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The Fock-Schwinger proper-time method is used to derive the effective action in the field theory with the
chiral Uð3Þ ×Uð3Þ symmetry explicitly broken by unequal masses of heavy particles. The one-loop
effective action is presented as a series in inverse powers of heavy masses. The first two Seeley-DeWitt
coefficients of this expansion are explicitly calculated. This powerful technique opens a promising avenue
for studying explicit flavor symmetry-breaking effects in the effective field theories.
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I. INTRODUCTION

The heat kernel technique [1] was introduced to
quantum theory in works of Fock [2,3] and later pushed
forward by Nambu [4] and Schwinger [5]. In combination
with the background field method, this allowed DeWitt to
develop the manifestly covariant approach to gauge field
theory [6], and quantum gravity [7]. The method allows
the essentially nonperturbative and nonlocal extensions
[8–11]. It has been widely used in QCD to construct
effective meson Lagrangians [12,13], in chiral gauge
theories to study chiral anomalies [14], in cosmology to
calculate geometric entropy [15], in QED to find Casimir
energies and forces [16], etc.
In all above-mentioned cases and in many others [17], it

becomes necessary to calculate the determinant of a
positive-definite elliptic operator that describes quadratic
fluctuations of quantum fields in the presence of some
external or background fields and which in a compact form
contains all the information about the one-loop contribution
of quantum fields. The result is an asymptotic expansion for
the effective action of the theory in powers of the proper
time with Seeley-DeWitt coefficients anðx; yÞ. These coef-
ficients are polynomials in the background fields and
describe, in the coincidence limit y → x, the local vertices
of the corresponding effective Lagrangian. It is remarkable
that each term of the expansion is invariant under the action
of the group of the internal symmetry, if the theory
possesses this symmetry. This follows from the general
covariance of the formalism.

When quantum fields have large equal masses m, it is
easy to resort to an expansion in the inverse powers of
mass, which is valid when all background fields and their
derivatives are small compared to the mass of the quantum
field. In this case, the asymptotic coefficients an do not
change. Such long wavelengths (λ ≫ 1=m) expansion
allows one to obtain an action that takes into account
effectively the leading low-energy effect of virtual heavy
states. This scenario is realized in theories with sponta-
neously broken symmetry, or in the theories with a large
bare mass. A typical example of the first type is the
Nambu—Jona-Lasinio (NJL) model [18,19], where ground
state in the strong-coupling regime is found to be separated
by a gap from the excited states (quasiparticles), which are
identified with nucleons. Reinterpreting nucleons as
quarks, one obtains a low-energy meson action from
one-loop quark dynamics [20]. The proper-time method
is especially useful here [12,13]. Examples of the second
type arise under extension of some effective field theory X
with symmetry group G to the other effective theory X0,
when X0 contains heavy degrees of freedom belonging to
some representation of G. At present, such theories are
being actively studied in the context of extending the
standard model of electroweak interactions [21].
In realistic models one is often confronted with the

difficulty that the flavor symmetry is broken by large
unequal massesM ¼ diagðm1; m2;…; mfÞ. In this case the
complete factorization ofM in the heat kernel is impossible
because M does not commute with the rest of an elliptic
operator. The consequence is that the Seeley-DeWitt
coefficients depend in a complex way on both the fields
and the mass-dependent constants of their interactions. The
treatment of such case is known to be an onerous task,
especially when both Bose and gauge fields are present in
the elliptic operator [22–24].
Recently [25,26], a new algorithm based on the proper-

time method has been proposed for deriving the effective
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action in a theory with heavy virtual fermions (or bosons)
of unequal masses belonging to some representation of the
symmetry group G. These short papers contain the main
idea and the final result. Nontrivial calculation details have
been omitted due to their complexity. The purpose of the
present contribution is to supply all necessary details of
such nontrivial calculations, without which it is difficult to
be convinced of the validity of the previously stated results.
The new algorithm generalizes the standard large mass

expansion of the heat kernel to the case of unequal masses
by the formula

e−tðM2þAÞ ¼ e−tM
2

�
1þ

X∞
n¼1

ð−1Þnfnðt; AÞ
�
; ð1Þ

where M ¼ diagðm1; m2;…; mfÞ is a diagonal mass
matrix; t is the proper-time parameter; the expression in
the square brackets is the time-ordered exponential
OE½−A�ðtÞ of AðsÞ ¼ esM

2

Ae−sM
2

, and A is a positive-
definite self-adjoint elliptic operator in some background
(its explicit form will be clarified later), accordingly

fnðt;AÞ¼
Z

t

0

ds1

Z
s1

0

ds2…
Z

sn−1

0

dsnAðs1ÞAðs2Þ…AðsnÞ:

ð2Þ

If masses are equal, this formula yields the well-known
large mass expansion with standard Seeley-DeWitt coef-
ficients anðx; yÞ [14]. In fact, formula (1) is an extension of
the Schwinger method used to isolate the divergent aspects
of a calculation in integrals with respect to the proper time
[5,7] to the noncommutative algebra.
There is a simple heuristic argument that explains why

this formula is also relevant for describing the generalized
1=M series. Indeed, the 1=M expansion is known to be
valid when all background fields and their derivatives are
small compared to the mass of quantum fields. Therefore,
factoring e−tM

2

one separates the leading contribution. The
remaining part of the heat kernel may be unambiguously
evaluated by expanding it in a power series in t about t ¼ 0.
As a consequence, the Seeley-DeWitt coefficients an
receive corrections: an → bn ¼ an þ Δan, where Δan
vanish in the limit of equal masses.
Currently, there are two methods for deriving quantum

corrections induced by virtual states of unequal masses. In
[22–24], the heat kernel is evaluated on the basis of the
modified DeWitt Wentzel-Kramers-Brillouin (WKB) form.
This yields a different asymptotic series for the right-hand
side of Eq. (1), and, consequently, the different expressions
for Δan. The approach proposed in [27–29] starts from
the formula (1), but afterwards an additional resummation of
the asymptotic series is applied. This essentially simplifies the
calculations, but changes the structure of the 1=M series. As a
result, one loses correspondence between a mass-dependent

factor at the effective vertex and a flavor content of the one-
loop Feynman diagram which generates the vertex. Here I
abandon this resummation.
The utility of the proper-time technique is that it reduces

the task of the large mass expansion to a simple algebraic
problem which requires less work than one needs for the
corresponding Feynman diagrams calculation in momen-
tum space. In the following, we consider a quite nontrivial
case of the chiral Uð3Þ ×Uð3Þ symmetry broken by the
diagonal mass matrix M ¼ diagðm1; m2; m3Þ to demon-
strate the power of the method. To find the two leading
contributions b1ðx; xÞ and b2ðx; xÞ in the 1=M expansion of
the effective action, one requires to consider only four
terms of the series (1) that results in more than a hundred
effective vertices.
The effects of flavor symmetry breaking are currently

important in many physical applications: in studies of
physics beyond standard model to construct the low-energy
effective action by integrating out the heavy degrees of
freedom [21,30]; in two Higgs doublet models [31] to
address the problem of almost degenerate Higgs states at
125 GeV [32,33]; in the low-energy QCD to study the
SUð3Þ and isospin symmetry-breaking effects [34]. These
effects are known to be very important to explore the QCD
phase diagram [35], to study a formation of the strange-
quark matter [36,37], to study nuclear matter in extreme
conditions that arose in nature at the early stages of the
evolution of the Universe and in the depths of neutron stars
[38,39]. The method described below, in particular, can be
used for obtaining low-energy meson effective Lagrangian
in the framework of the NJL model, as an alternative to the
approaches developed in [13,40].
The paper is organized as follows. In Sec. II, we

formulate the method and present the basic steps required
to construct the desired 1=M expansion. Section III sets out
the necessary details related to the calculation of the first
two coefficients of the asymptotic series. In Sec. IV, we
present the effective Lagrangian describing the self-energy
and interactions of zero-spin and one-spin bosons in
Minkowski space-time induced by the intermediate one-
loop quark diagrams. A short summary and some conclud-
ing remarks are given in Sec. V. Many important technical
points related to our calculations are collected in six
appendixes.

II. PROPER-TIME EXPANSION

In this section we obtain the 1=M series of the effective
one-loop action in Euclidian space and explicitly single out
the structures necessary for calculating the first two
coefficients of this asymptotic expansion.

A. Determinant of the Dirac operator

The logarithm of the formal determinant of the self-
adjoint elliptic operator of the second order describes the
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one-loop radiative corrections to classical theory. In the
following, we are interested in the real part of the effective
action resulting from the calculation of the determinant of
the Dirac operator D in the background scalar s, pseudo-
scalar p, vector vμ, and axial vector aμ fields. The proper-
time method cannot be applied directly to fermions, since
the Dirac operatorD is a first-order elliptic operator, and its
spectrum is unbounded both above and below. Instead, one
should consider the functional

WE ¼ ln j det DEj ¼ −
Z

∞

0

dt
2t

ρt;ΛTrðe−tD†
EDEÞ; ð3Þ

representing a real part of the one-loop effective action in
Euclidean space as the integral over the proper-time t.
Notice that the Hermitian operator D†

EDE is a second-order
elliptic operator, unbounded above, so we can use the
proper-time method to regularize it precisely as for bosons.
The integral diverges at the lower limit; therefore, a
regulator ρt;Λ is introduced, where Λ is an ultraviolet
cutoff. Since we will carry out calculations in Euclidean
space (the subscript E marks this), and the obtained result
will be analytically continued to Minkowski space, we will
adhere to certain rules of transition from one space to
another, which we collect in Appendix A.
For definiteness, suppose that one is dealing with the

effective action arising due to integration over light-quark
degrees of freedom. In this case, the Dirac operator DE in
Euclidean four-dimensional space has the form

DE ¼ iγαdα −M þ sþ iγ5Ep; ð4Þ

where dα ¼ ∂α þ iΓα, Γα ¼ vα þ γ5Eaα, α ¼ 1, 2, 3, 4. The
external fields are embedded in the flavor space through the
set of matrices λa ¼ ðλ0; λiÞ, where λ0 ¼

ffiffiffiffiffiffiffiffi
2=3

p
and λi are

the eight SUð3Þ Gell-Mann matrices; for instance,
s ¼ saλa, and so on for all fields. The quark masses are
given by the diagonal matrix M ¼ diagðm1; m2; m3Þ in the
flavor space. The symbol “Tr” denotes the trace over Dirac
(D) γ matrices, color (c) SUð3Þ matrices, and flavor (f)
matrices, as well as integration over coordinates of the
Euclidean space: Tr≡ trI

R
d4xE, where I ¼ ðD; c; fÞ. The

trace in the color space is trivial: it leads to the overall factor
Nc ¼ 3. The dependence on external fields in DE after
switching to the Hermitian operator

D†
EDE ¼ M2 − d2 þ Y ð5Þ

is collected in Y and the covariant derivative dα. In the
following we do not need an explicit expression for Y;
nevertheless, for completeness, we include this expression
in Appendix A.
If quarks were massless, the theory would have a global

Uð3ÞL ×Uð3ÞR chiral symmetry. It is known, however, that
the ground state of QCD is not invariant under the action of

chiral group. As a result, the entire system undergoes a
phase transition accompanied by the appearance of a gap in
the fermion spectrum. Quarks get their equal nonzero
constituent masses.
Additionally, due to explicit breaking of chiral sym-

metry, realized through the mass terms of current quarks,
one can easily find that the inequality of current masses
after spontaneous breaking of chiral symmetry leads to the
inequality of constituent quark masses.
Thus, we arrive at a problem in which one needs to study

the properties of a system at large scales, i.e., one needs an
expansion of the effective action in the inverse powers of
large unequal masses of quarks:

M¼
X3
i¼1

miEi; ðEiÞjk ¼ δijδik; EiEj¼ δijEj: ð6Þ

The matrix Ei maps the point ðu; d; sÞ of the three-
dimensional flavor space to the point ðu; 0; 0Þ if i ¼ 1, to
the point ð0; d; 0Þ if i ¼ 2, and to the point ð0; 0; sÞ if i ¼ 3.
Thus Ei is an orthogonal projection onto the flavor space
which can be expressed through the λ matrices:

E1 ≡ λu ¼
1ffiffiffi
6

p λ0 þ
1

2
λ3 þ

1

2
ffiffiffi
3

p λ8; ð7Þ

E2 ≡ λd ¼
1ffiffiffi
6

p λ0 −
1

2
λ3 þ

1

2
ffiffiffi
3

p λ8; ð8Þ

E3 ≡ λs ¼
1ffiffiffi
6

p λ0 −
1ffiffiffi
3

p λ8: ð9Þ

Notice also the following useful relations which are
important for our calculations. The first formula is a direct
consequence of the fact that the quark mass is given by the
diagonal matrix

e−tM
2 ¼

X3
i¼1

e−tm
2
i Ei: ð10Þ

The second formula reflects the projection property of the
Ei matrices:

EiAEj ¼ AijEij; ð11Þ

where ðEijÞmn ¼ δimδjn, in particular, Eii ¼ Ei. It is true for
any flavor matrix A whose entries are given by Aij. Note
that here and in the following we sum over repeated flavor
indices only when a symbol of the sum is explicitly written
out. The orthogonal basis Eij has the properties
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trfðEijÞ ¼ δij;

trfðEijEklÞ ¼ δilδjk;

trfðEijEklEmnÞ ¼ δinδjkδlm;

……………

trfðEi1i2…Ei2n−1i2nÞ ¼ δi1i2nδi2i3…δi2n−2i2n−1 : ð12Þ

To advance in the evaluation of expression (3), we use
the Schwinger technique of a fictitious Hilbert space [5].
Then, a matrix element of a quantum-mechanical operator
can be treated as

Trðe−tD†
EDEÞ≡

Z
d4xEtrIhxje−tD†

EDE jxi: ð13Þ

The use of a plane wave with Euclidean 4-momenta k,
hxjki, as a basis greatly simplifies the calculations (details
are given in Appendix B) and leads to the representation
of the effective action as an integral over the four-
momentum kα∶

WE ¼ −
Z

d4x
Z

d4k
ð2πÞ4 e

−k2
Z

∞

0

dt
2t3

ρt;ΛtrI½e−tðM2þAÞ�;

ð14Þ

where

A ¼ −d2 − 2ikd=
ffiffi
t

p þ Y ð15Þ

is a self-adjoint operator in Hilbert space, and the
summation over four-vector indices in (15) are implicit.

B. The case of equal masses

Before proceeding with our calculations, it is appropriate
to discuss the simplest case of the large-M expansion, i.e.,
the case when the mass matrix M is M ¼ diagðm;m;mÞ;
then ½M;A� ¼ 0 and we have

e−tðM2þAÞ ¼ e−tM
2

e−tA ¼ e−tm
2
X∞
n¼0

tnanðx; xÞ: ð16Þ

Here anðx; xÞ are the Seeley-DeWitt coefficients anðx; yÞ in
a coincidence limit x ¼ y, which depend on the back-
ground fields and their derivatives, except a0ðx; xÞ ¼ 1.
Integration over four-momentum and proper time in (14) is
straightforward and we obtain a well-known result,

WE ¼ −
Z

d4x
32π2

X∞
n¼0

Jn−1ðm2ÞtrI anðx; xÞ; ð17Þ

where the proper-time integrals Jnðm2Þ are

Jnðm2Þ ¼
Z

∞

0

dt
t2−n

e−tm
2

ρt;Λ: ð18Þ

In the case of two subtractions ρt;Λ ¼ 1 − ð1þ tΛ2Þe−tΛ2

at
the large scale Λ, one finds from (18)

J0ðm2Þ ¼ Λ2 −m2 ln

�
1þ Λ2

m2

�
; ð19Þ

J1ðm2Þ ¼ ln

�
1þ Λ2

m2

�
−

Λ2

Λ2 þm2
: ð20Þ

The choice of the regularization is closely related to the
specific problem under study. Various examples of the
proper-time regularization can be found in [14]. The Pauli-
Villars regularization we used is usually applied in the NJL
model, where the cutoff Λ is a scale of spontaneous chiral
symmetry breaking.
The functions Jnðm2Þ, for n > 1, as m2 becomes very

large are asymptotically equivalent to m−2ðn−1Þ, that is, the
expansion (17) is in inverse powers of m2. For the series to
converge, it is necessary not only that the mass m be large,
but also that the background fields change slowly over
distances of the order of the fermion field Compton
wavelength 1=m. If these criteria are not met, then the
production of real quark-antiquark pairs becomes essential,
and the expansion is not suitable for applications.

C. The case of unequal masses

Let us return now to the formula (14) and show how one
can extend the above tool to the case ½M;A� ≠ 0. To make
progress in our calculations, we use the formula (1)
allowing to factorize the exponent with a noncommuting
diagonal mass matrix M. Under a flavor trace, it yields, for
instance,

trfðe−tM2Þ ¼
X3
i¼1

e−tm
2
i trfEi ¼

X3
i¼1

e−tm
2
i : ð21Þ

The result of calculations for the remaining terms can be
represented by the formula

trfðe−tM2

fnðt; AÞÞ

¼ tn

n!

XNf

i1;i2;…;in

ci1i2…inðtÞtrfðAi1Ai2…AinÞ; ð22Þ

where n ≥ 1 and the notation Ai ≡ EiA is used. The
coefficients ci1i2…inðtÞ are totally symmetric with respect
to any permutation of indices and are easily calculated. The
necessary details of such calculations and useful properties
of coefficients are collected in Appendix C.
To ensure the fundamental cyclic property of the trace

trðABÞ ¼ trðBAÞ, we define
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trfðAi1Ai2…AinÞ ¼
1

n

X
cycl perm

Ai1i2Ai2i3…Aini1

≡ hAi1i2Ai2i3…Aini1i: ð23Þ

Here we used Eqs. (11) and (12) to calculate the trace. The
sum over a cyclic permutation of Aij adds nothing to the
standard definition of a trace if A is a matrix. However, in
the case when A contains open derivatives, i.e., is a
differential operator, cyclic permutation in the trace may
change the result. This is why it is necessary to ensure the
guaranteed fulfillment of this fundamental property of the
trace, which we do with the formula (23).
It should be emphasized that here we will restrict

ourselves to considering only those terms that survive in
the limitM→∞. In the case of equal masses, this approxi-
mation corresponds to considering heat coefficients a1 and
a2. To isolate such a contribution, it is necessary to limit
ourselves to the terms of order t2 at most. It means that at the
level of Ai-dependent expressions one should expand up to
and including the t4 order, since Ai has the term ∝ 1=

ffiffi
t

p
,

trfðe−tðM2þAÞÞ ¼
X3
i¼1

ciðtÞ− t
X3
i¼1

ciðtÞtrfAi

þ t2

2!

X
i;j

cijðtÞtrfðAiAjÞ

−
t3

3!

X
i;j;k

cijkðtÞtrfðAiAjAkÞ

þ t4

4!

X
i;j;k;l

cijklðtÞtrfðAiAjAkAlÞþOðt5Þ:

ð24Þ

Note that the series is of the mixed type, i.e., it has
also exponents depending on t, hidden in the coefficients
ci1i2…inðtÞ. In the limit m1 ¼ m2 ¼ m3 ¼ m, these coeffi-
cients shrink to cðtÞ ¼ expð−tm2Þ and the mass-
dependent exponent is totally factorized. This way one
can recover the standard inverse mass expansion.
As it will be shown below, the term with the coefficient

ci1i2…in corresponds to the contact contribution of the
Feynman diagram with n internal quark lines. It means
that ci can be associated with the tadpole contribution, cij
with the self-energy part, and cijk and cijkl with the triangle
and box contributions. The indices contain also information
on the flavor content of such one-loop diagrams. For
instance, c123ðtÞ corresponds to the triangle originated
by propagators of up, down, and strange constituent quarks.
Now, one can substitute Ai ¼ EiA by its expression (15)

and integrate over four-momentum kα in (14) by using the
formula

Z
d4k
ð2πÞ4 e

−k2kα1kα2…kα2n ¼
δα1α2…α2n

ð4πÞ22n : ð25Þ

It is evident that the corresponding integral of an odd
number of four-momentum kα is zero. Totally symmetric
tensor δα1α2…α2n is determined by the recurrent relation

δα1α2…α2n ¼
X2n
i¼2

δαiα1δα2…αi−1αiþ1…α2n ; ð26Þ

see also Eq. (B8) for details. This yields

Z
d4k
ð2πÞ4 e

−k2 trfðe−tðM2þAÞÞ

¼ 1

ð4πÞ2
�X3

i¼1

ciðtÞ − t
X3
i¼1

ciðtÞtrf½EiðY − d2Þ� − t
X
i;j

cijðtÞtrfðEidαEjdαÞ þ
t2

2

X
i;j

cijðtÞtrf½EiðY − d2ÞEjðY − d2Þ�

þ t2

3

X
i;j;k

cijkðtÞtrf½EidαEjdαEkðY − d2Þ þ EidαEjðY − d2ÞEkdα þ EiðY − d2ÞEjdαEkdα�

þ t2

3!

X
i;j;k;l

cijklðtÞδαβγδtrfðEidαEjdβEkdγEldδÞ
�
þOðt3Þ: ð27Þ

We put this result into (14) and calculate the integrals
over the proper time. Integration turns the coefficients
ci1i2…inðtÞ into functions Ji1i2…in depending on the
masses of the fermion fields and the cutoff Λ. These
functions describe the leading contributions in the 1=M2

expansion of the corresponding one-loop Feynman
diagrams, to be precise, their local parts which dominate
in the limit M → ∞. Here we present the result of such
calculations. All necessary details can be found in
Appendix D.
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WE ¼ −
Nc

32π2

Z
d4x

�
−
X
i

J0ðm2
i ÞtrDf½EiðY − d2Þ� −

X
i;j

J0ðm2
i ; m

2
jÞtrDfðEidαEjdαÞ

þ 1

2

X
i;j

JijtrDf½EiðY − d2ÞEjðY − d2Þ� þ 1

3

X
i;j;k

JijktrDf½EidαEjdαEkðY − d2Þ

þ EidαEjðY − d2ÞEkdα þ EiðY − d2ÞEjdαEkdα� þ
1

6

X
i;j;k;l

JijklδαβγδtrDf½EidαEjdβEkdγEldδ�
�
þOð1=M2Þ

≡ −
Nc

32π2

Z
d4x

X∞
n¼0

trDbnðx; xÞ; ð28Þ

where the index n indicates the asymptotic behavior of
bnðx; xÞ at large masses, namely bn ∼M−2ðn−2Þ. The co-
efficients bnðx; xÞ depend on the external fields and quark
masses, i.e., they contain information about both the
effective meson vertices and corresponding coupling con-
stants. If all masses are equal, the dependence on m is
factorized in form of the integral (18) and the field-
dependent part takes a standard Seeley-DeWitt form
anðx; xÞ.

III. LEADING TERMS OF THE 1=M EXPANSION

Consider the leading terms b1 and b2. The case n ¼ 0 is
of no interest because b0 contains no fields and can be
omitted from the effective action. The coefficients with
n ≥ 3 tend to zero in the limit of infinite masses; therefore,
they are small in comparison with b1 and b2 and, at the first
stage, can be neglected.

A. Coefficient b1ðx;xÞ
Let us turn to the calculation of the coefficient b1. It is

given by a part of the expression (28), which is proportional
to the proper-time integrals J0ðm2

i ; m
2
jÞ. With the use of

Eq. (E1), it can be rewritten as

b1ðx; xÞ ¼ −
X
i

J0ðm2
i Þtrf½EiðY − d2Þ þ EidαEidα�

− 2
X
i<j

J0ðm2
i ; m

2
jÞtrfðEidαEjdαÞ: ð29Þ

Noting that

d2 ¼ ∂2 þ 2iΓ∂ þ ið∂ΓÞ − Γ2; ð30Þ

and taking into account that the action of the open
derivatives in (29) on the implied unit on the right-hand
side of Eq. (28) gives zero, we find

trf½EiðY − d2Þ� ¼ trf½EiðY þ Γ2 − i∂ΓÞ�: ð31Þ

Since the last term here is a total divergence which can be
omitted in the effective action, we conclude

trf½EiðY − d2Þ� ¼ trf½EiðY þ Γ2Þ� ¼ Yii þ ðΓ2Þii; ð32Þ
where in the last stage we used Eq. (12) and the fact that
matrix A may be written in a unique way as a finite linear
combination of elements of A in the bases Eij, namely
A ¼ P

m;n AmnEmn. In the same manner, we find

trfðEidαEjdαÞ ¼ −trfðEiΓαEjΓαÞ ¼ −Γα
ijΓα

ji: ð33Þ

This gives for Eq. (29)

b1 ¼ −
X
i

J0ðm2
i Þ½Yii þ ðΓ2Þii − Γα

iiΓα
ii�

þ 2
X
i<j

J0ðm2
i ; m

2
jÞΓα

ijΓα
ji: ð34Þ

Let us use now the easily verifiable relation

ðΓ2Þii − Γα
iiΓα

ii ¼
X
j≠i

Γα
ijΓα

ji; ð35Þ

to obtain finally

b1 ¼ −
X
i

J0ðm2
i ÞYii þ

X
i<j

ΔJ0ðm2
i ; m

2
jÞΓα

ijΓα
ji; ð36Þ

where ΔJ0ðm2
i ; m

2
jÞ is given by Eq. (D14). The latter

integrals can be collected in the symmetric 3 × 3 matrix
ΔJ0, which has zeros on the main diagonal. In particular,
when mi ¼ mj ¼ m, all elements of ΔJ0 vanish. In this
specific case, the first term of (36) leads to the well-known
expression of the Seeley-DeWitt coefficient a1ðx; xÞ ¼ −Y.
For convenience of writing the result of our calculations,

along with the usual matrix multiplication, we will use the
nonstandard Hadamard product [41], which is the matrix of
elementwise products

ðA ∘BÞij ¼ AijBij: ð37Þ
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The Hadamard product is commutative unlike regular
matrix multiplication, but the distributive and associative
properties are retained. It has previously been proven to be
a useful tool when the mass matrices of the type (6) are
involved [42]. In terms of the Hadamard product the result
(36) can be written as

b1 ¼ trf

�
J0 ∘ ð−YÞ þ 1

4
ðΔJ0 ∘ΓαÞΓα

�
; ð38Þ

where J0 is considered as a diagonal matrix with elements
given by ðJ0Þij ¼ δijJ0ðm2

i Þ. This matrix contains contri-
butions of the Feynman one-loop diagram, known as a
“tadpole.”

B. Coefficient b2ðx;xÞ
Consider the second coefficient b2ðx; xÞ. In accordance

with the general structure of the expression, we distinguish
three contributions differing in the degree of Y∶

b2 ¼ bð0Þ2 þ bð1Þ2 þ bð2Þ;2 ð39Þ

which is explicitly indicated in the parentheses.

1. Quadratic part in Y: bð2Þ2

The part of b2 proportional to Y2 is calculated most
simply:

bð2Þ2 ¼ 1

2

X
i;j

JijtrfðEiYEjYÞ ¼
1

2

X
i;j

JijYijYji

¼ 1

2
trf½ðJ ∘YÞY�; ð40Þ

where J is a symmetric 3 × 3matrix, whose elements Jij ¼
J1ðmi;mjÞ are logarithmically divergent parts (at Λ → ∞)
of Feynman self-energy diagrams with masses of virtual
particles mi and mj [see Eq. (D6)].

2. Linear part in Y: bð1Þ2

Let us consider now the linear in Y part of b2, i.e., b
ð1Þ∶
2

bð1Þ2 ¼ −
1

2

X
i;j

JijtrfðEid2EjY þ EiYEjd2Þ

þ 1

3

X
i;j;k

JijktrfðEidαEjdαEkY

þ EidαEjYEkdα þ EiYEjdαEkdαÞ: ð41Þ

After evaluation of traces it gives

bð1Þ2 ¼ −
1

2

X
i;j

Jijtij þ
X
i;j;k

Jijktijk; ð42Þ

where

tij ¼ fðd2Þij; Yjig; tijk ¼ hdαijdαjkYkii: ð43Þ

Next, let us use Eqs. (E1) and (E6) of Appendix E. We
obtain

bð1Þ2 ¼
X
i

Ji

�
tiii −

1

2
tii

�
þ
X
i<j

Jijð3tþiij − tðijÞÞ

þ 3
X
i<j

Rijt−iij þ 6J123tð123Þ: ð44Þ

To evaluate the first sum in this expression, we employ
the explicit form of t coefficients (43)

tiii −
1

2
tii ¼

�
1

3
dαiid

α
ii −

1

2
ðd2Þii; Yii

�
þ 1

3
dαiiYiidαii

¼ −
1

6
½dαii; ½dαii; Yii�� −

1

2

X
j≠i

fdαijdαji; Yiig: ð45Þ

The first term is now computed as

½dαii; ½dαii; Yii�� ¼ ∂2
αYii: ð46Þ

This is a four-divergence of a four-vector. Therefore, it can
be omitted from the effective action, because it does not
affect the dynamic characteristics of the effective theory.
Thus, we find

tiii −
1

2
tii ¼

X
j≠i

Γα
ijΓα

jiYii; ð47Þ

where we used the cyclic permutation of the elements to
simplify the right-hand side of this expression, which is not
forbidden due to the trace, trD, in (28). In what follows, we
will always use the cyclic permutation property when
calculating the t coefficients.
To evaluate the second sum in (44) we need to find the

difference 3tþiij − tðijÞ, where i ≠ j. Here we have
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3tþiij− tðijÞ ¼3ðtðiijÞ þ tðjjiÞÞ−
1

2
ðtijþ tjiÞ

¼ tiijþ tijiþ tjii−
1

2
tijþði↔ jÞ

¼1

3
ðfdαiidαijþdαijd

α
jj;YjigþdαijYjidαiiþdαjjYjidαijþfdαijdαji;YiigþdαjiYiidαijÞ−

1

2
fðd2Þij;Yjigþði↔ jÞ

¼−
1

6
½fdαiidαijþdαijd

α
jj;Yjig−2ðdαijYjidαiiþdαjjYjidαijÞ�þ

1

3
ðfdαijdαji;YiigþdαjiYiidαijÞ−

1

2
fdαikdαkj;Yjigjk≠i;jþði↔ jÞ;

ð48Þ

where, in the last stage, we took into account that

ðd2Þij ¼
X
k

dαikd
α
kj: ð49Þ

Noticing that expressions

fdαiidαij þ dαijd
α
jj; Yjig − 2ðdαijYjidαii þ dαjjYjidαijÞ; fdαijdαji; Yiig − 2dαjiYiidαij; ð50Þ

vanish under the Dirac matrix trace in (28), we finally obtain

3tþiij − tðijÞ ¼ −Γα
ijΓα

jiYii þ Γα
ikΓα

kjYji þ ði ↔ jÞ; ð51Þ

where i ≠ j ≠ k.
Since the first term in (51) has the same form as (47), it follows that

X
i

Ji

�
tiii −

1

2
tii

�
−
X
i<j

Jij½Γα
ijΓα

jiYii þ ði ↔ jÞ� ¼
X
i;j
i≠j

ðJi − JijÞΓα
ijΓα

jiYii: ð52Þ

We need now to calculate the coefficient

t−iij ¼ tðiijÞ − tðjjiÞ ¼
1

3
½tiij þ tiji þ tjii − ði ↔ jÞ�

¼ −
1

3

�
i
3
ðΓα

ij∂α

↔
YjiÞ þ ðΓα

iiΓα
ij − Γα

ijΓα
jjÞYji þ Γα

ijΓα
jiYii

�
− ði ↔ jÞ; ð53Þ

where the left-right derivative is defined in a standard way, Γα∂α
↔
Y ¼ Γα∂αY − ð∂αΓαÞY. Then the third sum in (44) is

3
X
i<j

Rijt−iij ¼ −
X
i;j

Rij

�
i
3
ðΓα

ij∂α

↔
YjiÞ þ ðΓα

iiΓα
ij − Γα

ijΓα
jjÞYji þ Γα

ijΓα
jiYii

�
: ð54Þ

The coefficients tð123Þ are required for the evaluation of the last term in (44). They can be obtained with the aid of the
easily verifiable relations,

tijkji≠j≠k ¼ −Γα
ijΓα

jkYki: ð55Þ

As a consequence, we have

tð123Þ ¼
1

6

X
i≠j≠k

tijk ¼ −
1

6

X
i≠j≠k

Γα
ijΓα

jkYki: ð56Þ
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If we take into account the existence of similar term in the coefficient (51), we obtain

6J123tð123Þ þ
X
i<j

i≠j≠k

Jij½Γα
ikΓα

kjYji þ ði ↔ jÞ� ¼
X
i≠j≠k

ðJij − JijkÞΓα
ijΓα

jkYki: ð57Þ

Thus, the final result for bð1Þ2 is

bð1Þ2 ¼
X
i≠j≠k

½ðJi − JijÞΓα
ijΓα

jiYii þ ðJij − JijkÞΓα
ijΓα

jkYki� −
X
i;j

Rij

�
i
3
ðΓα

ij∂α
↔
YjiÞ þ ðLαα

− ÞijYji þ Γα
ijΓα

jiYii

�

¼ trf

�
NY −

i
3
ðR ∘ΓαÞ∂α

↔
Y

�
; ð58Þ

where we introduce the notation

ðLαβ
� Þij ¼ ðΓα

ii � Γα
jjÞΓβ

ij: ð59Þ

Note that elements of the matrix Γα
ij commute with each

other. In the last line of Eq. (58), R and N are the 3 × 3
matrices with elements

Rij ¼
1

2
ðJiij − JjjiÞ;

Nii ¼
X
j≠i

ðJi − Jij − RijÞΓα
ijΓα

ji;

Nij ¼ ½ðJij − JijkÞΓα
ikΓα

kj − RijðLαα
− Þij�ji≠j≠k: ð60Þ

In the limit of equal masses, the coefficient bð1Þ2 vanishes,
that is, it contains only contributions associated with an
explicit violation of chiral symmetry. Obviously, without
this term, the description of the manifest flavor symmetry
breaking would be incomplete.

3. Independent of Y part: bð0Þ2

The part of b2 which does not depend on Y is

bð0Þ2 ¼ 1

2

X
i;j

Jijðd2Þijðd2Þji −
X
i;j;k

Jijkt̂ijk þ
1

6

X
i;j;k;l

Jijkltijkl:

ð61Þ

Here the field-dependent t coefficients are given by the
following formulas:

t̂ijk ¼ hdαijdαjkðd2Þkii; tijkl ¼ δαβγδhdαijdβjkdγkldδlii: ð62Þ

Before calculating (61) directly, we shall first handle the
case of equal masses mu ¼ md ¼ ms ¼ m, which can
easily be obtained from (61) after factorizing the common
factor J1ðm2Þ ¼ Jii ¼ Jiii ¼ Jiiii∶

bð0Þ2 jm
J1ðm2Þ ¼ trf

�
1

2
d2d2 −

1

3
ðdαdαd2 þ dαd2dα þ d2dαdαÞ

þ 1

6
ðdαdαdβdβ þ dαdβdαdβ þ dαdβdβdαÞ

�

¼ 1

6
trfðdαdβdαdβ − dαdβdβdαÞ ¼ 1

12
trf½dα; dβ�2

¼ −
1

12
trfðΓαβΓαβÞ; ð63Þ

where we used Eq. (49), and

Γαβ ¼ ∂αΓβ − ∂βΓα þ i½Γα;Γβ�: ð64Þ

To obtain the exact result for (61) it is convenient to
consider separately the cases when the sum runs only over
the same index values, and then over two and three different
values of the flavors:

bð0Þ2 ¼ βð1Þ2 þ βð2Þ2 þ βð3Þ2 : ð65Þ

The part of bð0Þ2 that corresponds to a contribution with
coincident indices is

βð1Þ2 ¼
X
i

Ji

�
1

2
ðd2Þiiðd2Þii − t̂iii þ

1

6
tiiii

�
: ð66Þ

Introducing the notation

Qii ¼ dαiid
α
ii − ðd2Þii ¼ ðΓ2Þii − Γα

iiΓα
ii; ð67Þ

we can rewrite (66) as

βð1Þ2 ¼
X
i

Ji

�
1

2
Q2

ii −
1

6
½dαii; ½dαii; Qii�� þ

1

12
½dαii; dβii�2

�
:

Now we benefit from the following easily established
relations:
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½dαii; ½dαii; Qii�� ¼ ∂2Qii; ð68Þ

½dαii; dβii� ¼ ið∂αΓβ
ii − ∂βΓα

iiÞ≡ iFαβ
ii : ð69Þ

That gives finally

βð1Þ2 ¼
X
i

Ji

�
1

2
Q2

ii −
1

12
ðFαβ

ii Þ2
�
: ð70Þ

To obtain this expression, we as before discarded a full
divergence of a four-vector ∂2Qii.
Now consider the terms of the sum (61) with two

unequal indices. These comprise the remaining terms of
the first sum and the corresponding contributions from the
second and third sums:

βð2Þ2 ¼ 1

2

X
i<j

Jijfðd2Þij; ðd2Þjig − 3
X
i<j

ðJijt̂þiij þ Rijt̂−iijÞ

þ
X
i<j

�
2

3

�
Jij þ

1

2
Sij

�
tþiiij þ Rijt−iiij

�

þ
X
i<j

ðJij − SijÞtðiijjÞ; ð71Þ

where Sij is given by Eq. (D26).
To evaluate the first sum, we note that

ðd2Þijðd2Þji ¼ ð∂ΓijÞð∂ΓjiÞ þ ðΓ2ÞijðΓ2Þji
þ ið∂ΓijÞðΓ2Þji − iðΓ2Þijð∂ΓjiÞ: ð72Þ

Here we have omitted a full divergence of a four-vector, and
took into account that the action of the derivative that
reached the right end of the expression gives zero. In the
anticommutator fðd2Þij; ðd2Þjig, only the symmetric part of
Eq. (72) contributes to the sum. Therefore, the second line
of (72) has no influence on the result, and we obtain

1

2

X
i<j

Jijfðd2Þij; ðd2Þjig

¼
X
i<j

Jij½ð∂ΓijÞð∂ΓjiÞ þ ðΓ2ÞijðΓ2Þji�: ð73Þ

Recall again that elements of the matrix Γ commute with
each other.
Combining

2

3
tþiiij þ tðiijjÞ ¼

2

3
ðtiiij þ tjjji þ tiijjÞ þ

1

3
tijij; ð74Þ

where the properties of t coefficients (F12)–(F14) have
been used, we learn that this sum does not contain the terms
with one derivative. Indeed,

tiiij þ tjjji þ tiijj ¼ ð∂ΓijÞð∂ΓjiÞ þ
1

2
ð∂αΓβ

ijÞð∂αΓβ
jiÞ

þ δαβγσðΓα
iiΓ

β
iiΓ

γ
ijΓσ

ji þ Γα
jjΓ

β
jjΓ

γ
jiΓσ

ij

þ Γα
iiΓ

β
ijΓ

γ
jjΓσ

jiÞ:

We also know from (F10) that

tijij ¼ δαβγσΓα
ijΓ

β
jiΓ

γ
ijΓσ

ji: ð75Þ

Thus, only the coefficient t̂þiij contains terms with one
derivative. The expression for this coefficient is given in
Appendix F [see Eq. (F7)].
Before we turn to the full expression for the coefficient

βð2Þ2 let us first collect terms with two derivatives in βð2Þ2 :

βð2Þ2 j∂2 ¼
1

3

X
i<j

Jij½ð∂ΓijÞð∂ΓjiÞ − ð∂αΓβ
ijÞð∂αΓβ

jiÞ�

¼ −
1

6

X
i<j

JijF
αβ
ij F

αβ
ji : ð76Þ

Combined together with similar terms in βð1Þ2 they give
the kinetic term of spin-1 fields:

ðβð1Þ2 þβð2Þ2 Þj∂2 ¼−
1

12
trf½FαβðJ∘FαβÞ�

¼−
1

12
trf½ΓαβðJ∘ΓαβÞ�þ i

3
trf½FαβðJ∘ΓαΓβÞ�

−
1

6
trff½Γα;Γβ�ðJ∘ΓαΓβÞg: ð77Þ

In the case of equal masses, the first term coincides with the
standard result (63). It means that the last two terms of (77),

after combining them with other contributions to bð0Þ2 ,
should vanish when mu ¼ md ¼ ms ¼ m.
To see this we need to consider the contribution βð3Þ2 .

Referring to Eqs. (61) and (E7), we find

βð3Þ2 ¼ 2
X
i≠j≠k
j<k

JiijktðiijkÞ − 6J123t̂ð123Þ: ð78Þ

Using the explicit expression for the coefficients tðiijkÞ
(F19) and Eq. (D22), one can represent the first sum as
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2
X
i≠j≠k
j<k

JiijktðiijkÞ ¼
X
i≠j≠k

JiijktðiijkÞ

¼ 1

3
δαβγσ

X
i≠j≠k

�
i
2
ðJjjik − JiijkÞð∂αΓβ

ijÞΓγ
jkΓσ

kiþJiijkðΓα
iiΓ

β
ijΓ

γ
jkΓσ

ki þ Γα
iiΓ

β
ikΓ

γ
kjΓσ

ji þ Γα
ijΓ

β
jiΓ

γ
ikΓσ

kiÞ
�
:

If we introduce the antisymmetric matrix K with elements

Kij ¼ ðJjjik − JiijkÞji≠j≠k; ð79Þ

then the first part of the expression can be presented in the
index-free form

i
6
δαβγσtrf½ðK ∘ ∂αΓβÞEγσ�; ð80Þ

where the off-diagonal elements of matrix Eγσ are

Eγσ
ij ¼ Γγ

ikΓσ
kj; ði ≠ j ≠ kÞ: ð81Þ

Due to Eq. (79), the diagonal elements of the matrix Eγσ do
not contribute to (80).
It is also clear from (79) that terms with one derivative

(80) vanish in the limit of equal masses. Therefore, they
cannot cancel the unwanted second term in (77).
Since the coefficient t̂ð123Þ is known from Eq. (F9), we

can give a complete expression for βð3Þ2 :

βð3Þ2 ¼ 1

3
δαβγσ

X
i≠j≠k

�
i
2
ðJjjik − JiijkÞð∂αΓβ

ijÞΓγ
jkΓσ

ki

þ JiijkðΓα
iiΓ

β
ijΓ

γ
jkΓσ

ki þ Γα
iiΓ

β
ikΓ

γ
kjΓσ

ji þ Γα
ijΓ

β
jiΓ

γ
ikΓσ

kiÞ
�

− J123
X
i≠j≠k

�
i
3
Γα
ijΓ

β
jkF

αβ
ki þ Γα

ijΓα
jkðΓ2Þki

�
: ð82Þ

Now it is necessary to make sure that the terms linear in
Fαβ vanish in the case of equal fermion masses. To this end

let us consider the corresponding contributions to bð0Þ2 from
t̂þðiijÞ in (71), from the second term of (77), and from t̂ð123Þ of
Eq. (78). Combined together they give

i
3

X
i≠j≠k

½ðJi − JijÞΓα
ijΓ

β
jiF

αβ
ii þ ðJij − J123ÞΓα

ijΓ
β
jkF

αβ
ki �

¼ i
3
trfðHαβFαβÞ; ð83Þ

where the flavor matrix Hαβ has elements

Hαβ
ii ¼

X
j≠i

ðJi − JijÞΓα
ijΓ

β
ji;

ðHαβ
ij Þji≠j ¼ ðJij − J123ÞEαβ

ij : ð84Þ

One can see that all elements of this matrix vanish in the
limit of equal masses.
Our next step is to demonstrate the fulfilment of the

limiting condition for terms of the fourth order in Γ. As we
already know, these terms should also vanish for equal-
mass case.
In the first step, we transform the following expression:

1

2

X
i

JiQ2
ii − J123

X
i≠j≠k

Γα
ijΓα

jkðΓ2Þki þ
X
i<j

JijðΓ2ÞijðΓ2Þji

−
X
i<j

Jij½Γα
jiðΓα

ii þ Γα
jjÞðΓ2Þij þ Γα

ijΓα
jiðΓ2Þii þ ði ↔ jÞ�:

Here the first sum is taken from βð1Þ2 [see Eq. (70)], the

second one from βð3Þ2 [the last term in Eq. (82)], and the

third and fourth sums are contributions from βð2Þ2 [from
the first and t̂þiij terms of (71), correspondingly].
This expression can be made into a somewhat more

simple form:

1

2
trf½ðHαα − ĤααÞΓ2� þ 1

2

X
i

JiðΓiiΓiiÞ2; ð85Þ

where the matrix Hαα is a particular case of (84), and the
elements of the matrix Ĥαα are

Ĥαα
ii ¼

X
j

JijΓα
ijΓα

ji;

Ĥαα
ij ji≠j ¼ JijΓα

ijðΓα
ii þ Γα

jjÞ þ J123Eαα
ij : ð86Þ

Under the flavor trace in (85), we explicitly singled out
the contribution Hαα that vanishes in the case of equal
masses. The last term in (85) is completely canceled by the
corresponding contribution from Ĥαα. Indeed, it is straight-
forward to see
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−
1

2
trfðĤααΓ2Þ þ 1

2

X
i

JiðΓiiΓiiÞ2

¼ −
1

2

X
i≠j

Γα
ijΓα

ji½JiðΓiiΓiiÞ þ JijðΓ2Þii�

−
1

2

X
i≠j

Ĥαα
ij ðΓ2Þji: ð87Þ

At the second stage, we collect three contributions: the
part of βð2Þ2 associated with the coefficient (74),

1

6
δαβγσ

X
i≠j

JijΓα
ijΓ

β
jiðΓγ

ijΓσ
ji þ 2Γγ

iiΓσ
jj þ 4Γγ

iiΓσ
iiÞ; ð88Þ

the last term in Eq. (77),

−
1

12

X
i

Ji½Γα;Γβ�2ii −
1

6

X
i<j

Jij½Γα;Γβ�ij½Γα;Γβ�ji; ð89Þ

and the Γ4 part of βð3Þ2 from Eq. (82)

1

3
δαβγσ

X
i≠j≠k

JiijkðΓα
iiΓ

β
ijΓ

γ
jkΓσ

kiþΓα
iiΓ

β
ikΓ

γ
kjΓσ

jiþΓα
ijΓ

β
jiΓ

γ
ikΓσ

kiÞ:

ð90Þ

Together with the terms just considered in (87), they should
lead to a result that vanishes in the limit of equal masses.
Indeed, it is evident from the direct calculation of these

terms that the summation gives 33 independent combina-
tions of Γ’s, which can be collected in the following sums:

Ωð0Þ
1 ¼ ð85Þ þ ð88Þ þ ð89Þ þ ð90Þ

¼
X
i<j

��
2

3
ðJi þ JjÞ −

4

3
Jij

�
ðΓijΓjiÞ2 þ

1

6
ð2Jij − Ji − JjÞðΓijΓijÞðΓjiΓjiÞ

�

þ
X
i≠j≠k
j<k

��
1

3
ðJjk þ 2JiijkÞ þ Ji − Jij − Jik

�
ðΓijΓjiÞðΓikΓkiÞ þ

�
1

3
ðJi þ 2JiijkÞ þ Jjk − 2J123

�
ðΓjiΓikÞðΓkiΓijÞ

þ 1

3
ð2Jiijk − Jij − JikÞ½ðΓiiΓjkÞðΓijΓkiÞ þ ðΓikΓjiÞðΓkjΓiiÞ� þ

1

3
ð2Jiijk − Ji − JjkÞðΓijΓikÞðΓkiΓjiÞ

�

þ
X
i≠j≠k

�
1

3
ðJik þ 2JiijkÞ − J123

�
½ðΓiiΓijÞðΓjkΓkiÞ þ ðΓikΓkjÞðΓjiΓiiÞ�: ð91Þ

Here, the expression in the parentheses ðΓijΓjiÞ is understood to be summed over alpha Γα
ijΓα

ji. In the case of equal quark
masses (91) is zero, since all J-dependent factors vanish.
It remains to calculate the sums containing the coefficients Rij and Sij in (71). For that we need to know the coefficients

3t̂−iij − t−iiij and tþiiij − 3tðiijjÞ.
From Eqs. (F8) and (F16) one finds

3t̂−iij − t−iiij ¼
i
12

½8ð∂ΓjiÞðΓ2Þij þ Fαβ
ii Γα

ijΓ
β
jiþðFαβ

ij þ 9∂αΓβ
ijÞLβα

þji� þ Lαα
−ijðΓjkΓkiÞ þ ðΓijΓjiÞðΓikΓkiÞ − ði ↔ jÞ; ð92Þ

where it is assumed that k ≠ i ≠ j. Then, due to the antisymmetry of Rij, we find

X
i<j

Rjið3t̂−iij− t−iiijÞ¼
X
i≠j

Rij

�
i
12

½8ð∂ΓijÞðΓ2ÞjiþΓα
jiΓ

β
ijF

αβ
jj þðFαβ

ji þ9∂αΓβ
jiÞLβα

þij�þLαα
−jiðΓikΓkjÞþðΓjiΓijÞðΓjkΓkjÞ

�
:

ð93Þ

Now, from Eqs. (F16) and (F18) one obtains

tþiiij − 3tðiijjÞ ¼
1

4
Fαβ
ij F

αβ
ji þ 3

2
ð∂ΓijÞð∂ΓjiÞ −

3i
4
ðΓα

ii − Γα
jjÞ½ðΓα

ji∂β
↔

Γβ
ijÞ þ ðΓβ

ji∂α
↔
Γβ
ijÞ þ ðΓβ

ji∂β
↔

Γα
ijÞ�

þ δαβγσðΓα
iiΓ

β
iiΓ

γ
ijΓσ

ji þ Γα
jjΓ

β
jjΓ

γ
jiΓσ

ij − Γα
ijΓ

β
jiΓ

γ
ijΓσ

ji−2Γα
iiΓ

β
ijΓ

γ
jjΓσ

jiÞ: ð94Þ

By virtue of the symmetry Sij ¼ Sji, the required sum is
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X
i<j

Sij

�
1

3
tþiiij − tðiijjÞ

�
¼ 1

3

X
i≠j

Sij

�
1

8
Fαβ
ij F

αβ
ji þ 3

4
ð∂ΓijÞð∂ΓjiÞ −

3i
8
ðΓα

ii − Γα
jjÞ½ðΓα

ji∂β
↔

Γβ
ijÞ þ ðΓβ

ji∂α
↔
Γβ
ijÞ þ ðΓβ

ji∂β
↔

Γα
ijÞ�

þ δαβγσ

�
Γα
iiΓ

β
iiΓ

γ
ijΓσ

ji − Γα
iiΓ

β
ijΓ

γ
jjΓσ

ji −
1

2
Γα
ijΓ

β
jiΓ

γ
ijΓσ

ji

��
: ð95Þ

Now we have all the base ingredients that remain to be
assembled into a single whole.

4. Full result for b2ðx;xÞ
Here we summarize the above results, collecting

them in a compact form convenient for further
applications. Namely, the result obtained for b2ðx; xÞ can
be represented as

b2 ¼
1

2
trf

�
YðJ ∘YÞ − 1

6
ΓαβðJ ∘ΓαβÞ

�
þ Δb2: ð96Þ

In the limit of equal masses, the first two terms in (96) yield
the well-known result [14], and the third one vanishes, that
is, it contains only contributions associated with an explicit
violation of chiral symmetry. Together with the second term
of Eq. (36), this is the main result of our work.
To write the full expression for Δb2, we distinguish four

different contributions:

Δb2 ¼ bð1Þ2 þ
X2
n¼0

ΩðnÞ: ð97Þ

Here bð1Þ2 is the sum of all terms linear in Y, and ΩðnÞ is
the sum of terms with n derivatives which consists of only
spin-1 fields, entering into Γα.
For bð1Þ2 we have [see Eq. (58)]

bð1Þ2 ¼ trf

�
NY −

i
3
ðR ∘ΓαÞ∂α

↔
Y

�
: ð98Þ

The terms with two derivatives are

Ωð2Þ ¼ 1

24
trf½FαβðS ∘FαβÞ þ 6ð∂ΓÞðS ∘ ∂ΓÞ�: ð99Þ

The first term makes an additional contribution to the
kinetic part of the effective Lagrangian of spin-1 fields
described by the second term in (96). Recall that the
symmetric matrix S is defined by Sij ¼ Jij − Jiijj (D26).
The shorthand ∂Γ≡ ∂αΓα implies summation over omitted
indices α. In applications, one can omit the second term in
(99) to ensure that the energy of the massive spin-1 field is
positive definite.

The terms with one derivative can be collected in the
expression

Ωð1Þ ¼ i
3
trf

�
HαβFαβ þ 1

2
δαβγσðK ∘ ∂αΓβÞEγσ

�

þ i
12

X
i≠j

Rij½8ð∂ΓijÞðΓ2Þji þ ðFαβ
ji þ 9∂αΓβ

jiÞLβα
þij

þ Γα
jiΓ

β
ijF

αβ
jj � þ

i
8

X
i≠j

SijðΓα
ii − Γα

jjÞ

× ½ðΓα
ij∂β
↔

Γβ
jiÞ − ðΓα

ji∂β
↔

Γβ
ijÞ þ ðΓβ

ij∂α
↔
Γβ
jiÞ�; ð100Þ

which represents the effective three-particlevertices describ-
ing the local interaction of vector and axial-vector fields.
The term without derivatives Ωð0Þ, which is a sum of the

terms ∝ Γ4, we represent in the form

Ωð0Þ ¼ Ωð0Þ
1 þΩð0Þ

2 ; ð101Þ

where Ωð0Þ
1 is given by Eq. (91), and

Ωð0Þ
2 ¼

X
i≠j≠k

Rij½ðLαα
− ÞjiðΓikΓkjÞ þ ðΓjiΓijÞðΓjkΓkjÞ�

þ 1

3
δαβγσ

X
i≠j

SijðΓα
iiΓ

β
iiΓ

γ
ijΓσ

ji − Γα
iiΓ

β
ijΓ

γ
jjΓσ

ji

−
1

2
Γα
ijΓ

β
jiΓ

γ
ijΓσ

jiÞ: ð102Þ

Here, the expression in the parentheses ðΓijΓjiÞ is under-
stood to be summed over alpha Γα

ijΓα
ji.

IV. CONTINUATION TO MINKOWSKI SPACE

Let us write the Lagrangian of the effective theory arising
from the considered 1=M expansion (28) after continuation
to Minkowski space-time

Leff ¼ −
Nc

32π2
X∞
n¼1

trDbnðx; xÞjM: ð103Þ

The indexM explicitly indicates that coefficients bn belong
to Minkowski space. The rules of such continuation are
given in Appendix A.
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The coefficient b1ðx; xÞ given by Eq. (38) in Minkowski
space-time has the following form:

b1jM ¼ trf

�
J0 ∘ ð−YÞ − 1

4
ðΔJ0 ∘ΓμÞΓμ

�
: ð104Þ

In particular, Γμ ¼ vμ þ γ5aμ, and

Y¼ s2−fs;Mgþp2þ iγ5½s−M;p�

−
i
4
½γμ;γν�ðvμνþ γ5aμνÞ− iγμð∇μsþ iγ5∇μpÞ; ð105Þ

where

vμν ¼ ∂μvν − ∂νvμ − i½vμ; vν� − i½aμ; aν�; ð106Þ

aμν ¼ ∂μaν − ∂νaμ − i½vμ; aν� − i½aμ; vν�; ð107Þ

∇μs ¼ ∂μs − i½vμ; s −M� − faμ; pg; ð108Þ

∇μp ¼ ∂μp − i½vμ; p� þ faμ; s −Mg: ð109Þ

The coefficient b2ðx; xÞ in Minkowski space-time can be
written as

b2jM ¼ 1

2
trf

�
YðJ ∘YÞ − 1

6
ΓμνðJ ∘ΓμνÞ

�
þ Δb2; ð110Þ

where

Γμν ¼ ∂μΓν − ∂νΓμ − i½Γμ;Γν� ð111Þ
is a representation of (64) in Minkowski space-time. For the
contributions to Δb2 we have

bð1Þ2 jM ¼ trf

�
NY −

i
3
ðR ∘ΓμÞ∂μ

↔
Y

�
: ð112Þ

In a similar way we find

Ωð2Þ
jM ¼ 1

24
trf½FμνðS ∘FμνÞ þ 6ð∂ΓÞðS ∘ ∂ΓÞ�; ð113Þ

where ð∂ΓÞ is understood now as ∂μΓμ, and

Ωð1Þ
jM ¼ −

i
3
trf

�
HμνFμν þ 1

2
gμνμ̃ ν̃ðK ∘ ∂μΓνÞEμ̃ ν̃

�
þ i
12

X
i≠j

Rij½8ð∂ΓijÞðΓ2Þji − ðFμν
ji þ 9∂μΓν

jiÞLνμ
þij−Γ

μ
jiΓν

ijF
μν
jj �

−
i
8

X
i≠j

SijðΓμ
ii − Γμ

jjÞ½ðΓμ
ij∂ν
↔
Γν
jiÞ − ðΓμ

ji∂ν
↔
Γν
ijÞ þ ðΓν

ij∂μ
↔
Γν
jiÞ�; ð114Þ

where gμνμ̃ ν̃ ¼ gμνgμ̃ ν̃ þ gμμ̃gνν̃ þ gμν̃gνμ̃. We will not write
out here an expression for Ωð0Þ, which contains the terms
∝ Γ4, since here, to go to the Minkowski space, it is
sufficient to replace the indices, while the sign in front of
any term remains unchanged.

V. CONCLUSIONS

Above, a new method for obtaining the effective low-
energy Lagrangian in a theory with heavy particles of
unequal masses and a nontrivial flavor symmetry group has
been presented in full detail. Unlike [22], where authors use
the modified DeWitt WKB form and solve recurrent
Schrödinger-like equations to determine the heat coeffi-
cients, our calculations are based on the formula (1), which
allows us to resum the proper-time series in accordance
with the contributions of corresponding one-loop Feynman
diagrams with the required number of external fields. As a
result, we arrive at an effective action (28), in which each of
the heat coefficients can be calculated independently, and
corresponds to a certain order in 1=M2 expansion. We have
explicitly calculated two leading coefficients b1ðx; xÞ and
b2ðx; xÞ for the case of the broken Uð3Þ × Uð3Þ chiral
symmetry. The result can be used to study the conse-
quences of SUð3Þ symmetry violations, for instance, in the

framework of the NJL-type models, where, until now,
rather rough approximations are used to describe this
important effect. Although we have limited ourselves to
a particular example, the proposed approach can be easily
extended to the case of an arbitrary internal symmetry
group, for example, to study an explicit and spontaneous
symmetry violation within the context of effective field
theories beyond the Standard Model.
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APPENDIX A: THE WICK ROTATION TO THE
EUCLIDEAN SPACE-TIME

In this Appendix, we collect some useful formulas and
conventions made to perform a Wick rotation of the time
axis to transit from Minkowski space-time with the metric
tensor gμν ¼ diagð1;−1;−1;−1Þ to Euclidean space with
metric δαβ ¼ diagð1; 1; 1; 1Þ and back. Here the first two
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letters of the Greek alphabet α, β are used to enumerate the
coordinates in Euclidean space α, β ¼ 1, 2, 3, 4; on the
contrary, the letters μ, ν, run over the set μ, ν ¼ 0, 1, 2, 3 in
Minkowski space-time.
For coordinates xμ and the Lorentz four-vector vμ we

apply the following correspondence rules with the
Euclidean coordinates xα and the vector components vα∶

xμ ¼ ðx0; x⃗Þ → xα ¼ ðx⃗; x4Þ; x0 → −ix4: ðA1Þ

∂μ ¼ ð∂0; ∇⃗Þ → ∂α ¼ ð∇⃗; ∂4Þ; ∂0 → i∂4: ðA2Þ

vμ ¼ ðv0; v⃗Þ → vα ¼ ðv⃗; v4Þ; v0 → −iv4: ðA3Þ

It follows then from (A2) and (A3) that

vμvμ ¼ v20 − v⃗2 → −v24 − v⃗2 ¼ −v2α; ðA4Þ

vμ∂μ ¼ v0∂0 þ v⃗ ∇⃗ → vα∂α: ðA5Þ

For the Dirac γ-matrices we use the following
conventions:

γμ ¼ ðγ0; γ⃗Þ → γα ¼ ðγ⃗; γ4Þ; γ0 → −iγ4: ðA6Þ

Our choice corresponds to the case when Oð4Þ gamma
matrices γα in the four-dimensional Euclidean space are
anti-Hermitian. Indeed, from the standard property γμ† ¼
ðγ0;−γ⃗Þ and definitions made above, one finds that
γ†α ¼ −γα. As a consequence, the Euclidean Clifford
algebra emerging from fγμ; γνg ¼ 2gμν necessitates a
change in the defining equation fγα; γβg ¼ −2δαβ. We
have also that γμ∂μ → γα∂α, γμvμ → −γαvα.
The other consequence is that γ5 ¼ −iγ0γ1γ2γ3 matrix

can be defined in Euclidean space as γ5E ¼ γ1γ2γ3γ4. It
follows then that γ5 → γ5E, and both matrices are
Hermitian.
For the Dirac operator

D ¼ iγμdμ −M þ sþ iγ5p; ðA7Þ

where dμ ¼ ∂μ − iΓμ, and Γμ ¼ vμ þ γ5aμ, one finds

D → DE ¼ iγαdα −M þ sþ iγ5Ep; ðA8Þ

where dα ¼ ∂α þ iΓα, Γα ¼ vα þ γ5Eaα.
This yields

D†
EDE ¼ −d2α þ ðs −MÞ2 þ p2 þ iγ5E½s −M;p�

þ 1

4
½γα; γβ�½dα; dβ� þ i½γαðsþ iγ5Ep −MÞ; dα�

¼ M2 − d2 þ Y; ðA9Þ

where d2 ¼ dαdα,

Y ¼ s2 − fs;Mg þ p2 þ iγ5E½s −M;p�
þ i
4
½γα; γβ�ðvαβ þ γ5EaαβÞ

− iγαð∇αsþ iγ5E∇αpÞ; ðA10Þ

and the chiral-covariant objects are

vαβ ¼ ∂αvβ − ∂βvα þ i½vα; vβ� þ i½aα; aβ�; ðA11Þ

aαβ ¼ ∂αaβ − ∂βaα þ i½vα; aβ� þ i½aα; vβ�; ðA12Þ

∇αs ¼ ∂αsþ i½vα; s −M� þ faα; pg; ðA13Þ

∇αp ¼ ∂αpþ i½vα; p� − faα; s −Mg: ðA14Þ

We have given these well-known formulas here both for the
completeness of our presentation and to clarify notations
used in the main text of our work.

APPENDIX B: THE MODULUS OF THE
DETERMINANT

This is a summary of the standard steps to evaluate the
modulus of determinant (3). The self-adjoint elliptic oper-
ator Δ ¼ D†

EDE can be treated as an operator acting on a
fictitious Hilbert space, where the quantum-mechanical
algebra of coordinates and momenta is realized, i.e., where
jxi is an eigenvector of a commuting set of Hermitian
operators x̂α such that x̂αjxi ¼ xαjxi and hxjyi ¼ δðx − yÞ.
The Hermitian operators, p̂α ¼ −i∂α, which are conjugate
to x̂α, obey canonical commutation relations: ½x̂α; p̂β� ¼
iδαβ; ½x̂α; x̂β� ¼ ½p̂α; p̂β� ¼ 0.
Let us consider an eigenket jpi of p̂α. Its representative

in the Schrödinger picture is hxjpi ¼ ð2πÞ−2 expðixαpαÞ.
Using this plane-wave basis one can describe the action of
the operator e−tΔ on the Hilbert space by the heat kernel
function of Δ∶

hðx; y; tÞ ¼ hxje−tΔjyi ¼
Z

d4phxje−tΔjpihpjyi: ðB1Þ

Taking into account the relations hxjp̂αjpi ¼ pαhxjpi ¼
−i∂x

αhxjpi and hxjx̂αjpi ¼ xαhxjpi, one can proceed:

hxje−tΔjyi ¼
Z

d4pe−tΔxhxjpihpjyi

¼
Z

d4p
ð2πÞ4 e

−ipye−tΔxeipx

¼
Z

d4p
ð2πÞ4 e

ipðx−yÞðe−ipxe−tΔxeipxÞ; ðB2Þ

whereΔx is the operator Δ in the coordinate representation.
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Now note that

e−ipxe−tΔxeipx ¼
X∞
n¼0

ð−tÞn
n!

e−ipxðΔxÞneipx

¼
X∞
n¼0

ð−tÞn
n!

ðe−ipxΔxeipxÞn; ðB3Þ

where

e−ipxΔxeipx ¼ Δx − ½ipx;Δx� þ
1

2!
½ipx; ½ipx;Δx��

¼ Δx − 2ipαdα þ p2: ðB4Þ

Since the operator Δx contains derivatives of at
most second order, its higher-order commutators with
ipx are equal to zero. At the last stage we used
Eq. (A9), namely

½ipx;Δx� ¼ ½ipx;M2−d2þY� ¼−½ipx;d2�
¼−½ipx;∂2

αþ2iΓα∂α�
¼−½ipx;∂α�∂α−∂α½ipx;∂α�−2iΓα½ipx;∂α�
¼ 2ipαdα;

½ipx; ½ipx;Δx�� ¼ ½ipx;2ipαdα� ¼ 2p2
α:

As a result we obtain

hxje−tΔjyi ¼
Z

d4p
ð2πÞ4 e

ipðx−yÞe−tp2

e−tðΔx−2ipdÞ

¼
Z

d4p
ð4π2tÞ2 e

−p2þ iffi
t

p pðx−yÞe−tðΔx−
2ipdffi

t
p Þ; ðB5Þ

or, for the trace

Trðe−tΔÞ ¼
Z

d4x trIhxje−tΔjxi

¼
Z

d4xd4p
ð4π2tÞ2 e

−p2

trIe
−tðΔx−

2ipdffi
t

p Þ; ðB6Þ

where trI means the trace over color, isospin, and Dirac
indices. Expanding the last exponent in the series in the
proper time, one can take the integrals over four-momenta
with the help of the formulas

Z
d4p
ð2πÞ4 e

−p2

pα1pα2…pα2n ¼
δα1α2…α2n

2nð4πÞ2 : ðB7Þ

Note that only the even number of internal momenta pα

contribute; the odd number, obviously, gives zero. The
totally symmetric tensor δα1α2…α2n is a product of
Kronecker’s deltas δα1α2δα3α4…δα2n−1α2n plus all possible
permutations of indices; there are ð2n − 1Þ!! terms in total.
For example,

δα1α2α3α4 ¼ δα2α1δ
α3
α4 þ δα3α1δ

α2
α4 þ δα4α1δ

α3
α2 : ðB8Þ

Finally, combining (3) and (B6) we come to Eq. (14).

APPENDIX C: PROOF OF THE FORMULA (22)

Here we present some details related to obtaining of
Eq. (22). Let us first consider the case when n ¼ 1,

trf½e−tM2

f1ðt; AÞ�

¼
X3
i;j;k

e−tm
2
i

Z
t

0

ds esðm
2
j−m

2
kÞtrfðEiEjAEkÞ

¼
X
i

te−tm
2
i trfAi: ðC1Þ

Hence,

ciðtÞ ¼ e−tm
2
i : ðC2Þ

For n ¼ 2 we have

trf½e−tM2

f2ðt;AÞ� ¼
X3
i;j

Z
t

0

ds1

Z
s1

0

ds2

×eðs1−s2−tÞm2
i eðs2−s1Þm

2
j trfðAiAjÞ

¼
X3
i;j

�
t
e−tm

2
i

Δji
þe−tm

2
j −e−tm

2
i

Δ2
ij

�
trfðAiAjÞ

¼
X3
i;j

t
2Δji

ðe−tm2
i −e−tm

2
j ÞtrfðAiAjÞ:

ðC3Þ
Here Δij ¼ m2

i −m2
j , and in the last stage we used that

trace is symmetric under an exchange i ↔ j. It gives

ci1i2ðtÞ ¼
1

t

X
perm

ci1ðtÞ
Δi2i1

: ðC4Þ

The sum includes two terms obtained by cyclically permut-
ing the indices ði1; i2Þ → ði2; i1Þ.
For n ¼ 3
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trf½e−tM2

f3ðt;AÞ� ¼
X3
i;j;k

Z
t

0

ds1

Z
s1

0

ds2

Z
s2

0

ds3eðs1−s3−tÞm
2
i eðs2−s1Þm

2
j eðs3−s2Þm

2
k trfðAiAjAkÞ

¼
X3
i;j;k

�
tciðtÞ
ΔijΔik

þciðtÞ−cjðtÞ
Δ2

ijΔjk
þciðtÞ−ckðtÞ

Δ2
ikΔkj

�
trfðAiAjAkÞ: ðC5Þ

Since the trace is symmetric with respect to the cyclic
permutation of matrices, one can add to this expression
two others, obtained by cyclic permutations of indices
ði; j; kÞ → ðj; k; iÞ and ði; j; kÞ → ðk; i; jÞ, and the result
should be divided by three. As a result, only the first term in
parentheses will lead to the nonzero contribution. This
yields the following expression for the coefficient:

ci1i2i3ðtÞ ¼
2!

t2
X
perm

ci1ðtÞ
Δi2i1Δi3i1

: ðC6Þ

Consider the case n ¼ 4. Here we have

trf½e−tM2

f4ðt; AÞ� ¼
X3
i;j;k;l

Z
t

0

ds1

Z
s1

0

ds2

Z
s2

0

ds3

Z
s3

0

ds4eðs1−s4−tÞm
2
i eðs2−s1Þm

2
j eðs3−s2Þm

2
keðs4−s3Þm

2
l trfðAiAjAkAlÞ

¼
X3
i;j;k;l

�
tciðtÞ

ΔjiΔkiΔli
þ cjðtÞ − ciðtÞ

Δ2
ijΔkjΔlj

þ ckðtÞ − ciðtÞ
Δ2

ikΔlkΔjk
þ clðtÞ − ciðtÞ

Δ2
ilΔklΔjl

�
trfðAiAjAkAlÞ: ðC7Þ

By using again the cyclic permutation property of trace, one
can easily find out that only the first term in parentheses
will contribute with a nonzero result. Here we have four
cyclic permutations of indices; correspondingly it gives
four terms for the coefficient

ci1i2i3i4ðtÞ ¼
3!

t3
X
perm

ci1ðtÞ
Δi2i1Δi3i1Δi4i1

: ðC8Þ

Continuing the above procedure, we can find by induc-
tion an arbitrary coefficient in formula (22):

ci1i2…inðtÞ ¼
ðn − 1Þ!
tn−1

X
perm

ci1ðtÞ
Δi2i1Δi3i1…Δini1

: ðC9Þ

Although the sum includes n terms obtained by cyclically
permuting the indices i1; i2;…; in, it is easy to show that the
coefficients ci1i2…in are totally symmetric.
One can also establish a recurrence formula relating

coefficients of order n, ci1i2…inðtÞ, for n > 1, with coef-
ficients of order n − 1∶

ci1i2…inðtÞ ¼
n − 1

tΔin−1in

½ci1i2…in−2inðtÞ − ci1i2…in−1ðtÞ�: ðC10Þ

This relation follows from the following easily verified
identities:

X
perm

1

Δi2i1

¼ 0; ðC11Þ

X
perm

1

Δi2i1Δi3i1

¼ 0; ðC12Þ

…………………
X
perm

1

Δi2i1Δi3i1…Δini1

¼ 0: ðC13Þ

Recurrent formula (C10), inter alia, simplifies the proof
of the relations

ciðtÞ ¼ ciiðtÞ ¼ cii…iðtÞ: ðC14Þ

Indeed, one has, for instance,

ciiðtÞ ¼ lim
mi→mj

cijðtÞ ¼ lim
mi→mj

e−tm
2
j − e−tm

2
i

tΔij

¼ lim
mi→mj

e−tm
2
i
etΔij − 1

tΔij
¼ ciðtÞ: ðC15Þ

Using (C10) we can extend this to any cii…iðtÞ case.
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APPENDIX D: INTEGRALS OVER
PROPER TIME

If the masses of the Fermi fields are nondegenerate,
integration over the proper time leads to expressions
depending on the specific masses of the constituent quarks
in the corresponding Feynman diagram. Accordingly, the
number of different loop integrals increases. We will
classify the integrals in accord with the number of internal
quark lines presented in the loop diagram. Since we are
dealing with a 1=M expansion, the integrals presented
below give only the leading terms of this expansion. Along
with separating the main divergences of the Feynman
diagrams, such integrals contain finite contributions that
vanish in the case of equal quark masses. These finite
contributions are uniquely determined by the coefficients
ci1i2…in that are completely symmetric with respect to the
permutation of any two indices.

1. Tadpole diagrams

The diagrams with only one internal quark line (tadpole)
are associated with the proper-time integral:Z

dt
t2
ρt;ΛciðtÞ ¼ J0ðm2

i Þ: ðD1Þ

We will use Pauli-Villars regularization corresponding to
two subtractions at the mass-scale Λ∶

ρt;Λ ¼ 1 − ð1þ tΛ2Þe−tΛ2

: ðD2Þ

In this case, it follows that

J0ðm2
i Þ ¼ Λ2 −m2

i ln

�
1þ Λ2

m2
i

�
: ðD3Þ

This obviously coincides with (19).

2. Self-energy diagrams

The quark-loop self-energy graphs are described by the
proper-time integrals:

Z
dt
t2−n

ρt;ΛcijðtÞ ¼ Jnðm2
i ; m

2
jÞ: ðD4Þ

Due to the symmetry of the coefficients cij ¼ cji the result
of integration is symmetric with respect to the replacement
mi ↔ mj. Indeed, in the case n ¼ 0, we have

J0ðm2
i ;m

2
jÞ¼

Λ2

2
þ Λ4

2Δij
ln
Λ2þm2

i

Λ2þm2
j

−
1

2Δij

�
m4

i ln

�
1þΛ2

m2
i

�
−m4

j ln

�
1þΛ2

m2
j

��
;

ðD5Þ

where Δij ¼ m2
i −m2

j . In the coincidence limit mi → mj,

lim
mi→mj

J0ðm2
i ; m

2
jÞ ¼ J0ðm2

i Þ:

The other integral for n ¼ 1 is given by the difference of the
tadpole contributions:

J1ðm2
i ; m

2
jÞ ¼

1

Δij
½J0ðm2

jÞ − J0ðm2
i Þ�

¼ 1

Δij

�
m2

i ln

�
1þ Λ2

m2
i

�
−m2

j ln

�
1þ Λ2

m2
j

��
:

ðD6Þ

Since we also have expressions for the similar J1-type
contributions coming from the triangle and box diagrams,
we will collect them together in one formula:

0
B@

Jij
Jijk
Jiijk

1
CA≡

Z
∞

0

dt
t
ρt;Λ

0
B@

cijðtÞ
cijkðtÞ
ciijkðtÞ

1
CA: ðD7Þ

From Eq. (C14), it follows that

Jii ¼ Jiii ¼ Jiiii ¼ J1ðm2
i Þ≡ Ji: ðD8Þ

The integrals take this form when all quark masses in the
loop are equal.

3. Triangle diagrams

The proper-time integral

Z
dt
t
ρt;ΛcijkðtÞ ¼ J1ðm2

i ; m
2
j ; m

2
kÞ≡ Jijk ðD9Þ

describes a local part of the diagram with three internal
quark lines. As before, the full symmetry of the coefficient
cijk allows one to conclude that this integral does not
change when any two fermion masses are exchanged. To
verify this, we use the formula (C10), which at the first
stage of calculations leads to a seemingly asymmetric
result:

Jijk ¼
2

Δjk
½J0ðm2

i ; m
2
kÞ − J0ðm2

i ; m
2
jÞ�; ðD10Þ

where J0ðm2
i ; m

2
jÞ is given by Eq. (D5). However, the direct

calculation of the right-hand side of this expression shows
explicitly its total symmetry:
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J1ðm2
i ; m

2
j ; m

2
kÞ ¼

1

ΔijΔjkΔki

�
Λ4

�
m2

i ln
Λ2 þm2

k

Λ2 þm2
j
þm2

j ln
Λ2 þm2

i

Λ2 þm2
k

þm2
k ln

Λ2 þm2
j

Λ2 þm2
i

�

þm4
iΔkj ln

�
1þ Λ2

m2
i

�
þm4

jΔik ln

�
1þ Λ2

m2
j

�
þm4

kΔji ln

�
1þ Λ2

m2
k

��
: ðD11Þ

This expression allows us to obtain a particular value corresponding to the cases with two equal masses:

J1ðm2
i ; m

2
i ; m

2
jÞ ¼

2

Δij
½J0ðm2

i ; m
2
jÞ − J0ðm2

i Þ�

¼ 1

Δij

�
2m2

i ln

�
1þ Λ2

m2
i

�
− Λ2

�
þ 1

Δ2
ij

�
m4

j ln

�
1þ Λ2

m2
j

�
−m4

i ln

�
1þ Λ2

m2
i

�
þ Λ4 ln

Λ2 þm2
i

Λ2 þm2
j

�
: ðD12Þ

It should be noted that in the theory considered, there are
only three different flavor states of quarks: u, d, and s.
Therefore, Eq. (D12) describes the six possible cases: uud,
uus, ddu, dds, ssu, and ssd. Notice also that a contribu-
tion, for instance, of uus triangle differs from ssu one. The
difference is antisymmetric with respect to the replacement
mi ↔ mj,

Jiij − Jjji ¼
2

Δij
ΔJ0ðm2

i ; m
2
jÞ; ðD13Þ

where

ΔJ0ðm2
i ; m

2
jÞ ¼ 2J0ðm2

i ; m
2
jÞ − J0ðm2

i Þ − J0ðm2
jÞ: ðD14Þ

This value is finite at Λ → ∞. The sum is

Jiij þ Jjji ¼ 2J1ðm2
i ; m

2
jÞ: ðD15Þ

As a consequence, we have

J1ðm2
i ; m

2
i ; m

2
jÞ ¼ J1ðm2

i ; m
2
jÞ þ Rðm2

i ; m
2
jÞ; ðD16Þ

where the antisymmetric part of this expression is defined
as

Rðm2
i ; m

2
jÞ ¼

ΔJ0ðm2
i ; m

2
jÞ

Δij
≡ Rij: ðD17Þ

4. Box diagrams

Consider the last of the divergent-type expressions that
arise when one calculates the quark box diagrams with
external meson fields. These are given by the integrals of
the form

Z
dt
t
ρt;ΛcijklðtÞ ¼ J1ðm2

i ; m
2
j ; m

2
k; m

2
l Þ: ðD18Þ

Since quarks have only three flavors, at least two indices in
cijkl coincide. Therefore, we actually need to calculate the
master integral:

Z
dt
t
ρt;ΛciijkðtÞ ¼ Jiijk: ðD19Þ

To this end, we again use the formula (C10), which in this
case takes the form

ciijkðtÞ ¼
3

tΔkj
½ciijðtÞ − ciikðtÞ�: ðD20Þ

The quadratic divergences arising when one integrates each
of the coefficients ciijðtÞ are canceled in the difference
(D20). As a result, we arrive at a logarithmically divergent
(at Λ → ∞) expression:

Jiijk ¼
1

ΔijΔik

�
3m4

i ln

�
1þ Λ2

m2
i

�
− Λ2ð2Λ2 þm2

i Þ
�

þ 1

Δkj

�
1

Δ2
ij

�
m6

i ln

�
1þ Λ2

m2
i

�
−m6

j ln

�
1þ Λ2

m2
j

�
þ Λ4ð2Λ2 þ 3m2

jÞ ln
Λ2 þm2

j

Λ2 þm2
i

�

−
1

Δ2
ik

�
m6

i ln

�
1þ Λ2

m2
i

�
−m6

k ln

�
1þ Λ2

m2
k

�
þ Λ4ð2Λ2 þ 3m2

kÞ ln
Λ2 þm2

k

Λ2 þm2
i

��
: ðD21Þ
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Notice that in full accord with (D20) we have

Jiijk ¼ Jiikj: ðD22Þ

Cases with two different types of flavors can be obtained from this expression by passing to the corresponding limits of
equal masses. There are two of them: Jiijj and Jiiij. As a result, we have

Jiijj ¼
1

Δ2
ij

�
m4

i

�
1 − 2

m2
j

Δij

�
ln

�
1þ Λ2

m2
i

�
þm4

j

�
1 − 2

m2
i

Δji

�
ln

�
1þ Λ2

m2
j

�

− Λ2ð4Λ2 þm2
i þm2

jÞ − Λ4

�
3þ 2

Δij
ð2Λ2 þ 3m2

jÞ
�
ln
Λ2 þm2

j

Λ2 þm2
i

�
; ðD23Þ

Jiiij ¼
1

Δ3
ij

�
m6

i ln

�
1þ Λ2

m2
i

�
−m6

j ln

�
1þ Λ2

m2
j

�
þ ΔijΛ2ð2Λ2 −m2

i þ 2m2
jÞ

− 3Δijm2
i m

2
j ln

�
1þ Λ2

m2
i

�
þ Λ4ð2Λ2 þ 3m2

jÞ ln
Λ2 þm2

j

Λ2 þm2
i

�
: ðD24Þ

From (D6) and (D23) we find the relation

Jiijj ¼ Jij − Sðm2
i ; m

2
jÞ; ðD25Þ

where

Sðm2
i ; m

2
jÞ ¼

1

Δ3
ij

�
m2

i m
2
jðm2

i þm2
jÞ ln

ðΛ2 þm2
i Þm2

j

ðΛ2 þm2
jÞm2

i
þ Λ4½4Λ2 þ 3ðm2

i þm2
jÞ� ln

Λ2 þm2
j

Λ2 þm2
i

�
þ Λ2

Δ2
ij
ð4Λ2 þm2

i þm2
jÞ:

ðD26Þ

The latter expression is symmetric under exchange of
masses and finite at Λ → ∞.
Equation (D24) describes the six possible variants of the

distribution of quarks along the inner lines of the box
diagram; these are uuud, uuus, dddu, ddds, sssu, and
sssd. In particular, it follows that

Jiiij − Jjjji ¼ 3Rij; ðD27Þ

where Rij is given by (D17). On the other hand, the sum of
these integrals is

Jiiij þ Jjjji ¼ 2J1ðm2
i ; m

2
jÞ þ Sðm2

i ; m
2
jÞ: ðD28Þ

APPENDIX E: MIXED SUMS FOR bnðx;xÞ
In the main text we make use summations which contain

both the mass-dependent remnant, Ji1i2…in , of one-loop
quark integrals and the corresponding field-dependent
coefficients Ti1i2…in . The result of such summations
depends on the properties of Ji1i2…in which were estab-
lished in Appendix D. Here some important results on these
sums are presented.

The simplest case is given by the sum

X
i;j

JijTij ¼
X
i;j

JijTðijÞ

¼
X3
i¼1

JiTii þ 2
X
i<j

JijTðijÞ; ðE1Þ

where

TðijÞ ¼
1

2
ðTij þ TjiÞ: ðE2Þ

Consider now the sum related to the triangle diagrams.
The corresponding one-loop integral induces at leading
order of its large mass expansion the function Jijk, which is
known to be completely symmetric under any exchange of
masses. Due to this symmetry we have

X
i;j;k

JijkTijk¼
X
i;j;k

JijkTðijkÞ

¼
X
i

JiTiiiþ3
X
i≠j

JiijTðiijÞþ6J123Tð123Þ; ðE3Þ
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where

TðijkÞ ¼
1

6
ðTijk þ Tjik þ Tikj þ Tjki þ Tkij þ TkjiÞ ðE4Þ

is a totally symmetric function of quark masses. The sum
has 3þ 3 × 6þ 6 ¼ 27 terms in all, as it should be. Now
we make use of Eq. (D16) to obtain

X
i≠j

JiijTðiijÞ ¼
X
i<j

ðJijTþ
iij þ RijT−

iijÞ; ðE5Þ

where T�
iij ¼ TðiijÞ � TðjjiÞ. As a result we finally have

X
i;j;k

JijkTijk ¼
X
i

JiTiii þ 3
X
i<j

ðJijTþ
iij þ RijT−

iijÞ

þ 6J123Tð123Þ: ðE6Þ

The next sum describes the contribution of the fermion
box diagrams with external spin-1 fields to the coefficient
b2ðx; xÞ. Here we have

X
i;j;k;l

JijklTijkl¼
X
i;j;k;l

JijklTðijklÞ

¼
X
i

JiTiiiiþ4
X
i≠j

JiiijTðiiijÞ þ6
X
i<j

JiijjTðiijjÞ

þ12
X
i≠j≠k
j<k

JiijkTðiijkÞ: ðE7Þ

This formula is written for the specific case when each of
the indices i, j, k, l takes only three possible values 1,2, or 3
(we consider fermion fields with three flavors), so Tijkl has
at least two equal indices. As a result, the sum (E7) has
3þ 4 × 6þ 6 × 3þ 12 × 3 ¼ 81 terms, and we need to
know only the following coefficients:

TðiiijÞ ¼
1

4
ðTiiijþTiijiþTijiiþTjiiiÞ;

TðiijjÞ ¼
1

6
ðTiijjþTjjiiþTijijþTjijiþTijjiþTjiijÞ;

TðiijkÞ ¼
1

12
ðTiijkþTiikjþTkiijþTjiikþTjkiiþTkjii

þTijikþTikijþTjikiþTkijiþTijkiþTikjiÞ: ðE8Þ

With the use of (D27) and (D28) one can set apart the
divergent part of the proper-time integral Jiiij in the form
Jij, and as a result to obtain that

X
i≠j

JiiijTðiiijÞ ¼
X
i<j

�
Jij þ

1

2
Sij

�
Tþ
iiij þ

3

2

X
i<j

RijT−
iiij;

ðE9Þ

where T�
iiij ¼ TðiiijÞ � TðjjjiÞ, and Sij ¼ Sðm2

i ; m
2
jÞ.

Thus, finally (E7) can be expressed as a sum

X
i;j;k;l

JijklTijkl

¼
X
i

JiTiiii þ 4
X
i<j

��
Jij þ

1

2
Sij

�
Tþ
iiij þ

3

2
RijT−

iiij

�

þ 6
X
i<j

ðJij − SijÞTðiijjÞ þ 12
X
i≠j≠k;
j<k

JiijkTðiijkÞ: ðE10Þ

APPENDIX F: PROPERTIES OF t COEFFICIENTS

It is the purpose of this Appendix to establish some
important properties of t coefficients which have been used
in the computation of the effective action.
We begin from the coefficient t̂ijk given by Eq. (62). For

that we need the following expressions:

dαij ¼ δij∂α þ iΓα
ij; ðF1Þ

ðd2Þij ¼
X
k

dαikd
α
kj

¼ δij∂2 þ 2iΓα
ij∂α þ ið∂αΓα

ijÞ − ðΓ2Þij: ðF2Þ

Then for the products we have

dαijd
α
jkðd2Þki ¼ δjkð∂ΓijÞ½ð∂ΓkiÞ þ iðΓ2Þki�

− Γα
ijΓα

jk½ið∂ΓkiÞ − ðΓ2Þki�; ðF3Þ

dαjkðd2Þkidαij ¼ δkið∂βΓα
jkÞð∂βΓα

ijÞ

þ iΓβ
kiðΓα

ij∂β
↔

Γα
jkÞ þ Γα

ijΓα
jkðΓ2Þki; ðF4Þ

ðd2Þkidαijdαjk ¼ δijð∂ΓjkÞ½ð∂ΓkiÞ − iðΓ2Þki�
þ Γα

ijΓα
jk½ið∂ΓkiÞ þ ðΓ2Þki�; ðF5Þ

where a total divergence and open derivatives on the right-
hand side were omitted. It gives

t̂ijk ¼
1

3
½δijð∂ΓkiÞð∂ΓjkÞ þ δjkð∂ΓijÞð∂ΓkiÞ

þ δkið∂βΓα
jkÞð∂βΓα

ijÞ þ iðδjk∂Γij − δij∂ΓjkÞðΓ2Þki
þ iΓβ

kiðΓα
ij∂β
↔

Γα
jkÞ� þ Γα

ijΓα
jkðΓ2Þki: ðF6Þ
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From this formula, in particular, one finds

3t̂þiij ¼ t̂iijþ t̂ijiþ t̂jiiþði↔ jÞ

¼ 2

3
ð∂ΓijÞð∂ΓjiÞþ

1

3
ð∂βΓα

ijÞð∂βΓα
jiÞþ

i
3
½Fαβ

ij Γα
jiðΓβ

ii−Γβ
jjÞþFαβ

ii Γα
ijΓ

β
ji�þΓα

jiðΓα
iiþΓα

jjÞðΓ2ÞijþΓα
ijΓα

jiðΓ2Þiiþði↔ jÞ
ðF7Þ

and

3t̂−iij ¼ t̂iij þ t̂iji þ t̂jii − ði ↔ jÞ

¼ 2i
3
ð∂ΓjiÞðΓ2Þij þ

i
3
½Fαβ

ij Γα
jiðΓβ

ii þ Γβ
jjÞ þ Fαβ

ii Γα
ijΓ

β
ji� þ Γα

jiðΓα
ii − Γα

jjÞðΓ2Þij þ Γα
ijΓα

jiðΓ2Þii − ði ↔ jÞ: ðF8Þ

From (F6) it follows also that in the case of three different masses, m1 ≠ m2 ≠ m3, the t coefficient t̂ð123Þ is

t̂ð123Þ ¼
1

6

X
i≠j≠k

�
i
3
Γα
ijΓ

β
jkF

αβ
ki þ Γα

ijΓα
jkðΓ2Þki

�
: ðF9Þ

Now consider the coefficient tijkl given by Eq. (62). Up to a total divergence it can be rewritten as

tijkl ¼
1

4
δαβγσ½4Γα

ijΓ
β
jkΓ

γ
klΓσ

li þ δjkδklð∂βΓα
ijÞð∂γΓσ

liÞ þ δklδlið∂γΓβ
jkÞð∂σΓα

ijÞ þ δliδijð∂σΓγ
klÞð∂αΓβ

jkÞ þ δijδjkð∂αΓσ
liÞð∂βΓγ

klÞ

þ iδklΓα
ijðΓσ

li∂γ
↔
Γβ
jkÞ þ iδjkΓσ

liðΓγ
kl∂β

↔

Γα
ijÞ þ iδliΓ

β
jkðΓα

ij∂σ
↔
Γγ
klÞ þ iδijΓ

γ
klðΓβ

jk∂α
↔
Γσ
liÞ�: ðF10Þ

Hence, we have

tiiii ¼ 2ð∂ΓiiÞ2 þ ð∂αΓβ
iiÞ2 þ 3ðΓα

iiΓα
iiÞ2: ðF11Þ

Further, from the definition of the coefficients and the property of the cyclic permutation, it follows that

tiiij ¼ tiiji ¼ tijii ¼ tjiii ¼ tðiiijÞ; ðF12Þ

tiijj ¼ tijji ¼ tjjii ¼ tjiij; ðF13Þ

tijij ¼ tjiji: ðF14Þ

Therefore,

tðiiijÞ ¼
1

4
δαβγσ½ð∂αΓσ

jiÞð∂βΓγ
ijÞþ4Γα

iiΓ
β
iiΓ

γ
ijΓσ

jiþ ið∂αΓσ
jiÞΓβ

iiΓ
γ
ij− ið∂βΓγ

ijÞΓσ
jiΓα

ii�

¼ 1

4
f2ð∂ΓijÞð∂ΓjiÞþð∂αΓβ

ijÞð∂αΓβ
jiÞþ iΓβ

ii½ðΓβ
ij∂α
↔
Γα
jiÞ− ðΓβ

ji∂α
↔
Γα
ijÞþðΓα

ij∂β
↔

Γα
jiÞ�gþðΓiiΓiiÞðΓijΓjiÞþ2ðΓiiΓijÞðΓiiΓjiÞ:

ðF15Þ

From (F15), we obtain

t�iiij ¼ δ�þ

�
ð∂ΓijÞð∂ΓjiÞ þ

1

2
ð∂αΓβ

ijÞð∂αΓβ
jiÞ
�
þ i
4
ðΓβ

ii ∓ Γβ
jjÞ½ðΓβ

ij∂α
↔
Γα
jiÞ − ðΓβ

ji∂α
↔
Γα
ijÞ þ ðΓα

ij∂β
↔

Γα
jiÞ�

þ ½ðΓiiΓiiÞðΓijΓjiÞ þ 2ðΓiiΓijÞðΓiiΓjiÞ � ði ↔ jÞ�; ðF16Þ

where δþþ ¼ 1, and δ−þ ¼ 0.
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Next, we calculate the coefficient tðiijjÞ. Using the formulas (E8), (F13), and (F14) it is easy to establish that

tðiijjÞ ¼
1

3
ð2tiijj þ tijijÞ: ðF17Þ

The formula (F10) gives now

tðiijjÞ ¼
1

3

�
ðΓiiΓijÞðΓjjΓjiÞ þ ðΓijΓjjÞðΓjiΓiiÞ þ ðΓiiΓjjÞðΓijΓjiÞ þ ðΓijΓjiÞ2 þ

1

2
ðΓijΓijÞðΓjiΓjiÞ

þ i
2
Γα
ii½ðΓα

ji∂β
↔

Γβ
ijÞ þ ðΓβ

ji∂α
↔
Γβ
ijÞ þ ðΓβ

ji∂β
↔

Γα
ijÞ� þ ði ↔ jÞ

�
: ðF18Þ

Finally, consider the coefficient tðiijkÞ. In accord with the definition (E8) and the cyclic property (62) we have

tðiijkÞ ¼
1

3
ðtiijk þ tiikj þ tikijÞ

¼ 1

3
δαβγσ

�
Γα
iiΓ

β
ijΓ

γ
jkΓσ

ki þ Γα
iiΓ

β
ikΓ

γ
kjΓσ

ji þ Γα
ijΓ

β
jiΓ

γ
ikΓσ

kiþ
i
4
Γγ
jkðΓβ

ij∂α
↔
Γσ
kiÞ þ

i
4
Γγ
kjðΓβ

ik∂α
↔
Γσ
jiÞ
�
: ðF19Þ

In conclusion, we recall that the coefficients depending on Y: tij and tijk were calculated in the main part of the work.
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