e.,

2 2
&"Ds /M

2
2m D, b,

asCr
= Fi(q?, Mz,So)]-
b4

(45)

(G}
I qh = [Fo«ﬂ, M?,s0) +

where Fo(l)(qz, M2, 50) originates from the OPE result for
the LO (NLO) invariant amplitude Fp( 1)(6]2, (r + 9.
Finally, the LCSR for D; — n) TFFs have the following
form,

2
@ = I i, ja? /Idue*-wu)/Mz{q’Zﬂ"’ ()
Zm%)s fDx ug u
1 1 ¢§7 0) (u)
p L 3m
+ 2mgm, [¢3;,,</) -+ 6 (

2 2 2.2
m?+q? - um?,

d #3. ()
- - = u
2 2 2,2 3"
mg —q° +utm, du ">
2 2
4umn(,)m¢. 1

+ #3. (,>(u)>]+—
(mg =g +w?my, > mg —q*+uPm,
[ 2u2mn(,)
X N upy 0 @) + {1 - ——5—F—5—
! m% - q2 + Mzmi(/)

/ud Vg0 (V) me . (d2
X wy o) — -4 —-—« | —
0 i 4 m?2—q? +u2mf7(,) du?

2 4
6umn(,> d 12umn(,) )

2
(m% - q2 + "‘2mn(/))2

2
d 2um?*
X gy () — (— - . )

du  m?—gq?+ usz](,)

_ ——
m2 —q%+ u2m"(,) du
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2

Faror 2um )
X ( =l ]3;,7(/) (u) —{—14;,7(,)(14))

fn(/)mc q +u m n®

2.2

d 2u m o |
X |lu— —

du  m2—q*+ulm?

2 2.2
2umn(,) (m —q°—u mn"’)

X 1_4 o(u) +
Ul ( 2 —q +u2m'27(,))2

d 6umn(,) T
* (E - m) /u déhm@)]}
n

4 2 /M2
mcf,](/)e e/

4(””% - q2 + mi(/))z

d
X (E(ﬁél;n(u))

with s(u) = mg — (q2 — mi(,) u)u/u. The LO invariant ampli-
tudes include twist-2, 3, 4 contributions. The NLO QCD cor-
rections to the invariant amplitudes F) (g2, (p +¢)?) include
twist-2, 3 contributions, which can be separated into the fol-
lowing form,

2 2
o CpemDs/M
+ ———5——Fi(g>. m*. 50). (46)

u—1 Sanl‘ fDS

1o
(g% m?, o) = — / dse /M Iy (2, 5)
7 Sz

_ o / Y dsesw/m?
T Jm2

1
< [ dufii@? s 000 0

My
o M7 5,095 ) @)
G ,s,u)¢>3;,,<,><u>]], @7)
where p, ) = mi(/) /2mg. The imaginary parts of the ampli-

tudes Tl(qz,s,u), Tlp(qZ,s,u) and Tl"(qz,s,u) are the
hard-scattering amplitudes calculated by the 6 diagrams for
the gluon corrections. The final detailed expressions agree
with those of Refs. [21,28], which are not listed here. The
lower limit of integral

2 2
ug = (6] — S0 + mn(/)

+/(@> =50+ m2,)% —d4m2 , (g> —mD))/@m)
(48)

and for the final expression, we need a brief introduction to
the integrals over three-particle LCDAs, i.e.

df v !
_|:/ dalf dv¢3;n(')(ai)]a
{/ dalf |:2\I"4 ,7(/)(0‘1)

13;,7(1) (u) =

L.y (u) =

— @y 0 (@) + 20y 0 () — By 0 (Oéi)} }

{/ dalf [‘1’4 0 (@)

+ Oy 0 (@) + Uy 0 (@) + Py 0 (Oli)i| }
(49)

1_4;,7(1) () =

where A = (u —o1)/(1 —a1), ¢p = 1 — @] — @3 and

= (u—o1)/v. Due to the contributions from three-particle
parts are quite small, i.e. < 0.1%, we can safely neglect
these parts in this paper. We would like to figure out that the
decay branching fraction for the considered decay. Using the
parametrization of the transition matrix elements in terms of
TFFs, in massless lepton case, we get

dr

G2 |V|2
W(D:" — U(/)ﬁ+vz) — Flvcs [(szr —+ m?)(/)

2 2
192703} -’)
Ds
32 o
—dmbm2, |1 @R,
(50)

where the fermi coupling constant Gy = 1.166 x 107>
GeV~2.

3 Numerical discussions
3.1 Input parameters

We adopt the following parameters to do the numerical cal-
culation. The current charm-quark mass is m, = 1.27 £+
0.02 GeV, the masses of D;, n and n’-meson mp, =
1.9685 GeV, m; = 0.5478 GeV, m,y = 0.9578 GeV and s-
quark mass mg = 0.093 GeV. All of them are taken from the
Particle Data Group (PDG) [91]. The Dy, 1, n’-meson decay
constants are taken as fp, = 0.274£0.013£0.007 GeV [49],
fy = 0.130£0.003 GeV [53] and f;y = 0.157+0.003 GeV
[92]. The values of non-perturbative vacuum condensates up
to 6-dimension are taken as follows [88,93,94],

(asG?) = 0.038 £ 0.011 GeV*,

(g2 fG?) = 0.045 £+ 0.007 Ge VS,
(g549)* = 2.082137) x 1073 Ge VS,
(824q)* = (74201294 5 1073 GeV©,
(qq) = (—2.4177537) % 1072 GeV?,
(5s) = (—1.78970 168y « 1072 GeV?,
(g

—0.084
;55)% = (1.5417931%) x 1072 GeV®,
> (g2q9)* = (1.89170553) x 1072 GeV©. 51)
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Table 1 The criteria for

determining Borel windows, and " 0 2 4 6
the resultant B(?rel windows and y-meson Con. <20% < 25% <30% <35%
the corresponding values of the

Six. < 5% < 5% < 5% < 5%

n and n’-meson leading twist

LCDA moments (£, ). M? [0.535, 1.188] [1.026, 1.402] [1.368, 1.759] [1.677,2.194]
“Con.” répresentf‘tl}e gontinuum (&30 [0.952,1.168] [0.231,0.230] [0.110, 0.102] [0.067, 0.059]
f:;‘:;ifftlsogl:rﬁmz;’;on_Six o-meson  Con. <30% < 35% < 40% < 45%
condensates’ contribution Six. < 5% < 5% < 5% <5%
M? [1.049, 1.137] [1.026, 1.233] [1.368, 1.627] [1.677,2.082]
(€50 [1.076, 1.061] [0.221, 0.201] [0.099, 0.086] [0.059, 0.047]

The quark-gluon mixture condensate (g;go T Gq) = m(z) (9q)
with m§ = 0.80 & 0.02GeV?, which leads to

(8550 TGs) = (—1.43170:13%) x 1072 GeV>. (52)

Here, the ratio k = (ss)/(gq) = 0.74 £ 0.03 has been used.
Meanwhile, the typical scale in this paper is U = (m2DY —
m%)l/ 2 ~ 1.5 GeV. So the renormalization group equations
(RGEs) should be used for running the quark masses and
each vacuum condensates appearing in the BFTSR from the
initial scale o = 1 GeV to the typical scale ur. The RGE
can be found in Refs. [95-97], which are not listed here.

3.2 Determination for the Gegenbauer moments of
n”)-meson twist-2 LCDA

One of the significant parameters in BFTSR is the continuum
threshold 8p0) for the moments of n(’ )-meson twist-2 LCDAs.
Following our previous works, we can determine s, = 1.3 &
0.1 GeV and s,y = 0.8 £0.1 GeV by setting the Oth-order
of Gegenbauer moment into 1, i.e. (gg;r/)“‘ = (gg;n’)“‘ =1.
Meanwhile, in order to determine the allowable range of the
Borel parameter M? (i.e. the Borel Window), we adopt the
following three criteria

e The continuum contributions are less than 45% of the
total results;

e The contributions from the dimension-six condensates
do not exceed 5%;

e We require the variations of (52”; n(”>| « within the Borel
window to be less than 10%.

For the first four Gegenbauer moments (S;n(,))| u with
n = (0,2, 4,6), we list the allowable Borel region and their
corresponding ( Zn(’))“‘ in Table 1. When n = (0, 2, 4, 6),
we have set the continuum contributions to be less than
20%, 25%, 30%, 35% for (éf;n)m and 30%, 35%, 40%,
45% for (ég; n,)| > Tespectively, and the dimension-six con-
densates’ contributions to be less than 5% for all the order of

@ Springer

( ;; 0 )|,.- Then, the determined continuum’s and dimension-
six condensates’ contribution for (égm) |, and (55‘; rz/>| x With
n = (2,4, 6) are shown in the left and right panel of Fig. 1,
respectively. In which, the shaded region stand for the Borel
windows.

In order to provide a deeper insight into the flatness of
the LCDA moments versus the Borel parameter M 2, we
present the first three curves for the moments of 1)-meson
twist-2 LCDA at the initial scale, i.e. Z’](/)H pw With n =
(2,4, 6) in Fig. 2. The determined Borel window are M?
[1.0,2.5] GeV? for n-meson and M? € [1.0,2.4] GeV? for
n’-meson. It is noted that within this range, the moments
<§22m(,) Ms @5‘;”(,) )|, and <§26m(,) )|, are almost flat, which vary
less than 10% for the total results in the Borel window.

By taking the squared average of all the uncertainty
sources into consideration and making use of the relations
between the Gegenbauer moments a;;n(” () and the LCDA

moments ( 2”.)7(,))| w»> 1.6. Bq. (37), we obtain the first three

a;‘m(,) (mo) and (S;n(,))mo withn = (2, 4, 6) for the leading-
twist n(/ )_meson LCDA q)z; 0 (u, no) predicted from BFTSR
in Table 2. The factorization scale is taken as the initial scale
1o = 1 GeV. As a comparison, we also list the LCSR given
in year 2013 [20], the CLEO fit [50], the BABAR fit [51],
the ones given by Kroll [52] and Ball [53], respectively. For
the Ball’s results, it is calculated by using the approximation
a%’m(u) = ag;K(p,) = ag;n(,u). Our results for the second

and fourth order n-meson LCDA’s moments, e.g. (522”7)| 140
and (é;n) |, agree with the Ball’s predictions within errors.

But there still exist discrepancy for ag; n(uo) with Ball’s pre-
diction. The main reason lies in the fourth order of equations
between Gegenbauer and LCDA moments, i.e. Eq. (37) have
large coefficients which will enlarge the small discrepancy of
LCDA moments, even appears the opposite sign. At present,
there are few studies on n’-meson’s twist-2 LCDA.

After considering the Gegenbauer moments a;m(,) () up
to 6th-order into the conformal expansion of the Gegen-
bauer polynomial at initial scale, i.e. Eq. (4), we present
the n and n’-meson twist-2 LCDAs in Fig. 3a, b separately.



Eur. Phys. J. C (2022) 82:12 Page 11 of 31 12
0.5 . : . 0.7 s ‘ . =
—-—--- Continuum contribution (a) -—--- Continuum contribution (d)
0.4k -=-= Dimension-six contribution 1 0.6¢ -=-= Dimension-six contribution ]
0.5¢ ]
s 031 = 04f e
cﬁ o o g NPT 5%
0.2 o {7 03F
’//,// Borel Window 0.2F Blomall Whinglony ]
0.1p°< ]
- 5% | 0.1:‘\_\\ 5%_
0 . DT R 00 . ‘ LT
0.8 1.0 1.2 14 1.6 0.9 1.0 1.1 1.2 1.3 1.4
M?[CeV? M?[GeV?]
0.5 ; . ; ; 0.7 ; ; ; ; —
-—=- Continuum contribution (b) J —-—--- Continuum contribution (e)
o4l -=-- Dimension-six contribution ] 0.6r =+~ Dimension-six contribution ]
B 0.5¢ ]
s 0.3 /,/” = 30% = 04 ——= *"'_/;(;%
~ 0.2F ///,/’ 1 = 0.3 //,—” ]
-7 Borel Window -
T 0.2F Borel Window ]
0.1+ 7
T 5% 0.1’\\__‘ s
0.0 . . , it 0.0 ) ‘ ) T
1.2 14 1.6 1.8 2.0 1.2 1.3 1.4 1.5 1.6 1.7 1.8
M?[CeV?) M?[GeV?]
0.5 - ; ; ; 0.7 : ; ;
=== Continuum contribution (C) ---- Continuum contribution (f)
04 -=-= Dimension-six contribution 0.6F -—-- Dimension-six contribution ]
B 35% 0-5¢ T
= 03 T 1 = 04f T 4
0.2F 7 Borel Window g 0.3 Pras
s s Borel Window
-7 0.2p-" 1
0.1F_ 7
T~ _ _ 5% 0.1'\,‘_‘\ ~ 5%
0.0' ! L L I TITiT i 0.0 1 L P Tt
1.4 1.6 1.8 2.0 2.2 2.4 14 1.6 1.8 2.0 2.2 2.4
M?[GeV?) M?[GeV?|

n

Fig. 1 Contributions from the continuum state and dimension-six condensates for the n¢’-meson leading-twist LCDA moments (52‘,}(,) )|u versus

the Borel parameter M2, where all input parameters are set to be their central values

For ¢, (u, (o), we present the asymptotic form, the CLEO
[50], the BABAR [51], Kroll’s prediction [52], the SR fit
[20] and the Ball’s prediction [53] as a comparison. Fig-
ure 3a shows that the LCSR 2013 and Ball’s results pre-
fer a double-peaked behavior. The reason lies in that they
adoptthe 7w, K-meson’s LCDAs as those of -meson LCDAs.

Conversely, the CLEO [50], the BABAR [51] and the fitting
results by Kroll indicate a single-peaked behavior. Our pre-
diction tends to a double-peaked behavior. For ¢»., (1, 110),
we only exhibit the asymptotic form due to there are less
results from references, which is shown in Fig. 3b. Further-
more, in order to have a look at the evolution (;52;,1(,) (u, po)
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Fig. 2 The first three moments (g; 20 ) with (n = 2, 4, 6) versus the Borel parameter M 2, The darker shaded bands indicate the Borel windows

for (& )| u» respectively

n
27"

Table 2 First three Gegenbauer and LCDA moments a’g;n(,) (o) and (

n
2;n")

Mo With n = (2,4, 6) for the leading-twist n(’)—meson LCDA

@20 (u, 110), where the errors are squared averages of those from all the input parameters. Other theoretical predictions are also given as a

comparison
n-meson n’-meson

(€3 o (&) o (€2 o (€3 o (€. o (€2 o
BFTSR (this work) 0.23179019 0.10910007 0.066" 0000 0.2117901 0.09370-0% 0.05470008
CLEO fit [50] 0.176 £ 0.010 - - - - -
BABAR fit [51] 0.183 £ 0.007 - - - - -
P. Kroll [52] 0.183 £ 0.007 - - - - -
SR fit [20] 0.286 £ 0.051 - - - - -
P. Ball [53] 0.239 0.110 - - - -

n-meson n’-meson

a;., (140 as.,(140) as., (1) ay., (1) a;.,(1o) a3, (1o)
BFTSR (this work) 0.09019031 0.02579:0% 0.03370:0% 0.03370:0%2 —0.0020:0%7 0.04370067
CLEO fit [50] ~0.07 £0.03 - - - - -
BABAR fit [51] ~0.05 £ 0.02 - - - - -
P. Kroll [52] —0.05 +0.02 - - - - -
SR fit [20] 0.25+0.15 - - - - -
P. Ball [53] 0.115 —0.015 - - - -

withn = (2, 4, 6), we present the different curves in Fig. 4. If
we take n = (2, 4), the behavior of LCDAs shall be closer to
the asymptotic form. Furthermore, a small shake is observed
when taking the 6th-order LCDA moment into consideration.

Other two-particle Fock state twist-3 and twist-4 LCDAs

qbéme (u), qbgm(,) (u), lp4;n(,) (u) and ¢4zn(’) (u) are defined as

follows

0 5
05 0 =1+ (300]" = 202, ),

1/2

®)

a0 27 5

n(’) 81 2 2
+ (‘ 3ny w3 — 200 ~ 1_opn</)a2:n(’>)

@ Springer

x €% (®),

_ Q) 1,0 ,0
¢§§n(’) (n) = 6uu<1 + 517737 zng a)g

7T 5 30 5 3/2
- %pn(/) - g’ofl(’)aZ;n(/))C2 (é),

5 1
Yy () = Eszuzﬁz + 5852

(53)

(54)

6
[ua(z + 13uit) + 100’ Inulnia(2 — 3u + guz)

6
+10a° 2 - 3a + 5%)},

(55)
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0.0 — ; ; . 0.0 . ; — .
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u

u

Fig. 3 The n’-meson leading-twist LCDA &2.,0 (u, po) predicted from the BFTSR. We make a comparison with the asymptotic form, the CLEO
[50], SR fit [20], the BABAR [51], and the predictions of Kroll [52] and Ball [53]

— T —

(a)

0.0 0.2 0.4 0.6 0.8 1.0

¢2:n'(u» HO)

(b)

Fig. 4 The curves of n and n’-meson twist-2 LCDA with n = (2, 4, 6) respectively

10
Gaoq () = =8 uii (u — ), (56)

where, the values for the twist-3, 4 LCDAs parameters are
taken from Refs. [98,99]. In order to run the hadronic param-
eters of the n(/ )_meson twist-2, 3, 4 LCDAs from the initial
factorization scale to any other scale, especially for typi-
cal scale R, the renormalization group equation should be
used, which has the form

¢i(UR) = LY/Pc; (uo), (57)

where £ = o (uir) /o5 (1eo), fo = 11 —2/3n ¢, and the one-
loop anomalous dimensions y,, can be seen in our previous
work [100]. Taking the hadronic parameters at initial scale 1
and using the renormalization function (57), one can achieve
the corresponding values at the typical scale ur.

3.3 TFFs and series expansion

In order to determine the continuum threshold sy for the
Ds; — 1" TFFs within LCSR approach, i.e. Eq. (46), one
can follow the four criteria

e The continuum contributions are less than 30% of the
total results;

e The contributions from the twist-4 LCDAs do not exceed
5%:;

e We require the variations of the TFF within the Borel
window be less than 10%;

e The continuum threshold sg should be closer to the
squared mass of the first excited state of Ds-meson.

Based on the fourth term of the criteria, we take s to be
close to the squared mass of the excited state of Ds-meson
Dy1(2460), i.e. so = 6.1(3) GeV2. Furthermore, the Borel
parameter is taken as M 2 = 25(1) GeV2. Furthermore, we
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0.65] ;
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035
23 24 25 26 27
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0
Fig. 5 The TFFs fﬁ( (0) versus the Borel parameters M 2 where the
shaded band is induced by the variations of squared average of all input
parameters

can obtain the sum rule for m p, by differentiating the form

o
factors f_ﬁ (g% fp, withrespectto —1/M 2[101]. The resul-

tant mIIfSR = 1.9653 GeV agrees with the measured value

mlg?G = 1.9685 GeV. In order to show the degree of stability
of the TFFs versus the Borel parameter, we present the curve
of TFFs in Fig. 5, in which the shaded region shows the errors
from all input parameters. The solid line with blue shaded

band represents f_ﬁ (0) and the dashed line with green band

represents fﬂl (0). This figure shows that f_ﬁ(/) (0) changes
less than 0.5% within the range of M? € [23,27] GeV?,
which satisfies the third term of the criteria. More definitely,
we put the errors caused by different input parameters in the
following,

F10) = 0476 + (50150 + Coo00 w2 + C003me. o,
0.011 0.004 +0.000

+ +
+ Coor) sy + Coloosdaz, + Co.000)as,

+ O3, 047643 &

F10) = 0544+ (0015 + C000 M2 + CO05Dme. 1y

+0.010 +0.006 +0.000
+ (—0.010)fr/ + (70.005)51;;” + (_0.001 )agmr
+0.000 +0.046
+ (70‘000)ag;n, = 0.54470‘042 (59)

According to Eq. (4), when the Gegenbauer moments are
taken up to 2nd, 4th and 6th order levels, the central values

)
of TFFs 7" (0) are

F1(0)|2na = 0.4745,
SL(0)|an = 04755,
F1(0)|6mn = 0.4763,

f1(0)ona = 0.5435,
£ (0)]am = 0.5434,
f1(0)|em = 0.5436.

In comparing with the 2nd-order Gegenbauer moment’s con-
tribution, the 4th, 6th-order contributions shall be changed by
about 0.211%, 0.379% for f}Z(O) and —0.018%, 0.018% for

fﬁl (0), respectively. These ratios are really small, indicat-
ing the Gegenbauer series has good convergence over the
moment expansion. Then, we list the TFFs for Dy — n(/)
at large recoil point, i.e. f_ﬁ(/) (0), in Table 3, in which the
uncertainties are from the squared average of all the men-
tioned error sources. As a comparison, we also present other
theoretical and experimental predictions, such as the BESIII
[12], the LQCD [13], the LFQM [14], the CQM [17], the
CCQM [18,19], the QCD SR [22], the LCSR at 2013 and
2015[20,21], respectively. Our results agree with the BESIII,
the CCQM, the LCSR, the LQCD within errors, but are lack
of agreement with the Lattice QCD results.

Table 3 The TFFs 17" (0) at

the large recoil point g2 = 0. As
a comparison, we also present
the predictions from various
experimental and theoretical
groups

Theoretical predictions

References £1(0) £70)
Experimental results BESIII [12] 0.4576(70) 0.490(51)

LQCD-1[13] 0.542(13) 0.404(25)

LQCD-II [13] 0.564(11) 0.437(18)

This work (LCSR) 0.47670030 0.544700%8

LFQM [14] 0.76 -
CQM [17] 0.78 0.78
CCQM [18] 0.78(12) 0.73(11)
CCQM [19] 0.49(7) 0.59(9)
LCSR 2013 [20] 0.432(33) 0.520(80)
LCSR 2015 [21] 0.49570020 0.558 0017
QCD SR [22] 0.50(4) -
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The physically allowable ranges for the TFFs are m% <

q2 < (mp, — m,7)2 ~ 2 GeV? and m% < q2 < (mp, —
m,7/)2 ~ 1 GeV?. Theoretically, the LCSRs approach for
Dy — ) TFFs are applicable in low and intermediate
q*-regions, ie. g> € [0,1.2] GeV? of n-meson, ¢> €
[0, 0.6] GeV? of n’-meson. One can extrapolate it to whole
q>-regions via arapidly z(¢g?, t) converging series expansion
(SE) [102]:

B(q2)¢"()(q2) Xk: e “

Normally, the parameter K stands for the order of expan-
sion. The z(qz, t) is the function:

Ve —q? — Jty — ¢
iy — @2+ Jiy =1

2 1) = (61)

n" n(/)

where t = (1, ,t. ,mDs) with ti = (mp, £ mnm)z.

Here, the 0 < to < tz is a free parameter which can be

N . (G
optimised to reduce the maximum value of |z(¢2, t(;’ )|inthe

physical TFFs range, tO |0pt = tJr (l -1 - t”()/t"())

Here, we list the value of z(q , to ) with different q cases

Q)
in Table 4. The function ¢>1 (g?) can be expressed as

gy [ ah
4871)(”(/) (n) (ty — 10)1/4
2g% 0\ (22 1)\ 2
() (=R
NECEID A
- —q?

where ¢ = 1 is an isospin-degeneracy factor for a given
channel and B(¢?) = []z(¢>, m%)[) stands for the Blaschke

, (62)
n=2

factor. The m p; standslfor the mass of each resonance state
with J? =07,0%, 1~
in PDG [91]. For the coefficients XZ(/) (n), it can be calculated
by using QCD sum rules including perturbative LO and NLO
results as well as the condensate contributions, which can be
expressed as [102]

2

"o 3 as(me)Cr (25 2m
= 1 — -

X+ 32n2mg[ T 63

_(9d)  (@G*)  (aGq)

5 6 7
m} 12 m? m

., respectively, which can be found

(63)

Furthermore, the coefficients ox should satisfy the basic uni-
tarity constraint,

Z @ < 1. (64)
k

The simplified version of the series expansion (SSE)
method is to replace the Blaschke factor B(g?) by a simple
pole P(g?) to account for low-lying resonances, i.e. [103]

(/)

(g = W Z B (q”, (65)

As for the SSE parameterization, imposing the unitarity
bound and by comparing the SE and SSE parameterizations

min[K —1,i]

o = Z

k=0

we obtain the unitarity bound of the SSE

min[K —1]

> CaBip <1, (67)

J:k=0
with the positive defined matrix

K—1—max[j,k]

Cik = Z Cilj—k- (68)

i=0

Theoretically, the order K can be taken up to infinite order.
It has been proven that the higher order expansion shall give
the same result with very small errors. We take K = 3,4, 5
as explicit examples, which are shown in Fig. 6. It is found

that three SSE curves with K = 3, 4, 5 for the TFFs f+"(/) g%
are almost coincide with each other. So, we will take K = 3
to do our expansion in the following calculations, which also
agrees with the choices of most of the theoretical groups. At
the same time, the oy of SE and B of SSE should also satisfy
the condition A < 1%. From which, the parameter A is used
to measure the quality of extrapolation, which is defined as

_ L R0 - Bl

x 100, (69)

2 F@)]
wheret € [0, 1/100, ..., 100/100] x 1.2 GeV for n-meson,
t € [0,1/100,...,100/100] x 0.6 GeV for n'-meson.

Numerical values of ay, B with k = (0, 1, 2) for central val-
0]
ues, upper and lower limit of ffr] (q?) are listed in Table 5.

Here, the a,% for SE unitarity bound and Z Ci,jBiBj for
SSE are less than 1. The quality of extrapolation A are less
than 0.13%. Since there have good unitary bound and a small
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Table 4 The fitting parameters 5 ) A 5 | 5
z(qz,tgm) of SSE for TFFs n-meson q-(GeV~) 0 0. 0.8 1. .6 .0
2”2 2(g% 1) 0.048 0.032 0.014 —0.005 —0.025 —0.047
+ n’-meson ¢?(GeV?) 0 0.2 04 0.6 0.8 1.0
2g% 1) 0.016 0.004 ~0.009 —0.022 ~0.036 —0.051
1.4 : .
— K=3 (a) (b)
Lol K=4
)
0.6 LCSR Results
0.4
0.4 - : * 0.2
0.0 0.5 1.0 1.5 2.0 0.0 0.2 0.4 0.6 0.8 1.0
¢*[GeV?] ¢*[GeV?]
Fig. 6 The SSE for the TFFs f(¢?) and fi'(q2) upto K = 3,4, 5 order
Table 5 The fitting parameters 2C) ) 2 ), 2 L), 2 7O, 2 AU, 2 V@), o
for the central TEFs f_z")(C)(qz), fv @) S g% S+ (@%) fr @) fr7@%) fr @)
the upper TFFs £ @ (g% and a0 —0.0003 —0.0003 —0.0003 —0.00001 —0.00001 —0.00001
the lower TEFs fg‘”@(qz) a1 —0.0015 —0.0017 —0.0015 —0.00017 —0.00018 —0.00016
an —0.0061 —0.0074 —0.0052 —0.00134 —0.00143 —0.00127
>} 39x 107 58x 107 29x107°  18x107° 24x107° 1.6x107°
Bo 0.512 0.555 0.476 0.563 0.611 0.519
Bi —1.450 —1.211 —-0.976 —1.653 —1.801 —1.534
B 17.26 12.24 8.73 28.95 30.61 27.98
CijBiBj 0.020 0.019 0.008 0.005 0.005 0.004
A 0.075% 0.129% 0.099% 0.005% 0.004% 0.007%

A value, the SSE results are in high agreement with our LCSR
results.

The extrapolated TFFs in the whole g2-region is shown
in Fig. 7, other theoretical and experimental results, such as
those of the BESIII [12], the LCSR 2013 [20], the LCSR 2015
[21] and the CCQM [19] are present as a comparison. Two
sets of BESIII are from the two different n) decay channels.
For n-meson, the blue triangle stands for  — yy channel
and the red diamond stands for n — 777~ channel. For
n’-meson the blue triangle stands for n° — yp° channel
and red diamond stands for n’ — nyyn+n_ channel. To
compare with other theoretical and experimental groups, our
results have the following characteristics,

@ Springer

e Comparing with f_ﬁ (g%), the fi/ (¢%) is more flat in the
whole ¢? region.

e Our predictions of fjr’ (¢%) are in good agreement with
the recent BESIII predictions for the » — yy channel.

e In the LCSR g2-region, our results have good agreement
with the LCSR 2013 and 2015, the CCQM, and the two
sets of BES-III predictions within errors.

e The SSE of f_ﬁ(qQ) in the region of ¢> € [1.2, 2.0] GeV?
have agreement with the LCSR in 2015 results within
errors. However, our predictions are larger than the LCSR
in 2013 and CCQM predictions due to the different n-
meson distribution amplitudes or different method.
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— This Work — — CCQM (a) — This Work — — CCQM (b)
1.2t 1 L2r ]
---LCSR 2013 a BESIILI ---LCSR 2013 & BESIILI
-=--LCSR 2015  + BESTILII 1ok 7 LCSR 2015« BESIII-II g

¢*[GeV?]

JidUe!

0.4 0.6
7*[GeV?]

0.8 1.0

Fig. 7 The TFFs fiw (qz) together with its uncertainties. Results of the LCSR 2013 [20], the LCSR 2015 [21], the CCQM [19] and the BESIII
[12] are also given as the comparison

30 T

“ (a) — This Work  — — CCQM R (b) [ — This Work — — coQM
T> ---LCSR 2013 & BESILI '% 25F < ---LCSR 2013 4 BESIILI |
§ -=--LCSR 2015  + BESIILII ED NI | ----LCSR 2015 ¢ BESIILII
T 303~ 1 5 20F-. \\“\\t ]
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S NN [ Y
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Fig. 8 Decay width for the Dj' — n(/)€+vg(€ = e, L) Versus q2 within uncertainties. The LCSR in 2013 [20] and 2015 [21], the CCQM [19],
and two sets of BESIII collaboration [12] predictions are also present as a comparison

3.4 Decay widthes and branching fractions for the
semileptonic decay D} — n ¢+,

One can get the differential decay widths by using the formula
(50). For the CKM matrix element |V,,|, we take it to be
the average value of leptonic and semileptonic decay ¢ —
s processes coming from PDG [93], i.e. |V | = 0.987 £+
0.011. After taking the derived D; — n) TFFs into the
decay widths, we present the differential decay widths in
Fig. 8. As a comparison, we also give the LCSR in 2013
[20] and 2015 [21], the CCQM [19], and two sets of BESIII
collaboration [12] predictions. The LCSR and the CCQM
results are calculated by applying their TFFs into the width
formula. Those figures show that our prediction for D" —
e v isin agreement with LCSR 2015, CCQM, the BESIII-
I and the BESIII-II results within errors, and the Ds+ —
n' et v, agrees with the LCSR 2013 and 2015, the CCQM,

the BESIII-I and BESIII-II predictions within errors. All the
results are convergence to zero at the small recoil region
g2 = (mp, — m,’(g)z, which indicates that our results are
reasonable.

After integrating over the whole m% <q¢®> < (m D, —
mn(,))z region for the differential decay widths, we obtain
the total decay widths for D} — 7 ¢+, with two different
channel I'(D} — netv,) and T(DF — nVutv,), ie.,

U(Df — netve) = 3063473333 x 1071 GeV,
+5.395 —15
I'(Df — nutv,) =30.29877572 x 107 GeV,
LD — n'ev,) = 1034571811 % 10715 GevV,

(D — n'utv,) = 10.09671899 % 10715 Gev.  (70)

Then, by using the lifetime of the initial state D;“-meson,
Tpt = (0.504 £ 0.007) ps [91], the branching fractions
for the two different semileptonic decay channels Dy —
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Table 6 Branching factions of
D — nVetv, with € = e and
 (in unit 1072). The errors are
squared averages of all the
mentioned error sources. As a
comparison, we also present the
predictions for various methods

Mode

B(D} — netve)

B(D} — nutv,)

Experimental results

Theoretical predictions

BESIII [11,12]
CLEO [8]
CLEO [9]

PDG [91]

This work (LCSR)
LFQM [15]
CCQM [19]
LCSR [20]
LCSR [21]
QCD SR-I [22]
QCD SR-II [22]

2.323 £ 0.063 £ 0.063
228 +£0.14 £0.19
248 £0.29 £0.13
2.32 +£0.08
23467048

2.26 £0.21

2.24

2.00 £0.32

2.40 £0.28

2.6 +0.7
23+04

242 +0.46 £0.11

24405

0.413
2.3207935
2.2240.20
2.18

Mode

B(D} — n'etv,)

B(Df — n'utvy)

Experimental results

BESIII [11,12]

0.824 £ 0.073 £ 0.027

1.06 £ 0.54 £ 0.07

n(’)£+vg with £ = (e, u) can be obtained, which are pre-
sented in Table 6. Here, we also listed the BESIII [11,12],
the PDG [91], the CLEO [9] for the experimental results,
and the CCQM [19], the LFQM [15], the QCDSR-I, II [22],
the LCSR [20,21] for theoretical predictions. Our results are
closer to the BESIII, PDG, CLEO results, all of which are
within 1o uncertainties.

After substituting the corresponding terms of Eq. (3), one
can get the mixing angle of n — n’. The mixing angle tan ¢
with the parameter of Borel parameter M? are shown in
Fig. 9. In the whole Borel parameter M? region, the mix-
ing angle is changed slightly, which also indicates that there
have a stable Borel window for tan ¢. Numerical results for
the single mixing angle ¢ are present in Table 7. Our result is

CLEO [8] 0.68 £+ 0.15 £ 0.06 -
CLEO [9] 0.91 +0.33 £ 0.05 -
PDG [91] 0.80 £ 0.07 1.1£0.5
Theoretical predictions This work (LCSR) 0.7920 114 0.7737013%
LFQM [15] 0.89 £ 0.09 0.85 +0.08
CCQM [19] 0.83 0.79
LCSR [20] 0.75 £ 0.23 -
LCSR [21] 0.79 £ 0.14 -
QCD SR-1[22] 0.89 4 0.34 -
QCD SR-I1 [22] 1.0£0.2 -
0.92
0.91}
S 0.90
=
= 0.89}
=
I 0.88F
[SY
=
2 0.87f
0.86}
0.85 ' : :
23 24 25 26 27
M?[GeV?)

closer to the KLOE [48] and the LCSR predictions [21,49],
which is slightly larger than other LFQM [16] and QCD SR
[22] predictions.

Furthermore, it is useful to study the ratio for the different
decay channel sz’ /n related to the mixing angle, which has
the basic definition

¢ B(Dsy— n'€*vy)

R, =—".
"M B(Dy — netvy)

(71)

@ Springer

Fig. 9 fi(O) / fi/ (0) as a function of the Borel parameter M 2 where
the shaded band is induced by the variations of squared average of all
input parameters

Numerical results together with different experimental and
theoretical predictions are given in Table 7. Our results are
in agreement with the CLEO [7] and the BESIII [10] predic-
tions, and the LCSR predictions [21,49]. This can be con-
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Table 7 The ¢ with respect to

mixing angle, RE,, for different Mode Angle ¢ Rf]’/ n
models and expermental lLes. 1ok (LCSR) with € = ¢ 4124008 033870057
present the expe_rimental and This work (LCSR) with £ = 41 -2°f8j82 0-333i818§g
theoretical predictions CLEO [7] B 0.35 + 0.09 + 0.07
BESIII [10] - 0.40 £0.14 £ 0.02
LFQM [16] 39° 0.39
LCSR [21] 41.8° 0.33 £0.07
QCD SR [22] 40° 0.44 £0.01
KLOE [48] 41.4° -
LCSR-I [49] 39.7° 0.32 £0.02
LCSR-II [49] 41.5° 0.27 £0.01

sidered as a good test of the correctness of the considered
internal structure for the Ds-meson as well as the mixing
angle between n and 7’ states.

4 Summary

In this paper, we have calculated the moments @;'n(’) ) of

n(’ )-meson LCDA with n = (2, 4, 6) up to NLO correction
and completely dimension-six condensates within BFTSR,
which are shown in Eq. (33). Due to the n”-meson should be
considered as s5 component in D; — 1) decay processes,
we have also taken the Img(n, M?) corrections into consid-
eration, i.e. Eq. (34), the detailed terms of OPE are listed in
the Appendix B.

Then, we have sought a reasonable continuum thresh-
old so and stable Borel windows for <§;;n<’>>| p With n =
(2,4, 6) by using the traditional three criteria for the SVZ
sum rules, which are present in Figs. 1 and 2 and Table 1.
By using the expression between two different Gegenbauer
and LCDA moments, i.e. Eq. (37), we have presented the
first three Gegenbauer and LCDA moments a;’;n(,) (o) and
(52”;”(,)”“0 with n = (2,4, 6) for the ¢,.,¢ (u, po) within
errors in Table 2. Our results are in agreement with the
CLEO fit and the BABAR fit predictions. Meanwhile, we
have exhibited the curves of ¢2;n(’> (u, (o) of our prediction
with n = (2, 4, 6) and compare with others.

Furthermore, the TFFs fJ’Z(,) (%) have been given in
Eq. (46) up to NLO QCD corrections for twist-2, 3 LCDA
contributions. The TFFs at large recoil region have been pre-
sented in Table 3 with respect to other theoretical predictions.
After extrapolating it to the whole physical ¢2-region via sim-
plified series expansion, we have shown the behavior of TFFs
in Fig. 7. The differential/total decay widths and branching
fractions in this work have also been given. Our results are in
agreement with the BESIII and the PDG average value within
errors. Finally, we have presented the mixing angle tan ¢ and

ratio for different decay channel ’Rf;, I which agree with
theoretical and experimental results within errors. Thus, the
QCDSR within BFTSR can be considered a good approach
in dealing with the heavy-to-light semileptonic processes,
and we hope more data can be achieved in the near future for
more precise studies.
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Appendix A: Quark propagators and vertex for back-
ground field theory framework

Al. Quark propagators

Quarks field and its propagators satisfy the equation Eq. (11)
in the BFT, solve to Eq. (11), we have the following form

Sp(x,0) = (i +m)D(x, 0), (AD)
where D(x, 0) satisfies the equation
(8> = PLo* — Q+m?*)D(x,0) = §*(x), (A2)

with P, = 2iA,, Q = y"y*[A,(x) AL (x) +i9, A, (x)].
After using above equation up here we can get quark propa-
gator Sr(x, 0) subexpression

Sr(x,0) = $%(x, 0) + 57 (x, 0)

2
+ 530+ > 577, 0)
i=1

3 5
+ 8500, 0+ Y 55, 0).

i=1 i=1

(A3)

In order to have a clear look at the detailed quark propagator
Sr(x,0) separately, we list the expression of SdF (x, 0) with

v (@ P +g"y?) o (V=P o

- 2 _ 23 Yt 2 _ 24 14
(m? — p?) (m* — p*)

p"gt pH y'(m — p)

(m2 _ p2)4 (m2 _ p2)5

X Gpu;k}7

+2

p”p"pl)yp] Guv
(A9)

4
502) . dp
Sy (X,O)—l/ (zn)4e trx

2i g Pt p*
g {§[<(m2 — o - p2)4)

yHm — p)
e ((m2 —yr <8P 42

Pl glvo pi)
(m? — p)*
yH(m — p)

= (A10)

+6 PVPGPA)Vp]G/Lv:AGpG}s

d4p omipx i
@n)* 15
" g{pop/\yu}(m - B 2g{p“p7”p“}
(m? — pH* (m2 — p)*
{0 o HA} _ (vo i)
yp?p? p"(m —p) g
(m? — p2)> N (m? — p2)3 VUGuv;paA, (A11)

6(1) [ d*p _ipx L[y —p)
S 0= l/ @n)* 8{[<m2 =
ph

e S|
yH(m —p)
(m2 _ p2)5

55, 0) =i

+6

3y*(m — p)
(m? — p2)*

o T

x g°% + 16

_4g/u7pr + g;u'p

(m? — ph)*

ag
]VvaVA}G;wG,oUGM,

(A12)

d < 6 as follows,

. d4p —ip-x m+p

spnoy =i [ G| - AL (Ad)
[ @ [ ivien— py

2 _ px|

SF(x,O)_l[ e [ s Lo Gw] (AS5)

ghe
T (m2 = p2)? |

51V (x,0) :i/
2p* ]

- (m? — p?)3 |
y*(m — p)
(mz _ p2)4

3P (x,0) =i f

Qg{uppal

+4

3

4 " L _
S3F(x,0)=i/ (Zﬂl))4e—i17<x{_%|:(yl PP +y"p")m —p)

(m2 _ [72)3
VUG/LV:/)}’
Lipa [ L[ 7" = p)
e il A
4 (mz _ [)2)3

L[ (m+py"
V., 0.0 _ vo
vy + 5 [(mz_p2)3

d4p
@m)*

p”p"]y"}Gme,

d*p ipa| P[8"y7 = p)
@) 4 mr=p

T (m2 — p2)3

5V (x,0) :i/

yH(m — p)y’

i
* {_ §[<3 (m? — p2)*
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d*p

—ip-x
Q)¢
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(A6)

(AT)

(A8)

d*p 1
6(2) _ P _ip.
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yim —p)yyY ;.
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6(3) . D _ipx
Sy (x,O)—l/(zn)4e P (_5)

yH(m — p) .
) {3[(20"2_!72)51,“)
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(voTA)
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~y”)/"+(u<—>A)+(p<—>r)+(u<—>x,p<—>f)]y"
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+4 [7
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m+/) {vtro} m+[7 fvt 1 o}
X | ——5=¢ +6———F—<gWptp? +48
{[(m2 — p2)* (m? — p?)>
L m+D)p PP P
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(A15)
4
6(5) . dp
Sy (X,O)—l/ (2”)48 tpx
Ty en — p)
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{port Hu}
8 14
—4 s T8
om=b o g"ptpTp
(m2 _ 172)5 (m2 _ p2)5
(P po A T pith (1 —
p’p°p'p'p"(m—p)
+ 48 2~ Py b ]y”G,w;,,(,M}. (A16)

The Feynman diagrams for the quark propagators Eqgs.
(A4)-(A16) that with various gauge invariant tensors are
shown in Fig. 10, where thirteen figures, i.e. Fig. 10a—m, cor-
respond to Sg (x,0),..., 52(5) (x, 0), respectively. The sym-
bol “x” attached to the gluon line indicates the tensor of the
local gluon background field with “n” stands for n-th order
covariant derivative. For quark propagator from x to 0, the
following relation can be used,

Sr(0, x| A) = CSE(x, 0] — AT (A17)
The detailed expression are
spon =i [ Erom- 2L (A18)
FV, X)) =1 (271.)48 m2_p2 >
o d'p iy m+ pyt
2 _ ipx| =
SF(O,x)—z/(zﬂ)4e [27@12_[}2)2 G,w], (A19)
o d'p o[22 [+ PGP +yPpt)
3 _ ipx) <. v
00 =i [ e {3 [ (> = p)
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a* (1
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a o
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Fig. 10 Feynman diagrams for the quark propagator within the background field theory which shall results in operators up to dimension-six. The
symbol “x” attached to the gluon line indicates the tensor of the local gluon background field, in which “n” stands for n-th order covariant derivative

_ {ur 1} YIRSV 4
(vioT) 6 m p {vi o 7} 8 p Sp p°p
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(m? — P2)64 F 0, x) =i (271-)46 18 (m2 — p2)4
d . 1 oAT
6(4) . P _ipx {p w} (m+p)
Sp (0»x)=t/ O I P % 48 P 4
@m)* 2 + (m? — Vi 2_ 25
) (m* — p*)
m—P (i) m=r i o) (0o i T i)
_— _— g ppp
* [ (m? = p*e O et PP Ty 1 (m? — p»)s
(m — p)pvprplpa 0. P,V {P 0 A T 1)
Ll 4 pYpp pTp"(m+ p)
+48 (m? — p2)6 +3y7yly —48 = G v poit (- (A30)

@ Springer



Eur. Phys. J. C (2022) 82:12

Page 23 of 31 12

where

g[uvpo p/\] — g(uvpo)p/\ + g(/\vpa)pu

QU0 po 4 G (uh0) o | g (wvph) o (A31)
g pP p? pM = g pP p p* + "0 p" p p*

+ 8" pPp"p* + " p pp” + ¢ pt p7 p*

+8"7p’p"pt + 8" p’ p7 p

+8" ptp ph 4+ 8" p"p7p” + 87 p P pY. (A32)
gy =gy + gy P + g7y, (A33)
g[pckfyu] — Vug(pm\r)

+u<op)+po)+ (<o d)+ (1), (A34)
g{paplyu} — yug{pap)»}

+ (< p)+(n<0o)+(n<2R), (A35)
g7 ptpTytt = ytg? ptp?

+(nep)+Ueo)+ o)+ (o), (A36)
V{MPPPU} =yl pPp°®

+yPp*p° +v° ptp’, (A37)
y¥p? p? p* =yt p? p? p*

+ (< p)+ <o)+ (u<2), (A38)
yUp? p? p*p™h =y pP p? p*p*

+t<op)+p<o)+(<r)+@<1), (A39)
g pTy? =g ptyP + g phy + g pTy

+ 8" pPyt + g ptyT + g pPyT (A40)

In these expressions, the mass term is retained explicitly,
which application not only in the case of light quarks, but
also in the case of heavy quarks.

A2. Vertex operator

<>
The vertex operator (z- D)" is encountered when we calculate
the distributed amplitude of moment with the SVZ sum rule.
Here it is only the dimension d < 6 terms are retained, vertex

<>
operator (z - D)" in dimension-six order, the results are as
follows

- D)=, (Ad1)

@ D) =—i(z- )" x"2" Gy, (A42)
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where the subscript k(m) with k = (1, ..., 6) stands for the
dimension of the operator, in which (m) stands for the m-
th type of the operator with same dimension. For example,
there is two type of dimension four operators, three type
of dimension five operators and five type of dimension-six
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Fig. 11 Feynman diagrams for the vertex operator I'(z - B)" under the background field theory up to dimension-six. The symbol “x” attached to

TRt}

the gluon line indicates the tensor of the local gluon background field, in which “n” stands for n-th order covariant derivative

operators. Figure 11 represents the Feynman diagrams for
<>

the vertex operator I'(z - D)" under the background field
theory, where thirteen figures, i.e. Fig. 1 1a—m, correspond to
F'z-D)f,....,T(z- D)g(s), respectively. The symbol “x”
attached to the gluon line indicates the tensor of the local
gluon background field with “n” stands for the n-th order
covariant derivative.

@ Springer

A3. Vacuum matrix elements

In addition to quark propagators Sr(x, 0) and vertex opera-

tors (z- B)", one may also encounter vacuum condensation in
the process of calculation, which are the basic input param-
eter. The specific expression for vacuum matrix element in
the D-dimension space have the following forms,
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1
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1
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the symbol “Tr” stands for tracing to the colour matrixes.
Obviously,

0|G3

- gvp)’u)ﬁa(TA)ba (A63)

GA,10) = (01G4,GE . 10). (A64)

POAT POAT

As a final remark, by making use of the equation

[Dy, DI = —g, f4P€GE,, (A65)
we can obtain a useful relation

8 _
(&G = 5 3 (&hv)*. (A66)

u,d,s

which, can also be referred to our previous work [60].

Appendix B: Detailed expressions for Im? (n, M?) and
1,2(n, M?) in BFTSR for (ggm(,)) lu

According to the Feynman rule, we can obtain the following
detailed expressions within /, o(n M?) and I z(n M?) for
the final BFTSR, i.e. Eq. (33) Some of the terms have the
symmetric structure, we can combined these terms together.
Here, we only list the key expression for the last step of
the BFTSR. Firstly, we give the 1,,0(n, M 2) terms which are
expressed as, )

R 3 14 (=1

Bl = &7 o D £3)° 1
5 g2 Y (g:q9)* oy 17

B2 Too6+600 = e U ED 5
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In which, the subscripta, b, ¢, min l?Mz Lapem) forEqs. (B1)—
(B9) have the meaning that, a, b, ¢ stand for a, b, cth-order of
the propagator vertex and propagator, while m means the mth

zz(n M? )

B2 Ioat402 =

(B7)

B2 1303(1)+3033) =

(B8)

By lo3) =

(B9)

terms of I . Then, we give the expression for ,
terms separately,
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~ 2

Here the subscripta, b, ¢, m, nin By, I:Z‘YC(m n) in the expres-

sion within BFTSR, i.e. Eqs. (B10)—(B34) have following
meaning. a, b, ¢ stand for the a, b, cth-order of the propaga-
tor, vertex and propagator, while m means the mth terms of

2 2
1" and n means the nth subterm of 1"° Meanwhile, for

abc ; abc(m)*
the perturbative part we have

3vn+l

8r(n+ 1)(n + 3)
1 — 2

2

Im Zpert. (s) =

X {[1 + (D" +1) +[1+ (—1)”]}- (B35)

Considering n is even, then 1 + (—1)" = 2, sl =, O(n —
1)=0n—2),0(n —3) =0(n —4). Add up all the above
expressions we obtain the moment of distributed amplitude
Eq. (33).

Appendix C: Matrix elements of 7’-meson twist-2, 3, 4
LCDAs

The expression of twist-2, 3, 4 LCDAs matrix elements used

in the OPE calculation of LCSR have the following forms
[99,100]

0 (P)I5x) . y55(0)[0)

i
= —ipufyo / due™ P [y (1, 1) + XY 0 ()]
0

+f<><x —xzp“)xfldue"“”% o). (Cl)
! a p-x 0 i '
2
o moofyo 4o
0 (p)I5(x)iyss(0)0) = ——— | due™P¢? | (u),
st 0 3»"
(C2)
0 (PIFX)0, Y58 (0)[0) = i (puxy — puxy)
mfl(/)f"(/) : iup-x 4o
o ), due 3.0 @), (C3)
S

0 (P)I5(x)0,10 Y585 Gap (V)5 (0)|0)
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2
) mn(/) fn(/)
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2my
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(C4

0 (P)I5x) ¥ 585 Gap(vx)s(0)[0)
p
= fo [—p .“x (Paxp — ppXa)
X @400 (V, P - X) + (Ppgay — PagBy)
N ’ o Bu
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In which, we have set

1 DuXv + puXy
g;u) = 8uv — pox B

1
K@, p-x)= / daydardazd(1 —a; — oy — a3)
0

x e (T Tva)PY g (g, (C7)
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