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Abstract We study the stability of circular orbits in the
background of a traversable wormhole (TWH) spacetime
obtained as a solution of Einstein’s field equations coupled
conformally to a massless scalar field. The Lyapunov stabil-
ity approach is employed to determine the stability of circu-
lar orbits (timelike and null) of non-spinning test particles
around a TWH spacetime. In the case of timelike geodesics,
the particle is confined to move in four different types of
effective potentials depending on various values of the angu-
lar momentum L with both centrifugal and gravitational part.
The effective potential for null geodesics consists of only a
centrifugal part. Further, we characterize each fixed point
according to its Lyapunov stability, and thus classify the cir-
cular orbits at the fixed point into stable center and unstable
saddle points by depicting the corresponding phase-portraits.

1 Introduction

In view of general theory relativity (GR), Einstein and Rosen
predicted the existence of bridges connecting two distant
regions in spacetime named as Einstein—Rosen bridges or
wormholes (WHs) [1,2]. Thereafter, the pioneering work of
Morris and Thorne [3] developed the topological connec-
tions between separated regions of spacetime, as solutions
of Einstein’s field equations in GR, leading to the formation
of three-dimensional TWH geometries. Such WHs are con-
sidered as static and spherically symmetric spacetimes con-
necting two asymptotically flat regions with different phys-
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ical properties. In the last few decades, a variety of studies
in various aspects including gravitational lensing by worm-
holes [4-7], shadows cast by WHs [8—10], accretion disks
surrounding them [11-13], and their viability as black hole
alternatives [14—16] have been widely investigated in detail.
The violation of the null energy condition (NEC) [17,18] in
the stress-energy tensor is required for construction of TWH
which can be achieved by an exotic matter source responsible
for the respective geometry [19-25]. In fact, there is no need
of any exotic matter in order to obtain TWH spacetimes in
many modified theories of gravity [26—29]. In order to avoid
the presence of an exotic matter in such geometries, Barcelo
and Visser [19] examined the conformal coupling of mass-
less scalar field with gravity providing a large class of TWHs
which also violate the NEC. They obtained a three-parameter
class of exact solutions including the Schwarzschild geom-
etry, certain naked singularities, and a collection of TWHs
as analytical solutions of Einstein’s field equations. In view
of such a conformal coupling, Callan et al. [30] introduced a
“new improved stress-energy tensor” to obtain an interesting
set of TWHs. The new form of energy-momentum tensor
which is also capable of violating the NEC for a massless
conformal scalar field ¢, is defined as

1 2 1 2
Tup = VadeVpde — 3805 (V9o + 2| Gup;
2V, (Vo) + 28V (6Vut)]. (D

where, Gqp and gqp represents Einstein’s tensor and metric
tensor of spacetime respectively.

In this article, we wish to focus attention on static
and spherically symmetric TWH geometries which were
obtained by Barcelo and Visser [19] by relating them con-
formally to the Janis—Newman—Winicour—Wyman (JNWW)
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solution [31-33]. The scalar field corresponding to INWW
solutions is represented by

/ -1
b = MSiﬂ){lﬂ(l—z—n), (2)
2 r

where Gy is Newton’s constant. In spherical polar coor-
dinates (¢, r, 0, ¢), Agnese et al. [34] obtained the INWW
metric as solutions of the Einstein field equations, minimally
coupled to a massless scalar field ¢,,, as given below

2\ 08 X 2p\ ~Cos X
ds? = — (1 - —") dr® + (1 - —'7) dar?
r r

2 1—cos x
+ (1 — —”) r2 (d92 n sin29d¢2) G

r

where parameters y € [0, 7] and n > 0.

Considering the new improved energy-momentum tensor
Ty, Barcelo and Visser [19] solved the Einstein’s field equa-
tions

Gop = BnGN) Tug, “

withGeg = Reg— % 8ap R.Since Typ is traceless for a confor-
mal field i.e. Typ g“? = 0, then the scalar curvature R = 0.
Thus the Einstein field equations coupled to conformal scalar
field ¢. can be written as [19]

1\ "'/2 1
Ryp = (x — —¢2) (—v bVpde — ~8up(Vc)’
of 67 3 aPc VPc 6 af c

1
_§¢cvavﬁ¢c> s (5)
V2¢. = 0. (6)

Any metric ds conformal to the INWW metric ds,, with
conformal factor €2 (r) requires [20]

ds = Q(r)ds,,. @)

The conformal factor €2 (r) with two real constants y; and
y_ can be expressed as [19]

sin x sin x

Q) = y4 (1—2r—")m+y_ (1_2_7;)‘2@ ®)

r

We have a three-parameter set (x, n, A), by defining an
angle A, such that
A -y bo— 1
e ©
2 oyt Y+ 1

having range A € (—m, 7] and y} = ;—f

One obtains various spacetime metrics depending on the
choice of these parameters (i.e x, 1, A). The Schwarzschild
black hole (SBH) metric can be recovered from ds? in the

prescribed limit x = 0 and for arbitrary values of n and A.

@ Springer

We intend to investigate the stability of circular orbits
of test particles in the vicinity of TWH spacetime con-
formally coupled to a massless scalar field by using Lya-
punov (in)stability criteria (as discussed in [35] and refer-
ences therein). Further, by analysing the phase-portrait in
both cases of circular geodesics, we characterize each cir-
cular orbit at the fixed point as a stable center or an unsta-
ble saddle point. Boehmer et al. [36] extensively described
two methods namely Lyapunov stability analysis [37] and
Jacobi stability analysis [38], or the Kosambi—Cartan—Chern
(KCC) theory [39-41] for analysing stability of a dynamical
system which plays crucial role in gravitation and cosmol-
ogy. The behavior of steady states of any dynamical system
is analyzed to investigate the stability of the system. Lya-
punov linear stability analysis requires the linearization of
the dynamical system using the Jacobian matrix of a nonlin-
ear system. However, both the linear and nonlinear stability
analysis can be performed via Lyapunov stability approach
[35,37]. Besides, the Jacobi stability or the KCC theory is
formulated in terms of a deviation equation of a second-order
differential equation defining the whole trajectory subject to
small perturbations. The trajectories of the structure equa-
tions those bunch together are Jacobi stable while trajecto-
ries are Jacobi unstable if they disperse on approaching the
fixed point [36]. In comparison to Jacobi stability analysis,
Lyapunov approach is therefore more convenient to study
the stability analysis as the linearization of nonlinear system
takes place around a fixed point so-called equilibrium point.

Both methods of stability analysis are extensively dis-
cussed and implemented to illustrate the stability of circu-
lar orbits in the vicinity of SBH spacetime by Hossein [35].
However, the Jacobi stability of dynamical systems employ-
ing KCC theory has already been analyzed in diverse sit-
uations [36,42—-45]. We shall adopt the Lyapunov stability
criteria to analyse the stability in our specified background
geometry. A mathematical treatment of the concept of Lya-
punov stability for a dynamical system has been discussed
previously (see section-2 in [35]).

2 Geodesics around TWH geometry with massless
conformally coupled scalar field

This section is devoted to study the particle motion around
a TWH spacetime obtained for an appropriate choice of
parameters (x = 5, A # ). Since a three parameter fam-
ily of solution space is invariant under the transformation
n, x,A) — (n,—yx,—A). Under transformation y —
— X, the INWW solutions carry obvious symmetries with
¢m = —¢dm. However, for the transformation (1, x, A) —
(—n, x + =, A), an additional symmetry is obtained under
the coordinate transformation r — 7 = r — 25 (with ¢,,, =
+¢,,). Therefore, one can consider n > 0 and x = [0, 7]
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without loss of generality in view of these two symmetries.
Nevertheless, only those geometries are examined in which
A # m because they do not possess an asymptotic flat region
asr — oo. Furthermore, the behavior of Ricci tensor compo-
nent R;; as r approaches 27 shows the divergence of geome-
try except for the parameter values y = 0, {x = % A # %},
{x = 2?”, A = %} and x = m. The geometries are found
with a naked curvature singularity at r = 27 for other than
these parameter sets [19,20]. Therefore, for our choice of
parameters {x = 5, A # 7}, the geometry can be extended
beyond r = 21 which reveals the existence of a genuine
wormhole solution.

It is convenient to transform the radial coordinate r into a
new isotropic radial coordinate by the relation [19,20]

r:f(1+l_)2, (10)

where r ranges from % to 0o. Thus the metric conformal to the
INWW metric of TWH, supported by a massless conformally
coupled scalar field, is then represented as [19]

i =[r (122) 4y 2[—dt2+<1+l)4
i+ 27

x [df2 + 72 (d92 + sin? 9d¢2>]]. (11)

Now we investigate the geodesic motion of test particles in
the equatorial plane of the TWH spacetime using Lagrangian
approach. The Lagrangian for the motion (setting 6 = %) is
given by

x (?2 + F2<i>2>] , (12)

where, a overdot represents differentiation w.r.t. the affine
parameter t. The spacetime metric admits time translational
symmetry (i.e. independent of #) and rotational symmetry
(i.e. independent of ¢) due to which corresponding gener-
alized momenta are constants of motion. Using the Euler-
Lagrange equations of motion, we deduce the first integral
of geodesics equation for ¢ and ¢ by introducing two con-
served quantities energy (E) and angular momentum (L),
measured for unit mass of a test particle as

. E
i= (13)

-2 2’
7 (555) +7-]
¢ = L (14)
- -1 2 4,
e () + -] 0+ )7

For convenience, we define two quantities as

LAV

(1 n 2"—r) — 1L (16)

The geodesics of test particles are constrained by the equation
02 [—i2 + (?2 +f2¢'s2)] — k. 17)

One can obtain timelike and null geodesics for k = —1
and k = 0 respectively with metric signature (— + ++). On
substituting Eqgs. (13) and (14) into constraint Eq. (17), the
radial equation for geodesics in the specified spacetime is

derived as
29 2 2
r E 1 L

Ot —=—"— - —[—k®*+ —— ). 18
2 2 2 < ta n4> (18)

The radial motion of the test particle on geodesics represented
by Eq. (18) is considered to be motion of a particle (with
energy E2/2) in the context of Newtonian mechanics moving
in the effective potential V,r. Therefore one can identify the
above equation as a Newtonian central force problem which
reads

o

7 =E — Ve (r). (19)

The derivative of Eq. (19) with respect to affine parameter t
gives

F=—=V (). (20)

Here and throughout the work, (") denotes differentiation
w.r.t. radial coordinate. Further, we are looking for Lya-
punov stability analysis of geodesics by transforming the
one-dimensional radial Eq. (20) to a first order differential
equation system in ¥ — p phase-space as follows

F=p.p=—V@. 1)
Hence Eq. ((19)) reduces to the following form
2

% + Vogs (7)) = E. (22)

Now we consider a vector field for the system of Eqgs. (21)
in order to linearize the above Eq. (22) as

FG.p) = (p. V@) (23)
At any point (7, p), one can find the Jacobian matrix of F as

J:E)F(f,p):[ 0 1]

b 24
aq — V() 0 24)

where, ¢ is a generalized coordinate. The characteristic equa-
tion |J — Al| = 0 yields the eigenvalues of Jacobian J as
follows

o= -V (). (25)

@ Springer
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Assuming a equilibrium point or a fixed point (7, 0), the
V) f (7o) vanishes, and for which Ve’}f (7o) # 0. We can char-
acterize the fixed point (7, 0) as a saddle point correspond-
ing to V’ / (ro) < 0 for which A is real and a possible center
correspondlng to V), f(ro) > 0 for which A is imaginary. In
other words, we can say that when the potential has a local
maximum at ro then (7o, 0) is said to be a saddle point, and
when the potential has local minimum at 7y then (79, 0) is
said to be a possible center. In particular, the energy function
(22) can be interpreted as a Lyapunov function E(F, p). The
other required condition on the Lyapunov function is that
there should be a local minimum of E at the fixed point for
which the Hessian matrix can be written as [35]

H, = CEGP) _ [Ve’}f(’) 0]

26
arap 0 1 (26)

Indeed, the fixed point (79, 0) can be identified as a
possible center as the above matrix is positive definite for
Ve’j"f (ro) > 0. Therefore, the Lyapunov function has a local
minimum at that point. Interestingly, the fixed point (7, 0)
is Lyapunov stable for V if (7o) > 0 and Lyapunov unstable
for V (ro) < 0.

In order to classify the possible orbits of test particles
around TWH spacetime, we need two coordinate transforma-
tions (see [20] for details) by introducing a radial coordinates
as follows

N |
X=-+z, (27)
n 2
and then transform x by
Fe o )
r=—.
2%

The new radial coordinate 7 € [0, 1] and the location of
the throat of TWH is then given by [20]

Fr = - ! — . (29)
VIGE=D/(y + DI +1
On substituting the scaled quantities yy = y4/y_ and
= L/ny- with transformation Egs. (27) and (28) into
Verr (ie. Eq. (19)), the effective potential in terms of the
new radial coordinate 7 takes the following form

Vepr (F) = 2L%72(1 — 7)% — g[y]r(Zf -1 =17 (30)

Hence the effective potential for TWH spacetime, confor-
mally coupled to massless scalar field, has a centrifugal part
and a gravitational part represented by the first and second
terms of the above equation respectively.

2.1 Lyapunov stability of timelike circular orbits

In this section, we analyse the stability of timelike circular
geodesics. Considering k = —1, Eq. (30) leads to the effec-

@ Springer

tive potential for the case of timelike geodesics as

Vi) =207 (1 - )% + %[y]r(Zf -1 —17% (31)
Willenborg et al. [20] has already investigated and classi-
fied the types of orbits in the background of the TWH geom-
etry, supported by a massless conformally coupled scalar
field, via illustrating the effective potential. For timelike case,
depending upon the various values of the angular momen-
tum L and TWH parameter Y. (see Fig. 1 of ref. [20] for
the dependency of characteristic values of L on y3.), we have
depicted four different types of effective potential V ff ()
in Fig. 1. The two characteristic values of angular momen-
tum namely critical angular momentum L¢ and Lg which
obeys fo(;q, Ls) > VT (y+, 0) for timelike geodesics
were introduced in [20]. On this basis, four different cases
arise for timelike geodesics and the orbits are classified in
terms of the nature of the effective potential as follows:

Casel: when L < L¢i.e. L = 2.2, only transit and escape
orbits are found as the potential decreases monotonically.

Case II: when L = I:c ie. L = 2.5, the unstable circu-
lar, transit and escape orbits may exist because the potential
consists a double zero in allowed range of 7.

Case III: when Le < L < Lgie. L = 2.8, the bound
orbits may also be found due to minimum of effective poten-
tial, and unstable circular orbits exist due to the maximum of
effective potential.

Case IV: when L > LS ie L = 3.3, the bound and unsta-
ble circular orbits are found along with other orbits because
the maximum of potential becomes larger than V, f / 7 =0).

To determine the fixed pomts of the timelike effective

potential, let us take (Ve iF (r)) = 0 and obtain these points
shown in Table 1. Since in case of our spacetime metric, the
radial coordinate 7 € [0, 1], therefore only the fixed point
(o, 0) within this range need to be considered.

The eigenvalues of the Jacobian matrix for the timelike
case are given by

"

A=+ — (Vefﬁf.(r}))) . (32)

Further, by performing the Lyapunov stability criteria, the
classification of fixed points (ro, 0) for each case are pre-
sented in Table 2. For the cases L < L¢ and L = L¢, no
fixed point belongs in the range [0, 1] which reveals that the
circular orbits (stable or unstable) do not exist in this range.
However, for Lc < L < Lg, the fixed point (0.163923, 0)
is Lyapunov stable as the corresponding eigenvalue is imagi-
nary while fixed point (0.330947, 0) is Lyapunov unstable as
the corresponding eigenvalue is real. On the other hand, for
L > Lg, the fixed point (0.0982812, 0) is Lyapunov stable as
the corresponding eigenvalue is imaginary and (0.397913, 0)
is Lyapunov unstable as corresponding eigenvalue is real.
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Fig. 1 Variation of effective potential Vgc 3 (r) for timelike geodesics as a function of radial coordinate 7 for different values of angular momentum
al=22bL=25¢L=28andd L = 3.3. Here we fix the TWH parameter . to 0.9

Table 1 Fixed points (9, 0) of
VeT (r) for timelike geodesics
for different cases with

Vi = 0.9

Table 2 Lyapunov stability of
fixed points (rp, 0) for different
cases in timelike geodesics

L < L¢ Z:ZC Zc<Z§I:S L>Lg
0.246096 + 0.164556 i 0.246865 + 0.083853 i 0.163923 0.0982812
0.246096 — 0.164556 i 0.246865 — 0.083853 i 0.330947 0.397913
1.00781 1.00627 1.00513 1.00381
"
Case Fixed point (79, 0) (v; . (r},)) Ar Lyapunov stability
Le<L<Lg 0.163923 8.81225 Imaginary Lyapunov stable
0.330947 —7.06259 Real Lyapunov unstable
L>Lg 0.0982812 23.6378 Imaginary Lyapunov stable
0.397913 —15.8162 Real Lyapunov unstable

@ Springer
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Fig. 2 The phase portrait in # — p plane for four different cases of angular momentum L for timelike geodesics with parameter y5. = 0.9.

A circular orbit exists corresponding to each fixed point of
the effective potential for timelike as well as null geodesics.
Furthermore, one can also differentiate the circular orbits at
fixed points as saddle point (which is Lyapunov unstable)
and stable center (which is Lyapunov stable) by visualizing
the phase portrait. The phase portrait in 7 — p plane for stable
and unstable timelike circular orbits are shown in Fig. 2. It
is observed that

Case I (L < L¢): as shown in Fig. 2a, the stable or unsta-
ble circular orbits are not found because no fixed point exists
within range [0, 1].

Casell (L = L¢):itis clearly shown in Fig. 2b, that stable
or unstable circular orbits are not found as no fixed point lies
within range [0, 1].

Case 111 (ZC <L < is): from the corresponding phase
portrait presented in Fig. 2¢, we observe that the circular orbit

@ Springer

at fixed point (0.163923, 0) is a stable center, while another
circular orbit at fixed point (0.330947, 0) is an unstable sad-
dle point.

Case IV (Z > I:S): from Fig. 2d, one can notice that the
circular orbit at fixed point (0.163923, 0) is a stable center
while another circular orbit at fixed point (0.330947, 0) is an
unstable saddle point.

2.2 Lyapunov stability of null circular orbits
From Eq. (30), if £ = 0 is taken into account, the effective

potential for null circular geodesics that contains only the
centrifugal part is expressed as

V(R = 2077 (1 — 7). (33)
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Fig. 3 a Variation of the effective potential Vel}’-f for null geodesics

as a function of radial coordinate 7 for different values of L. b The
phase portrait in 7 — p plane with angular momentum L = 3.3 for null
geodesics

It is straight forward to note that the effective potential
depends only on angular momentum L and is independent of
the parameter y i.e. the effect of TWH parameter is insignif-
icant. The behavior of the effective potential ng}/f versus
7 presented in Fig. 3a, shows that the height of the poten-
tial depends on the size of the angular momentum L. In the
asymptotic regions i.e. 7 = 0, 1, the potential Vej}/f vanishes
and possesses a maximum at 7 = 0.5. Hence, the types of
orbits are likely to be transit and escape orbits along with
unstable circular orbits for the nu}l case.

By using the condition (Vel}/f) = 0, we have determined

the fixed point (¥, 0) for null circular geodesics as (0, 0),

(0.5, 0) and (1, 0). The Jacobian matrix for null geodesics is
thus obtained giving eigenvalues corresponding to each fixed
point as

=+ /- (V) (34)

The Lyapunov stability of each fixed point for the fixed
value of angular momentum L = 3.3 s visualised in Table 3.
The fixed point (0.5, 0) is Lyapunov unstable as eigenvalues
at this point is real while the other two points are Lyapunov
stable as eigenvalues at these point are imaginary. Besides,
we have visualized the phase-portrait in Fig. 3b in order to
decide whether the circular orbits at fixed points are stable
center or a saddle point. Nevertheless, the radial coordinate 7
can vary from 0 to 1, and fixed asymptotic points (0, 0) and
(1, 0) are not considered for corresponding circular orbits
to be stable center. Clearly, it is observed from the phase
portrait that the circular orbit at only the fixed point (0.5, 0)
is an unstable saddle point. Consequently, it can noticed that
no stable circular orbits exist in the range 0 < 7 < 1 and an
unstable circular orbit of photons (lightlike particle) exists
only at 7 = 0.5.

3 Conclusion

We have explored the Lyapunov stability analysis of circu-
lar orbits in gravitational field of a TWH geometry, con-
formally coupled to a massless scalar field, which is intro-
duced by a“new improved stress-energy tensor’. Instead
of the NEC violation, such WH geometry stay with GR
describes gravity without any exotic type of matter distri-
bution. Subsequently, we investigated the stability of both
particle (timelike) and photon (null) orbits in detail. Based
on our study, we have differentiated the fixed points accord-
ing to their Lyapunov stability of effective potential for both
timelike and null geodesics. For timelike geodesics, on clas-
sifying the the four different types of effective potentials
(in view of conditions to angular momentum Z), there are
no fixed points obtained in the range of radial coordinate
0 <7 < 1 for the cases L < EC and [ = Zc. However, for
I:c <L < is, we found (0.163923, 0) as a Lyapunov stable
pointand (0.0.330947, 0) as a Lyapunov unstable point. Also
in the case of L > Ly, the fixed points (0.0982812, 0) and
(0.397913, 0) are found to be Lyapunov stable and unsta-
ble respectively. Indeed, each fixed point of the effective
potential is referred as a circular orbit of a particle about
the origin. Further, by visualizing the corresponding (¥ — p)
phase-portrait, we observed that the timelike circular orbit at
every fixed point is either a stable center or an unstable sad-
dle point (visualized in the corresponding phase-space dia-
grams). Turning to lightlike particles (photons), by deducing
the effective potential, the fixed points (0, 0) and (1, 0) are

@ Springer
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Table 3 Lyapunov stability of

"
fixed points (7, 0) for angular Fixed point (%, 0) (Vel}lf (V;)) AN Lyapunov stability
momentum L = 3.3 in null
geodesics 0,0) 43.56 Imaginary Lyapunov stable
0.5,0) —21.78 Real Lyapunov unstable
(1,0) 43.56 Imaginary Lyapunov stable
identified as Lyapunov stable while only one point (0.5, 0) is 8. T. Ohgami, N. Sakai, Wormhole shadows. Phys. Rev. D 91(12),

found to be Lyapunov unstable. The phase-portrait regarding
null geodesics also revealed that the null circular orbit at the
Lyapunov unstable fixed point (i.e. 0.5, 0) is obtained as a
saddle point. As a consequence, we note that stable circular
orbits do not exist for the case of null geodesics.
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