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We consider the metric-affine formulation of bumblebee gravity, derive the field equations, and show 
that the connection can be written as Levi-Civita of a disformally related metric in which the bumblebee 
field determines the disformal part. As a consequence, the bumblebee field gets coupled to all the other 
matter fields present in the theory, potentially leading to nontrivial phenomenological effects. To explore 
this issue we compute the weak-field limit and study the resulting effective theory. In this scenario, we 
couple scalar and spinorial matter to the effective metric which, besides the zeroth-order Minkowskian 
contribution, also has the vector field contributions of the bumblebee, and show that it is renormalizable 
at one-loop level. From our analysis it also follows that the non-metricity of this theory is determined 
by the gradient of the bumblebee field, and that it can acquire a vacuum expectation value due to the 
contribution of the bumblebee field.

© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The search for signatures of Lorentz symmetry breaking (LSB) has called a great deal of attention over the last decades. String theories 
became the first motivation for studies of LSB [2–6]. Non-perturbative string/M-theory predicts extended objects, for example, D-branes, 
which spontaneously break the Lorentz and translation symmetries of the bulk spacetime [7]. Other motivations for Lorentz symmetry 
breaking in other quantum gravity contexts such as e.g. loop quantum gravity, quantum foam, etc. have also been exploited in the litera-
ture [8–12]. Given the experimental difficulties to probe such theories at the Planck scale, it is useful to follow a bottom-up approach and 
consider effective field theories (EFT) containing operators which are a source for local Lorentz violation (LV). The Standard-Model Exten-
sion (SME) proposed in [13,14], as well as its generalization to a gravitational sector described by GR at low energies [15], is a general 
framework which incorporates all possible Lorentz and CPT-violating operators that can be written in terms of fields which belong to some 
representation of the Poincaré group.1 The operators that appear in these effective field theories could be understood as contributions to 
the low-energy effective action of some UV theory with a spontaneous breakdown of Lorentz symmetry due to some set of non-scalar 
fields that develop a non-trivial vacuum expectation value (VEV). In the presence of gravity, however, forcing the VEVs to be constant 
would imply constraints on the allowed background space-time for consistency of the model, as happens for instance in Einstein-aether 
gravity [16] or in GR with a Chern-Simons term [17]. Allowing these Higgsed fields to be dynamical guarantees the general covariance of 
the theory as a consequence of them satisfying their respective field equations [16].

Among the several models that have been used to describe the gravitational sector of the SME, the bumblebee model [15,18,20–22]
can be singled out from an EFT perspective as it involves only first-order curvature terms in the Lagrangian, which are the dominant ones 
at low curvatures (energies). In this model, a vector field driven by a non-trivial potential which spontaneously breaks Lorentz symmetry 
is non-minimally coupled to the gravitational sector through the Ricci tensor. Other extensions including higher-order curvature couplings 
which would be relevant when considering strong-gravitational field regimes have also been considered within the SME framework.
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In this context, one must emphasize the fundamental difference between the bumblebee gravity and other known vector-tensor gravity 
theories such as generalized Proca models discussed f.e. in [23–25] and so-called Proca-Nuevo ones, considered f.e. in [26–28]. Unlike these 
theories, characterized by the presence of additional derivative-dependent terms in the vector sector and actually representing themselves 
as galileon-like theories, the bumblebee model, either in flat or in a curved space-time, includes a new potential term that allows for 
spontaneous Lorentz symmetry breaking, which is not observed in Proca-like theories.

The large majority of works in the available literature have treated the LV gravitational models in the metric approach, where the 
geometry is a priori assumed to be fully described only by the metric tensor, this being the only dynamical geometrical object. In contrast, 
one could employ the metric-affine approach in which no a priori relation between the metric and the affine connection is assumed. 
The fact that the metric approach is more popular than the metric-affine (or Palatini) one can be related to the fact that the current 
paradigm of gravitation as a geometric phenomenon initiated by Einstein arose in a time in which the only known geometries were 
of Riemannian type. Mathematicians soon realized that more general geometries were possible, and a first step in this direction was 
to relax the compatibility condition between metric and affine connection, thus giving rise to metric-affine geometry [29]. The metric-
affine approach must thus be seen as a reduction on the number of assumptions and, therefore, as potentially providing a more general 
phenomenological scenario than the metric approach. Note, in this sense, that whether the space-time geometry is closer to a Riemannian 
type, to a metric-affine type, or to something else is a question to be answered by experiments, not by conventions [30]. To our knowledge, 
the first works that considered LSB in generic metric-affine geometries studied the role that could be played by generic torsion [15] and 
non-metricity [31] backgrounds. Other non-Riemannian geometries such as Riemann-Finsler space-times have also been considered in 
the context of LSB [32]. These works paved the road to study particular examples in which the non-trivial non-metricity or torsion VEV 
that spontaneously breaks the Lorentz symmetry is generated by the gravitational dynamics. In this direction, the metric-affine version 
of the bumblebee model has recently been formulated in [1]. That work focused on the classical aspects of the theory, showing that this 
model can be embedded in a generalization of the Ricci-based-gravity (RBG) class [33–42] where non-minimal couplings between some 
matter fields and the Ricci tensor are allowed. This allowed to find the solution to the connection equations with the same procedure 
as in minimally coupled RBGs, as well as to show that the theory admits an Einstein-frame representation where a tower of effective 
LV operators appears in the matter sector due to the bumblebee VEV and its non-minimal coupling to the Ricci tensor. In that work, it 
was also shown that, due to the form of the non-minimal coupling and the absence of higher-order curvature terms, the non-metricity 
tensor is completely determined by the (covariant) derivatives of the bumblebee field of the model. Finally, the stability conditions of the 
classical effective theory in the weak gravitational field limit and coupled to a scalar and a Dirac field were considered.

A natural step to follow, and the focus of this work, is to understand the role played by quantum corrections in the LV coefficients 
that arise in the classical theory. In this sense, it is well established that purely quantum effects can account for symmetry breaking 
[43] (a phenomenon known as dynamical symmetry breaking). It is thus very important to determine if perturbative corrections within 
the bumblebee gravity may contribute to the effective potential and allow for dynamical Lorentz symmetry breaking, see f.e. [44,45]. In 
the current literature on bumblebee gravity, only tree-level studies of the spontaneous LV have been performed in cosmological [46,47]
and black hole scenarios [48], where the role of privileged space-time directions is played by time and radial coordinates. The study of 
generic quantum corrections in bumblebee gravity, either coupled to some matter or not, is thus an open problem. Moreover, since all 
considerations of spontaneous Lorentz symmetry breaking, including the papers cited above, were performed within the metric formalism, 
it becomes necessary to extend these studies to the metric-affine framework in order to identify characteristic features that may help tell 
both formalisms apart or that may favor one approach over the other. In this paper, we calculate these perturbative corrections. Explicitly, 
we will compute the one-loop corrections to the classical effective action in the weak gravitational field limit for a non-trivial bumblebee 
background, paying special attention to the contribution of the non-minimal couplings between the bumblebee field and the matter 
sources to the one-loop quantum corrections. To that end, we will consider quantum Dirac fields as the matter content of the model. As 
explained in [1], these will be described by a classical effective Lagrangian which can be expanded in powers of the non-minimal coupling 
parameter ξ . Given that the terms of order ξ2 would be of the same order as quadratic curvature corrections which are not present in the 
bumblebee model, we will stick to O(ξ) corrections for consistency.

The paper is organized as follows. In section 2 we review the main features of the classical metric-affine bumblebee model. In section 3
we study the quantum corrections at the one-loop level in the weak gravitational field limit and up to first order in ξ . Finally, we conclude 
in section 4. Throughout the paper we use natural units c = h̄ = 1.

2. The metric-affine bumblebee model

We start this section by writing down the metric-affine bumblebee action in curved space-time [1]

S B =
∫

d4x
√−g

[ 1

2κ2

(
R(�) + ξ Bα Bβ Rαβ(�)

)
− 1

4
Bμν Bμν − V (BμBμ ∓ b2)

]
+

+
∫

d4x
√−gLM(gμν,ψ), (1)

where R(�) is the Ricci scalar, Rμν(�) is the Ricci tensor, LM is the Lagrangian of the matter sources, Bμ is the bumblebee field, 
Bμν = 2∂[μBν] its field strength, V denotes the bumblebee potential, and κ2 = 8πG . Here, ξ is a small constant characterizing the inverse 
square of some large energy scale. The action of the model is defined within the metric-affine approach, which means that the connection 
is not assumed to bear any a priori relation with the metric. The potential V is such that the vector field Bμ acquires a non-zero VEV, 
say Bμ = bμ with b2 > 0, which triggers a (local) spontaneous breaking of Lorentz symmetry. Then, at low energies, the effects of a 
preferred frame will in principle permeate observables which are related to the bumblebee field. Note that the antisymmetric part of the 
Ricci tensor is irrelevant, which guarantees that the model satisfies a projective symmetry. This feature has been seen to be relevant in 
order to avoid the propagation of ghost-like degrees of freedom associated to the affine connection [37,38,49]. (GJO) Regarding the matter 
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Lagrangian, we assume that the matter fields are minimally coupled to the metric and that there is no explicit coupling to the connection. 
As we will see, this facilitates the resolution of the connection equation and, in particular, of its torsional part.2

After some algebra, the field equations obtained upon varying (1) with respect to metric, connection, and bumblebee field are respec-
tively

κ2Tμν = G(μν)(�) − ξ

2
gμν

(
Bα Bβ Rαβ(�)

)
+ 2ξ

(
B(μRν)β(�)

)
Bβ, (2)

0 = ∇(�)
λ

[√−g gμα

(
δν
α + ξ Bν Bα

)]
, (3)

∇(g)
μ Bμν = − ξ

κ2
gνα Bβ Rαβ(�) + 2V ′Bν, (4)

where Tμν = T M
μν + T B

μν encodes the contributions of the matter sources T M
μν as well as the contribution of the bumblebee field which 

does not couple to the curvature, namely

T M
μν = − 2√−g

δ(
√−gLM)

δgμν
, (5)

T B
μν = Bμσ B σ

ν − 1

4
gμν Bα

σ Bσ
α − V gμν + 2V ′BμBν . (6)

Notice that the connection equation is algebraic, which implies that it is an auxiliary field which does not propagate new degrees of 
freedom and can be integrated out from the action if one finds the solution to (3). The solution to the connection equation is given by 
the Levi-Civita connection of a new metric hμν defined by

hμν = 1√
1 + ξ X

(gμν + ξ BμBν), (7)

where X ≡ gμν BμBν . By performing appropriate field redefinitions and integrating out the connection, the action (1) can be recast in an 
Einstein-Hilbert-like form as

S̃B E F =
∫

d4x
√

−h
1

2κ2
R(h) + Sm

(
hμν, Bμ,ψ

)
. (8)

Notice that the above action (8) is the Einstein-Hilbert action for the new metric hμν coupled to a modified matter sector S̄m, which 
encodes a tower of non-linear interactions between the bumblebee field and all the fields in the matter sector Sm appearing in the 
original action (1). The interested reader is referred to [1] for details on the physical equivalence between (1) and (8). Note that the 
representation (8) makes it clear that in this theory gravitational waves propagate on the light cone defined by the metric hμν . One could 
thus observe subluminal/superluminal propagation of the tensorial perturbations of gμν (the physical gravitational waves, as gμν is the 
metric minimally coupled to the standard model matter) in regions of very intense bumblebee field. A detailed quantitative analysis would 
be necessary in order to determine if current data could be used to constrain this model with gravitational wave data, but that lies beyond 
the scope of this work and will be considered elsewhere.

From the connection equation it is clear that, generally, the VEV of the bumblebee field provides a VEV for the non-metricity tensor 
Q μ

αβ ≡ ∇μgαβ , realizing dynamically the idea presented in [31] of having a non-trivial non-metricity background that induces sponta-
neous breaking of Lorentz symmetry. Let us now quickly comment on the equations of motion for the bumblebee field. Either substituting 
(7) into (4) or directly deriving the equation from the Einstein-frame action (8), the bumblebee is described by an effective Proca-like
equation

∇(g)
ν Bνμ = Mμ

ν Bν, (9)

where the derivative operator ∇(g)
ν denotes covariant derivative with respect to the Levi-Civita connection of the metric gμν , and the 

effective mass term Mμ
ν is given by

Mμ
ν =

(
ξ T

2 + 3ξ X
+ ξ2 Bα Bβ Tαβ

(1 + ξ X)(2 + 3ξ X)
+ 2V ′

)
δ
μ
ν −

− ξ

(1 + ξ X)
T μα gνα . (10)

This object Mμ
ν describes a mass term (from the 2V ′ term) as well as self interactions and interactions with all the other fields in the 

matter sector through the stress-energy tensor. Notice that the stability of the above equation is not guaranteed because the determinant 
of Mμ

ν may not be positive definite.
Before concluding this section, we would like to note that the field equations obtained above in the metric-affine formulation are 

quite different from those derived in a purely metric approach (see, for instance, [48]). In the latter case, the metric variation involves an 
integration by parts due to the a priori imposed compatibility between metric and connection that induces derivatives of the bumblebee 

2 In the case of fermions, a coupling to the axial part of the torsion may be naturally included. This generates a contribution to the hypermomentum in the connection 
equation but does not have a critical impact on the symmetric part of the connection, which is the relevant piece in our analysis.
3
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on the right hand side of (2). Those derivatives will then appear in the bumblebee equation via the contraction Bα Rαν , thus leading 
to a differential structure different from our Eq. (9). In addition, in the metric-affine formulation, the structure of the action (8) in the 
Einstein-frame variables puts forward that hμν is sensitive to the total amounts of mass and energy, which implies that the weak field 
limit is achieved when hμν ≈ ημν . As a result, all couplings to gμν involve the presence of the scalar X and of the disformal term BμBν

(see (7)), which lead to new interactions between the bumblebee and all the other matter sources in ways that do not appear in the 
metric formulation. Hence, formally, one concludes that metric and metric-affine formulations of the bumblebee model lead to completely 
different theories.

3. Radiative corrections

In this section we focus our attention on the quantum dynamics of spinor matter fields in the weak gravitational field limit, where 
hμν ≈ ημν or equivalently, neglecting O(ξ2) terms, gμν ≈ ημν + ξ(BμBν − 1

2 Xημν), see [1]. To that end, we have to specify a particular 
form for the bumblebee potential, which we will choose to be the usual Mexican hat potential, given by

V (BμBμ ∓ b2) = λ

4

(
BμBμ ∓ b2)2

, (11)

where λ is a positive weak coupling. Here b2 > 0 and the ∓ sign accounts for the possibility of having a space- or time-like bumblebee 
VEV respectively. Notice that, after the field redefinition of gμν in terms of hμν and Bμ is implemented, new effective self couplings will 
arise in the bumblebee action. In this scenario the spinor and bumblebee actions in the Einstein-frame read

LspE F = �̄
(
iγ μ∂μ − m

)
� − i

4
ξ�̄Bν Bνγ

μ∂μ� − i

2
ξ�̄

(
Bνγν

)
Bμ∂μ� + ξ

2
mBν Bν�̄� −

− i
ξ

4
�̄

(
Bα

(
∂μBα

) + Bν
(
∂ν Bμ

) + (∂α Bα)Bμ

)
γ μ� +O(ξ2), (12)

LB E F = −1

4
Bμν Bμν + M2

2
B2 − �

4
(B2)2 +

+ ξ

2

[
Bμν Bα

ν BμBα − 1

4
Bμν Bμν B2 − 3

4
�(B2)3

]
+O(ξ2) (13)

respectively, where the bumblebee effective mass is given by M2 = λb2(±1 + ξ
4 b2) and � ≡ λ(1 ± 2ξb2). From here on, indices are raised 

and lowered with the Minkowski metric, so that B2 = ημν BμBν and so on, which is consistent with neglecting O(ξ2) terms. As explained 
in [1], the new interaction terms arise due to the non-minimal coupling between the bumblebee and the affine connection through the 
Ricci tensor. Note that all aforementioned non-linear interactions are not expected to emerge in the metric approach because there is no 
direct coupling between the bumblebee and the matter sources, as we already discussed at the end of the previous section. Note also that 
no triple vertices arise by construction. Here we assume that the spontaneous Lorentz symmetry breaking is generated by the potential, 
in our case looking like V = − M2

2 B2 + �
4 (B2)2, since higher-order terms coming from the non-metricity contributions, can be suppressed 

by different degrees of ξ . This potential has been discussed in great detail at the tree level in [19], where the corresponding classification 
of potentials is presented.

Following [44], let us now compute the quantum corrections on top of a stable non-trivial bumblebee VEV characterized by < Bμ >=
βμ , where β2 = ±b2. The dynamics of small perturbations of the bumblebee field can then be analyzed by expanding the Lagrangian (13)
around the vacuum as Bμ = βμ + B̃μ . This leads to the following Lagrangian for the perturbations

Lpert
B E F = −1

4
η̃μα B̃μ

ν B̃αν − �(βμ B̃μ)2 − �

4
(B̃2)2 +

+ ξ
[1

2
B̃μν B̃α

ν B̃α B̃μ − 1

4
B̃μν B̃μν(βρ B̃ρ) +

+ B̃μν B̃α
ν B̃αβμ − 1

8
B̃μν B̃μν B̃2

]
+O(ξ2, λξ), (14)

where the kinetic term for the perturbations interacts with the background by coupling to the effective metric

η̃μν ≡ ημν

(
1 + ξβ2

2

)
− 2ξβμβν. (15)

We note that in this case, due to the non-trivial minimum, the Maxwell-like term is rescaled looking like − 1
4 B̃μν B̃μν(1 + ξβ2

2 ), and the 
aether-like term arises.

The free (linearized) equations of motion for the vector field are

0 = ∂μ B̃μν

(
1 + ξβ2

2

)
− ξβμβα∂μ B̃αν + ξβνβα∂μ B̃αμ − 2�βνβα B̃α,

or, in terms of the effective metric, they look like

η̃μ[ν∂ν B̃μ
α] + Mαμ B̃μ = 0, (16)

where Mαμ = −2�βαβμ is the effective mass-squared tensor. Taking the divergence of this equation which must be zero, we find that, 
instead of the usual condition (∂ · B) = 0, we will have an essentially new condition (β · ∂)(β · B̃) = 0 (from the formal viewpoint, this 
4
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Fig. 1. The contributions to the two-point functions.

condition is explained by the fact that our mass term is also aether-like, without the usual Proca mass term). Under this condition, the 
free action of the vector field becomes

L = −1

4
B̃μν B̃μν

(
1 + ξβ2

2

)
− ξ

2
B̃μ[�βμβν + (β · ∂)2ημν ]B̃ν − �(βα B̃α)2. (17)

Now, let us define the vector-spinor interaction vertices for the non-zero vacuum and calculate the contributions to the two-point 
function (the four-point function can be calculated along the same lines but the computation is much more cumbersome for such a 
vacuum). Substituting Bμ = B̃μ + βμ into the EF spinor Lagrangian (12) we arrive at

Lsp = �̄

[
iγ μ∂μ − m

(
1 − 1

2
ξβ2

)
− i

2
ξ

(
βμβν + 1

2
β2ημν

)
γμ∂ν

]
� −

− �̄

[
i

2
ξ
(

B̃μβν + B̃νβμ + (B̃ · β)ημν
)
γμ∂ν − ξmB̃νβν

]
� −

− �̄

[
i

2
ξ

(
B̃μ B̃ν + 1

2
B̃2ημν

)
γμ∂ν − 1

2
ξmB̃2

]
� −

− i

4
ξ�̄

[
B̃α(∂μ B̃α) + βα(∂μ B̃α) + B̃ν(∂ν B̃μ) +

+ βν(∂ν B̃μ) + (∂α B̃α)B̃μ + (∂α B̃α)βμ

]
γ μ�. (18)

We assume ξ to be small (recall that it has dimensions of inverse mass squared, so that it can be treated as an inverse square of some 
large mass scale). So, we can consider corrections of first order in ξ only, which are given by one-vertex graphs and yield contributions to 
the two-point function. This actually means that we need only quartic vertices. We consider the graphs given in Fig. 1 which only yield 
contributions to the two-point function. To calculate those graphs, it remains to write down the background-dependent propagators. We 
have

< ψ(−k)ψ̄(k) > = i

[
γ μkμ − m

(
1 − 1

2
ξβ2

)
− 1

2
ξ(βμβν + 1

2
β2ημν)γμkν

]−1

; (19)

< B̃α(−k)B̃β(k) > = i

[
(−k2ημν + kμkν)(1 + ξβ2

2
) + ξ(k2βμβν + (β · k)2ημν) − 2�βμβν

]−1

.

The inverse matrices necessary to find these propagators can be found explicitly:

(Q μγμ − M)−1 = (Q νγν + M)
1

Q 2 − M2
;

(Aηαβ + Bkαkβ + Cβαββ)−1 = 1

A
ηαβ − (A + Cβ2)B

A�
kαkβ −

− (A + Bk2)C

A�
βαββ + BC

A�
(β · k)(βαkβ + ββkα), (20)

where � = (A + Bk2)(A + Cβ2) − BC(β · k)2. We note that for the case ξ = 0 (absence of the non-metricity) this expression matches the 
result found in [45]. In our case, A = −k2(1 + ξβ2

2 ) + ξ(β · k)2, B = 1 + ξβ2

2 , C = −2� + ξk2. These expressions allow to write down our 
propagators:

< ψ(−k)ψ̄(k) > = i

[
γ μ[kμ(1 − ξ

4
β2) − ξ

2
βμ(β · k)] + m(1 − ξβ2

2
)

]
(21)

×
[

k2(1 − ξ

4
β2)2 − ξ(1 − ξ

2
β2)(β · k)2 − m2(1 − ξβ2

2
)2

]−1

;

< B̃α(−k)B̃β(k) > = i
1

−k2(1 + ξβ2

2 ) + ξ(β · k)2

[
ηαβ − �−1

(
[−k2(1 − 1

2
ξβ2) + ξ(β · k)2 −

− 2�β2](1 + ξβ2

2
)kαkβ + ξ(β · k)2(−2� + ξk2)βαββ −

− (1 + ξβ2

)(−2� + ξk2)(β · k)(βαkβ + ββkα)
)]

,

2

5
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with

� = −(−2� + ξk2)(β · k)2(1 + ξβ2

2
) +

+ ξ(β · k)2[−k2(1 − 1

2
ξβ2) − 2�β2 + ξ(β · k)2]. (22)

We see that the exact propagator of the vector field is highly cumbersome. However, the leading order in the two-point function of the 
vector field is of zero order in ξ , and of first order in the spinor field, since spinor-vector vertices already contain ξ . Therefore, to consider 
the lower-order contributions, it is sufficient to take into account in the propagator only zero order in ξ :

� = 2�(β · k)2 + O (ξ). (23)

So, we can write our propagators as follows:

< ψ(−k)ψ̄(k) > = i
γ μkμ + m

k2 − m2
+ O (ξ); (24)

< B̃α(−k)B̃β(k) > = −i
1

k2

[
ηαβ − 1

2�(β · k)2

(
[−k2 − 2�β2]kαkβ +

+ 2�(β · k)(βαkβ + ββkα)
)]

+ O (ξ).

With these propagators, we can find the contributions from graphs (a), (b), (c), and also of the graph (i), which we define later. It is 
worth recalling that these graphs arise as a result of non-linear interactions produced by the non-metricity, thus having no counterpart 
in the metric formulation of this theory. As we already noted, we restrict ourselves to the first order in ξ for external spinor legs, which 
means that since the spinor-vector vertex is already of the first order in ξ , for the graphs (b, c) we can disregard ξ -dependent terms in 
the denominator. As for the graph (a), we must keep first order in ξ in the denominator when considering a contribution with λ vertex, 
and disregard ξ in the denominator when considering a contribution with ξ vertex. As usual, the fermionic loop carries a minus sign. 
All that remains to do are just contractions. Unfortunately, the complexity of the complete propagator of the vector field that one finds 
is extremely cumbersome already at first order in ξ . For this reason, we only provide a qualitative description of possible contributions 
involving it, while the exact results will be presented only at zero order in ξ .

The graph (a) will contribute not only to the mass term but also to the kinetic term. Both these contributions will diverge and, from 
the structure of the vertices, we conclude that we will have results proportional to a�m2+bξm4

ε B̃μ B̃μ (with a, b some real numbers), to 
ξm2

ε (βμBμ)2, and to ξ
ε (βμ B̃μν)2, ξm2

ε B̃μν B̃μν . Thus, in general, we can obtain aether-like kinetic and mass terms. To obtain the explicit 
result, we consider only zero order in ξ with the propagator (24). Thus, we have

�a = �

4
(4B̃α B̃β + 2ηαβ B̃γ B̃γ )

∫
d4k

(2π)4

1

k2

[
ηαβ − 1

2�(β · k)2

(
[−k2 − 2�β2]kαkβ −

− 2�(β · k)(βαkβ + ββkα)
)]

+ O (ξ) , (25)

which is formally highly singular. However, by using that the tadpole integrals are identically zero, i.e.,∫
ddk

(2π)d

1

k2
= 0,

∫
ddk

(2π)d

1

(β · k)2
= 0 (26)

and ∫
ddk

(2π)d

1

(β · k)n
= 0, with n = 0,1,2... , (27)

together with the table of integrals given in [51], one can verify that �a vanishes.
The graph (b) can be calculated explicitly at first order. Since we already have ξ in the vertex, one can disregard any dependence of 

the spinor propagator on ξ and leave the rest with the first order contribution in ξ :

�b = −ξ

2
tr

∫
d4k

(2π)4

1

k2 − m2

(
− γ μkμγμkν(B̃μ B̃ν + 1

2
B2ημν) + m2 B2

)

= − ξm4

16π2ε
B̃μ B̃μ + fin. (28)

This is just a simple renormalization of the mass term. The Lorentz-breaking vector βμ will appear only in contributions of higher orders 
in ξ .

For the graph (c) we see that the term in the propagator proportional to 1
k2 does not yield any contribution within the dimensional 

regularization framework. Actually we have

�c = −i
ξ

2
�̄

[
i(δμ

λ δν
ρ + 1

2
ηλρημν)γμ∂ν − mηλρ

]
� ×

×
∫

d4k
4

1
2

(
[−k2 − 2�β2]kλkρ + 2�(β · k)(βλkρ + βρkλ)

)]
. (29)
(2π) 2(β · k)

6
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Fig. 2. The new contribution to the two-point function.

We see that this contribution superficially diverges. Similarly to the contribution �a , one can use the formulas from the table of 
integrals [51] to find that actually this integral disappears. Then, we conclude that the contributions to the spinor sector are at least of 
second order in ξ being thus strongly suppressed.

Moreover, in the case of a nontrivial vacuum there will be a new contribution to the two-point function of the vector field generated 
by the Feynman diagram with two triple vertices (Fig. 2).

Doing all contractions, we find that

�i = �2βμβν

[
B̃μ B̃ν < B̃λ B̃ρ >< B̃λ B̃ρ > +2B̃λ B̃ρ < B̃λ B̃ρ >< B̃μ B̃ν > +

+ 2B̃λ B̃ρ < B̃λ B̃ν >< B̃μ B̃ρ > +4B̃λ B̃ν < B̃λ B̃ρ >< B̃μ B̃ρ >

]

= �2 B̃μ B̃ν�μν, (30)

where �μν is conveniently broken into four contributions as below:

�μν = �
(1)
μν + �

(2)
μν + �

(3)
μν + �

(4)
μν, (31)

with each contribution given by:

�
(1)
μν = βμβν < B̃λ B̃β >< B̃λ B̃β >

= βμβν

∫
ddk

(2π)d

(
− 1

�(β · k)
+ 2β2

k2(β · k)
− 2

k4
−

− k4

4�2(β · k)4
+ k2β2

�(β · k)4
− β4

(β · k)4
− 2β2

k2(β · k)2

)
;

�
(2)
μν = 2βαββ < B̃μ B̃ν >< B̃α B̃β >

=
∫

ddk

(2π)d

(
4β2(βμkν + βνkμ)

k4(β · k)
+ (βμkν − βνkμ)

�k2(β · k)
+ ημν

�k2
+ β2kμkν

�k2(β · k)

)
;

�
(3)
μν = 2βαββ < B̃μ B̃β >< B̃α B̃ν >

=
∫

ddk

(2π)d

(
− β2(kμβν + kνβμ)

�k4(β · k)
− β2kμkν

�k2(β · k)4
−

− 2β42kμkν

�k4(β · k)4
+ β2(kμβν − kνβμ)

�k4(β · k)
+

+ (βμkν + βνkμ)

�k2(β · k)
− 2β2(βμkν + βνkμ)

k4(β · k)
− kμkν

2�2(β · k)2 − 4β4kμkν

k4(β · k)

)
;

�
(4)
μν = 4βαβν < B̃μ B̃λ >< B̃α B̃λ >

=
∫

ddk

(2π)d

(
− 2βμβν

�(β · k)2
− k2kμβν

�2(β · k)3
+ 2

β2kμβν

�(β · k)3

)
.

We can use the table of integrals in Appendix A of [51] as well as the formulas (26) and (27) to calculate the above contributions and 
conclude that all of them vanish altogether. Such a result was to be expected because the external momenta are identically zero. Therefore, 
the diagram (i) does not contribute to the effective potential. Taking into account also the vanishing of the zero-order contribution from 
the diagram (a), we conclude that the effective potential is at least of first order in ξ , like the contribution (b). In fact, the complete 
effective potential within certain prescriptions is obtained under the suggestion that the vector field is purely external while the spinors 
are completely integrated out, in such a way that (b) is the only non-trivial lower contribution to the effective potential.

Before concluding, let us give here a brief discussion of possible contributions to the four-point functions. While their full analysis is 
much more involved than in the trivial vacuum scenario, we note that in our case contributions like (Bμ Bμ)2 and BμBμ�̄� will also 
arise just as for the trivial vacuum. In addition, it is natural to expect terms like (βμBμ)2 B2 and (βμBμ)2�̄�, which however must be 
at least of second order in ξ . In whole analogy with the two-point functions, it is natural to expect that nontrivial contributions to the 
four-point function will also arise at least at first order in ξ . Accordingly, the effect of the non-metricity will be important in the first and 
higher orders in ξ .
7
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4. Summary and conclusions

In this work we formulated the metric-affine bumblebee model coupled to a spin 1/2 field and computed the corresponding quantum 
corrections in the weak gravitational field limit up to O(ξ2, λξ, λ2). We employed a perturbative approach within the framework of the 
effective field theory methodology [50], where the role of the inverse square of the energy scale is played by the nonminimal coupling 
constant ξ . In this regard, we discussed the small ξ dominant contributions (zero and first orders in ξ ) to two- and four-point functions 
of all fields, spinor and vector ones, finding that the theory is renormalizable up to this order.3 These calculations have been performed 
for the non-trivial vacuum, where one has a constant vector βμ that gives rise to a highly unusual propagator, only observed previously 
in very specific studies of confinement [51]. However, many of the lower-order contributions to the effective action simply vanish, so that 
the effective potential includes terms at least of first order in ξ , which allows us to conclude that quantum corrections associated to the 
non-minimal coupling, ξ BμBν Rμν , are highly suppressed in comparison with the classical action. Moreover, we observe that the spinor 
sector is even more suppressed, involving the terms that begin at second order in ξ or higher. We expect that higher-order quantum 
contributions in this theory can be used to explore specific phenomenological aspects. Also, we note that the effective potential of Bμ , 
obtained up to the fourth order in the vector field, can be used to explore the possibility of dynamical Lorentz symmetry breaking. 
These issues are better understood by using the Schwinger-DeWitt method which is the more appropriate approach to explore quantum 
corrections to the effective potential in metric-based theories. It would be interesting to check their viability in theories defined in 
non-Riemannian backgrounds that is the case of the metric-affine bumblebee model. These analyses, together with aspects of gravitational
waves and non-perturbative classical solutions, are currently under way.
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