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Abstract In this paper, we make a detailed discussion
on the η and η′-meson leading-twist light-cone distribu-
tion amplitude φ2;η(′) (u, μ) by using the QCD sum rules
approach under the background field theory. Taking both
the non-perturbative condensates up to dimension-six and
the next-to-leading order (NLO) QCD corrections to the
perturbative part, its first three moments 〈ξn

2;η(′)〉|μ0 with
n = (2, 4, 6) can be determined, where the initial scale
μ0 is set as the usual choice of 1 GeV. Numerically, we
obtain 〈ξ2

2;η〉|μ0 = 0.231+0.010
−0.013, 〈ξ4

2;η〉|μ0 = 0.109+0.007
−0.007,

and 〈ξ6
2;η〉|μ0 = 0.066+0.006

−0.006 for η-meson, 〈ξ2
2;η′ 〉|μ0 =

0.211+0.015
−0.017, 〈ξ4

2;η′ 〉|μ0 = 0.093+0.009
−0.009, and 〈ξ6

2;η′ 〉|μ0 =
0.054+0.008

−0.008 for η′-meson. Next, we calculate the Ds → η(′)

transition form factors (TFFs) f η
(′)

+ (q2) within QCD light-
cone sum rules approach up to NLO level. The values at

large recoil region are f η+(0) = 0.476+0.040
−0.036 and f η

′
+ (0) =

0.544+0.046
−0.042. After extrapolating TFFs to the allowable physi-

cal regions within the series expansion, we obtain the branch-
ing fractions of the semi-leptonic decay, i.e. D+

s → η(′)�+ν�,
i.e. B(D+

s → η(′)e+νe) = 2.346+0.418
−0.331(0.792+0.141

−0.118)× 10−2

and B(D+
s → η(′)μ+νμ) = 2.320+0.413

−0.327(0.773+0.138
−0.115) ×

10−2 for � = (e, μ) channels respectively. And in addition
to that, the mixing angle for η − η′ with ϕ and ratio for the
different decay channels R�

η′/η are given, which show good
agreement with the recent BESIII measurements.

a e-mail: fuhb@cqu.edu.cn (corresponding author)
b e-mail: wuxg@cqu.edu.cn

1 Introduction

The D+
s -meson, which is composed of a charm quark and

a strange antiquark, has been discovered in year 1993.
There are rich physics contents in D+

s -meson decays. The
D+
s -meson semileptonic or exclusive decay processes pro-

vide important heavy-to-light theoretical bases for study-
ing heavy quark decays, investigating light meson spec-
troscopy and supplying a bridge between weak and strong
interaction couplings of quarks. More and more experi-
mental results have been reported from the BABAR, the
CLEO, the BESIII collaborations, and etc., such as the
D+
s → (η, η′, K 0, a0(980), f0(980), φ, K ∗0)�+ν� decays’

branching fractions are within the range of [0.12, 2.61]%
[1–6]. Total semileptonic branching fractions provide use-
ful discrimination on the different theoretical evaluations of
hadronic matrix elements, which sizably affect the charm
quark semileptonic decays. The Ds → η(′)�+ν� is different
from the usually considered channels with final state contain-
ing light-quark composition only, and it has attracted much
attention from both theoretical and experimental groups.
Moreover, the η(′)-mesons, composed by ss̄ quark pair, are
especially intriguing, since the s-quark plays an important
role for the flavor physics. In deep leaning of those two pro-
cesses, one can obtain useful information on the CKM matrix
element |Vcs | and the heavy-to-light transition form factors
(TFFs).

Experimentally, the semileptonic decay processes for
D+
s → η(′)�+ν� have been found by the CLEO collaboration

early in year 1995, and their measured value of the ratio of
branching fractions B(D+

s → η′e+νe)/B(D+
s → ηe+νe) is

0.35±0.09±0.07 [7]. Then, the CLEO collaboration issued
the measured value of the branching fractions in years 2009
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and 2015, i.e. B(D+
s → ηe+νe) = (2.48 ± 0.29 ± 0.13)%,

B(D+
s → ηe+νe) = (2.28 ± 0.14 ± 0.20)%, B(D+

s →
η′e+νe) = (0.91±0.33±0.05)%, and B(D+

s → η′e+νe) =
(0.68±0.15±0.06)% [8,9]. In year 2017, the BESIII collab-
oration measured the branching fractions by using the same
channels based on the integrated luminosity of 482 pb−1

of the e+e− collision at the center-of-mass energy
√
s =

4.009 GeV, and they issued B(D+
s → ημ+νμ) = (2.42 ±

0.46±0.11)%,B(D+
s → η′μ+νμ) = (1.06±0.54±0.07)%,

B(D+
s → ηe+νe) = (2.30 ± 0.31 ± 0.08)%, and B(D+

s →
η′e+νe) = (0.93 ± 0.30 ± 0.05)% [10,11]. In year 2019, the
BESIII collaboration finished the improved measurements
on the branching fractions by using e+e− annihilation data
corresponding to an integrated luminosity of 3.19 fb−1 col-
lected at a center-of-mass energy of 4.178 GeV and then gave
the first determination of Ds → η(′) TFF, e.g. B(D+

s →
ηe+νe) = (2.323 ± 0.063 ± 0.063)%, B(D+

s → η′e+νe) =
(0.824±0.073±0.027)%, f η+(0)|Vcs | = 0.4455±0.0053±
0.0044, and f η

′
+ (0)|Vcs | = 0.477±0.049±0.011 [12]. There

are large discrepancies for D+
s → η(′)�+ν� among different

experimental collaborations. With more and more data accu-
mulated in the near future, the experimental precision shall be
greatly improved and the gap among different measurements
could be shrunk.

Theoretically, the decay widths or branching fractions for
the semileptonic decay D+

s → η(′)�+ν� depends heavily
on the precision of the Ds → η(′) TFFs. At present, the
Ds → η(′) TFFs have been studies under various approaches,
such as the lattice QCD (LQCD) [13], the traditional and
covariant light-front quark model (LFQM) [14–16], the con-
stituent quark model (CQM) [17], the covariant confined
quark model (CCQM) [18,19], the light-cone sum rules
(LCSR) [20,21], the QCD sum rules (QCD SR) [22]. The
LCSR approach is based on the operator product expansion
(OPE) near the light-cone x2 � 0 and parameterizes all
the non-perturbative dynamics into the light-cone distribu-
tion amplitudes (LCDAs), which have been applied for deal-
ing with many semileptonic decay processes [23–39]. One
may observe that the predicted values of Ds → η(′) TFFs
behave differently from various groups. Those discrepan-
cies indicate that it is important to improve the accuracy of
theoretical calculation. In this paper, we will calculate the
Ds → η(′) TFFs by using the LCSR approach up to next-to-
leading order (NLO) QCD corrections.

It is well known that the states η and η′ are considered
as candidates for mixing. The mixing among pseudoscalar
mesons is of great theoretical interests and significance for
understanding the dynamics and hadronic structures, which
is caused by the QCD anomaly and related to the chiral sym-
metry breaking. Thus, one can gain a better insight into the
dynamics if the mixing parameters are more accurately deter-
mined. The semileptonic decays D+

s → η(′)�+ν� probe the

ss̄ components of η and η′, which can well separate the strong
and weak effects in theory, are expected to be sensitive to
η − η′ mixing angle [40]. Many measurements on the pro-
cesses, where η and η′ are involved, have been carried out to
fix the mixing parameters. Theη−η′ mixing can be described
in different forms. To investigate the η − η′ mixing, two
schemes have been suggested in the literature [41–47], i.e.
the singlet-octet (SO) mixing scheme and the quark-flavor
(QF) mixing scheme. The SO mixing angle θ between η and
η′ is known to be in the range of θ ∈ [−10◦,−23◦]. In this
scheme, The η and η′ are the mixtures of the flavor SU(3)
octet η8 and single η0 states:

(
η

η′
)

=
(

cos θ − sin θ
sin θ cos θ

) (
η8

η0

)
, (1)

where η8 = (uū + dd̄ − 2ss̄)/
√

6 and η0 = (uū + dd̄ +
ss̄)/

√
3. Analogously, information could be gathered on the

mixing scheme in the QF basis, which is consists with the
form η and η′ states as combinations of |ηq〉 = |ūu+d̄d〉/√2
and |ηs〉 = |s̄s〉:

|η〉 = cosϕ|ηq〉 − sin ϕ|ηs〉,
|η′〉 = sin ϕ|ηq〉 + cosϕ|ηs〉. (2)

It has been shown that in this scheme a single angle is essen-
tially required. In year 2007, the KLOE Collaboration pro-
vides the value ϕ = (41.5 ± 0.3stat ± 0.7syst ± 0.6th)

◦ by
extracting the pseudoscalar mixing angle ϕ in the QF basis
by measuring the radio B(φ → η′γ )/B(φ → ηγ ) [48].
Some theoretical groups have calculated the single mixing
angle ϕ [21,22,47,49], their predicted values are within the
range of ϕ ∈ [39◦, 41.8◦]. One can put forward the ratio
Rη′/η = B(Ds → η′�+ν�)/B(Ds → η�+ν�) to access
the η − η′ mixing angle through the ratio of the TFFs

f η+(q2)/ f η
′

+ (q2) [22], which are related to the η− η′ mixing
scheme. In particular, information could be gathered on the
mixing scheme in the QF basis. In this paper, we will use
the QF basis with the single mixing angle ϕ to analyze the
Ds → η(′) decay modes, and the corresponding TFFs satisfy
the relation

tan ϕ = | f η+(q2)|
| f η′

+ (q2)|
. (3)

One usually takes the large recoil point of the squared
momentum transfer q2 = 0 to do the calculation, i.e.

tan ϕ = | f η+(0)|/| f η
′

+ (0)|. A more accurate D+
s → η(′)�+ν�

LCSR analysis is important.
The η and η′ mesons full of rich phenomenology, which

are predominantly flavor-singlet states. This means that their
wave functions are approximately symmetric in the three
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lightest quark types (up, down, and strange), which build
up the light-hadron spectroscopy. Thus, the LCDAs for η(′)-
meson, as one of the most important parameters, composed
by ss̄ are significant to the Ds → η(′) TFFs, which can be
expanded as a Gegenbauer polynomial series:

φ2;η(′) (u, μ) = 6uū

[
1 +

∞∑
n=1

an2;η(′) (μ)C
3/2
n (ξ)

]
, (4)

wherean
2;η(′) (μ) stands for thenth-order Gegenbauer moment,

ū = (1 − u) and ξ = (2u − 1). When the factorization scale
μ is large enough, the twist-2 LCDAs φ2;η(′) (u, μ) tends to
the asymptotic form φ2;η(′) (u,∞) = 6uū. There are some
theoretical and experimental predictions for the Gegenbauer
moments an2;η(μ), such as the fitting results coming from

CLEO collaboration a2
2;η(μ0) = −0.07 ± 0.03 [50], the fit-

ting results from BABAR result a2
2;η(μ0) = −0.05 ± 0.02

[51], the results predicted by Kroll and Passek-Kumericki
a2

2;η(μ0) = −0.05 ± 0.02 [52], and the fitting results from a

sum rule analysis a2
2;η(μ0) = 0.25±0.15 [20]. By taking the

approximation with π, K -meson, Ball and Zwicky predicted
a2

2;η(μ0) = 0.115 and a4
2;η(μ0) = −0.015 [53]. At present,

few works have been done to calculate the second and higher
order moment. Particularly, the twist-2 LCDA of η′-meson
is rarely studied. So it is important and meaningful to make
a more accurate calculation on the second order moment and
the higher order moments for η(′)-meson LCDAs within the
QCD sum rule approach.

An effective way to calculate the nth-order moments of
the η(′)-meson LCDAs is to use the following definition,

〈ξn2;η(′)〉|μ =
∫ 1

0
du ξn φ2;η(′) (u, μ). (5)

〈ξn
2;η(′)〉|μ can be calculated by using the Shifman–Vainshtein–

Zakharov (SVZ) sum rules [54–59]. In which, the pertur-
bative QCD is established on the assumption that the per-
turbative vacuum and the short-distance interaction are not
affected by the long-distance structure of the non-Abelian
gauge field. The QCD physical vacuum contains a series
of vacuum condensates, such as the quark condensate 〈qq̄〉,
the gluon condensate 〈G2〉, and etc. These vacuum conden-
sates reflect the non-perturbation characteristics of QCD.
The QCD sum rules based on the background field theory
(BFTSR) method gives a possible way to consider the non-
perturbation effect, which also provides a systematic descrip-
tion of these vacuum condensates from the field theory point
of view. At present, the BFTSR has been used in calculating
the twist-2 or twist-3 LCDAs for π , K , D, Ds , a0, K ∗

0 , f0,
ρ, J/ψ , a1(1260)-mesons [60–72]. Besides, other methods
in studying the LCDAs can be found in Refs. [73–81]. In
this paper, we will calculate the η(′)-meson twist-2 LCDAs
within the BFTSR approach for the first time.

The rest of the paper are organized as follows. In Sect. 2,
we present the basic idea of the QCD background field
theory, the detailed BFTSR procedures for calculating the
moments of φ2;η(′) (u, μ), the branching fractions and the
transition form factors involved in the semileptonic decay
D+
s → η(′)�+ν�. In Sect. 3, we present our numerical results

and make a detailed comparison with other experimental and
theoretical predictions. Section 4 is reserved for a summery.
The intermediate processes for calculating the moments of
η(′)-meson LCDA within the BFTSR and the basic defi-
nition of η(′)-meson twist-2, 3, 4 LCDAs are given in the
Appendixes A, B and C.

2 Calculation technology

2.1 Basic idea and formulas for background field theory

The important aspect for the SVZ sum rules approach is
the OPE, which has been introduced by using the QCD
physical vacuum 〈0|ON |0〉phys.. Its special property is the
non-perturbation effect, which can be described by the clas-
sical background field satisfying the equations of motion.
The main idea of the background field theory method is to
describe the non-perturbation effect with the classical back-
ground field satisfying the equation of motion and to describe
the quantum fluctuation, namely the perturbation effect, on
this basis within the frame of the quantum field theory. More
specifically, one can use the following substitution in the the-
oretical Lagrangian and Green’s functions [55,82,83]

Aa
μ(x) → Aa

μ(x)+ φa
μ(x),

ψ(x) → ψ(x)+ η(x), (6)

where Aa
μ(x) and ψ(x) stand for the gluon and quark back-

ground fields, φa
μ(x) and η(x) represent their quantum fluc-

tuations, respectively. In the presence of background fields,
the quantization of φa

μ(x) and η(x) has been completed in
Ref. [84]. Among them, the gluon quantum field satisfies the
background field gauge,

Dab
μ (A)φμb = 0,

Dab
μ (A) = δab∂μ − gs f

abcAc
μ, (7)

where the color indices a, b, c = (1, 2, . . . , 8), gs is the cou-
pling constant of strong interactions, f abc is the structure
constant of the SU f (3) group. The advantage of choosing the
background field gauge is that it makes the theory be invari-
ant under the background field gauge, making the calculated
physical quantity independent of the gauge. With the help of
Eq. (6), one can obtain the following effective Lagrangian
[54]
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Leff = LQCD(A, ψ)+ L(ghosts)+ η̄(i/D − m)η

+ 1

2
φa
μ

{
gμνD2

ac −
(

1 − 1

α

)
[DμDν]ac

+ 2gs f
abcGμν

b

}
φc
ν + gs(ψ̄/φ

aT aη + η̄/φaT aη)

− g2
s f

ad f fabcAμ
d φ

ν
f φ

b
μφ

c
ν − gs f

abc

× (∂μφ
a
ν )φ

μ
b φ

ν
c − 1

4
g2
s f

abc fac f φ
μ
b φ

ν
cφ

d
μφ

f
ν

+ gs η̄/φ
aT aη, (8)

where theLQCD(A, ψ)withAa
μ(x),ψ(x) has the usual form

of QCD Lagrangian and can be minimized to zero when
the classical fields Aa

μ(x) and ψ(x) are the solutions of the
equation of motion, and α is the gauge-fixing parameter. The
L(ghosts) is the contribution of the ghost particle term. Espe-
cially, in order to describe the various quark-antiquark pairs
and gluons in a vacuum, one can follow the classical QCD
Lagrangian [54]

LQCD(A, ψ) = −1

4
Ga
μνG

aμν + ψ̄(i/D − m)ψ, (9)

with Ga
μν = ∂μAa

ν − ∂νAa
μ + gs f abcAb

νAc
μ stands for the

gluon field strength tensor. The gluon field Aa
μ(x) and quark

field ψ(x) satisfy the QCD equations of motion,

(i/D − m)ψ(x) = 0,

D̃ab
μ Gνμ

b (x) = gsψ̄(x)γ
νT aψ(x), (10)

where Dμ = ∂μ − igsT aAa
μ(x) with a, b, c = (1, 2, . . . , 8)

and D̃ab
μ = δab∂μ − gs f abcAc

μ(x) are fundamental and
adjoint representations of the gauge covariant derivative,
respectively. As an advantage of using the background
field theory, one can take different gauges for dealing
with the quantum fluctuations and background fields. More
specifically, one can adopt the background gauge, i.e.
D̃AB
μ φBμ(x) = 0 for the gluon quantum field [85–87], the

Schwinger gauge or the fixed-point gauge, i.e. xμAA
μ(x) = 0

for the background field [88].
As the background field satisfies the motion equation (10),

at least one background field is included in the coupling
between the quantum fluctuation field and the background
field. In the effective Lagrangian, there is no contribution
from the vertex gsψ̄γ μφa

μT
aψ , and it only has the vertex

gsψ̄/φa
μT

aη and its conjugate contributions. According to the
effective Lagrangian, the quantum quark and gluon propaga-
tors in the background field are [67]

SF (x) = i[iγ μDμ − m]−1, (11)

Sabμν(x) = i[gμν(D2)ab + 2gs f
abcGc

μν]−1, (12)

where the gauge-fixing parameter is taken as α = 1. Within
the framework of BFT, the quark propagator will be affected
by the background quark and/or gluon fields, which satisfies
the equation

(i/D − m)SF (x, 0) = δ4(x). (13)

If taking

SF (x, 0) = (i/D + m)D(x, 0), (14)

Eq. (13) can be changed as

(� − Pμ∂
μ − Q + m2)D(x, 0) = δ4(x), (15)

where � = ∂2, and

Pμ = 2iAμ(x),

Q = γ νγ μAν(x)Aμ(x)+ iγ νγ μ∂νAμ(x). (16)

Moreover, after applying the fixed-point gauge, the gluon
background field can be expressed by using the gauge invari-
ant Gμν;α1···αn as

Aμ(x) = 1

2
xνGνμ + 1

3
xνxαGνμ;α

+ 1

8
xνxαxβGνμ;αβ + 1

30
xνxαxβxγGνμ;αβγ

+ 1

144
xνxαxβxγ xδGνμ;αβγ δ + · · · , (17)

where Gμν;α1···αn is the notation for (Dα1 · · · DαnGμν)(0),
where the indexes α1 · · ·αn indicates the covariant deriva-
tive up to n-th order. Substituting Eq. (17) into Eq. (15), we
obtain the expressions forD(x, 0). By further using Eq. (14),
we obtain the required quark propagators in the background
field, i.e.,

SF (x, 0) = S0
F (x, 0)+ S2

F (x, 0)

+S3
F (x, 0)+

2∑
i=1

S4(i)
F (x, 0)

+
3∑

i=1

S5(i)
F (x, 0)+

5∑
i=1

S6(i)
F (x, 0). (18)

We present the quark propagators with various gauge invari-
ant tensors Gμν;α1···αn that shall result in up to dimension-six
operators in the Appendix A1. Because the fixed-point gauge
violates the translation invariance, the quark propagator from
x to 0, SF (0, x), can not be directly obtained by applying the
replacement x → −x in Eq. (18). However, it can be related
with SF (x, 0) via the relation [59]

SF (0, x |A) = CST
F (x, 0| − AT)C−1, (19)

where C stands for the charge conjugation matrix and the
symbol T indicates transposition of both the Dirac and the
color matrices.
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Furthermore, one will encounter the vertex operator

�(z · ↔
D)n with � indicates all kinds of Dirac matrices for

heavy/light-meson twist-2, 3 LCDAs. Generally, we have the
following expansion [60]

(z · ↔
D)n = (z · −→

D − z · ←−
D )n = (z · ↔

∂ +z · B)n + · · · ,
(20)

where the ellipsis denotes for the higher-order terms, which
are irrelevant for our present analysis and

z · B = −2i z · A
= −i xμzνGμν − 2i

3
xμxρzνGμν;ρ

− i

4
xμxρxσ zνGμν;ρσ − i

15
xμxρxσ xλzνGμν;ρσλ

− i

72
xμxρxσ xλxτ zνGμν;ρσλτ + · · · . (21)

We can expand the operator (z · ↔
D)n into series of the oper-

ators (z · ↔
∂ )n and Gμν;ρ···. For the purpose, we first expand

(z · ↔
D)n as

(z · ↔
D)0 = 1,

(z · ↔
D)1 = z · ↔

∂ +z · B,
(z · ↔

D)2 = (z · ↔
∂ )

2 + 2(z · ↔
∂ )(z · B)+ (z · B)2,

(z · ↔
D)3 = (z · ↔

∂ )
3 + 3(z · ↔

∂ )
2(z · B)

+
[
(z · ∂)2(z · B)

]
+ 3(z · ↔

∂ )(z · B)2 + (z · B)3,
· · · , (22)

where, the operator “underline” below symbol “B” (or “x”

in the Appendix A2) indicates that the operation
↔
∂ does not

act on it. In deriving those equations, the following equation
has been adopted,

(z · ↔
∂ )

n(z · B) =
n∑

k=0

n!
k!(n − k!) (z · ↔

∂ )
n−k

[
(z · ∂)k(z · B)

]
.

(23)

By keeping only those terms that shall leads to operators up
to dimension-six, we can obtain the full expression for the
vertex operator, which are listed in the Appendix A2.

2.2 SVZ sum rules for the moments of φ2;η(′) (x, μ)

Following the traditional way of constructing the light pseu-
doscalar meson, we take the following definition

〈0|s̄(0)Cs/zγ5[z,−z](i z · ↔
D)ns(0)|η(′)(q)〉

= i(z · q)n+1 fη(′)〈ξn2;η(′)〉|μ, (24)

where zμ stand for the light-like vector and [z,−z] is the
path-ordered gauge connection, fη(′) are the η and η′-meson

decay constant, (i z·↔D)n = (i z·−→D−i z·←−D )n . Basis on the QF
scheme, the flavour content is Cs = (C1 − √

2C8)/
√

3 with
SO basis C1 = 1/

√
n f and C8 = λ8/

√
2 [21,47]. In which

the λi is the standard SU f (3) Gell-Mann matrix and 1 is the
3 × 3 unit matrix. As a special case, the 0th-order LCDA’s
moment for Eq. (5) satisfies the normalization condition

〈ξ0
2;η(′)〉|μ =

∫ 1

0
duφ2;η(′) (u, μ) = 1. (25)

To derive the SVZ sum rules for the moments 〈ξn
2;η(′)〉|μ, we

introduce the following correlation function,

�
(n,0)
2;η(′) (z, q) = i

∫
d4xeiq·x 〈0|T {Jn(x), J †

0 (0)}|0〉
= (z · q)n+2 I (n,0)

2;η(′) (q
2), (26)

where Jn(x) = s̄(x)Cs/zγ5(i z ·
↔
D)ns(x), J

†
0 (0) = s̄(0)Cs/zγ5s

(0) and z2 � 0. Only even moments are non-zero and the
odd moments of the LCDA are zero because of G-parity, i.e.
n = (0, 2, 4, 6, . . .) will contribute to the final results.1 At
one hand, in deep Euclidean region q2  0, one can apply
the OPE for the correlation function Eq. (26).

�
(n,0)
2;η(′) (z, q) = i

∫
d4xeiq·xTr[CsCs]

×
{
− Tr〈0|SsF (0, x)/zγ5(i z · ↔

D)n SsF (x, 0)/zγ5|0〉
+ Tr〈0|s̄(x)s(0)/zγ5(i z · ↔

D)n SsF (x, 0)/zγ5|0〉
+ Tr〈0|SsF (0, x)/zγ5(i z · ↔

D)ns̄(0)s(x)/zγ5|0〉
+ · · ·

}
, (27)

where Tr[CsCs] = 1. In the detailed OPE calculation, we
adopt the MS-scheme to deal with the infrared divergences.
Lorentz invariant scalar function I (n,0)

2;η(′) (q
2) in Eq. (26)

depends on the condensation parameter and will encounter
the vacuum matrix elements of the following form,

〈0|Ga
μνG

b
μν |0〉, 〈0|Ga

μνG
b
ρσG

c
λτ |0〉,

〈0|Ga
μν;λG

b
ρσ ;τ |0〉, 〈0|Ga

μνG
b
ρσ ;λτ |0〉,

〈0|Ga
μν;λτG

c
ρσ |0〉, 〈0|q̄aα(x)qbβ(y)|0〉,

〈0|q̄aα(x)qbβ(y)GA
μν |0〉, 〈0|q̄aα(0)qbβ(0)GA

μν;ρ |0〉. (28)

The full expression for the vacuum condensates which one
may encounter in the following calculations are listed in the

1 This point can also been seen in Eq. (16) of Ref. [47].
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Appendix A3, which can also be found in our previous work
[60]. On the other side, the correlation function (26) can be
treated by inserting a complete set of intermediate hadronic
states in physical region to obtain its hadronic representation

ImI (n,0)
2;η(′),Had

(q2) = πδ(q2 − m2
η(′) ) f

2
η(′)〈ξn2;η(′)〉|μ

+ π
3

4π2(n + 1)(n + 3)
θ(q2 − sη(′) ), (29)

in which sη(′) stand for the continuum threshold for the low-

est continuum state. The first term is the contribution of η(′)-
meson poles, and the second term is the contribution of con-
tinuum states above poles. Then both of the OPE part and the
hadronic representation of the invariant function I (n,0)

2;η(′) (q
2)

can be marched with the following dispersion relation

1

π

∫ ∞

4m2
s

ds
ImI (n,0)

2;η(′),Had
(s)

s − q2 = I (n,0)
2;η(′),QCD

(q2). (30)

The Borel transform helps to reduce the contribution from the
continuum states on the left of Eq. (30) and the contribution
of the higher-dimension condensates on the right, and finally
the sum rules can be obtained,

1

π

1

M2

∫
dse−s/M2

ImI (n,0)
2;η(′),had

(s) = B̂M2 I (n,0)2;η(′),QCD
(q2),

(31)

where M2 is Borel parameter, B̂M2 is Borel transformation
operator,

B̂M2 = lim
−q2,n→∞
−q2/n=M2

1

(n − 1)! (−q2)n
(

− d

d(−q2)

)n

. (32)

In order to deal with the s-quark mass (ms) contribution to
〈ξn

2;η(′)〉|μ, we take the expansion according to different orders

of mk
s with k = (0, 2, 4, . . .), i.e. Imk

s
(n,M2), since ms is

closer to �QCD, which is different from our previous treat-
ment for the heavy quark such as q = (c, b) in Refs. [62,63].
Here, we take the first two orders of the squared s-quark
mass, i.e. Im0

s
(n,M2) and Im2

s
(n,M2). The reason lies in

the suppression of m4
s < 0.1% for the third-order, which

are quite small and can be safely neglected. Recently, we
have suggested a new method for renormalization of vari-
ous moments, i.e. the 0th-order moment 〈ξ0

2;η(′)〉|μ should be
considered to the total results. The reason lies in the accuracy
is often up to dimension-six condensates and the NLO QCD
corrections for the perturbative part instead of the infinite
dimension or infinite-order perturbative parts [89]. The final
expression for 〈ξn

2;η(′)〉|μ can then be written as

f 2
η(′)〈ξn2;η(′)〉|μ〈ξ0

2;η(′)〉|μ
M2e

m2
η(′) /M

2

= 1

π

1

M2

∫ s
η(′)

4m2
s

dse−s/M2 3vn+1

8π(n + 1)(n + 3)

×
(

1 + αs

π
A′
n

) {
[1 + (−1)n]

× (n + 1)
1 − v2

2
+ [1 + (−1)n]

}
+ 2ms〈s̄s〉

M4

+ 〈αsG2〉
12πM4

1 + nθ(n − 2)

n + 1
− 8n + 1

9

× ms〈gs s̄σTGs〉
M6 + 〈gs s̄s〉

81M6 4(2n + 1)

− 〈g3
s f G

3〉
48π2M6 nθ(n − 2)+

∑〈g2
s q̄q〉2

486π2M6

{
− 2(51n

+ 25)

(
− ln

M2

μ2

)
+ 3 (17n + 35)

+ θ(n − 2)

[
2n

(
− ln

M2

μ2

)
− 25 (2n + 1) ψ̃(n)

+ 1

n
(49n2 + 100n + 56)

]}
+ Im2

s
(n,M2). (33)

Due to the mass of s quark is heavier than u, d-quark, the
Im2

s
(n,M2)-terms should be considered in this paper, which

are

Im2
s
(n,M2) = m2

s

{
− 〈αsG2〉

6πM6

[
θ(n − 2)(nψ̃(n)− 2)

+2n

(
− ln

M2

μ2

)
− n − 2

]
+ 〈g3

s f G
3〉

288π2M8

×
{

− 10δn0 + θ(n − 2)

[
4n(2n − 1)

(
− ln

M2

μ2

)

−4nψ̃(n)+ 8(n2 − n + 1)
]

+ θ(n − 4)

× [2n(8n − 1)ψ̃(n)− (19n2 + 19n + 6)]

+ 8n (3n − 1)

(
− ln

M2

μ2

)
− (21n2 + 53n − 6)

}

−
∑〈g2

s qq̄〉2

972π2M8

{
6δn0

[
16

(
− ln

M2

μ2

)
− 3

]

+ θ(n − 2)

[
8(n2 + 12n − 12)

(
− ln

M2

μ2

)
− 2

× (29n + 22) ψ̃(n) + 4

(
5n2 − 2n − 33 + 46

n

) ]

+ θ(n − 4)

[
2

(
56n2 − 25n + 24

)
ψ̃(n)

−
(

139n2 + 91n + 54
) ]

+ 8
(

27n2 − 15n − 11
)
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×
(

− ln
M2

μ2

)
− 3(63n2 + 159n − 50)

}

+ 4(n − 1)

3

ms〈s̄s〉
M6 + 8n − 3

9

ms〈gs s̄σTGs〉
M8

− 4(2n + 1)

81

〈gs s̄s〉2

M8

}
. (34)

For convenience, we put the detailed terms contribute to the
BFTSR 〈ξn

2;η(′)〉|μ in the Appendix B. By taking the index n
to zero, we get the sum rule of the 0th-order moment, which
takes the following form,

(〈ξ0
2;η(′) 〉|μ)2 f 2

η(′)

M2e
m2
η(′) /M

2
= 1

π

1

M2

∫ s
η(′)

4m2
s

dse−s/M2 v(3 − v2)

8π

+ 2ms〈s̄s〉
M4 − ms〈gs s̄σTGs〉

9M6 + 〈αsG2〉
12πM4

+ 4〈gsss̄〉2

81M6 +
∑〈g2

s q̄q〉2

M6

1

486π2

×
[

− 50

(
− ln

M2

μ2

)
+ 105

]
+ m2

s

{ 〈αsG2〉
3πM6 − 〈g3

s f G
3〉

72π2M8

−
∑〈g2

s q̄q〉2

972π2M8

[
8

(
− ln

M2

μ2

)
− 132

]

− 4

3

ms〈s̄s〉
M6 − 1

3

ms〈gs s̄σTGs〉
M8 − 4

81

〈gs s̄s〉2

M8

}
, (35)

where

ψ̃(n) = ψ

(
n + 1

2

)
− ψ

(
n

2

)
+ ln 4, (36)

with v2 = 1 − 4m2
s/s and A′

0 = 0, A′
2 = 5/3, A′

4 = 59/27,
A′

6 = 353/135 are the NLO correction to the perturbative
part [90]. The 0th-order derivative of the digamma function
ψ(n + 1) = �n

k=11/k − γE , where the Euler’s constant
γE = 0.557216. Furthermore, in order to get the Gegen-
bauer moment an

2;η(′) , one can expand φn
2;η(′) (u, μ) into a

Gegenbauer polynomial series by using Eq. (4) and the basic
definition of 〈ξn

2;η(′)〉|μ (5). Then, one can get the following
relations up to 6th-order,

〈ξ2
2;η(′)〉|μ = 1

5
+ 12

35
a2

2;η(′) (μ),

〈ξ4
2;η(′)〉|μ = 3

35
+ 8

35
a2

2;η(′) (μ)+ 8

77
a4

2;η(′) (μ),

〈ξ6
2;η(′)〉|μ = 1

21
+ 12

77
a2

2;η(′) (μ)+ 120

1001
a4

2;η(′) (μ)

+ 64

2145
a6

2;η(′) (μ). (37)

Following this method, one can get higher-order Gegenbauer
moments.

2.3 The semileptonic decay D+
s → η(′)�+ν�

All the following calculations are performed under the Stan-
dard Model (SM). In order to derive the full analytical LCSR
expressions for the TFFs, we use the traditional current
method to calculate the TFFs. The correlation function for
the TFFs of Ds → η(′) is defined as [28]:

�μ(p, q) = i
∫

d4xeiqx 〈η(′)(p)|T {s̄(x)γμc(x), c̄(0)iγ5s(0)}|0〉
= �[q2, (p + q)2]pμ + �̃[q2, (p + q)2]qμ. (38)

Following the basic procedure of LCSR approach, the corre-
lation function can be treated by inserting complete interme-
diate states with the same quantum numbers as the current
operator (c̄iγ5s) in the time-like (p + q)2-region. After iso-
lating the pole term of the lowest pseudoscalar Ds-meson,
one can reach the following expression,

�had
μ (p, q) = 〈η(′)(p)|s̄γμc|Ds(p + q)〉〈Ds(p + q)|c̄iγ5q|0〉

m2
Ds

− (p + q)2

+
∑

H

〈η(′)(p)|s̄γμc|DH
s (p + q)〉〈DH

s (p + q)|c̄iγ5q|0〉
m2

DH
s

− (p + q)2

= �had[q2, (p + q)2]pμ + �̃had[q2, (p + q)2]qμ, (39)

with the superscript “had” and “H” stand for the hadronic
expression of the correlation function and higher-excited
state of Ds-meson, respectively. The decay constant of Ds-
meson can be defined via the relation, 〈Ds |c̄iγ5q|0〉 =
m2

Ds
fDs/mc. The definition of transition matrix element for

Ds → η(′) has the following form

〈η(′)(p)|s̄γμc|Ds(p + q)〉 = 2 f η
(′)

+ (q2)pμ + f̃ η
(′)
(q2)qμ.

(40)

with f̃ η
(′) = f η

(′)
+ (q2) + f η

(′)
− (q2). Then one can take the

imaginary part of the invariant amplitude�had[q2, (p+q)2]
and �̃had[q2, (p + q)2] which has the following form,

Im�had(q2, s) = πδ(s − mD2
s
)

×2mD2
s
fDs f

η(′)
+

mc
+ πρH(s)θ(s − s0)

Im�̃had(q2, s) = πδ(s − mD2
s
)

×mD2
s
fDs f̃

η(′)
+

mc
+ πρ̃H(s)θ(s − s̃0) (41)

where ρH(s) and ρ̃H(s) denote the spectral density of higher
resonance and the continuum states DH

s , which can be
approximated by invoking the so-called quark-hadron dual-
ity ansatz �H(s) = �QCD(s) with �(s) = (ρ(s), ρ̃(s)) and
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the perturbative spectral density ρQCD and ρ̃QCD, the usual
step-function θ(x). Here, the s0 (s̃0) are effective parame-
ters, which characterize the lower limit of continuum state,
namely the continuum threshold parameters. After extract-
ing the pole terms, the s0(s̃0) can separate the ground state
Ds and the excited state DH

s . When taking the limit for the
interval between the two adjacent excited states, the sum of
excited states is transformed into the integral of continuum
states and s0(s̃0) will be changed into the lower limit of the
integration. Traditionally, the continuum threshold are often
taken as the magnitude that is close to the squared mass
of the first excited state. The ground state of Ds-meson is
calculated by the LCSR approach. The excited states’ con-
tribution can be highly suppressed when making the Borel
transformation. Meanwhile, the continuum states, contribu-
tion is usually required to be less than 30% so as to make the
LCSR calculation more accurate and reliable. Then, one can
use a general dispersion relation in the momentum squared
(p + q)2, which can establish a relationship with the QCD
parts, i.e.

�QCD(q2, s) = 1

π

∫ ∞

m2
c

Im�had(q2, s)

s − (p + q)2
ds,

�̃QCD(q2, s) = 1

π

∫ ∞

m2
c

Im�̃had(q2, s)

s − (p + q)2
ds. (42)

Here, we shall only deal with Im�had[q2, s] for the TFFs

f η
(′)

+ (q2), which are the only TFFs contribute to the required
branching fractions.

On the other hand, when the correlation function (38) is
dominated by the light-like distances, it can be expanded
around the light-cone. The light-cone expansion is performed
by integrating out the transverse and minus degrees of free-
dom and leaving only the longitudinal momenta of the par-
tons as the relevant degrees of freedom. The integration
over the transverse momenta is done up to a cutoff, μIR,
all momenta below which are included in the η(′)-meson
LCDAs. Large transverse momenta are calculated in pertur-
bative theory. Thus, the correlation function can be separated
into perturbative and nonperturbative contributions, both of
which depend on the longitudinal parton momenta and the
factorization scale μIR [47].

In order to make our result more accurate, we consider
both the leading-order (LO) for all the LCDAs’ part and
gluon radiative corrections to the dominant twist-2, 3 parts of
the correlation function. The OPE result for the correlation
function �OPE is then represented as a sum of LO and NLO
parts,

�OPE[q2, (p + q)2] = F0(q
2, (p + q)2)

+ αsCF

4π
F1(q

2, (p + q)2). (43)

To calculate the invariant amplitude F0(q2, (p + q)2) and
F1(q2, (p + q)2), one needs to know the expression for the
c-quark propagator, i.e.

〈0|T {c(x)c̄(0)}|0〉 = i
∫

d4k

(2π)4
e−ik·x mc + /k

k2 − m2
c

− ig
∫

d4k

(2π)4
e−ik·x

∫ 1

0
dv

[
mc + /k

2(m2
c − k2)2

× Gμν(vx)σμν + v

m2
c − k2 xμG

μν(vx)γν

]
. (44)

To do the calculation, the expression of twist-2, 3, 4 LCDAs
matrix elements are needed, which are displayed in the
Appendix C. To get the final LCSR expression, we need
to use the Borel transformation to transform the variable
(p+q)2 into Borel parameter M2. Then the expression of the
Ds → η(′) TFFs up to NLO gluon radiation correction to the
twist-2, 3 LCDAs can be obtained by equating the two types
of representation of the correlation function and by subtract-
ing the contribution from higher resonances and continuum
states, i.e.,

f η
(′)

+ (q2) = em
2
Ds
/M2

2m2
Ds

fDs

[
F0(q

2,M2, s0)+ αsCF

4π
F1(q

2,M2, s0)

]
.

(45)

where F0(1)(q2,M2, s0) originates from the OPE result for
the LO (NLO) invariant amplitude F0(1)(q2, (p + q)2).
Finally, the LCSR for Ds → η(′) TFFs have the following
form,

f η
(′)

+ (q2) = m2
c fη(′)

2m2
Ds

fDs

em
2
Ds
/M2

∫ 1

u0

due−s(u)/M2
{
φ2;η(′) (u)

u

+ 1

2msmc

[
φ
p
3;η(′) (u)+ 1

6

(
2
φσ

3;η(′) (u)
u

−
m2

c + q2 − u2m2
η(′)

m2
c − q2 + u2m2

η(′)

d

du
φσ3;η(′) (u)

+
4um2

η(′)m
2
c

(m2
c − q2 + u2m2

η(′) )
2
φσ3;η(′) (u)

)]
+ 1

m2
c − q2 + u2m2

η(′)

×
[
uψ4;η(′) (u)+

(
1 −

2u2m2
η(′)

m2
c − q2 + u2m2

η(′)

)

×
∫ u

0
dvψ4;η(′) (v)− m2

c

4

u

m2
c − q2 + u2m2

η(′)

(
d2

du2

−
6um2

η(′)

m2
c − q2 + u2m2

η(′)

d

du
+

12um4
η(′)

(m2
c − q2 + u2m2

η(′) )
2

)

× φ4;η(′) (u)−
(

d

du
−

2um2
η(′)

m2
c − q2 + u2m2

η(′)

)
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×
(

f3η(′)

fη(′)mc
I3;η(′) (u) + I4;η(′) (u)

)
−

2um2
η(′)

m2
c − q2 + u2m2

η(′)

×
(
u
d

du
−

2u2m2
η(′)

m2
c − q2 + u2m2

η(′)
+ 1

)

× Ī4η(′) (u) +
2um2

η(′) (m
2
c − q2 − u2m2

η(′) )

(m2
c − q2 + u2m2

η(′) )
2

×
(

d

du
−

6um2
η(′)

m2
c − q2 + u2m2

η(′)

) ∫ 1

u
dξ Ī4η(′) (ξ)

]}

+ m4
c fη(′)e

−m2
c/M

2

4(m2
c − q2 + m2

η(′) )
2

×
(

d

du
φ4;η(u)

)∣∣∣∣
u→1

+ αsCFe
m2

Ds
/M2

8πm2
Ds

fDs

F1(q
2,m2, s0), (46)

with s(u) = m2
c −(q2 −m2

η(′)u)ū/u. The LO invariant ampli-
tudes include twist-2, 3, 4 contributions. The NLO QCD cor-
rections to the invariant amplitudes F1(q2, (p+q)2) include
twist-2, 3 contributions, which can be separated into the fol-
lowing form,

F1(q
2,m2, s0) = 1

π

∫ s0

m2
c

dse−s(u)/M2
ImF1(q

2, s)

= fη(′)

π

∫ s0

m2
c

dse−s(u)/M2

×
∫ 1

0
du

{
ImT1(q

2, s, u)φ2;η(′) (u)

+ μη(′)

mc

[
ImT p

1 (q
2, s, u)φ p

3;η(′) (u)

+ ImT σ
1 (q

2, s, u)φσ3;η(′) (u)
]}
, (47)

where μη(′) = m2
η(′)/2ms . The imaginary parts of the ampli-

tudes T1(q2, s, u), T p
1 (q

2, s, u) and T σ
1 (q

2, s, u) are the
hard-scattering amplitudes calculated by the 6 diagrams for
the gluon corrections. The final detailed expressions agree
with those of Refs. [21,28], which are not listed here. The
lower limit of integral

u0 =
(
q2 − s0 + m2

η(′)

+
√
(q2 − s0 + m2

η(′) )
2 − 4m2

η(′) (q
2 − m2

c)
)
/(2m2

η(′) )

(48)

and for the final expression, we need a brief introduction to
the integrals over three-particle LCDAs, i.e.

I3;η(′) (u) = d

du

[ ∫ u

0
dα1

∫ 1

�

dv�3;η(′) (αi )
]
,

I4;η(′) (u) = d

du

{∫ u

0
dα1

∫ 1

�

dv

v

[
2�4;η(′) (αi )

−�4;η(′) (αi )+ 2�̃4;η(′) (αi )− �̃4;η(′) (αi )
]}
,

Ī4;η(′) (u) = d

du

{ ∫ u

0
dα1

∫ 1

�

dv

v

[
�4;η(′) (αi )

+�4;η(′) (αi )+ �̃4;η(′) (αi ) + �̃4;η(′) (αi )
]}
,

(49)

where � = (u − α1)/(1 − α1), α2 = 1 − α1 − α3 and
α3 = (u−α1)/v. Due to the contributions from three-particle
parts are quite small, i.e. < 0.1%, we can safely neglect
these parts in this paper. We would like to figure out that the
decay branching fraction for the considered decay. Using the
parametrization of the transition matrix elements in terms of
TFFs, in massless lepton case, we get

d�

dq2 (D
+
s → η(′)�+ν�) = G2

F |Vcs |2
192π3m3

Ds

[ (
m2

Ds
+ m2

η(′) − q2
)2

− 4m2
Ds
m2
η(′)

]3/2| f η(′)+ (q2)|2,
(50)

where the fermi coupling constant GF = 1.166 × 10−5

GeV−2.

3 Numerical discussions

3.1 Input parameters

We adopt the following parameters to do the numerical cal-
culation. The current charm-quark mass is mc = 1.27 ±
0.02 GeV, the masses of Ds , η and η′-meson mDs =
1.9685 GeV, mη = 0.5478 GeV, mη′ = 0.9578 GeV and s-
quark mass ms = 0.093 GeV. All of them are taken from the
Particle Data Group (PDG) [91]. The Ds , η, η′-meson decay
constants are taken as fDs = 0.274±0.013±0.007 GeV [49],
fη = 0.130±0.003 GeV [53] and fη′ = 0.157±0.003 GeV
[92]. The values of non-perturbative vacuum condensates up
to 6-dimension are taken as follows [88,93,94],

〈αsG2〉 = 0.038 ± 0.011 GeV4,

〈g3
s f G

3〉 = 0.045 ± 0.007 GeV6,

〈gsq̄q〉2 = (2.082+0.734
−0.697)× 10−3 GeV6,

〈g2
s q̄q〉2 = (7.420+2.614

−2.483)× 10−3 GeV6,

〈qq̄〉 = (−2.417+0.227
−0.114)× 10−2 GeV3,

〈s̄s〉 = (−1.789+0.168
−0.084)× 10−2 GeV3,

〈gsss̄〉2 = (1.541+0.543
−0.516)× 10−3 GeV6,∑

〈g2
s q̄q〉2 = (1.891+0.665

−0.633)× 10−2 GeV6. (51)
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Table 1 The criteria for
determining Borel windows, and
the resultant Borel windows and
the corresponding values of the
η and η′-meson leading twist
LCDA moments 〈ξn

2;η(′) 〉|μ.
“Con.” represents the continuum
contribution and “Six.”
represents the dimension-six
condensates’ contribution

n 0 2 4 6

η-meson Con. < 20% < 25% < 30% < 35%

Six. < 5% < 5% < 5% < 5%

M2 [0.535, 1.188] [1.026, 1.402] [1.368, 1.759] [1.677, 2.194]
〈ξn2;η〉|μ [0.952, 1.168] [0.231, 0.230] [0.110, 0.102] [0.067, 0.059]

η′-meson Con. < 30% < 35% < 40% < 45%

Six. < 5% < 5% < 5% < 5%

M2 [1.049, 1.137] [1.026, 1.233] [1.368, 1.627] [1.677, 2.082]
〈ξn2;η′ 〉|μ [1.076, 1.061] [0.221, 0.201] [0.099, 0.086] [0.059, 0.047]

The quark-gluon mixture condensate 〈gsq̄σTGq〉 = m2
0〈q̄q〉

with m2
0 = 0.80 ± 0.02GeV2, which leads to

〈gs s̄σTGs〉 = (−1.431+0.139
−0.076)× 10−2 GeV5. (52)

Here, the ratio κ = 〈s̄s〉/〈q̄q〉 = 0.74 ± 0.03 has been used.
Meanwhile, the typical scale in this paper is μIR = (m2

Ds
−

m2
c)

1/2 ≈ 1.5 GeV. So the renormalization group equations
(RGEs) should be used for running the quark masses and
each vacuum condensates appearing in the BFTSR from the
initial scale μ0 = 1 GeV to the typical scale μIR. The RGE
can be found in Refs. [95–97], which are not listed here.

3.2 Determination for the Gegenbauer moments of
η(′)-meson twist-2 LCDA

One of the significant parameters in BFTSR is the continuum
threshold sη(′) for the moments of η(′)-meson twist-2 LCDAs.
Following our previous works, we can determine sη = 1.3±
0.1 GeV and sη′ = 0.8 ± 0.1 GeV by setting the 0th-order
of Gegenbauer moment into 1, i.e. 〈ξ0

2;η〉|μ = 〈ξ0
2;η′ 〉|μ = 1.

Meanwhile, in order to determine the allowable range of the
Borel parameter M2 (i.e. the Borel Window), we adopt the
following three criteria

• The continuum contributions are less than 45% of the
total results;

• The contributions from the dimension-six condensates
do not exceed 5%;

• We require the variations of 〈ξn
2;η(′)〉|μ within the Borel

window to be less than 10%.

For the first four Gegenbauer moments 〈ξn
2;η(′)〉|μ with

n = (0, 2, 4, 6), we list the allowable Borel region and their
corresponding 〈ξn

2;η(′)〉|μ in Table 1. When n = (0, 2, 4, 6),
we have set the continuum contributions to be less than
20%, 25%, 30%, 35% for 〈ξn2;η〉|μ and 30%, 35%, 40%,
45% for 〈ξn2;η′ 〉|μ, respectively, and the dimension-six con-
densates’ contributions to be less than 5% for all the order of

〈ξn
2;η(′)〉|μ. Then, the determined continuum’s and dimension-

six condensates’ contribution for 〈ξn2;η〉|μ and 〈ξn2;η′ 〉|μ with
n = (2, 4, 6) are shown in the left and right panel of Fig. 1,
respectively. In which, the shaded region stand for the Borel
windows.

In order to provide a deeper insight into the flatness of
the LCDA moments versus the Borel parameter M2, we
present the first three curves for the moments of η(′)-meson
twist-2 LCDA at the initial scale, i.e. 〈ξn

2;η(′)〉|μ with n =
(2, 4, 6) in Fig. 2. The determined Borel window are M2 ∈
[1.0, 2.5] GeV2 for η-meson and M2 ∈ [1.0, 2.4] GeV2 for
η′-meson. It is noted that within this range, the moments
〈ξ2

2;η(′)〉|μ, 〈ξ4
2;η(′)〉|μ and 〈ξ6

2;η(′)〉|μ are almost flat, which vary
less than 10% for the total results in the Borel window.

By taking the squared average of all the uncertainty
sources into consideration and making use of the relations
between the Gegenbauer moments an

2;η(′) (μ) and the LCDA

moments 〈ξn
2;η(′)〉|μ, i.e. Eq. (37), we obtain the first three

an
2;η(′) (μ0) and 〈ξn

2;η(′)〉|μ0 with n = (2, 4, 6) for the leading-

twist η(′)-meson LCDAφ2;η(′) (u, μ0) predicted from BFTSR
in Table 2. The factorization scale is taken as the initial scale
μ0 = 1 GeV. As a comparison, we also list the LCSR given
in year 2013 [20], the CLEO fit [50], the BABAR fit [51],
the ones given by Kroll [52] and Ball [53], respectively. For
the Ball’s results, it is calculated by using the approximation
an2;η(μ) = an2;K (μ) = an2;π (μ). Our results for the second

and fourth order η-meson LCDA’s moments, e.g. 〈ξ2
2;η〉|μ0

and 〈ξ4
2;η〉|μ0 agree with the Ball’s predictions within errors.

But there still exist discrepancy for a4
2;η(μ0) with Ball’s pre-

diction. The main reason lies in the fourth order of equations
between Gegenbauer and LCDA moments, i.e. Eq. (37) have
large coefficients which will enlarge the small discrepancy of
LCDA moments, even appears the opposite sign. At present,
there are few studies on η′-meson’s twist-2 LCDA.

After considering the Gegenbauer moments an
2;η(′) (μ) up

to 6th-order into the conformal expansion of the Gegen-
bauer polynomial at initial scale, i.e. Eq. (4), we present
the η and η′-meson twist-2 LCDAs in Fig. 3a, b separately.
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(a) (d)

(b) (e)

(c) (f)

Fig. 1 Contributions from the continuum state and dimension-six condensates for the η(′)-meson leading-twist LCDA moments 〈ξn
2;η(′) 〉|μ versus

the Borel parameter M2, where all input parameters are set to be their central values

For φ2;η(u, μ0), we present the asymptotic form, the CLEO
[50], the BABAR [51], Kroll’s prediction [52], the SR fit
[20] and the Ball’s prediction [53] as a comparison. Fig-
ure 3a shows that the LCSR 2013 and Ball’s results pre-
fer a double-peaked behavior. The reason lies in that they
adopt theπ, K -meson’s LCDAs as those ofη-meson LCDAs.

Conversely, the CLEO [50], the BABAR [51] and the fitting
results by Kroll indicate a single-peaked behavior. Our pre-
diction tends to a double-peaked behavior. For φ2;η′(u, μ0),
we only exhibit the asymptotic form due to there are less
results from references, which is shown in Fig. 3b. Further-
more, in order to have a look at the evolution φ2;η(′) (u, μ0)
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(a) (b)

Fig. 2 The first three moments 〈ξn
2;η(′) 〉|μ with (n = 2, 4, 6) versus the Borel parameter M2. The darker shaded bands indicate the Borel windows

for 〈ξn
2;η(′) 〉|μ, respectively

Table 2 First three Gegenbauer and LCDA moments an
2;η(′) (μ0) and 〈ξn

2;η(′) 〉|μ0 with n = (2, 4, 6) for the leading-twist η(′)-meson LCDA

φ2;η(′) (u, μ0), where the errors are squared averages of those from all the input parameters. Other theoretical predictions are also given as a
comparison

η-meson η′-meson
〈ξ2

2;η〉|μ0 〈ξ4
2;η〉|μ0 〈ξ6

2;η〉|μ0 〈ξ2
2;η′ 〉|μ0 〈ξ4

2;η′ 〉|μ0 〈ξ6
2;η′ 〉|μ0

BFTSR (this work) 0.231+0.010
−0.013 0.109+0.007

−0.007 0.066+0.006
−0.006 0.211+0.015

−0.017 0.093+0.009
−0.009 0.054+0.008

−0.008

CLEO fit [50] 0.176 ± 0.010 – – – – –

BABAR fit [51] 0.183 ± 0.007 – – – – –

P. Kroll [52] 0.183 ± 0.007 – – – – –

SR fit [20] 0.286 ± 0.051 – – – – –

P. Ball [53] 0.239 0.110 – – – –

η-meson η′-meson

a2
2;η(μ0) a4

2;η(μ0) a6
2;η(μ0) a2

2;η′ (μ0) a4
2;η′ (μ0) a6

2;η′ (μ0)

BFTSR (this work) 0.090+0.031
−0.037 0.025+0.003

−0.010 0.033+0.055
−0.058 0.033+0.042

−0.050 −0.002+0.007
−0.016 0.043+0.067

−0.072

CLEO fit [50] −0.07 ± 0.03 – – – – –

BABAR fit [51] −0.05 ± 0.02 – – – – –

P. Kroll [52] −0.05 ± 0.02 – – – – –

SR fit [20] 0.25 ± 0.15 – – – – –

P. Ball [53] 0.115 −0.015 – – – –

with n = (2, 4, 6), we present the different curves in Fig. 4. If
we take n = (2, 4), the behavior of LCDAs shall be closer to
the asymptotic form. Furthermore, a small shake is observed
when taking the 6th-order LCDA moment into consideration.

Other two-particle Fock state twist-3 and twist-4 LCDAs
φ
p
3;η(′) (u), φ

σ
3;η(′) (u), ψ4;η(′) (u) and φ4;η(′) (u) are defined as

follows

φ
p
3;η(′) (u) = 1 +

(
30ηη

(′)
3 − 5

2
ρ2
η(′)

)
C1/2

2 (ξ)

+
(

− 3ηη
(′)

3 ω
η(′)
3 − 27

20
ρ2
η(′) − 81

10
ρ2
η(′)a

2
2;η(′)

)

× C1/2
4 (ξ), (53)

φσ3;η(′) (u) = 6uū
(

1 + 5ηη
(′)

3 − 1

2
η
η(′)
3 ω

η(′)
3

− 7

20
ρ2
η(′) − 3

5
ρ2
η(′)a

2
2;η(′)

)
C3/2

2 (ξ), (54)

ψ4;η(′) (u) = 5

2
ε2u2ū2 + 1

2
εδ2

[
uū(2 + 13uū)+ 10u3 ln u ln ū(2 − 3u + 6

5
u2)

+ 10 ū3 (2 − 3ū + 6

5
ū2)

]
, (55)
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(a) (b)

Fig. 3 The η(′)-meson leading-twist LCDA φ2;η(′) (u, μ0) predicted from the BFTSR. We make a comparison with the asymptotic form, the CLEO
[50], SR fit [20], the BABAR [51], and the predictions of Kroll [52] and Ball [53]

(a) (b)

Fig. 4 The curves of η and η′-meson twist-2 LCDA with n = (2, 4, 6) respectively

φ4;η(′) (u) = 10

3
δ2uū(u − ū), (56)

where, the values for the twist-3, 4 LCDAs parameters are
taken from Refs. [98,99]. In order to run the hadronic param-
eters of the η(′)-meson twist-2, 3, 4 LCDAs from the initial
factorization scale to any other scale, especially for typi-
cal scale μIR, the renormalization group equation should be
used, which has the form

ci (μIR) = Lγci /β0ci (μ0), (57)

where L = αs(μIR)/αs(μ0), β0 = 11−2/3n f , and the one-
loop anomalous dimensions γci can be seen in our previous
work [100]. Taking the hadronic parameters at initial scaleμ0

and using the renormalization function (57), one can achieve
the corresponding values at the typical scale μIR.

3.3 TFFs and series expansion

In order to determine the continuum threshold s0 for the
Ds → η(′) TFFs within LCSR approach, i.e. Eq. (46), one
can follow the four criteria

• The continuum contributions are less than 30% of the
total results;

• The contributions from the twist-4 LCDAs do not exceed
5%;

• We require the variations of the TFF within the Borel
window be less than 10%;

• The continuum threshold s0 should be closer to the
squared mass of the first excited state of Ds-meson.

Based on the fourth term of the criteria, we take s0 to be
close to the squared mass of the excited state of Ds-meson
Ds1(2460), i.e. s0 = 6.1(3) GeV2. Furthermore, the Borel
parameter is taken as M2 = 25(1) GeV2. Furthermore, we
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Fig. 5 The TFFs f η
(′)

+ (0) versus the Borel parameters M2, where the
shaded band is induced by the variations of squared average of all input
parameters

can obtain the sum rule for mDs by differentiating the form

factors f η
(′)

+ (q2) fDs with respect to −1/M2 [101]. The resul-
tant mLCSR

Ds
= 1.9653 GeV agrees with the measured value

mPDG
Ds

= 1.9685 GeV. In order to show the degree of stability
of the TFFs versus the Borel parameter, we present the curve
of TFFs in Fig. 5, in which the shaded region shows the errors
from all input parameters. The solid line with blue shaded
band represents f η+(0) and the dashed line with green band

represents f η
′

+ (0). This figure shows that f η
(′)

+ (0) changes
less than 0.5% within the range of M2 ∈ [23, 27] GeV2,
which satisfies the third term of the criteria. More definitely,
we put the errors caused by different input parameters in the
following,

f η+(0) = 0.476 + (+0.011
−0.012)s0 + (+0.001

−0.001)M2 + (+0.036
−0.032)mc, fDs

+ (+0.011
−0.011) fη + (+0.004

−0.003)a2
2;η

+ (+0.000
−0.000)a4

2;η

+ (+0.000
−0.000)a6

2;η
= 0.476+0.040

−0.036 (58)

f η
′

+ (0) = 0.544 + (+0.015
−0.016)s0 + (+0.001

−0.001)M2 + (+0.042
−0.037)mc, fDs

+ (+0.010
−0.010) fη′ + (+0.006

−0.005)a2
2;η′

+ (+0.000
−0.001)a4

2;η′

+ (+0.000
−0.000)a6

2;η′
= 0.544+0.046

−0.042 (59)

According to Eq. (4), when the Gegenbauer moments are
taken up to 2nd, 4th and 6th order levels, the central values

of TFFs f η
(′)

+ (0) are

f η+(0)|2nd = 0.4745,

f η+(0)|4th = 0.4755,

f η+(0)|6th = 0.4763,

f η
′

+ (0)|2nd = 0.5435,

f η
′

+ (0)|4th = 0.5434,

f η
′

+ (0)|6th = 0.5436.

In comparing with the 2nd-order Gegenbauer moment’s con-
tribution, the 4th, 6th-order contributions shall be changed by
about 0.211%, 0.379% for f η+(0) and −0.018%, 0.018% for

f η
′

+ (0), respectively. These ratios are really small, indicat-
ing the Gegenbauer series has good convergence over the
moment expansion. Then, we list the TFFs for Ds → η(′)

at large recoil point, i.e. f η
(′)

+ (0), in Table 3, in which the
uncertainties are from the squared average of all the men-
tioned error sources. As a comparison, we also present other
theoretical and experimental predictions, such as the BESIII
[12], the LQCD [13], the LFQM [14], the CQM [17], the
CCQM [18,19], the QCD SR [22], the LCSR at 2013 and
2015 [20,21], respectively. Our results agree with the BESIII,
the CCQM, the LCSR, the LQCD within errors, but are lack
of agreement with the Lattice QCD results.

Table 3 The TFFs f η
(′)

+ (0) at
the large recoil point q2 = 0. As
a comparison, we also present
the predictions from various
experimental and theoretical
groups

References f η+(0) f η
′

+ (0)

Experimental results BESIII [12] 0.4576(70) 0.490(51)

LQCD-I [13] 0.542(13) 0.404(25)

LQCD-II [13] 0.564(11) 0.437(18)

Theoretical predictions This work (LCSR) 0.476+0.040
−0.036 0.544+0.046

−0.042

LFQM [14] 0.76 –

CQM [17] 0.78 0.78

CCQM [18] 0.78(12) 0.73(11)

CCQM [19] 0.49(7) 0.59(9)

LCSR 2013 [20] 0.432(33) 0.520(80)

LCSR 2015 [21] 0.495+0.029
−0.030 0.558+0.047

−0.045

QCD SR [22] 0.50(4) –
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The physically allowable ranges for the TFFs are m2
� ≤

q2 ≤ (mDs − mη)
2 ≈ 2 GeV2 and m2

� ≤ q2 ≤ (mDs −
mη′)2 ≈ 1 GeV2. Theoretically, the LCSRs approach for
Ds → η(′) TFFs are applicable in low and intermediate
q2-regions, i.e. q2 ∈ [0, 1.2] GeV2 of η-meson, q2 ∈
[0, 0.6] GeV2 of η′-meson. One can extrapolate it to whole
q2-regions via a rapidly z(q2, t) converging series expansion
(SE) [102]:

f η
(′)

+ (q2) = 1

B(q2)φ
η(′)
+ (q2)

K−1∑
k

αk z
k(q2, t0). (60)

Normally, the parameter K stands for the order of expan-
sion. The z(q2, t) is the function:

z(q2, t) =
√
t+ − q2 − √

t+ − t√
t+ − q2 + √

t+ − t
, (61)

where t = (tη
(′)

0 , tη
(′)

− ,mDs ) with tη
(′)

± = (mDs ± mη(′) )
2.

Here, the 0 ≤ tη
(′)

0 ≤ tη
(′)

− is a free parameter which can be

optimised to reduce the maximum value of |z(q2, tη
(′)

0 )| in the

physical TFFs range, tη
(′)

0 |opt. = tη
(′)

+ (1 −
√

1 − tη
(′)

− /tη
(′)

+ ).

Here, we list the value of z(q2, tη
(′)

0 ) with different q2 cases

in Table 4. The function φη
(′)

+ (q2) can be expressed as

φ
η(′)
+ (q2) =

√
ς

48πχη
(′)

+ (n)

q2 − t+
(t+ − t0)1/4

×
(
z(q2, 0)

−q2

)(3+n)/2( z(q2, t0)

t0 − q2

)−1/2

×
(
z(q2, t−)
t− − q2

)−3/4∣∣∣∣
n=2

, (62)

where ς = 1 is an isospin-degeneracy factor for a given
channel and B(q2) = ∏

i
z(q2,m2

Di
s
) stands for the Blaschke

factor. The mDi
s

stands for the mass of each resonance state

with J P = 0−, 0+, 1− . . . , respectively, which can be found

in PDG [91]. For the coefficientsχη
(′)

+ (n), it can be calculated
by using QCD sum rules including perturbative LO and NLO
results as well as the condensate contributions, which can be
expressed as [102]

χ
η(′)
+ = 3

32π2m2
c

[
1 + αs(mc)CF

4π

(
25

6
+ 2π2

3

)]

−〈qq̄〉
m5

c
− 〈αsG2〉

12πm6
c

− 〈q̄Gq〉
m7

c
. (63)

Furthermore, the coefficients αk should satisfy the basic uni-
tarity constraint,

K−1∑
k

α2
k < 1. (64)

The simplified version of the series expansion (SSE)
method is to replace the Blaschke factor B(q2) by a simple
pole P(q2) to account for low-lying resonances, i.e. [103]

f η
(′)

+ (q2) = 1

P(t)

K−1∑
k

βk z
k(q2, t0). (65)

As for the SSE parameterization, imposing the unitarity
bound and by comparing the SE and SSE parameterizations

αi =
min[K−1,i]∑

k=0

ζi−kβk, 0 ≤ i ≤ K − 1, (66)

we obtain the unitarity bound of the SSE

min[K−1]∑
j,k=0

C jkβ jβk ≤ 1, (67)

with the positive defined matrix

C jk =
K−1−max[ j,k]∑

i=0

ζiζ j−k . (68)

Theoretically, the order K can be taken up to infinite order.
It has been proven that the higher order expansion shall give
the same result with very small errors. We take K = 3, 4, 5
as explicit examples, which are shown in Fig. 6. It is found

that three SSE curves with K = 3, 4, 5 for the TFFs f η
(′)

+ (q2)

are almost coincide with each other. So, we will take K = 3
to do our expansion in the following calculations, which also
agrees with the choices of most of the theoretical groups. At
the same time, the αk of SE and βk of SSE should also satisfy
the condition� < 1%. From which, the parameter� is used
to measure the quality of extrapolation, which is defined as

� =
∑

t |Fi (t)− Ffit
i (t)|∑

t |Fi (t)|
× 100, (69)

where t ∈ [0, 1/100, . . . , 100/100]×1.2 GeV for η-meson,
t ∈ [0, 1/100, . . . , 100/100] × 0.6 GeV for η′-meson.
Numerical values of αk , βk with k = (0, 1, 2) for central val-

ues, upper and lower limit of f η
(′)

+ (q2) are listed in Table 5.

Here, the
∑

α2
k for SE unitarity bound and

∑
Ci, jβiβ j for

SSE are less than 1. The quality of extrapolation � are less
than 0.13%. Since there have good unitary bound and a small
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Table 4 The fitting parameters

z(q2, tη
(′)

0 ) of SSE for TFFs

f η
(′)

+ (q2)

η-meson q2(GeV2) 0 0.4 0.8 1.2 1.6 2.0

z(q2, tη0 ) 0.048 0.032 0.014 −0.005 −0.025 −0.047

η′-meson q2(GeV2) 0 0.2 0.4 0.6 0.8 1.0

z(q2, tη
′

0 ) 0.016 0.004 −0.009 −0.022 −0.036 −0.051

(a) (b)

Fig. 6 The SSE for the TFFs f η+(q2) and f η
′

+ (q2) up to K = 3, 4, 5 order

Table 5 The fitting parameters

for the central TFFs f η
(′)(C)

+ (q2),

the upper TFFs f η
(′)(U )

+ (q2) and

the lower TFFs f η
(′)(L)

+ (q2)

f η(C)+ (q2) f η(U )+ (q2) f η(L)+ (q2) f η
′(C)

+ (q2) f η
′(U )

+ (q2) f η
′(L)

+ (q2)

α0 −0.0003 −0.0003 −0.0003 −0.00001 −0.00001 −0.00001

α1 −0.0015 −0.0017 −0.0015 −0.00017 −0.00018 −0.00016

α2 −0.0061 −0.0074 −0.0052 −0.00134 −0.00143 −0.00127∑
α2
k 3.9 × 10−5 5.8 × 10−5 2.9 × 10−5 1.8 × 10−6 2.4 × 10−6 1.6 × 10−6

β0 0.512 0.555 0.476 0.563 0.611 0.519

β1 −1.450 −1.211 −0.976 −1.653 −1.801 −1.534

β2 17.26 12.24 8.73 28.95 30.61 27.98∑
Ci, jβiβ j 0.020 0.019 0.008 0.005 0.005 0.004

� 0.075% 0.129% 0.099% 0.005% 0.004% 0.007%

�value, the SSE results are in high agreement with our LCSR
results.

The extrapolated TFFs in the whole q2-region is shown
in Fig. 7, other theoretical and experimental results, such as
those of the BESIII [12], the LCSR 2013 [20], the LCSR 2015
[21] and the CCQM [19] are present as a comparison. Two
sets of BESIII are from the two different η(′) decay channels.
For η-meson, the blue triangle stands for η → γ γ channel
and the red diamond stands for η → π0π+π− channel. For
η′-meson the blue triangle stands for η′ → γρ0 channel
and red diamond stands for η′ → ηγγ π

+π− channel. To
compare with other theoretical and experimental groups, our
results have the following characteristics,

• Comparing with f η+(q2), the f η
′

+ (q2) is more flat in the
whole q2 region.

• Our predictions of f η+(q2) are in good agreement with
the recent BESIII predictions for the η → γ γ channel.

• In the LCSR q2-region, our results have good agreement
with the LCSR 2013 and 2015, the CCQM, and the two
sets of BES-III predictions within errors.

• The SSE of f η+(q2) in the region of q2 ∈ [1.2, 2.0] GeV2

have agreement with the LCSR in 2015 results within
errors. However, our predictions are larger than the LCSR
in 2013 and CCQM predictions due to the different η-
meson distribution amplitudes or different method.
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(a) (b)

Fig. 7 The TFFs f η
(′)

+ (q2) together with its uncertainties. Results of the LCSR 2013 [20], the LCSR 2015 [21], the CCQM [19] and the BESIII
[12] are also given as the comparison

(a) (b)

Fig. 8 Decay width for the D+
s → η(′)�+ν�(� = e, μ) versus q2 within uncertainties. The LCSR in 2013 [20] and 2015 [21], the CCQM [19],

and two sets of BESIII collaboration [12] predictions are also present as a comparison

3.4 Decay widthes and branching fractions for the
semileptonic decay D+

s → η(′)�+ν�

One can get the differential decay widths by using the formula
(50). For the CKM matrix element |Vcs |, we take it to be
the average value of leptonic and semileptonic decay c →
s processes coming from PDG [93], i.e. |Vcs | = 0.987 ±
0.011. After taking the derived Ds → η(′) TFFs into the
decay widths, we present the differential decay widths in
Fig. 8. As a comparison, we also give the LCSR in 2013
[20] and 2015 [21], the CCQM [19], and two sets of BESIII
collaboration [12] predictions. The LCSR and the CCQM
results are calculated by applying their TFFs into the width
formula. Those figures show that our prediction for D+

s →
η�+ν� is in agreement with LCSR 2015, CCQM, the BESIII-
I and the BESIII-II results within errors, and the D+

s →
η′�+ν� agrees with the LCSR 2013 and 2015, the CCQM,

the BESIII-I and BESIII-II predictions within errors. All the
results are convergence to zero at the small recoil region
q2

max = (mDs − mη(′) )
2, which indicates that our results are

reasonable.
After integrating over the whole m2

� ≤ q2 ≤ (mDs −
mη(′) )

2 region for the differential decay widths, we obtain

the total decay widths for D+
s → η(′)�+ν� with two different

channel �(D+
s → η(′)e+νe) and �(D+

s → η(′)μ+νμ), i.e.,

�(D+
s → ηe+νe) = 30.634+5.453

−4.323 × 10−15 GeV,

�(D+
s → ημ+νμ) = 30.298+5.395

−4.275 × 10−15 GeV,

�(D+
s → η′e+νe) = 10.345+1.844

−1.534 × 10−15 GeV,

�(D+
s → η′μ+νμ) = 10.096+1.800

−1.498 × 10−15 GeV. (70)

Then, by using the lifetime of the initial state D+
s -meson,

τD+
s

= (0.504 ± 0.007) ps [91], the branching fractions
for the two different semileptonic decay channels Ds →
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Table 6 Branching factions of
D+
s → η(′)�+ν� with � = e and

μ (in unit 10−2). The errors are
squared averages of all the
mentioned error sources. As a
comparison, we also present the
predictions for various methods

Mode B(D+
s → ηe+νe) B(D+

s → ημ+νμ)

Experimental results BESIII [11,12] 2.323 ± 0.063 ± 0.063 2.42 ± 0.46 ± 0.11

CLEO [8] 2.28 ± 0.14 ± 0.19 –

CLEO [9] 2.48 ± 0.29 ± 0.13 –

PDG [91] 2.32 ± 0.08 2.4 ± 0.5

Theoretical predictions This work (LCSR) 2.346+0.418
−0.331 2.320+0.413

−0.327

LFQM [15] 2.26 ± 0.21 2.22 ± 0.20

CCQM [19] 2.24 2.18

LCSR [20] 2.00 ± 0.32 –

LCSR [21] 2.40 ± 0.28 –

QCD SR-I [22] 2.6 ± 0.7 –

QCD SR-II [22] 2.3 ± 0.4 –

Mode B(D+
s → η′e+νe) B(D+

s → η′μ+νμ)

Experimental results BESIII [11,12] 0.824 ± 0.073 ± 0.027 1.06 ± 0.54 ± 0.07

CLEO [8] 0.68 ± 0.15 ± 0.06 –

CLEO [9] 0.91 ± 0.33 ± 0.05 –

PDG [91] 0.80 ± 0.07 1.1 ± 0.5

Theoretical predictions This work (LCSR) 0.792+0.141
−0.118 0.773+0.138

−0.115

LFQM [15] 0.89 ± 0.09 0.85 ± 0.08

CCQM [19] 0.83 0.79

LCSR [20] 0.75 ± 0.23 –

LCSR [21] 0.79 ± 0.14 –

QCD SR-I [22] 0.89 ± 0.34 –

QCD SR-II [22] 1.0 ± 0.2 –

η(′)�+ν� with � = (e, μ) can be obtained, which are pre-
sented in Table 6. Here, we also listed the BESIII [11,12],
the PDG [91], the CLEO [9] for the experimental results,
and the CCQM [19], the LFQM [15], the QCDSR-I, II [22],
the LCSR [20,21] for theoretical predictions. Our results are
closer to the BESIII, PDG, CLEO results, all of which are
within 1σ uncertainties.

After substituting the corresponding terms of Eq. (3), one
can get the mixing angle of η − η′. The mixing angle tan ϕ
with the parameter of Borel parameter M2 are shown in
Fig. 9. In the whole Borel parameter M2 region, the mix-
ing angle is changed slightly, which also indicates that there
have a stable Borel window for tan ϕ. Numerical results for
the single mixing angle ϕ are present in Table 7. Our result is
closer to the KLOE [48] and the LCSR predictions [21,49],
which is slightly larger than other LFQM [16] and QCD SR
[22] predictions.

Furthermore, it is useful to study the ratio for the different
decay channel R�

η′/η related to the mixing angle, which has
the basic definition

R�
η′/η = B(Ds → η′�+ν�)

B(Ds → η�+ν�)
. (71)

Fig. 9 f η+(0)/ f
η′
+ (0) as a function of the Borel parameter M2, where

the shaded band is induced by the variations of squared average of all
input parameters

Numerical results together with different experimental and
theoretical predictions are given in Table 7. Our results are
in agreement with the CLEO [7] and the BESIII [10] predic-
tions, and the LCSR predictions [21,49]. This can be con-
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Table 7 The ϕ with respect to
mixing angle, R�

η′/η for different
models and experimental values.
As a comparison, we also
present the experimental and
theoretical predictions

Mode Angle ϕ R�
η′/η

This work (LCSR) with � = e 41.2◦+0.05
−0.06 0.338+0.057

−0.051

This work (LCSR) with � = μ 41.2◦+0.05
−0.06 0.333+0.050

−0.058

CLEO [7] – 0.35 ± 0.09 ± 0.07

BESIII [10] – 0.40 ± 0.14 ± 0.02

LFQM [16] 39◦ 0.39

LCSR [21] 41.8◦ 0.33 ± 0.07

QCD SR [22] 40◦ 0.44 ± 0.01

KLOE [48] 41.4◦ –

LCSR-I [49] 39.7◦ 0.32 ± 0.02

LCSR-II [49] 41.5◦ 0.27 ± 0.01

sidered as a good test of the correctness of the considered
internal structure for the Ds-meson as well as the mixing
angle between η and η′ states.

4 Summary

In this paper, we have calculated the moments 〈ξn
2;η(′)〉|μ of

η(′)-meson LCDA with n = (2, 4, 6) up to NLO correction
and completely dimension-six condensates within BFTSR,
which are shown in Eq. (33). Due to the η(′)-meson should be
considered as ss̄ component in Ds → η(′) decay processes,
we have also taken the Im2

s
(n,M2) corrections into consid-

eration, i.e. Eq. (34), the detailed terms of OPE are listed in
the Appendix B.

Then, we have sought a reasonable continuum thresh-
old s0 and stable Borel windows for 〈ξn

2;η(′)〉|μ with n =
(2, 4, 6) by using the traditional three criteria for the SVZ
sum rules, which are present in Figs. 1 and 2 and Table 1.
By using the expression between two different Gegenbauer
and LCDA moments, i.e. Eq. (37), we have presented the
first three Gegenbauer and LCDA moments an

2;η(′) (μ0) and

〈ξn
2;η(′)〉|μ0 with n = (2, 4, 6) for the φ2;η(′) (u, μ0) within

errors in Table 2. Our results are in agreement with the
CLEO fit and the BABAR fit predictions. Meanwhile, we
have exhibited the curves of φ2;η(′) (u, μ0) of our prediction
with n = (2, 4, 6) and compare with others.

Furthermore, the TFFs f η
(′)

+ (q2) have been given in
Eq. (46) up to NLO QCD corrections for twist-2, 3 LCDA
contributions. The TFFs at large recoil region have been pre-
sented in Table 3 with respect to other theoretical predictions.
After extrapolating it to the whole physicalq2-region via sim-
plified series expansion, we have shown the behavior of TFFs
in Fig. 7. The differential/total decay widths and branching
fractions in this work have also been given. Our results are in
agreement with the BESIII and the PDG average value within
errors. Finally, we have presented the mixing angle tan ϕ and

ratio for different decay channel R�
η′/η, which agree with

theoretical and experimental results within errors. Thus, the
QCDSR within BFTSR can be considered a good approach
in dealing with the heavy-to-light semileptonic processes,
and we hope more data can be achieved in the near future for
more precise studies.
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Appendix A: Quark propagators and vertex for back-
ground field theory framework

A1. Quark propagators

Quarks field and its propagators satisfy the equation Eq. (11)
in the BFT, solve to Eq. (11), we have the following form

SF (x, 0) = (i/D + m)D(x, 0), (A1)

where D(x, 0) satisfies the equation

(∂2 − Pμ∂
μ − Q + m2)D(x, 0) = δ4(x), (A2)

with Pμ = 2iAμ, Q = γ νγ μ[Aν(x)Aμ(x) + i∂νAμ(x)].
After using above equation up here we can get quark propa-
gator SF (x, 0) subexpression

SF (x, 0) = S0
F (x, 0)+ S2

F (x, 0)

+ S3
F (x, 0)+

2∑
i=1

S4(i)
F (x, 0)

+
3∑

i=1

S5(i)
F (x, 0)+

5∑
i=1

S6(i)
F (x, 0). (A3)

In order to have a clear look at the detailed quark propagator
SF (x, 0) separately, we list the expression of SdF (x, 0) with
d ≤ 6 as follows,

S0
F (x, 0) = i

∫
d4 p

(2π)4
e−i p·x

[
− m + /p

m2 − p2

]
, (A4)

S2
F (x, 0) = i

∫
d4 p

(2π)4
e−i p·x

[
− i

2

γ μ(m − /p)γ ν

(m2 − p2)2
Gμν

]
, (A5)

S3
F (x, 0) = i

∫
d4 p

(2π)4
e−i p·x

{
− 2

3

[
(γ μ pρ + γ ρ pμ)(m − /p)

(m2 − p2)3

− gμρ

(m2 − p2)2

]
γ νGμν;ρ

}
, (A6)

S4(1)
F (x, 0) = i

∫
d4 p

(2π)4
e−i p·x

{
1

4

[
γ μ(m − /p)

(m2 − p2)3

− 2pμ

(m2 − p2)3

]
γ νγ ργ σ + 1

2

[
(m + /p)γ μ

(m2 − p2)3
gνσ

+ 4
γ μ(m − /p)

(m2 − p2)4
pν pσ

]
γ ρ

}
GμνGρσ , (A7)

S4(2)
F (x, 0) = i

∫
d4 p

(2π)4
e−i p·x

{
i

4

[
g{μργ σ }(m − /p)

(m2 − p2)3

− 2g{μρ pσ }

(m2 − p2)3
+ 4

γ {μ pρ pσ }(m − /p)

(m2 − p2)4

]
γ ν × Gμν;ρσ

}
, (A8)

S5(1)
F (x, 0) = i

∫
d4 p

(2π)4
e−i p·x

×
{

− i

3

[(
3
γ μ(m − /p)γ ν

(m2 − p2)4
(pλγ ρ + pργ λ)

− γ ν(gμλγ ρ + gμργ λ)

(m2 − p2)3

)
· γ σ + 4

(
γ μ(m − /p)

(m2 − p2)4
g{νσ pλ}

+ 2
pμg{νσ pλ}

(m2 − p2)4
+ 6

γ μ(m − /p)

(m2 − p2)5
pν pσ pλ

)
γ ρ

]
Gμν

× Gρσ ;λ
}
, (A9)

S5(2)
F (x, 0) = i

∫
d4 p

(2π)4
e−i p·x

×
{

2i

3

[(
gμλ

(m2 − p2)3
+ 6

pμ pλ

(m2 − p2)4

)

× γ νγ ργ σ − 2

(
γ μ(m − /p)

(m2 − p2)4
× g{νσ pλ} + 2

pμg{νσ pλ}

(m2 − p2)4

+ 6
γ μ(m − /p)

(m2 − p2)5
pν pσ pλ

)
γ ρ

]
Gμν;λGρσ

}
, (A10)

S5(3)
F (x, 0) = i

∫
d4 p

(2π)4
e−i p·x 4

15

×
[
g{ρσ pλγ μ}(m − /p)

(m2 − p2)4
− 2g{ρσ pλ pμ}

(m2 − p2)4

+ 6
γ {μ pρ pσ pλ}(m − /p)

(m2 − p2)5
− g(μνσλ)

(m2 − p2)3

]
γ νGμν;ρσλ, (A11)

S6(1)
F (x, 0) = i

∫
d4 p

(2π)4
e−i p·x i

8

{[
γ μ(m − /p)

(m2 − p2)4

−4
pμ

(m2 − p2)4

]
γ νγ ργ σ γ λγ τ +2

[
3γ μ(m − /p)

(m2 − p2)4

× gστ + 16
γ μ(m − /p)

(m2 − p2)5
pσ pτ

−4
gμσ pτ + gμτ pσ

(m2 − p2)4

]
γ νγ ργ λ

}
GμνGρσGλτ , (A12)

S6(2)
F (x, 0) = i

∫
d4 p

(2π)4
e−i p·x

(
− 1

8

)

×
{[

3
γ μ(m − /p)γ ν

(m2 − p2)4
g{λτ γ ρ}

+ 16
γ μ(m − /p)γ ν

(m2 − p2)5
γ {ρ pλ pτ } − 4

γ ν

(m2 − p2)4
gμ{λ pτ γ ρ}

]
γ σ

+ 4

[
m + /p

(m2 − p2)4
g(νστλ) + 6

m + /p

(m2 − p2)5
g{νσ pτ pλ}

+ 48
m + /p

(m2 − p2)6
pν pσ pτ pλ

]
γ μγ ρ

}
GμνGρσ ;λτ , (A13)

S6(3)
F (x, 0) = i

∫
d4 p

(2π)4
e−i p·x

(
− 2

9

)

×
{

3

[(
2
γ μ(m − /p)

(m2 − p2)5
pλ pτ

− g{μλ pτ }

(m2 − p2)4
− 4pμ pλ pτ

(m2 − p2)5

)

· γ νγ ρ + (μ ↔ λ)+ (ρ ↔ τ)+ (μ ↔ λ, ρ ↔ τ)

]
γ σ

+ 4

[
m + /p

(m2 − p2)4
g(νλστ) + 6 × m + /p

(m2 − p2)5
g{νλ pσ pτ }

+ 48
m + /p

(m2 − p2)6
pν pλ pσ pτ

]
γ μγ ρ

}
Gμν;λGρσ ;τ , (A14)

S6(4)
F (x, 0) = i

∫
d4 p

(2π)4
e−i p·x

(
− 1

2

)
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×
{[

m + /p

(m2 − p2)4
g{ντλσ } + 6

m + /p

(m2 − p2)5
g{ντ pλ pσ } + 48

× (m + /p)pν pτ pλ pσ

(m2 − p2)6

]

× γ μγ ρ − 3

[
g{μλ pτ }

(m2 − p2)4
+ 8pμ pλ pτ

(m2 − p2)5

]
γ νγ ργ σ

}
Gμν;λτGρσ ,

(A15)

S6(5)
F (x, 0) = i

∫
d4 p

(2π)4
e−i p·x

×
{

− i

18

[
g[ρσλτ γ μ](m − /p)

(m2 − p2)4

− 4
g{ρσλτ pμ}

(m2 − p2)4
+ 6 g{ρσ pλ pτ γ μ}

× m − /p

(m2 − p2)5
− 12

g{ρσ pλ pτ pμ}

(m2 − p2)5

+ 48
p{ρ pσ pλ pτ pμ}(m − /p)

(m2 − p2)6

]
γ νGμν;ρσλτ

}
. (A16)

The Feynman diagrams for the quark propagators Eqs.
(A4)-(A16) that with various gauge invariant tensors are
shown in Fig. 10, where thirteen figures, i.e. Fig. 10a–m, cor-
respond to S0

F (x, 0), . . . , S6(5)
F (x, 0), respectively. The sym-

bol “×” attached to the gluon line indicates the tensor of the
local gluon background field with “n” stands for n-th order
covariant derivative. For quark propagator from x to 0, the
following relation can be used,

SF (0, x |A) = CSTF (x, 0| − AT )C−1. (A17)

The detailed expression are

S0
F (0, x) = i

∫
d4 p

(2π)4
e−i p·x

[
− m − /p

m2 − p2

]
, (A18)

S2
F (0, x) = i

∫
d4 p

(2π)4
e−i p·x

[
i

2

γ ν(m + /p)γ μ

(m2 − p2)2
Gμν

]
, (A19)

S3
F (0, x) = i

∫
d4 p

(2π)4
e−i p·x

{
2

3
γ ν

[
(m + /p)(γ μ pρ + γ ρ pμ)

(m2 − p2)3

+ gμρ

(m2 − p2)2

]
Gμν;ρ

}
, (A20)

S4(1)
F (0, x) = i

∫
d4 p

(2π)4
e−i p·x

{
1

4
γ σ γ ργ ν

×
[
(m + /p)γ μ

(m2 − p2)3
+ 2pμ

(m2 − p2)3

]
+ 1

2
γ ρ

×
[
γ μ(m − /p)

(m2 − p2)3
gνσ + 4

(m + /p)γ μ

(m2 − p2)4
pν pσ

]}
GρσGμν, (A21)

S4(2)
F (0, x) = i

∫
d4 p

(2π)4
e−i p·x

×
{

− i

4
γ ν

[
(m + /p)g{μργ σ }

(m2 − p2)3
+ 2g{μρ pσ }

(m2 − p2)3

+ 4
(m + /p)γ {μ pρ pσ }

(m2 − p2)4

]
× Gμν;ρσ

}
, (A22)

S5(1)
F (0, x) = i

∫
d4 p

(2π)4
e−i p·x

{
− i

3

[
γ σ

×
(

− 3(pλγ ρ + pργ λ)
γ ν(m + /p)γ μ

(m2 − p2)4

− (gμλγ ρ + gμργ λ)

(m2 − p2)3
· γ ν

)
+ 4γ ρ

×
(
γ μ(m − /p)

(m2 − p2)4
g{νσ pλ} + 2

pμg{νσ pλ}

(m2 − p2)4

+ 6
γ μ(m − /p)

(m2 − p2)5
pν pσ pλ

)]
Gρσ ;λ × Gμν

}
, (A23)

S5(2)
F (0, x) = i

∫
d4 p

(2π)4
e−i p·x 2i

3

[
γ σ γ ργ ν

(
gμλ

(m2 − p2)3

+ 6
pμ pλ

(m2 − p2)4

)
− 2γ ρ

(
− (m + /p)γ μ

(m2 − p2)4

× g{νσ pλ} − 2
pμg{νσ pλ}

(m2 − p2)4

− 6
(m + /p)γ μ

(m2 − p2)5
pν pσ pλ

)]
GρσGμν;λ, (A24)

S5(3)
F (0, x) = i

∫
d4 p

(2π)4
e−i p·x 4

15
γ ν

[
− (m + /p)g{ρσ pλγ μ}

(m2 − p2)4

− 2g{ρσ pλ pμ}

(m2 − p2)4
− 6

(m − /p)

(m2 − p2)5
· γ {μ pρ pσ pλ}

− g(μνσλ)

(m2 − p2)3

]
Gμν;ρσλ, (A25)

S6(1)
F (0, x) = i

∫
d4 p

(2π)4
e−i p·x( − i

8

){
γ τ γ λγ σ γ ργ ν

×
[
(m + /p)γ μ

(m2 − p2)4
+ 4

pμ

(m2 − p2)4

]
+ 2γ λγ ργ ν

×
[

3(m + /p)γ μ

(m2 − p2)4
gστ

+ 16
(m + /p)γ μ

(m2 − p2)5
pσ pτ +4

gμσ pτ + gμτ pσ

(m2 − p2)4

]}
GλτGρσGμν,

(A26)

S6(2)
F (0, x) = i

∫
d4 p

(2π)4
e−i p·x

(
− 1

8

)

×
{
γ σ

[
3g{λτ γ ρ} γ ν(m + /p)γ μ

(m2 − p2)4

+ 16γ {ρ pλ pτ } γ
ν(m + /p)γ μ

(m2 − p2)5
+ 4

gμ{λ pτ γ ρ}γ ν

(m2 − p2)4

]

+ 4 γ ργ μ
[

m − /p

(m2 − p2)4
g(νστλ) + 6

m − /p

(m2 − p2)5
g{νσ pτ pλ}

+ 48
m − /p

(m2 − p2)6
pν pσ pτ pλ

]}
Gρσ ;λτGμν, (A27)

S6(3)
F (0, x) = i

∫
d4 p

(2π)4
e−i p·x

(
− 2

9

){
3γ σ

×
[
γ ργ ν

(
2
(m + /p)γ μ

(m2 − p2)5
pλ pτ

+ g{μλ pτ }

(m2 − p2)4
4pμ pλ pτ

× 1

(m2 − p2)5

)
+ (μ ↔ λ)+ (ρ ↔ τ)

+ (μ ↔ λ, ρ ↔ τ)

]
+ 4 γ ργ μ

[
m − /p

(m2 − p2)4
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Fig. 10 Feynman diagrams for the quark propagator within the background field theory which shall results in operators up to dimension-six. The
symbol “×” attached to the gluon line indicates the tensor of the local gluon background field, in which “n” stands for n-th order covariant derivative

× g(νλστ) + 6
m − /p

(m2 − p2)5
g{νλ pσ pτ }

+ 48
m − /p

(m2 − p2)6
pν pλ pσ pτ

] }
Gρσ ;τGμν;λ, (A28)

S6(4)
F (0, x) = i

∫
d4 p

(2π)4
e−i p·x

(
− 1

2

){
γ ργ μ

×
[

m − /p

(m2 − p2)4
g{ντλσ } + 6

m − /p

(m2 − p2)5
g{ντ pλ pσ }

+ 48
(m − /p)pν pτ pλ pσ

(m2 − p2)6

]
+ 3 γ σ γ ργ ν

×
[

g{μλ pτ }

(m2 − p2)4
+ 8pμ pλ pτ

(m2 − p2)5

] }
GρσGμν;λτ , (A29)

S6(5)
F (0, x) = i

∫
d4 p

(2π)4
e−i p·x

{
− i

18
γ ν

[
(m + /p)g[ρσλτ γ μ]

(m2 − p2)4

+ 4
g{ρσλτ pμ}

(m2 − p2)4
+ 6

(m + /p)

(m2 − p2)5

· g{ρσ pλ pτ γ μ} + 12
g{ρσ pλ pτ pμ}

(m2 − p2)5

− 48
p{ρ pσ pλ pτ pμ}(m + /p)

(m2 − p2)6

]
Gμν;ρσλτ

}
. (A30)
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where

g[μνρσ pλ] = g(μνρσ) pλ + g(λνρσ) pμ

+ g(μλρσ) pν + g(μνλσ) pρ + g(μνρλ) pσ , (A31)

g{μν pρ pσ pλ} = gμν pρ pσ pλ + gμρ pν pσ pλ

+ gμσ pρ pν pλ + gμλ pρ pσ pν + gνρ pμ pσ pλ

+ gνσ pρ pμ pλ + gνλ pρ pσ pμ

+ gρσ pμ pν pλ + gρλ pμ pσ pν + gσλ pρ pμ pν, (A32)

g{μργ σ } = gμργ σ + gμσ γ ρ + gρσ γ μ, (A33)

g[ρσλτ γ μ] = γ μg(ρσλτ)

+ (μ ↔ ρ)+ (μ ↔ σ)+ (μ ↔ λ)+ (μ ↔ τ), (A34)

g{ρσ pλγ μ} = γ μg{ρσ pλ}

+ (μ ↔ ρ)+ (μ ↔ σ)+ (μ ↔ λ), (A35)

g{ρσ pλ pτ γ μ} = γ μg{ρσ pλ pτ }

+ (μ ↔ ρ)+ (μ ↔ σ)+ (μ ↔ λ)+ (μ ↔ τ), (A36)

γ {μ pρ pσ } = γ μ pρ pσ

+ γ ρ pμ pσ + γ σ pμ pρ, (A37)

γ {μ pρ pσ pλ} = γ μ pρ pσ pλ

+ (μ ↔ ρ)+ (μ ↔ σ)+ (μ ↔ λ), (A38)

γ {μ pρ pσ pλ pτ } = γ μ pρ pσ pλ pτ

+ (μ ↔ ρ)+ (μ ↔ σ)+ (μ ↔ λ)+ (μ ↔ τ), (A39)

gμ{λ pτ γ ρ} = gμλ pτ γ ρ + gμτ pλγ ρ + gμρ pτ γ λ

+ gμτ pργ λ + gμρ pλγ τ + gμλ pργ τ . (A40)

In these expressions, the mass term is retained explicitly,
which application not only in the case of light quarks, but
also in the case of heavy quarks.

A2. Vertex operator

The vertex operator (z·↔D)n is encountered when we calculate
the distributed amplitude of moment with the SVZ sum rule.
Here it is only the dimension d ≤ 6 terms are retained, vertex

operator (z · ↔
D)n in dimension-six order, the results are as

follows

(z · ↔
D)n0 = (z · ↔

∂ )
n, (A41)

(z · ↔
D)n2 = −i(z · ↔

∂ )
n−1xμzνGμν, (A42)

(z · ↔
D)n3 = −2i

3
(z · ↔

∂ )
n−1xμxρzνGμν;ρ, (A43)

(z · ↔
D)n4(1) = −n(n − 1)

2
(z · ↔

∂ )
n−2xμxρzνzσGμνGρσ ,

(A44)

(z · ↔
D)n4(2) =

[
− i

4
n(z · ↔

∂ )
n−2xμxρxσ

− i

12
(n − 1)(n − 2)(z · ↔

∂ )
n−3xμzρzσ zν

]

× Gμν;ρσ , (A45)

(z · ↔
D)n5(1) = −n(n − 1)

3
(z · ↔

∂ )
n−2xμxρxσ xλzνzσ

× GμνGρσ ;λ, (A46)

(z · ↔
D)n5(2) = −n(n − 1)

3
(z · ↔

∂ )
n−2xμxρxσ xλzνzσ

× Gμν;λGρσ , (A47)

(z · ↔
D)n5(3) =

[
− i

15
n(z · ↔

∂ )
n−1xμxρxσ xλzν

− i

45
n(n − 1)(n − 2)(z · ↔

∂ )
n−2xμ(xρzσ zλ

+ xσ zρzλ + xλzσ zρ)zν
]
Gμν;ρσλ, (A48)

(z · ↔
D)n6(1) = i

6
n(n − 1)(n − 2)(z · ↔

∂ )
n−3xμ

× xρxλzνzσ zτGμνGρσGλτ , (A49)

(z · ↔
D)n6(2) =

[
− n(n − 1)

8
(z · ↔

∂ )
n−2xμxρxλxτ zνzσ

− 1

12
n(n − 1)(n − 2)(n − 3)(z · ↔

∂ )
n−4

× xμxρzλzτ zνzσ
]
GμνGρσ ;λτ , (A50)

(z · ↔
D)n6(3) = −2

9
n(n − 1)(z · ↔

∂ )
n−2xμ

× xρxλxτ zνzσGμν;λGρσ ;τ ,

(z · ↔
D)n6(4) = −n(n − 1)

8
(z · ↔

∂ )
n−2xμ

× xρxλxτ zνzσGμν;λτGρσ , (A51)

(z · ↔
D)n6(5) =

[
− i

72
× (z · ↔

∂ )
n−1xμxρxλxτ zν

− i

216
n(n − 1)(n − 2)(z · ↔

∂ )
n−3xμ

×
(
zρzσ xλxτ + zρxσ zλxτ + zρxσ xτ zτ

+ xρzσ zλxτ + xρzσ xλzτ

+ xρxσ zλzτ
)
zν − i

360
n(n − 1)

× (n − 2)(n − 3)(n − 4)(z · ↔
∂ )

n−5xμzρzσ

× zλzτ zν
]
Gμν;λτρσ . (A52)

where the subscript k(m) with k = (1, . . . , 6) stands for the
dimension of the operator, in which (m) stands for the m-
th type of the operator with same dimension. For example,
there is two type of dimension four operators, three type
of dimension five operators and five type of dimension-six
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Fig. 11 Feynman diagrams for the vertex operator �(z · ↔
D)n under the background field theory up to dimension-six. The symbol “×” attached to

the gluon line indicates the tensor of the local gluon background field, in which “n” stands for n-th order covariant derivative

operators. Figure 11 represents the Feynman diagrams for

the vertex operator �(z · ↔
D)n under the background field

theory, where thirteen figures, i.e. Fig. 11a–m, correspond to

�(z · ↔
D)n1, . . . , �(z · ↔

D)n6(5), respectively. The symbol “×”
attached to the gluon line indicates the tensor of the local
gluon background field with “n” stands for the n-th order
covariant derivative.

A3. Vacuum matrix elements

In addition to quark propagators SF (x, 0) and vertex opera-

tors (z ·↔D)n , one may also encounter vacuum condensation in
the process of calculation, which are the basic input param-
eter. The specific expression for vacuum matrix element in
the D-dimension space have the following forms,
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〈0|Ga
μνG

b
ρσ |0〉 = 1

96
δab〈G2〉[gμρgνσ − (σ ↔ ρ)],

(A53)

Tr〈0|GμνGρσ |0〉 = π

6
〈αsG2〉[gμρgνσ − (σ ↔ ρ)],

(A54)

〈0|Ga
μν;λG

b
ρσ ;τ |0〉 = − 1

648

∑
u,d,s

δab〈gsψ̄ψ〉2

×[2gλτ (gμρgνσ − gμσ gνρ)

+gλρ(gτμgσν − gτνgσμ)− gλσ (gτμgρν − gτνgρμ)],
(A55)

Tr〈0|Gμν;λGρσ ;τ |0〉 = − 1

162

∑
u,d,s

〈g2
s ψ̄ψ〉2

×[2gλτ (gμρgνσ − gμσ gνρ)

+gλρ(gτμgσν − gτνgσμ)− gλσ (gτμgρν − gτνgρμ)],
(A56)

〈0|Ga
μνG

b
ρσG

c
λτ |0〉

= 1

576
f abc〈GaGbGc〉{[gμρ(gνλgστ − gντ gσλ)

−gμσ (gνλgρτ − gντ gρλ)] − (μ ↔ ν)}, (A57)

Tr〈0|GμνGρσGλτ |0〉
= i

96
〈g3

s f G
3〉{[gμρ(gνλgστ − gντ gσλ)

−gμσ (gνλgρτ − gντ gρλ)] − (μ ↔ ν)}, (A58)

〈0|Ga
μνG

b
ρσ ;λτ |0〉 = δab

×
{(

− 1

1296

∑
u,d,s

〈gsψ̄ψ〉2 − 1

384
〈gs f G3〉

)

×[2gλτ (gμσ gνρ − gμρgνσ )

+gρτ (gμσ gνλ − gμλgνσ )

−gστ (gμλgνρ − gμρgνλ)]
+

(
− 1

1296

∑
u,d,s

〈gsψ̄ψ〉2 + 1

384
〈gs f G3〉

)

×[gμτ (gρνgσλ − gρλgνσ )+ (μ ↔ ν)]
}
, (A59)

Tr〈0|GμνGρσ ;λτ |0〉 = 4

(
− 1

1296
g2
s

∑
u,d,s

〈gsψ̄ψ〉2

− 1

384
〈g3

s f G
3〉

)

×[2gλτ (gμσ gνρ − gμρgνσ )

+gρτ (gμσ gνλ − gμλgνσ )

−gστ (gμλgνρ − gμρgνλ)]
+4

(
− 1

1296
g2
s

∑
u,d,s

〈gsψ̄ψ〉2 + 1

384
〈g3

s f G
3〉

)

×[gμτ (gρνgσλ − gρλgνσ )+ (μ ↔ ν)], (A60)

〈0|ψ̄a
α(x)ψ

b
β(y)|0〉 = δab

{
〈ψ̄ψ〉

×
[

1

12
gβα + ims

48
(/x − /y)βα − m2

s

96
(x − y)2gβα

− im3
s

576
(x − y)2(/x − /y)βα

]

+gs〈ψ̄TGψ〉
[

1

192
(x − y)2gβα

+ ims

864
(x − y)2(/x − /y)βα

]}
(A61)

〈0|ψ̄a
α(x)ψ

b
β(y)G

A
μν |0〉

= 1

192
〈ψ̄TGψ〉(σμν)βα(T A)ba +

{
− 1

864
gs〈ψ̄ψ〉2

×(gμργν − gνργμ)βα(x + y)ρ

+i(x − y)ρ
[

1

864
gs〈ψ̄ψ〉2

+ ms

384
〈ψ̄TGψ〉

]
(ερμνσ γ5γ

σ )βα

}
(T A)ba (A62)

〈0|ψ̄a
α(0)ψ

b
β(0)G

A
μν;ρ |0〉

= 1

432
gs〈ψ̄ψ〉2(gμργν − gνργμ)βα(T

A)ba (A63)

the symbol “Tr” stands for tracing to the colour matrixes.
Obviously,

〈0|GB
ρσ ;λτG

A
μν |0〉 = 〈0|GA

μνG
B
ρσ ;λτ |0〉. (A64)

As a final remark, by making use of the equation

[D̃μ, D̃ν]AB = −gs f
ABCGC

μν, (A65)

we can obtain a useful relation

〈g3
s f G

3〉 = 8

27

∑
u,d,s

〈g2
s ψ̄ψ〉2. (A66)

which, can also be referred to our previous work [60].

Appendix B: Detailed expressions for Im0
s
(n, M2) and

Im2
s
(n, M2) in BFTSR for 〈ξn

2;η(′)〉|μ

According to the Feynman rule, we can obtain the following
detailed expressions within Im0

s
(n,M2) and Im2

s
(n,M2) for

the final BFTSR, i.e. Eq. (33). Some of the terms have the
symmetric structure, we can combined these terms together.
Here, we only list the key expression for the last step of
the BFTSR. Firstly, we give the Im0

s
(n,M2) terms which are

expressed as,

B̂M2 I000 = 3

8π2

1 + (−1)n

(n + 1)(n + 3)
, (B1)

B̂M2 I006+600 = g2
s
∑〈gsq̄q〉2

M6 [1 + (−1)n] −17

324π2
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×
{ [

(2n + 1)

(
− ln

M2

μ2

)
− (n + 2)

]

+ θ(n − 2)

[
1

2
(2n + 1)

(
ψ

(n + 1

2

)

− ψ
(n

2

)
+ ln 4

)
− (n + 1)2

n

] }
, (B2)

B̂M2 I024+420 = g2
s
∑〈gsq̄q〉2

M6 [1 + (−1)n]

× −1

162π2 θ(n − 2)

{
n

(
− ln

M2

μ2

)
+

[
n

2

(
ψ

(n + 1

2

)

− ψ
(n

2

)
+ ln 4

)
− 1

]}
, (B3)

B̂M2 I033+330 = g2
s
∑〈gsq̄q〉2

M6 [1 + (−1)n]

× 2

243π2 θ(n − 2)

{
n

(
− ln

M2

μ2 − 1

2

)
+

[
n

2

×
(
ψ

(n + 1

2

)
− ψ

(n
2

)
+ ln 4

)
− 1

]}
, (B4)

B̂M2 I202+040 = 〈αsG2〉
M4

1 + nθ(n − 2)

24π(n + 1)
[1 + (−1)n], (B5)

B̂M2 I060 = 16g2
s
∑〈gsq̄q〉2 − 81〈g3

s f G
3〉

M6

× n

7776π2 [1 + (−1)n] θ(n − 2), (B6)

B̂M2 I204+402 = g2
s
∑〈gsq̄q〉2

M6 [1 + (−1)n]

× 1

324π2

{ (
− ln

M2

μ2

)
+ θ(n − 2)

×
[

1

2

(
ψ

(n + 1

2

)

− ψ
(n

2

)
+ ln 4

)
− 1

n

]}
, (B7)

B̂M2 I303(1)+303(3) = g2
s
∑〈gsq̄q〉2

M6 [1 + (−1)n]

× −2

243π2

{ (
− ln

M2

μ2

)
+ θ(n − 2)

[
1

2

×
(
ψ

(n + 1

2

)
− ψ

(n
2

)
+ ln 4

)
− 1

n

]}
, (B8)

B̂M2 I303(2) = g2
s
∑〈gsq̄q〉2

M6 [1 + (−1)n] 1

162π2

×
{(

− ln
M2

μ2 + 1

2

)
+ θ(n − 2)

2

(
ψ

(n + 1

2

)

− ψ
(n

2

)
+ ln 4

)}
. (B9)

In which, the subscripta, b, c,m in B̂M2 Iabc(m) for Eqs. (B1)–
(B9) have the meaning that, a, b, c stand for a, b, cth-order of
the propagator, vertex and propagator, whilem means themth

terms of I
m2
s

abc. Then, we give the expression for Im2
s
(n,M2)

terms separately,

B̂M2 I
m2
s

004+400 = 〈αsG2〉
M6 m2

s
−1

12π
[1 + (−1)n]

×
{ [

(2n + 1)
(

− ln
M2

μ2 + ψ(n + 1)+ 2γE
)

− n

− 2

]
+ θ(n − 2)

[
2n + 1

2

(
ψ

(n + 1

2

)

− ψ
(n

2

)
+ ln 4

)
− (n + 1)2

n

]}
, (B10)

B̂M2 I
m2
s

006(1)+600(1) = 〈g2
s q̄q〉2

M8 m2
s

× 17

324π2 [1 + (−1)n]
{
δn0 + 2n

(
− ln

M2

μ2 + ψ(n + 1)+ 2γE
)

− n − 3 + θ(n − 2)

×
[
n

(
ψ

(n + 1

2

)
− ψ

(n
2

)
+ ln 4

)
− (n + 1)

] }
, (B11)

B̂M2 I
m2
s

006(2)+600(2) = 8〈g2
s q̄q〉2 − 3〈g3

s f G
3〉

M8 m2
s

1

144π2 [1 + (−1)n]

×
{

1

2
δn0 −

[
2n2

(
− ln

M2

μ2

+ ψ(n + 1)+ 2γE

)
− 7n2 + 19n + 2

4

]}

+
{
θ(n − 3)

[
− n2

(
ψ

(n + 1

2

)

− ψ
(n

2

)
+ 1

4
(5n2 + 5n + 2)

]}
, (B12)

B̂M2 I
m2
s

024(1)+420(1) = 〈g2
s q̄q〉2

M8 m2
s

× n

162π2 [1 + (−1)n]
{
θ(n − 1)

(
− ln

M2

μ2 + ψ(n + 1)+ 2γE

− 1

n

)
+ 1

2
θ(n − 2)

[
ψ

(n + 1

2

)
− ψ

(n
2

)
+ ln 4

]}
, (B13)

B̂M2 I
m2
s

024(2)+420(2) = 8〈g2
s q̄q〉2 − 27〈g3

s f G
3〉

M8 m2
s

× −n

3888π2 [1 + (−1)n]
{
θ(n − 1)

[
(2n − 1)

×
(

− ln
M2

μ2 + ψ(n + 1)+ 2γE

)
− n − 3 + 1

n

]

+ θ(n − 3)

[
2n − 1

2

×
(
ψ

(n + 1

2

)
− ψ

(n
2

)
+ ln 4

)
− (n + 1)

]}
, (B14)

B̂M2 I
m2
s

033(1)+330(1) = 〈g2
s q̄q〉2

M8 m2
s

× −2n

243π2 [1 + (−1)n]
{
θ(n − 1)

[
(2n − 1)

(
− ln

M2

μ2 + ψ(n + 1)

+ 2γE
)

− n − 3 + 1

n

]
+ θ(n − 3)

[
2n − 1

2

×
(
ψ

(n + 1

2

)
− ψ

(n
2

)
+ ln 4

)

− (n + 1)

]}
, (B15)

B̂M2 I
m2
s

033(2,1)+330(2,1) = 〈g2
s q̄q〉2

M8 m2
s
−[1 + (−1)n]2n2θ(n − 1)

243π2 ,

(B16)

123



Eur. Phys. J. C            (2022) 82:12 Page 27 of 31    12 

B̂M2 I
m2
s

033(2,2)+330(2,2) = 〈g2
s q̄q〉2

M8 m2
s

× 2n

243π2 [1 + (−1)n]
{
θ(n − 1)

[
(2n − 1)

(
− ln

M2

μ2

+ ψ(n + 1) + 2γE

)
+ n − 3 + 1

n

]

+ θ(n − 3)

[
2n − 1

2

(
ψ

(n + 1

2

)

− ψ
(n

2

)
+ ln 4

)
− (n + 1)

]}
, (B17)

B̂M2 I
m2
s

033(3,1)+330(3,1) = 〈g2
s q̄q〉2

M8 m2
s

[
1 + (−1)n

]
nθ(n − 1)

243π2 ,

(B18)

B̂M2 I
m2
s

033(3,2)+330(3,2) = 〈g2
s q̄q〉2

M8 m2
s

× −2n

243π2 [1 + (−1)n]
{
θ(n − 1)

(
− ln

M2

μ2 + ψ(n + 1)

+ 2γE − 1

n

)
+ 1

2
θ(n − 2)

[
ψ

(n + 1

2

)
− ψ

(n
2

)
+ ln 4

] }
,

(B19)

B̂M2 I
m2
s

040(1)+040(2) = 〈αsG2〉
(m2)3

m2
s
−[1 + (−1)n] nθ(n − 2)

12π
, (B20)

B̂M2 I
m2
s

060(1)+060(2)

= 16〈g2
s q̄q〉2 − 81〈g3

s f G
3〉

M8 m2
s
−[1 + (−1)n] nθ(n − 2)

3888π2 ,

(B21)

B̂M2 I
m2
s

202(1)+202(2) = 〈αsG2〉
(m2)3

m2
s

1

12π
[1 + (−1)n]

×
{(

− ln
M2

μ2 + ψ(n + 1)+ 2γE

)
+ θ(n − 1)

× 1

2

[
ψ

(n + 1

2

)
− ψ

(n
2

)
+ ln 4 − 2

n

]}
, (B22)

B̂M2 I
m2
s

204(1) = 〈g2
s q̄q〉2

M8 m2
s

1

324π2 [1 + (−1)n]

×
{
−

(
− ln

M2

μ2 + ψ(n + 1)+ 2γE

)
+ θ(n − 1)

n

− θ(n − 2)
1

2

[
ψ

(n + 1

2

)
− ψ

(n
2

)
+ ln 4

]}
, (B23)

B̂M2 I
m2
s

402(1) = 〈g2
s q̄q〉2

M8 m2
s

1

324π2 [1 + (−1)n]

×
{
−

(
− ln

M2

μ2 + ψ(n + 1)+ 2γE

)
+ θ(n − 1)

n

− θ(n − 2)
1

2

[
ψ

(n + 1

2

)
− ψ

(n
2

)
+ ln 4

]}
, (B24)

B̂M2 I
m2
s

204(2) = 〈g2
s q̄q〉2

M8 m2
s

1

243π2 [1 + (−1)n]

×
{
−

(
− ln

M2

μ2 + ψ(n + 1)+ 2γE

)
+ θ(n − 1)

n

− θ(n − 2)
1

2

[
ψ

(n + 1

2

)
− ψ

(n
2

)
+ ln 4

]}
, (B25)

B̂M2 I
m2
s

402(2) = 〈g2
s q̄q〉2

M8 m2
s

1

243π2 [1 + (−1)n]

×
{
−

(
− ln

M2

μ2 + ψ(n + 1)+ 2γE

)
+ θ(n − 1)

n

− θ(n − 2)
1

2

[
ψ

(n + 1

2

)
− ψ

(n
2

)
+ ln 4

]}
, (B26)

B̂M2 I
m2
s

204(3)+402(3) = 4〈g2
s q̄q〉2 − 27〈g3

s f G
3〉

M8

× m2
s

1

3888π2 [1 + (−1)n]
{
δn0 + 2n

(
− ln

M2

μ2

+ ψ(n + 1)+ 2γE

)
− n − 3 + θ(n − 2)

×
[
n

(
ψ

(n + 1

2

)
− ψ

(n
2

)
+ ln 4

)

− (n + 1)

]}
, (B27)

B̂M2 I
m2
s

303(1)+303(2) = 〈g2
s q̄q〉2

M8 m2
s

× −5

486π2 [1 + (−1)n]
{
δn0 + 2n

(
− ln

M2

μ2 + ψ(n + 1)+ 2γE

)

− n − 3 + θ(n − 2)

×
[
n

(
ψ

(n + 1

2

)
− ψ

(n
2

)
+ ln 4

)
− (n + 1)

]}
, (B28)

B̂M2 I
m2
s

303(3)+303(4) = 〈g2
s q̄q〉2

M8 m2
s

× −1

81π2 [1 + (−1)n]
{
δn0 + 2n

(
− ln

M2

μ2 + ψ(n + 1)+ 2γE

)

− n − 3 + θ(n − 2)

×
[
n

(
ψ

(n + 1

2

)
− ψ

(n
2

)
+ ln 4

)
− (n + 1)

]}
, (B29)

B̂M2 I
m2
s

303(5) = 〈g2
s q̄q〉2

M8 m2
s

× −2

243π2 [1 + (−1)n]
{
−

(
− ln

M2

μ2 + ψ(n + 1)+ 2γE

)

+ θ(n − 1)

n

− θ(n − 2)
1

2

[
ψ

(n + 1

2

)
− ψ

(n
2

)
+ ln 4

]}
, (B30)

B̂M2 I
m2
s

303(6) = 〈g2
s q̄q〉2

M8 m2
s

−2

243π2 [1 + (−1)n]

×
{
−

(
− ln

M2

μ2 + ψ(n + 1)+ 2γE

)
+ θ(n − 1)

n

− θ(n − 2)
1

2

[
ψ

(n + 1

2

)
− ψ

(n
2

)
+ ln 4

]}
, (B31)

B̂M2 I
m2
s

303(7) = 〈g2
s q̄q〉2

M8 m2
s

−7

162π2 [1 + (−1)n]

×
{
−

(
− ln

M2

μ2 + ψ(n + 1)+ 2γE

)
+ θ(n − 1)

n

− θ(n − 2)
1

2

[
ψ

(n + 1

2

)
− ψ

(n
2

)
+ ln 4

]}
, (B32)

B̂M2 I
m2
s

303(8,1)+303(9,1) = 〈g2
s q̄q〉2

M8 m2
s

4

162π2

[
1 + (−1)n

]

×
{
− 2δn0

(
− ln

M2

μ2 + ψ(n + 1)+ 2γE

123
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+ 1

)
+ 2δn1

(
− ln

M2

μ2 + ψ(n + 1)+ 2γE − 2

)

− θ(n − 2)
n2 + 4n − 2

n

+ θ(n − 3)

[
(n − 1)

(
ψ

(n + 1

2

)
− ψ

(n
2

)
+ ln 4

)
− n

]}
,

(B33)

B̂M2 I
m2
s

303(8,2)+303(9,2) = 〈g2
s q̄q〉2

M8 m2
s

× 1

162π2 [1 + (−1)n] (
2n − 2 + 2δn1) . (B34)

Here the subscript a, b, c,m, n in B̂M2 I
m2
s

abc(m,n) in the expres-
sion within BFTSR, i.e. Eqs. (B10)–(B34) have following
meaning. a, b, c stand for the a, b, cth-order of the propaga-
tor, vertex and propagator, while m means the mth terms of

I
m2
s

abc and n means the nth subterm of I
m2
s

abc(m). Meanwhile, for
the perturbative part we have

ImIpert.(s) = 3vn+1

8π(n + 1)(n + 3)

×
{
[1 + (−1)n](n + 1)

1 − v2

2
+ [1 + (−1)n]

}
. (B35)

Considering n is even, then 1 + (−1)n = 2, δn1 = 0, θ(n −
1) = θ(n − 2), θ(n − 3) = θ(n − 4). Add up all the above
expressions we obtain the moment of distributed amplitude
Eq. (33).

Appendix C: Matrix elements of η(′)-meson twist-2, 3, 4
LCDAs

The expression of twist-2, 3, 4 LCDAs matrix elements used
in the OPE calculation of LCSR have the following forms
[99,100]

〈η(′)(p)|s̄(x)γμγ5s(0)|0〉

= −i pμ fη(′)

∫ 1

0
dueiup·x [φ2;η(′) (u, μ)+ x2ψ4;η(′) (u)]

+ fη(′)

(
xμ − x2 pμ

p · x
)

×
∫ 1

0
dueiup·xφ4;η(′) (u), (C1)

〈η(′)(p)|s̄(x)iγ5s(0)|0〉 =
m2
η(′) fη(′)

2ms

∫ 1

0
dueiup·xφ p

3;η(′) (u),

(C2)

〈η(′)(p)|s̄(x)σμνγ5s(0)|0〉 = i(pμxν − pνxμ)

×
m2
η(′) fη(′)

12ms

∫ 1

0
dueiup·xφσ3;η(′) (u), (C3)

〈η(′)(p)|s̄(x)σμνγ5gsGαβ(vx)s(0)|0〉

= i
m2
η(′) fη(′)

2ms

×
(
pα pμg

⊥
νβ − pα pνg

⊥
μβ − (α ↔ β)

)
�3;η(′) (v, p · x)

(C4)

〈η(′)(p)|s̄(x)γμγ5gsGαβ(vx)s(0)|0〉
= fη(′)

[
pμ
p · x (pαxβ − pβxα)

×�4;η(′) (v, p · x)+ (pβg
⊥
αμ − pαg

⊥
βμ)

×�4;η(′) (v, p · x)
]
, (C5)

〈η(′)(p)|s̄(x)γμgsG̃αβ(vx)s(0)|0〉
= i fη(′)

[
pμ
p · x (pαxβ − pβxα)

× �̃4;η(′) (v, p · x)+ (pβg
⊥
αμ − pαg

⊥
βμ)

× �̃4;η(′) (v, p · x)
]
. (C6)

In which, we have set

g⊥
μν = gμν − pμxν + pνxμ

p · x ;

K (v, p · x) =
∫ 1

0
dα1dα2dα3δ(1 − α1 − α2 − α3)

× e−i(α2−α1+vα3)p·x K (αi ). (C7)
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