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In gauge-Higgs unification (GHU), gauge symmetry is dynamically broken by an
Aharonov-Bohm (AB) phase, 6y, in the fifth dimension. We analyze SU(2) GHU with
an SU(2) doublet fermion in the flat M* x (S'/Z,) spacetime and in the Randall-Sundrum
(RS) warped space. With orbifold boundary conditions the U(1) part of gauge symmetry
remains unbroken at 67 = 0 and 7. The fermion multiplet has chiral zero modes at 6 =
0, which become massive at 0y = 7. In other words, chiral fermions are transformed to
vector-like fermions by the AB phase 6 5. The chiral anomaly at 6 ; = 0 continuously varies
as 0y, and vanishes at 0 y = . We demonstrate this intriguing phenomenon in the RS space
in which no level crossing occurs in the mass spectrum and everything varies smoothly. The
flat spacetime limit is singular as the anti-de Sitter curvature of the RS space diminishes,
and reproduces the result in the flat spacetime. Anomalies appear for various combinations
of Kaluza—Klein excitation modes of gauge fields as well. Although the magnitude of the
anomalies depends on 64 and the warp factor of the RS space, it does not depend on the
bulk mass parameter of the fermion field controlling its mass and wave function at general

Subject Index BO00, B06, B31, B40, B43

1. Introduction

In gauge-Higgs unification (GHU), gauge symmetry is dynamically broken by an Aharonov—
Bohm (AB) phase, 6, in the fifth dimension [1-7]. In the analysis of the finite-temperature
behavior of the grand unified theory inspired SO(5) x U(1)y x SU(3)c GHU models in the
Randall-Sundrum (RS) warped space, it has been observed that chiral quarks and leptons at 6
= ( are transformed to vector-like fermions at 6 y = 7 [8]. As 6 5 varies from 0 to 7, SU(2); x
U(l)y x SU(3)¢ gauge symmetry is smoothly converted to SU(2)z x U(1)y x SU(3)¢ gauge
symmetry. Chiral fermions appearing as zero modes of fermion multiplets in the spinor repre-
sentation of SO(5) at 6 5 = 0 become massive fermions having vector-like gauge couplings at
9[_[ =T7.

In general, chiral fermions in four dimensions give rise to chiral anomalies [9—12]. What would
be the fate of those anomalies if fermions are converted to massive vector-like fermions at 6 4
= 7?7 Do anomalies disappear as 6 iz changes from 0 to 7? How can it happen? These are the
questions and issues addressed in this paper.
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To keep the arguments clear, we analyze SU(2) GHU with an SU(2) doublet fermion both in
the flat M* x (S'/Z,) spacetime and in the RS warped space with orbifold boundary conditions
breaking SU(2) to U(1). We shall see that U(1) gauge symmetry survives at 6 = 0 and 7, and
that the fermion multiplet has chiral zero modes at 6 ;7 = 0 which become massive at 6 7 = . We
determine four-dimensional (4D) couplings of all Kaluza—Klein (KK) modes of gauge fields
and fermion fields at general 6z, and evaluate triangle chiral anomalies.

In the flat M* x (S'/Z,) spacetime all gauge couplings are determined analytically, but the
mass spectrum of gauge and fermion fields exhibits level crossing as 0 g varies. In the RS space-
time no level crossing occurs in the spectrum, and gauge couplings are evaluated numerically.
It will be seen that 4D gauge couplings of fermions in the RS space smoothly change with 6,
and that the chiral anomaly associated with the zero mode of gauge fields at 6 5 = 0 smoothly
varies and vanishes at 6 ; = 7. The flat-space limit gives singular behavior of the anomaly as
a function of 6y, reproducing the analytical result in the flat spacetime. We will also see that
anomalies appear in various combinations of KK modes of gauge fields.

In Sect. 2 SU(2) GHU models are introduced in both the flat M* x (S'/Z,) spacetime and in
the RS space. As functions of the AB phase 6y the mass spectra of the KK modes of gauge
and fermion fields are obtained. It will be seen that no level crossing occurs in the spectrum in
the RS space. In Sect. 3 gauge couplings and anomalies are evaluated in the flat M* x (S'/Z,)
spacetime. In Sect. 4 gauge couplings and anomalies are evaluated in the RS space. It is shown
that the magnitudes of anomalies smoothly change with 6. The dependence of those anoma-
lies on the warp factor z; of the RS space and the bulk mass parameter ¢ of fermion fields is
also investigated. It is seen that the flat space limit z; — 1 of anomalies is singular. It is also
seen by numerical evaluation that the magnitude of anomalies does not depend on the bulk
mass parameter c. Section 5 is devoted to a summary and discussion.

2. SUR) GHU models
The action in SU(2) GHU in the flat M* x (S'/Z,) spacetime with coordinate x™ (M =0, 1, 2,
3,5, x> = y)is given by

L
Iﬂat = /d4xf dyﬁﬂat,
0
1

Litat = _ETrFMNFMN+EVMDM\IJ+F;/MDM\1/, (1)
where Eﬂat(xuv J’) = ‘Cﬂat(x'u’ _J’) = Eﬂat(xuv Y + 2L) Herea

Fyy = 0y An — ONAn — iga[Am, AN],

with 4, = % ZZ:I A4, 7¢, where the t¢ are Pauli matrices. We have introduced two types of
SU(2)doublet fermions W, W' with D, = 0, — ig4A ;. The metricis nyy = diag(—1,1,1,1, 1)
and W = iWTy? Orbifold boundary conditions are given, with (o, y1) = (0, L), by

A A 1
(A’y‘>(x,yj -y = Pj<_/’;y)(x,yj + )P,
V(x,y;—y) = PjVS‘I’(X, yi+¥),
W (x,y—y) =1 Py W (x, p;+ ),
PO = P] = T3. (2)
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The SU(2) symmetry is broken to U(1) by the boundary conditions in Eq. (2). 4, and 4> are
parity even at both yy and y;, and have constant zero modes. Let us denote doublet fields as W
=(u,d) and V' = (', d')". ug and d; are parity even at both y, and y;, and have zero modes,
leading to chiral structure.

The KK expansions of gauge fields around the configuration A4,; = 0 are given, with L =
R, by

[2 & ny
1,2 _ 2 1,2 (n) ;
AM (X,y)— ﬁ IAI‘“ n(X) SIHE,
n—=
1 2 = ny
3 _ 3(0) 3(n) -~
A, (x, ) = —«/JT_RAM (x)-i—,/nR nE] A, (x) cos R’
412 1 41:20) /2 Zoo 412 ny
y (xay) - \/ﬁ y (x)+ JTR — y (x) COSEa

[2 & ny
3 _ § 3(n) i
Ay(x, y) = j'[_R — Ay (X) S ? (3)

The gauge coupling of the 4D U(1) gauge fields Ai(o)(x) is given by
_ &4
84 = ﬁ .
The zero modes A;’z(o) may develop a nonvanishing expectation value, which leads to an AB
phase 0 iy along the fifth dimension. Without loss of generality one may assume that (A}l, Oy =0,
Then

4)

2L

. Oy sind
dy (A =7 = [ SO SRUH) g L (20). (5)
—sin @y cosOy 7

Pexp {ig A
0
The AB phase 0 4 is a physical quantity. It couples to fields, affecting their mass spectrum. It will
be shown shortly that the mode expansions in Eq. (3) do not correspond to mass eigenstates
for 6 # 0 and need to be improved.
One can change the value of 64 by a gauge transformation, which also alters boundary con-

ditions. Consider a large gauge transformation given by

Ay = QA9 ' + gLAQaMsz—l, =, ¥V=qu,
[ y
Q = exp (Ee(y)r2>, 60 =6 (1 - Z)’ (6)

under which 65 = 0 and the boundary condition matrices become

5 _ ~ cosfy —sinfy ~ 3
P.=Q@»,—y)P;Q ' (y; , Py = ; , P =1 7
J (y.l ») J (J’./ +) 0 (_ $in 0 — cos 9H> 1=7 @)

Although the AB phase 6 vanishes, the boundary conditions become nontrivial; the physics
remains the same. This gauge is called the twisted gauge [13,14].

In the twisted gauge 0y = 0, so that fields satisfy free equations. The boundary condition at
y = L remains the same as in the original gauge so that mode functions take the form

P=+4: GC(y)=cosi(y—L),
P=—: S,(y)=sinA(y—L). (8)
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Aty =0, /NIL and /Nli intertwine with each other. Their general eigenmodes can be written in

the form
A\ (eSO o
-
Note that
AL\ [ cosO(y) sinb(y)) (4], 10
A \=sinf(y) coso(») )\ 43 ) (19)

Hence, the boundary conditions at y = 0, which may be expressed as AL(x, 0) =0 and
(8Ai/8y)(x, 0) = 0, lead to the condition

cuS;.(0) sgG(0)) [ _0 (11)
—spS5(0) cnCi(0) J\ B ’
where ¢y = cos 0 and sy = sin 6. The eigenvalues A must satisfy ¢7,5; C; + S%ICAS“},:O =0,
or
sin? A R — sin® 6y = 0, (12)

which leads to the spectrum for A: {R™'(n £ 0y /) > 0; n : integers)}. Zero (A = 0) modes ap-
pear for sin 6 = 0. The coefficients o and 8 for each mode are determined by Eq. (11) as well.
KK expansions for /]L, and /]i are expressed in the form

. [y
() £ s [*15 )

] = 2 Bl
A (x, ) VAR | [% ~00)]

n=—00o

The mass of the ij” (x) mode is m,(0y) = R~ |n+ 97” |. In flat space the KK expansion takes
a simpler form in the original gauge:

AL(x, ¥) _ > - 1 SinE
(Ai(x, y)) = n;m B! (x)—m o . (14)

The field Ai(x, ») is not affected by 6, whose KK expansion is given by that in Eq. (3).
The fermion field W in the twisted gauge,

= fu) [ cos 1o(y) siniom)\ (u
V= <d~> - (— sinzéé@) cos 2%9()/)) (d)’ (15)

satisfies free equations in the bulk region 0 < y < L and the original boundary condition at y
= L, so that its eigenmode takes the form

R _ [«rCi(¥)
(ciR) (x,y)= (ﬁR&(V))fA'R(x)’

ur, | arSi(y)
(JL) (x,y)= (—,BLC,\(y)>fA’L(x)’
"0, fo. r(X) = L[ L(X), "9, fi.L(x) = L fir(X), (16)
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where 0" = (I, 6)and 6" = (=1, &). It follows from the equations of motion in the bulk that
(g, Br) = (@, Br). The boundary conditions (dug/dy)(x, 0) = 0 and dr(x, 0) = 0 lead to

%HC)/»(O) EI_—ISA/(O) or) _ 0. (17
CHC)L(O) _SHS)\(O) Br
where ¢y = cos %QH and §y = sin %QH. The eigenvalues A must satisfy
sin? A R — sin’ %GH =0, (18)

which leads to the spectrum for A: {R™'(n £ 6y /27) > 0; n : integers)}. Zero (A = 0) modes
appear for sin %GH = 0. The coefficients a g and B for each mode are determined by Eq. (17).
The KK expansion for W is given by

ny _ Lg
(ﬁNR(x, y)) _ i %(gn)(x); COS[ 2 (V)]
dr(x,y) =00 VIR | T |
Sin I:E - %00})]
Vo
) . sin | — — -90’)]
ML(X, y)> B Z ) 1 |:R 2
~ = wL (X)— ' (9
(dL(X, y) n=—00 \/JT_R — COS [% - %9()/)]

1//,({’) and ¢ 2”) combine to form the v (x) mode, whose mass is given by m,(9y) = R~ \n + g—g )
In the original gauge the KK expansion takes the form

ny
ur(x,y) = ) 1 o8 R
( Al y)> = nzzw Vi ()= |
. ny
ur(x, ) - (n) 1 o R
’ = "(X)— . 20
(dL(x’ y)) n;oo e VAR _cos >
R

The KK expansion for the fermion field W' is found in a similar manner. The spectrum is
determined, instead of Eq. (18), by

sin® A R — cos® 16y = 0, (21)

leading to the spectrum for A: {R~'(n + % + 6y /2m) > 0; n:integers)}. The KK expansion be-
comes

R )\ _ ey ] R
(%(x,y))_ 2V 7R |

n=-00 Ksm

W (5, 9\ o eth 1 R
(o)-Srodel Ay @
R

o0 K— Ccos
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Spectrum in flat space
m(6y)/mgk
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Fig. 1. The mass spectrum of gauge fields B{” and fermion fields ¢ in flat M* x (S'/Z,) spacetime.
Level crossings in the spectrum are seen.

4
Vr

On
27 1°

The spectrum of B and ¥ modes is depicted in Fig. I in the range 0 < 6y < 27. The
spectrum of ¥’ #+2) modes is obtained from that of ¥ modes by shifting 6 by 7. The KK
mass scale is mgx = 1/R in flat space. The spectrum of B, modes has periodicity with period
7, whereas the spectrum of ¥ and ¥ modes has periodicity with period 2. In flat space the

1 1
"3 and w/L(”J”) combine to form the ¥’ "+>)(x) mode with mass My 1 (On) = Rl n+1+

level crossing occurs at 8y = 0, %n, T, %n for B,,and at 0y = 0,  for  and v
Next, we examine SU(2) GHU in the RS space whose metric is given by [15]

ds* = e_z"(y)nwdx"dx” + dy?, (23)

where 7, =diag(— 1, +1,+1,+1),0(y) =0(y +2L)=0(—y),and o(y) =kyfor0 <y < L.
It has the same topology as M* x (S'/Z,). In the fundamental region 0 < y < L the metric can
be written, in terms of the conformal coordinate z = ¢, as

ds* = l( dx'dx" + d—22> (1 <z<zp=¢eb) (24)
- Zz nMV kz — = <L — .

zr is called the warp factor of the RS space. The action in RS is

Irs = /dsxv —det G Lgs,
1 MN N1 NTL / /
Lrs = —ETI'FMNF + \IJD(C)\IJ + v D(C W,

1
D(c) = VAeAM<DM + gomscly”, VC]> —ck forl<z<z. (25)

Note that Lrs(x*, y) = Lrs(x*, —y) = Lrs(x*, y + 2L). The fields 4, ¥, and ¥’ satisfy the
same boundary conditions, Eq. (2), as in the flat space. The dimensionless bulk mass parameter
¢ in D(c) controls the mass and wave function of the fermion fields. The KK mass scale is given
by

wk
Z] — 1 ’

mgx = (26)

which becomes 1/R in the flat spacetime limit £ — 0.
In the KK expansion 4%(x,z) = k=12 )" A% (x)h,(z), and the zero mode A2 has a wave

function hy(z) = ,/2/(z5 — 1) z. In the y-coordinate Ai(o) has a wave function vo(y) = ke’ hy(z)
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Spectrum in RS, z,=10
m(6y)/myk
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Fig. 2. The mass spectrum of gauge fields ZL”) and fermion fields x ™ in the RS warped space. The warp

factoris z; = 10, and the bulk mass parameter of W is ¢ = 0.25. There is no level crossing in the spectrum.

for 0 <y < L, and vo( — ) = vo(y) = vo(y + 2L). The AB phase 6 in Eq. (5) becomes

(42 1 2k
SR e ) -

The twisted gauge [13,14], in which 85 = 0, is related to the original gauge by a large gauge
transformation:
2

0(~\+2 2 Zi — Z
Q(z) = 9OT/2, 0(z) = Ou — . (28)
z7 — 1
In the y-coordinate it is written as
L 2
2 = exp i | 5 [ dywin- T} 29)
z;—1J, 2

The boundary conditions in the twisted gauge are given by Eq. (7).
With the boundary conditions at z = z;, eigenmodes of /]}L and /Nli are given in the form

Al _ [aSE MY o)

where S(z; A) and C(z; 1) are expressed in terms of Bessel functions and are given by Eq. (A1).
The boundary conditions at z = 1 lead to a condition obtained from Eq. (11) by substituting
S,(0), C,.(0), etc. by S(1; 1), C(1; 1), etc. As (CS — SC)(z; ) = Az, the spectrum is determined
by

SC'(1; A) + Ay sin® 6y = 0. (31)

The corresponding mass is m,, = kX,,.. We label {1, } from the bottom such that 1o(0 ) < A1(0 )
< M (0p) < ---. There is no level crossing. The spectrum is periodic with period 7, and is dis-
played in Fig. 2.

For a fermion field W(x, z) it is most convenient to express its KK expansion for W(x, z) =
z72W(x, z). Note that the Neumann boundary conditions at z = (zg, z1) = (1, z1), corresponding
to even parity, for left- and right-handed components are given by

v y d ¢
D+(C)\IJL|ZJ_ = 0, D_(C)\I/R|Zj = 0, Di(C) = :I:E + Z (32)
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In the twisted gauge W satisfies free equations in the bulk. With the boundary conditions at z
= z;, the eigenmodes of W are written in the form

IR _ [arCr(z; 2, ©) LZL _ [erSLzi A, 0)
(d’,) (n2) = (ﬁRSR(z; A, c))f LR (), (JL) bos) = (ﬂLCL(z; A, c))f nil 63)

where the functions Cg/; and Sy, are given in Eq. (A4). It follows from the equations of motion
that («g, Br) = (@z, B1). The boundary conditions at z = 1, D_uig = 0 and dr = 0, lead to

(chR(l) enSr(1) ) (aR> o G
cuSp(l) =5y Cr(1) ) \ Br
where Cg(1) = Cgr(1; A, ¢), etc., and the relation D_(¢)(Cg, Sg) = A(S, Cr) has been used. As
CrCgr — Sp.Sgr = 1, the spectrum is determined by

S1Sr(1; A, €) +sin® 305 = 0. (35)
The corresponding mass is n2,, = kA,,. As in the case of the gauge field, we label {A,} from the
bottom such that Ao(6y) < A1(0@y) < A2(0y) < ---. There is no level crossing. The spectrum is
periodic with period 27, and is displayed in Fig. 2.

Formulas for a fermion field " are obtained in a similar manner. With the boundary con-
ditions at z = z;, the eigenmodes of ¥’ are written in the form of Eq. (33). The boundary
conditions at z = 1 imply that 7, = 0 and D_ d, = 0, so that the spectrum-determining equa-
tion becomes

SLSR(1; hpy ') + cos* 10 = 0. (36)
Massless modes appear at 0y = 7.

In Fig. 2 the mass spectrum of gauge fields Z(") and fermion fields x® in RS is depicted. A
distinct feature is that no level crossing occurs in the RS warped space. As the AB phase varies,
the massless gauge fields ZLO) at 0 ; = 0 smoothly change to become massless gauge fields at 6
= 7. The massless mode x? at 8 = 0, on the other hand, becomes massive at 6 ; = . Chiral
fermions are transformed to vector-like fermions by an AB phase. We confirm this in Sect. 4
by showing how gauge couplings change with 6. We also stress that the spectrum in the RS
space in Fig. 2 converges to the spectrum in M* x (S'/Z5) in Fig. 1 in the limit k — 0 (z; — 1).

3. Anomaly flow in M* x (S'12>)
Four-dimensional gauge couplings of fermion fields in flat M* x (S'/Z,) spacetime are obtained
by inserting the KK expansions for 47, and ¥ into —ig4 [d*xdy ¥yM Ay and integrating
over y. Itis most convenient to evaluate the couplings in the original gauge as the wave functions
of KK modes do not depend on 6 4 in the flat spacetime.

The spectrum and KK expans1on of A .(x, y) are not affected by 6, and therefore

_ g4
2 Jo

:_ ig4 Z 420 Z { 0f = “1//”") R€+nT ”WR
{=—00

W 01 Mw@rn _i_l//(JrnT ”Vfg)}- 37)

Here, 0#* = (I, 0) and 6" = (—1, &). All of the A,ZL(") couplings do not depend on 6 in the
above basis. Note that the zero modes 120) and ¢ £0) have chiral structure in Eq. (20).

dyAi{u;c'r“dR — uTLo“dL — d;z&“uR + dZo“uL}
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The couplings of the Bﬁ” modes are evaluated similarly. By inserting the KK expansions in
Egs. (14) and (20), one finds

. L
—lgTA dy {AL(ﬁy“d + dy*u) + Ai(ﬁy“u — dy“d)}
0
_ & i i { (n— €>T5uw<i>+v/(n%ﬁau1//<l>}
2 £ R L L
S

U= Syt (38)

“M8

In the B basis the couplings B! v/ m> Tw » and B<”>w w take a simple form: 3g4 8, -+

At 6y = 0 the n = 0 mode of BH is the massless gauge field of the unbroken U(1). It has
axial-vector couplings Y g0 ¥ 9 iy y#y . The coupling to the £ = 0 modes leads to a
triangle chiral anomaly of three Bff) legs with an anomaly coefficient (g4/2)3(1 + 1), reflecting
the chiral structure of ugg) and déo). Note that off-diagonal couplings do not contribute to this
anomaly. At 6y = the Bl(;” mode becomes the massless gauge field of the unbroken U(1). It
has axial-vector couplings Y 5o (=D i3y (© No chiral anomaly arises associated with
the three B, " legs.

To investigate the structure of the anomalies let us write the B, couplings as

EY 2 2 B sk uk T + sk vl o u?) (39)

Nn=—00 M=—00 {=—00
, sk =5k =8, . The anomaly coefficients associated with the

three legs of B{') B! B!" are given by
buynyny = bR + bt

where, in the current case, §

ninyn3 ninyns?
R R QR QR R __ JR
bnlnznz Tr Sn1 SnzSng’ (Sn )mg - SnmE’
L L oL oL L _ L
bn1n2n3 Tr Snl Snz Sn3 ’ (Sn )m( - snmé‘ (40)

It follows that
2 for n; + ny + ny = even,

41
0 forny + ny, + n3; = odd. 4

bn1112n3 =

Note that b1, bago, b211, ... = 2 # 0. Anomalies arise even for massive KK excited gauge
bosons in external legs. Triangle diagrams, for instance, in which fermions ¥‘¥, ¥ and
YO (M, D and (V) are running contribute to bg; (bago) in perturbation theory. The
divergence of the current J{" associated with B{’ has anomalous terms proportional to
> e bume €77 ESVELD where E) = 8, B{™ — 9, B}

In the B, basis by, s, 18 6 g-independent. The anomaly does not seem to flow with 6 in the
flat space. However, the level crossing in the spectrum occurs in the flat space. The Bff” mode
corresponds to the lowest mode for 0 < 0y < %rr, but becomes the first excited KK mode for
%n < 0y < . In the RS space there is no level crossing. The lowest gauge field mode remains
as the lowest mode for any value of 6. When the anti-de Sitter curvature of the RS space
is very small, namely for k < mgyg, the anomaly associated with the three legs of the lowest
gauge field must approach b, with n = —1 (namely zero) for %TL’ < 0y < m. In other words
the anomaly must flow from 2 to 0 as 6 5 varies from 0 to 7. We see in the next section how this
happens.
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The contributions of the ¥’ field to anomalies are evaluated in a similar manner. With the
KK expansion in Eq. (22), the B,, couplings are given by

g4Z Z Z {g retligugert) | gr e >*o“w;<“5>}, (42)

—00 M=—00 {=—00

where s/

formulas similar to Eq. (40) where all the quantities are replaced by prlmed ones: by — b
R

R = sk = 8, mie+1. The anomaly coefficient associated with B n BM”22>B<”3 is given by

nme>

Seop = Snmf’ etc. One sees that
, 0 forn; +ny + ny = even,
b = 43
s {2 for n; + ny + n3 = odd. 43)
4. Anomaly flow in RS
The KK expansion of the gauge fields 4);* becomes
Al (x, 2) >
T — Jk Z(m) h,(2), 44
( s Z)> vk g G0 b (2) (44)

where the mode functions are given by

ho(z) = h§(2);

_25 ,(z)  for — %rr <0y < %n,

2@ (z2) for0 <6y <m,

hy,_1(z) = (—1)2 215—1(2) for %n <0y < %7‘[, €£=1,2,3,...);

—hS, (z) form <6y <2nm,
l_lge_l(z) for %n <0y < %T[

1z,

l_l}Z)K(Z) for — in < 6y < 3

- 2
—hf,(z) for0 <6y <m,
hyo(z) = (=) { —h},(z) for im <0y < 3m, (t=1,23,..). (45

l_lge(Z) form < 0y < 2,

l_l’z’z(z) for %n <0y < %n
Here,
o= ()
- (2)
= [ TP+ hP) for (ZE?) (46)

S and C are given in Eq. (A3). The spectrum-determining equation, Eq. (31), can be written
as CS'(1; A,) — AncoszeH 0. Aty = 0 and 7, S(1; A,,) = 0 for even n and C'(1; 1,,) = O for
odd n. At 0y = 27[ and 2 37, S(1; »,) = 0 for even n and C(1; A,,) = 0 for odd n. This is why
the connection formulas are necessary in Eq. (45). The expression hzz_ ,(2), for instance, fails

to make sense at Oy = %n as both S (z; A2¢—1) and ¢y vanish there. In deriving the connection
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formulas, we have made use of the identity

suS(z k) | _ P R T suC5 ) _CHC/(I;)‘vn)’ @7
—c C(z; An) suC(z; An) cuS(L; An) SS' (15 An)
valid at |0y4| # 0, %n, 7,... As a consequence, l_lge_l(z) = l_llz’ﬁ_l(z) for 0 <0y < %JT and
1_1‘212_1(2) = —1_1}275_ ,(2) for %n < 0y < m in Eq. (45). In the numerical evaluation of anomalies

we have used, for instance, hy_1(z) = (—1)'hg, ,(z) for —im < 0y < ., (—=1)'hS,_,(z) for
‘—ltn <0y < %n, and so on. hy(z) is periodic in 6 with period 27, whereas all other modes
h,(z) (n > 1) have period .

The mode functions of the fermion field W are found in a similar manner. In the KK expan-

sions

I’Z’NR(X’ ?) (n) 5l~L(x, z) -
(CZR(X, Z)) \/_ Z XR (X) fR}’l(Z)a (de(x’ Z)) \/_ Z XI (x) an(Z) (48)

the mode functions are given, for ¢ > 0, by

RZE(Z) for —m <0y <,

24(2) for 0 < 0y < 2m,
froe(z) = R,ze(z) form <0y < 3m, €¢=0,1,2,...);
—fﬁ’ue(z) for 2n < Oy < 4w,

fe () for3m <6y <57

f‘ Ra_1(2) for —m <Oy <,
i, (z) for0 <6y <2,

froe-1(2) = { —F4 () form <6y <3, (t=1,2,3,..) (49)
—_j‘g 2_1(2) for2m <6y < dm,

fr201(2) for 3w < 0y < 5w

and

fro(z) = i'io(z);
L2£ (z2) for —m <0y <m,
szz (z) for0 <6y < 2m,
fr20-1(2) = _L)M_l(z) form < 0y < 3w, €=1,2,3,...);
—12 ,,_1(2) for2m <6y < 4m,
_Z s_1(z) for3m <0y < 57

f‘LM(z) for —m <0y <,
2K(z) for 0 < 0y < 2m,
fr20(2) = M(Z) form < 0y < 3m, €=1,2,3,...). (50)
2z(Z) for 2w < Oy < 4,
L,%(z) for3m < 0y < 5w

Here,
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B ()= 1 [ éuCr(z; Ay, ) £ ()= b (5aCr(z; A0, ©)
Rt =2 = S\ =5uSr(z; Ay ©) ) fr S \euSr(z:d 0))
1

EHCR(Z, )\‘n, C) fd (Z) . 1 _EHéR(Z, }\,n, C)
V5 \euSr(z: Ay )]’ RS2 i\ SuSr(zid0) )
1

fo,(2) =

Ln \/}’_f; EHCL(Z; )\m C) ’ Ln f SHCL(Z )»n, C) ’
1 1 )

g _ EHSL(Z; )\ns C) od _ .STHSL(Z; )\.n, C)
(2 = 72 \ =5 Cr(z; A, C)>’ fi(2) = N (EHC’L(Z; Anc))’ Gl
wheter, = [ a4 + eGP} for (ggzi) (52)

The functions Sg /Ls S ®r/L, etc. are defined in Eq. (A6). Aty =0 the n = 0 mode is massless: A
= 0. Its wave function has chiral structure. X( ) is u- type, whereas X ) is d- -type. We show below
that the » = 0 mode becomes vector-like as 6y varies to . Aty =0, Sr(1; A, ¢) =0 for even n
whereas Sg(1; A, ¢) =0 for odd n. At 0y =7, Cg(1; A,,, ¢) = 0 for even n whereas Cr(1; A,,, ¢) =
0 for odd n. This is why the connection formulas are necessary in Egs. (49) and (50). The wave
function of the Xéo) mode, f;o(z), is periodic in 6 5 with period 4. The wave functions of all
the other modes are periodic in 6 i with period 2. The wave functions for ¢ < 0 are tabulated
in Appendix B.
The four-dimensional part of the gauge interactions for the W field is given by

24 / d*x / \p;aMA Up—Wiotd, xpL} (53)

To find the Z,(L") couplings of the fermion modes, we write

_ hn(z) _ fRn(Z) _ an(Z)
hn(z) - <kn(2)) s fRn(z) - <an(Z)> s an(Z) - (gLn(Z)) . (54)

By inserting the KK expansions in Egs. (44) and (48) into Eq. (53), the fol) couplings of the
X » fields are found to be

oo 0 XX

84 n m m
S S 20 [tk ) A0+ 1 1) ),

n=0 ¢£=0 m=0

e = VEL [ dz {1 fDen(a) + 1) fn(2)
I (f 2 fren(2) = G grn(2)) |
thy = VL [ dz (10 ) + 81421 in(2)
(1) i) = &1 gem(2) (55)
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z,=10, c=0.25
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Fig. 3. The coupling constants I&O(GH) (red) and tOLOO(GH) (green) in Eq. (55) for the warp factor z; = 10
and the bulk mass parameter ¢ = 0.25.

The anomaly coefficient associated with the three legs of ZEL”II)Z,(ZZ)Z,(L";) is given by

R L
Ayypyny = d +a

ninany ninyns’
R _ R R R R __ 4R
ammng =Tr Tm Tn2 7-;13 ’ (Tn )m[ - lnml?
L _ L LL L _ L
Dymony = Tr Tnl Tnz Tna ’ (7;1 )m[ = lyme- (56)

Unlike sfrfi in the flat space, tfn/,f is 0 y-dependent. The anomaly coefficient a,,,,, also becomes

6 y-dependent, exhibiting the anomaly flow.

Let us first examine aggo(0 g) at 6 g = 0 and 7, where the gauge field Z,(? ) becomes massless.
At Oy =0, hy(z) = 0 and ko(z) = 1/vkL. The fermion zero mode is chiral, g/, fro # 0 and
gro =fro = 0. All the other modes are vector-like: frae—1 = froe-1 = groe = gr2¢ = 0 for £ =
1,2, 3, ... It follows from the orthonormality conditions that t(fmg, Z()Lme = 0 for m # £. It is seen
that 1§, = t§o = 1 and ¢§ = —1f, = (—1)" for n > 1. Hence, ag(0) = 2, which is the same
value as bypo(0) = 2 in the flat space.

AtOy =, hy(z) = 0 and ko(z) = —1/~/kL. All of the fermion modes are vector-like: gg», =
gr20 = froep1 = froeg1 =0 for € =0, 1, 2, ... Further, (8 ,,tl: =0 form+# ¢, and —tf =
toLnn = (—1)"for n > 0. It follows that agoo(7r) = 0, which agrees with b_; _;, _1(7) = 0 in the flat
space.

The 6 y-dependence of the coupling constants t(l)f)o, tgoo and anomaly coefficients agoo, a{foo,
aoLoo is displayed in Figs. 3 and 4 for z; = 10 and ¢ = 0.25. All of them change smoothly as 6 4.
The coupling constants of the fermion zero modes are maximally chiral at 6 ; = 0, but become
purely vector-like at 6 ; = . The anomaly is exactly cancelled among the right-handed and left-
handed components at 6 7 = . We note that, for the anomaly coefficient a,,,,,,, oft-diagonal
gauge couplings tﬁf also contribute in Eq. (56). In the previous section we saw that, in the flat
space, off-diagonal gauge couplings sf,fﬁ = 8y.m+¢ are important to by, ,,,,. In the RS space the
couplings lfrflf(GH) are more involved, giving rise to the nontrivial 6 y-dependence of @,,;.

Anomalies appear for various combinations of external gauge fields. In Fig. 5 the anomalies
ari, @, apl, and agoy are displayed. In the RS space the gauge couplings of the first excited
gauge boson Z,(}) to fermions become larger. The anomaly coefficients associated with Z,(})
become larger as the warp factor z;, increases. Each coefficient has nontrivial 6 ;-dependence.

The anomaly coefficient a,,,,,,(6) depends on both the warp factor z; and the bulk mass
parameter ¢. The couplings ¢, and 7%, and the anomaly coefficients agy, ag,,, and aky, for
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z,=10, c=0.25
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Fig. 4. The anomaly coefficients ayy(60 ) (blue), a{fOO(GH) (red), and aOLOO(QH) (green) in Eq. (56) for the
warp factor z; = 10 and the bulk mass parameter ¢ = 0.25.

L _R L _R
a1, 4115 914 Q001 dgo15 Q001
1 1 1 0

T 3 H —
2 m 2 2n
2L
-0.5¢
4L

/\/"\’\/\ -1.0f
-6/_\/\/\/\ s
-8¢ -2.0}
-10¢ -2.5¢
-12 /\/\M -3.0}

L R
8222, Abg9, Ay aoozi asoozv agoz

1.0f
0.5¢

NN
w
N
N
|

-0.5¢
-1.0¢

-1.5+

Fig. 5. The anomaly coefficients a111(0 g), ao01(0 1), a222(0 1), and app2(0 ) in Eq. (56) are displayed for
the warp factor z; = 10 and the bulk mass parameter ¢ = 0.25. The blue, red, and green lines correspond
tO @pem, al, , and ak, | respectively.

ntm>
¢ =0.8 and z; = 10 are displayed in Fig. 6. The couplings of right- and left-handed fermions
exhibit large c-dependence. It is seen, however, that the total anomaly coefficient ayyo(6 ) is
independent of ¢, being universal. In the numerical evaluation of anomalies we have incorpo-
rated the contributions of fermions x ™ (n =0, ..., nymax). In Fig. 7, Adooo(0 1) = a000(0 7)e — 0.25
— a000(0 g)ec = 0.8 1s plotted with ny,x = 6, 10, and 14 for z; = 10. As ny,y 1S increased, the differ-
ence Aago(0 ) diminishes, approaching zero. The maximum of |Aagy(6 )| is about 0.000 153
at Oy = %n and %n for nmax = 14. It is expected that ago(6 ) becomes c-independent in the
nmax —> 00 limit. We stress that the c-independence of a,,,,(6 5) is highly nontrivial as the gauge
couplings z,ﬁ/,f depend on c.

For negative c the roles of left- and right-handed fermions are interchanged. In other words,

Rl =1k, andaf | =al, | . and therefore dum(01)-c = dnem(O n)e.

c’
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z,=10, c=0.8 z,=10, c=0.8
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50 \T/ 3n 27
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1
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3,]
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Fig. 6. Left: The couplings [oLoo (green) and Z(ﬁ)o (red). Right: The anomaly coefficients agyy (blue), “500
(green), and af); (red). Both plots are for z; = 10 and ¢ = 0.8. ag(6 7) shows little dependence on c.

aooo(C=o.25)—aooo(c=o.8), ZL=1 0

Aaggo
0.0010
—— Nmax=6
0.0005¢ — Nmax=10
— Nmax=14

Oy

-0.0005

Fig. 7. The dependence of the anomaly coefficient agoy(6 yy) on the bulk mass parameter c. agoo(0 ) = 0.25
— ap00(O 17)e — 0.8 for z; = 10 evaluated by taking account of fermion modes x™ (n =0, ..., fmax) fOT Mmax
= 6 (green), 10 (magenta), and 14 (blue). The result indicates that ao(6 ) becomes c-independent as
Nmax — OO.

2,=10%, ¢=0.25 2,=10%, ¢=0.25
L 4R
t500: fooo Q000, 3'600, 3500
1.0 2.0

0.5-

=X 27
-0.5f 2

-1.0

1 1
- o
o (3]
;
ois b
<
w

Fig. 8. Left: The couplings 7l (green) and £, (red). Right: The anomaly coefficients agy (blue), aly,
(green) and af, (red). Both plots are for z; = 10° and ¢ = 0.25.

The z;-dependence is investigated similarly. For large z; = eK* > 1 the qualitative behavior
does not change very much. In Fig. 8 the couplings /&, and 7%, and the anomaly coefficients
aoo, aky, and aky, for z; = 10° and ¢ = 0.25 are displayed. Compared to the case of z; = 10
and ¢ = 0.25, the behavior of the anomaly coefficients becomes milder.

The flat space limit, k/mgx = (z; — 1)/m — 0, exhibits singular behavior. In the flat space,
M* x (S'1Z,), anomaly coefficients b,,,(6 ) are constant. It implies that except at the points
of level crossings, 6y = 0, :I:%rr, 47, a,,, must approach to a constant value in the flat space
limit, and therefore must show step-function type behavior. In Fig. 9 the anomaly coefficients
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Fig. 9. The anomaly coefficients ago(0 i), a222(0 17), and ag12(0 ) with ¢ = 0.25 for z; = 1.01, 2, 10, and

10°. The flat space limit corresponds to k — 0 and z; — 1.

Table 1. The correspondence between Bff” and Z,(f) in the flat space limit.

(©) D (2) 3)

Ou Z V4

0 BO %(BU) + B %(B“) — BD) %(3@ + B2
(0’ %n’) BO B(—1 B B(—2)

%7{ %(3(—” + BO) %(BFD — B %(3(—% + B %(B(—ﬁ — B
(%7‘[, n) B(-D _ B0 B2 _ BN

T B %(B<—2> + B %(362) — B %(B<—3) + B)
(ﬂ, %n) B(—1 — B2 —BO) — B3

%7-[ %(B(—U + B72) %(3(—1) — B2) —T;(B<0) + B) %(3@ — B3)
(%n’ 2]-[) B(—2 B(—1) —_ B3 BO)

27 B(—2 %(3(71) + B) %(BFU — B %(3@ + B%)
(277, %n) B(—2 B(—3) B(—1 B(—4

a000(0 1), arn(0 ) and ag12(6 ) with ¢ = 0.25 are plotted for various values of z; . It is seen that

all of them approach to step functions with singularities at 65 = 0, %n, T or

%n aszy — 1.

At this juncture it is appropriate to look at the correspondence between Bl(j” and Z,(f’) in the
flat space limit, which can be found from the mass spectra displayed in Figs. 1 and 2, the mode
functions of B in Eq. (13), and the mode functions of Z in Eq. (45). The results for Z" (n
=0, 1, 2, 3) are tabulated in Table 1. Using the relationships in Table 1, the anomaly coefficients
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Table 2. The anomaly coefficients a,,,(6 y) due to the W field in the flat space limit. Singular behavior is
observed at 0y =0, %n, 7, and %n.

On apoo arn a ool aoptl ano2 an22 do12
0 2 0 0 0 4 0 0 0
(0, i) 2 0 0 0 2 0 2 2
In 2V2 —2V2 2V2 0 0 2V2 2V2 0
(3, 7) 0 -2 2 -2 0 2 0 0
w 0 —4y/2 0 -2V2 0 0 0 0
(.37 0 -2 -2 -2 0 -2 0 0
in 2V2 —2V2 =22 0 0 -2V2 2V2 0
(37, 27) 2 0 0 0 2 0 2 -2
2 2 0 0 0 4 0 0 0

in the flat space limit are easily found. For instance,

booo
ﬁ(booo +b_1-1-1 + 3bo—1-1 + 3boo-1)
lli_f)r(l)aooo(QH) ={b_1-1
ﬁ(b—l—pl +b g2 0+4+3b_122+3b_1_1-2)
br sy
2 for0 <0y < %n,
22 for by = %n,
=10  forim <6y < 3m, (57)
2\/5 for Oy = %77.’,
2 for %n < 0y < 2.

Some of the anomaly coefficients in the flat space limit are tabulated in Table 2.

The behavior of the anomaly coefficients for z; = 1.01 depicted in Fig. 9 is understood from
the limiting values tabulated in Table 2. In the RS space the anomaly coefficients @,,,,(6 py) vary
smoothly in 6 4. In the flat space limit, however, they exhibit singular behavior at 6 5 = 0, %rr,
,and %n. This phenomenon is tightly connected with the emergence of the level crossings in
the mass spectrum of the gauge and fermion fields at those points.

The contributions of the W' field to anomalies are evaluated in a similar manner. The spec-
trum of the W' field is given by Eq. (36). The mode functions f wn(z)and f; () are obtained from
fr(2) and f,(z) in Egs. (49) and (50) by making a shift 0 — 6 + 7. For instance, f} ,,(2) is
given by f¢,,(2) = 5, (2)loy— 4= for = < Oy < 7 and £y, (2) = =4 ,,(2) g 04 fOr ™ <
0y < 2m. As in the case of the anomaly coefficients a,,,,, coming from the W field, the anomaly
coefficients @/, , coming from the ¥’ field exhibit singular behavior in the flat space limit. Some
of the anomaly coefficients a;,,, in the flat space limit are tabulated in Table 3.

5. Summary and discussion

In this paper we have shown that chiral triangle anomalies flow smoothly in the scheme of SU(2)
GHU models in the RS space as the AB phase 04 in the fifth dimension varies. Zero modes
of SU(2) doublet fermions W have chiral gauge couplings at 6 57 = 0. Those gauge couplings
change smoothly with 6, and they become vector-like at 6 ; = 7. Although everything changes
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Table 3. The anomaly coefficients a,,,,, (9 ) due to the W' field in the flat space limit. Singular behavior is

observed at 5 =0, %71, m,and %7‘[. @, (O ) 1s related to d,en(0 i) in Table 2 by @, (On) = apem (0 + 1)
or _anim(eH + 7T)~

On 00 a ) o1 oy L Ao o1
0 0 4v2 0 2v2 0 0 0 0
(0, i) 0 2 2 2 0 2 0 0
In 2V2 2V2 2V2 0 0 2V2 2V2 0
(3. 7) 2 0 0 0 2 0 2 -2
™ 2 0 0 0 4 0 0 0
(, 37) 2 0 0 0 2 0 2 2
3w 2V2 2V2 -2V2 0 0 22 2V2 0
(37, 27) 0 2 -2 2 0 -2 0 0
2 0 42 0 2V2 0 0 0 0

smoothly in the RS space, the flat space limit becomes singular at 6 = 0, %n, 7, and %n where
the level crossings in the mass spectrum occur in the flat M* x (S'/Z,) spacetime.

The anomaly coefficients a® (0y) and ak, (6y) in the RS space depend on the warp factor
z; and the bulk mass parameter ¢ of the fermion field. We have confirmed by numerical eval-
uation that the total anomaly coefficients @, (6y) = a,’fem(GH) + a,ﬁgm(é’g) are independent of
the value of ¢. This may have profound implications for realistic GHU models in the RS space.
In the SO(5) x U(1) x SU(3) GHU [16-18], for instance, quark-lepton multiplets are intro-
duced such that all gauge anomalies are cancelled at 6 ; = 0. Each quark or lepton multiplet
has its own bulk mass parameter c. In the vacuum 6y # 0 and the electroweak symmetry is
dynamically broken. Typically, 8 ~ 0.1 and z; = 10° ~ 10'°. The gauge couplings of right-
and left-handed quarks or leptons change slightly at 85 # 0, depending on ¢. The universality
of a,m(6 ) implies that all gauge anomalies remain cancelled even at 65 # 0[19,20].

Anomalies flow by an AB phase. It is known that anomalies in four dimensions are related
to the global topology of the space through the index theorem [21,22]. It is challenging to
understand the anomaly flow by an AB phase from the viewpoint of the index theorem [23,24].
Gauge theory in the RS space or in the flat M* x (§'/Z,) spacetime can be formulated as
gauge theory on an interval (0 < y < L) in the fifth dimension with a special class of orbifold
boundary conditions at y = 0 and L. In the twisted gauge in GHU the AB phase 6 appears as
a phase parameter specifying orbifold boundary conditions. Anomalies and the index theorem
in orbifold gauge theory with nonvanishing 6 ; have not been well understood so far. The RS
space will provide a powerful tool to elucidate the anomaly flow with 64, as no level crossing
occurs in the mass spectrum and anomalies smoothly change with 6 4, quite in contrast to the
behavior in the flat space.
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Appendix A. Basis functions

Wave functions of gauge fields and fermions are expressed in terms of the following basis func-
tions. For gauge fields we introduce

C'(z: 1) = SWz21 By o0z, An),

By p(u, v) = Jo ()Y (v) — Yo (u)Jp(v),

C(zih) = SAzzLFio(hz. 420,

S(z:3) = = 3321002, A2,

§'(z:0) = =3 3%2R (02, 2,

where J, (1) and Y, (u) are Bessel functions of the first and second kind. They satisfy

2159+
C(zp; M) =z, C'(zp; A) =0,
S(zr; M) =0, S'(zp; A) = A,

CS —SC' =z

To express wave functions of KK modes of gauge fields, we make use of

S(z; 2) = No()S(z; 1),
S(z; 2) = Ni(2)S(z; 1),

C(1;
NO()") = S((l;j:;a

C'(1;))
ST

For fermion fields with a bulk mass parameter ¢, we define

C(z; 1) = No(L)~1C(z; 1),
C(z; 2) = Ni(AW)71C(z; 1),
Ni(rh) =

CL T
(SL) (z; Ay 0) = iE)M /zzp C+%’C:F%(Az, AZL),

Sr

These functions satisfy

riofii) -

CiCr—SSr=1.
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Also, Cr(z; A, —¢) =

Cr(z; A, ¢)and Sp(z; A, —¢) =

—Sk&(z; &, ¢) hold. To express wave functions

of KK modes of fermion fields, we make use of

S1(z; &, €) = No(&, ©)SL(z; 4, ©), Cr(z; &, ¢) = Nr(x, ©)Ci(z; A, ©),
Sr(z; A €) = Nr(h, )Sr(z; A, ©), Cr(z; A, ¢) = Np.(h, )Cr(z; A, ©),
Si(z; A, ¢) = Nr(h, €)1 S1(z; A, ©), Ci(z; A, ¢) = Nr(h, ¢) 'Cr(z; A, ©), (A6)
Sr(z; &, €) = Nr(h, €)' Sr(z; 4, €, Cr(z; &, ¢) = Nr(r, ¢)"'Cr(z; A, ©),
NiGn ) = lbzg, Nr(h €)= 755

Appendix B. Mode functions of fermion fields with ¢ < 0

When the bulk mass parameter ¢ of a fermion field W(x, z) is negative, the roles of right-handed
and left-handed components are interchanged compared with those of a field with positive c.
In the KK expansions in Eq. (48) the mode functions fg,(z) and f;,,(z) are given, for ¢ < 0, by

fro(z) =1

froe-1(2) =

froe(z) =

and

f700(2) =

fr20-1(2) =

730(2)§

i‘?{%—l(z)
f?z 20-1(2)
f?eze 1(2)
fRZl 1(2)
R,ze—l(Z)

for —m <0y <,
for 0 < 0y < 2,
form <0y < 37,
for 2n < Oy < 4,
for 37 < Oy < 57

for —m <0y <7,
for 0 < 0y < 2,

ffe,zz(z)
R 25(2)
flce 20(2)
R 25(2)

,24(2)

form <0y < 3m,
for 27 < Oy < 4,

for 37 < Oy < 57

215(2) for —m <0y <,

f,,(2)
Lze(z)
LZE(Z)

f7 2,(2)

for0 < 0y < 2,
form <60y < 3m,
for 27 < Oy < 4,
for 37 < Oy < 57

f] 20-1(2)
fize 1(2)
szz 1(2)
Lze 1(2)
L,2€—1(Z)

for 0 < 0y < 27,
form <0y < 3m,

for 37 < 0y < 57

Here, f4, (z), 2, (2), etc. are given in Eq. (52).
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