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We revisit the formation of a thermal population of hadronic axions in nonstandard cosmologies, in light
of the recent developments in obtaining continuous and smooth interaction rates for both the gluon and
photon couplings. For certain cosmological histories, such as low-temperature reheating (LTR) and
kinationlike scenarios, the thermalization of the axion can be severely delayed to higher masses. In the case
that thermal equilibrium is achieved, we improve the constraints on LTR for axion masses around the
eV scale with respect to previous works and we constrain for the first time early matter-dominated
cosmologies. We also point out the possibility of having the coexistence of cold and warm dark matter
populations of axions in kinationlike scenarios in the eV mass range.
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I. INTRODUCTION

Axions are indisputably excellent cold dark matter (DM)
candidates. They can be produced by the so-called mis-
alignment mechanism, see, (e.g., Refs. [1–3]) or by the
decay of topological defects such as cosmic strings and
domain walls [4–7], in a wide range of masses in the sub-
eV ballpark. In the standard cosmological scenario (SC),
axions can make up the DM density in the range of ∼μeV.
However, this can be extended to smaller masses in scenarios
such as kinetic misalignment [8–10], or in nonstandard
cosmologies (NSC) featuring periods with an injection of
entropy [11], typically due to the decay of a heavy long-lived
particle [12–25], or by Hawking evaporation of primordial
black holes [26–29]. However, if the misalignment mecha-
nism occurred during a non-standard period such as kination
domination (KD) (or in a more general scenario with an
equation of state parameterω > 1=3), the observed DM relic
abundance can be reproduced with masses near or around
the eV scale [17,24].
Furthermore, a thermal population of axions can also

be produced from scatterings and/or decays of particles
from the Standard Model (SM) to which they couple.

In particular, a hot thermal population of axions forms
because of the existence of the model-independent axion-
gluon coupling. The effect of such a population depends on
the mass of the axion. Axions with masses smaller than
∼0.1 eV decouple from the SM thermal bath at temper-
atures above the QCD phase transition (QCDPT) and
therefore experience an important entropy dilution due to
the change in the relativistic degrees of freedom, or they
may never reach thermal equilibrium at all, making them
difficult to detect. Axions with higher masses that later
decouple are more likely to have abundances that can be
detected in our observations. In addition to the axion-gluon
coupling, there is a coupling to photons; even though it is
model-dependent, it is widely exploited to search for axions
and axionlike particles.
The hot axion population and its impact on observable

cosmology attracted attention long ago. One of the first
approaches to study their phenomenological implications
and potential sensitivity was made in Ref. [30], where the
production of thermal axions above the electroweak scale
via quark and gluon interactions was considered. In
Refs. [31,32] thermal effects were reconsidered, with the
finding that the coupling of axions to the top quark had the
most significant contribution to the production rate [32].
Studies below the electroweak scale (although far from the
QCDPT) were performed in Refs. [33,34]. Below the
QCDPT, hadron processes are relevant, and they were
studied in Refs. [35–40]. That is, a hot axion population has
been computed for a certain range of temperatures, and thus
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for a given mass range. A first approach to smoother
calculations was made in Ref. [41], where the thermal
production was calculated across the electroweak phase
transition. A further improvement that allows consideration
of a wider range of axion coupling to gluons across
thresholds was made in Refs. [42,43]. This complete
interaction rate has been used in Refs. [44–47] to further
constrain axionlike particles and axions. Reference [44]
also considered the coupling to photons and made a similar
treatment to the one from Ref. [43], to smoothly extend the
interaction rate to high temperatures.
Once the axion population in full thermal equilibrium is

established, it is expected to decouple due to its feeble
interactions while still relativistic. A relic that decouples
in the early Universe while being relativistic can impact,
on the one hand, big bang nucleosynthesis (BBN) through
the extra contribution to the effective number of neutrinos
Nν ≡ 3þ ΔNν, where the recent constraints set Nν ¼
2.880� 0.144 [48,49]. On the other hand, if they are still
relativistic before the photon decoupling epoch, they will
leave their imprint on the cosmic microwave background
(CMB) power spectrum. Here, the impact is also para-
metrized as the effective number of neutrinos Neff ¼
3.044þ ΔNeff , measured as Neff ¼ 2.99� 0.17 by
Planck 2018 [50]. The CMB stage 4 experiment is expected
to lower the sensitivity to ΔNeff ¼ 0.06 at 95% CL [51].
Besides their impact on the CMB, hot/warm relics

impact the Universe’s current energy density, affecting
the large-scale structure (LSS) spectra. They can potentially
cause a reduction in amplitude for small scales in the matter
power spectrum because of their free-streaming behavior.
The suppression of small-scale matter fluctuations is
controlled by the comoving free-streaming length of these
relics when they transition from relativistic to nonrelativ-
istic states.
The settlement and evolution of both thermal and non-

thermal axions crucially depend upon the cosmological
conditions at the moment of and after their generation. An
intriguing scenario arises when the Universe undergoes a
nonstandard cosmological era preceding BBN [11]. A
particularly interesting case corresponds to an early matter
dominated (EMD) period, where the Hubble expansion rate
was dominated at early times by a species with an energy
density that scales as nonrelativistic matter. Such a species
could correspond to a long-lived heavy particle (ubiquitous
in UV-complete models) [52–56] or to very light primordial
black holes that fully evaporate before the onset of BBN.
However, examples with more general equation-of-state
parameters can occur for oscillating scalar fields with
certain potentials. A special case is that of kination in
which a “fast-rolling” field whose kinetic term dictates the
expansion rate of the post-inflation Universe, implying
an equation of state ω ¼ 1 [57–59]. Moreover, the tran-
sition from an inflaton-dominated to a radiation-dominated
Universe, that is, the reheating era, is often assumed to be

instantaneous and to occur at a very early time (i.e., a very
high temperature). This picture cannot be taken for granted,
and scenarios with low-temperature reheating can occur in
which the reheating era is prolonged. We refer the reader
to Ref. [11] for a review on nonstandard cosmological
scenarios. Previous studies have extensively explored the
NSC scenario within the framework of axion physics.
Production of cold DM axions has been studied in different
contexts in Refs. [12–15,17,20,21,23–26]. Concerning
lightweight thermally produced axions, research has pre-
dominantly focused on LTR and kination cosmologies, as
discussed in Refs. [16,22].
The aim of this work is, on the one hand, to complement

and extend the studies done in Refs. [16,22], about the
constraints on the production of an axion population in
full thermal equilibrium, under the assumption that the
Universe had a different expansion period than that due to
radiation before BBN. On the other hand, we also point out
interesting features that have only been briefly discussed in
the literature before.
The axion framework with which we will work is the so-

called “hadronic axion models” that have been extensively
used in the literature due to the model-independent
axion-gluon coupling, the prime example being the Kim-
Shifman-Vainshtein-Zakharov (KSVZ) model [60,61].
In this model, new heavy singlet quarks carry Uð1ÞPQ
Peccei-Quinn charges, leaving ordinary quarks and leptons
without tree-level axion couplings. The most stringent
constraint for the KSVZ scenario sets ma < 0.28 eV at
95% CL [45], using the complete gluon interaction rate
from Ref. [42] and combining the CMB and LSS data.
Therefore, to account for the axion-gluon coupling, we also
make use of the complete interaction rate from Ref. [42].
We also include in our analysis the coupling to photons,
which, even though it is model-dependent, has been
extensively exploited for QCD axion searches. This inter-
action rate has also been extended to high temperatures in
Ref. [44], for hadronic axions. We will treat both inter-
actions independently, assuming that one of them domi-
nates over the other in producing the thermal population.
In this work, we will impose restrictions on the thermal
population in two nonstandard scenarios: low-temperature
reheating (LTR) and early matter domination (EMD). The
constraints will rely on the results on light massive relics
presented in Ref. [62]. Their analysis considers CMB,
LSS, and weak-lensing effects. Our findings confirm that
the population is dependent on the cosmological history;
therefore, it could evade current and future observations.
We comment on the thermalization of the population in dif-
ferent cosmologies and about the distinctive free-streaming
signatures and their potential to further explore these
nonstandard cosmological scenarios. Finally, we comment
on the possibility of a coexistence of the axion cold DM
population produced by misalignment and the population
from the thermal bath produced via freeze-in, which is
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within the reach of experimental observation. In this work,
we do not consider axion generation by other possible
mechanisms, such as decays of topological defects. Such
contributions can in principle be significant, but their actual
value is still in dispute (see Ref. [63] and references
therein).
The manuscript is organized as follows: In Sec. II we

review the coupling of axions to gluons and photons,
focusing on the resultant interaction rates with the thermal
bath. In Sec. III we discuss the thermal axion population
produced in a standard radiation-dominated cosmology
along with the constraints that we will use. In Sec. IV we
introduce the features of the NSC to be worked with
and address the conditions for thermalization in different
cosmological scenarios. Finally, we present our results and
analysis for the thermally produced axion population in two
NSC scenarios, LTR and EMD. We point out differences
with previous works and comment on their origin. Finally,
in Sec. V we explore the possibility of the coexistence of a
hot and cold axion population produced from the bath and
the misalignment mechanism, respectively, in a kination-
like history. We conclude in Sec. VI.

II. RELEVANT AXION COUPLINGS

Axions appear as pseudo-Nambu-Goldstone bosons
when the so-called Peccei-Quinn (PQ) symmetry is sponta-
neously broken at an energy scale fa. Assuming fa is
higher than the electroweak scale (the so-called invisible
axion model), axion scattering in the early Universe may
lead to a dark population, either in or out of thermal
equilibrium with the SM bath. For temperatures smaller
than fa, the effective Lagrangian density for the axion a
contains couplings to gluons and photons and is given by

L ¼ 1

2
ð∂μaÞð∂μaÞ þ Lag þ Laγ: ð1Þ

A distinctive feature of the axion is that its mass has a
definite relationship with the PQ scale through the topo-
logical susceptibility of QCD, which has been evaluated
in the chiral limit [64,65], NNLO in chiral perturbation
theory [66], and directly via QCD lattice simulations [67],
giving

ma ≃ 5.69 meV

�
109 GeV

fa

�
; ð2Þ

where ma corresponds to the mass of the axion at zero
temperature.

A. Coupling to gluons

Let us first examine the coupling to gluons, written as

Lag ⊂
αs

8πfa
aGi

μνG̃
μν;i; ð3Þ

where αs is the strong coupling and G and G̃ are the gluon
field strength and its dual, respectively. For temperatures
above the QCDPT T ≫ TQCD, the main channels that can
thermalize an axion population are the 2-to-2 scattering
processes gþ g → gþ a, qþ q̄ → gþ a, qþ g → qþ a
and q̄þ g → q̄þ a, with g being a gluon, q a quark and q̄
an antiquark. The total axion production rate was obtained
in Refs. [30,31] by a hard thermal loop approximation.
An improvement including higher-order effects was made
consistently in Ref. [32], where couplings to quarks were
also included. In general, the interaction rate density of
axions with gluons γggðTÞ is proportional to

γggðTÞ ∝
ζð3Þ
ð2πÞ5

T6

f2a
: ð4Þ

As the Universe evolves and the temperature decreases,
quarks hadronize, and therefore other processes become
responsible for thermalization. For temperatures
T ≪ TQCD, the main channels are aþ π → π þ π and
aþ N → N þ π, where π stands for π0 and π�. Since
pions are more abundant than nucleons, the former process
dominates over the latter. An analytical expression for such
an interaction rate is [37]

ΓππðTÞ≡ γππðTÞ
neqa ðTÞ ¼ AC2

aπh

�
mπ

T

�
T5

ðfafπÞ2
; ð5Þ

where mπ and fπ are the mass and the coupling constant
of the pion, respectively, A ≃ 0.215, and hðmπ=TÞ is a
monotonically decreasing function for mπ=T > 1, as
hð0Þ ¼ 1 [37]. Caπ is the dimensionless axion-pion cou-
pling constant given by

Caπ ≡ 1 − r
3ð1þ rÞ ; ð6Þ

where r≡mu=md ≃ 0.56 is the ratio of up- and down-
quark masses. The validity of this expression has been
questioned in Ref. [68] for decoupling temperatures above
∼62 MeV, where the effective field theory is expected
to break down. Instead, a unitarized next-to-leading-order
chiral perturbation theory can be used, extending the
reliability of the interaction rate to decoupling temperatures
up to ∼155 MeV [69]. Alternatively, the axion-pion rate can
be extracted directly from the experimental data on pion
scattering, by rescaling the corresponding cross sections [70].
A step forward in accounting for this axion rate was

made in Refs. [42,43], where a smooth transition of the
interaction rate of axions to gluons across the QCDPTwas
achieved, by computing it above and below the confine-
ment scale and interpolating between the two regimes.
They also treat the threshold at the mass of the heavy PQ
fermion Ψ, above which the binary collisions of Ψ become
the dominant production channel for the axions. Their
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result and the corresponding comparison with the inter-
action rates mentioned above can be seen in Fig. 1(a) for the
KSVZ model. The vertical dotted blue lines correspond to
T ¼ 62 MeV and T ¼ mΨ. In the following, we will use
the continuous smooth rate of Ref. [42] for convenience. To
account for the importance of using the continuous rate
across the QCDPT we present in the Appendix a compari-
son of the bounds presented in this work with those that
would be obtained if only the axion-pion interaction was
used; cf. Eq. (5). Although the interpolated rate suffers
from greater uncertainties, we have explicitly checked that
using the rates from Refs. [69,70] does not significantly
alter the limits nor the features presented in the next
sections.

B. Coupling to photons

The coupling of axions to photons is undoubtedly the
most exploited one to search for these particles, even
though the strength is model dependent. It reads

Laγγ ¼ −
gaγγ
4

aFμνF̃μν; ð7Þ

where F is the electromagnetic field tensor and F̃ its dual.
The coupling constant gaγγ is given by

gaγγ ¼
αem
2πfa

�
E
N
− 1.92

�
≡ g̃γ

fa
: ð8Þ

Here αem is the fine-structure constant, while E and N are
the electromagnetic and color anomalies of the axial current
associated with the axion, respectively. There are two
benchmark axion models. In a model known as the
Dine-Fishler-Srednicki-Zhitnitsky (DFSZ) model [71,72]
at least two additional Higgs doublets are needed, and

ordinary quarks and leptons carry PQ charges. The KSVZ
model [60,61] instead features new heavy singlet quarks
carrying Uð1ÞPQ charges, leaving normal quarks and
leptons without tree-level couplings to axions. For the
KSVZ models E=N ¼ 0, while for the DFSZ models,
E=N ¼ 8=3. There are, however, extensions to these
models, in particular to the KSVZ case, that can spawn
several other values of E=N (see, e.g., Ref. [73]). In this
work, we assume that the axion comes from a KSVZ-like
model and therefore does not couple to SM fermions
directly.
The axion-photon coupling contributes to the formation

of a thermal population of axions via the Primakoff effect.
The rate of axion production due to scattering in a
multicomponent charged plasma is given by [74,75]

ΓQ ≃
αemg2aγγπ2

36ζð3Þ
�
ln

�
T2

m2
γ

�
þ 0.82

�
nQ; ð9Þ

where nQ ≡P
i Qini ≡ ðζð3Þ=π2ÞgQðTÞT3 is the effective

number density of charged particles, with Qi the charge
of the ith particle species. gQðTÞ accounts for the effective
number of charged relativistic degrees of freedom. In the
hot early Universe, the photon has an effective mass
(plasmon mass) given by mγðTÞ ¼ g1=2Q T=ð6αemÞ.
Figure 1(b) shows the interaction rate density defined
as γQ ≡ neqa ΓQðTÞ.
Before closing this section, we note that the coupling

of axions to photons allows for axion decay, with a rate
given by [63]

Γa→γγ ¼
gaγγm3

a

64π
≃ 1.1 × 10−24 s−1

�
ma

eV

�
5

; ð10Þ

(a) (b)

FIG. 1. (a) KSVZ total interaction rate of axions across both the heavy colored Peccei-Quinn fermion mass mΨ ¼ 105 GeV and the
QCDPT, represented by the dashed black line (adapted from Ref. [43]). Solid red and magenta lines show the pion and gluon scattering
rates quoted in the text. (b) Interaction rate with photons (Primakoff effect).
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which implies that axions above ma ≳ 20 eV have decayed
before the present time.
From the above analysis, it can be seen that at very high

temperatures, above the new heavy fermion mass, the
Primakoff interaction is efficient in thermalizing axion
interactions, but below that scale, processes involving
the gluon coupling take over up to temperatures similar
to the pion mass, where the interaction ceases. Thus, for
masses below the eV scale, in a radiation-dominated
Universe, the gluon coupling is responsible for keeping
thermal equilibrium to lower temperatures.

III. THERMAL AXIONS IN STANDARD
COSMOLOGY

A. The population of thermal axions

If the interaction rate with the SM particles is strong
enough, axions reach chemical equilibrium with the pri-
mordial plasma in the early Universe.1 However, when the
interaction rate becomes smaller than the expansion rate of
the Universe, axions decouple from the thermal bath and
freeze out. An estimation of the decoupling temperature Td
can be obtained from

ΓðTdÞ ¼ HRðTdÞ; ð11Þ

where HR is the Hubble expansion rate in a radiation-
dominated Universe,

HRðTÞ≡
ffiffiffiffiffiffiffiffiffiffiffiffi
ρRðTÞ
3M2

P

s
¼ π

3

ffiffiffiffiffiffiffiffiffiffiffiffi
g⋆ðTÞ
10

r
T2

MP
; ð12Þ

where the SM radiation energy density is

ρRðTÞ≡ π2

30
g⋆ðTÞT4; ð13Þ

withMP ≃ 2.4 × 10−18 GeV being the reduced Planck mass
and g⋆ðTÞ the number of relativistic degrees of freedom
contributing to ρR [76]. The decoupling temperature as a
function of the axion mass is shown in Fig. 2 with solid gray
lines in standard cosmology for axion couplings to gluons
(left) and photons (right). The rapid change in slope when
ma ≃Oð10−2Þ eV corresponds to a decoupling temperature
around the QCDPT. For the interaction with photons, the
decoupling temperature can be found analytically to be

TP
d ¼ 91

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g⋆ðTP

d Þ
p
gQðTP

d Þ
�

fa
106 GeV

�
2
�

g̃γ
αem=2π

�
GeV; ð14Þ

where g⋆ðTÞ corresponds to the number of relativistic
degrees of freedom contributing to the SM energy density.
At the moment of their decoupling,2 axions have the

same temperature as the SM bath, and therefore their
number and energy densities are given by

naðTdÞ ¼
ζð3Þ
π2

T3
d; ð15Þ

ρaðTdÞ ¼
π2

30
T4
d; ð16Þ

since they decouple while being relativistic. As their total
number after decoupling is conserved, their number density
today is

(a) (b)

FIG. 2. Decoupling temperature as a function of axion mass considering the coupling of axions to (a) gluons and (b) photons. Gray
lines correspond to the standard cosmology, whereas solid lines are for LTR and segmented colored lines correspond to different EMD
scenarios.

1We comment on the thermalization for the SC and its
subtleties in Sec. IV. 2We assume instantaneous decoupling throughout this work.
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naðT0Þ ¼
ζð3Þ
π2

g⋆SðT0Þ
g⋆SðTdÞ

T3
0 ≃ 80

�
10

g⋆SðTdÞ
�

cm−3; ð17Þ

where the conservation of the SM entropy in the standard
cosmological scenario was used, g⋆SðTÞ is the number of
relativistic degrees of freedom contributing to the SM
entropy [76], and T0 is the photon temperature today. If
axions become nonrelativistic before today, their energy
density is simply ρaðT0Þ ¼ manaðT0Þ, therefore, their
contribution to the total energy density of the Universe is

Ωah2 ¼ 0.007

�
ma

eV

��
10

g⋆SðTdÞ
�
: ð18Þ

Equivalently, it can also be expressed in terms of today’s
axion temperature Ta;0,

Ωah2 ¼ 0.02

�
ma

eV

��
Ta;0

T0

�
3

; ð19Þ

by noticing that after their decoupling, the axions leave
thermal equilibrium, and their temperature Ta redshifts
until today in terms of the photon temperature as3

TaðRÞ ¼ Td
Rd

R
¼ T

�
g⋆SðTÞ
g⋆SðTdÞ

�
1=3

; ð20Þ

where R is the cosmic scale factor and Rd ≡ RðTdÞ.
Alternatively, if axions remain relativistic until today,

their energy density at present is

Ωah2 ¼
π2

30

�
g⋆SðT0Þ
g⋆SðTdÞ

�4
3 T4

0

ρc
h2 ≃ 4 × 10−6

�
10

g⋆SðTdÞ
�

4=3
:

ð21Þ

By equating Eqs. (18) and (21), we find that the transition
between axions being relativistic and nonrelativistic occurs
at a mass of

ma ≃
π4

30ζð3Þ
�
g⋆SðT0Þ
g⋆SðTdÞ

�1
3

T0 ≃ 0.4

�
10

g⋆SðTdÞ
�1

3

meV; ð22Þ

which shows that axions of masses roughly below 10−3 eV
are still relativistic today. Due to their early detachment
from the thermal bath, particles with masses below the meV
undergo significant entropy dilution from the SM, resulting in
a negligible impact on the relic abundance and, consequently,
on ΔNeff , as discussed in the subsequent subsection.
This suppression is further pronounced during nonadiabatic

expansion because of entropy dilution. Hence, the mass target
for this study is set above the meV scale.

B. Constraints on thermal axions

In recent years, there has been extensive effort focused
on constraining light, massive relics beyond the SM by
integrating observations across various cosmic epochs. One
approach has been to combine data from the early Universe,
such as the cosmic microwave background (CMB), with
measurements from the late Universe, including galaxy
clustering and gravitational lensing [77,78]. This integra-
tion has attracted increased attention due to some prelimi-
nary observations suggesting the potential necessity of a
certain amount of warm DM to address existing tensions,
such as the H0 and σ8 tensions [79,80].
Restrictions on the population of any thermal relic are

usually separated depending on when in the cosmological
timeline they transitioned to become nonrelativistic. Let us
estimate this transition by comparing the momentum of the
axions to their mass

hpai ≃ 2.7Ta;nr ∼ma; ð23Þ

where Ta;nr is the temperature of the axion at the moment it
becomes nonrelativistic. As the temperature of the axion
only redshifts, we can trade the temperature Ta;nr for the
corresponding scale factor at that time, Ta;nr ¼ Ta;0=Rnr,
and therefore

1

Rnr
¼ 1þ znr ≃

ma

2.7T0

�
g⋆SðTdÞ
g⋆SðT0Þ

�
1=3

≃ 3436
ma

1.4 eV

�
g⋆SðTdÞ
14.5

�
1=3

: ð24Þ

For coupling to gluons, axions of massma ≳ 1.4 eV turn
nonrelativistic around the moment of matter-radiation
equality, which corresponds to a decoupling temperature
of around Td ≲ 50 MeV (see Fig. 2). Instead, for the
Primakoff interaction, this happens for axions of ma ≳
0.8 eV, that decouple at a temperature Td ≲ 400 GeV.
Relativistic axions at matter-radiation equality contribute
to the number of effective neutrinos present at the CMB
decoupling. On the other hand, for those that transition
already into a nonrelativistic state, their velocity dispersion
can still be high enough such that there is an effective free-
streaming scale below which perturbations in the relic
component are suppressed. If they constitute a significant
fraction of the energy budget, this suppression hinders the
growth of matter perturbations on small scales, and they
can still be constrained.

1. Hot axions

The relativistic and semirelativistic populations of axions
at CMB decoupling behave as dark radiation and contribute

3After decoupling, axions are not in thermal equilibrium and
therefore they do not follow a thermal distribution anymore.
There, the effective temperature Ta must be understood as a proxy
of their momentum.
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to the so-called effective number of neutrinos at that time,
which can be accounted for using

ρR ¼ ργ

�
1þ 7

8

�
4

11

�
4=3

Neff

�
; ð25Þ

where the contribution from a dark relic is usually para-
metrized as

Neff ≡ NSM
eff þ ΔNeff ; ð26Þ

with

ΔNeff ¼
8

7

�
11

4

�
4=3 ρa

ργ

����
CMB

: ð27Þ

In the case of a relativistic relic that was once in full thermal
equilibrium, its contribution can be written as

ΔNeff ¼
�
4

7

��
11

4

�
4=3

�
g⋆SðTCMBÞ
g⋆SðTdÞ

�
4=3

≃ 2.1

�
Ta;0

T0

�
4

:

ð28Þ

Thus, for axions that decoupled well before the QCDPT,
the number of relativistic degrees of freedom reaches a
plateau at g⋆SðTdÞ ¼ 106.8, and their contribution to the
effective number of neutrinos is always ΔNeff ∼ 0.027. The
recent value of Neff ¼ 2.99� 0.17 has been found, with a
95% CL upper limit from Planck 2018 of ΔNeff ≲ 0.35
[50,81]. In Ref. [45], Planck temperature and polarization
data was used to set the bound ΔNeff < 0.3, which restricts
the mass of the axion toma < 1.04 eV. On the contrary, by
introducing LSS data from Planck lensing and BAO
(6dFGS, SDSS MGS and BOSS DR12 surveys) the bound
drops to ΔNeff < 0.23 yielding ma < 0.28 eV, reinforcing
the strength of the LSS data to constrain light relics. Axions
lighter than ∼0.1 eV escape detection because they decou-
ple above the QCDPT and, therefore, their abundance is
strongly diminished. The coupling to two photons, on the
other hand, is not effective enough to place a constraint on
relativistic axions during the CMB decoupling epoch.
Upcoming CMB experiments, such as SPT-3G [82] and

the Simons Observatory [83], will soon improve Planck’s
precision inNeff . In particular, CMB-S4 [84] and CMB-HD
[85] will be sensitive to a precision of ΔNeff ∼ 0.06 and
ΔNeff ∼ 0.027 at 95% CL, respectively. As calculated in
Ref. [86], a combined analysis from BBN and CMB results
in Neff ¼ 2.880� 0.144. The next generation of satellite
missions, such as COrE [87] and Euclid [88], shall impose
limits at 2σ on ΔNeff ≲ 0.013. Furthermore, as mentioned
in Ref. [89], a hypothetical cosmic-variance-limited
CMB polarization experiment could presumably reduce
the limit to as low asΔNeff ≲ 3 × 10−6, although this seems
experimentally challenging.

2. Warm axions

A second restriction on the mass of hot relics comes from
their impact on the total energy density of the Universe
today. The hot massive relic components in the Universe
are included in the neutrino density of the Universe, which
is given by Ων ¼

P
mν=ð93.14 h2 eVÞ. Planck 2018þ

lensingþ BAO data have set a stringent limit ofP
mν<0.12 eV. Subtracting the contribution of active neu-

trinos considering the minimal mass allowed by neutrino
flavor oscillation experiments

P
mν > 0.06 eV [50,63],

we obtain that the contribution from a different kind of hot
relic must satisfy

Ωhh2 < 2 × 10−3: ð29Þ
From Eq. (18) this yields ma < 0.35 eV.
The hot DM component streams away from structures

below its free streaming length, reducing the growth of
matter fluctuations at smaller distances. The size of the sup-
pression depends on the present hot DM abundance [90].
The free-streaming length λfs (sometimes called the free-
streaming horizon) gives the distance traveled by the hot
particle at a given time. Physically, this sets the scale below
which collisionless particles cannot stay confined in gravi-
tational potential wells. It is defined by

λfsðtÞ ¼
Z

t

t0

vðt0Þ
Rðt0Þ dt

0: ð30Þ

While axions are relativistic, they travel at the speed of light
and their free-streaming length is simply equal to the
Hubble radius. When they become nonrelativistic, their
thermal velocity drops to

hvai¼
hpai
ma

≃2.7
Ta

ma
≃188

�
eV
ma

�
ð1þ zÞTa;0

T0

kms−1 ð31Þ

for z < znr. In standard cosmology, sub-eV axions become
nonrelativistic in the matter-dominated era. Their free-
streaming length peaks around the moment they become
nonrelativistic and then reaches a steady state. Therefore,
it is customary to approximate λfs ≃ λnrfs ∼ ðRnrHnrÞ−1 which
is given by

λnrfs ≃ 446

�
eV
ma

�
1=2

�
Ta;0

T0

�
1=2

h−1 Mpc: ð32Þ

Axions with larger masses (≳eV), will become nonrela-
tivistic before the radiation-matter transition, assuming a
standard cosmology. Integrating the above for t > teq > tnr
we obtain

λfs ¼ 2
tnr
Rnr

�
1þ 1

2
log

�
teq
tnr

��
þ 3

Rnrteq
R2
eq

�
1 −

�
teq
t

�
1=3

�
:

ð33Þ
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The maximum of this expression occurs around t ≃ teq, and
then it reaches a steady value. Using Eq. (24), the free-
streaming at the moment of matter-radiation equality, in
terms of the mass of the particle and today’s temperature
(related to today’s thermal velocity) can be written as

λfs ≃
113 Mpc
ma=eV

�
Ta;0

T0

��
1þ ln

�
0.42

ma

eV

�
T0

Ta;0

���
: ð34Þ

The free-streaming for particles in this mass range is
important up to the point when the particles are indistin-
guishable from a cold DM relic and their free-streaming
distance is negligible.

3. Cold axions

Thermal axions will behave as a cold relic at matter-
radiation equality—thus contributing to the cold DM energy
density—roughly when their velocity satisfies hvaijzeq ≪ 1,
i.e., for masses well above the eV scale. They could
overclose the Universe if their relic density is higher than
the cold DM one,Ωch2 ∼ 0.12. Assuming a standard cosmo-
logical history, this occurs for the axion-gluon coupling,
for masses of ma ≳ 15 eV, with a free-streaming length of
λfs ≲ 44 Mpc. For the photon coupling, the bound saturates
at ma ≳ 54 eV, with λfs ≲ 12 Mpc.

4. Constraints

To study the phenomenology of the formation of thermal
axions, we will assume each interaction acts independently
of the other. To derive constraints, we make use of the
results presented in Fig. 2 of Ref. [62] for Weyl fermions,
which are based on cosmic microwave background (CMB),
large-scale structure (LSS) and weak-lensing data.
The analysis incorporates the full likelihoods of TT, TE,
EE, low E, and lensing from Planck 2018 data [50].
Additionally, weak-lensing data from the Canada-France-
Hawaii Telescope (CFHTLens) collaboration [91] are
included, consisting of 2-point correlation functions of
galaxy ellipticities. Furthermore, galaxy power-spectrum
data from the Baryon Oscillation Spectroscopic Survey
(BOSS) data release 12 [92] are incorporated. This dataset
contains spectroscopic information from a large number
of galaxies, divided into two redshift bins (z ¼ 0.38 and
z ¼ 0.61). The analysis focuses on the linear regime, up to
a maximum wave number of kmax ¼ 0.25 hMpc−1, which
is within the validity range of the perturbative approach.
The free streaming of light relics on small scales suppresses
the growth of CDMþ baryon fluctuations at the linear
level, with a scale-dependent suppression characterized by
kfs ¼ 2π=λfs, where the amplitude is set by the relic
abundance, Ωh2. The analysis of Ref. [62] is distinguished
from previous works on light massive relics in two key
aspects: first, the inclusion of the full-shape galaxy data
shows that they improve their constraints concerning the
usual CMB+BOSS-BAO by approximately 30%. Second,

the inclusion of weak-lensing data breaks the degeneracy
between the CDM and the thermal relic abundance that
would otherwise be present. That is, weak-lensing data
prefer a fixed value of CDM (close to the ΛCDM one),
pushing the mass of the light relic to smaller values.
In their analysis, it is assumed that the relic was once in

full thermal equilibrium with the primordial bath. A
standard cosmological history is implicitly assumed, and
a prior is set with the lowest possible temperature for a
scalar relic at 0.91 K. The constraints obtained are currently
the tightest, with lower mass limits of mX ≥ 2.3, 11, 1.1,
1.6 eV for Weyl fermions, scalars, vectors, and Dirac
fermion relics, respectively.
To map the constraints from Weyl fermions to axions, it

is assumed that both behave indistinguishably (at least on
linear scales) in terms of relic density, contribution to
ΔNeff , and today’s average velocity. This is ensured by the
following mappings:

ma ≃ 0.986mW and Ta ≃ 1.15TW; ð35Þ
where mW and TW are the mass and temperature of the
Weyl fermion thermal relic. All in all, the results of
Ref. [62] for light massive scalars once in full thermal
equilibrium—referred to as Planck18þ BOSS-FS þ
WLens—are depicted in Fig. 3. Data support everything
within the blue region at a 95% CL.
Reference [62] analyzed masses up to ∼10 eV, since

higher masses lead to a free-streaming scale beyond the
validity of the linear regime (kmax ¼ 0.25 hMpc−1). To
connect with the results of previous studies, Refs. [16,22],

FIG. 3. The blue region corresponds to the 95% CL allowed
parameter space for light massive scalar relics obtained in
Ref. [62], and the white region is excluded. The black dotted
line represents the axion temperature today as a function of the
mass for the QCD axion population produced in standard
cosmology via their interaction with gluons. The dashed green
line is the analog for the coupling to photons. Above m ∼ 10 eV
we have assumed an asymptotic value for the free-streaming
length of ”λfs ¼ 25 h−1 Mpc; see the text for details.
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we extrapolate to larger masses, by assuming that the 95%
contour converges to a line determined by the axion free-
streaming set by λmin ¼ 2π=kmax ≃ 35 Mpc, this is shown
by the dashed-dotted line in Fig. 3.
To gain deeper insights into the data presented in

Ref. [62] and their implications for light relics, in Fig. 3
we have added two lines representing the limits imposed by
ΔNeff < 0.3 and the hot/warm relic abundance Ωhh2 ≲
0.002, labeled ΔNeff ¼ 0.3 and Ω ¼ Ωh, respectively.
These limits are commonly referenced when analyzing

Planck 2018 temperature and polarization data. These two
constraints are similar to the allowed region in Fig. 3,
however, they are weaker for masses around a few eV as
well as below 1 eV.
Additionally, we have introduced the black-dotted and

green-dashed lines illustrating the axion temperature today
relative to its mass, considering interactions with gluons
and photons, respectively, under the assumption of standard
cosmological history. Masses ranging from 0.2 eV to 18 eV
are ruled out for the gluon interaction, while for the
Primakoff interaction, the excluded range narrows to
2.5 eV to 10.5 eV.
In particular, the integration of robust LSS data enables

more precise constraints, particularly in the low-mass para-
meter space below the eV scale. Furthermore, it improves
our understanding of the mass region between 2 eV and
10 eV, where the data exhibit a pronounced slope, and is
much better than the naive estimate of the hot relic
abundance.

IV. THERMAL AXIONS IN NONSTANDARD
COSMOLOGIES

A. Nonstandard cosmologies

The cosmological history of our Universe prior to BBN
is so far totally unknown. In the so-called standard
cosmological scenario, it is assumed that between the
end of inflationary reheating and the onset of BBN, the
energy density of the Universe was dominated by SM
radiation. Additionally, the end of reheating is also taken
at a very high scale, well above the typical scales of the
processes studied. However, the energy density of the
postinflationary Universe could have been dominated by
something other than SM radiation, resulting in a period of
expansion that deviates from standard cosmology [11]. The
impact on axion DM production during this period has been
extensively studied [12–29]. Here, we aim to take advan-
tage of the progress made to obtain smooth decay rates for
the coupling of axions to gluons and photons and to
reexamine the status of EMD, LTR, kination, and kination-
like scenarios.

1. Early matter domination

In this setup, the evolution of the background is
governed by the system of Boltzmann equations

dρϕ
dt

þ 3Hρϕ ¼ −Γϕρϕ; ð36Þ

dρR
dt

þ 4HρR ¼ þΓϕρϕ; ð37Þ

where ρR and ρϕ denote the SM radiation and the NSC-
driving field energy densities, respectively, and Γϕ is the
total decay width of ϕ into SM radiation. The Hubble
expansion rate H is given by

H ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρϕ þ ρR
3M2

P

s
: ð38Þ

For an EMD, ϕ dominates the energy density of the
Universe between Teq > T > Tend, with Tend > TBBN in
order to not spoil the successful predictions of BBN. The
temperature at the end of the NSC is defined as the stage at
which the field has mostly decayed away, i.e., when
3HðTendÞ ≃ Γϕ, and therefore [15,93]

T2
end ¼

1

π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
10

g⋆ðTendÞ

s
MPΓϕ: ð39Þ

The nonstandard expansion has two different phases, an
adiabatic one, where the ϕ field dominates the expansion
without effectively decaying, and then a nonadiabatic one,
where entropy is injected into the SM thermal bath due to
the decay of the field. We denote the transition temperature
between these periods as Tc. The evolution of the Hubble
parameter can be conveniently expressed as [15,24,94]

HðTÞ≃

8>>>>>><
>>>>>>:

HRðTÞ for T ≥ Teq;

HRðTeqÞ
�

g⋆SðTÞ
g⋆SðTeqÞ

	
1=2

�
T
Teq

	
3=2

for Teq ≥ T ≥ Tc;

HRðTendÞ
�

T
Tend

	
4

for Tc ≥ T ≥ Tend;

HRðTÞ for Tend ≥ T:

ð40Þ

This allows us to find the relationship between the scale
factor and temperature during the different phases, given by

RðTÞ ¼

8>>>>><
>>>>>:

Rc

�
g⋆ðTcÞ
g⋆ðTÞ

	
1=3 Tc

T for T ≥ Tc;

Rend

�
g⋆ðTendÞ
g⋆ðTÞ

	
2=3

�
Tend
T

	
8=3

for Tc ≥ T ≥ Tend;

Rend

�
g⋆ðTendÞ
g⋆ðTÞ

	
1=3 Tend

T for Tend ≥ T;

ð41Þ

where Rc ≡ RðTcÞ and Rend ≡ RðTendÞ. The total entropy
injected into SM radiation can be estimated to be
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SðTendÞ
SðTcÞ

¼
�

g⋆ðTcÞ
g⋆ðTendÞ

�
2
�
g⋆SðTendÞ
g⋆SðTcÞ

��
Tc

Tend

�
5

: ð42Þ

We note that if a process such as axion decoupling occurs
during the nonadiabatic phase, only a portion of the total
entropy injection is felt, with Tc in this expression being
replaced by the decoupling temperature.
The evolution of the energy densities for the SM

radiation and ϕ as a function of the scale factor is shown
in Fig. 4(a). It was obtained numerically by solving
Eqs. (36) and (37), for Teq ¼ 6.6 × 104 GeV and Tend ¼
0.02 GeV (which implies Tc ¼ 0.2 GeV). The deviation of
the scaling ρRðRÞ ∝ R−4 for free radiation between Rc and
Rend is due to the effective decay of ϕ that acts as a source
term for SM radiation.

2. Low-temperature reheating

The low-temperature reheating (LTR) scenario can be
recovered from the above in the limit of large Tc,
with ρRðTcÞ ¼ 0, and identifying Tend as the inflationary
reheating temperature. Therefore, before the onset of the
radiation-dominated era, only the nonadiabatic phase
is present, corresponding to the inflationary reheating
period. In this case, ϕ in Eqs. (36) and (37) is identified
as the inflaton.

3. Kinationlike scenarios

In this case, we assume that the state responsible for the
NSC has an energy density that redshifts faster than radia-
tion, having an equation-of-state parameter ω > 1=3. As
its energy density eventually becomes subdominant with
respect to the SM radiation, it does not have to decay.
The Boltzmann equations describing the system can be
written as

dρϕ
dt

þ 3ð1þ ωÞHρϕ ¼ 0; ð43Þ

dρR
dt

þ 4HρR ¼ 0: ð44Þ

As ϕ does not decay into SM particles, the SM entropy is
conserved, and therefore the bath temperature scales as

TðRÞ ¼ Tend

�
g⋆SðTendÞ
g⋆SðTÞ

�
1=3 Rend

R
; ð45Þ

where Rend ≡ RðTendÞ corresponds to the scale factor at the
moment of the equality ρRðRendÞ ¼ ρϕðRendÞ. In this sce-
nario, the Hubble expansion rate can be approximated by

HðTÞ ≃
(
HRðTendÞ

�
g⋆SðTÞ

g⋆SðTendÞ
�

T
Tend

	
3
	1þω

2 for T ≥ Tend;

HRðTÞ for Tend ≥ T:

ð46Þ

A typical example of this scenario corresponds to kination
[59,95], where ω ¼ 1. However, larger equation-of-state
parameters are also possible. In cosmologies with ω ¼ 5=3,
the energy density of the state generating the NSC scales
like R−8, and therefore the Hubble expansion rate in the
NSC phase scales as HðRÞ ∝ R−4 [96]. This equation of
state appears in the context of ekpyrotic [97,98] or cyclic
scenarios [99–102]; see also Ref. [103]. Figure 4(b) shows
the energy densities for ϕ and the SM radiation energy
density as a function of the scale factor forω ¼ 1 ðKDÞ and
ω ¼ 5=3, for Tend ¼ 0.02 GeV.
While the analytical estimates provided above offer

valuable insights into the role of the NSC in the
Universe’s expansion, we emphasize that all subsequent

(a) (b)

FIG. 4. Evolution of the energy densities for radiation (dashed black) and the ϕ field (red) as a function of the scale factor R. (a) In
EMD with Teq ¼ 6.6 × 104 GeV and Tend ¼ 0.02 GeV. (b) In KD (dot-dashed) and ω ¼ 5=3 (solid) with Tend ¼ 0.02 GeV, for both
cosmologies, the energy density for radiation evolves the same as in SC.
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calculations have been done by numerically solving the
corresponding Boltzmann equations (36) and (37), and
using the Hubble parameter of Eq. (38).

B. The population of thermal axions

In the standard radiation-dominated period, both axion
interactions under study (those due to gluon and photon
couplings) can be strong enough to produce an axion
population in thermal equilibrium. In Fig. 5 we explore this
possibility for a set of nonstandard cosmological histories
including LTR, EMD, KD, and, for the sake of complete-
ness, a cosmology with ω ¼ 5=3. For parameter values in
the regions below each curve, thermal equilibrium is
achieved at some temperature T ≥ Tend when Tend < mΨ,
or at some temperature T ≥ mΨ when Tend > mΨ. In the
left panel, corresponding to the axion coupling to gluons,
we can see from the solid black line that, for a standard
radiation-dominated Universe, thermal equilibrium is guar-
anteed for fa < 3 × 1010 GeV when the mass of the heavy
colored PQ fermion is mΨ ¼ 105 GeV.
For the gluon interaction, assuming the validity of the

interpolated rate presented in Sec. II A, it is important to
note that the highest fa at which equilibrium can be
achieved is determined by the mass of the PQ fermion,
which we have fixed to mΨ ¼ 105 GeV. For temperatures
higher than this mass, the rate scales approximately to T.
Consequently, for Tend > mΨ, all curves in the left panel
converge, since thermalization is achieved in the standard
RD period that follows each particular history. For lower
ending temperatures, Tend ≲mΨ, the curves depart from
standard radiation-dominated cosmology. In the LTR case,
with H ∝ T4, the features of the interaction rate at the
QCDPT and the heavy fermion mass threshold are clearly
seen as the two “bumps”at the corresponding temperatures,
indicating which part of the rate is responsible for ensuring

equilibrium. The change in slope at Tend ≃ 1 TeV corre-
sponds to a case where equilibrium is instead being
achieved by the gluon scattering rate at T ≃ Tend < mΨ,
rather than the rate near the QCDPT or the heavy fermion
mass during the nonadiabatic phase. The case of KD, which
has a milder dependence of H ∝ T3 also displays these
features, although to a lesser degree, whereas the ω ¼ 5=3
case, which also has H ∝ T4 essentially mimics LTR.
Finally, the case of EMD is less clear, due to the prior
period of RD before the onset of EMD. This results in an
additional dependence on the temperature at the beginning
of the EMD, which was taken to be 107 GeV in the figure.
For this starting temperature, the EMD curve follows along
the LTR case at high Tend, corresponding to H ∼ Γ
occurring in the nonadiabatic phase with H ∝ T4, before
becoming constant for Tend < 3 × 104 GeV in which
equilibrium is established in the adiabatic phase, with
H ∝ T3=2. If the start of the EMD is taken to be at
temperatures larger than 107 GeV, the curve would con-
tinue to follow the LTR case down to smaller fa, while if
the start temperature is smaller, the EMD curve approaches
the RD line, fully replicating it for Teq < mΨ.
Based on the Γ ∝ T3=f2a scaling of the gluon interaction

rate for T ≲mΨ, and our fa < 3 × 1010 GeV value for
mΨ ¼ 105 GeV, we can estimate the behavior of the curves
for different values of the PQ fermion mass. The limiting
value of fa below which equilibrium is achieved for a
standard RD history is approximately given by fa ≈
3 × 1010 GeV

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mΨ=ð105 GeVÞ

p
, which increases with

mΨ. Therefore, we expect that the upper right portions
of the curves will shift upward and to the right as mΨ
increases, maintaining their relative positions, while the
lower left portions remain unchanged. In principle, if mΨ is
larger than all inflationary reheat temperatures being
considered, one could integrate out the heavy fermions

(a) (b)

FIG. 5. Parameter space (below the lines) where axions reach chemical equilibrium with the SM plasma, for the SC, EMD (with
Teq ¼ 107 GeV), LTR, KD and ω ¼ 5=3, and couplings to gluons (left) or photons (right). In the right panel, the SC, EMD, and LTR
cases all coincide as described in the text, and therefore we only show LTR to represent these three, while KD and ω ¼ 5=3 are shown
separately.
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so that they decouple from the low-energy theory. This
would result in a continuation of the T3 scaling of the
interaction rate from gluon scattering [as seen in Fig. 1(a)]
to temperatures larger than Tend for all Tend considered. The
feature at Tend ∼mΨ, where all curves converge, would
then be replaced by a scaling similar to that seen in the
photon interaction discussed below, where larger fa can
establish equilibrium as long as Tend is sufficiently large.
However, we find it informative to study the case wheremΨ
is accessible precisely because it introduces an upper limit
on the scale fa above which thermalization from the gluon
interaction is no longer guaranteed for any cosmological
history, independent of the value of Tend as long as it is
larger than mΨ.
For the Primakoff interaction, shown in the right panel of

Fig. 5, the interaction rate maintains the scaling ΓQ ∝
T3=f2a throughout the cosmological history. For the pur-
poses of determining the largest fa that can accommodate
equilibrium in a standard RD history, this introduces
a dependence on the highest temperature reached in the
RD period, namely the inflationary reheat temperature.
Therefore, the standard RD case is essentially the
same as LTR, albeit with a higher reheat temperature.
The largest fa that allows for equilibration can then be
estimated by evaluating HR ¼ ΓQ at the inflationary reheat
temperature using Eqs. (9) and (12), giving fa ≃
1.5 × 109 GeV

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Tend=ð107 GeVÞ

p
. In the figure, we show

a single curve for both the RD and LTR cases, with Tend
corresponding to the inflationary reheat temperature. In the
case of EMD, where the matter period is preceded by a
radiation phase, the curve is the same as in the case of
RD/LTR, with the understanding that Tend is again the
inflationary reheat temperature rather than the end of EMD.
The cases of KD and ω ¼ 5=3 also result in essentially the
same curve, but in this case both the Hubble rate and the
photon interaction rate scale as T3 for KD, while H ∝ T4

for ω ¼ 5=3. Instead of the reheat temperature, Tend now
indicates the end of the kinationlike period, which still
corresponds to the maximum temperature reached in the
radiation phase.
We should note that this discussion applies only to

finding the maximum value of fa below which equilibrium
is guaranteed. Here, we have not treated the differences
between the histories when it comes to the decoupling
temperature.

C. Signatures of thermal axions formed
during NSCs

In this section, we discuss the changes in observables
related to axion thermal production under two different
cosmological scenarios: LTR and EMD. We focus on these
cosmologies, on the one hand, to make contact with
previous works [16,22]. On the other hand, cosmological
periods with ω < 0 will differentiate from EMD mainly in

the total amount of entropy injected into the primordial
bath. That is, they further dilute the thermal population.
Kination and similar cosmologies (ω > 1=3) do not deposit
extra entropy, as they dilute faster than radiation. Therefore,
the only change from SC is a higher decoupling temper-
ature, reaching almost the same constraints as in the
standard scenario.
We will constrain the LTR and EMD periods using the

data in Fig. 3. When the axion population undergoes
thermalization and decouples during an NSC, the decou-
pling temperature is higher than that of the RD scenario.
This is due to the increased Hubble parameter, resulting in a
higher dilution caused by the change in the relativistic
degrees of freedom in the SM. Figure 2 illustrates the
comparison of decoupling temperatures between an RD
Universe (solid gray) and different EMD histories for the
gluon coupling (left) and photon coupling (right).
However, in the case of EMD and LTR there is also an

entropy dilution from the new field ϕ when it begins to
decay. To incorporate this effect into the observables
discussed in Sec. III, we focus on the axion temperature
today, since we can express all observables in terms of this
variable; see Eqs. (19) and (28).
We assume that the decoupling occurs at bath temper-

ature Td;nsc > Tend. After decoupling, the axion temper-
ature will then continue to redshift as

Ta ¼ Td;nsc
Rd;nsc

R
: ð47Þ

To relate this temperature to the current temperature, we
consider the nonadiabatic period between Tend < T < Tc
using the injection of entropy in Eq. (42). The axion
temperature today is given by

Ta;0 ¼ T0

�
g⋆SðT0Þ

g⋆SðTd;nscÞ
�

1=3

×

8>><
>>:

h
SðTcÞ
SðTendÞ

i
1=3

for Td;nsc > Tc;h
SðTd;nscÞ
SðTendÞ

i
1=3

for Tend < Td;nsc < Tc:
ð48Þ

The second case in the above equation also applies to an
LTR cosmology, where Tc is a very high scale. For
decoupling temperatures smaller than Tend, the expression
coincides with that of RD, Eq. (20).

1. Observables in NSC

We first write down the abundance of axions today, in the
case where the decoupling happens during a NSC. We go
back to Eq. (19) and replace today’s temperature for the one
in an NSC scenario, Eq. (48). Therefore,
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Ωah2 ≃ 0.02
�
ma

eV

��
g⋆SðT0Þ

g⋆SðTd;nscÞ
�

×

8>>><
>>>:

h
SðTcÞ
SðTendÞ

i
for Tc < Td;nsc < Teqh

SðTd;nscÞ
SðTendÞ

i
for Tend < Td;nsc < Tc

1 for Td;nsc < Tend;

ð49Þ

where in the last case, it is implied Td;nsc ¼ Td. As a result
of the smaller energy, the bounds relax with respect to the
standard scenario.
The same strategy can be used for the contribution to the

relativistic degrees of freedom during the CMB decoupling
and the velocity of thermal axions after they become
nonrelativistic. In the first case, we obtain

ΔNeff ≃ 0.55

�
g⋆SðT0Þ

g⋆SðTd;nscÞ
�

4=3

×

8>>><
>>>:

h
SðTcÞ
SðTendÞ

i
4=3

for Tc < Td;nsc < Teq;h
SðTd;nscÞ
SðTendÞ

i
4=3

for Tend < Td;nsc < Tc;

1 for Td;nsc < Tend;

ð50Þ

while for the velocity, we use Eq. (31),

hvai ≃ 95 km s−1
�
eV
ma

��
g⋆SðT0Þ

g⋆SðTd;nscÞ
�

1=3
ð1þ zÞ

×

8>>><
>>>:

h
SðTcÞ
SðTendÞ

i
1=3

for Tc < Td;nsc < Teq;h
SðTd;nscÞ
SðTendÞ

i
1=3

for Tend < Td;nsc < Tc;

1 for Td;nsc < Tend:

ð51Þ

It is interesting to note that the thermal velocity is the
observable that is least affected by the dilution. Therefore,
we expect that even though the constraints on axions of
small mass (dark radiation) can be severely lifted in
nonstandard cosmological histories, they can still leave a
distinctive imprint through their impact on LSS observa-
tions. In effect, we can easily find the redshift at the
approximate moment when the decoupled axion becomes
nonrelativistic—the analog of Eq. (24)—because it can also
be written in terms of today’s temperature

znr þ 1 ≃
ma

2.7Ta;0
≃ 3436

ma

1.4 eV

�
g⋆SðTd;nscÞ

14.5

�1
3

×

8><
>:

h
SðTendÞ
SðTcÞ

i
1=3

Tc < Td;nsc < Teq;h
SðTendÞ
SðTd;nscÞ

i
1=3

Tend < Td;nsc < Tc:
ð52Þ

Note that in the above expression, the entropy injection
appears, which is always ≳1. Therefore, the moment the

axions become nonrelativistic happens earlier if there is a
nonadiabatic phase, leading to an earlier transition into a
nonrelativistic state. This trend has also been observed in
Ref. [22]. As an example, in Fig. 6 we show the free-
streaming length at the moment of matter-radiation equality
as a function of the axion mass for the gluon coupling. We
can see that small axion masses, which decouple very early,
have a much larger entropy dilution and thus do not follow
the standard RD cosmology (solid gray line) because they
became nonrelativistic prior to matter-radiation equality.
For Tend ¼ 100 MeV (dotted blue) this behavior occurs for
masses up to ma ≲ 0.2 eV and higher masses already
decouple after the end of the NSC. For cosmologies with
a higher entropy dilution, such as the dash-dotted red line,
masses below 10 eVare already nonrelativistic at the equa-
lity, with a much reduced free-streaming length. Therefore,
the axions become CDM-like for observational purposes.
For several NSC histories, the thermal axion population can
have more warm DM features than hot DM. Therefore, it is
expected that they impact the matter power spectrum at
high wave numbers kfs ≡ 2π=λfs. As a consequence, most
of their effects appear at the nonlinear scale, where the
perturbative analysis breaks down. This distinctive feature
can be the key to distinguishing hot relics formed during an
RD history from those formed during NSC.
Let us now return to the general picture of the impact of

an NSC on the population of relic thermal axions. The
energy dilution of the population is the most significant
feature of the NSC analyzed here. In the case of LTR, a
larger loosening of the constraints will occur as long as
the entropy injection is also larger. This situation arises
if Td;nsc is as high as possible compared to Tend. Therefore,
we expect the highest relaxation of the bounds for small

FIG. 6. Comoving free-streaming length evaluated at matter-
radiation equality as a function of the axion mass. The continuous
gray line corresponds to the standard cosmological scenario.
The blue and red lines correspond to EMD cosmologies with
Teq ≃ 7 × 103 GeV and Tend ¼ 0.1 GeV, Tend ¼ 0.004 GeV
respectively.
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values of the reheating temperature and small masses. In
the case of EMD cosmologies, the decoupling can occur at
three different stages of the NSC history: before the decay
of the ϕ field, during the decay, or afterward. In the first
case, the injection of entropy could be the highest possible
(and thus loosen the constraints), especially for higher Tc
(or equivalently Teq) and smaller Tend. This will happen for
long NSC periods and small masses (high decoupling
temperatures). The second possibility has the same out-
come as the LTR scenario; therefore, the less constrained
scenario comes from small masses and small Tend. The
third possibility corresponds to decoupling during an RD
scenario, so all constraints from Sec. III apply.
With all these considerations, we will now explore the

parameter space that can be constrained for EMD and LTR
cosmologies using the same data of Ref. [62] we used
previously for the standard cosmology.

D. Constraints from light massive relics

We commence obtaining constraints on the formation of
a thermal axion population in the early Universe for LTR
cosmologies for the axion-gluon coupling. To do so, we
compute for each mass ma and reheating temperature Tend,
today’s axion temperature from Eq. (48) and compare
with the data shown in Fig. 3, which we remind the
reader includes Planck, full-shape LSS data from BOSS
DR12 and weak lensing from CFHTLens. The results
appear in Fig. 7, where the red area (marked “Planck18þ
BOSS-FSþWLens”) is excluded from the data. The gray

area (marked “No thermalization”) is the parameter space
where the axions do not fully thermalize, in correspondence
with Fig. 5(a). The blue region corresponds to the param-
eter space where the abundance of the thermal population
exceeds the abundance of CDM today. The streaked region
shows the masses above which the axion has a lifetime
smaller than the age of the Universe. As was previously
anticipated, the bounds on small axion masses are lifted
for cosmologies with a high entropy dilution, resulting in a
LTR with small Tend. The condition Td;nsc ¼ Tend is shown
as a solid black line. Nonetheless, decoupling temperatures
slightly smaller than Tend still happen during the NSC
period, as the decay of the new field is not instantaneous.
For this, we have also included the black dot-dashed line
labeled ‘Td;nsc ¼ Td’, where the decoupling occurs just
at the moment when the radiation content is no longer
affected by the NSC. That is, to the right of that line we
have decoupling temperatures in SC.
The shape of the regions in the figure can be understood

as follows: Higher reheating temperatures correspond to the
decoupling during SC; therefore, the bounds are indepen-
dent of Tend and are the same as in SC, i.e., ma ≲ 0.2 eV.
As the reheating temperature decreases, it eventually
reaches the line Tend ¼ Td;nsc, first at smaller masses that
have higher decoupling temperatures. Decreasing Tend
further leads to no constraints for the smallest axion masses
constrained in SC, due to the high dilution lowering the
axion’s temperature below the data’s reach for those masses
(for smaller Tend, we also see that the small-mass region
does not thermalize). For masses around and above an eV,
the bounds of the data shown in Fig. 3 become stronger, due
to the variety of LSS data used. This allows us to constrain
reheating temperatures down to 25–30 MeV for that mass
range. Let us point out that the constrained red-colored
region lies very close to the line Td;nsc ¼ TQCD, meaning
reaching masses where the decoupling temperature is only
just below the QCD temperature TQCD ≃ 150 MeV. This
reinforces the relevance of using a complete and smooth
interaction rate around that temperature.
For EMD cosmologies, we have chosen to show our

constraints according to the total amount of dilution
possible from the EMD, characterized by SðTcÞ=SðTendÞ
given in Eq. (42). Therefore, to keep that ratio fixed, we
vary Tend and also Tc (or equivalently Teq) for each axion
mass. In Fig. 8 we show three different scenarios for the
gluon coupling: the red and blue regions bounded by solid
lines correspond to EMD cosmologies with a dilution
factor of SðTcÞ=SðTendÞ ¼ 2 × 10−4, while the regions
bounded by dot-dashed and dotted lines correspond to
SðTcÞ=SðTendÞ ¼ 0.2 and SðTcÞ=SðTendÞ ¼ 0.7, respec-
tively. We see that in the first high-diluted scenario, we
recover the same results as in LTR Fig. 7. This means that
the decoupling for all masses that can be probed happens
either during the nonadiabatic phase or in SC. Masses that
decouple at higher temperatures are not constrained

FIG. 7. Parameter space as a function of the axion mass/decay
constant and the NSC end temperature, Tend, for LTR cosmol-
ogies for the axion-gluon coupling. The blue region shows the
parameter space where the axion is overproduced with respect to
CDM. The red region labeled “Planck18þ BOSS-FSþWLens”,
corresponds to the constraints obtained using the CMB, full-
shape galaxy and lensing data from Ref. [62], and is excluded
with a 95% CL. The parameter space where the axions do not
achieve full thermal equilibrium is marked in gray and hatched
where they decay before today. See the text for more details.
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because of the strong dilution. The second and third
scenarios, which correspond to shorter EMD cosmologies
with less total entropy dilution, can be achieved with Tc and
Tend being close to each other.4 The shape of the parameter
space in these scenarios in Fig. 8 can be understood as
follows. For high Tend, where all three cases converge, the
bounds from SC are recovered. As the temperature
decreases, it eventually reaches Tend ∼ Td;nsc, and the
dilution begins to become important. As Tend keeps
decreasing and Td;nsc < Tc, the dilution factor is given
by SðTd;nscÞ=SðTendÞ, which is smaller than the total
dilution factor SðTcÞ=SðTendÞ, so the constraints are
stronger. This can be seen for Tend ≳ 35–40 MeV in the
second case. For smaller Tend the decoupling—especially
for smaller masses—occurs during the adiabatic phase of
the EMD. In that scenario, the dilution factor is the highest
possible for all Tend, and the bound flattens.
Finally, in Fig. 9 we show the corresponding plots for the

axion-photon coupling. The left panel shows the case of
LTR, where it was already anticipated that thermalization
will be highly delayed for this interaction. Therefore, for
high reheating temperatures, the bounds are the same as
those of SC, as the decoupling happens during that period.
As the reheating temperature decreases, it reaches the
Td;nsc ¼ Tend line (which occurs at temperatures much
higher than the gluon counterpart). Smaller reheating

temperatures do not allow for axion thermalization, so
they cannot be constrained by our analysis. In the right
panel, we again show EMD cosmologies with a fixed total
dilution factor. The photon coupling has much higher
decoupling temperatures than the gluon coupling. For that
reason, the smallest dilution taken is SðTcÞ=SðTendÞ ¼ 0.2,
enclosed by solid red and blue lines. Smaller dilution
factors lead to decoupling in SC and those bounds apply. In
this case, the result is not identical to the LTR case due to
the difference in thermalization. For this scenario, we can
constrain a slim parameter space where the decoupling
occurs during the EMD era, and it is better for masses
around the eV scale, thanks to the data used. By reducing
the dilution, we obtain the dot-dashed and dotted lines, with
total entropy dilution factors of 0.4 and 0.7, respectively.
The same feature as in the case of the gluon coupling is
obtained, in the sense that for Tend below Td;nsc, the dilution
factor is given by SðTd;nscÞ=SðTendÞ, which is smaller than
the total factor, leading to a stronger constraint. As Tend
continues to decrease, the decoupling occurs in the adia-
batic phase, and the bound becomes independent of Tend.

V. COEXISTENCE OF COLD AND HOT
POPULATIONS

An intriguing question is whether axions can leave
imprints in cosmology from both a cold dark matter
(CDM) population and also a “thermally” induced one,
in the sense that it emerges from the primordial bath.
In standard cosmology, the CDM population arises

around the QCDPT, with a mass range of 10−6–10−4 eV
[104] from the misalignment mechanism. However, a
complete thermal population of axions can only emerge
due to the gluon interaction for masses abovema∼10−4 eV,
as we have seen in Fig. 5, formΨ ¼ 105 GeV. Thus, to have
a coexistence of a CDM population from misalignment and
a thermal population from the gluon interaction at masses
around μeV, the latter must be produced via freeze-in. But
for such small masses the energy density is negligible
(see, e.g., Fig. 1 of Ref. [105]), which makes them
unobservable. On the other hand, from the photon coupling
an axion mass ma ∼ 10 μeV decouples from the bath at
around Td ∼ 108 GeV, much earlier than the oscillation
temperature of the axion field.5

This is not the case in NSC scenarios with ω ≥ 1. On the
one hand, from Fig. 5 we can see that the thermalization of
the axions can be largely delayed to higher masses by
decreasing Tend. On the other hand, the misalignment

FIG. 8. Parameter space as a function of the axion mass/decay
constant and the NSC end temperature, Tend, for EMD cosmol-
ogies for the axion-gluon coupling. Constrained colored areas
have the same meaning as in Fig. 7. We show three different
scenarios: the regions enclosed by the solid red and blue lines
have a fixed ratio of SðTcÞ=SðTendÞ ¼ 2 × 10−4, those enclosed
by the dot-dashed lines have SðTcÞ=SðTendÞ ¼ 0.2, while those
enclosed by the dotted lines have SðTcÞ=SðTendÞ ¼ 0.7. White
regions are allowed.

4Another way of having small dilution without requiring
Tend ∼ Tc is with EMD periods where the new field does not
fully dominate over radiation. We do not consider such cases
here.

5The CDM condensate is safe because the inverse-Primakoff
process aþ e� → γ þ e� is highly suppressed due to the high
energy required for the incoming electron to produce a photon.
On the other hand, processes like γ þ aþ e� → γ þ e� are also
suppressed because the coupling to two photons contains an
axion derivative. Thus, the amplitude of the process is propor-
tional to ma and probabilities to m2

a. See, for instance, Ref. [106].
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production of CDM axions is also altered in cosmologies
withω > 1=3, shifting the correct relic abundance to higher
masses. Those cosmologies do not feature entropy injection
into the thermal bath; the only net effect is to delay the
oscillation of the axion field, leading to an overproduction
of the relic abundance for the classical axion CDM mass
window [17,24].
In this section, we are interested in finding the parameter

space where two populations of QCD axions can actually
coexist in sizable amounts: one cold, via the misalignment
mechanism, and the other originating from interactions in
the bath, from the coupling with gluons. We will use the
results of Ref. [24] where it was found that for cosmologies
with ω ¼ 5=3, the misalignment mechanism produces the
right amount of CDM observed today for masses smaller
than or around the eV range for Tend ≳ 4 MeV. In principle,
the coexistence could also happen for the ω ¼ 1 KD
cosmology, but since the correct CDM abundance takes
place for smaller masses, the abundance (and therefore
impact) of hot axions will be fairly small to escape
detection. We will come back to this later in the section.
We will only focus on the axion-gluon coupling because,
for the photon coupling, thermalization is largely delayed
to masses well above the eV for the range of Tend we are
interested in, according to Fig. 5(b).
In order to find the yield of axions produced through

freeze-in, we numerically solve the Boltzmann equation

dna
dt

þ 3Hna ¼ −Γaðna − neqa Þ; ð53Þ

with the change of variables Y ≡ na=s. Then, the relic
density is simply found as ρa ¼ Y∞s0ma, where Y∞ is the
yield long after the freeze-in.

For the axion-gluon coupling, coexistence can occur if
axions do not fully thermalize due to their active inter-
actions, i.e., Γ < H, otherwise this would lead to the
disappearance of the condensate. The population built
through freeze-in respects the constraints on hot/cold relics
that we have analyzed in the previous section. However, it
is not possible to use the results of Fig. 3, as they are only
valid for thermal relics, which is not the case considered
here. Nevertheless, in order to give an educated guess on
whether the coexistence parameter space could be allowed
from cosmology, we use constraints on nonthermal light
sterile neutrinos presented in Ref. [107]. There, a relic popu-
lation of sterile neutrinos was assumed to be produced non-
thermally through the Dodelson-Widrow mechanism [108].
There it is used that despite our ignorance about the phase
space distribution, the three observables, ΔNeff ;Ωah2, and
hva;0i, satisfy a constraint equation given by

hva;0i ¼
R p

ma
fðpÞd3pR

fðpÞd3p ≃ 5.618 × 10−6
ΔNeff

Ωah2
: ð54Þ

Above it has been assumed that the particles are relativistic/
semirelativistic at photon decoupling, which is a fair
assumption for masses around an eV. For a nonrelativistic
relic today, which is still distinguishable from the CDM,
the velocity should satisfy hva;0i≳ 1 km=s. From the
Boltzmann equation, we get the relic abundance of today
together with the contribution to ΔNeff . For their analysis,
Ref. [107] used WMAP5 data plus small-scale CMB,
SDSS LRG data, SNIa data from SNLS, and Lyman-α
(conservative) from VHS.
In Fig. 10 we show the parameter space where the

coexistence of a misalignment and a freeze-in population

(a) (b)

FIG. 9. Parameter space for the Primakoff interaction in LTR (left) and EMD (right), the colored areas have the same meaning as in
Fig. 7. (a) The axion never decouples during LTR because of the Hubble parameter’s temperature dependence. Once standard
cosmology is regained (T < Tend), decoupling proceeds as in the standard case. (b) We compare three different EMD cosmologies: the
regions enclosed by the solid red and blue lines have a fixed ratio of SðTcÞ=SðTendÞ ¼ 0.2, those enclosed by the dot-dashed lines have
SðTcÞ=SðTendÞ ¼ 0.4, while those enclosed by the dotted lines have SðTcÞ=SðTendÞ ¼ 0.7. White and gray regions are allowed.
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can happen for a nonstandard cosmology with ω ¼ 5=3 in
terms of the axion mass and the temperature where the NSC
ends, Tend. The blue band corresponds to the parameter
space where axions produced through the misalignment
mechanism can account for the entire observed DM today,
assuming a natural range of initial angles, θ∈ ½0.5; 1.8�, see
Ref. [24] for details. Masses above the solid black line
achieve full thermal equilibrium and those below them
freeze in. Contours of equal thermal abundances Ωah2 are
indicated in dot-dash lines with the corresponding value.
As we can see, most of the parameter space where

coexistence happens is unconstrained. However, axions
with masses below the eV scale have seemingly small relic
abundances, which could lead them to be undetected by
current and future surveys. We have checked that all the
parameter space scanned in Fig. 10 corresponds to veloc-
ities today higher than 1 km=s. Therefore, even though
these axions contribute to the total CDM abundance, they
are still distinguishable from CDM. The mass range where
both populations coexist, with a significant abundance of
axions from freeze-in (Ωah2 ≳ 10−4), is within the sensi-
tivity range of experiments such as IAXO [109],
BREAD [110], and LAMPOST [111].
Finally, a comment on the possibility of generating a

similar scenario during kination is worth mentioning. From
Fig. 5a, it can be observed that for the smallest ending
temperature allowed by BBN, Tend ∼ 10 MeV, masses
above ma ∼ 0.5 eV thermalize for the axion-gluon cou-
pling in KD. On the contrary, a population of CDM axions

will form for that scenario, for Tend ∼ 10 MeV, for masses
between 10−3–10−2 eV (see Fig. 6 from Ref. [24]). Hence,
it seems possible that the CDM population can coexist with
a nonfully thermal one in KD. However, the relic abun-
dance of the latter is expected to be similar to or slightly
higher than the one for a ω ¼ 5=3 cosmology. This is
because, despite ω ¼ 5=3 having a higher slope than KD,
they converge in the vicinity of Tend. This leads to the yield
of KD being slightly higher than ω ¼ 5=3. From Fig. 10
we see that the relic abundance is much smaller than
Ωah2 ∼ 10−8 for axion masses ma ≲ 10−2 eV, for Tend∼
few MeV. Thus, even though coexistence is possible during
KD, the thermal bath population is not abundant enough to
be detectable in the near future.

VI. SUMMARY AND CONCLUSIONS

In this study, we have explored the generation of axions
from the thermal bath by their interactions with gluons and
photons during cosmological eras characterized by expan-
sion rates different than the standard radiation-dominated
scenario, the so-called nonstandard cosmologies. Our
focus was on KSVZ-like models, where axions lack direct
couplings to fermions.
We started in Sec. III with a comprehensive analysis of

the formation of a fully thermalized population in standard
cosmology and the potential signatures that these particles
could leave in cosmological data. Massless or nearly
massless axions are well characterized by their contribution
to ΔNeff and

P
mν. On the other hand, light but massive

axion relics, while nonrelativistic in the present epoch, still
maintain nonzero temperatures. This characteristic feature
makes it possible to distinguish them from the majority of
cold relics, offering a novel approach to identifying tiny
relics in cosmological data. Unlike CDM, these thermal
relics possess thermal velocities that hinder their clustering
beyond a characteristic free-streaming scale. Consequently,
they exert a discernible influence on the growth of matter
fluctuations, making it possible to detect them through the
study of their impact on the large-scale structure of the
Universe. Finally, we introduced the data to be used to
constrain the fully thermal axion population. We relied on
the latest constraints derived from the temperature-mass
parameter space for massive light relics once in thermal
equilibrium, as reported in Ref. [62]. These constraints
were obtained through a comprehensive analysis that
combined BOSS DR12 full-shape galaxy data, Planck
2018 temperature polarization and lensing anisotropies,
and CFHTLens galaxy-galaxy ellipticity correlations. We
applied those restrictions to SC in Fig. 3, to find excellent
agreement with previous results reported in the literature.
In Sec. IV we started by making a detailed analysis of the

thermalization of axions in standard and nonstandard
scenarios for both couplings to gluons and photons. For
the gluon coupling we found that the mass of the heavy PQ
fermion sets an important upper limit on the maximum

FIG. 10. Parameter space of Tend vs ma where a misalignment
and a thermal (freeze-in) population of QCD axions can coexist
for a cosmology with ω ¼ 5=3. The blue region shows the para-
meter space where the CDM relic abundance can be produced
with natural initial misalignment angles (see the text for details).
The red region corresponds to the bounds on the sterile neutrinos
of Ref. [107] applied to the QCD axion. To the right of the solid
black line axions produced via the gluon coupling thermalize.
The dot-dashed lines show isocontours of relic abundance Ωah2,
marked with the corresponding value. White regions are un-
constrained.
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value of the scale fa that can lead to thermalization in a
given history. This is in contrast to the photon coupling
which becomes increasingly efficient at thermalization as
the maximum temperature of the RD phase increases.
Subsequently, we moved toward analyzing the scenario

where axions thermalize in LTR and EMD cosmologies for
the gluon and photon couplings. We assessed the influence
of the NSC scenarios on three key parameters: the relic
abundance, Ωah2, the number of extra relativistic degrees
of freedom, ΔNeff , and the free-streaming length, charac-
terized by the thermal velocity, hvai. Although the impact of
light massive relics is inherently complex, in many models
with nonthermal distortions, the observable effects can be
effectively parameterized using these three quantities with
considerable accuracy, as discussed in Ref. [112].
Axion thermalization in LTR cosmologies for the gluon

coupling has been addressed in the literature before, in
Refs. [16,22] and our results are in good agreement. The
parameter space where the thermal population can exist
without restrictions opens up, especially between 0.2 eV≲
ma ≲ 10 eV for cosmologies with reheating temperatures
smaller than 100 MeV. Our study expands the previous
findings in the following way: we use interaction rates for
both gluon and photon couplings that are continuous
across the QCDPT. The former allows us to scan smaller
axion masses that have higher decoupling temperatures.
However, the data used to constrain the NSC include the
full-shape from BOSS and weak-lensing data as an addi-
tional component with respect to Refs. [16,22]. Due to the
above, in contrast to previous works, we are able to
constrain LTR scenarios where the axion freeze-out occurs
during the nonstandard expansion, for masses between
1 eV≲ma ≲ 15 eV and for reheating temperatures around
25–30 MeV.We present a deeper insight on the comple-
mentarity of our limit with previous ones in the Appendix.
A thermal population in EMD cosmologies has not been

studied before, to the best of our knowledge. We have
established our constraints based on the total amount of
entropy injected into the thermal bath. First, for the axion-
gluon coupling, we have found that in the case of high
dilution, the EMD scenario has the same constraints as
LTR. This is because due to the decreased abundance and
velocity, the data can only constrain masses that decouple
during the nonadiabatic phase. As the total entropy injec-
tion decreases, it is possible to probe masses that decouple
during the adiabatic phase of the EMD, resulting in smaller
Tend temperatures. Our results allow us to easily extrapolate
EMD with other entropy injection factors.
Next, in Sec. IV, we repeated the analysis for the axion-

photon coupling. Our results show that it is only possible to
constrain LTR cosmologies with Tend > Td;nsc because
otherwise, axions do not thermalize, as seen in Fig. 5(b).
On the other hand, for EMD cosmologies, we have found
that, due to the high decoupling temperature (see Fig. 2),
highly diluted cosmologies hide the population completely,

even at high Tend. Only for factors SðTcÞ=SðTendÞ≳ 0.2,
constraints appear. We emphasize that a key feature to
search for signatures of NSC is their effect on the free-
streaming length. In contrast to the severe effects on the
contribution to the effective number of neutrinos and the
relic abundance, the velocity of the thermal relic is less
affected. This means that they can still play an important
role in their impact on the formation of LSS. Such an
impact is shifted to smaller masses than in SC because of
the earlier transition to nonrelativistic states. Upcoming
large-scale structure surveys such as the Dark Energy
Spectroscopic Instrument (DESI) [113], the Vera Rubin
Observatory [114], and Euclid [88], together with the next
generation of CMB experiments will play a major role in
either discovering or placing severe constraints.
Finally, in Sec. V we explored the possibility of having

axion signatures from both cold dark matter and hot/warm
populations. Axions are naturally produced as a cold
condensate by the misalignment mechanism that, in a SC,
is well motivated in the mass range around the μeV.
However, for that mass range, axions do not thermalize
for the gluon interactions and decouple much earlier for
the photon coupling. However, it has been pointed out in
the literature that for cosmologies driven by ω > 1=3 the
formation of a CDM condensate, with the right character-
istics demanded by observations, occurs at higher masses.
In particular, for ω ¼ 5=3 it can reach the eV mass range.
We have found that around that mass, a non-negligible
population of hot/warm axions from the thermal bath that is
not in conflict with cosmological constraints can also exist.
A dedicated analysis could constrain a larger portion of the
parameter space than the one we showed, as we used data
for nonthermal sterile neutrinos that are outdated. The
parameter space in which the two populations can coexist is
in the range of laboratory experiments, such as IAXO,
BREAD, and LAMPOST.
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APPENDIX

1. Changes in the exclusion limit of the axion-gluon
coupling by considering a continuous smooth

interaction rate

In Sec. IVD, we discuss the importance of employing
a smooth rate around the QCDPT, as the data are sensi-
tive enough to constrain decoupling temperatures nearing
approximately 150 MeV. Here, we aim to refine this
assertion by quantitatively comparing the constraint depicted
in Fig. 7, utilizing the smooth rate derived in Ref. [42,43],
with the one obtained using the rate presented in Eq. (5), the
validity of which has been challenged due to unitarity
concerns above T ∼ 62 MeV [68]. This comparison is
shown in Fig. 11. We observe that the differences between
the two are approximately 10%–15% for temperatures
below 30 MeV, escalating as the temperature approaches
T ¼ 62 MeV, reaching around a 50% difference. This
discrepancy is evident in Fig. 11, where the most significant
deviation occurs for masses around the eV range, aligning
with the decoupling temperatures approximately at that
value for Tend ≲ 100 MeV. From this figure, we can also
stress the importance of the smooth rate in constraining small
axion masses and higher Tend temperatures.

2. Changes in the exclusion limit of the axion-gluon
coupling by considering more LSS data

We present a comparison of our findings with those in
the literature, specifically Refs [16,22]. They investigated
the parameter space for thermal axions within the

framework of KSVZ axions, focusing on the gluon cou-
pling, within the context of LTR cosmology. Both works
utilized the axion-pion interaction rate outlined in Ref. [37],
as presented in Eq. (5), noting its applicability up to
temperatures of 62 MeV.
To set their constrained parameter space, Ref. [16] used

the saturation of the relic abundance from cold dark matter,
the ISWeffect on the CMB and data fromWMAP first year
and SDSS measurements of the galaxy power spectrum
found in Ref. [37]. On the other hand, Ref. [22] updated the
parameter space for thermal axions in LTR cosmologies by
using CMB observations from Planck 2018 legacy data
release [50], together with BAO measurements from BOSS
Data Release 12 [92], 6dFGS [115], and SDSS-MGS [116].
In the left panel of Fig. 12, we present a comparative

analysis. The excluded parameter space from Ref. [16] is
depicted in the hatched area, while the limit from [22] is
illustrated by the dashed black line, considering only the
segment where the rate’s validity is acknowledged. Our
excluded region, previously presented in Fig. 7, is repre-
sented by the solid black line. Thus, it becomes apparent
that, on the one hand, the smooth rate allows the low-axion-
mass region to be confined, where the decoupling temper-
ature is higher than 62 MeV, and, on the other hand, the
incorporation of more robust LSS data allows for a better
constraint of the parameter space overall. In particular, the
bound on ΔNeff is refined for sub-eV masses, and in the eV
region the LSS data impose significant restrictions, as
expected from Fig. 3.

FIG. 11. Parameter space as a function of the axion mass/decay
constant and the NSC end temperature, Tend, for LTR cosmol-
ogies for the axion-gluon coupling. The continuous solid black
line is the bound using the smooth interaction rate found in
Ref. [42] and is labeled Γacross. Instead, the bound using the
axion-pion interaction rate from Eq. (5) is shown as the dashed
black line, labeled Γππ . Both exclusion regions use the LSS data
from Ref. [62].

FIG. 12. Parameter space as a function of the axion mass/decay
constant and the reheating NSC end temperature, Tend, for LTR
cosmologies for the axion-gluon coupling. The hatched area
corresponds to the limits imposed by Ref. [16]. The dashed black
line corresponds to the exclusion set by Ref. [22], where only
masses whose decoupling temperature is less than 62 MeV are
shown. Finally, the continuous black line is the bound found in
this work, using the smooth rate found in Ref. [42] and the data
from Ref. [62].
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