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ABSTRACT: We construct linearized solutions to Vasiliev’s four-dimensional higher spin
gravity on warped AdSs x¢ S! which is an Sp(2) x U(1) invariant non-rotating BTZ-like
black hole with R? x T2 topology. The background can be obtained from AdS, by means of
identifications along a Killing boost K in the region where £2 = K2 > 0, or, equivalently,
by gluing together two Banados-Gomberoff-Martinez eternal black holes along their past
and future space-like singularities (where £ vanishes) as to create a periodic (non-Killing)
time. The fluctuations are constructed from gauge functions and initial data obtained by
quantizing inverted harmonic oscillators providing an oscillator realization of K and of a
commuting Killing boost K. The resulting solution space has two main branches in which
K star commutes and anti-commutes, respectively, to Vasiliev’s twisted-central closed two-
form J. Each branch decomposes further into two subsectors generated from ground states
with zero momentum on S'. We examine the subsector in which K anti-commutes to J
and the ground state is U(1) x x U(1) z-invariant of which U(1)f is broken by momenta on
S and U(1) z by quasi-normal modes. We show that a set of U(1) z-invariant modes (with
n units of S momenta) are singularity-free as master fields living on a total bundle space,
although the individual Fronsdal fields have membrane-like singularities at K% =1. We
interpret our findings as an example where Vasiliev’s theory completes singular classical
Lorentzian geometries into smooth higher spin geometries.
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1 Introduction

1.1 Higher spin resolution of gravitational singularities

An interesting problem in gravity is whether classical spacetime singularities can be resolved
by switching on higher spin gauge fields. Indeed, the resulting non-abelian interactions
are spacetime non-local already at the classical level, akin to those of a full quantum
effective field theory. Moreover, higher spin gravities contain infinite towers of massless
fields at weak coupling that one may argue become massive due to quantum effects, hence
associated to screened charges in weakly coupled asymptotic regions, while supporting
moduli spaces of classical solutions interpolating between asymptotic regions and strongly
coupled core regions with nontrivial topology. This motivates examining whether classical
spacetime singularities can be completed into smooth higher spin geometries given by
classical solutions to unbroken higher spin gravities with bounded field configurations and
finite observables accessible to asymptotic observers, providing semi-classical realizations
of geometrically entangled quantum states.

To concord with basic properties of the holographic correspondence between generally
covariant theories with anti-de Sitter vacua and conformal field theories in the context of
higher spin theory [1-4], we shall

a) presume a higher spin symmetry breaking mechanism whereby weakly coupled gauge
fields with spins greater than two (and possibly also some fields with spins less than
or equal to two) acquire masses so as to leave a spectrum with massless subsector
corresponding to matter-coupled gravity; and

b) construct exact solutions to unbroken higher spin gravities that describe smooth
higher spin geometries containing asymptotically locally anti-de Sitter (ALAdS) (or
de Sitter) regions where the full theory can be approximated by (free) Fronsdal fields.'

Thus, in the broken phase, the asymptotic fall-off of the fields that have acquired mass
is enhanced, ensuring that they do not affect the leading orders of the Fefferman-Graham
expansion of an effective lower-spin theory containing gravity (even though the spectrum

'For the literature on solutions of this type in four spacetime dimensions, see [5-14]; see also [15-17] for
exact solutions in three spacetime dimensions, and [18] for solutions obtained in axial gauge in oscillator
space.



of the broken phase is not fully gapped). By this screening mechanism, we envisage weakly
coupled asymptotic regions described by an effective gravity theory glued to strongly cou-
pled core regions described by an unbroken higher spin gravity; that is, we trust the latter
when its curvatures are large, and the former when its curvatures are small.

Moreover, drawing on recent progress in assigning entanglement entropy to topologi-
cally nontrivial spacetimes [19], our working hypothesis is that the emerging higher spin
geometries are not only smooth but also entangled in the sense that

c) the higher spin resolution of a gravitational singularity yields a set of topologies
including manifolds with numerous boundaries; and

d) manifolds with multiple boundaries are represented quantum mechanically by geo-
metrically entangled states.

Combining the dynamical higher spin symmetry breaking mechanisms (a) and (b) with the
geometric entangling mechanisms (c) and (d), we envisage asymptotic observers represented
by operators acting in the Hilbert space of the broken phase (with asymptotically enhanced
mass-gap), sandwiched between geometrically entangled states with one “external” leg in
the broken state space and multiple “internal” legs in unbroken state spaces, represented
semi-classically by ALAdS higher spin geometries with non-trivial core topology. In other
words, we propose that gravitational singularities are resolved into moduli spaces of smooth
higher spin geometries, whereby physical observables are given by sums over unbroken
core states: the latter are organized into ensembles by geometrically entangled states [19]
represented semi-classically by classical solutions to higher spin gravities.

In this paper, we shall focus on (b) by exploring classical solutions to Vasiliev’s equa-
tions in four spacetime dimensions [20]. Vasiliev’s theory has been conjectured [2-4, 21]
to undergo dynamical symmetry breaking due to mixing between (massless) one-particle
states and multi-particle Goldstone modes in the presence of special boundary conditions
in anti-de Sitter spacetime. As this mechanism does not require any coupling to additional
fields, the theory, possibly including Yang-Mills-like gauge fields and fermions [22, 23], pro-
vides a relatively minimalistic framework for studying singularity resolutions already at
the classical level in accordance with (a) and (b).?

The following classical singularities of matter-coupled gravity will be of interest for
this work:

i) Degenerate metrics;
4

ii) Analytic singularities® in generalized Weyl curvatures;

iii) Delta function sources in the equations of motion.

2Stringy extensions [2, 24-26] by extra massive fields are likely required in order to admit flat space
limits with significant mass-gaps.

3We refer to a singularity in an otherwise real-analytic function as an analytic singularity.

“In a matter-coupled gravity theory without fermions, the generalized Weyl curvatures consist of the
spin-two Weyl curvature, the spin-one Faraday tensors and the scalar fields.



At the center of the Schwarzschild black hole, all three types of singularities arise: the
metric degenerates on trapped spheres (leading to geodesic incompleteness); the Weyl
tensor blows up; and the linearized equations of motion have a delta function source. In
order to disentangle these types singularities, it is useful to instead consider fluctuations
over constantly curved black holes, as the background only exhibits degenerate metrics
related to trapped submanifolds, while the fluctuations can be made to exhibit curvature
singularities.

Constantly curved black holes were first constructed in three dimensions by Banados,
Teitelboim and Zanelli (BTZ) [27], and further studied by Banados, Henneaux, Teitelboim
and Zanelli (BHTZ) [28] within the context of a more general moduli space of three-
dimensional constant curvature geometries coordinatized by conjugacy classes of s0(2,2),
including extremal black holes, conical singularities and proper three-dimensional anti-
de Sitter spacetime itself. BHTZ-like geometries in four spacetime dimensions associated
to conjugacy classes of s0(2,3), were first studied by Aminneborg, Bengtsson, Holst and
Peldan in [29, 30], who observed that the uplift of the spinless BTZ black hole only has
quasi-horizons that fail to trap any two-dimensional subspaces. The latter geometry was
later revisited by Banados, Gomberoff and Martinez (BGM) [31], who properly interpreted
it (by representing it using a three-dimensional Penrose diagram) as a black hole that traps
(one-dimensional) circles rather than any two-manifold.

In this paper, we shall examine fluctuations around the eternal spinless BGM black hole
thought of as a classical solution of Vasiliev’s bosonic higher spin theory in four dimensions.
More precisely, we shall construct linearized massless Weyl tensors of arbitrary integer spin
obeying Bargmann-Wigner equations of motion on the aforementioned background and
subject to various boundary conditions corresponding to different representations of the
background symmetry group, including modes with momenta around the trapped sphere
and quasi-normal modes. Pending a fully non-linear construction, we shall verify our main
hypothesis, namely that the linearized Vasiliev master fields admit analytic continuations
across singularities as well as horizons, so as to create field configurations on extended
manifolds with topologies that differ from that of the original BGM geometry. We shall
focus on resolved geometries with a single asymptotic region, though the formalism readily
produces resolutions with multiple asymptotic regions as well.

We remark that Vasiliev’s four-dimensional theory contains a higher spin connection
in spacetime

1) that remains flat at the fully non-linear level;

2) the holonomies of which can be combined with open Wilson lines in twistor
space [32-35] so as to provide a set of classical observables;

3) reduces to the background connection solutions to Vasiliev’s equations in which the
Weyl zero-form vanishes.

Thus, in rather sharp contrast to the extraction of classical observables for four-dimensional
BHTZ-like geometries in gravity, which has so far turned out to be problematic [36, 37], the
(topologically extended) BHTZ-like higher spin geometries can be labelled faithfully by the



aforementioned holonomies around the circle resulting from the identification. Moreover,
from the higher spin point-of-view, there is nothing preventing switching on general charges
in 50(2, 3) including parameters associated to frame-fields containing rotation and various
conical singularities. In this paper, we shall focus, however, on the issue of topological
extensions of the background and higher spin fluctuation fields in the spinless case, leaving
the construction and analysis of more complicated vacuum solutions to future work.?

1.2 Resolution mechanisms

More broadly speaking, Vasiliev’s higher spin gravity tempers (i) using differential algebras
and (ii) and (iii) using non-commutative algebras. In particular,

I) Degenerate metrics are handled by abandoning the Fronsdal formulation in favour
of the unfolded formulation [39-42], in which the fundamental fields are differential
forms obeying covariant constancy conditions referring to backgrounds with differen-
tial Poisson structures rather than Lorentzian structures. As we shall see, this formal-
ism permits the construction of fluctuation fields from objects defined in coordinate-
free bases that remain well-defined as the frame field degenerates, and that hence
admit continuation across singularities of type (i). To our best understanding, this
mechanism for sending fluctuations through singularities associated to degenerate
metrics has so far not been exhibited in the higher spin literature,® though degener-
ate background metrics have been considered within the context of “wormholes” of
three-dimensional Chern-Simons higher spin gravity [45], and the first-order formu-
lation of gravity in the context of topology change [46].

IT) As for resolving analytic Weyl curvature singularities in higher spin gravity, the basic
mechanism involves assembling infinite-dimensional towers of fields into horizontal
forms on fibered spaces with non-commutative fibers, that we shall refer to as corre-
spondence spaces. Locally, the horizontal forms, that we shall often refer to as master
fields, are forms on the base manifold valued in algebras of quantum mechanical op-
erators realized as various distributions on the fiber including real-analytic functions
and non-real analytic objects such as delta functions and their derivatives. Above
generic points of the base manifold, the master fields are real-analytic with Lorentz-
covariant Taylor expansions in the fiber coordinates, the coefficients of which are
bounded component fields. Closing in on special points, however, the master fields

5Tt is worth mentioning that, from the point of view of the standard spin-2 geometry, there is no four-
dimensional uplift of the three-dimensional rotating BTZ black hole, since, differently from the spinless
case, the presence of an extra spatial dimension erases the horizon [38]. Since one of the issues to be studied
in this paper is the resolution of singularities of fluctuation fields at the horizon within Vasiliev’s higher spin
gravity, we shall choose to investigate the linearized dynamics around a vacuum solution corresponding to
the four-dimensional (topologically extended) non-rotating BTZ-like black hole.

SRather, in constructing unfolded systems of equations it is usually assumed that if the frame field
is invertible then the system must admit a dual interpretation as a complex for an algebraic differential
whose cohomology in different degrees consists of the dynamical Fronsdal fields, their gauge parameters,
and equations of motion and Bianchi identities [41]; for analogous treatment of mixed symmetry fields,
see [43, 44].



approach non-real analytic distributions in the fiber that nonetheless remain well-
defined as symbols of quantum mechanical operators belonging to a star product
algebra with a trace, though their naive interpretation in terms of Lorentz-covariant
component fields clearly breaks down. So far, this mechanism has been shown to
resolve Coulomb-like singularities (of codimension three) in the Weyl curvatures of
four-dimensional higher spin black hole-like solutions of Vasiliev’s theory [10]. In this
paper, we shall extend this result to membrane-like singularities (of codimension one)
in linearized fluctuation fields over BGM black holes as well as AdS,. More precisely,
the mechanism at work trades the analytic spacetime singularities in the Weyl cur-
vatures for delta function singularities in the fiber supported on fiber submanifolds
of codimension two, which can be shown to be well-defined operators in the above
sense upon using a certain regular presentations [8, 10] to be outlined below.

III) Delta function sources in equations of motion typically accompany the singularities in
(IT), at least at the linearized level. As for the analytic curvature singularities of odd
codimension referred to above, we expect that the linearized Vasiliev system [41, 47]
provides a map that transfers corresponding delta function sources in the Fronsdal
field equations to delta function sources of codimension two for the noncommuta-
tive twistor space connection. In fact, independently of whether the spacetime fields
are singular or not, any Vasiliev higher spin geometry exhibits a twistor space delta
function source of codimensions two; for a recent treatment of these singularity struc-
tures, see also [35]. Moreover, the latter arises via a vacuum expectation value of a
dynamical two-form of an extension of Vasiliev’s theory off-shell based on an internal
3-graded Frobenius algebra [48, 49|, referred to as Frobenius-Chern-Simons (FCS)
gauge theory. We expect that the FCS two-form can develop various expectation val-
ues in spacetime as well including codimension-two delta function sources, as these
can be regularized by embedding spacetime as a Lagrangian submanifold into its non-
commutative cotangent bundle (or phase-spacetime) [10]. This suggests the existence
of fully nonlinear higher spin geometries serving as resolutions of conical singularities
arising in BHTZ-like geometries interpretable as entanglement surfaces extended into
the bulk [19, 50, 51].

In this paper, mechanism (I) is ubiquitous, as the unfolded formalism serves as part of
the definition of the theory. Some of its consequences for topological black holes are spelled
out in section 3, where we contrast the metric-like and unfolded formulations. We do so by
constructing a number of gauge functions that describe various extensions of spinless BTZ
geometries in three and four dimensions that provide solutions to the unfolded equations
of motion but that do not admit an interpretation in terms of the metric-like formulation
simply due to the fact that the extended geometries contain codimension-one surfaces where
the BTZ warp factor vanishes; in particular, the extended BGM geometry, which is most
direct relevance for the rest of the paper, is described in section 3.3.

As for (II), the non-commutative geometry framework for higher spin resolution of
curvature singularities is outlined in section 2; the specific mechanism found in [10] for
resolving Coulomb-like singularities of spherically symmetric genealized Petrov Type D



solutions found in [7, 10] is spelled out in section 2.6. We tend to the extension of this
mechanism to membrane-like singularities in section 6.1 and appendix D.

As for (III), we have less to report on in this paper. We would nonetheless like to re-
mark that the higher spin singularity resolution mechanisms introduced so far can be imple-
mented off- as well as on-shell, using an adaptation of the Alexandrov-Kontsevich-Schwarz-
Zaboronsky (AKSZ) formalism [52] to Cartan integrable systems on non-commutative man-
ifolds [53]. In fact, as far as one is concerned with resolving degenerate metrics in ordinary
gravity, the AKSZ formalism permits the inclusion of degenerate frame fields into the classi-
cal theory, though quantum corrections are more delicate as they require a balance between
even and odd forms in order for topological anomalies [54] to combine into a finite one-loop
partition function. On the other hand, the FCS model is manifestly topologically super-
symmetric in the sense that its spectrum of even and odd forms is identical thus ensuring
a finite one-loop normalization of the partition function on a given manifold [48, 49, 55].
As for resolving curvature singularities, the attendant non-commutative geometries are not
visible in ordinary gravity nor in the perturbatively defined Fronsdal formulation of higher
spin gravity.

In summary, to our best understanding, the higher spin resolution of classical singu-
larities in gravity relies crucially not only on the higher spin extension as such, but also on
its implementation using Vasiliev’s unfolded formulation in terms of master fields. Thus,
before going further into the details of higher spin singularity resolutions, we would like
to briefly point to a few key geometric features of Vasiliev’s higher spin gravity that dis-
tinguishes it from the perturbative metric-like Fronsdal formulation, and how to think of
these two different frameworks as being dual to each other in asymptotically anti-de Sitter
geometries.

1.3 Vasiliev versus Fronsdal formulations

While the deformed Fronsdal formulation of higher spin gravity refers to a Lorentzian
spacetime background, Vasiliev’s formalism [41, 42, 47] introduces a non-commutative
background for a differential graded (homotopy) associative algebra (DGA) of differen-
tial forms. This algebra is a deformation of the classical algebra of differential forms (with
its compatible wedge product and de Rham differential) along a differential Poisson struc-
ture so as to produce a space of symbols equipped with an associative star product and a
mutually compatible differential.

The DGA operations can be realized together with compatible trace and hermitian
conjugation operations by attaching differential forms as boundary vertex operators to an
induced first-quantized differential Poisson sigma model [56], which is a two-dimensional
topological field theory with an N' = 1 supersymmetry (of degree one) generated by the de
Rham differential.” The fibration of the correspondence space (giving rise to the horizontal
forms) arises from additional supersymmetries (of degree minus one) generated by inner
derivatives along vector fields that preserve the differential Poisson structure, which are
hence special fundamental vector fields [55].

"Within the context of higher spin gravity, one may think of the differential Poisson sigma model as
describing first-quantized conformal particles making up the partons of a tensionless string [24].



The DGA operations induce a class of star product local functionals given by traces of
star products of horizontal forms and their exterior derivatives. This class remains closed
under the Batalin-Vilkovisky (BV) bracket modulo a set of boundary conditions (usually
solved by choosing a polarization and setting all momenta to zero at the boundary). Thus,
the BV master equation poses a well-defined deformation problem for a gauge invariant
BV path integral measure based on a star product local master action, leading to a notion
of star product local (quasi-)topological non-commutative field theories of AKSZ-type [53].

Assuming the existence of a topological open string on 7*Sp(4) x C? (with holomorphic
symplectic structure on C?) obtained from deformation quantization of a single conformal
particle [24], we think of the FCS theory as a truncation that retains the zero- and wind-
ing modes, which thus coordinatize the correspondence space with non-commutative fibers
arising from fermionic zero-modes on C? induced via the aforementioned special fundamen-
tal vector fields [55]. We then embed Vasiliev’s theory into the FCS theory as an on-shell
branch with “order parameter” given by the aforementioned two-forn vacuum expecta-
tion value.®

The Vasiliev branch contains ALAdS solutions, which are master field configurations
(on the total non-commutative fibered space) subject to boundary conditions giving rise to
asymptotically free Fronsdal fields [8, 9, 35].° Our basic hypothesis is that the free energy,
i.e. the on-shell action, of the FCS model is finite on these ALAdS configurations. The FCS
free energy given by the on-shell value of a topological vertex operator (TVO) [32, 48, 49],
i.e. a higher spin invariant star product local boundary functional whose total variation
vanish on-shell (such that it can be added to the AKSZ bulk action without affecting the
smoothness and nilpotency of the BRST operator). The FCS theory only admits a finite
number of TVQ’s, given by Chern classes and Chern-Simons forms, that is, the FCS free
energy functional contains only a finite number of free parameters. In a stark contrast,
Vasiliev’s theory admits an infinite number of TVQO'’s, suggesting that these can be used
as building blocks for the FCS free energy functional.

As for classical observables in the Vasiliev branch of the FCS theory, the simplest ones
are zero-form charges [5, 10, 32, 33, 59], which are integrals over the non-commutative
twistor space of constructs formed out of spacetime curvatures and their derivatives evalu-
ated at a single point in spacetime. These observables have cluster decomposition properties
characteristic of extensive variables [10, 59], and hence serve as natural building blocks for
higher spin amplitudes, referred to in [59] as quasi-amplitudes. Indeed, their classical per-
turbative expansion around AdSy backgrounds reveal a direct correspondence between the
first-quantized topological open string amplitudes and the correlation functions of holo-
graphically dual conformal field theories [33, 34, 60-62].

We expect the deformed Fronsdal theory to be perturbatively equivalent to the Vasiliev
branch of FCS model at the level of amplitudes rather than at the level of spacetime

8We expect that reductions of the FCS model in the presence of various vacuum expectation values
create a moduli space of unfolded systems on the reduced correspondence spaces (with four-dimensional
commuting base manifold and non-commutative C? fiber), containing the plethora of “formal” higher spin
gravities [57] obtained by deformations of the fiber star product.

9The ALAdAS boundary conditions add non-trivial perturbative corrections to the gauge function already
at the linearized level which steer the perturbative expansion away from the singular gauge found in [58].



vertices [58, 63—65] (or microscopic field configurations). In other words, we propose that
the Fronsdal program set up on a Lorentzian spacetime manifold and the Vasiliev program
set up on a non-commutative manifold are dual (at the level of free energy functionals)
provided the two sides are supplemented with corresponding ALLAdS boundary conditions.

The Fronsdal and Vasiliev formulations exhibit an important conceptual difference.
The simplest TVO of the FCS model does not receive any quantum corrections, as it
is built from forms in degree one; for details, see [48, 66]. This simple result is quali-
tatively in agreement with the holographically dual conformal field theory.'® As for the
perturbatively defined Fronsdal action, on the other hand, its natural interpretation is as
a quantum effective action fixed essentially by uplifting the conformal bootstrap approach
into the bulk [67, 68]. Moreover, from its 1/N-expansion it follows that it has no (non-
trivial) classical limit. In other words, it appears that the deformed Fronsdal theory does
not provide any path integral measure based on a classical (possibly quasi-local) action
formulated directly on spacetime.!!

In summary, in order to embed the results of this paper (which hold on their own) into
the above broader physical context, we will assume that

— Vasiliev’s equations describe a quantum effective field theory including quantum ef-
fects from second as well as first quantization analogously to string field theory [70];

— there exists a free energy functional that makes Vasiliev’s equations dual to pertur-
batively defined Fronsdal formulation on ALAdS backgrounds.

Thus, to the extent that one expects that quantum corrections are important in order to
smoothen out classical spacetime singularities, Vasiliev’s equations provide a background-
independent formulation for studying such effects within the context of higher spin gravity.

1.4 Outline of the paper

The scope of the paper is to show that probing the spinless BGM black hole in four
dimensions using linearized higher spin master fields leads to smooth linearized higher spin
geometries.

In section 2, we first recall the key geometric structures arising in Vasiliev’s formalism
of relevance for resolving curvature singularities. We then demonstrate the resolution of
the analytic part of the Coulomb-like singularity (in the Weyl curvature) at the level of
linearized master fields; the generalization of this mechanism to membrane-like singularities
is analyzed in section 6 and appendix D.

In section 3, we first recall the basics of the spinless BTZ black hole in three dimensions
and its uplift to the spinless BGM black hole in four dimensions. We then show how the
base manifolds of these black holes can be extended using the gauge function approach so

10Non-trivial quantum corrections to the FCS free energy can be generated by adding TVO’s that depend
on forms in higher form degrees [66].

"Nonetheless, it has been demonstrated [69] that perturbative “re-quantization” of the deformed Fronsdal
theory dual to the free theory can be interpreted sensibly at least at one-loop, suggesting that its realm of
validity can be extended so as to include boundary conditions corresponding to non-trivial conformal field
theories.



as to cross over singularities as well as include additional boundaries; as we shall see, the
extended topologies are simpler than those in gravity in the sense that there is no longer
any need to attach boundaries to the future and past singularities.

In section 4, we discuss some generalities of switching on higher spin fluctuations
around the topologically extended spinless BGM black hole as a vacuum solution to
Vasiliev’s four-dimensional higher spin gravity; as for the details of the Vasiliev system, we
refer to the literature [20, 47, 71].

In section 5, we construct a space of building blocks for the integration constant of
the Weyl zero-form that gives rise to fluctuation modes on the spinless BGM black hole
background. These building blocks are stargenfunctions of two number operators with
complex eigenvalues that obey kinematical conditions as well as the quantization condition
induced by the BHTZ-like identification on the BGM background. In particular, we find
that quantizing the identification Killing vector implies that the spectrum of the dual
Killing vector has imaginary parts, which we interpret as quasi-normal modes.

In section 6, we unfold the initial datum and extract fluctuation fields in a simple
case (when there are no quasi-normal modes) which allows us to examine the fiber real-
analyticity properties of the Weyl zero-form in detail and exhibit the resolution of its
membrane-like singularity.

In section 7, we conclude, stressing the limitations in our approach visavi non-linear
perturbative corrections, that we hope to present elsewhere.

In the appendices, we spell out our conventions; collect various formulae that are
used in the body of the paper; and analyze in detail the fiber distribution arising at the
membrane-like singularity; and discard an apparent singularity of no physical importance.

2 Resolving of curvature singularities in ALAdS backgrounds

In this section, we outline key features of the unfolded formulation of higher spin gravity
of relevance for resolving singularities and generating vacua with nontrivial topology asso-
ciated to geometrically entangled vacuum states. We exemplify the resolution of analytic
Weyl curvature singularities in the context of codimension-three Coulomb-like singularities
using an extension of the Weyl algebra by delta function distributions, referred to as the
extended Weyl algebra [8, 10, 48].

2.1 Horizontal forms and quasi-topological noncommutative field theories

The fundamental field of the FCS model is a flat horizontal odd multi-form, or Quillen
superconnection, on a fibered non-commutative manifold, or correspondence space, valued
in an internal 3-graded Frobenius algebra. This master field decomposes under the internal
algebra into a set of differential forms of different degrees, including zero, on the total
space, all of which are horizontal, that is, given locally by differential forms on the base
space valued in a space of zero-forms on the fiber space forming an associative operator
algebra. Finally, the flatness condition on the Quillen superconnection implies that all
its horizontal components obey Cartan integrable covariant constancy conditions on the
correspondence space.



The appearance of horizontal forms has two immediate consequences for resolving
singularities:

a) A finite set of covariantly constant master fields contains an infinite set of covariantly
constant differential forms on the base manifold, capable of capturing ordinary local
degrees of freedom propagating on commutative spacetime leafs of the base manifold;

b) The associative fiber algebra contains various higher spin representations including
delta functions as well as real analytic functions, capable of capturing spacetime
singularities as well as regular, possibly ALAdS, configurations.

Further below, we shall exemplify how (a) and (b) play a crucial role in resolving classical
singularities associated with degenerate frame fields and analytic Weyl curvature singular-
ities, respectively.

The FCS model provides an example of a quasi-topological field theory, i.e. a functo-
rial map [72, 73] into a category of infinite-dimensional tensors, which one may think of as
a set of generalized representation spaces, from a category of topological manifolds with
geometrical decorations, which one may think of as a generalized group; in the case of the
FCS model, differential Poisson manifolds (with conformal infinities and other defects) are
encoded into differential graded star product algebras (with vacuum gauge functions and
other cohomologically nontrivial elements). These maps provide a natural generalization of
the representations used in ordinary quantum mechanics, whereby manifolds with bound-
aries and other defects are mapped to geometrically entangled “vacuum” states on which
locally defined quantum fields act modulo overlap conditions encoding transition functions
and other boundary conditions.

A natural quasi-topological field theory is the two-dimensional gauged Poisson sigma
model of a quantum mechanical system with symplectic manifold .S on which acts a group
G. Putting this AKSZ model on a disc with boundaries with marked points for insertions
of boundary vertex operators gives rise to a boundary functor that maps a boundary
point to a space of functions on S realized as operators in a Hilbert space H, and an
oriented open boundary interval to a representation of G in terms of quantum mechanical
evolution operators in H ® H* with group parameters given by vacuum expectation values
for the embedding of the interval into G. Thus, the quasi-topological treatment of ordinary
quantum mechanics gives rise to an interplay between layers of functors acting on points,
intervals and discs, providing an example of a two-category topological field theory [74].

To reach a quasi-topological re-formulation of an ordinary quantum field theory (on a
Lorentzian manifold), one first switches to its unfolded formulation on-shell as a Cartan
integrable system which can be taken off-shell as an two-category AKSZ model in one
higher dimension. One may then ask whether the original S-matrix (or holographic corre-
lation functions) admits a dual realization as a TVO activated on-shell by combinations of
gauge functions for the frame field and Weyl zero-form integration constants [44, 53]. A
closely related topic is the re-formulation of two-dimensional (matter-coupled) gravities in
terms of topological open membranes of AKSZ type [75] as part of a background indepen-
dent formulation of string field theory. In this context, the boundaries of the topological
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bulk theory are two-dimensional surfaces with multiple defects mapped functorially to ge-
ometrically entangled multi-string states obeying overlap conditions induced by transition
functions as synthesized within the group theoretic operator formalism for string scattering
amplitudes [76-78].

As for the quasi-topological re-formulation of quantum field theories containing gravity
in higher dimensions, higher spin gravity provides an interesting testing ground.'? To this
end, we treat AdS spacetime as a manifold with the topology of a circle and a sphere,
and with a circle defect representing the conformal infinity where the frame fields blow
up [48]. This closed manifold can be taken to be the boundary of an AKSZ bulk manifold
in one higher dimension, to which suitable TVO’s can be attached. The resulting quan-
tum field theory provides a functorial map from the topological bulk manifold, viewed as
a morphisms of boundary manifolds with defects to, to a space of geometrically entan-
gled states built from boundary states that in their turn have substructures representing
spacetimes with conformal infinities and other defects inducing local degrees of freedom in
infinite-dimensional representations of higher spin algebras (or other non-compact gauge
algebras). Thus, in the above sense, the quasi-topological formulation of higher spin gravity
(as well as ordinary gravity) is not much different from that if ordinary quantum mechanics
in that both are multi-category gauge theories of AKSZ type.

The resulting partition functions are thus given in the semi-classical approximation by
sums over on-shell boundary states weighted by TVQO’s. The latter thus play a role that is
analogous to that of Boltzmann factors in the standard approach to quantum mechanics and
field theory, in that they act as convergence factors in sums over infinite-dimensional spaces
of boundary states, though they arise in quite a different fashion essentially as homogeneous
solutions to the BV master equation triggered by the AKSZ boundary condition.

In what follows, we shall detach ourselves from the above larger picture and limit
ourselves to the construction of semi-classical boundary states, that is, classical solutions
to higher spin gravity with multiple conformal infinities and curvature singularities giving
rise to finite free energies.

2.2 Extended Weyl algebra

To exhibit this resolution mechanism, we take the fiber to be the non-commutative holo-
morphic symplectic C? with canonical coordinates Y, = (Ya,%a) subject to the canonical
star product commutation rules

[yav yﬁ]* = 27:604/3 ’ [yav yﬁ]* =0, [gda 37/3}* - %eaﬁ : (2'1)

The chiral star product

26 RELRTAZF s s
Floni) walni) = [ ST f (6 Ry g ), (22)

12Geveral interesting questions can be addressed directly within an AKSZ-inspired semi-classical treatment
of pure gravity; for example, the Gibbons-Hawking entropy can be interpreted as being due to geometrical
entanglement involving de Sitter vacua with boundaries and defects representing static observers [19].
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where each auxiliary doublet is integrated over R?, is equivalent to the Moyal product for
the space P of Weyl ordered polynomials. It admits the following compatible hermitian
conjugation operation:

Wa) =94, tof=1Id. (2.3)

Realizing the Lie algebras sp(4) and sl(2;C) as Weyl-ordered bilinears, Y, form a real
sp(4)-quartet, and y, a complex sl(2; C)-doublet.
The extended Weyl algebra is defined by

W=P&(Pxky) ®(P*kg) ® (P *ky*Fkyg), (2.4)

where

Ry = 2m8%y), Ry = 2m0%(F). (2.5)

are Klein operators obeying

Kyxky =1, T(f) = Ky * [ * Ky, (2.6)

Ryxkg=1, 7(f) =Ry * [ xRy, (2.7)
where the inner automorphisms
W(ya, ga) = (_yo“ gd) ’ ﬁ(ya, gd) = (ya7 _ya) : (28)

In other words, W is spanned by polynomials and derivatives of holomorphic, anti-
holomorphic and full fiber delta functions. It follows that W is an associative algebra that
is left invariant under chiral Fourier transformation [7] of the Weyl ordered symbols, viz.

WEW sk, . (2.9)

2.3 Vacuum gauge functions and topology change via degenerate metrics

Vasiliev’s four-dimensional higher spin gravity contains ALAdS vacuum solutions (/\/lé(ln), Q),

where ( is an sp(4)-valued connection obeying

i) the flatness condition

dQ+QxQ =0, (2.10)
on
(n) ' 3
M7 =85 x (SP\A{P1,....,P.}), (2.11)
where P, { =1,...,n, are points in S3:

ii) ALAdS boundary conditions at S x {P¢}, that is, the m-odd component of © is an
invertible frame field in a tubular neighbourhood of S* x {Pe}, for £ =1,...,n.

Thus, we may view the theory as a field theory on

to
My = 81 % 83, (2.12)
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with a set of marked submanifolds where the 7m-odd projection of €2 is allowed to blow
up. This boundary value formulation provides an alternative to the standard conformal
compactification of anti-de Sitter spacetime that is convenient in order to describe vacua of
higher spin gravity with multiple boundaries, but that becomes crucial, however, in order
to re-formulate higher spin gravity (or unfolded gravity for that matter) as a quasi-topoligal
AKSZ quantum field theory in one higher dimension [48] (for which Dy x S® appears to be
the most natural choice).

Thus, in any simple region Uy C Mfln) we have

Q=L""1'xdL, (2.13)

where L : Uy — Sp(4) is a gauge function. Two gauge functions are considered equivalent

as long as they are homotopic in the interior of Min) and obey the boundary conditions;

keeping the boundary conditions at S' x {P:} fixed there is nothing preventing the gauge

functions from collapsing in the interior of Min) so as to create a degenerate frame field

as long as no new singularities arise in 2.
A one-parameter family of AdS vacua with one boundary arises on

M = M\ (" x (VD) D 51 xR, (2.14)
where N € S3, by coordinatizing the S! using
Te[0,278), B>0, (2.15)
and R? using (p,n"), r = 1,2, 3, obeying
p=0, nn.=1, (2.16)

and taking
L = exp, (iET) * exp, (iP,n"arcsinh f M (p)) , (2.17)

where FE is the energy operator; P, are the spatial transvections in s0(2, 3) (for conventions,
see appendix A; and the radial function

fYp)=p, (2.18)

up to homotopic deformations (as these do not affect any physical observables). For any
value of 3, the vacuum connection 2 is periodic on S with holonomy

Hg1 (Q) = exp, (2miBE) = (i, * i)« exp, (2mi(8 — [8)) ) (2.19)
where [3] denotes the integer part of 3, as can be seen using
exp, (2miE) = Ky * Ry . (2.20)

Thus, standard global AdS,, given by the hyperbola in embedding space covered once,
corresponds to
Global AdSy: g =1, Hg1(Q) = ky x Ry, (2.21)
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which thus has a non-trivial holonomy.'?
For n = 2, one has

Mff) = My \ S x {N, S} & St x 82 xR, (2.22)
where N, S € $2. One may now take

L = exp, (iET) * exp, (iP,n"arcsinh f?) (p)) , (2.23)
with radial function f)(p) homotopic in the bulk to

fAp)=+a2+p2, peR, a>0, (2.24)

where «a is a constant. The resulting constantly curved manifold has two ALAdS regions in
the tubular neighbourhoods of S* x {IV, S} with conformal infinities given by Lorentzian
S x §2. These asymptotic regions are connected by a cylinder with a degenerate metric

p2dp?

ds® = —(14a® + p*)dT? +
e R (R )

+ (a® + p*)dQ3, (2.25)

which is Lorentzian except at p = 0; if a > 0, then the non-metricity is due to the
degeneration of 5,), and if @ = 0 then the non-metricity us due to the degeneration of the
metric on the S? at p = 0. One may view the above quasi-Lorentzian geometry as a semi-
classical description of an entangled vacuum state [19] arising upon taking the massless
limit of the eternal Kruskal-Szekeres black hole in AdSy4.

The above construction can be generalized so as to introduce further asymptotic re-
gions; we leave the study of the resulting moduli spaces for future work.

2.4 Linearized Weyl zero-form

The higher spin fluctuations around (./\/lin), 1) are contained in a zero-form ®, referred to

as the Weyl zero-form, valued in the extended twisted-adjoint representation
T = {T eW: Tt =a(T), wx(T)= T} , (2.26)
of the extended higher spin Lie algebra
hs(4) == {X eWw: X=X, mr(X)= X}; (2.27)
the twisted adjoint representation map p : hs(4) — End(¥) is defined by
p(X)T :=X+«T-Tx*7n(X). (2.28)
The corresponding unextended representations are given by

hs(4) == hs(4)|p, T:=TFp. (2.29)

131n constructing higher spin fluctuation fields in section 6, we shall use the stereographic gauge function,
which is not globally defined but makes explicit an s0(1, 3) subalgebra of the isometry sp(4).
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The linearized Weyl zero-form obeys
DO® :=dd+Qx® - x7(Q) =0, (2.30)
whose general solution is given by
o =L w® wm(L), @ i=TUxpy,, (2.31)

where W is a constant in VW and L is a gauge function. The constant ®’ contains all space-
time derivatives of the physical fields evaluated at a spacetime point, which we shall refer
to as the unfolding point, that are invariant under linearized (or abelian) higher spin gauge
transformations. The gauge function L “spreads”, or “unfolds” this local datum, which we
shall also refer to as initial datum, on the spacetime chart Uy where L is defined [41, 42].

To construct globally defined configurations for n = 1,2, we may use the gauge func-
tions in (2.17) and (2.23), respectively, with 5 € N; in particular, for § = 1, the periodicity
of the linearized Weyl zero-form under 7' — T + 27 follows from (2.20) and the fact that
(D) = P'.

2.5 Particle and black hole states in AdSy4

Families of (exact) biaxially symmetric, generalized Petrov-type D solutions to Vasiliev’s
equations have been constructed in [10, 11, 13] using gauge functions and Weyl zero-form
integration constants. These integration constants are expanded in special bases such that
each distinct (micro)state consists of an infinite tower of Fronsdal fields. The corresponding
master fields are valued in a fiber algebras spanned by delta functions as well as real-analytic
functions [8-10, 13, 14].

In particular, there are two branches with two compact Killing symmetries, of which
one consists of black-hole states with ALAdS regions, including the linearized fields of the
charged Kerr-AdS black hole of the Einstein-Maxwell theory (which we think of as a broken
phase of the higher spin gravity theory).

At the linearized level, the black hole states arise naturally together with particles
states by taking

¥ € End(F), F=FLr®F_, (2.32)

where F4 and F_ consist of the direct product of two Fock and anti-Fock spaces, respec-
tively, as F is the Hamiltonian of the two-dimensional harmonic oscillator. The resulting
linearized solution spaces consist of superpositions of generalized Type-D modes @SPLD) with
initial data

Vp € Ap := Hom(F4, F4) @ Hom(F_, F_), (2.33)

and particle modes CI’SI,LF))

with initial data
Up € Ap := Hom(F;, F-) @ Hom(F_, Fy). (2.34)

From ry x F+ = Fu, it follows that these two types of modes are exchanged by the duality
transformation
Ap = kyx Ap. (2.35)
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Presenting the initial data using regular presentations [8, 10, 14], yields the orthogonality
relations

Hom(]:g, 'ler) * Hom(]:g//,]:g///) = 50/7U//H0m(.7:0, ]:(/7) * Hom(]-}/, .7:0///) s (2.36)
where 0,0, 0", 0" = &, that is

ApxAp = Ap, ApxAp = Ap, (2.37)
Apx Ap = Ap, Apx Ap = Ap, (2.38)

which turn out to dictate the self-interactions among particle and black hole states governed
by the quadratic terms in Vasiliev’s equations [10].

2.6 Resolving Coulomb-like singularities

The linearized black hole geometries contain Coulomb-like singularities, which consist of
analytic singularities in the Weyl curvatures and delta function sources for the Fronsdal
curvatures. They arise by first expanding the horizontal forms into Lorentz tensors in the
ALAJS region, and then following these fields towards the origin. On the other hand, the
horizontal forms remain well-defined as symbols of operator algebra elements defined on
the entire correspondence space.

To exhibit this resolution mechanism, we start by observing that if ® is real-analytic
on all fibers above a region Uy C My, then it follows from the master field equations of
motion that

< am a"

q)oz(m),d(n) = WW ) (239)

(Ya,7a)=(0,0) |7,
are higher spin generalized Weyl tensors and background covariant derivatives thereof obey-
ing source-free Bargmann-Wigner equations in Uy. Assembling i)a(m)’d(n) into an unez-

tended twisted adjoint master field

€T, (2.40)
Uy

¥ 1 a(m) =c(n) F
¢ = Z my ( )y ( )(I)a(m),d(n)

m,n

it follows that (® — ®)|7, = 0. The extension of ® to all of My is a (singular) distribution
on spacetime valued in € obeying

DOV =Ty, DOTy =0, on My, (2.41)

where the spacetime one-form Tp € ¥ is given by a distribution on M, with support on
My \ Uy, which we refer to as the Bargmann-Wigner source of ®.
Taking L to be the global gauge function on ./\/lfll) (with a single conformal boundary),

L)

the particle modes CI)ggL) = <I>£I, consists of real-analytic Gaussian functions on the fiber for

P
all points on Mfll). Thus, the corresponding Bargmann-Wigner source on My vanishes,

V2. T (L) = 0.
o)

On the other hand, the black hole modes (13%) = @EDLI)) are real-analytic on the fiber in
the asymptotic regions, while they become fiber delta functions over the codimension-three
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submanifold of My where p = 0. The corresponding Bargmann-Wigner sources T B
D

given by Hodge duals of codimension-three delta functions on My with support at p = 0.

) are

This source is singular in the sense that T(I)(L) * W(T(I)(L)) is ill-defined.

The higher spin resolution of these Coulomb-like singularities amounts to the fact that
from the integrability condition it follows that 7' = Dy locally, such that the extended
Weyl zero-form

d=0—y, (2.42)
obeys a source free equation with initial data ¥ € W that is regular in the sense that ¥ € A
and hence UV is well-defined (by the assumption that .4 has a well-defined star product).

We expect that the Fronsdal fields carrying the black hole modes have delta func-
tion sources on My [79]. The Fronsdal fields are assembled together with distributions
in Y-space into a spacetime one-form master field valued in the extended higher spin al-
gebra hs(4). Vasiliev’s equations maps this spacetime one-form to a horizontal twistor
space one-form field with a source in non-commutative twistor space of codimension two.
Remarkably, in the FCS model, the latter source has a finite free energy, given by the
on-shell value of a TVO given by the second Chern class on twistor space. Thus, Vasiliev’s
formalism replaces the ill-defined free energy for a Coulomb-like configurations, computed
from singular sources in spacetime using the Fronsdal on-shell action, by a well-defined
finite free energy, computed from the regular source in non-commutative twistor space.

An interesting problem is to extend the black hole solutions of [10], which were con-
structed in trivial topology, to higher spin eternal black holes (with topology R x S2? x S1)
by using gauge functions of the form (2.17) with f(p) given by (2.24). As f(p) is bounded
from below, it follows that the resulting solutions will consist of infinite towers of Lorentz
tensors that are bounded. We leave this for future work.

3 Topologically extended BTZ-like geometries

The BTZ black hole [28] has contributed in many respects to our understanding of gravity.
It provides a remarkable toy model comprehending many crucial aspects of black holes
in higher dimensions: mass and angular momentum; area law for entropy; and a causal
structure making it a proper background geometry for the study of properties of quantum
fields in curved spacetime.

In this section, we outline the following two dual descriptions of the spinless BTZ black
hole in three dimensions and its direct BGM uplift to four dimensions:

— Metric-like formulation: viewing the black hole geometry as a non-compact Lorentzian
generalization [28] of a compact Riemannian Clifford-Klein form I'\G/H where G/H
is a maximally symmetric space and I' C G is a discrete subgroup acting without
fixed points [80, 81], leads to Lorentzian coset spacetimes with geometry as well as
topology induced from extrinsic covering spaces.

— Unfolded formulation: viewing black hole geometry as a flat one-form section of an
H-bundle with fiber given by the Lie algebra of G, leads to locally defined G-valued
functions glued together with transition functions from H into global configurations
subject to (asymptotic) boundary conditions.
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The switch from the metric to the unfolded formulation replaces the metricity condition
inside the bulk with the requirement of well-defined holonomies in G, which leads to topo-
logical extensions of the base manifolds, as will be analysed in three and four dimensions,
respectively, in sections 3.2 and 3.3. We would like to stress that the extended geometries
are vacua of Vasiliev’s higher spin gravity in four as well as three dimensions. Indeed,
holonomies, which are classical observables in three-dimensional gravity as well as higher
spin gravity, remain classical observables in four-dimensional higher spin gravity. Moreover,
the higher spin fluctuations around the four-dimensional topologically extended BTZ-like
geometries, which an be constructed using group algebra methods as we shall spell out in
section 4, give rise to master fields that are bounded on the entire topologically extended
base manifold thought of as horizontal forms, which is the topic of sections 5 and 6.

3.1 Generalities

Three-dimensional gravity. Einstein gravity in three dimensions can be thought of as
a topological theory with structure group SO(1,2) and dynamical field given by a one-form
Q valued in the Lie algebra g of G = SO(3,1), SO(2,2) or ISO(2, 1) depending on whether
the cosmological constant is positive, negative or null. On-shell, the connection obeys

A0+ Q%0 =0, (3.1)

in charts Us C M}, a non-compact manifold obtained from a closed three-manifold M3 by
removing conformal infinities and other defects (such as conical singularities). Locally, the
flat one-form is given by

Q=L"'%dL, L:Us— G, (3.2)

where the gauge function L is defined modulo
L~gyxLxH, H :Us — SO(1,2), g € G, (3.3)

with chartwise defined constants gg. The gauge functions obey overlap conditions with
transition functions from SO(1,2) and boundary conditions at conformal boundaries. The
resulting classical moduli spaces consist of boundary states [82-85], holonomies, and de-
fects [51, 86], coordinatized by

i) Asymptotic charges given by generators of large gauge transformations evaluated at
conformal infinites; and

ii) Holonomies Hc(2) attached to closed curves C' € M.

These quantities serve as classical observables in terms of which one may express the free
energy given by the on-shell Chern-Simons action.

Metric-like approach. Three-dimensional Einstein manifolds with non-trivial topology
can be obtained as quotients

MM ds?), T2 {yes, e F (3.4)
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of Lorentzian covering spaces (MgK),dSQ) given by restrictions of G/SO(1,2) adapted

to identification Killing vector fields ? in conjugacy classed of g/G. The identification
procedure presents three problems:

a) Closed time-like curves arise upon identifying points in G/SO(1,2) connected by

time-like curves;

b) Conical singularities in the Riemann curvature arise at fixed surfaces of I' of co-

dimension two;
c¢) Causal singularities may arise at fixed surfaces of I' of co-dimension one and two;

d) The induced topology of MY% may turn out to be non-Hausdorff at fixed points of T'.

The closed time-like curves in (a) can be excised by taking
MY = {p eGSO >0}, € =K, (35)

where thus MgK) is obtained by first restricting G/SO(1,2) to the submanifold where K?
is space-like, that is, £ is real, and then restricting further to the subspace where £ is in
addition positive. As a result, singularities of type (b)—(c) may arise at £ = 0, depending
on the nature of K.

In the case of the spinless BTZ black hole, its Riemann tensor is bounded while it
exhibits singularities of type (c) and (d) at £ = 0. However, as we shall see below, the latter
are artifacts of the metric-like formulation that are absent in the unfolded formulation.

Gauge function approach. The unfolded description of BHTZ-like geometries associ-
ated to the identification Killing vector ? is obtained by taking

5= Sk X My, (3.6)
and consider a classical moduli space of gauge functions
L =exp,(iK¢) L, L: My — G/SO(1,3), (3.7)
where K € g/G corresponds to ?;
¢ €[0,2m), (3.8)

coordinatize S}(; and L is strictly periodic on S}< and subject to conditions at boundaries
or other defects of Mj. The resulting holonomy

Hg1 () = exp, (2miK), (3.9)

is thus given by +, the generator of T'.
Whether the gauge function contains a conical singularity or a BTZ-like black hole
top

~

top
depends on the topology of Mj. The conical singularity arises on Mj = R3\ C
R x (R?\ (0,0)), where C = R, which yields dd¢ = dj3)(C) hence d2 + Qx Q = iKd5(C)
on R3, that is, 2 is source free on Mj. The BTZ-like black hole instead arises by taking

p
My = R? (3.10)
which yields dd¢ = 0 hence dQ2 + Q* Q = 0 on M} as well.
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Four-dimensional uplift. The classical moduli spaces of unfolded BHTZ-like geome-
tries can be lifted relatively uneventfully from three to four dimensions, that is, to locally
flat one-forms valued in the Lie algebra of the isometry group G of four-dimensional space-
time with a non-trivial cosmological constant and structure group SO(1,3). The lifting of
the corresponding classical observables is problematic, however, as four-dimensional grav-
itational gauge fields are deformed on-shell by Weyl tensors which appear to obstruct any
intrinsically defined functional that reduces on-shell to a holonomy.

Vasiliev’s higher spin gravity, on the other hand, contains a flat one-form valued in
a higher spin algebra (even in the presence of a non-trivial Weyl zero-form). Thus, the
theory maps closed curves in spacetime to holonomies valued in the higher spin group; for a
recent review, see section 6 of [35]. Indeed, these holonomies reduce to those of the unfolded
BHTZ-like geometries upon embedding the latter into higher spin gravity as vacua.

3.2 3D spinless BTZ black hole

In what follows, we embed the Lorentzian eternal spinless BTZ black hole, obtained by
means of identifications, into a topologically extended unfolded geometry, described by a
gauge function.

Ambient metric-like approach. The eternal BTZ black hole geometry with negative

cosmological constant arises as F\AngK), where

— T is the discrete subgroup of SO(2,2) generated by v = exp 277?;
— the identification Killing vector K is a boost in 50(2,2); and
- AdSéK) C AdS3 consists of all the points in AdS3 with & > 0 where £2 := ?2.

The identification Killing vector belongs to a specific conjugacy class of s0(2,2), referred
. . — —

to in the literature [28] as [, spanned by P := Py = My and B := By = M2 modulo

the large SO(2, 2) transformation that exchanges P and B. Thus,

E=aP+asB, (3.11)

where ; € R are defined modulo «a; <+ as. The group of Killing symmetries of the black
hole is given by Stabg(l_(}), that is, U(1)5 x U(1)3. The parameters «; are related to the
mass M and spin J of the black hole. Taking as = 0 yields a non-rotating BTZ black hole
with mass M = (a;)? and identification Killing vector

KE=vMP. (3.12)

To exhibit the orbispacetime geometry, one may use the embedding 2 : AdS3 — R?? of
(proper) AdSs into flat four-dimensional ambient space R?? with signature (—1,—1,1,1)
as the quadratic form

_ (X0’>2 — (X9 4 (x4 (x2)% = -1, (3.13)
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%
whose isometries are generated by the Killing vectors M 4p = X Aﬁ B—X 33 4. From
£ = K2=M ((XO')2 — (X1)2>, it follows that

§

(XY, x1 = \/M(cosh VM, sinhvVM¢),  £>0, (3.14)
on z(AdSéK)), such that
(xY, X1 = i(cosh VM, sinhvVMe), £€>0, ¢el0,2n), (3.15)
vM
on 2(I‘\AdS§K)).
The induced geometry is thus given by the warped product'*
M\AdSSY) = CMink, x¢ Sk , (3.16)
where
dsentink, = (—d6%/M — (dX°)? + (dX?)?) | _e2 /a1 (x0)24(x2)2=1 » (3.17)

is the metric on one of the two stereographic coordinate charts of AdS,. Kruskal-Szekeres-
like coordinates can be introduced via the embedding (m = 0, 2)

2m
Xm:%:g?’ 1>a2%> -1, (3.18)

for which the two-dimensional line element and warp factor, respectively, take the form

4dz? 1+ 22
dsEnink, = 77373 . £=v M_— ok (3.19)

In other words, the orbispacetime F\AdSéK) is a eternal spinless BTZ black hole with

metric

4dax?
dstpry = 7(1 —2) +&%d¢?, (3.20)
topology
() 'L p2 o
MAdS; " = R* xS, (3.21)

two conformal infinities, no closed time-like curves, and past and future singularities of
R x S topology at & = 0 hidden behind future and past horizons at &€ = v/M. Its Killing
vectors are given by the identification Killing vector f() =M ? = —3(15, and ?, that is,
the Killing vector of CMinky that annihilates £.

The eternal black hole can be restricted further to a Schwarzschild BTZ black hole,

with line element

ds%BTZ:—(TQ—M)dtZ—I—(T2—M)71d7“2+7“2d(;527 E=r>0, teR, (3.22)

14YWe use a notation in which ds?VIXfN = ds%; + f?ds3 where f: M — R.
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corresponding to the embedding

Outer region (r > vM): X" = — 1 sinh <\/ Mt) , (3.23)

), (3.24)
2

Inner region (VM =7 >0): X°=1/1- TM cosh (\/ Mt) , (3.25)
2

X2 = 1—%Zsmh<VAﬁ). (3.26)

The Killing vectors are now given by ? =vM ? = —5¢, and § = LM@

ﬁ

Intrinsic unfolded approach. We first observe that the two eternal spinless BTZ black
holes with £ > 0 and £ < 0, respectively, can be glued smoothly together across their causal
singularities into a single topologically extended eternal spinless BTZ black hole

(M3, ds®)exierz = AdS2 X¢ Sk, (3.27)
with topology!?
to
My ERxT?, (3.28)

and singularities of R x S! topology at & = 0 hidden behind future and past horizons at
E=+VvM.

The corresponding globally defined gauge function'®
L = exp, (iK¢) x exp, (iET) % exp, (i Pyarcsinhp) , (3.30)
where
K=vVMP, P =P = My, Py = My, (3.31)

are the s0(2,2) generators corresponding to the identification Killing vector and its dual,
and
¢ € [0,2m), T € [0,2m), pEeR. (3.32)

The gauge function is 27-periodic in T, as exp, (2miE) is a central element in SO(2, 2).
The corresponding s0(2, 2)-valued one-form Q = L~!'xdL consists of a quasi-frame field
e® and Lorentz connection w? that are is bounded and constantly curved in the interior of
5, though e fails to be non-degenerate at £ = 0. The resulting quasi-Lorentzian metric

dstyippTz = dSAas, +&7de°, (3.33)

15The closed time-like curve can be removed by going to the covering space of proper AdS: leading to a

three-dimensional geometry with topology R? x S*.
16 A gauge function adapted to the stereographic coordinate system on CMink, is given by

L = exp, (iK¢) x exp, (1Prn€™), (3.29)

where €™ = 47 (2%)2™ with YT given in appendix C.1 of [14].
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where

d 2
dsias, = —(1+pH)dT* + 1 JfPQ , E=+/1+4p2cosT, (3.34)

has two conformal infinities at p = +oo with conformal quasi-Lorentzian metric
[ds3] . = [-dT? + cos® Td¢?] . (3.35)

This geometry is an extension of the eternal spinless BTZ black hole obtained by gluing
together two CMink, into a (proper) AdSy across the two surfaces where £ vanishes, that
is, at T = w/2 and T" = 37/2, where thus the trapped warped circle shrinks to zero
size. Indeed, restricting T' to (7w/2,3mw/2) yields the eternal spinless BTZ black hole; as
this restriction respects the flow lines of the globally defined Killing vectors, the restricted
vector fields remain globally defined.

3.3 4D spinless BGM black hole

In what follows, we first describe the eternal spinless BTZ black hole obtained from the
ambient space metric using identifications. We then construct two topologically extended
versions using intrinsic gauge functions.

Ambient metric-like approach. Higher-dimensional orbispacetimes AdS,,/T" with
n > 3 are more complex than their three dimensional counterparts, as the identification
Killig vector leaves more than one ambient plane invariant, which may lead to non-abelian
(residual) Killing symmetries. An identification Killing vector in a conjugacy class of Type
I preserves the foliation defined by its norm, whose leaves are constantly curved manifolds
whose signature as well as radius may vary along the foliation.

Four-dimensional constantly curved orbispacetimes were studied in [29-31]. The direct
uplift of the three-dimensional eternal spinless BTZ black hole to four dimensions is the
eternal spinless BGM black hole [31]

to
MAdS{) = CMinks x¢ Sk = R® x S, (3.36)
where
AdSY) = {p € AdSyle(p) > 0}, &= K2, (3.37)

and the identification Killing vector
E=VvMP, P=P =M. (3.38)
More precisely, expressing AdS, as the quadratic form
(X)) () (1) 4 () =1 (3.39)
one has £2 = M ((Xol)2 - (Xl)Q), hence

(XY, X1 = gM (cosh (\/Mqﬁ) sinh (\/m)) . €30, éel0,2n),  (3.40)
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on F\AdSELK). Kruskal-Szekeres-like coordinates can be introduced via the embedding

(m=0,2,3)
2x™

_ 2
manifesting (3.36) with
4da? 1+ 22
2 _ — 1/
dSCMinkg - (1 — 1,2)2 ) f - Ml 2 (342)

Thus, the geometry has no closed time-like curves, past and future singularities of R? x S!
topology at & = 0 hidden behind future and past horizons at ¢ = v/M. Its Killing vectors
are given by [_g =M ? = —5)(;5, and the Killing vectors of CMinks that annihilate &,
which form an s[(2) containing B.

A Schwarzschild-like patch with coordinates {r,t, ¢, 0} can be obtained by taking

E=r, (3.43)

and

2
Outer coordinates (r > v M): X%=4/— —1sinh (\/ Mt) ,

Inner coordinates (vVM > r > 0): X0 =4/1-

which yield the Holst-Peldan (HP) line elements

2
Outer: dskp = (&—1) <—Mdt2+cosh2 (\/Mt> d92) +(r2= M) dr?4r2de®, (3.46)
2
Inner: dsip = (1 — ;4) (Mahf2+sinh2 (\/ Mt) d¢92) + (1"2 —M) - dr® +r2de? (3.47)
Its Killing vectors are ? = —3_;23, and ]\702, ]\703 and ]\723, of which ]\723 x 59 is manifest

in the Schwarzschild-like coordinates. As stressed by BGM, the spinless HP black hole

— traps circles (instead of spheres as in the case of the Schwarzschild black hole), re-
sulting in a three-dimensional Penrose diagram;

— does not admit any globally defined time-like Killing vector fields (the globally time-
like vector field 0, is not a symmetry of the geometry).
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From egs. (3.13) and (3.46), it follows that at constant » > /M the submanifold 3o left
invariant by the identification has a line element
2
dsd, = <L - 1) (—Mdt2 + cosh? (\/Mt> d02> , (3.48)

which is that of two-dimensional de Sitter space of radius \/% —1. At > = M, the
subspace left invariant by the identification is the two-dimensional light-like cone

— (X2 + (X2 4 (X2 =0. (3.49)

On the other hand, for 0 < r < v/M the subspace left invariant is an Euclidean manifold of
negative curvature, i.e., H2 or H?/T's with 'y € SO(2,1) a smooth identification without
fixed points [87, chapter 2, p. 69].

Returning to the Killing vectors, one observes that only ? and ﬁ are globally defined
at conformal infinity, as the Killing vectors in sl(2;R)/u(1) contain cos T and sin 7. Thus,
rather than assigning the spinless BGM black hole asymptotic charges, we assign it a
holonomy Hg:. (Q).

Intrinsic unfolded approach. Two eternal BGM black holes with & > 0 and £ < 0,

respectively, can be glued together across their singularities into a single topologically ex-
tended eternal spinless BGM black hole'”

top

(Mfll), ds?l)ExtEBGM = Ang Xf Sl = R2 X T2, (3.50)
with singularities of R? x S! topology at ¢ = 0 hidden behind future and past horizons
at £ = £v M, and a single conformal infinity. The corresponding globally defined gauge
function is given by (r = 2, 3)

L = exp, iK ¢ * exp, iET % exp, iP,n"arcsinh f(V (p) (3.51)

where
pelo,2r), Telo,2r), [fHp)=p=0, n'n.=1, (3.52)
and L is 2m-periodic in T as exp, (2miE) is a central element in SO(2, 3). Indeed, this gauge

function yields the line-element for AdS3 x¢ S 1 with
§=cosT/1+ p2. (3.53)
Taking instead

L = exp, iK¢ * exp, iET % exp, i P,n"arcsinh f %) (p) , (3.54)

where
fPp)=Va2+p*,  peR, a>0, (3.55)

and a is a constant, yields a geometry with topology R x T2 and two conformal infinities
given by quasi-Lorentzian 7°. This quasi-Lorentzian geometry provides a semi-classical
description of an entangled vacuum state [19] with a topology distinct from that of the
massless limit of the eternal Kruskal-Szekeres black hole in AdSy in (2.23).

7The closed time-like curves can be removed by going to the covering space of AdSs leading to four-
dimensional geometry with topology R? x S*.
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4 Higher spin fluctuations around 4D spinless BGM black hole

In three dimensions, linearized higher spin fluctuations around the spinning BTZ black
hole have been constructed in [16] from gauge functions defined on Schwarzschild patches
and zero-form initial data for conformally coupled scalar and spinor fields.

In what follows, we shall consider various aspects of the construction of a linear space of
higher spin fluctuations around the four-dimensional topologically extended eternal spinless
BGM black hole that consists of states that

i) diagonalize the adjoint action of K
ii) can be composed using the star product so as to form an associative operator algebra.
We would like to remark that

a) as the topologically extended AdS3 x¢ S 1 geometry has adapted gauge function,
condition (i) is required in order for the linearized master fields to be periodic on the
warped S!, whereas the periodicity on the time-like S! inside AdSs follows from the
w-projection of the master fields as explained below eq. (3.51);

b) condition (ii), which is imposed in order for the linearized fluctuations to give rise to
a well-defined non-linear extension, can be disregarded as far as a strictly linearized

analysis is concerned.

In the remainder of this section, we shall propose a scheme obeying (i) and (ii). However,
from section 5 and onwards, we shall forego condition (ii) and zoom in on particularly
simple building blocks for the algebra in a strictly linearized analysis in concordance with
remark (b).

Periodic boundary conditions on warped S' and group algebra. The boundary
conditions on the warped circle require the Weyl zero-form integration constant ¥ to be
expanded over a basis of fiber functions ¥, [v], n € Z, where v is a set of amplitudes, that
diagonalizes the adjoint star product action of the boost K € s0(2,3) and forms a basis of
an amplitude dependent generalization of the group algebra C[Z], viz.'®

adi U, =n¥,,, U ] % Uy (V] = Vg [V 0p s V] (4.1)
where o, ,,» a composition rule obeying the co-cycle condition

(]j On,n/ l//) On+n/’n// UH = U Onjn/+n// (1/, On’,n” 1/”) . (42)

8 As a simpler example, the free particle Hamiltonian H = p?, for which

Walo] = [ o) [Vir ) (ol

obeys ad}; ¥, [v] = nVU,[v] and (v o, ./ v')(p) = v(1/P? + n)V/'(p), where n € Z*.
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Real and chiral group algebras. The boost K, which is a non-compact operator, is
realized in the fiber as the direct product of two inverted harmonic oscillators, also known
as Hubble Hamiltonians, viz.

K =vM(H, - Hy), H;:=—(p?—2?). (4.3)
The spectrum of a single (normalized) Hubble Hamiltonian H := p? — 22 has been deter-
mined in [88]. The point spectrum of H, i.e. the eigenstates |\) with complex eigenvalue
A, belong to the Banach space LP iff p > 2 and |ImA| < 1/2 — 1/p; one can show that the
Holder dual (LP)* = LP, where % + % = 1, is also in the spectrum, i.e. it is not possible
to invert H — X in LP for A in the strip [Im\| < 1/2 — 1/p. Taking the limit p = 2, it
follows that H — )\ remains non-invertible in L? for real ), i.e. the Hubble Hamiltonian has
a continuous real spectrum, for which we can use the normalization

Thus, one has

n
\11]5[1/] = Z - dA1dprdAadps 6 <)\1 — Ao — p1 + po — ) (M + A2+ p1 + p2 — 2m)

v M
X V(AL A2; 41, 125 110) I3, Nglpispan (4.5)

where ff{% o =] A1, A2)(u1, n2 | via the Wigner-Ville map; the first delta function

|1 502
quantizes ad; and the second delta function imposes the m7-projection.

However, the reality condition on ¥ requires k, x k3 to have a well-defined one-sided
action on W,. To this end, we shall assume the existence of complexified stargenfunctions

(C o
f>\1,/\2|u1,/¢2 obeying

C C
(Hi o )\i) * f>\1,>\2|,u1,,u2 =0= f>\1,)\2|/11,u2 o (HZ - Mi) ’ (4'6)
where \;, u; € C, and
= C [ C C = C
Ky * Ky x f)\,l—)\|,u,,m—,u = (_1) f)\,l—)\\u,m—,u ) f)\,l—)\|,u,m—,u * Ry * Ry = (_1)mf)\,l—)\|,u,m—u ’
(4.7)
for \,p € C and I, m € Z, and
C C 2 C
It pamep * I3 il = Omar (1t = N) X\t - (4.8)
Thus, using such a chiral direct product of two Hubble Hamiltoniams, one has

ol = /d2Ad2 62<2)\—l—2 +m—n>1/}\,l; ,m) € (49

and v, (A, I p,m) = 2(14 (=1)F™)w,, (A, I; 1, m) in order to impose the 77-projection.
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Regular prescription. In what follows, we shall

a) write the group algebra elements, which are special functions in Y, as integral trans-
forms
a B o~
U, (Y) = R[U, (V)] := / dSdTe” SasY H 1Yy (5 T) (4.10)

with contours in the S and T planes corresponding to Mellin and Laplace transforms;

b) take the unfolding point, where the zero-form initial data is defined, to be an in-
tersection point between a future and a past horizon of the topological black hole
background.

As we shall see, this yields a Weyl zero-form that is real-analytic in the fiber over generic
spacetime points (hence liftable to a master field configuration solving the linearized
Vasiliev system), provided that all star products (between the initial data and gauge func-
tions) are performed prior to reading off Lorentz tensorial component fields. In particular,
this procedure yields a Weyl zero-form that is real-analytic in the fiber above the original
unfolding point, whereas ¥ x x, is a non-real-analytic function involving complex powers
of oscillators.?

The above prescription is part of a broader scheme [8, 10, 14] for perturbative compu-

tations in Vasiliev’s higher spin gravity according to which?°

i) the perturbatively defined Vasiliev master fields are assigned regular presentations
in terms of Gaussian functions on the full noncommutative twistor space (including
Vasiliev’s Z-space); and

ii) star products (including twistor space derivatives) and traces are performed prior to
the parametric integrals used for regular presentations and representing twistor space
homotopy contractors;

iii) the parametric integrals arising at every intermediate stage of classical perturbation
theory must provide an unambiguous regular presentation of a function or distribution
in twistor space.

The scheme facilitates perturbative computations in Vasiliev’s theory using the gauge func-
tion method [8, 10, 14, 35], since the initial data (and other twistor space constructs aris-
ing in Vasiliev’s Z-space) indeed admit regular presentations and Gaussian kernels can be
star multiplied and traced straightforwardly. Thus, at every order of perturbation theory
condition (iii) serves as an arbitrator among otherwise potentially ambiguous choices of
(complex) contours for parametric integrals, thereby removing potential ambiguities from
the scheme, though the scheme may clearly break down (provided that there exists either
no or multiple consistent nestings of parametric integrals).

19 A similar computational method, based on displacing the unfolding point away from the horizon, was
employed in [16].

20 Assumption (a) follows (i), and the order of operations that we apply to evaluate the Weyl zero-form
at the original unfolding point is in accordance with (ii).
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In the case of particle and black hole states in AdS,, the scheme has been implemented
to all orders in [8, 10] albeit in a (holomorphic) gauge which does not respect ALAdS
boundary conditions, as stipulated by the central on mass-shell theorem, though ALAdS
configurations can be reached by perturbative modifications of the gauge function at least
at the linearized level [35].

In what follows, the scheme will only be used to extract the linearized Weyl zero-
form (which is the first object of the full set of Vasiliev fields to be encountered at every
order of perturbations), though this nonetheless constitutes a nontrivial application of the
formalism as it removes the aforementioned unphysical singularity at the unfolding point,
and, moreover, lifts an apparent ambiguity in the choice of regular presentation of the
initial data of the Weyl zero-form; for details, see appendix E.

Singularity structure. As we shall see, the fiber real-analyticity of the Weyl zero-form
only breaks down on two codimension-one submanifolds:

— at £ = 0, i.e. at the singularity of the BGM background, where the Weyl zero-form
approaches a fiber distribution with a regular presentation given in section 6.1;

— at membrane-like singularities, where the Weyl zero-form approaches fiber delta func-
tions with regular presentations, as will be shown in appendix D in a special case,
namely when W is an operator in a complexified Fock space, which will be the topic
of the next section.

In particular, this means the Weyl zero-form remains real-analytic in the fiber above the
entire horizons at £ = v/ M including the unfolding point (except at possible intersections
between the horizons and the membrane-like singularity).

5 Construction of zero-form initial data using Fock spaces

In this section, we shall provide simple building blocks for the Weyl zero-form integration
constant &’ = Wk, that diagonalize the twisted adjoint action of the oscillator realization
K of the identification Killing vector field I—g used to construct the four-dimensional BGM
black hole background, as discussed in section 4.

To this end, we shall start in section 5.1 by recalling the construction in [8, 10] of
linearized Weyl zero-forms on AdS, by expanding ¥ over stargenfunctions obtained by
dressing Fock space projectors and twisted projectors by polynomials in corresponding
(complexified) creation and annihilation operators introduced so as to create integer left
and right eigenvalues for Cartan generators in so(2,3) whose Sp(4) matrices square to —1,
namely, F, J, iP and iB.

To obtain linearized Weyl zero-forms on AdS4 on BGM backgrounds with identification
Killing vector K= alﬁ + Oézé, we shall

i) create stargenfunctions with integer left and right eigenvalues for K by modifying the
dressings of the generalized projectors built from iP and iB by including complex
powers with quantized imaginary parts of creation and annihilation operators, as
spelled out in section 5.2;
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ii) provide ¥ with a regular presentation by Mellin transforming the complex powers of
oscillators and Laplace transforming the generalized projectors, as done in section 5.3;

iii) constrain the eigenvalues so as to implement the bosonic projection; the reality con-
ditions; and the BTZ-like identification, as discussed in sections 5.4 and 5.6.

iv) rewrite the stargenfunction on Sp(4,R)-covariant form, which will be particularly
useful in analysing the singularity structure of the Weyl zero-form, which is the topic
of section 5.5.

We stress that the above construction provides a particular type of building blocks for ¥
that diagonalize ad},. The fact that these elements do not span any associative algebra on
their own does not pose any problem as long as we limit ourselves to a strictly linearized
analysis.

5.1 Fock spaces associated to different Cartan subalgebras

The basic idea is thus to expand the initial datum ¥ (or, equivalently, ®' of (2.31)) in
operators that span specific representations of the complexified AdS, isometry algebra
sp(4,C), and then subject them to the identification condition that characterizes the four-
dimensional BGM background. To this end, we shall modify and extend the method
developed in [8, 10, 11], which we shall briefly review in what follows for the reader’s
convenience.

Given a pair (K (), K(_y) of mutually commuting and normalized generators of (the
complexified) sp(4, C) with oscillator realization

L)
K = gKap

YexYB, (5.1)
where

[K(q)’K(q’)]aﬂ =0, Kéq)lKgq)ﬁ = —6,2, (5.2)

they can be written in terms of two number operators

w; = afa; =af *a; + 3 (no sum over 1) (5.3)

as .
K(i) = i(wg + wl) y (54)
where the creation and annihilation operators aii = (A;*L)g @ 4 = 1,2, using projectors

built from Kéqﬁ) An extension of the Weyl algebra by delta functions contains operators

PnL,l’lR(Y) Ob?ylng
PDLJlR = 7r7—r<PnL7nR) ) (5'5)

and

Poyng * Pmpmp = 6nR7mLPnL7mR ) (5'6)
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with ny g = (n1,n2),r € (Z+1/2) X (Z+1/2), idem my, g, being half-integer eigenvalues
under the left or right star-product action of number operators w;,

(wi*niL)*PnL,nR =0= PnL,nR*(wi*niR)- (57)

Clearly, the Py,
V2.

ny also diagonalize the adjoint as well as twisted-adjoint actions of K4,

1
K4)* Papng = Popng * K@) = 5 (n2r £map — (n2r £1r)) Popng (5.8)
1
K(i) * PnLvnR - PnLvnR * W(K(i)) = D) (nQL +nir - (_1)Uﬁ(K<i))(n2R + an)) PnL,l‘lR ’
(5.9)
where ’/T(K(:t)) = UW(K(:I:))K(:I:)
The diagonal elements P, n = P, = Py, n, are projectors and belong to the enveloping

algebra of the number operators, and hence factorize as Py, n, (w1, w2) = P, (w1)* Py, (w2).
In particular, the projectors onto the lowest-weight state of the Fock space (+) and the
highest-weight of the anti-Fock space (—) correspond to

2

Pe €2 = 46_2(61w1+62w2) s €1,€2 = +. (5.10)
2
In star-product form, the generic projector reads
(agz)*(\nzl—lﬂ) (ail)*(|n1|—1/2)

Pnl,ng = * * Pey 672 *

Vil =12t /(m|-1/2)t =

(al—el)*(lnl\—l/Q) (a;sg)*(\ml—l/?)

Gl =120 (mal—1/21

(5.11)

where ¢; := sign(n;).
There are three distinct pairs of (K1), K()) modulo Sp(4,R) rotations, given
by [10, 11]*
(E,J), (J,iB), (iB,iP), (5.12)

where E := Py = My is the AdS energy, J := Mjs is a spin, B := Mjs is a boost and
P := P, = My is a transvection; as E and J are compact it follows that exp(£4F)
are projectors, while as B and P are non-compact, the corresponding projectors are
given by exp(£4iB) and exp(+4iP). Thus, starting from a pair of Cartan generators,
one may form four lowest-weight (e = —) or highest-weight (¢ = +) projectors, namely
exp(4eK(y), where ¢,¢’ = &, and their twisted counterparts exp(4eK ) x iy, which are
distinct elements iff Ky = E or iP since exp(+4J) x k, = exp(+4J) and idem iB.
The orbit of exp(4eK () under the left and right actions of the extended Weyl algebra,
form an associative algebra M (K (y; K(_¢y) with principal Cartan generator K (.y; letting

M(E oy K(—ey) = My (Key; K_eny) @ M_(K (0); K(_er)), we thus have®

M(E; ), M(J;E); M(J;iB), M(@iB;J); M(iB;iP), M(iP;iB),
(5.13)

21We refer the reader to the appendix A for our AdS, and spinor conventions.
*2The orbits M (K (ry; K(—ey) @ Me(K(—ery; K(ry) do not account for all stargenfunctions Pa, nj, intro-
duced above.
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Expanding @' over M (K y; K(_.)), we refer to the contributions from the Weyl algebra
orbits of exp(+4 K .)) and exp(+£4K ) )*ky, respectively, as the regular and twisted sectors,
since the former gives rise to a Weyl zero-form that is real-analytic in Y at the unfolding
point.?? Thus, the twisted sector is nontrivial iff the principal Killing vector is taken to be
E or iP, in which case we expand?*

M(E; J) ) M(ZPJB) : \IJ(Y) = Z (VnL:nRPnLanR(Y) + MnL,l‘lRPﬂLJlR(Y) * Hy) ’
nr,ngr

(5.14)

where vn; ny and pin; n, are independent deformation parameters, while in the remaining
families we set the u-parameters to zero, viz.

M(J;E), M(J;iB), M(iB;J), M(iB;iP) : V(Y)= > VnpngPapme(Y).
nr,ngr

(5.15)

In the latter case, once a regular presentation R [Py, n,(Y)] has been chosen, there remains
an apparent ambiguity whether to expand V¥ in terms of R(Pn, ny(Y)) or R(Pay ngz(Y)) *
Ky, as both choices lead to Weyl zero-forms on-shell whose component fields obey the
same boundary conditions in spacetime. However, a closer inspection of how their regular
presentations vary over spacetime (see appendix E) reveals that only former choice is
compatible with condition (iii) in section 4.

Four different families of fluctuations around spinless BGM black holes. In
what follows, we shall consider linearized Weyl zero-forms on the U(1) x Sp(2) invariant
spinless BGM black hole. This black hole has two isomorphic realizations, depending on
whether one takes the identification Killing vector to be P or 5. In each case, one may
consider initial data ¥ for the Weyl zero-form contained in extensions of M(iB;iP) and
M(iP;iB) obtained by acting on their ground states by not only the Weyl algebra but
also suitable complex powers of creation and annihilation operators;?® see table 1. This
results in four linearized moduli spaces with distinct characteristics, given by the unbroken
symmetry H and singularity structure of the physical scalar field C of the corresponding
ground states.

2 The one-sided star multiplication by Ky exchanges a symbol by a dual symbol obtained by chiral
Fourier transformation in y-space (but not g-space) followed by replacing the Fourier dual variable by y.
This duality transformation, that need not be a symmetry of the symbols of a generic quantum mechanical
system, leaves the solution spaces found in [8] invariant; whether it is a symmetry of higher spin gravity,
possibly related to a GSO-like projection of an underlying topological open string, is an interesting open
problem.

24The (diagonal) projectors in the regular sector of M(F;.J) gives rise to massless scalar particle modes
in AdS4, while the twisted counterpart yields spherically symmetric higher spin black holes [8§].

25 As discussed in section 4, we expect that additional states must be added to ¥ in order for the linearized
solutions to admit completions into perturbatively defined nonlinear solutions, as this requires ¥ to belong
to an associative algebra.
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(K; K) Wy H C
(P; B) et4iP U(l)p X Sp(Q)B 11*52
eFUP g, Sp(2) 5 XD/;Q-Xl

+4iB 1 1 1
e U( )P X U( )B \/@
(B; P) eT4iP U(l)p x U(1)p %gz
ey i, U(l)p %
e8| U(1)5 x Sp(2)p 11_52

Table 1. Ground states for fluctuations spaces on spinless BGM black holes. ? and ?, respectively,
denote the identification Killing vector and its dual of a BGM black hole with mass M = 1 and
spin J = 0, i.e. AdSsg x¢ xS'. The black hole symmetry group is given by Stabs,(2,3)(K), i.e.
Stabse(2,3)(P) = U(1)p x Sp(2) p and Stabsa(2,3)(B) = U(1)p x Sp(2) p, which is also the stabilizer
of the warp factor £ := \/% . H and C| respectively, denote the symmetry group and scalar field of
the ground state ¥q of a sector of fluctuations. There are four distinct moduli spaces, depending on
whether C blows up at 1) £ =0, i.e. at the BGM singularity; 2) £ = £1, i.e. at the BGM horizons;

~ = ~
3) £ .=V K2 =0, i.e. at a membrane-like singularity outside the BGM horizons; and 4) £ = 1
(also denoted by A = 0), i.e. at a membrane-like singularity passing through the BGM horizon and
singularity.

5.2 Diagonalizing the adjoint actions of P and B

In what follows, we shall oscillator realize stargenfunctions fx, x, with general complex
left and right eigenvalues A, = (A11, A2r) and A = (A1g, A2r) of the number operators

wy = % (B% _ Pﬂ) YeyB = é <Bﬂ n P%> yeys., (5.16)
related to the Cartan pair (iB,iP). To this end, we choose
Bag = —(T03)as » Pos = —To1)as (5.17)

and use the realization of the Dirac matrices given in appendix A, to arrive at

1 K _ 7 4

aof =3 (yl +y1) oar =3 (y2 +y2) : (5.18)
7 K _ 1 s

a;“ =3 (yl — yl) , Gy = 3 <y2 — yQ) . (5.19)

These operators can be projected out from Y, using a spin-frame
toum), utu, =1, (5.20)

tdem their complex conjugates, as

af = (4F) Y2, (5.21)
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where

ATQ = 5 (UI’ ﬁ:) : Al_g = _% (U; ’ ’I_L;) ) (522)
) B B 1, o
Agy = 5 (ug s —u5) s Agy = =5 (ua, —5). (5.23)
To proceed, we use
Yoxf(Y)=|Y. —|—7j—a () (5.24)
[e3 - a oy a ’ .
fY)*Ya = <Ya - ic’?f“‘) fY), (5.25)
to derive
. 0 . 0 0?
(ngﬁ) «f(Y) = (YaYg Vo Vg — o > FY), (5.26)
, 0 . 0 0?
FY)% (1@@) - <Yayﬁ ~i¥ar s~ Vagum — o > F(Y). (5.27)

Thus, if f(Y) = f(at,a™), it follows that

(a*a™) x f (a*,a”) = (a+a_ +1a+i _1.-9 1_o )f(a*,a_) , (5.28)

2 at  2° da—  40atda
+ - +.-) — +—_1+i 1_8_1 0? + -
f(a ,a)*(aa)-(aa 50 8a++2a 9a= 100t 0a= f(at,a™). (5.29)
Thus, the stargenvalue problem
(a+a,) * LA (a*,a*) = ALf g (a+,a*) , (5.30)
f)\L7>\R (a+,a_) * (CL+CL_) = )\RfALvAR (a+,a_) , (5.31)

is equivalent to

aJra,_—i-laJr 0 —la_ 0 ! o
2 Oat 2 Oa- 40atda—
1,90 1_90 1 0? _ _
(aJra —§a+aa++§a aa_4aa+aa)f)\L,>\R (a+,a ):)‘Rf)\LJ\R ((I+,CL ) (533)

) Poar (@ a7) =0 (aFa7), (5.32)

Adding and subtracting these equations, one finds

0 _ 0 _ _
<a+8a+ — aa—> Paan (@a7) = (A = Ar) g (aF,a7) (5.34)
2aa" — }872 Fang (@ta™) =L+ Ag) g (aF,a7) (5.35)
20a79a- ) Pern An (85,4 ) ‘

The solutions to (5.34) can be written equivalently as

faog (ata”) = (a+))\L_)\R gg\g/\R (ata™) = (af)AR_)\L gg\;?/\R (ata™), (5.36)
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where

1 1
=5 Q= Ar+ D g s, (w) = Jwgl N (w) = (Ar + Ar)git), (w) (5:37)

with w = ata™; as each of egs. (5.32) and (5.33) is left invariant under the exchanges

2wg§\J£?AR (w)

+

at <a, AL < AR, (5.38)

the equation for gg\z)AR can be obtained from (5.37) by exchanging A1, <> Ag.
For generic eigenvalues,?® the solution to (5.37) can be given as

G\ (w) = Cgit) (w) + C it (w), (5.39)

where C and C are integration constants and
1 _ 1
gf\JLrZA)R(w) =e R (2 — AR, AL — AR+ 1,4w>

1
g (w) = e 2 (4w R ey By (2 ~ A AR — AL+ 1, 4w> . (5.40)
The corresponding solution for gf\;))\R is obtained from (5.40) by performing the aforemen-
tioned exchange, whose action on the above basis elements is given by

_ 2 —\Am— -1
(atP e Ang(hD) = (a7 nAeg( ) (5.41)

In what follows, we shall restrict the eigenvalues to

1 1
AL eC, )\R+§€Z+, or )\L_EEZ_’ Ar € C, (5.42)

as this will lead to regular prescriptions that simplify the analysis of the spacetime de-
pendence of the Weyl zero-form. If Ap + % € ZT, then the first confluent hypergeometric
function in (5.40) reduces to a generalized Laguerre polynomial,

1
Ar + 5 € zZt gg\t}\)R(w) = ce  WLAMTAR () (5.43)

These generalized polynomials capture gg\ti)R (w) also when Ap, —% € Z~ and Ap € C, since

by virtue of Kummer’s transformation 1 F(a, b, z) = e*1 F1 (b — a,b, —2), it follows that

1 - . (1) _ —2w T AL—AR _ Sin()\R - %)ﬂ— 2w T AL—AR
)\L — 5 S Z, . g)\Ly)\R(w) =cCe L)\R—% (4W) =cC m e L—)\L—% (—4’(}]) .
(5.44)

26GQubstituting an Ansatz of the form gg\t{AR(w) = e gy, 2p(w) in (5.37), the latter is turned into
the standard Kummer equation 2§y, x,(2) + (b — 2)35, 2, (2) — aga, ap = 0 with z = 4w, a = % — AR
and b = A\r, — Ar + 1 for gAL,AR(wL so the usual criteria for the construction of the two independent
solutions apply. In particular, for A\ = Ag, the two terms in the solution (5.40) degenerate into one.
In this situation, the second term should be replaced with Ce 2*U (% —Ar, 1+ A — /\1;»/,411))7 where U

is the Tricomi confluent hypergeometric function. The latter can be expressed as the linear combination

Ula,b,2) = 5tm5 F(b)r(ha_b)lFl (a,b,2) — Zlibmlﬂ (1+a—b,2—b,z)| when b is not an inte-

ger, but can be extended to any b € Z [89]. Combinations of one the two solutions in (5.40) and U enable

one to write a complete solution to (5.37) also in the cases when Ay, — Ag = £1,+2,... in which one of the
two terms in (5.40) has simple poles. For the special case A\, = Ag = %, 1F1(0,1,4w) = U (0,1,4w) =1
and a second independent solution is given by the exponential integral §i 2 1/2(w) = — ffzw e;t dt.
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Thus, for generic eigenvalues, we may take

Fapog (@t a7) = ce 2 (aF) AR Li;:? (4w), C=0, (5.45)
and generate the other branch by the exchange (5.38).

Solving the eigenvalue equations without any assumption of real-analyticity in Y im-
plies in particular that the eigenvalues alone do not fully specify the function fy, ., nor
its algebraic properties. In fact, the total space of elements of the form (5.36), that satisfy
the eigenvalue equations, can be described as the overlap of different solution subspaces,
whose precise form goes beyond the scope of the present paper, and that we shall study
systematically in a future publication. Essentially, as we have seen eq. (5.37) admits two in-
dependent solutions that are functions of w (plus two more independent solutions if we also
admit distributions in w). The two independent functions fiiL),AR = (a*)AL*)‘RgE\iL)AR(w),
i = 1,2, account for this degeneracy, and are distinct by the fact that f() admits a closed
contour integral presentation while f(2) needs an open contour presentation®’ [90].

In the following, we shall focus only on the simplest type of solutions that enable us to
satisfy the periodicity condition in a non-trivial way and to study the possible resolution of
singularities of the fluctuation fields in the higher-spin gravity setup. Such solutions admit
a closed contour integral presentation for their “diagonal” factor gy, x,(w), corresponding
to a Laplace-like transform. We shall now turn to describing this integral transform,
specifying the eigenfunctions that it can encode.

5.3 Regular presentation of the stargenfunctions

The stargenvalue equations give rise to non-polynomial functions g(w) as well as complex
powers of the oscillators. It is therefore important to specify a functional presentation for
the eigenfunctions, both to make sense of the complex powers and because different presen-
tation of the same non-polynomial function may have different star-product properties. For
instance, it was shown in [10] that in order to ensure that both Fock-space and anti-Fock-
space elements (that are in general both required by reality conditions on the master fields)
form an associative algebra, it is crucial to work with an integral presentation, with the
prescription that all star products be worked out before evaluating the auxiliary integrals.
The specific regular presentation that was used in that paper and its follow-ups (see [8, 14]
for the use of this integral presentation for solutions of various physical interpretation),
involving an integral around a “small” contour, is technically the simplest one (see [91] for

2TFor instance, admitting inverse powers of the oscillators in the realization of frp.ag implies that an
element like fy/21/2 can be realized both by the Fock space lowest-weight state projector fl(})z 1/2 and by
an element fl(% 1/2 obtained by acting on the anti-Fock-space highest-weight state projector fﬁll) /2,1

with inverse powers of the creation/annihilation operators, (a~) ™" * fﬁl)

/2

V2,12 % (a™)7!. Tt is evident that

f1(})2 1/2 and fl(% 1/2 do not coincide, as the latter is not annihilated from the left by a~ and from the right
by a™. Indeed, as mentioned in Footnote 26, the eigenvalue equations (5.37) for A\r, = Ar = % is solved by

fi/2.1/2 = cye”*¥ + c_e *“Ei(4w), where Ei(z) = — fj;o e;t dt is the exponential integral: while the Fock

space lowest-weight projector corresponds to the exponential solution e 2%, the element fﬁ; 120 generated
by means of non-analytic functions of the oscillators, can be shown to be equal to the second, independent
and non-elementary solution.
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more general ones), and for this reason will be employed in the present paper to represent
the factor gy, r,(w). We shall moreover use a Mellin transform to account for the complex
powers. Fixing this presentation will resolve the degeneracy in fy, », that we commented
on above by limiting the choice of eigenfunction to a simple class. We postpone the study
of more general regular presentations to a future publication [90].

Let us now show how one can solve the eigenvalue equation (5.37) by means of a
closed-contour Laplace-like transform

dS oy~
gAL,AR (w> = % 76 2gwg>\L,)\R (g) 9 (546)
C(s0) T

where the factor of 2 at the exponent has been inserted for future convenience and C/(<p)
is a closed contour encircling the point ¢y to be determined later, subject to the condition
that the integrand must be single-valued along the integration path. Eq. (5.37) is then
converted into

d _
7{ 28 2w 2w+ (AL —Ar+ 1) s —2ws®> — (AL + Ar)] Gapap (s) =0.  (5.47)
C(§O) 27TZ

Expressing w in the square brackets in terms of derivatives of e w.r.t. ¢ and integrating
by parts one turns the condition (5.37) into a first-order differential condition on the
transform g, x, (),

&S o b 0 ~
2mi =% —Ar— 1) = 4
7{%) omi [( ) ge T AL =Ar = D<= Ar +Ar)| Gaan () =0, (5.48)

which is solved by

Ipag (s) =N , (5.49)
where A is a constant. Thus we obtain

1
[ ds (c+1)M72

=N _— v, 5.0

g>\L7/\R (w) ALAR C(go) 271 (g . 1))\R+% € ( )

where Ny, ), is a normalization constant, to be fixed by requiring closure of the associative
algebra of fy, . elements.”® Imposing that the contour encircle the point ¢y = 1, (5.50)
gives an integral realization of the g(w) function for elements (5.36) with A\, € C and

Z8While for half-integer eigenvalues it is concretely possible to fix the normalization constants by requiring
that fx, ag * fA/L’)‘/R = 5/\39\2 f*L’Mz’ working with complex eigenvalues makes this issue subtler, and the
simple integral realization that we use in this paper, while good enough for a linearized analysis, is not a
satisfactory choice for such purpose. Indeed, such “small contour” integral presentation can only capture
discrete eigenvalues, according to (5.52), and these cover only a portion of the full spectrum, as discussed
in section 4. We expect in fact that the linearized solutions discussed in this paper can only be dressed into
full solutions by starting from an enlarged set of states, with left and right complex eigenvalues. For this
reason, we shall not fix the normalization constants in this paper, leaving this issue, as well as any other
question related to the non-linear completion of these solutions, to a future work [90] where we shall use a
different contour-integral presentation which evades such restriction.
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AR + % € 77, provided the contour is small enough as not to cross the branch cut from
—1 to —oo that arises from the numerator of the integrand when Ay — % ¢ 7. Analogously,
choosing a small contour that encircles the point ¢g = —1 and does not cross the branch
cut from 1 to +oo, (5.50) gives an integral realization of the g(w) function for elements
with Aj, — % € Z  and Ap € C.2? We can therefore conclude that

ds (c+1)M7z L,
Irpar (W) ZNAL,ARf e+ 1) e (5.51)

C(+1) % (§ _ 1))\R+

N|= (SIS

gives an integral presentation of the function of w accounting for the w-dependent factor
of fa, ap in (5.36), with the limitation that

1
)\R—|—§€Z+, for ¢ =1,

1
)\L—§€Z_, for ¢p=—1. (5.52)

We choose standard phase conventions around the branching points, with Arg(s) € (—m, ]
for the integrand when Ag+3 € Z* and A, € C, and Arg(s) € [0,27) when A\, — 3 € Z~
and Arp € C. The integral presentation (5.51) with (5.52) indeed covers the cases (5.43)
with (5.42), as anticipated.

The factor (a+))‘L AR of (5.36) also can be given an integral representation, which is
in fact crucial to encode complex left eigenvalues. One way of doing that is via a Mellin
transform,

AL—Ag +00 TAR—AL—] i

(a™) = /O dTme : (5.53)
where I' stands for the gamma function. The above integral only makes sense for
Re (A — Ag) < 0 and Re(a™) > 0. In order to extend it to the rest of the parameter
space of interest, we can analytically continue (5.53) with

AL—A dr A -1 rat

(@) =T+ A — /\R)/,TAR Ar—lgrat (5.54)
~ 21

where 7y is a contour of Hankel type, represented in figure 1.

Such integral presentation is valid for any A\;, — Ag # —1,—2,... and Re(a™) > 0.3
In practice, as we shall see, when evaluating the spacetime-dependent master field it will
be possible to formally use the simpler presentation (5.53) in the relevant computations,

9 Actually, when taking the product of two elements fx, x r and fA/L YA for half-integer eigenvalues, the
condition that they form an associative algebra in general requires that one can always deform one of the
two closed contour to be infinitesimally close to ¢o = 1 or o = —1, in such a way that, even after the star-
product is evaluated, ¢o = £1 is still the only pole encircled by the contour (for details, see [10, 14]). Thus,
in practice, we shall always assume the contour in (5.50) to be “sufficiently small” and to encircle ¢o = +1.

39This analytic continuation can be obtained for instance starting from the usual integral representation
of the Gamma function via the Hankel contour, I'(2) = 5z [, dtt*~te', valid everywhere in the
complex plane except at z = 0,—1,—2,..., rescaling the integration variable as t = 7z, with Re(z) > 0,

thus obtaining ™% = m fw dr 7"t ™, and then using T'(2)[(1 - z) = sinzrwz)'
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Figure 1. The Hankel contour used in eq. (5.54).

and then analytically continue Az, — Ag beyond the region Re (A — Agr) < 0 after all
star-products have been evaluated.

Thus the solutions to the eigenvalue problem (5.45) that we shall focus on can be
rewritten as

—2ata~

TAR?AL?l —TG+% ds (§+1)>\L_ (&
o )

TV €
I'(Ar — A1) (+1) 20 (¢ — 1))\R+

N=| N

+o00
Iaeg (@4,a-) :N/\L,AR/ d
0

(5.55)
with a (possibly redefined) normalization constant Ny, x,, Ar + % €Z or \f, — % cZ
according to (5.52), and the proviso that for a proper analytic continuation one should
use the Hankel contour integral (5.54). See appendix C for further details on the elements
farag in the regular presentation.

As in this paper we are mainly concerned with the application of this formalism to the
study of fluctuations over a BTZ-like background, for simplicity we shall limit ourselves
to elucidating the main features of our construction by expanding the master fields on
eigenfunctions of the form (5.55) with Ag + % € Z* accompanied by their hermitian conju-
gates, that the reality conditions will require (see sections 5.4 and 5.7). Elements admitting
this type of “small-contour” integral transform correspond to eigenfunctions fy, , belong-
ing to the subset of the filL),)\R that can be obtained as (aﬂAL*é * fl(};’l/g * (a‘))‘l“*% =
(aT)MAR fiQ’AR x (a*))‘L*)‘Re*mLi;:’\; (4w). where Ap, is at this level unconstrained
and can have an imaginary part, while Ar is a positive half-integer. Constraints on Az, will
arise from algebraic conditions and from imposing periodicity along the direction of iden-
tification. From now on we shall restrict our consideration to this class of eigenfunctions,
and omit any of the superscripts used in this section to distinguish the various sectors of
solutions to (5.30)—(5.31).

Note that, as elements like fy, », are in general non-analytic in Y for A\, € C, expand-
ing the master-fields over such a basis seems incompatible with a physical interpretation
of the expansion coefficients in terms of fields of various spins. However, we shall show in

-39 —



section 6.1 that this effect is peculiar to having started the construction with the master
fields restricted at the unfolding point, and that reinstating the spacetime dependence via
the gauge function L in fact removes this problem, provided that the star products with L
are performed prior to taking the limit back to the unfolding point.

Finally, it is useful to note that in the limit Ay, —Ar — 0, the integral presentation (5.55)
of fi, ap smoothly reduces to that of a projector f, x,

1
2
+ _ - % s vt 2w 5.56
f)\Lv)\R (Cl , @ ) AL —Ar—0 C(e) 211 % ‘ ’ ( )

where now ¢ = sign(Ag), in the sense that the divergence of each Gamma function at the
denominator cancels exactly the one of the corresponding 7-integral in the limit. This
is of course in agreement with the result of the limit taken on the non-integral presenta-
tion (5.45).

The above results apply to each of the (commuting) (a;, a]) and (a3, a; ) systems, so in
the following sections we can directly use the above results by adding the labels “1” and “2”.

5.4 Reality properties of the eigenfunctions

Later in this paper, we will discuss the reality condition imposed on fields. To prepare for
that discussion, we first investigate the reality properties of the eigenfunctions.

Using the convention (5.18) and (5.19), we have for both the “1” and the “2” system
()" = +aF | (5.57)

(2

i.e. the creation and annihilation operators behave respectively like real and imaginary
numbers under hermitian conjugation.
The complex conjugate of (5.30) and (5.31) are:

fMata™) ( a”) ==X, fT(at,a7), (5.58)
(ata™) x £ (a*,a7) = =ARfT (at,a7) , (5.59)

which shows that, due to the fact that w! = —w, the right (left) eigenvalue of f is the
opposite of the complex conjugate of the left (right) eigenvalue of f.

Thus, the Hermitian conjugate of fy, x,, with Ar + % € 77T, is an element with left
eigenvalue N, = —A\g € Z~ + % and complex right eigenvalue N, = —\}, and as such
admits a regular presentation as (see eqgs. (5.55) with (5.51)-(5.52))

+00 Ap—A*—1 d _ 13
fxr—xy =Noxg,- / dT%f”ﬁ ]{ = 6_2@%- (5.60)
o TQr-X) O(-1) 2mi (c+1)7n+2

Indeed, we can compare with the hermitian conjugate of fy, x, from eq. (5.55) with
Ar+ 3 € Z", which reads

* * 1
PRI 7{ ds* (¢ +1)*
(

“+o00
t_ * dr—
(Faparw)' = Napag) /0 T (e — A7) € o) 2mi (

¢* —
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where a minus sign coming from the complex conjugation of the 7 in the integration measure
is compensated by an overall minus sign due to reversing the orientation of the contour.
Changing integration variable as ¢* = —¢’ and dropping the prime,

1 € Y

* * 1
o0 gr AR—AL—L ,m+7§ ﬁ(C—l))\L ? 2w
(-1 270 (g 1)Mnts

f— (. *o—im(AL—3)(_1 %7>\R/ “arT ot .
(f/\Ly/\R) ( AL)\R) (-1) 0 F(/\R_Az)

(5.62)

where the phase factor was extracted taking into account the phase conventions on (5.55)

when A7, € C. Indeed the expression obtained above coincides with (5.60) provided that?!
Norpmng = Wapap) e ™72 (—1)2 e (5.63)

5.5 Sp(4;R)-covariant notation for the eigenfunctions

Introducing the notation

A= { Mz, \ir, Ao, Ao} s A= { M, MY, A2 = {Aap, AR}, (5.64)

we are now ready to expand the master field over the functions

f)x (aitﬂaét) - f)\l (azlt) *f>\2 (aét) - f)\l (ait) f>\2 (a;:)

—2(w1tws2) (aii-))\lL_)\lR L/\lL—élR (4’11)1) (a;-))\QL_AQR L/\QL—)QR (4’11)2)

= C),C e
ATz MR—3

1
A2R—5

(5.65)

with regular presentation

( N :I:) ~+o00 7_1>\1R—)\1L—1 4+ [t T2>\23—/\2L—1 N
I (af, a5 ) = Na, Na / dri—————e "% / drg—=————e %
’ o I'(Mr — Miz) 0 [ (A2r — A1)

Ar—2L Moy —1
7{ @ (gl —+ 1) - i e—2§1w1 7{ @ (§72 i 1) e e—2§2w2 . (5.66)
C(:I:l) 211 (gl _ 1))\1R+% C(:I:l) 211 (§2 _ 1))\2R+%

We recall that the second equality in (5.65) is due to the fact that the creation and annihi-
lation operators (5.18) and (5.19), commute under star-product. For A\, = Ag € Z —  one
retrieves the projectors studied in [8, 10, 11] and recalled as a special case in section 5.1.
We can now rewrite the complete eigenfunctions f in an Sp(4; R)-covariant notation,
and break the latter into SL(2; C)-covariant blocks when convenient. This will be useful
to highlight the physical meaning of the various structures involved, and will facilitate the
evaluation of the star products with the gauge function. We shall do it in general for an ar-
bitrary family of solutions (5.13), and later specify to the case studied in the present paper.

31Note that the condition (5.63) is indeed compatible with ((fa, xz))T = fa,.an, as it can be shown
by repeating the reasoning that leads to (5.63) for the case when Ar € C, which results in N_yx 5, =

(N,\L,XR)*ei"(’\E'*'%)(—1)%+)‘L, and nesting the two formulas to get

*\ im(AE -1 I * —4m —1 -1
(Nagar)) :(N—)\R,—Aze (AL—3 (_1)>\R z) :(N_)‘R'_)‘*L) e~ im(AL 2)(_1)>\R 2

—im(=Ap+3) —in(A\p—3 2Ap—1
:NAL«\RC im( L+2)e im(AL 2)(_1) R :NAL:AR'
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In order to shorten the expressions, let us also introduce the notation

1

: dsp (¢1 4+ 1)ME72

05 = 7{ e (5.67)
C(+1) 211 (¢1 — 1)/\1R+2

Then, ignoring for now the normalization constants, we can write
+ 4\ + +
I (a1 y Ao ) =fa (a1 ) Ix (az)

“+oo T>\1R—>\1L—1 “+o0o T>\2R—>\2L—1 .
o Og\ll O§‘22 / dTl 1 ) / dTQ 2 6—4K(§1,§2,Y)—®(T1,TQ)Y ’
0 0

I'(AMer—A1L I'(Aar—A2r)
(5.68)
where, using matrix notation A2B, =: AB = ab + ab := a®b, + @%b,
K(s,6;Y) := %(51w1 + sqwg) = oL ;QK(H + 2 ; CIK(_)
= —SYR(@,@)Y =~y + 55 + 200 (5.69)
with
S = ;gz (4108 + g (5.70)
Vop = o —;gg V(4+)ap T 2 ; o1 V(Z)aB s (5.71)
idem 7, and
QY = 0y + 0y,
0% = (6, 6%) = — (T“;m ute ﬁ;mzﬁd) . (5.72)

As explained in section 5.1, each one of the matrices

Kgap = (%W ”@a’?) (5.73)
- Ygas *(g)ap

is an Sp(4,C) Gamma matrix, so it is either block-diagonal (v(g)as = 0 = V(g)as), for
the m-even generators, or it is block-off-diagonal (with (g4 = 0 = (o) dB) for m-odd
generators. As we shall see later (see [10] for more details), the star-products with the
gauge function (2.31) will result in a conjugation of the K ,),s matrices by an x-dependent

Sp(4; R) matrix, giving rise to K (Lq Yo B matrices with all blocks non-vanishing: in particular,

the off-diagonal blocks U(Lq ) are the Killing vectors corresponding to the rigid isometry
generator K,y and the diagonal blocks s, 5, the selfdual and anti-selfdual part of the
corresponding Killing two-form. In the case that we are studying in this paper, K1) =iB
and K(_y =iP, and in particular, as is clear from (A.21),

#iB)ap = —1(003)ag,  ViB)ap =0, (5.74)
#ipyap = 0, Vipyag = —1(01)45- (5.75)
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Note that choosing the integration contour to encircle the points ¢; = +1, ¢ = £1, with
signs correlated in such a way that ¢;¢o = 1, corresponds to choosing iB as principal Cartan
generator: that is, to fixing the lowest-weight state of the Fock space to be 4¢~%# (and
the corresponding anti-Fock space highest-weight state to be 4e*3), with the commuting
generator i P only appearing in the excited states (see [10] for details). This also implies that
the lowest-weight state, as well as the corresponding anti-Fock highest-weight state, have
enhanced symmetry under an $0(2)p © $0(2,1){as,,,p,,p,} residual isometry algebra, any
other diagonal state f\,, =\, in the module is biaxially symmetric, with isometry algebra
s0(2)p @ s0(2)p [10, 11], special non-diagonal states (such as those with identical real parts
of the left and right eigenvalues and non-trivial momentum on S', that we shall examine
in detail in section 6.2) have only axial symmetry, while completely generic states fx do
not preserve any isometry. These rigid symmetries of the Y-dependent expansion elements
of ®'(Y) are generically promoted to spacetime isometries preserved by the corresponding
fluctuation modes of ) (x,Y) via rotation with the gauge function L. However, due to
the identification, the four-dimensional BTZ-like isometry algebra is reduced, compared
to that of AdSy, to s0(2)p & sp(2) B, Mys, Moz~ As a consequence, the spacetime isometries
preserved by the fluctuation modes actually reduce to the intersection of their “local”
isometry algebra with that of the BTZ-like background. For instance, the symmetries of the
spacetime fluctuation based on the lowest-weight state 4e =48 will only be 50(2) g @ s0(2) p.

Let us look at the generic element in the twisted sector in @’ in terms of these building

blocks. The star-product of (5.68) with x, can be written as

T +oo 7_1)\1R—>\1L—1 +o0 7_2)\2R_)\2L_1
_ S1 <2
i (a o) e, = 03,08, [ dnhie—e s [ ime
0 0

(MR — A1z (A2r — A1)
1 U SR
X exp |—=(y — i)« (g —i0) + =yxy — 0y | , (5.76)
572 2 2
where we have defined the modified oscillators y := y — 0y, and we recall that, s()ag
: : : 2 . —_1_apB -1 _ _ Haqes
being a symmetric 2 X 2 matrix, Ay = det 5¢(q) = 2%(g) #(@)a and Ao = ;(Qq) It

is clear from this expression that the elements of the twisted sector is, in fact, regular if
#(g)ap Of the principal Cartan generator is non-singular, and otherwise non-real-analytic
— realizing, in fact, a delta-function in Y space, as we shall show in appendix D (see
also [10] for the diagonal case). Distributional master-fields in the twisted sector are then
smoothened into regular functions almost everywhere once the x-dependence is reinstated
via the gauge function L, but maintain the delta-function behaviour on the spacetime
surface where (%(Lq ))Q(x) = 0. This is the case for the twisted sector of the family M(E;J),
investigated in [8, 10], where the singular behaviour occurs in r = 0 and results in a
spherically-symmetric black-hole-like behaviour in the tower of Weyl tensors encoded in
®L). For the m-even principal Cartan generators J and ¢B, instead, %(QJ) = %(213) =1,
so regular and twisted sector are, in fact, degenerate, as anticipated. This, however, does
not imply that the L-rotated elements of the twisted sector are regular, as this depends
on whether (%(Lq ))2(1:) has a region where it vanishes or not (which ultimately depends
on whether the corresponding Killing vector has positive defined norm or not). While
solutions based on J as principal Cartan generator will always be regular, as we shall see
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in this paper the solutions based on iB possess a singular surface, and we shall study the
smoothening of the corresponding singularity in appendix D.

For the family M (iB;iP) regular and twisted sector are equivalent (the lowest/highest
weight elements eT45 are in fact eigenstates of ky). However, the integral presentation that
we use selects the twisted sector in @', in the sense that, as we shall explain in appendix E,
the elements of the regular sector, once transformed by means of the gauge function L, will
give rise to integrands that are incompatible with the small-contour integral representation
employed in this paper, at least in some spacetime region.?? For this reason we shall discard

them in the following. Thus, we shall expand ®’ on the regular sector, i.e.

' =) uafa(Y) xry, (5.77)
A

and we shall now turn our attention to imposing constraints on the states allowed in such
expansion.
5.6 Identification conditions

Fluctuation fields over the four-dimensional BTZ-like background need to be left invariant
by a full spatial transvection along the S* cycle. We shall now impose this condition on
the Weyl zero-form master field.

The Weyl zero-form (see section 1) transforms as

) (v Tk B sk (4B (5.78)

where in L gauge
B = L7y % L, (5.79)

and 7/ induces the corresponding transformation on the rigid Y-space element @',
' — ATk T (V). (5.80)
A finite transvection generated by P := Py is therefore implemented via

[ BVHePYYE 3N —u)
- Y%

Y = €« s (581)

as explained in appendix B, the K,z of which is here specified to iFP,g3, and ¢ is rescaled for
convenience of later discussion. Thus the BTZ-like periodicity conditions are imposed by

=~ x @ %7 (V) |0 s (5.82)

where v/ Mg represents the circumference of the S' cycle of the BGM background. We

can choose g = 2. Note that 7 (7/) =~/~%.

32This is to be contrasted with the situation for families of solutions based on 7-odd principal Cartan
generators, where the regular and twisted sectors give rise to very different solution spaces (such as massless
particle and black-hole states, as studied in [8]) and no incompatibility arises.
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Imposing the identification condition on (5.77) amounts to imposing it on each factor
fx. The transformation of fy can be written as

— AT x faxy

(AR ()

fa)xei
e%mw[*(/\lL*AQL)+(/\1R*)‘2R)]fA : (5.83)

and requiring that the transformation is periodic in ¢ amounts to imposing the condition
[— (ML — Aar) + (Mg — A2r)] € iR. (5.84)

Since we assume that A2 g + % € Z™T, this condition reduces to
Re (A1 — Aar) = (Mg — A2R) - (5.85)

Furthermore, if we require that the transformation for ¢ = 27 be an identity, we need to
further impose

v M

Im [2 (ML — AQL)] €L. (5.86)

We can therefore expand @’ over states fy compatible with the BTZ-like identification
by restricting the eigenvalues to those satisfying (5.85)—(5.86), and we write

q)/ = :iiscrete = Z [VAfA1 (ait) f>\2 (ag:) *ﬁy] + COHj ) (587>

All valid
values of A

with the assumption that

1 1
AR + 3 € Z* and MAoRr + B ezZ* (5.88)

in the first term of the sum. The notation “conj” for the second term in the sum stands for
the conjugate terms required by the reality conditions, which we now turn to determining.
We recall that this expansion only captures one subsector of the full spectrum, the one
distinguished by discrete eigenvalues. Had we started from the more complicated setup
envisaged in section 4, even after imposing the identification condition we would still be
left with one unconstrained complex eigenvalue, and one of the sums in (5.87) would then
be substituted by an integral over the latter. The discrete spectrum contains simpler
states, and the linearized analysis that we undertake in this paper does not require the
introduction of the full spectrum of states. For this reason we shall limit our expansion to
the discrete spectrum, and this is the reason for the subscript on ®' used in (5.87).

5.7 The conjugate terms

There are more kinematic conditions to impose on the Weyl zero-form that further constrain
the eigenvalues: the bosonic projection and the reality conditions (2.26).
Satisfying the bosonic projection condition

' =77 (9) (5.89)
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amounts to imposing that
fAlf)\Q = 7Tﬁ (fAlfAz) bl (590)

which means that fy is invariant when the sign of Y% is flipped. To this end, it is convenient

to represent the elements fy with \;jp € ZT — % as

_1 1 ayB 1 _1
Fafre o (@)M72 o (a) 72 kT2 PasY YT (q0) M2 4 (a7) MR (5.91)
. .. . _LiB syayh
where we have written explicitly the lowest weight state fi/5,1/0 = 4e 2722 . Then

77 (Fa fog) 0 (—af)MET2 % (—ad ) TR w o 3iBasY Y () MRTE (L) R
(5.92)

Therefore, (5.90) implies that?3
(eiﬂ))\lL+)\2L+)\1R+)\2R —1, (5.93)
i.e., under the assumption that A2 g + % €7Zr,
1
Im (A +Aop) =0 and 3 [Re (ML 4+ Aar) + Mir + Xeg| € Z . (5.94)

Now we consider the reality condition. Using 72 = 1, it is clear that any ® written as
the combination ® = C’ + 7 (C'T) satisfies

o =r (cp’T ) . (5.95)

Therefore, the “conj” terms in (5.87) are obtained by applying the m-automorphism to the
Hermitian conjugate of the first term, i.e.,

m{ [vafai (af) f (@) <] |
— ()" [ (aF) fng (a2)) % iy % Rig) T ks (5.96)

Using that

P (@) fag () o (a) M7 2w () 2572w 3BV Y2 (a7 YME T2 (07) 2072 (5.97)

_1 _1 _1 _1
(af))\m 2*(%*))‘212 2k hyk Ry = (—1)>‘“;"‘+)‘2R'_1 /{y*Rg*(af)AlR 2*(@5))\2R 2, (5.98)
eféiBﬂygyﬁ*ny*% _ eféiBﬁYﬁYE’ (5.99)

and that A\ p + % € Z*, we derive that (5.96) is equal to

m{[afn (@) fr, (@3) ]} = 02 [, (0F) B (a3))
= (A)" fonmat, (00) forom—g, (@3) %y, (5.100)

33 As usual, since A; 2 1. are complex, we obtain the overall phase (5.93) by extracting the —1 from the

first two factors in (5.92) within standard branch cut conventions, assigning phases in such a way that
Arg(—af) € (—m, 7], i = 1,2 and taking into account the reality conditions (5.57) and the assumption
Re(a]) > 0 used in defining (5.53) and (5.54).
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where in the last equality we have used the results of section 5.4. Note that the first
condition for the bosonic projection in eq. (5.94) also ensures that

Kyfg* fan (a1) Fr, (ay) = £ (a7) fr, (a3) (5.101)

which is a necessary condition for the element rykz * fx, fa,, that appears in the reality
condition (5.96), to be an admissible element of an associative algebra, since &, and Ky are
unimodular®* (see egs. (2.6)—(2.7)).

We are finally ready to give the Weyl zero-form that we are going to focus on in the
remainder of the paper,

! / + +
D" = Dyiserete = E , |:V)\f/\1L:)\1Rv)\2L’)\2R (al 7a2)
All valid
values of A
+ +
+ ()" Fnmrty om0 a8) [ oy, (5.102)

where the elements fy, 1, x.,\, entering the expansion of the Weyl zero-form admit the
integral presentation

400 T)\b_)\a_]- 4+ [t T)\d_)\c_]- .
+ 4\ _ 1 —T1a] d 2 —T2aq
Fradrerg (@755 —/ dri —+———e¢ / Ty €
s (01503) = J1 - dnprse ™ |

Aa—2 Ae—12
% @ (§1 + 1) f e—2g1afa; % @ (§2 + 1) j e—2§2a2+a; )
C(£1) O(1) 2T (¢ — 1)Pats

and where we recall that:

e for simplicity of the integral presentation we set
1
/\Z-R+§GZ+, i=1,2; (5.104)

and, as a consequence of the identification constraints and of the bosonic projection
condition (see (5.85)—(5.86) and (5.94)), both the real and the imaginary part of the
left eigenvalues are quantized, and in particular

Re(Aip) — % €7,  with Re(Mz)— Mg = Re(Aar) — Aor (5.105)
and 7
Im(Aiz) = —Im(Az) € N (5.106)
from which it follows that
AL+ Aer = (Mg + A2g)mod 2 ; (5.107)

34The analogous condition involving the star multiplication with ,&g from the right is trivially satisfied
with our choice of \ir + % € Z*. The condition (5.101) also constrains the real parts of the left eigenvalues
as Re(A1L+Az21) € Z, which, again due to A\ir+3 € Z*, is anyway implied by the second condition in (5.94).
Note however that imposing (5.101) together with its right analogue would restrict Re(A1z + A2z) € Z and
Re(Air + A2r) € Z even without fixing \ir + % ez".
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e the contour encircles +1 according to the pole of the integrand, i.e., it encircles +1
for the elements encoded in the first term in the sum (5.102) and —1 for those in the

second one;

e the previously used normalization constants Ay, have been absorbed into the defor-
mation parameters vy.

6 Fluctuation fields in spacetime

Having determined the Weyl zero-form encoding fluctuation fields of all integer spins over
a 4D BTZ-like background at the unfolding point, we shall now spread this initial data
over a spacetime chart and reinstate the x-dependence via the star products with the
gauge function L (as in (2.31)). We shall examine the resulting behaviour of the individual
spacetime fields, and resolve their apparent singularities at the level of their embedding
into the master fields living on the full (x,Y')-space.

6.1 The Weyl zero-form in L-gauge

Gauge function. We choose L to be [92]

_ 2h T . od -

where o, are the Van der Waerden symbol (see appendix A for explicit realizations), and

h = V31— Uabfﬂaﬂﬁb y Tab = diag(*lv 1,1, 1) : (62)

With this choice the AdS4 background one-form connection is given by

_ U oh ( —af— —
Q= L7 dL = =i yaga — 4 (wﬁﬁyayﬁ + Wﬁﬂyay,@-;) : (6.3)
where
€0 = B2 (0,)°% Wi = —h26% (o) and &0F = —h725%° (5,) | (6.4)

are the vierbeins and spin-connection and the z® are stereographic coordinates, which are
related to the embedding coordinates (3.39) by

a Xa

We refer to appendix A for more details on the relation of stereographic coordinates with
the other coordinate systems that we use in this paper.
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Spacetime-dependent Weyl zero-form. The evaluation of (2.31) is facilitated by
noting that the adjoint action of L on a Z-independent symbol f amounts to a rotation of
the Y oscillators, viz.

L s f (Ya) <L =f (Lgéyg) , (6.6)

where L, (z) is the z-dependent Sp(4) matrix

1 B . B
Lo = = (‘5a o ) . (6.7)

fdﬂ (5@5

In order to compute ®), it is therefore useful to write the eigenfunctions fx in the
Sp(4,R)-covariant notation of section 5.5. The L-rotation of the Y oscillators induces
a spacetime-dependent transformation of all the structures contracted with them, the po-
larization spinor ©, and the Kop matrix (with its g, a4 and Vofs blocks) entering
egs. (5.69)—(5.72). Ultimately, their transformations all descend from the L-rotation in-
duced on the spin-frame basis spinors uf and ﬂi: We shall henceforth denote with a label
(L) the corresponding L-transformed quantities, and refer to the so-transformed master
fields as being in L-gauge.

Thus,
L _ .
<I>(L) = (b((iis)crete =L ! * (I)iiiscrete * T (L) = Z VAf}I\/ * Ky + CODJ(L) ’ (68)
All valid
values of A
where

=K @Y) =L % fa(af,af) + L

+o00 7.1>\1R—/\1L—1 +o00 7_2>\2R—)\2L—1 SRE( ¥)_ok( v
_ S1 G2 - §1,82;%, Y )— T1,72;%
= O)\l (’))‘2 / dm T ) /0 d e

T )
(AR — A\iL T (Aar — Aar)
(6.9)
where we have defined
- S1+ S G2 — 61 1. . a1 L
Ki(a,0;Y) 1= ==Ky + =5 Ky = —g [y="y + 92"y + 209, (6.10)
with
1
L _ _“vyvoapL B
K = 8Y Kipa=Ys,
P vk
L T (@)aB a
K(q)gé =—(L K(Q)L>gé = <@L %(g) '8 ) ; (6.11)
0B " (g)ab
where the matrix L is given in (6.7), and
ole(z;m,m) = (O(r, ) L(x))2. (6.12)
In our specific case Ky =B and K_) =P, so
. g+ G2 —¢S1
Zap = 92 7(iB)ag + 2 #(iP)af - (613)
L S1t+¢% g 2 —¢G1 g,
UO&B = 2 v(iB)aB + 2 v(iP)OéB s (614)
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with v( M)ap being the Killing vector associated to the sp(4;C) (complexified) isometry

generator M and %(M)aﬁ (%(LM)a,B

Killing two-form. Using (5.74)—(5.75), their explicit expressions in global, embedding co-

.) being the (anti-)selfdual part of the corresponding

ordinates are

. 2i .
iy = —i(003)as + XX (T3ja)af (6.15)
(LzB) = 2ZX[0(‘73])a57 (6.16)
*Gpap = 1X*(0a1)ap (6.17)
2i
L — s a
Vipas = ~H0as t T Xy XpX“(0q))ap (6.18)

It will be useful in the following to write all van der Waerden symbols in terms of a spin-
frame (vt u™%), ut%u, = 1, idem their complex conjugates (see appendix A for details).
As a consequence, (6.15) (6.18) can be rewritten as

X3 - X¢
L 0 — -
Z(iB)af = |:1 + 1— Xy :| (u;_uﬁ +uaug)
i
- [(XO + X3) (X1 — iXo)ufub + (Xo — X3)(X1 + iXa)uguz| , (6.19)
1 - Xy
(I;B)aﬁ (XO + X3) 5 (XO - X3) Ug B ) (620)
%(Z-P)aﬁ = —Xg(u;ruﬂ + uauﬁ) i(Xo + X3)ul uﬁ (X3 — Xo)ugug (6.21)
X? - X}
ol 1 +=— -t
ViPyai = [1 T } (ua ity +uqiy)
1X1 . __ —_
+ 1~ Xy [(Xo + X3)ul ; + (Xo — X3)u,u;, + ng(uj;uB - uaug) . (6.22)
It is easy to show that
L
(%{;B))Q = %(z%fkéB)aﬁ = det %éB) =1-Xg+ X3 =A%, (6.23)
1
L LoB, L L
(hg)? =5 5 (ngj (B = detvlip) = X3 — X3, (6.24)
while
(Gpy)? = —X"X, =1 - X5 + X7, v=0,2,3, (6.25)
2
L v §
(U(ZP)) =1+ XX, = X2 — X} = e (6.26)
Moreover,
1 . , . _
95 = m {[(Xl—ZXQ)(Tl —ZTg)—(l—Xo/)(Tl —{—ZTg)] (Xg Xo)(Tl—ZTz)ua } .
2 — /
(6.27)
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We also note that, once all constraints (5.105)—(5.107) on the eigenvalue that we allow in
the expansion of the Weyl zero-form have been taken into account, eq. (6.9), in particular
the 7-integrals, can be rewritten in the more suggestive form

1

L _ S1 (MS2
X = I'(—Re(AX) —ip) T (—Re(AN) +ip) OXO%

X /+oo d /+Oo d 1 m\” —4K " (s 6252, ) =OF (11,m252) Y (6.28)
T T2 maAn | — € o o ’ '
; 1 A 2(717_2)1{6(A,\)+1 -

where we have defined p := Im(A1p) = —Im(Xar), AX := A1 — Mg = Aap — Aag (the last
equality following from the identification condition (5.105)).

In terms of the L-rotated quantities above introduced, the star product of (6.9) with

ky reads
+o0 MR- +o0 FA2r=A2p—1
Fh ok = 03110;22/0 dﬁw/o vt ——
x (;)2 exp [—;@L —i0") (") g it + %Q%Lz} — 0"y, (6.29)

%L
with the modified oscillators 7 := y — 0"y and where we recall that (%(Lq ));é =1 (‘g"‘)@.
(@)

L)

This is the expression of the generic term in the expansion of our Weyl zero-form ®(
in (6.8). In particular, the generating function of the scalar and the (self-dual part of the)
generalized Weyl tensor fields is

Clz,y) = <I>(L)‘g:0 = Z (VAff * Ky + conj(L)) ‘gj:O’ (6.30)

All valid
values of A

where

. _ o0 on +oo p 7_1>\1R—>\1L—1 +o0 p 7_2/\2R—>\2L—1
fA*“y}g:O_ bY A2/0 Tlr(/\lR—)\lL)/o TZP(AQR—)\QL)
K exp [—1(y O Yy — wL)} . (6.31)
(5")? 2
Real-analyticity at the horizon. While the expression for ®(£) (6.29) obtained above
may seem, at a first glance, essentially identical to its z-independent counterpart at the
unfolding point on the horizon (5.76), a closer look reveals an important difference: the
Y-independent term at the exponent — bilinear in X, that is, blinear in the 7, — is
here actually non-vanishing, whereas its counterpart in (5.76) is in fact trivial. Indeed,
as #,p reduces to »(;p)as (see egs. (5.70) and (5.74)-(5.75)) and 0, is collinear with one
of the eigenspinors of »(;p)as (see eqs. (5.72), (5.74) and (A.15)), clearly the quadratic
term in € at the exponent of (5.76) vanishes. However, the situation changes once the star
products with the gauge function displace the Weyl zero-form from the unfolding point at
the horizon: 5455(3:) and 0% (z) acquire extra, spacetime-dependent terms that complicate
their spinorial structure, giving rise to non-trivial, Y-independent terms bilinear in 7;.
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This is crucial in order for the linearized Weyl zero-form to be considered a proper
generating function of fluctuation fields. Indeed, the scalar field (s = 0) and the (self-dual
part of the) spin-s linearized Weyl tensor Cy(24) (s = 1,2, 3, ... ) are extracted from L) via

_9 9 s _ 9 9
ayal 8y0¢2s Y—0 8ya1 ayOJQs 5=0

Ca2s)(7) (6.32)

(analogously, with the roles of y and g interchanged for the anti-self-dual part of the Weyl
tensors). Therefore, in order for ®() to contain the propagating degrees of freedom in the
coeflicients of its Y expansion it is crucial that it be real-analytic in Y = 0. In this respect,
the expansion (5.102)—(5.103) that we start from at the unfolding point is problematic,
since, as we have seen, whenever complex eigenvalues are involved, as it is in this case nec-
essary in order to have non-trivial momentum on S'. This leads to complex powers of the
oscillators, which reflect themselves, in the integral presentation, into ill-defined 7-integrals
in the limit Y — 0 (5.103). However, as we have commented on above, displacing the Weyl
zero-form away from the unfolding point by means of the star products with the gauge
function leads to an integrand of schematic form

O(7?)+0(ry)+0(v?) (6.33)
which, after taking the derivatives w.r.t. y-coordinates, gives

60(72)+O(7y)+0(y2) Polynomial(q" y) . (634)

It is the appearance of the non-trivial Y-independent terms bilinear in 7; at the exponent
that helps the convergence of the Mellin transforms and restores analyticity in Y (at least
for generic spacetime points), as we shall show with examples in the next subsection.

Resolution of membrane-like singularities. On specific surfaces the Weyl zero-form
(as well as each spin-s component field) may have an analytic curvature singularity. As clear
from (6.29), this happens where the Killing two-form becomes degenerate, that is, where
(31)2 = 0, which, with our restriction on the eigenfunctions as in (5.105)—(5.107), reduces
to the surface A2 =1+ X2 — X2 = 0. Singularities of this type were already studied in the
context of spherically-symmetric higher-spin black holes in [8, 10, 11] and, as we shall see, it
is possible to generalize the conclusions of those papers to our present case of fluctuations of
type (6.29) over a BTZ-like background: what happens is that, as anticipated in section 2.6,
the embedding of such curvature singularities in a higher-spin covariant theory — where
higher-spin symmetries force the appearance of one such singular Weyl tensor field for every
component of an infinite-dimensional multiplet, all packed as coefficients of the expansion
of the Weyl zero-form onto an infinite-dimensional, non-commutative fibre algebra ¥ —
effectively trades the space-time singularities of the component fields for a delta-function-
like behaviour in Y of the corresponding master field. In practice, the quantity VA2
enters the formula (6.29) as the vanishing parameter of a delta sequence: away from the
surface A? = 0 the Weyl zero-form is a smooth Gaussian function of the oscillators, while
it approaches a Dirac delta function on Y-space in the A? — 0 limit. However, unlike

~52 -



the delta function on a commutative space, the delta function in the non-commutative
Y -space, thought of as a symbol for an element of a star product algebra, is smooth. In
other words, the mapping of the spacetime curvature singularities to a distribution in the
fibre has the advantage that the latter type of singularity can be handled better, as the
resulting distributions have good star-product properties and can be considered elements
of an associative algebra,®® see [8, 10, 14].

We shall spell out the details of the limit in appendix D for the simplest non-trivial
choice of eigenvalues (all real parts of left and right eigenvalues take the lowest-weight value
1/2). Qualitatively, the result will be that

lim &) o f(X)Ox Ox,0%(F). (6.35)
A2-0
where f(X) is a function of the spacetime coordinates and 7 := lima2_,o 7*. We defer to
appendix D the precise result and more comments.

Thus, from the considerations above we expect that the Weyl zero-form can be ana-
lytically continued through the horizon (to which the unfolding point belongs), and that
the membrane-like curvature singularities in A = 0 are resolved at the master-field level in
the sense specified above.

Limit to the singularity of the BGM background. Furthermore, one can observe
that A%|y2_y = ¢2/M. The analysis of the membrane-like singularity therefore suggests
that also € = 0 is a regular point, in the sense that the master field is given here by a
well-defined regular prescription. Therefore, we expect that the master field configuration
can be continued through the singularity, thus exploring the full background manifold
Ang X¢ S 1.

In what remains, we shall turn our attention to extracting and studying the behaviour
of the Lorentz scalar fluctuation field.

6.2 The scalar field

Choice of quantum numbers. For simplicity, we shall begin by studying the scalar
field from the simplest non-trivial choice of eigenvalues that our kinematical conditions
allow: that is,

CO(z) := f¥xryly=o +c.c., (6.36)
with
1 n 1 n 1
AL 5 —}—Z\/f ,  AaL 5 Z\/i , 1R = AR 5 (TLE ), (6 37)

35Furthermore, it is to some extent possible to consider a delta function of the oscillators as a bounded
function (which would give an even stronger meaning to the notion of resolution of curvature singularities)
in the sense that, on a non-commutative space, a change in the ordering prescription can turn a delta
function into a smooth symbol (e.g., an exponential [10]). Changes of ordering are formally part of the
gauge transformation that leave the classical observables of the Vasiliev system invariant (with important
subtleties that are currently being studied [35, 93]), so in this sense the above resolution of curvature
singularities would amount to saying that the latter are an artifact of the ordering choice for the infinite-
dimensional symmetry algebra governing the Vasiliev system.
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The complex conjugate, denoted with c.c. is extracted by means of the identical projection
on the conjugate term conj® of (6.8) (or, equivalently, (6.30)).

Recalling the realization of ¢P in terms of number operators (5.16), it is evident that,
operating on an element fy with eigenvalues (6.37), the twisted adjoint action of iP (ac-

cording to (5.9)) on it extracts the eigenvalue ’\2L;’\1L — ’\2R;’\1R = —ip; that is, the
non-trivial imaginary part of the left eigenvalues gives rise to the oscillating dependence
from the coordinate on the S, as we shall see in (6.47)—(6.48). On the other hand, having

chosen identical real parts for the left and right eigenvalues and recalling (5.16) and (5.9),
Aop A
2

the eigenvalue of ¢ B results )‘QR;“\lR = 0, and as a consequence the fields obtained
from a Weyl zero-form with (6.37) do not break the U(1)p symmetry. This is also why
it makes sense to use the Schwarzschild-like coordinates, not adapted to the action of the
Killing vector corresponding to ¢B, to write the fluctuation fields for this choice of eigen-
values. Note that a left-right asymmetric choice of real parts of the eigenvalues would give

rise to exponentially growing/decreasing quasi-normal modes in the coordinate dual to B.

Performing parametric integrals in global coordinates. The contour integrals
in (6.29) can be evaluated immediately, and simply set ¢; = ¢ = 1. Projecting onto
Y =0, (6.36) is reduced to

O(x) := f{ % ryly—o + c.c.

+o0o 7_1*11’*1 +o00 T;pil 1 1 L L
= dr——— / dry—t—~———=exp | ———F—0" 550" | +c.c.,
/0 'T (—ip) Jo °’T (ip) L y2 P 2(sck (iB)

(%zB

(6.38)
where we have defined p := \/LM The exponent is a quadratic form in the 7;, which can be

computed by substituting (6.19) and (6.27) (alternatively, see appendix D for an “adapted”
spin-frame, in which the basis spinors are chosen as the eigenspinors of %é B)),

1 L_ L L] —i(c7’2+c7’r+072)
exp | ———F—5 0" 07| = e "\ TR (6.39)
[ 2(%éB))2 (iB)
where, in embedding coordinates,

o1 = (XO’ _Xl)A, 0= 2X2A, cyi= (X°’+X1)A :

X0+ x3
and where we recall that A% = (%(IZ’.B))2 =1+ X3 - X3 = X2 — X} — X3. Finally,

the remaining integrals over 71 and 75 can be computed using the following formula (see
appendix F for the details of the derivation, and appendix G for a succinct analysis of the
extraction of component fields on the seemingly problematic surface X° 4+ X3 = 0):

+ —ip—1 + ip—1
/ * dT1 T / * dTQ T2 e—i(C1T12+C2T17’2+037'22)
0 I'(—ip) Jo I (ip)

ip

C 2
= <1> cosh |parcsin 1-—

2
2 (6.41)

c3 dcres
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Thus, the scalar field profile can be written as

_in_ n . MA2
x0 _ x1\ M cosh < & arcsin =
CX)=| w1 { Y { : } +c.c., (6.42)
X0+ X1 VA2

where we recall €2 := M(vép))2 = M((XY)2—(X")?). The first factor in (6.42) guarantees
periodicity along the direction of identification, as will become manifest in Schwarzschild-
like coordinates. As the norm of the identification Killing vector P = My is everywhere
positive on the BTZ-like background, ¢2 = M(U(LiP))Q = —MU'&P)U(UD)“ > 0 everywhere,
too, and therefore the behaviour of the second factor in (6.42) is essentially determined by
the sign of A2

C(X) = (?2 I;i) - COSh{‘/MaTm { AgA]} +c.c., A*>0,  (6.43)
“22))
£

X0 _ x1 VAT COS {Larcsinh [
) el +cc, A*<0,  (6.44)

X)= i o —2
¢X) Z(XO’+X1 A

where we are defining A := VA2 and ¢ := \/572 As A% = €2/M — (X?)2, for A? > 0 the
MA?
52
according to (6.43) the scalar field diverges for A? — 0% and decays essentially as 1/A
for large enough A. On the other hand, for A? < 0, the argument of arcsinh is real and

unbounded, 0 < %Nl < 400, and consequently, as |A2?| increases, the scalar field in

argument of arcsin is real and bounded from above, 0 < < 1, and as a consequence,

the region A? < 0 decreases towards zero from the divergence in A? — 0~ with fastly
suppressed oscillations.

Alternative expression in Schwarzschild coordinates. For —2— > 0, that is, for

\/c1c3

X2 >0 (sinf > 0 in Schwarzschild-like coordinates), one can rewrite the result in (6.41) as

+ —ip—1 + ip—1
/ * dT1 T * / > dTQ 7_2Zp e—z’(c1712+027—17—2+037'22)
0 I'(=ip) Jo I (ip)
ip
2

R A——— 0

and therefore, in embedding coordinates,

in n Vv 2
. - X0 _ x| v cosh{marccos[ \]\//[g ]}
( )_ 0’ 1 2
XV + X N

+c.c. (6.46)

Then for r > v/ M it can be further converted into

— cosh {\/LM arccos [\ /1— TMQ cosh (\/Mt> sin (9)} }
=e

\/ﬁ — (% - 1) cosh? (\/Mt> sin® (6)

+c.c., (6.47)
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and for r < v M

—ing cosh {\/LM arccos {\/% sinh (\/Mt) sin (‘9)} }
¢ﬁ_@_ﬁ)mw(WWym%m

The scalar field is manifestly periodic in ¢, as expected, and one can check that it indeed

C =

+c.c.. (6.48)

satisfies the Klein-Gordon equation
(O0+2)C=0. (6.49)

Horizon limit. We can check that the coefficients of the Y expansion of the master
field (6.29) with eigenvalues (6.37) in the scalar sector are all well-defined at the horizon
(ie., in the limit = — /M), as anticipated. For instance, in this limit the scalar field
converges to

lim C = e ™ cosh <”> , 6.50
r—vM v M ( )

where for notational simplicity we omit the c.c. term. This result can be actually obtained
on either of the patch of coordinates for r > /M or r < v/M. The directional derivatives
also remain well-defined at the horizon. Let us first consider the limit on the outer patch.
In order to define the directional derivatives we can introduce the local frame

O — (2= )b a, ¢ = (1~ M) cosh (VMt) d
2 dr and ¢ = rdo,

where the direction along (1) can be identify with the radial direction. In this way,

efingb n
lim (V C=-n sinh | ——— | sin(@) cosh(v Mt). 6.51
(V) i s (o ) s cosh(VAT). (651
Analogously,
lim (V C = —ne ™ sinh <n> sinh(v Mt). 6.52
Hm( ©) VM (V1) (6.52)
and "
e n
lim (V C=n sinh [ — | cos(8) cosh(V Mt). 6.53
i (V) € =0y sinh () cos(8)cosh(VaT) (6.5%

It is direct to check that the same limit can be obtained from the patch r < /M, with the
proviso that of course the coordinates are different and that sinh(v/Mt) and cosh(v Mt)
are interchanged (compare eq. (3.44) and eq. (3.45)).

Singular limits. As can be seen directly from (6.44), the scalar field has a membrane-like
singularity as A — 0. Approaching the singularity of the BGM background, i.e. in the limit
& — 0, the scalar field remains bounded but becomes indefinite, as it starts oscillating with
a diveregent frequency. However, as discussed in section 6.1, the linearized Weyl zero-form
master field remains well-defined in both of these limits in the sense that its limiting values
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are fiber space distributions with a regular presentation. More precisely, the resolution of
the membrane-like singularity of the scalar field is in terms of a fiber space delta function,
as shown in appendix D. The resolution of the scalar field singularity at £ = 0, on the other
hand, is in terms of a more general distribution, as discussed at the end of section 6.1.

7 Conclusions and outlook

In this paper we have studied massless fluctuations of all integer spins over the four-
dimensional uplift of the eternal spinless BTZ black hole — i.e., over the eternal spinless
BGM black hole. The latter, like its 3D counterpart, can be represented as a flat connec-
tion, and as such it is also a vacuum solution of the full 4D Vasiliev equations of higher-spin
gravity. For this reason, we have constructed fluctuation fields as solutions to the Vasiliev
equations linearized around the BGM spacetime. In doing so, we have made use of the un-
folded formulation, thereby constructing both the background solution and the fluctuations
by means of spacetime-dependent gauge functions and fiber space elements containing the
local data that reconstruct the spacetime fields around any regular point.

In fact, as we showed in section 3, writing the background solution by means of a glob-
ally defined gauge function facilitates its extension to the full topologically extended eternal
spinless BGM black hole, consisting of two eternal BGM black holes glued together across
their singularities. The natural question, that we addressed next, is whether fluctuation
fields can be thought of as smooth at the BGM singularity (as well as on other submanifold,
such as the horizon), which seems impossible in the usual gravitational analysis.

We have showed that higher-spin gravity provides interesting mechanisms for resolving
classical singularities in gravity. These mechanisms rely on an interplay between differential
and operator algebras. The former can be used to treat fluctuations on manifolds with de-
generate metrics. Moreover, the unfolded machinery requires the introduction of infinitely
many form fields, which can be packaged into master fields taking their values in operator
algebras. In the presence of higher spin symmetry, these operators become density matrices
on non-commutative symplectic manifolds. As we have seen in this paper, the linearized
master fields can be continued across horizons and singularities (and other surfaces), where
individual Lorentz tensorial fields have fatal singularities: typically, the singular behaviour
of individual fields on such surfaces manifests itself in the fact that the master fields be-
come delta function in the fiber coordinates. As the latter are non-commutative variables,
however, the master fields remain well-defined as symbols of operator algebra elements,
and in that sense the limit to the horizon or the singularity is uneventful. In that sense,
the fluctuations do explore the full topologically extended eternal spinless BGM black hole.

In order for such mechanisms to survive at the fully non-linear level, one has to show
that the aforementioned operator algebras admit a well-defined quantum star product. We
shall address this important issue, which involves the composition of operators in the image
of the Wigner-Ville map applied to wave-functions that are not L?, in a future publica-
tion [90]. Preliminary results show that Holder duality [88] as well as the particle/black
hole duality (2.35) may play an important role in constructing these algebras.
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The formalism also leads to a natural twistor space regularization of the self-energy for
Coulomb-like solutions on AdS,4, which clearly deserves further scrutiny. Another physically
interesting feature that emerges naturally from our construction is the appearance of quasi-
normal modes on the BGM black-hole background. They arise essentially as a result of the
fact that if the adjoint action of adj; of the oscillator realization K of the identification

Killing vector [_3 has an integer spectrum, then the spectrum of ad}(, where K is a dual
Killing vector, contains imaginary parts. The latter are responsible for the appearance of
exponentially growing/decaying modes, which we interpret as quasi-normal modes. Our
construction based on the unfolded formulation provides a systematic way of obtaining
them analytically, and may therefore prove useful to study quasi-normal modes and the
properties of their dual thermal states in greater detail.

As a final remark, we would like to stress that, to our best understanding, it is possible
to consider gauge functions generated by identifications along general conjugacy classes as
formal solutions to Vasiliev’s equations including higher spin fluctuations. Moreover, the
issue of horizons is sidestepped simply due to the fact that the physical observables of
higher spin gravity theory are of a quite different type than those used in ordinary gravity.
In particular, one may label the BHTZ-like higher spin geometries using the holonomy of
the flat Vasiliev connection along the identification circle.
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A Spinor conventions and AdS,; background
We use conventions in which SO(3,2) generators Map with A, B =0,1,2,3,0" obey
[Map, Mcp] = 4inozMayp,  (Map)' = Mag, (A.1)
which can be decomposed using nap = (14p; —1), with a,b=10,1,2,3 as
[Map, Meals = 4ingpMa|q) » [Map, Pels = 2inqp Py, [Po, Pyls = iN>Myg,,  (A.2)

where M,, generate the Lorentz subalgebra so0(3,1), and P, = AM, with A\ = [~! being
the inverse AdSy radius related to the cosmological constant via A = —3\2. The Lorentz
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metric 7, is taken as diag(— + ++). Decomposing further under the maximal compact
subalgebra, the AdSs energy generator E = Py = AMjy( and the spatial so(3) rotations
are generated by M,s with r,s = 1,2,3. In terms of the oscillators Y, = (Ya, ¥a), their
realization is taken to be

1
1 A : _
Map = =2 | (7a0) o * 45 + (Fap) s 35 } Po= 3002 yax g, (Ad)

using Dirac matrices obeying (I'4),2(T BC)py = 1N4BCay+(I'aBC)ay, and van der Waerden
symbols obeying

(09466 = 108 + (0%, (390"’ =05 + ™)’ (A5)
%fabcd(GCd)aﬁ = i(0ab)as » %eabcd(f_fwl)dg = —i(0ab) 45 (A.6)
(090! = (3)as = (0954 - (0™)ap)T = (@) (A7)

and raising and lowering spinor indices according to the conventions A® = GaﬁAﬂ and
A, = Aﬁeﬂa where

e s = 2575 , P = 65, (eap)’ = €ap - (A.8)

In order to avoid cluttering the expression with many spinor indices, in the paper we also
use the matrix notations

A%B, =: AB = ab+ ab := a®b, + a“bs, (A.9)
aMb = a® M, bg aNb = aaNaBBB- . (A.10)
The van der Waerden symbols can be realized in a given spin-frame
+ + - G
U=(uy,u;), = (u)T, utuy, =1 =at %y , (A.11)
€ap = (U ut —utu)as, 0123 =1, (A.12)
as
UO|U =—utat —ua , UI‘U =—utu — u_ﬂ+, (A.13)
ool =i(uta” —w at), o3lpy=utat —wuu, (A.14)
ool =utut —uTu, oozlv = —i(utu™ +u"u"), oupsly =uTuT +uut (A.15)
olv = —ioo|u , oolv = —ioo v, os1lv = iooz|u (A.16)
i . . . . 1
with G|y given by complex conjugates. Realizing the spin-frame as ul = <0 ) ,

u, = ( 01 ) , the van der Waerden symbols take the form

(") — (é?) L (oY), = (?é) (oY), = (? —01> s (0%)n = (é _01> ,
(
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with gamma matrices

w i [0 (09,0
()™= (W)dﬁ 0 ) , (A.18)
and
. (Uab)aﬂ O
(Cab)ag = ( 0 (O'ab)d5> : (A.19)

In particular, the SO(3,2) generators that define the families of solutions (5.13) are
realized as

0010 0 —i00

0001 —i 000

0100 0 0i0

0100 00 0 —1

1000 0 0 —10
Bap=~T0s)as = | g 001 | Pe2="Tas=1| o 1 0 o (A.21)

0010 -10 0 0

The s0(3, 2)-valued connection

1 1 /1 ; I -
Q= —i (2w“bMab+e“Pa> = <2w“5 Yo+ yaxg+ 50 ya*@/ﬁ) » (A22)

1 1 V3
W =3 W =g () Pt Ea) P 05) (4.23)
e = o) e, eo=—A"(00) cas (A24)

and field strength

1

R =dQ+QxQ:=—4 <2RabMab + RaPa> (A.25)
-1 1R‘)‘ﬁ xyg+ R *‘~+17i‘5‘3 U * U (A.26)

~ 9\ 9 Yo * Y Ya*Ys 9 Ya*Ysg ) » .
R = (o) RY, Ry = 5 ((0w)"Ras + (5u) PR3 (A.27)

4 a ) a 92 a (o’ a aB )
Y . .

R = 2 (0a)* R, Ra=-A"102)"Reuq - (A.28)

In these conventions, it follows that

Rap = dwap —wa Awyg —ea' Nesg, Ry =degs+way Ne¥y+ @55 Aea’, (A.29)
R® = Ry + N2e* A el Rap := dw®™ + w Aw®, (A.30)
R =T :=de® +w N e, (A.31)

where R, 1= %ecedRcd,ab and T, := ebeT, . are the Riemann and torsion two-forms. The
metric g,, = eZegnab. The AdSs vacuum solution Q) = e + w() obeying dQ) +
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Q) * Q) = 0, with Riemann tensor R(g),, 0 = —\? (g(o)upg(o)w —g(o)l,pg(o)w) and
vanishing torsion, can be expressed as Q) = L=! % dL where the gauge function L €
SO(3,2)/SO(3,1). The stereographic coordinates 2% are related to the coordinates X4 of
the five-dimensional embedding space with metric ds? = dX AdxEB naB, in which AdSy is

embedded as the hyperboloid X4 XBn,p = —% = —12, as
X X /
x4 = = - for X" >0, A.32
1+v14+ XXX, 14+171X0 ( )
X“—Qigca a=0,1,2,3 (A.33)
- 1 . )\2:1:2 ) — Yy 4 S . .

The familiar global spherical coordinates (¢,r,0, ¢) in which the metric reads

dr?
14 A2p2

are related locally to the embedding coordinates by

Xo =V 2+r2sint, Xo = VA2 +1r2cost,

X{ =rsinfcosg, Xy =rsinfsing, X3 =rcosf, (A.35)

ds® = —(1+ \2r?)dt* + + r2(d6? + sin? 0d¢?) , (A.34)

providing a one-to-one map if ¢t € [0,27), r € [0,00), 6 € [0,7] and ¢ € [0,27) defining
the single cover of AdS4. This manifold can be covered by two sets of stereographic co-
ordinates, x‘(‘i), i = N, S, related by the inversion af, = —2/;/(Azg)? in the overlap region
M (xN)2, A2(z5)? < 0, and the transition function Ty = (Ly)~! % Ls € SO(3,1). The map
xt — —xt /(Ax)? leaves the metric invariant, maps the future and past time-like cones into
themselves and exchanges the two space-like regions 0 < A?2% < 1 and A\?2% > 1 while
leaving the boundary A?z? = 1 fixed. It follows that the single cover of AdS, is formally
covered by taking z# € R!.
For simplicity, we set { = A™! =1 in the body of the paper.

B Finite transformations of the Cartan generators

In this appendix, we use a simple calculation to illustrate in the star-product language the
finite transformations corresponding to the Cartan generators. We investigate the simple

example:
e Y 2k, (B.1)
where ) 5
—loK, 5YeyE _1 P ay B8
Y(pK) = e, "7 < gech? (%)e g tanh () KapVy2 (B.2)
and its star-inverse
Lok, zYeyt 1 @ ayB
v HeK) = ef(p of = sech? <§> e3 tanh(£)KagVeY? (B.3)

¢ is any real or imaginary number. Using the property K,gK By — 0oY, we can derive

T HeK) % Y2 %y (pK) = [cosh (¢) 05* — i sinh (p) Kg* Y2, (B.4)
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If we replace ¢ with ip, we obtain
Y (ipK) * Y2 %7 (ipK) = |cos () g™ + sin (p) Kg* YE. (B.5)

From the above formulas we can see that, for ¢ € R, v (ipFE) and ~ (ipJ) are periodic
transformations, and «y (i¢B) and v (i9P) are non-periodic transformations, which well-
correspond to their (non-)compact nature that we expect from AdS, isometries.

C Further comments on the eigenfunctions

In this appendix we shall show explicitly how the eigenfunctions (5.55) arise starting from
the integral presentation of the projectors (5.11). For the latter, i.e., for the case A\f, = Ag
and A\r g + % € ZT, it was established in [10] that different eigenfunctions are related
by creation and annihilation operators, with f% 1 (a™,a”) being the ground state, i.e.
a**f%’% (at,a™) = f%% (a™,a")*a™ = 0. Moreover, diagonal elements with different half-

integer eigenvalues are orthogonal with respect to the star product, and form an associative
algebra (which can be extended by the corresponding twisted sector, see [8]).

Things are much more complicated, however, for general complex eigenvalues. In
this paper we have not yet constructed a well-defined quantum system, and in particular
we shall defer to a forthcoming paper the study of their algebraic properties under star
product [90]. Below we will only qualitatively show that different eigenfunctions can be
brought from one to another by using creation and annihilation operators with complex
powers, which can be in their turn realized by means of the integral transform (5.53).

We will first show that, starting from an eigenfunction with equal eigenvalues Ap +% =
AR+ % € ZT, and by acting the creation operator on the left, we obtain an eigenfunction
with a different left eigenvalue Ap, € C, i.e.

f>\L7>\R (a+va_) X (a+)/\L7>\R * fAr g (a+,a_) . (C.1)

To show that the r.h.s. of (C.1) produces the eigenfunction with Az, we use the results
from section 5.2. We substitute (5.53) and

1
f)\R7/\R (a+,a_) O(j{ — e—2§a+a (0'2)
2

c(1) 27 (C _ 1))\R+

into the r.h.s. and evaluate the star-product between the Y-dependent factors of the
integrands:

—rat  —9cata- _ + _ocata-
e T se 2cata —e 7(14<)a e 2caTa ) (03)
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Using this result, we have

(@)™ M 5 fagag (@t a7)
Ap—1 Ny —
R e [ PO
cq) 2mi (¢ — 1) rte 0 I'(Ar —ArL)
1
1) R"2 _
= f gL e [ gt
c(1) 2m (¢ — 1)>\R+§
1
— ( +)>\L)\Rf ﬁ (§ + 1)>\L7§ 672§a+a_
(1) e (C _ 1)>\R+%
X f)\L)\R (a+, af) . (04)

On the other hand, following the discussion around (5.38), if we assume that A, + 3 €
Z* always holds, we can similarly derive the relation between different complex right

eigenvalues:

P (atan) x (@)

ds (s + 1)
c(1) 2mi (¢ — 1)>\L+
< fagag (@,a7). (C.5)

o (a—))\R—/\L e—2§a+a*

NI=| N

The above discussion is still far from a systematic study to build up a quantum system.
In particular, as stressed in section 5.3, allowing both left and right eigenvalues to take
complex values involves alternative choices of contour other than the small circle around +1.
Moreover, such different contour-integral presentation has also the advantage of giving well-
defined star-product properties between eigenfunctions with arbitrary complex eigenvalues.
This goes beyond the scope of this paper, and we will continue our report on this issue in
a forthcoming work [90].

D Analysis of membrane-like curvature singularities

In this appendix we shall study the limit A? — 0, corresponding to an analytic singularity
for every individual fluctuation fields extracted from the generating function (6.8), at the
level of Weyl zero-form master field — that is, in terms of the behaviour of the latter in
the full (x,Y)-space.

It is instructive to first study the limit in the diagonal case, i.e., for \;; = Mip = A €
Z—1/2,1=1,2, that is (see eq. (5.56)) for elements (6.29) of the form

1 1 1
L ~L (o I\—1~L .
f,\,,\;A,,\*’iy :Oi\{/\Of\f/\W exp [—2y (% ) Yy +§y% Yyl (D-l)
where )
. ds; (6 +1) M2
O3 ;:j{ G A (D.2)
T Jo (g - 1)
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with € = sign(\), and where the quantities in the integrand were defined in section 6.1.
We shall also restrict our discussion to the simplest non-trivial choice of eigenvalues (6.37),
that in the diagonal limit n = 0 reduces to studying the Weyl zero-form resulting from
the lowest-weight element \;; = \ig = A = % only. In this case the contours encircle the
points ¢; = 1 = ¢, and as a consequence %56 and {)iﬁ- (6.13)—(6.14) reduce to %éB)aﬁ and
vé Blap’ As the dependence on iP disappears, modulo a redefinition of the normalization
factor (which we shall ignore here) we can simplify the notation by substituting the two
contour integrals with a single one [10],

1 1_ ~ S
L _ L L\—1~L L
* Ky = 0] ——m— - = , D.3
f%,%;%,% Ky L1 L) exp[ 2 ()Y +2Z/% y (D.3)
where now y* := y — icvly,

d 1

o5, ;:]4 destl (D-4)
! c(1) 2mic — 1

and for notational simplicity we are now omitting the label (iB), which is henceforth un-
derstood everywhere unless specified otherwise. We recall that, as discussed in section 5.2,
keeping the contour integral is part of the regular presentation of our eigenfunctions: we
evaluated them in section 6.2 purely for the purpose of looking at the spacetime dependence
of the component fields, but whenever the behaviour on the non-commutative Y space is
of relevance, as will be in the interpretation of the A? — 0 limit, we should keep them as
they are an integral part of the definition of the eigenfunctions from the point of view of
their algebraic behaviour.

In the A2 — 0 limit %gﬂ and 25 5 become degenerate, and, as we shall now show, the
integrand takes the form of a delta-sequence

1 i-ns
lim —e2:909 = 2762 (3)) , (D.5)

e—0 €
where g, := (y + 5Y)a, With S 4 & van der Waerden symbol coming from the A? — 0 limit
L

af’
now introduce.

of —icv”., and Dyg := bjx‘bg + b;b;, in terms of an z-dependent spin-frame that we shall

To study the limit precisely, it is convenient to perform a local SL(2, C) transformation

to rewrite %gﬂ and Ui- on a common “adapted” spin-frame (b7%,b7%), b**b, = 1 on which

B
%5/3 takes the canonical form

sy =i\ 1+ X3 — X3(blby +b3b%) =t iADag. (D.6)

This condition determines the matrix of the Lorentz transformation only up to a free
complex parameter w as

A-Q (X3 — Xo)(X1 +1iX2) _

+_ +

b = Saw T T Aw = Xy) e (D7)
~ (X34 Xo) (X1 —iXp) _

b, =— A—0)(1-Xy) wul +wuy , (D.8)

X2-Xx2
where @ := 1+ 330,
0
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Performing this local Lorentz transformation corresponds to choosing a basis of the
tangent space in which all spin-s Weyl tensors extracted from (D.3) are manifestly of
Petrov-type D [10]. Retracing the analysis of the spherically-symmetric higher-spin black

holes of [8, 10], it is convenient to use the free parameter w in order to realize the Killing
L
«
Waerden symbol. However, a novel feature arises here from the fact that both the norm of

vector v~ . on the adapted spin-frame in a canonical form, i.e., in terms of a single van der

the Killing vector field and the determinant of its Killing two-form are not positive-definite:
v” is spacelike for |X3| > |Xo| and there det »" is also positive; while v” is timelike for
| Xo| > | X3| and in this region det s is positive as long as X2 < X2 < X2+ 1 and negative
when X2 > X2 + 1. As a consequence, the specific canonical form for v¥ changes in these
three different spacetime regions: in particular, one can take

A=Q (X5 Xo\"*
2A <X3 + Xo) 7

ujﬁ- =i/ X3 —Xg(bgég +b;5ﬁ7), (D.10)
—A [ Xo— X3\ V4
XZ<X2<X2+41: wzyw|=,/Q2A <X2+X2> : (D.11)

vy =~/ X3 - Xg(b;z‘;; - b;BﬂT) , (D.12)

inja (A —Q X1 +1iXy 14
w=e€ . )
A+Q X1 —iXs

vgﬁ. = /X3~ Xg(bgég -+ b;z}g) . (D.14)

L)2 —

X2> X w = |w| = (D.9)

Xg>X2+1:

(D.13)

Of the above three regions, the relevant ones for the study of the singularity on (s«
0 are clearly X2 < X2 < X7 + 1 and X3 > X3 + 1. It is then easy to show that in the
limit 14+ X2 — X3 — 0 the integrand in (D.3) becomes

1 L iyv-1~L , S L 1 i e Dy+sy R
_ hd s lim —e2: WHSYHDY+SY) _ 9,52
S/ (5e1)? eXP 2§y G5+ Pkatike As0  entel T (]()y)’)
15
where

. .~ _ —s(o3) for X2 <XZ<X2+1,
=1 L — SY)a S 5= af D.16
Yy Alinoya (y + y)a aff { §<01)aﬁ' for Xg > X?% +1. ( )

where the realization of the van der Waerden symbols in terms of a spin-frame?® has been
given in appendix A. As a consequence,

lim f¥ ¢ 2m% (g D.1
Alinof%,%;%,%*ﬂyocol’l w0 (9) , (D.17)

where § = (<) is given in (D.16).

36We note that while the entries of the SL(2,C) matrix (D.8) with w given by (D.12)~(D.14) separately
scale like A~1/ 2 its determinant remains finite and equal to 1 everywhere, including in the limit A — 0.
This implies that b**b; = 1 also for A = 0, i.e., that bl give a good spin-frame everywhere, thus in
particular enabling to split §~ into 7% = bT*F% components which remain non-commuting, in such a way
that, in particular, [, 9%]. = 2i(1 — 32)7 which is in turn crucial to defining a proper non-commutative

two-dimensional delta function.
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A number of observations are now in order. First, it is interesting to note that, differ-
ently from the spherically-symmetric black-hole-like solutions where this singular behaviour
was first observed, in this case the singular, delta-sequence limit is not obtained at the un-
folding point z* = 0 (a point on the horizon of the gravitational background, in this paper)
where the master-field (D.3) is, instead, regular. This is because, as evident from the dis-
cussion above, such distributional behaviour that characterizes the curvature singularities
at the master-field level is strictly connected to the points at which the Killing two-form
is degenerate. The latter was strictly vanishing at the unfolding point for the black-hole
solutions (and for all solutions based on a m-odd Cartan principal generator — that is, on
E and iP up to SO(3,2) transformations) whereas the Killing two-form of the solutions
studied in the present paper is clearly non-degenerate for £ = 0, and the only reason that
it can have zeroes outside the horizon is due to the fact that the corresponding Killing
vector has indefinite norm.

As already concluded in [8-10] for the spherically-symmetric solutions, this delta-
function-like limit indicates that, even though at ()2 — 0 every Weyl tensor diverges,
the Weyl zero-form remains well-defined at X2 — X2 = 1 as an operator. Indeed, a delta
function of noncommutative variables has well-defined star product composition properties
(and, in fact, is part of the associative algebra to which the exact solutions studied in [8, 14]
belong). In this sense, thought of as a symbol for an element of a star product algebra,
such a master field remains smooth in the (s%)? — 0 limit.

We stress that the integral presentation (D.17) is crucial to the interpretation of the
resulting distribution as an associative algebra element, and, therefore, to the above in-
terpretation of the Weyl zero-form in the A? — 0 limit. In fact, using contour integrals
to represent Fock-space endomorphisms by means of s0(2,3) enveloping-algebra elements
(with the obvious prescription to take all star products before performing the contour
integrals) is the core of the regular presentation scheme that was essential to the solution-
building method presented in [8, 10, 14]). In the case at hand, performing the auxiliary
contour integrals first would lead to the delta function §(j|.=1) which has divergent star
product with itself as ¢ |.—1 are abelian oscillators. On the other hand, using the regular
presentation ensures that the element (D.17) has good star product properties [8, 14]. In
this sense, the regular presentation can be thought of as way of regulating the star prod-
ucts of non-polynomial elements by introducing auxiliary, complex integration variables to
achieve a sort of point-splitting procedure in ) space, that gets rid of divergent terms and
keeps the finite part of the star products above in a way which is compatible with asso-
ciativity (at least within the Fock-space projectors with identical left and right eigenvalues
and its dual space, obtained via star-multiplication with &,) [8].

However, note that, differently from the cases treated in detail in [10], in this case the
Weyl zero-form admits a delta-function limit of modified oscillators f, that are specific to
each side of the surface of apparent singularity (%L)2 = 0, which would correspond to a
discontinuity in the component fields at (»)? = 0 if the component field description would
make any sense there. The Weyl zero-form stays anyway regular in the sense above as a
master field, which is the only suitable description in the strong coupling region.

This concludes the discussion of the diagonal limit.
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Such a resolution of the curvature singularity that arises in the limit ()2 — 0 can be
shown, in fact, to still take place when \;;, — A\;p is non—vanishing For deﬁniteness let us
first focus in greater detail on the choice A\1; = %—i—ip, Aop, = 5 —ip, AM\R = 5 = AR, which
is the case treated in greater detail at the end of section 6.2. The master field in (6.29)
reads in this case

1 d7'1 dTQ T
T G W Y o Vi
5+2p,%% Zp,% v 2+2p,1 %—z‘p,%F(zp)F(—Zp) 0

| R @R ) T G0 57009 | Oy — 1) | |
< <%L)2

(D.18)

with 6% given in (6.27), ¢ := 2, and where we denote with O(sz — ¢1) all the terms
weighted by the combination ¢ — ¢ (i.e., carrying the dependence on iP), that vanish once
one evaluates the contour integrals. Indeed such terms Will have no effect on the result,
since with the choice A\ = % 4+ ip, Aar, = 5 —ip, Mir = 5 = Aop the basic effect of the
two contour integrations, featuring a simple pole, is just to set ¢1 = ¢o = 1. All relevant
quantities are therefore projected onto the iB sector and therefore, for the sake of brevity,
we shall henceforth omit the evanescent terms altogether.

Now, away from the surface A2 = 0 we can use the SL(2,C) transformation (D.7)-
(D.8) to write all quantities on the adapted spin-frame bi Let us first approach the limit
from the region X3 < X2 < X3+ 1. Inverting the transformation (D.7)—(D.8) with (D.12),
we get

1

0L = 7A [(F(X)m1 4+ G(X)m2)bf + (L(X)11 + K(X)72)by ] (D.19)
where F, G, L, K are complex functions of the embedding coordinates given by
1 X() — X3 1/4 { . |: Xg — X?g :|
F= X; —iX - A
4V1_X0' <X0+X3> ( ! ! 2) Q +\/Q—A(1—X0/)
—(1—X0f)\/Q—A} ; (D.20)
—1 X()—Xg 1/4{ . |: Xg_X?g :|
G= X —iX —A
=Xy <X0+X3) (X1 =iXe) |[VQ@ - A+ JO—A(1— Xy)
+(1—X0/)\/Q—A} , (D.21)
B 1/4
I Xo— X3 [ Xo+ X3 X1 +1iXy (X1 —iXa — 1+ Xo]
41— Xo \ Xo — X3 (1-Xo)vQ—A
0- A} , (D.22)
,X()—Xg X()+X3 1/4 X1+ZX2 .
K=- Xo+1- Xy
V= (Xo = Xs) (1= Xg)/Q A - Xt =Xol
Q — A} . (D.23)
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Substituting in (D.18), the master field takes the form

dT1 dTQ 7'2
f1 1. 1*"@-0§1 OQ 1 /
2 +7/p7 2 2 —ip,5 D) lp7 lp, F /Lp Zp

1

€
GA P

L _i9l\D L _&
N AT 2yDy ey] (D.24)

and then

and rescaling the integration variables of the Mellin transforms as 7, — 7/ \f’
omitting the primes on 7;, we get

d7'1 dTg
S

FE ik =0Y L O0F s /

2+1p,2 2 —p5 2+1p,2 2 W’v (Zp) Zp

2 pLngA( L—iv/AOL) D(gh —iv/A6L) — KAQD@_VZ@LQ- (D.25)
T1 A

Let us now take the limit A — 0. Then

2
lim * Ky = Ogl 0?2 15 e
A—0 f%-i—zp, 5 ip,% Y +7,p,1 é —ip,5 F( p)F(— p)

></ dﬁ/ drz <TQ> 0% (g —i0)e "V, (D.26)
0

= [FE@)n + GEOmBE + (LX) + K(XO)m)b] o

where 0/F is defined by

O = VAOE|

= (f(X)m1 + g(X)2)bs + (U(X)T1 + k(X)2)by (D.27)
with
1 [ X3—X — X3—X
== | P (Ko + X1 +iXa), k= [T (~ Xy + X1 +iXa),  (D.28)
4 Xor Xo
== g=-kK, (D.29)
that is,
B — —(1"(X)m + K (X)ma)bt + (1(X)m1 + k(X)m2)bs . (D.30)

Substituting in (D.26), splitting the two-dimensional delta as (* := bT%),)

0%(g — i) = o(yt — 0" )e(gm o),
gLt = Iy + kmo, - Ur + k' = gt , (D.Sl)

the Weyl zero-form master field in the limit A = 0 takes the form

2T dr dr
hmfl 1.1 . L xky =07 OF 1~-/ 1/ -2
A—0 2+2p72 5T 2+lp7 §—ip,§ F(zp)F(—zp) 0

« <7'2>Zp 5(y 9/L+)5( 'L ) Ut =g )m+ (gt —k*g )2 (D.32)

1
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Representing the delta functions in Fourier transform,

+oo
s i) = [ grentrn, 03)
oo 2T
we have
2 o0 dTl e 1
lim * Ky = O 0% - - / < / dra . Zp
A—>of§+zp,22 —ipg Y s+ing g-ing Lp)D(=ip) Jo 7 Jo 27

5.

“+o00 “+00
/ dw/ dw' G —i(imi k) wi(G il TR r)w! (51 )r o (kg -k g )

(D.34)
The two 7;-integrals are now disentangled, and give
/ dr 7y =1 [l(w+g ")+ (w' =5 7)m _ = T(—ip)[l(w + g1) + I*(w — g*)]ip’ (D.35)
0
o0 * () P(Zp)
dro 7P 1 lk(w+g )+ (w'=g )] _ — D.36
i fw + 57) + o 5] (D30
provided that Re[l(w + y1) + I*(w' — y7)] < 0, Re[k(w + y*) + k*(w’ — y7)] < 0. Then,
1
i — OC1 OCQ
Ali)no f% +Zp, 2 ip, L >Ry = 2+2p’2 2 va 27T

+oo +oo . N l(’w—i—:ljJr)‘Fl*(w/_gi) v
d d 1 it wigTw D.37
/ w/ we [k(w+g+)+k*(w’—27‘)] A

which indeed reduces to the limit of the diagonal case (D.17) for p = 0,

lim fL 11 1 */@y

1 +00 +oo n
1 ' — 0§1 OQ dw dw/ezy w+ig " w’
A—0" 5+ip, 555 —ip,5

2—l—zp,1 1 zp, 27T

p=0

_O%+1p,101 _ip %271’5 (y) (D.38)

The w'-integral in (D.37) can be evaluated by first simplifying the integrand using the fact
that [k* — "k =0 for A =0,
/+oo i [ w+yT) + 1w —§7) yp
k(w+g+) + k*(w' —57)
—+o00 * — * — ip
/ w1 [lk (w+y"T) —Fk(w+y"T) .,

dw’ : +1
o Y Rt gt + R — )

=2 <li) p&(y—) . (D.39)

—00

Substituting in (D.37) and evaluating the w-integral, we finally get

I* ip
hm fl 11 . 1 */“Gy = O§1 1032 1 27T () (52(:[))

A—0 2+Z;D,2 15—, 2-|—zp7 5P, k*
,X0/+X1—z’X2rp -
=0 02 o [—z : 52(9) . D.40
T+ip s E—ip,3 Xo — X1 41X, @.  (D40)
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The same procedure can be repeated approaching the limit A2 — 0 “from below”,
i.e., from the region X2 > X2 + 1. In this case one uses the transformation (D.7)—(D.8)
with (D.14) to obtain

1

oL = ~ [(FO)m + GOmIbS + (LX) + K (X)m)b,] | (D.41)

with coefficients

A _ : 1/4 2 v2
F=¢™1A (A © XI—HXQ) [(Xl_iXQ) (1—( Xo—X; )

A+Q X1—iXo A-Q)(1-Xo)
—(1- XO,] (D.42)
» X1 +iXo\ Y4 X2-X2
G=— z7r/4A Q X - X 0 3
e <A+Q X1—iXs =X - Ao X
—(1- XO,] (D.43)
o (AFQ X1 —iXo\ VA Xg— X5 [ X2+ X2 .
L=¢ /4 L2 X —iXe+Q—A D.44
¢ ( —0 X, +iX, 5 | Tox, N TiKer@-A) (D-44)
_ A+Q X1 —iXy \ V! Xo— X3 Xi4+X2 .
K =—ie"/4 2 4 X1 +iXo+Q—A D.4
e <A QX1+ZX2> 5 | Tox, Tatiet@-An (DY)
to be substituted in
I ek, 0% 0% / d7’1/ dry <7’2)
2+zp,2 2 —ip,5 2+zp, 5 zp, Zp
X Leng (y *ZGL) (y *ZQL) ZCAyDy*GLg . (D46)

cA

Again, to take the limit it is useful to rescale the integration variables as 7; — 7{ = &, in

terms of which (again omitting the primes after the change of variables)

L ok —(’)C (’)Q / dﬁ/ dTQ T2
§+7‘p’2 2 ip’% v Zp’ Zp71 F ,Lp Zp

x%eﬂ( L—in0")D(7 —erL> 82 5DG-AGLY (D.47)

S
Let us now take the limit A — 0. Then

27
lim fL * Ky = Ogl (9§2 -
A0 f%ﬂpé % ip,% Y 2+1p,1 3-ipg F(zp)F( ip)

[T (72> (-0, (D.4s)

o'k .= A%‘A:o = [(F(X)m1 + G(X)m)bg + (L(X)m1 + K(X)72)bg | A,
= [Z(X)Tl + k(X)TQ]b; (D.49)

where 6L
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loses completely one component, compared to the previous case, with

X1 —1Xo 14 X3 — Xo .
l:=1L = Xo +X X D.50
‘A:O <X1—|—ZX2> 2 < 0+ 1+ 2)7 ( )
(X1 —iXo\ YVt X5 — X, .
bom Kl = (T XN T X = Xo oy D.51
- Z<X1—|—iX2> 5 (Xo 1 —iX2) ( )
As a consequence,
27wo(y~)
1 — Oq OCQ g 7
Alinof%+lp72 5} ip,% *K:y 2+¢Pé % 7'p7 F(Zp)r(—lp)

0 ) 00 L
></ d7‘17‘1_7’p_1/ dry P15 (gt —iH’LJF)e_GHyL . (D.52)
0 0

Representing the delta function in Fourier transform,

+oo g R .
5(@-&- o iUH—) — / % ez(y+—z(l7'1+k7'2))w’ (D53)
—oo
one can rewrite
278 (9~ T dw
lim fl Ky = O§1 O<2 7T(y)/ 7w ezy"—w
A0 2+zp,2 2 —ip,5 2+zp,2 2 —ip, L T(ip)D(—ip) J_o 27

9] ) [e'9)
x/ dry et Z7)T17'12p1/ dTo sz 1 e(kw—k"g™)m2 (D.54)
0 0

Again, under the condition that Re(lw — I*y~) < 0, Re(kw — k*y~) < 0, one can perform
the two 7; integrals to get
O dw oy w1y "
lim fl 11 . 1 *Ry = Ogl 1O§12 27-( (5( )/ ﬂezyﬂu <U)y> )
A=0" 4P, 555G S+ipg  E—ip,3 oo 2m kw — k*y—
(D.55)

As before, one can show that the w dependence drops out entirely from the rational function
in the integrand, due to lk* — [*k = 0, in such a way that

I\?
lim *ky =07 0% 27 |- 52 (4
A—0 fé-Hp 1555 P % Y 2+zp 2 2 zp72 <k> (y)

Xo + X1 +iX5\?
oAt 2) 52(7).  (D.56)

=0 @) 2m
ttips 3—ip,3 ( Xo — X1 — X,
Finally, let us comment on the apparent singularity at A% = 0 for more general eigen-

values. The most general element in the twisted sector that satisfies the conditions (5.105)—
(5.107) is (see eq. (6.28))

1 S1 G2

0L O
I'(—q— q+zp) AT A

+o0 +o0 T p
dm dTQ | =
(rim2)tt \ 1

exp [—2@ 1)) G - 00) +

L
TN * Ky =

(%L)E g—0tyl , (D.57)
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with ¢ := Re(A)) € Z, and it may have a membrane-like curvature singularity at A% = 0
for our choice of \;g + % € Z". Higher \;g will in general increase the order of the pole in
A? = 0, and we shall defer a full analysis of the general case to future work, focussing here
on elements with the lowest right eigenvalue \ig = Aog = % In such case, again omitting
evanescent terms O(¢2 — ¢1) and studying the A? — 0 limit from above, one is reduced to
the expression

L 1 oo oo 1 m\"?
li = O3 02 i d drg——— | =
et IX sy [(—q —ip)[(—q+ip) A2 Alglo/o n /0 & (1179)att (ﬁ)

_i (5L _;gL ~L_;oLy_isA == _ gLz
— ema W 0D —i0) =52y Dy =07y (D.58)

cA
and again rescaling the integration variables of the Mellin transforms as 7, — 7/ :=

T

\/Z?

and then omitting the primes on 7;, we get

lim f*« Ky = L O OF lim /+OO dm /+00 d7—2; i v
AS0 I'(—q—ip)T(—q+ip) M 22 a0/, 0 (T1m2)0tt \ 7y
AllJrq ngiA (gL—iGL)D@L—i@L)—inggDﬂ—\/ZéLg ) (D.59)
S

Clearly, in the case that ¢ < 0 we end up with a master fields than is more regular that the

q = 0 case studied above. On the other hand, the higher powers of A that appear at the
denominator for ¢ > 0 can be interpreted as giving rise to derivatives of a delta function.
The latter can however still be considered part of an associative algebra, in the sense that
they admit a star-factorization in terms of delta functions, as Y-derivatives of 42(3) can be
rewritten as (linear combinations of) star products of the type yo x 02(9) and g x §2(9).

E Removing the ambiguity between regular and twisted sector

In this appendix we briefly explain in what way the choice of regular presentation we have
made resolves the ambiguity of the choice of regular and twisted sector in the expansion
of the Weyl zero-form. As mentioned in section 5.1, regular and twisted sector, for the
family M (iB;iP) that we are working with, are completely equivalent. However, as we
shall see, the small-contour integral presentation (5.55) is only suitable for the twisted
sector in the expansion of @ (i.e., regular sector in the expansion of W), in the sense it
cannot provide an unambiguous realization of the fluctuation fields in the regular sector
everywhere in spacetime, thereby violating criterion iii) of our regular presentation scheme
given in section 4. This is why we discarded the regular sector (see sections 5.1 and 5.5)
in ® from the analysis of the present paper.

L-rotating a generic element fy in an expansion ® = 3", ux f over the regular sector
results in a Weyl zero-form master field ®(%) expanded over

fo=L % faxm(L) = L7 % faxkiyx Lx iy = (fa % kiy)E % p5y . (E.1)

Let us for simplicity consider first the diagonal case, A;;, — A;g = 0 and in particular let us
focus on the lowest-weight state A1, = Agp, = % = Mg = Aagr. Then,

fhy sy = 05 estti), (E:2)

~

1111
22722



where 05 ; was defined in (D.2), and

1 1 1 <
L S —3cyr Tyt 3yxy
fri11%ky =01 —=e 2 (E.3)
2:272°2 SV
As »?> =1 and »~! = —, one can then write the exponent as %YIV(Y, with

o x 0 =0
e (59)-(2) "

and repeat the steps above to obtain

dc ¢+1 1 S 1~L(oL\—1~L
) = (b xry)Exry, f . 3V VT L (E.5)
3293 Y o) 2mis ¢ — 1 \/(3F)?
where this time y” := y — iv"g. The different treatment of the holomorphic and anti-

holomorphic dependence induced by the star-multiplication with k, give rise to all the
difference with respect to the twisted sector, resulting in particular in a more complicated
form of the Killing two-form and Killing vector:

N A A N2 2ya 2 a
a8 = T 301 = Xg) (1= X0)? = X" Xa] (003)as + 7 % Xi0X 030 (E.6)
0= (€ = X (09) g + il + <)X p(0g)) 8- (E.7)

Equivalently, in terms of a rigid spin-frame,

N ?
5L

[(1- Xg)? - gQXaXa] (uzug + u;ug)

i = )
ig y . — J—
+ - Xy [(Xo + X3) (X1 — ZX2)U;—’LLE + (Xo — X3) (X1 +iX2)u, ug | (E.8)
0o i1 Xt — (4]
Uozﬁ = 2(§ §) |:(X1 ZX2)UQUB (Xl + ZX2)UO‘UB
)
+ i(g +¢7h [(Xs - Xo)u;rﬂ; + (X3 + Xo)ugaﬂ . (E.9)

In particular, note that, while for ¢ = 1 the above expressions reduce to (6.15)—(6.16)
and (6.19)—(6.20), respectively, in this case the ¢-dependence cannot be factored out of
each of the 2 x 2 blocks of KL as it happened for the twisted sector. This means that, as
we shall see, the integrand of the contour integrals will differ from those so far examined,
and will in fact be incompatible with a small-contour integral presentation of type (5.103)
that we consider here. In particular, the study of the limit A2 — 0 elucidates the problem.
In fact, recalling that (%L);é = —% it is immediate to see that the ¢ dependence

is now nested with the spacetime dependence in the integrand, via
AC I ¢?

(=

1—¢—Xo(1+[l4+¢—Xop(1—¢)] +AZ%. (E.10)

It is clear that, evaluating the contour integrals first, the Weyl zero-form (E.5) reduces to

the corresponding one in the twisted sector. This is expected, since the element 4e~ 45,
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which corresponds to f£ | | | after the contour integral is evaluated, is an eigenstate of r,,

2:202°2
so there is no distinction between the z-independent elements f£, | | and ¥, | | %k, on

which (E.5) and (6.8) are based. As a consequence, as long as t112e ?a(zn%integragl grzszntation
of such elements is concerned, the regular and the twisted sector are equivalent. However,
as mentioned above, this is not the case at the level of the integral presentation. Indeed,
the integrand in (E.5), coming from the regular sector, develops a branch cut due to (E.10),
and for A% = 0 the latter inevitably crosses over the integration contour, making the small-
contour integral presentation ill-defined for the expansion of the Weyl zero-form over the
regular sector. This conclusion still holds when one considers non-diagonal element and
gives an imaginary part to the left eigenvalues, as the extra dependence on 7; (contained in
6%) coming from the Mellin transform does not modify the poles in ¢; and ¢ of the contour
integrals. This is the reason that we discarded the regular sector in the expansion of the
Weyl zero-form in this paper. We defer the analysis of alternative, more general integral
presentations to a future publication [90].

F An integral formula using parabolic cylinder functions

In this appendix we shall prove the formulae (6.41) and (6.45), which are crucial to extract
the scalar field fluctuation (6.42). One way to do it is the following. First, one can compute
one of the two 7;-integral, say the one in 79, by regularizing it via multiplication by a factor
lim,_,o+ 7'56_”22 . We will find in the end that the result can be analytically continued to
e — 0T, so it will be possible to remove the regulator from the final expression. We can
then recognize that the m-integral corresponds to the integral realization of a parabolic

cylinder function

v (25)1//2 2 /oo 1 g
D_ = e /88 do v~ 1e P2 F.1
() =50 : 0
(for Re(B) > 0, Re(v) > 0),
+o0 1 . 9 +0c0 1 ) ) 9
/ ClTQ 7_2Zp— e—z(cgﬁm—&-cgm ) — lim dTQ 7_26+2p— 6710271727(e+103)7—2
0 e—0% Jo
F . 2 2 .
= lim Lw)” exp [_6271] Doy | —210 . (F.2)
0% [2(e 4 icg)] 2 8(€ +ic3) 2(e +ic3)

Inserting in (6.45) one is left with the integral

- I'(e+ip) /+°° —ip—1 [ ( & 2 ic2Ty
lim —————— drity P exp |— ici+—=— | 7{ | Deeeip | — |-
=07 [2(e-+ics)] 2" Jo ! 8(etics) ) ! P\ V2(etics)
(F.3)
We can now change variable to t = 72 and use the formula [94]

> 81—zt ﬁzl—ﬂ—% —B/2 v B v+pB+1 z—k
D_,(2Vkt)=*———T Pz 5 ; ,
/0 i D V) = S PO+ ) (5

(F.4)

74—



2
)

(Re(z + kg) > 0, Re(%) > 0) with 8 = —ip, v = e +ip, z = ic; + Sy T e (¢ > 0),
k= —m to compute the integral in (F.3) as
1 [tee i _q [ ( 3 ,> ] ico
lim — ditt™ 27" exp|—|(ici+ ————+€ | t| D_ey — Vi
e 50+ 2 /0 P ! 8(e +ics) P 2(e +ics)
\/7?2”'7_5 NN e+ip ip e+1 c3
=—F—I(— F - 31— . F.5
T (#) ( Zp) (ch) 2210 9 ' 91 g 4cics ( )
One can now collect all terms and take the ¢ — 0 limit to get the final result
—ip—1 ip—1
/+Oo dr T * /+oo drs T;p efi(017'12+627'17'2+637'22)
0 I'(—ip) Jo I'(p)
_ 1 1 (e + ip) \/EQZPQE(~ )%F €t+ip _Lp.e'{'l.l_ ‘3
T )e—lglJr T S 2 727 27 4ere
p [2(€ +ics)] 2 2 13
e\ ? c3
= <1> cosh [parcsin 1- —2 (F.6)
c3 4cyes
and, for \/273 >0,
oo T_ip_1 +oo 7'ip_1 . 2 2 C1 %p Cc2
/ dr —— / dry2—_ei(carm® teammatesms?®) _ <> cosh [parccos( )] ,
0 I'(—ip) Jo T (ip) 3 2,/c1¢3
(F.7)

which are the results that we wanted to prove.

G Apparent singularity at X% 4 X3 =0

In this appendix, we discuss a subtlety arising in the generalized Weyl tensor computation
for the particular choice of eigenvalues (6.37).

We first look at (6.45) and (6.40) for the scalar field computation. One can see that the
integral may not be well-defined at X% + X3 = 0, in which case the exponent vanishes. In
this situation, we should first compute the integrals for X + X3 # 0 and then analytically
continue the result to X° + X3 = 0.

For the scalar field it is easy to see that X° + X3 = 0 is not a real problem, because
the factor X° + X3 does not appear at all in the result (6.42). Another way to see this
is that in (6.45) the factor X° + X3 can be simply absorbed by redefining the integration

variables
1 /

T2 = —F7——==T19;
M X0 X8

without creating any extra factors in the integrand.

(G.1)

However, for spin s > 0 we need a more careful discussion. In this case, due to
the derivatives of the Weyl zero-form master field with respect to the y®*-coordinates, the
integrand has an extra factor in comparison to the spin-0 case, a polynomial in the 7;:

+00 Tl—ip—l +o0o Tép_l ( 2 n 2)
dm / dro Polynomial (7, 79) e "\“17H Te2TIT2TET2T) (G.2)
/o L'(p1) Jo I (p2)
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and thus the redefinition (G.1) may or may not give rise to vanishing denominators in the
limit XY 4+ X3 — 0, depending on the coefficients of the polynomial.

We have checked the integrands of the spin-1 Faraday tensor C,g and of the spin-2
Weyl tensor Cogys, the “Polynomial(7i,72)” factors of which respectively correspond to

(%L);ﬁl - WaWp, (G.3)
and

331 L ()L 6(%L)(*O}5WVW5) + W WsW, Wy, (G.4)

where

Wy = [(") 710" ] (G.5)

«

After the redefinition (G.1) these polynomial factors do contain components that blow up
at X4+ X3 = 0, but the Lorentz-invariants CagC'O‘B , Caﬁwcaﬁﬁ , C’a575075546’540‘5 and
C’amgCaﬂV‘s approach finite constant values in the limit X% + X3 — 0.

This suggests that the generalized Weyl tensors can be made finite by a frame rotation

g =y* (A7), (G.6)

i.e. the tensors are finite after the transformation AQO‘IAE'B/CQ/BI, Aaa’ABB,APYV,A(;‘S/CQ/BW(;/,
etc. For example, we checked that by the rotation

/X0 3 1
Aao/: XU+ X ? : (A—l) o= VX0+X3 0 , (G.7)
1/X0+X3\/W @ —\/XO—I—X3 \/XO—I—X3

all components in the polynomial factors for spin-1 and spin-2 remain finite after the
redefinition (G.1) in the limit37 X% + X3 — 0.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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