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Abstract We obtain the Page curves of an eternal Reissner—
Nordstrom black hole in the presence of higher derivative
terms in four dimensions. We consider two cases: gravita-
tional action with general O(R?) terms plus Maxwell term
and Einstein—Gauss—Bonnet gravity plus Maxwell term. In
both the cases entanglement entropy of the Hawking radia-
tion in the absence of island surface is increasing linearly with
time. After including contribution from the island surface,
we find that after the Page time, entanglement entropy of the
Hawking radiation in both the cases reaches a constant value
which is the twice of the Bekenstein—Hawking entropy of the
black hole and we obtain the Page curves. We find that Page
curves appear at later or earlier time when the Gauss—Bonnet
coupling increases or decreases. Further, scrambling time
of Reissner—Nordstrom is increasing or decreasing depend-
ing upon whether the correction term (coming from O(R?)
terms in the gravitational action) is increasing or decreasing
in the first case whereas scrambling time remains unaffected
in the second case (Einstein—Gauss—Bonnet gravity case). As
a consistency check, in the limit of vanishing GB coupling
we obtain the Page curve of the Reissner—Nordstrom black
hole obtained in Wang et al. (JHEP 04:103, 2021).
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1 Introduction and motivation

The black hole information paradox [ 1] has to do with the uni-
tary evolution of the black holes. Page proposed that entropy
of Hawking radiation of an evaporating black hole should
fall after the Page time [2]. For eternal black holes entropy of
the Hawking radiation should reach a constant value which
is Bekenstein—Hawking entropy [3] of the black holes. To
calculate the Page curve of a black hole one is required to
couple the black hole to bath where we can collect the Hawk-
ing radiation. For eternal black holes we take two copies of
the aforementioned setup to calculate the Page curve.

With the discovery of AdS/CFT correspondence [4] as
a duality between conformal field theory and anti-de Sit-
ter background in one higher dimensions, it become easy
to resolve the black hole information paradox [1]. We can
obtain the entanglement entropy of conformal field theory
from gravity dual background using Ryu—Takayanagi for-
mula [5] for static background. For time dependent back-
ground one is required to use the prescription given in [6].
Quantum corrections to all order in 7 to the Ryu—Takayanagi
formula was incorporated in [7] where one is required to
extremize the generalised entropy. Surfaces which extrem-
ize the generalised entropy are known as quantum extremal
surfaces (QES). If there are more than one quantum extremal
surfaces then we need to consider the one with minimal area.
In [8], authors generalised the QES prescription to island
surfaces where we are required to extremize the generalised
entropy like functional which includes contribution from the
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island surfaces. In this case extremal surfaces are known as
quantum extremal islands.

We can calculate the Page curves of eternal black
holes using Island proposal [8]. Island formula is given
below:

Area(dT)

S = Mi Ext
gen(r) 1nI|: X I< 4Gy

+ Smatter (R U I))],
()

where R is the radiation region, G y is the Newton constant
and 7 is the island surface. First term in the above formula
is the area of the island surface and second term is the mat-
ter contribution to the entanglement entropy of the Hawking
radiation which includes contribution from the island sur-
face. Since initially there is no island surface therefore (1)
reduces to the entanglement entropy of only radiation part
which increases linearly with time. At late times island sur-
face comes into the picture and saturates the entanglement
entropy growth of the Hawking radiation at the Page time
and produces the Page curve. In general higher derivative
gravity we can write the above formula in most general form
as,

Stotal = Sgravity + Smatter (2)

where Sgravity and Smauer are the gravitational and matter
contributions to the total entanglement entropy. In higher
derivative gravity theories first term in equation (2) can be
calculated using Dong formula [9] and Spager can be cal-
culated using Cardy formula [10,11]. Then we are required
to extremize the total entanglement entropy with respect to
location of the island surfaces. If there are more than one
surface then we need to choose the surface with the mini-
mal area among those surfaces. By following this approach
Page curves of the Reissner—Nordstrom black hole, charged
dilaton black hole, Schwarzschild black hole and hyper-
scaling violating black branes were calculated in [12-15].
Page curve in charged linear dilaton model for non-extremal
black hole and the extremal black hole have been studied
in [16].! Recently islands in Kerr—de Sitter spacetime and
generalized dilaton theories have been studied in [17,18].
Page curve and the information paradox for the flat space
black holes was studied by authors in [19].% The role played
by mutual information of subsystems on the Page curve
was studied in [20].> Page curve calculations in higher
derivative gravity theories can be found in [21,22]. In [21],
authors calculated Page curves of the Schwarzschild black
holes in the presence of higher derivative terms which are
O(R?) terms. By following [21], we are calculating the

1 'We thank H. S. Jeong to bring their work to our attention.
2 We thank C. Krishnan to bring their work to our attention.

3 We thank A. Saha to bring their work to our attention.
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Page curves of an eternal Reissner—Nordstrom black hole
in the presence of O(R?) terms as considered in [21] and in
Einstein—Gauss—Bonnet gravity [23] in four dimensions in
this paper.

Charged black hole in Einstein—-Gauss—Bonnet grav-
ity in four dimensions were studied in [24-30]. In [24],
authors studied superradiance, stability and quasinormal
modes of regularised charged Einstein—Gauss—Bonnet black
hole. In [25], authors have discussed thermodynamics of
the charged Einstein—Gauss—Bonnet black hole via van der
Walls equation. In [26], thermodynamics and phase tran-
sitions of charged AdS black holes was studied, addition-
ally quasinormal modes for the massless scalar perturba-
tion was also studied in the same paper. In [27], correspon-
dence between shadow and test field was studied for the
charged Einstein—Gauss—Bonnet black hole. In [28], charge
of the Einstein—Gauss—Bonnet black hole was studied by
considering negative and positive charge of the particle—
antiparticle pair on cauchy horizon and physical horizon.
In [29], instability of charged Einstein—Gauss—Bonnet de-
Sitter black holes was studied by authors under charged
scalar perturbations. In [30], authors have discussed motion
of the charged and spinning particles and photons in the
vicinity of charged Einstein—-Gauss—Bonnet black hole in
four dimensions. Further radius of the innermost circu-
lar orbit, gravitational deflection angle and some collision
processes were also studied by the authors. For review
on Einstein—Gauss—Bonnet gravity in four dimensions, see
[31].

As summarised above literatures on the charged Einstein—
Gauss—Bonnet black hole in four dimensions. We find that
study of effect of the Gauss—Bonnet coupling on the Page
curve of charged Einstein-Gauss—Bonnet black hole was
missing. Therefore it will be interesting to study that how
the Page curves of Reissner—Nordstrom black hole will be
modified with the presence of Gauss—Bonnet term. With this
motivation we have calculated the Page curves of charged
black hole in higher derivative gravity with O(R?) terms and
for the charged Einstein—-Gauss—Bonnet black hole in this
paper.

Structure of the paper is as follow. Section 2 has been
divided into two Sects. 2.1 and 2.2. In Sect. 2.1 we review
the charged black hole solution in Einstein—Gauss—Bonnet
gravity in four dimensions [23] and in Sect. 2.2 we review
the Page curve calculation of the Reissner—Nordstrom black
hole [12]. In Sect. 3 we have calculated the Page curves of
an eternal Reissner—Nordstrom black hole in the presence of
O(R?) terms in the gravitational action. In Sect. 4 we have
calculated the Page curves of the same black hole in Einstein—
Gauss—Bonnet gravity. In Sect. 5 we have some discussion
about the island rule which also includes the summary of the
results obtained in this paper.
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2 Review

We have divided this section into two subsections. In
Sects. 2.1 and 2.2, we are briefly reviewing the charged black
hole in Einstein—Gauss—Bonnet gravity in the vanishing cos-
mological constant limit [23] and Page curve calculation of
Reissner—Nordstrom black hole [12] in four dimensions.

2.1 Brief review of charged black hole in
Einstein—Gauss—Bonnet gravity

In this section we are reviewing spherically symmetric
charged black hole solution in Einstein—Gauss—Bonnet grav-
ity in four dimensions [23]. Authors in [32] have shown
that we can make the Gauss—Bonnet term in four dimen-
sions dynamical if we rescale the Gauss—Bonnet coupling as
o — 7. Consistent theory of Gauss—Bonnet gravity was
constructed by authors in [33]* in (d + 1)-dimensions where
all the relevant degrees of freedom is present. Action of the
Aoki, Gorji and Mukhohyama (AGM) theory is:

s=_1 / 4D /g (Rlg] + aLcp). 3)

22
where LGB = Ryupo [§1R" 7 (81— 4R, [g1R*'[8]+ RIg]?
is the Gauss—Bonnet term. If we take the d — 3 limit of equa-
tion (3) then we obtain the consistent theory of Gauss—Bonnet
gravity in four dimensions for the neutral black hole. Author
in [23] constructed charged Einstein—Gauss—Bonnet black
hole solution in four dimensions by rescaling of the Gauss—
Bonnet coupling. We are discussing this solution in the van-
ishing cosmological constant limit. Action of the Einstein—
Gauss—Bonnet gravity including Maxwell term is:

1

S R

=53 | d'xv/=glRIgl +aLop — Fu F™], “

where, R[g] is the Ricci scalar, « is the Gauss—Bonnet cou-
pling, Lgg is the Gauss—-Bonnet term and F,, is the field
strength tensor corresponding to A, gauge field which are
defined below:

LGB = Ruvpo[g1R"7 [g] — 4R, [g1R* [g] + RIg]*,

Fuy = 0,A) — A, &)
Black hole solution of the action (4) is:
2 2 dr? 2562
ds® = —F(r)dt”+ — +r°dQ°, (6)
F(r)
where,

1?—1r21j:142MQ2 7
(r)= +£ +Ol<r—3—r—4) . @)

4 We thank S. Siwach to bring [33] to our attention.
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Fig. 1 Plot of ry versus «

If we perform small expansion in « with negative sign chosen
in (7) then we obtain:

om0 (0% —2Mmr)’

Firy=1-"—+ =+ ——F—a. (8)
r r r

Black hole horizons are given by solving F(r) = 0 for the
negative sign in Eq. (7), which are given below:

re =M+ M?2 - Q0?—aq, )

where r is the physical horizon of the charged black hole
and r_ is the Cauchy horizon. Now let us see how the black
hole horizon r4 is varying with the Gauss—Bonnet coupling
o. We have plotted it in Fig. 1 for M = 1 and various values
of the black hole charges.

From the Fig. 1 and Eq. (9), we can see that when Gauss—
Bonnet coupling («) is zero then we have usual Reissner—
Nordstrom black hole. When Gauss—Bonnet coupling is
decreasing towards negative values then black horizon is
increasing and when Gauss—Bonnet coupling is increasing
towards positive values then black horizon is decreasing.

Authors in [24,27] have discussed that for M = 1 fol-
lowing are the allowed values of the Gauss—Bonnet coupling
a.

o A:Q? —4-2\/4-20% <a <1— Q% when 0 <
Q<‘/T§.

o B:02—4-2/4-20% <a < Q*—4+2,/4—-202,

when O<Q<«/§.

As discussed in [24,27], A region contain both the hori-
zons (r+) whereas B region contain only the physical horizon
(r4). Since we are interested in the non-extremal black holes
therefore relevant region for us is the region A. Numerically
in region A, o € (—6.66,0.36) for O = 0.8. Authors in
[34,35] studied the effect of Gauss—Bonnet term on the shear
viscosity to entropy density ratio (g), causality violation and
instability of the black brane in five dimensions and arbitrary
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D dimensions from the perspective of gauge-gravity duality.
They found that there is an upper bound on the Gauss—Bonnet

coupling, A < %(A x o viad = (D_AL)E#I o appear

as Gauss—Bonnet coupling in [34,35]) when D — oo and,
A < 0.09 when D — 5. There is instability of RN-AdS black
brane in five dimensions when 0 < A < 0.09.

Charged black hole in Einstein—Gauss—Bonnet gravity
were studied in detail in various papers mentioned earlier
in the introduction Sect. 1. In this paper we will calculate
the Page curves of the charged black hole in the presence of
higher derivative terms which are O (R?) terms and then we
focus explicitly on the Einstein—-Gauss—Bonnet gravity [23].
Since we are working with higher derivative gravity there-
fore we will use [9] to calculate the entanglement entropy
wherever required for higher derivative terms in this paper.

In this paper we are focusing only on the non-extremal
black holes. Page curve of the extremal black holes were stud-
ied in [16,36,37]. Authors in [16,36] studied the Page curve
of eternal charged linear dilaton black holes and Reissner—
Nordstrom black holes for the non-extremal and extremal
both cases and found that island formulation is ill-defined
for the extremal black holes, which implies that we may not
obtain the Page curve for the extremal black holes. Authors in
[37] considered rotating BTZ (Baflados—Teitelboim—Zanelli)
black holes in three dimensions and found that for the non-
extremal rotating BTZ black holes one obtains the Page curve
using island formulation where as for the extremal rotating
BTZ black holes, Page time and scrambling time turn out
to be divergent and this problem can be removed by con-
sidering superradiance phenomenon in the system. With the
inclusion of superradiance, Page time and scrambling time
were decreasing as the angular momentum of the black holes
were increasing and interestingly one obtains the Page curve
after finishing of superradiance.

2.2 Review of Page curve of Reissner—Nordstrom black
hole

In this section we are reviewing the Page curve calculation
of Reissner—Nordstrom black hole done in [12]. Action for
the Einstein—-Maxwell system is:

1
I =
167TGN

1
/ d4x«/ —8 <R - _FMVFMU> + Imatterv
M 4
(10)
where R is the Ricci scalar, F),, is the field strength tensor
corresponding to the A, gauge field and Inayer is the matter

contribution to the action. Metric of the Reissner—Nordstrom
black hole is:

d 2
ds? = —F(rydi® + % + 2492, (1)

@ Springer

where dQ? = d? + sin? 0d¢? and,

2M Q2
Firy=1—-—+=. (12)
r r

Black hole horizons will be given by solutionto the F (r) = 0,
and are given below:
re =M+ M? - Q2. (13)

We can write metric (11) in Kruskal coordinates as given
below [38]:

L |
ds? = - (= )T e xerquay 4 r%ae?,
rZKi r—r_
(14)
where
U= _e—m(z—r*), V = eK+(t+r*)’ (15)
and r, is defined as:
2 2
e =71+ + log|r —ry| — — log |r —r_|.
re —r_ r _
(16)

k+ are the surface gravities corresponding to r and r_ and
are defined as:

re —re

. 17
2ri a7

K+ =

Hawking temperature and Bekenstein—Hawking entropy of
the charged black hole are defined below:

K+
TRy = —,
RN 2w
o _ 7t (18)
BH — GN .

Defining the conformal factor in the metric (14) as:

.
£ =" ( = ) e (19)
riKy
Therefore we can write the metric (14) in the following form:
ds®> = —g>(r)dUdV + r*dQ?. (20)

Penrose diagrams of an eternal Reissner—Nordstrom black
hole are given in Figs. 2 and 3 where R_ and R, are the
left and right wedges of the radiation regions, b_ and b
are the boundaries of the R_ and R, and, a_ and a are the
boundaries of the island surface in the left and right wedges.

> The author is thankful to X. Wang for allowing to use the figures from
their paper.
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Fig. 2 Penrose diagram of an eternal Reissner—Nordstrom black hole
[12] in the absence of island surface

Fig. 3 Penrose diagram of an eternal Reissner—Nordstrom black hole
[12] in the presence of island surface

2.2.1 Entanglement entropy without island

Initially there is no island surface therefore entanglement
entropy of the Hawking radiation can be calculated using the
following formula [10,11,13]:

c

S=¢ log[d* (b, b-)], 1)

where b (tp, b) and b_(—1, + t%, b) are the boundaries of
the radiation regions in the right and left wedge of Reissner—
Nordstrom black hole. Formula (21) is valid for two dimen-
sional vacuum CFT. Since entanglement entropy formula
for higher-dimensional spacetime is not known. But we
can apply (21) for higher-dimensional spacetime in s-wave

approximation [14] by assuming that location of the observer
or cut-off surface (by) is very far away from the black hole
horizon (r;), i.e., b+ > ry. Therefore in s-wave approx-
imation we can ignore the angular part of the metric and
we will be left with asymptotically flat black hole for which
(21) can be used . B is the inverse of Hawking temperature
and defined as, 8 = 27 /x4 . Geodesic distance between two
points (I, I>) is given as:

d, ) =/gnNgl)(U ) — UV 1) — V().
(22)

Now using Eqgs. (15), (16), (19), (21) and (22) entanglement
entropy of the Hawking radiation in the absence of island
surface simplifies to [12]:

S = glog[4g(b)2e”+’*“’) cosh® 1], (23)

when t — oo, i.e., at late times, writing coshkt ~ e*+',
time dependent part of Eq. (23) simplifies to:

C
@gfvgx+ﬁ (24)

Therefore from Eq. (24) we can see that entanglement
entropy of the Hawking radiation in the absence of island
surface is increasing linearly with time and becomes infinite
at late times which leads to the information paradox for the
Reissner—Nordstrom black hole. In the next subsection we
will see that at late times island appears and entanglement
entropy of the Hawking radiation in the presence of island
surface will be constant and dominates after the Page time.
On combining the both contributions, we obtain the Page
curve.

2.2.2 Entanglement entropy with island

In this subsection we are reviewing calculation of the entan-
glement entropy of the Hawking radiation in the presence
of island surface. We can calculate it using the following
formula [10,11,13]:

S(RUT)
e, <d(a+,a_)d(b+,b_)d(a+,b+)d(a_,b_))
—3 8 das, b)d(a_, bs) ’

(25)

where a4 (¢,,a) and a_(—t, + Lg, a) are the boundaries of
the island surface in the right and left wedge of Reissner—
Nordstrom geometry. Entanglement entropy formula (25)
can be used for higher-dimensional spacetime in s-wave
approximation where we can ignore the angular part of the
metric for a distant observer (b1 > r4). At late times,
tqa, tp > b > r4, from Egs. (15), (16), (19) and (22), Eq. (25)
simplifies to [12]:

@ Springer
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S(R U I)late times

c 2¢
= loglg*(a)g*(b)] + S re+r+(0)
1/2
L€ [_Zemm a—ry
3

b—l"+

a—r—

b—r_

—@2 /)
X ‘

— <+ (D)= (a)—th)] ) (26)

Hence generalised entropy in the presence of island sur-
face using (1) at late times is given by [12]:

Slate times (a)

gen
2ra® ¢ 2082 g
= Gv T g oelg @g O]+ Tucrri(b)
1/2 —(r2/r})
I I P N ) e R e )
3 b — ry b—r_
_ o reb)=r (a)—%)} , 27

where first term in the above equation is coming from the area
of the island surface. On varying Eq. (27) with respect to a,

4 ¢late times
9Sen (a)

ie., -~ = 0, we are required to solve the following
equation:
2
dor, e (55) e
G + ; = =0, (28)
(I”+ - b) b—ry

solution to the above equation is,
ZrE
2(re—r—\ 2 2 ki (re—b)
|:C (bfr,> +GNe A i|

29
1447212 (b — ry) 29

a~ry+

Substituting the value of a from Eq. (29) in Eq. (27), we
obtain the total entanglement entropy of the Hawking radia-
tion at late times as:

SO 2 r_%_ c

total — GN 3

r_e2k+(b=ry) <_(r+_r_’j(_b_r_)> %(%_1)
x log bKer
+small,
50 =259+ ¢
2k (b=ry) <(r+_rr)2(b_r)> %(%—1)
x log b/ci
+small. (30)

@ Springer
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Fig. 4 Page curve of an eternal Reissner—Nordstrom black hole by
considering only leading order term in G

From the above equation we can see that total entanglement
entropy is constant which dominates after the Page time and
we obtain the Page curve of an eternal Reissner—Nordstrom
black hole.

2.2.3 Page curve

From Eq. (24) we saw that entanglement entropy in the
absence of island surface is increasing linearly with time
and from Eq. (30) we saw that entanglement entropy is con-
stant at late times. Therefore initially entanglement entropy
of the Hawking radiation will increase and after the Page time
island surface emerges which saturates the linear growth of
entanglement entropy and reaches a constant value, which is
twice of the Bekenstein—-Hawking entropy of the Reissner—
Nordstrom black hole, and we obtain the Page curve of the
Reissner—Nordstrom black hole.

‘We have plotted the Page curve of the Reissner—Nordstrom
black hole for, M = 1,Q = 0.8, Gy = 1 in Fig. 4 by
considering only leading order term in Gy in Eq. (30). In
Fig. 4, blue line corresponds to the linear time growth of the
entanglement entropy (Eq. (24)) and orange line corresponds
to the entanglement entropy in the presence of island surface
(Eq. (30)) which dominates after the Page time and leads to
the Page curve.

Page time: Page time is defined as time at which entan-
glement entropy of the Hawking radiation start falling to zero
for an evaporating black hole and reaches constant value for
an eternal black hole. We can get the Page time by equating
Egs. (24) and (30), which turn out to be:

12774 3550

cGN(ry —r-) 2mclrN D

2
o 67y
Page

ck+GN

Scrambling time: Scrambling time is defined as time
interval in which we recover the information thrown into
the black hole in the form of Hawking radiation [39,40].
It was discussed in [39] that for an evaporating black hole
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information can be quickly retrieved in the form of Hawk-
ing radiation if the black hole has evaporated half away. If
the black hole has not evaporated half away then one has
to wait to evaporate half away, after that information can be
quickly recovered. In the language of entanglement wedge
reconstruction [41], scrambling time is defined as time at
which information from the cut-off surface (r = b, ) reaches
the boundary of the island surface (» = a). When infor-
mation reaches to the boundary of island surface (r = a4)
then entanglement entropy of Hawking radiation includes
contribution from the island surface because island degrees
of freedom becomes part of the entanglement wedge of the
Hawking radiation and we start recovering the information
thrown into the black hole in the form of Hawking radiation.
If we want to send the information into the black hole from
the cutoff surface (r = b) then time taken by information to
reach the boundary of island surface (r = a) is given by:

r2

Q) =ru(b) —ri(@) =b—a+
r4 —r—

scr
a—r_ r_% a—r4
x log — log . (32)
b—r_ ry —r_ b—ry
Substituting the value of a from Eq. (29) in the above equa-
tion, scrambling time of the Reissner—Nordstrom black hole

turns out to be:
2
Tr
log <—+>
Gy

log (sg;;) + small, (33)

2
o 2ry
scr (r+ _ rﬁ)

+ = —
sma 37 Ton

where Trn is the Hawking temperature and Sgﬁ is the
Bekenstein—Hawking entropy of the Reissner—Nordstrom
black hole. From Eq. (33) we can see that scrambling time
turns out to be logarithmic of black hole thermal entropy and
this result is similar to [40] which implies that black holes
are fastest scramblers.

3 Page curves of charged black hole in HD gravity up to
O(R?)

In this section we are considering general higher derivative
terms at O(R?) in the gravitational action as considered in
[21] and we are going to calculate the Page curves of an eter-
nal Reissner—Nordstrom black hole in the presence of O(R?)
terms. In our case we have charged black hole whereas in [21]
authors obtained the Page curve of Schwarzschild black hole.
Action with inclusion of O(R?) terms and Maxwell-term is:

1
[ 3=z (Rigt + 1 R1g)

T 167Gy
+A R, [gIR* gl + aLgplgl — FMvF’w), (34)

where R[g] is the Ricci scalar, R, [g] is the Ricci tensor and
Lgp is the Gauss—Bonnet term, Lgp = Ryp0[g]R*P?
[g] — 4R,u[g]R* [g] + R?[g] in four dimensions. Wald
entropy of the four dimensional charged black hole in higher
derivative gravity can be calculated using the formula given
in [42,43] and used in [44] to calculate Wald entropy in the
presence of O(R*) terms in M-theory action [45]. The for-
mula is:

Swald =

oL
— h d’x, 35
4Gy f(aRuvpg>€“”6p” * (33)

where & is the determinant of the induced metric on co-
dimension two surface. Writing the metric (11) in the fol-
lowing form:

r—ryo)(r—ro) 2 dr?
’ < r? * ((r—mgr—u))
r

r2 (d92 + sin? 9d¢2) . (36)
From the action (34) we find that:

oL
ORpo

= [g”"g“p(l +2aR[g])

+2aR""7[g] — 8agh” R™ [g]}
+201R[g1g" g"” + 202" R [¢], (37)

where the terms written in the square bracket will also be
used in calculation of Wald entropy of charged black hole
in Einstein—Gauss—Bonnet gravity in Sect. 4. For the metric
(36), Wald entropy corresponding to the action (34) using
Eq. (37) turns out to be:

f vh ( >d9d¢

a trtr
Ea rer n 4o (ry 4 6r-) s r_ry .
GN r4 }"i

(38)

GR) _ @) _
‘Wald BH 4G

Since r4 >> r_, therefore above equation simplifies to:
2 i
St = Skt ~ == (13 +40). (39)
Gy

In general higher derivative gravity theories holographic
entanglement entropy can be calculated using the following
formula [9]:

oL
Sgravity = 4G deyf[ ap

aRMlvlmdl

+Xa:(aR t )a

€urvi€pro

H3V30303 aRummm
« 2K?»3,0303 KM/JlGl
Go +1
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_ A3
X |: (”#3#1”113!)1 EIL3M1€V31)1) n

+ (nusm €vzvy T+ EM3M1”V3V1) et :|i|’ (40)

where

Ny = nfj)nf)])gij,
€y = nfj)nf)’)eij,

€uv€ps = Nuphve — Npchyp,

Ky = ny)mff)n,(;b)Kiabs (41)
where m,(f) are unit orthogonal vectors along y“ (tangential)

directions, n,(f) are the unit normal vectors along the normal
directions, K}, is the extrinsic curvature and g, in Eq. (40)
is a number which is sum of the certain combination of Rie-
mann tensor components and extrinsic curvatures which can
be obtained by first calculating the second order derivative of
Lagrangian and labelling each term by « and then perform-
ing expansion of Riemann tensor components along certain
directions (for more details, see [9]). We can write the total
entanglement entropy in the presence of higher derivative
terms as:

Stotal = Sgravity + Smatter (R UZ). (42)

For the action (34), gravity contribution to the entanglement
entropy turns out to be [21]:

ApT) 1 / 2 Riel 4
4'GN,ren 4'GN,ren YA Lren T8 2ren

2
1
X D _[Rulglnfn} — S KiKil + 2arenR[aI]>,

i=1

S, gravity =

(43)

where i corresponds to the normal directions, K; being
trace of extrinsic curvature, K; ,, = —h;‘jhvﬁ, hyy is the
induced metric on boundary of the island surface. Further,
G N rens M rens A2,ren and aren are the renormalised Newton
constant and coupling constants appearing in higher deriva-
tive gravity action (34). These are used to absorb the UV
divergences of the von Neumann entropy of matter field
discussed in [21]. Matter contribution to the entanglement
entropy of the Hawking radiation in the presence of island
surface can be obtained using Egs. (15), (16), (19), (22) and
(25) and is given below [12]°:

Smatter (R UZ)
_¢ 4 2 2 2 2
= < logl2'g>(@)g” (b) cosh® 4 14) cosh (i)

6 Matter contribution to the entanglement entropy, Smatter (R U Z), up
to some extent is same as [12]. Therefore we are writing the final result
up to that point.

@ Springer

+§K+<r*(a) + (b))

¢ [cosh (ks (r (@) — (b)) — cosh (e (1 — 1))
3 [cosh (4 (r(@) — 12 (D)) + cosh (k4 (ta — 1)) ]
(44)

At late times, #,, f, > b > ry, above equation simplifies to
the following form:

Slate time( RU I)

matter

c 2 5 2c
= glog[g (@)g” )]+ — K41« (D)

3
1/2 7(r3/r2)
+£ _Dek+(b—a) a4+ a=r- :
3 b—ry b—r_
o+ (D) —rs (a)—ZIb)i|_ (45)

Therefore generalised entropy for the action (34) is [21]:

. A[0T]
Sgen(r) = Ming |:ExtI ( 1

N,ren

1
+ / 2h1renR[g]
4G N ren E)I( en 8
2

1
+A2 ren Z[Ruu[g]nf“n;) - EKiKi]

i=1

+20ren R[0Z]) + Smatter (R U I))] (46)
For the metric (11), we find that: R[g] = 0, R[0Z] =
%,nq = ﬁ,ng = JF(N,Ky, = 0 and K, =
—2/F(r). Therefore,
2
> Rulglnl'n} =0,
i=1
KK =0,
4 oM Q2
K>K> = — 1———I——2 . 47
a a a

Hence gravitational contribution to the entanglement entropy
of the Hawking radiation (43) simplifies to,

S, gravity (a)

2t [, oM Q2
= a” — 2)\2,ren - —+ — + 4otren |-
GN,ren a a

(48)

Therefore total generalised entropy will be given by the
sum of entanglement entropy contributions from gravity part
(48) and matter (45) part both as:
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Seen(@) = Seravity (@) + Syte NS (R U T) (a)

Seen(@) ~ [az — 242 ren

N,ren

oM Q2
X l———i——z + 4oren
a a

2
+§ loglg?(a)g> (b)] + ?Cm*(b)

a—rys |\

a“—r ‘_(FE/&)}

C
e _pp—rso-a)
+3[ ¢ b—r_

b— r4
(49)

where (D), g(a) and g(b) can be substituted from Eqs. (16)
and (19) in Eq. (49). 1, dependent term in Eq. (45) is small
and hence has been ignored. Location of the island surface
can be found by extremizing the above equation with respect
toa,i.e.

0Sgen(a) - 4r (_2M7’+)L2,ren + 2Qz)h2,ren + ”i)
da I’_‘?_GN

r2

c <r+_rr—) _Zem_(r_'_—b)

b—r_

+ =0, (50)

3(ry = b)/ Z::i

solution to the above equation is,
ng
. 6‘21’_?_ (r}.;:rr:> 2 G%V€2K+(r+7b)
a~xr .
T 14472 (b — 1) (2haen (Q2 — Mry) + )2

(5D

From the above equation we can see that island lies outside
the black hole horizon and this leads to causality paradox.
It was shown in [46] that this result appears in all the two
sided eternal black holes or black holes in Hartle-Hawking
state and one can restore the causality by quantum focusing
conjecture (QFC) [47]. Idea of [46] is that when we decouple
the black hole from the bath then finite amount of energy flux
will be produced and this energy flux pushes the black hole
horizon outwards and therefore island always lies behind the
horizon. It was discussed in [48] that finite amount of energy
will also be produced even when we couple the black hole
to bath and this energy flux pushes the horizon outwards
which implies thatisland lies behind the horizon similar to the
decoupling process and we can get rid of causality paradox.

Substituting value of a from Eq. (51) in Eq. (49), gener-
alised entropy simplifies to the following form’:

R2
Smotfﬂ ) = Sgravity + Smater (R U Z),

7 In our case exponential factor in the O(G(/{,) term in the total entangle-
ment entropies (54) and (74) is different from [12]. Which can be seen
as follow: Relevant term is S ~ % log[g(a)g(b)]. Now using Eq. (19).
This term can be written as:

owy _ 2w (r2 + douen)

total Gn

o et ((r+r_r)3_(br_)) HE=
+§10g b/ci
+0(Gn),

Sout =280
2 1(kr

. r_e e+ (b4rs) <_(r+_r’)—(_h_r)> 2(*— 1)
+§10g bki
+O(Gy). (54)

Therefore total entanglement entropy in the presence of
island surface is twice of the Bekenstein—-Hawking entropy
of the black hole plus matter contribution. If we consider only
leading order term in G then we can see that total entangle-
ment entropy of an eternal Reissner—Nordstrom black hole in
the presence of O(R?) terms reaches a constant value consis-
tent with the literatures. It is interesting to notice that A ren
dependence is appearing in higher order in Gy similar to
[21]. In the @ — O then Eq. (54) reduces to,

(0) _27'[73» Cc

Stotal - GN 3

2
—ky (b r2
roemt O (W)

2
bry

(=-1)

D=

x log

. (55)

which is the almost same as in [12]. From Eq. (54), it is clear
that total entanglement entropy at late times is constant. Com-
bining Egs. (24) and (54) we obtain the Page curves. Con-
sidering only leading order term in Eq. (54), and substituting

Footnote 7 continued

1(&,
c ryr— r? Ak
3% e \a=—r—r)

~ —1lo e—K+(a+b)

Smaller

(52)

Now substituting a = ry in the above equation we obtain:
2 1 (k4
—ky (b+ry) re 2 (Z*l)
r-e ((u—u)(h—u))

2
brcy

~ glog (53)

S ‘matter

This will not affect the Page curve of the Reissner—Nordstrom black hole
in the « — 0 limit because to obtain the Page curve we are considering
only leading order term in Eqs. (54) and (74) which in the « — 0
limit reduces to leading order term in Eq. (30). Same thing can also be
verified by substituting the value of a from Eq. (51) in Eq. (49) and
performing small G 5 expansion and retaining the terms up to O(G(z)v)~

@ Springer
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ro =M+ /M?— Q2 we obtain:
- <<M =) +4a)

Gy

Stotal = ’ (5 6)
where « in the above equation (and anywhere in this section)
iS aep, for the sake of simplicity we have just written «. We
have plotted the Page curves of the charged black hole in the
presence of(’)(R2) terms for, M =1, Q = 0.8, Gy = 1, for
various values of the Gauss—Bonnet coupling («) in Fig. 5.

In Fig. 5, diagonal green line corresponds to the linear
time growth of the entanglement entropy of the Hawking
radiation (24) and red, green and blue horizontal lines which
are constant in time correspond to the leading order term in
G y in entanglement entropy in the presence of island surface
(56) for o = 0.2, 0, —0.2. From the graph it is clear that as
« is increasing Page curves are shifting towards later time
and when « is decreasing Page curves are shifting towards
earlier time. #1p,,. . 22p,,, and 73, in the Fig. 5 are Page time
for @ = 0.2, 0, —0.2 respectively.

Page Time: Since at 1 = age, S E = Siotal, therefore
we obtain the Page time in the presence of O(R?) terms by
equating Eqgs. (24) and (54) and is given below:

HD __ 67 (rJ2r+40‘)

t
Page ekt Gy

3S5h 120
- 27TCTRN c GNTRN

0) 12a
=1 Page

. 57
¢ GNTrRN ©7
From the above equation it is clear that in « — 0 limit, the
Page time of the Reissner—Nordstrom black hole in the pres-
ence of O(R?) terms reduces to Page time of the Reissner—
Nordstrom black hole (31) without higher derivative terms.

6wr2
0
bane ~ (58)

ck+ Gy
Since in Eqgs. (54) and (57), Gauss—Bonnet coupling («)
is coming with positive sign, therefore we obtain the Page
curves at later or earlier time when « is increasing or decreas-
ing.

Scrambling time: Substituting the value of a from
Eq. (51) in Eq. (32), scrambling time of the charged black
hole in the presence of O(RZ) terms turns out to be:

HD 2r? 7 (2A2ren (0 — Mry) +1%)
tscr ~ re—r IOg r2 GN
- +

+small. 59)

In the above equation if we take A2 ren — O limit then we
obtain the scrambling time of the Reissner—Nordstrom black

@ Springer

hole (33) in the absence of higher derivative terms. Perform-
ing small A2 ren expansion of the Eq. (59), we obtain

HD 2r42_ nr}_ 212 ren (Q2 — Mr+)
Iser ™ log| == | + ’
—r_ Gy

4+ (rp —ro) r_%_

1 2 2 _Mr
_ 10g (S](a(i_)l) 4 2,ren (Q 5 +)
27 TrRN (ry —r_)ry

2
ts(gr) + 2)\2,ren (Q - Mr+).
(rp —ro) r_%_

(60)

From the above equation it is clear that scrambling time of
the charged black hole in the presence of higher derivative
terms will increase or decrease depending on whether second
term in Eq. (60) is positive or negative.

4 Page curves of charged black hole in
Einstein-Gauss—-Bonnet gravity

In this section we are going to calculate the Page curves of
charged black hole in Einstein-Gauss—Bonnet gravity using
Dong formula (40). Working action with vanishing cosmo-
logical constant is [23]:

s = 212 d*x/=gIRIgl + aLos — Fu F™1, (61)
where R[g] is the Ricci scalar, Lgp is the Gauss—Bonnet
term (5) and F,, is the field strength tensor corresponding
to gauge field A, in four dimensions. Wald entropy of the
charged black hole in Einstein—Gauss—Bonnet gravity can be
obtained from Egs. (35), (36), (37) and (61) and is given as:

(EGB) _ o) _ T [ o  4a(ry +6r)
Swaid . = SpH = Gr (V ¥t BT
T

~x (2 +4a). (62)

Holographic entanglement entropy for the action (61) was
calculated in [9,49,50] and is given below:

2
4G /d yx/_
x|:l +ot(2R[g] —4( lgln®int — %KiKi)

_K! ,,K“b)ﬂ (63)

where /& is the determinant of the following induced metric
on constant ¢, r = a surface:

S, gravity =—

+2 (Rp,vpo [g]nl/- an

ds? = hypdx®dx’ = a? (d92 + sin? ed¢2) . (64)

Now we are going to simplify Eq. (63) using Gauss—Codazzi
equation [21,50],
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Fig. 5 Page curves of an SEE
eternal Reissner—Nordstrom a0l
black hole for various values of | .
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considering only leading order S~ g K.t -~
term in G in total | /,’
entanglement entropy in the i
. 30 e
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Rlg] = RIIT] = Rynpolgln™'n" n{ng + 2Ry lgIn" n}'
~K'K; + K, K. (65)

From Egs. (63) and (65) entanglement entropy in Einstein—

Gauss—Bonnet gravity simplifies to the following form

(which is the gravitational contribution the generalised
entropy):

1
Seravity = 7 f d*yv/h (1 +2aR[T]), (66)

and matter contribution to the entanglement entropy is [12]%:
Smatter(R U I)
= % log[2*g*(a)g* (b) cosh (k114) cosh? (k4 1)]

+§x+<r*(a> + (b))

¢ [ cosh (k4. (r«(a) — r«(b))) — cosh (k1 (ta — 1p))
3 [Cosh (k4 (rs(a) — r«(b))) + cosh (ky (ta — tb))]'
(67)

Entanglement entropy at late times, 7, , > b > r4 is given
by the following expression:

Slate time(R U I)

matter

¢ 5 ) 2c
= ¢ loglg*(@)g” ()] + Zier4(b)
12 —(r2/r?)
L8[ ppmertoma]a=re | lazr [T
3 b —ry b —r_
ke (rb) =1 (a)—zrb)} 7 (68)

8 Matter contributions to the entanglement entropy is same as [12] up
to some point which can be obtained using Eqgs. (15), (16), (19), (22)
and (25). Therefore we are writing the final result up to that point.

where r,(b) and g(a), g(b) can be obtained from Eqgs. (16)
and (19). From Egs. (66) and (68), generalised entropy of the
charged black hole in the Einstein—Gauss—Bonnet gravity is:

. AZ] 1
Seen(@) :MmI[ExtI< it m/ 2V

X (2aR[9Z]) + Smatter(R U Z))} (69)

where first term in the above equation is coming from the
first term in Eq. (66). For the induce metric (64), we find
that: R[0Z] = a% Therefore gravitational contribution to
entanglement entropy (66) simplifies to:

27 a? 4o
Soravity = —— (1 4+ — ] . 70
gravity Gy < + a2 ) ( )

Now generalised entropy will be given by sum of Eqgs. (68)
and (70),

27 a? 4o c
Sen(@) ~ (1 + a_z) + ¢ loglg® (@)g* ()]
2c
+?K+V*(b)
1/2 —(r2/r2)
+£ _26—K+(b—a) a—r4 a—r |7 71)
3 b — I+ b — r_ ’

where we did not consider the small 7, dependent term in
Eq. (71). Location of the island surface can be found by
extremizing the above equation with respect to a, i.e.,

2

=\ T e Gri—b)
EN 4 ¢ ( = ) e
gen (@) LTty + T —0, (72

da N 30 -b) iR
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Eq. (72) has the following solution,

22

c2 (H-V—) _?Gi’e%ﬁr(m—b)

b—r_

14472r3 (b — ry)

arxry+ (73)

Now substituting value of a from Eq. (73) in Eq. (71),
total entanglement entropy of the charged Einstein—Gauss—
Bonnet black hole at late times (71) simplifies to the follow-
ing form®:

EGB _ 2T (4o +r3)

total G—

N

2
—feyOtry) (=
ree O ((r+—r_><b—r_>)

2
biy

(-1

Nl—

+<
— 10
3 g

sEap = 25%)

otal
2 1k
—kp (b+ rs 2!
r_e K+ (+ry) <(r+—r)(h—r)> ( )

2
bry

+<1
— 10
3 log

(74)

Since for the charged black hole in Einstein—Gauss—Bonnet
gravity total entanglement entropy at late times (74) is same
as total entanglement entropy for the charged black hole in
higher derivative gravity with O(R?) terms given in Eq. (54).
Therefore Page curves of the charged black hole in Einstein—
Gauss—Bonnet gravity will be same as the Page curves of
charged black hole in higher derivative gravity with O(R?)
terms (Fig. 5).

Page Time: Since at r = tﬁgg, Sl = SEGB therefore
on equating (24) and (71), we obtain the Page time of the
charged Einstein—Gauss—Bonnet black hole as given below:

EGB _ 6 (4a + rf_)

Page — cKq Gy

O3S 12«
a 2ncIrn ¢ GNIRN

0) 12
= tPage

_— (75)
¢ GNTIRN

From Egs. (71) and (75) we can see that in the « — 0 limit
we obtain the total entanglement entropy at late times and
Page time of charged black hole without higher derivative
term as reviewed in Sect. 2.2. Physical significance of the
Gauss—Bonnet term is that when Gauss—Bonnet coupling is
increasing then we are getting the Page curves at later time
and when Gauss—Bonnet coupling is decreasing then we are
getting the Page curves at earlier time with reference to Page

9 As explained in footnote 7 that matter contribution, Smater (R U 7),
has different exponential factor in our case.
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curve of charged black hole without higher derivative terms,
i.e., Page curve of the Reissner—Nordstrom black hole.
Scrambling time: In this case scrambling time is unaf-
fected by the higher derivative terms and is same as scram-
bling time of the Reissner—Nordstrém black hole [12],

2r2 wr? 1
BB~ T _og | =) +small =
‘ (ry —r-) Gn 2w TrN

x log (S](a(g) + small = ts(g) + small. (76)

5 Conclusion and discussion

In this paper we have obtained the Page curves of an eter-
nal Reissner—Nordstrom black hole in the presence of higher
derivative terms where entanglement entropy had been cal-
culated using the formula given in [9].

Island rule was originated by coupling the evaporating JT
(Jackiw—Teitelboim) black hole plus conformal matter to two
dimensional CFT bath [8]. Idea was to consider a black hole
in JT gravity plus conformal matter (JT gravity + 2D CFT)
to a CFT bath. There are three equivalent descriptions of this
setup.

e 2D-Gravity: Black hole in JT gravity plus matter theory
is coupled to 2D CFT bath where we are collecting the
Hawking radiation.

e 3D-Gravity: The CFT bath has its own holographic dual
which is Ad S;3.

e QM: Boundary of JT gravity plus matter theory is one
dimensional QM system. Third description is 2D CFT
bath with some boundary QM degrees of freedom.

Island rule for evaporating black holes in the above setup
arises in a beautiful way that extra dimension(radial coordi-
nate) in Ad S3 background connects the CFT bath to a region
in the interior of the black hole which is known as, “Island”,
which appear at late times. Initially there is no island and
one finds that entanglement entropy of Hawking radiation is
increasing linearly with time and after the Page time island
comes into the picture (which gives finite contribution to the
entanglement entropy) and we obtain the Page curve. Above
discussion depends strongly on holographic duality.

Island formula can be derived from gravitational path inte-
gral using replica trick for special JT black holes as done in
[51,52]. It was discussed by authors that one obtains the Page
curve of eternal black holes in the following way. There are
two saddles: disconnected and connected. Below the Page
time disconnected saddle dominates and after the Page time
connected saddle dominates which is replica wormhole. Dis-
connected saddle is responsible for the linear time growth
of entanglement entropy of the Hawking radiation and con-
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nected saddle gives the finite contribution. Combination of
contributions from the disconnected and connected saddles
to the entanglement entropy of Hawking radiation reproduces
the Page curve. The argument of [51] is also applicable to n
boundary wormholes which are known as replica wormholes.

In this paper we are focusing on non-holographic models
therefore we should be careful when we will be discussing the
higher dimensional asymptotically flat black holes. Since we
are assuming that observer is very far away from the black
hole therefore we can use s-wave approximation to calcu-
late the entanglement entropy of Hawking radiation using
formula for 2D CFT. Most of the papers existing in the lit-
erature discuss the application of island proposal to higher
dimensional asymptotically flat black holes for the eternal
black holes only. There is a paper [21] in which authors have
discussed the Page curve in higher dimensional evaporating
black hole in the presence of higher derivative terms in the
gravitational action.

Effect of higher derivative terms on the Page curve had
been explored in [21] for the neutral black hole. Authors con-
sidered the eternal black hole as well as evaporating black
hole in their study. They focus only on the general O(R?)
terms in the gravitational action as higher derivative terms.
We consider the non-extremal Reissner—Nordstrom black
hole and we are focusing only on the eternal black hole. It is
nice to study the effect of the Gauss—Bonnet coupling on the
Page curves of Reissner—Nordstrom black hole. Presence of
higher derivative terms in the gravitational action affect the
Page time, scrambling time and Page curves of eternal black
holes. Following are the main results obtained in this paper.

1. In the first case we considered the general O(R?) terms
in the gravitational action as discussed in [21] and calcu-
lated the Page curves. We find that, since initially there
is no island surface, the entanglement entropy of the
Hawking radiation increases linearly with time forever.
Therefore we have information paradox for the charged
black hole in the presence of O(R?) terms. At late times
island emerges and entanglement entropy of the Hawking
radiation reaches a constant value which is twice of the
Bekenstein—Hawking entropy of the black hole and we
obtain the Page curves for fix values of the Gauss—Bonnet
coupling («). In this case we find that as Gauss—Bonnet
coupling («) increases Page curves shift towards later
times and when Gauss—Bonnet coupling (o) decreases
Page curves shift towards earlier times.

2. In the second case we considered only Gauss—Bonnet
term as higher derivative term which is relevant to study-
ing the charged black hole in Einstein—-Gauss—Bonnet
gravity [23]. Similar to the first case we calculated the
Page curves in this setup, i.e., of charged Einstein—
Gauss—Bonnet black hole [12]. Similar to the first case we
have linear time growth of the entanglement entropy of

the Hawking radiation at earlier times and island emerges
at late times which saturates the linear time growth of the
Hawking radiation and entanglement entropy of Hawk-
ing radiation becomes equal to twice of the Bekenstein—
Hawking entropy of the black hole. Therefore we obtain
the Page curves of the charged Einstein—-Gauss—Bonnet
black hole in four dimensions. Interestingly we find a
similar behaviour of the Page curves with Gauss—Bonnet
coupling as discussed earlier in the first case.

3. Inthe first case scrambling time of the charged black hole
is affected by the higher derivative terms. It will increase
if the correction term is positive and decrease if the cor-
rection term is negative. Further if we take the coupling
appearing in scrambling time to zero then we recover the
scrambling time of the Reissner—Nordstrém black hole.
In the second case, i.e., when we consider only Gauss—
Bonnet term as higher derivative term, scrambling time
is unaffected by the higher derivative term and is same as
scrambling time of the Reissner—Nordstrom black hole.

4. In the limit of vanishing Gauss—Bonnet coupling, we
obtain the Page curve of the Reissner—Nordstrom black
hole as obtained in [12].
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