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We propose an interpolating equation of state that satisfies phenomenologically established boundary 
conditions in two extreme regimes at high temperature and low baryon density and at low temperature 
and high baryon density. We confirm that the hadron resonance gas model with the Carnahan-Starling 
excluded volume effect can reasonably fit the empirical equation of state at high density up to several 
times the normal nuclear density. We identify the onsets of strange particles and quantify the strangeness 
contents in dense matter. We finally discuss the finite temperature effects and estimate the thermal index 
�th as a function of the baryon density, which should be a crucial input for the core-collapse supernova 
and the binary neutron star merger simulations.

© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

Strongly interacting matter has been investigated well in two 
extremes of the temperature T and baryochemical potential μB . 
The heavy-ion collision experiments realize matter at high-T and 
low-μB , which can also be studied by the Monte-Carlo simulation 
of quantum chromodynamics (QCD) on the lattice [1,2]. Another 
extreme matter at low-T and high-μB is found in cores of neutron 
stars, for which the Monte-Carlo lattice-QCD simulation is of no 
use due to the notorious sign problem.

Confronting the lattice-QCD thermodynamics, the hadron reso-
nance gas (HRG) model has become a common tool to approximate 
the equation of state (EoS) below the critical temperature Tc ∼
150 MeV (see, e.g., Ref. [3] for a recent review). The HRG model is a 
parameter-free description of thermal properties with experimen-
tally observed particle and resonance spectra. In the HRG model, 
nonperturbative hadronic interactions are assumed to be domi-
nated by poles and branch cuts corresponding to resonances [4]. 
The ideal HRG (IHRG) model consists of noninteracting hadrons 
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and resonances, and yet, its validity has been endorsed by the 
successful thermal fit of particle abundances in heavy-ion collision 
experiments. The IHRG EoS is recently extended to the terrain of 
finite baryochemical potential in a region of μB/3 � T [5], guided 
by the conserved charge susceptibilities from lattice-QCD calcula-
tions [6–8]. This region may include a possibility of Quarkyonic 
matter [9–13] and the associated triple-point structure in the QCD 
phase diagram [14]. Furthermore, owing to its parameter-free na-
ture, it can also be applied to a wide variety of problems such as a 
reference for baryon number fluctuations [15], a shift of the chem-
ical freezeout due to the inverse magnetic catalysis [16], and the 
rotational effect on the deconfinement temperature [17], to men-
tion a few.

Thermodynamic quantities from the IHRG model, however, 
blow up above Tc . We expect that the validity region of the HRG 
model could be extended to higher temperature by introducing 
the interaction effect. The excluded volume (EV) effect is the sim-
plest way to implement the interacting HRG and the formulation 
was given in Ref. [18]; the short-range repulsive interaction was 
modeled via a hard-core correction following the thermodynami-
cally consistent way as developed in Ref. [19] (see also Ref. [20]). 
By supplementing the repulsive interaction with an additional at-
tractive interaction, the interacting HRG model amounts to the van 
der Waals (VDW) EoS [21,22] (see also Ref. [23] and references 
therein). Albeit a few known theoretical problems [24], this crude 
le under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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model approach is successful in describing the lattice-QCD results 
including the EoS and the cumulants (see, e.g., Refs. [18,21]). In-
deed the nuclear interaction has an intricate structure, but the 
nuclear matter properties can be captured by two parameters (see, 
e.g., Refs. [25,26] for the two-parameter nuclear matter description 
by the scattering length and the effective range).

Up to here, we have reviewed the interacting HRG model in 
the context of high-T and low-μB studies. Then, it is a natural 
anticipation that the same machinery of the interacting HRG model 
can also work at low-T for astrophysical applications; interestingly 
enough, this idea of applying the HRG description for neutron stars 
can be traced back to the pioneering work by Hagedorn [27] more 
than half a century ago even before the discovery of pulsars. One 
might think that this anticipation is immediately falsified by the 
nuclear liquid-gas phase transition of first order in the low-T and 
high-μB region. Although the IHRG model is unable to describe 
the first-order phase transition, the interacting VDW-HRG model 
can properly account for the liquid-gas phase transition as studied 
in Refs. [21,28].

In the present work, we will look into the EoS from the VDW-
HRG model by making a quantitative comparison with the Chiral 
Effective Field Theory (χEFT). We will show that the hard-core 
EV effect violates the causality, but the VDW-HRG model with re-
fined repulsive interaction leads to more reasonable behavior at 
low T and high μB . The modified repulsive interaction is incor-
porated à la Carnahan-Starling (CS) [29]. The CS excluded vol-
ume has been adopted in the hadron physics [30–32], and astro-
physics [33,34]. Within the HRG model with the CS-type EV, i.e., 
the CS-HRG model, we will construct the EoS, p(nB ) (the pressure 
vs. the baryon number density), for dense and warm matter at 
T < 60 MeV. Even though the parameters in the CS-HRG model are 
fixed by the χEFT, the CS-HRG can provide us with useful insights. 
One example is that we can diagnose the strangeness contents in 
dense matter hadron by hadron. Another useful application is the 
finite-T extension of the EoS; in many simulations of binary neu-
tron star mergers the thermal component of the EoS is treated as 
an ideal gas for convenience [35,36], and there is a recent discus-
sion in the astrophysical context [37] that thermal pions could be 
important.

At the conceptual level, the interacting HRG model embodies 
the idea of Quarkyonic matter that claims continuous duality be-
tween baryonic and quark matter (see, however, Ref. [38] for the 
earlier analysis based on the VDW model indicating the large-Nc
transition between Nc = 3 and Nc → ∞). The idea is consonant 
to the crossover EoS construction based on quark-hadron conti-
nuity [39–41]. There are theoretical attempts to build a Quarky-
onic model [42–49], and as argued in a quantum percolation pic-
ture [50] quark degrees of freedom emerge from interactions. In 
this sense, the interacting HRG model could be regarded as a 
concrete modeling that exhibits the quark-hadron duality from 
the hadronic side. This theoretical argument also justifies the ex-
tended validity of the interacting hadronic model for high-T and/or 
high-μB matter in which quark degrees of freedom could be mixed 
together.

We note that, throughout this work, we use natural units; c =
h̄ = kB = 1.

2. Interacting hadron resonance gas model

The HRG encompasses the numerous contributions from exper-
imentally measured states of hadrons and resonances. The total 
thermodynamic quantities, such as the pressure, can be decom-
posed into three pieces:

p(T ,μ) = pM(T ,μ) + pB(T ,μ) + p ¯ (T ,μ) , (1)
B

2

where M , B , and B̄ denote contributions from mesons, baryons, 
and anti-baryons, respectively, and μ = (μB , μQ , μS ) are the 
chemical potentials conjugate to the net baryon number B , the 
electric charge Q , and the strangeness S . We here limit our-
selves to B = 1 baryons and B = −1 anti-baryons, and we discard 
composite baryons with B > 1 such as the deuteron, light nuclei, 
hypernuclei, etc.; the deuteron, for example becomes unbound in 
neutron-rich matter. Moreover, since matter itself is a gigantic nu-
cleus (if it is self-bound), light cluster contributions may lead to 
double-counting problems. For our HRG model in this work, we 
have adopted the particle data group list of particles and res-
onances (where the resonances are handled in the zero-width 
approximation; see Ref. [51] for a refined S-matrix treatment of 
resonances) contained in the THERMUS-V3.0 package [52].

2.1. Ideal hadron resonance gas (IHRG)

In the IHRG model, each particle is treated as the Bose/Fermi 
ideal (i.e., non-interacting) gas. In this model, the mesonic, the 
baryonic, and the anti-baryonic contributions in Eq. (1) are given 
by

pM/B/B̄(T ,μ) =
∑

i∈M/B/B̄

pid
i (T ,μi) , (2)

where the pressure function pid
i in the grand canonical ensemble 

is

pid
i (T ,μi) = ± gi T

2π2

∞∫
0

k2dk ln
[

1 ± e−(Ei−μi)/T
]

. (3)

We note that the overall + (−) sign corresponds to the fermion 
(boson). The energy dispersion is Ei =

√
k2 + m2

i with the spin 
degeneracy factor, gi = 2si + 1, and the chemical potential, μi =
BiμB + Q iμQ + SiμS , of the particle species i.

The other thermodynamic quantities such as the number den-
sity ni and the energy density εi can also be derived accordingly 
as

nid
i (T ,μi) = gi

2π2

∞∫
0

k2dk

e(Ei−μi)/T ± 1
, (4)

εid
i (T ,μi) = gi

2π2

∞∫
0

k2dk

e(Ei−μi)/T ± 1
Ei . (5)

For cold matter at T = 0 we can analytically carry out the 
fermion integrals (and mesons are irrelevant) to find the pres-

sure, pid
i (μi) = gi

24π2

[
μikF,i

(
μ2

i − 5
2 m2

i

) + 3
2 m4

i ln
(

kF,i+μi
mi

)]
, and 

the number and the energy densities are nid
i (μi) = gi

6π2 k3
F,i and 

εid
i (μi) = gi

16π2

[
μikF,i(2μ2

i − m2
i )−m4

i ln
(

kF,i+μi
mi

)]
, with the Fermi 

momentum being kF,i =
√

μ2
i − m2

i .

2.2. Van der Waals hadron resonance gas (VDW-HRG)

In this work, we incorporate the interaction effect based on the 
VDW construction, which comprises the repulsive interaction by 
the EV effect and the attractive interaction. The VDW EoS was orig-
inally formulated in classical systems in the canonical ensemble 
with the fixed number of particles, and thus the following two ex-
tensions were necessary: the reformulation in the grand canonical 
ensemble was given in Ref. [28], and the quantum statistics was 
taken into account in Refs. [53,54]. Hereafter, we will employ the 



Y. Fujimoto, K. Fukushima, Y. Hidaka et al. Physics Letters B 835 (2022) 137524
formulation in Ref. [55]. At this point, we shall make a comment 
on the interactions. We will consider the interaction effect only in 
the B sector. At zero and low temperatures, the B̄ sector is sim-
ply negligible. The reason why we neglect the interaction in the 
M sector is that mesons are only weakly interacting in the limit 
of large colors. Indeed, the substantial mesonic EV effect leads to 
the discrepancy between the EV-HRG and the lattice-QCD data due 
to too strong suppression of thermodynamic quantities, which was 
already implied in Figure 4 of Ref. [18].

To introduce the repulsive interaction through the EV effect, we 
replace the volume V in the partition function by f (η)V with η
being the packing fraction.1 The function f (η) ∈ (0, 1] measures 
the volume fraction in which particles with hard sphere can move 
around. The concrete expression of f (η) will be given soon in 
Eqs. (11), and (12). The packing fraction, η, can be related to the 
hard-sphere radius, R , as η = 4π

3 R3n (see Ref. [55] for more de-
scription).

The VDW-HRG model in the B sector can be obtained from the 
pressure defined by

pB(T ,μ) = [ f (ηB) − ηB f ′(ηB)]
∑
i∈B

pid
i (T , μ̂i) − an2

B , (6)

where the last term ∝ a represents the attractive interaction effect, 
and the shifted chemical potential μ̂i is

μ̂i = μi + �μB , (7)

�μB = bB

4
f ′(ηB)

∑
i∈B

pid
i (T , μ̂i) + 2anB , (8)

with bB ≡ 1
2 · 4π

3 (2R)3 being the eigenvolume of baryons.
From Eq. (8), the energy density is immediately derived as

εB(T ,μ) = f (ηB)
∑
i∈B

εid
i (T , μ̂i) − an2

B . (9)

The physical meaning of this pressure expression should be trans-
parent from the density, that is, the μB -derivative of the pressure:

nB(T ,μ) = f (ηB)
∑
i∈B

nid
i (T , μ̂i) . (10)

For the conventional VDW model, the standard choice of f (η)

is

fVDW(η) = 1 − 4η . (11)

By definition the range of fVDW(η) must be limited within 0 <
fVDW(η) ≤ 1, where fVDW = 1 refers to the no EV limit and fVDW =
0 corresponds to the maximal packing. When the maximal packing 
is reached at η = 1/4, the thermodynamic quantities become sin-
gular. Singularity in the thermodynamic quantities at the maximal 
packing leads to the acausal behavior in the speed of sound cs > 1, 
where the speed of sound is defined as c2

s ≡ ∂ p/∂ε. In the neu-
tron star environment, using the hard-sphere radius R B = 0.511 fm
(which will be determined in Sec. 4.1), we have a rough estimate 
for the maximal packing density as to nB � 2.8 n0 and the density 
at which the superluminal speed of sound (cs > 1) is reached as to 
nB � 2.2 n0; n0 = 0.16 fm−3 is the normal nuclear density. These 
values are lower than the density in central cores of typical-mass 
neutron stars, and the above simple choice (11) is obviously inap-
propriate.

1 Strictly speaking, the EV effect has to be introduced through the canonical par-
tition function as formulated originally.
3

2.3. Carnahan-Starling (CS) refinement of the excluded volume term

In the VDW-type EV treatment, the interaction sphere is too 
rigid and the maximal packing occurs at unphysically low den-
sity. It would be sensible to smear the interaction clouds so that 
the EV effects can mildly set in. For the astrophysical application, 
therefore, we should improve the function (11) and a promising 
candidate is the Carnahan-Starling (CS)-type EV [29].

For the CS-HRG model [55], the choice of f (η) is

fCS(η) = exp

[
− (4 − 3η)η

(1 − η)2

]
. (12)

When η � 1, we can easily confirm that fCS(η) ≈ 1 − 4η =
fVDW(η) up to the linear order in η. Here again, the range of fCS
must be limited within 0 < fCS ≤ 1. The maximal packing occurs 
at η = 1. The corresponding density, nB = 4η/b = 3/(4π R3

B), then 
reaches nB = 11.2 n0 with R B = 0.511 fm. Because of a longer tail 
up to η ∼ 1/2 in Eq. (12) as compared to a sharp drop at η = 1/4
in Eq. (11), the maximal packing density in the CS-type EV is about 
four times larger than that of the VDW-type EV, which extends the 
validity range. This is a naïve estimate, and the serious calculation 
concerning the causality gives a rather smaller value of the limit-
ing density, i.e., nB � 3.7 n0 for R B = 0.511 fm.

2.4. Need for the attractive interaction

In the spirit of the HRG model, the attractive interaction lead-
ing to the resonance formation is implicitly incorporated through 
added resonances; however, not all the attractive interactions are 
taken into account by resonances. The nuclear force has attractive 
regions, which are dominated by one-pion exchange, as well as re-
pulsive regions by the exchange of heavy mesons and multi-pions, 
as seen also in the first-principles lattice-QCD calculation [56]. The 
VDW model is not the direct description of the nuclear force itself 
but it can emulate such characteristics of the nuclear force; the 
EV effect captures the repulsive core nature at short range, while 
the intermediate and long-range parts are reasonably captured by 
resonances and the attractive interaction term in the VDW model.

One might wonder how that the attractive term ∝ a affects 
physical observables. Only to avoid singular behavior of thermody-
namic quantities, the minimal model with either VDW- or CS-type 
EV would be enough. We would, however, stress that the attrac-
tive term is indispensable for quantitative analysis. We will come 
back to this point when we discuss the M-R relation using the EoS 
from the CS-HRG model later.

3. EoS construction

We are ready to construct the EoS for neutron stars at T = 0
as well as for compact-binary mergers and supernovae at T > 0. 
Under these circumstances, the system is β-equilibrated via the 
weak processes such as

n → p + 
 + ν̄
 , p + 
 → n + ν
 , (13)

�− → n + 
 + ν̄
 , n + 
 → �− + ν
 , (14)

and neutral in the electric charge. These conditions of β-equilib-
rium and electric charge neutrality amount to setting the values of 
the chemical potentials, μQ and μS .

Owing to large asymmetry of baryons and anti-baryons at high 
μB , we can safely neglect the anti-baryonic contribution to the 
EoS, and we can also drop the mesonic contribution at T = 0. 
The meson condensation would cause subtlety; in particular, neg-
atively charged pions would form a condensate when μ
 > mπ− , 
where μ
 is the leptochemical potential and mπ− = 140 MeV is 
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Fig. 1. EoS for neutron star matter calculated from the CS-HRG model at T = 0. The 
IHRG results and the phenomenological nuclear EoS (SLy4 [57]), together with the 
N3LO χEFT EoS [58,59] (to which our parameters are fitted) are shown.

the pion mass. We assume no condensate and this will be justified 
self-consistently as shown in Fig. 3. The values of μ
 at various 
temperatures in Fig. 3 do not exceed mπ .

We impose the following conditions on μQ and μS :

nQ (T ,μ) − n
(T ,μ
) = 0 , (15)

μS = 0 , (16)

where nQ is the electric charge density in the interacting HRG 
model, whose expression is given by

nQ (T ,μ) = f (ηB)
∑
i∈B

Q in
id
i (T ,μB + �μB + Q iμQ )

+
∑
i∈M

Q in
id
i (T , Q iμQ ) .

(17)

For the expression of the lepton density, n
 , we substitute the elec-
tron mass, me = 0.511 MeV, and the muon mass, mμ = 106 MeV
for the mass in the free particle expression (4):

n
(T ,μ
) = nid
i=e(T ,μ
;me) + nid

i=μ(T ,μ
;mμ) . (18)

We neglected the neutrino contribution by assuming that neutri-
nos quickly escape in neutron star systems both for T = 0 and 
T > 0, which is justified for ordinary neutron stars. Now we can 
solve these conditions to find

μQ + μ
 = 0 , μS = 0 . (19)

For the actual procedures, we fix the value of nB , and solve 
Eqs. (10)-(8), (15), and (16) in terms of three variables, μB , μQ (=
−μ
), and �μB . Once three variables are obtained, we can com-
pute the thermodynamic quantities correspondingly. We note in 
passing that μB and �μB always appear in the combination of 
μ̂B ≡ μB + �μB , so that we can separately treat Eq. (8) and solve 
two coupled equations to determine μ̂B and μQ .

With bearing the application to neutron stars in mind, we cal-
culate the EoS at T = 0 following the procedures outlined above. 
We plot our main results for the EoS from the CS-HRG model in 
Fig. 1. The two parameters, R B and a, are fitted to reproduce the 
N3LO χEFT EoS, which is taken from Ref. [58] based on the pure 
neutron and symmetric nuclear matter calculations [59]. It is evi-
dent from the comparison between our results (by the thick curve) 
and the IHRG results (by the dashed curve) that the interaction 
is crucial for neutron star matter. We also observe that our fitted 
EoS stays close to the phenomenological nuclear EoS, for which 
we choose SLy4 [57]. It should be noted that the VDW-HRG model 
4

Fig. 2. EoS calculated from the CS-HRG model at finite T . The T = 0 results are the 
same as shown in Fig. 1 but the scale is magnified.

Fig. 3. Lepton chemical potential μ
 = −μQ obtained by solving the electric charge 
neutrality and the β-equilibrium conditions.

with fVDW(η) in Eq. (11) can by no means fit the N3LO χEFT nor 
the SLy4 EoS at all. In Fig. 1 there appears a bump around the 
nB = 1.8 n0; it is related to the onset of hyperons as discussed later 
in Fig. 5. Here, too rapid stiffening is tamed by softening induced 
by the appearance of hyperons.

The interacting HRG model has originally been used in the 
finite-T circumstances, so it should be a reasonable setup for gen-
eralizing the EoS construction to the finite-T case. In this way, the 
finite-T EoS has been obtained from the CS-HRG model and we 
plot the results at T = 0, 20, 30, 40, and 50 MeV in Fig. 2. Over-
all, the pressure becomes higher with increasing T as expected, 
but we find an exception; the EoS at T = 20 MeV goes below the 
T = 0 EoS around nB � 1.8 n0. We can understand this as follows. 
At T = 0 new particles cannot appear until the density exceeds the 
mass threshold. Below the onset density, the EoS becomes stiffer 
as the density rises up. On the other hand, at finite T , the EoS 
can accommodate any massive particles according to the thermal 
weights, which makes a qualitative difference from the T = 0 EoS 
and explains the change of the ordering around nB � 1.8 n0.

Finally, we show the leptochemical potential μ
 in Fig. 3. As 
we already mentioned before, μ
 never exceeds the pion mass for 
any temperature and density. This self-consistently justifies our as-
sumption of no meson condensate.

4. Astrophysical applications

We will showcase the numerical results for the EoS and the 
phenomenological implications at T = 0 and finite T in order. The 
density and temperature reached in supernovae are as high as 
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Fig. 4. M-R relation corresponding to the EoS in Fig. 1. The thick (dashed) curve 
represents the result with (without) the attractive interaction. The radius constraints 
from the NICER collaboration are shown: (J0030+0451 at M = 1.4 M�) Ref. [60] and 
Ref. [61] conclude a smaller (84% CL) and a larger (68% CL) radius, respectively. 
(J0740+6620 at M = 2 M�) Ref. [62] and Ref. [63] conclude a smaller (84% CL) and 
a larger (68% CL) radius, respectively.

nB ∼ 2-3 n0 and T ∼ 100 MeV while those in neutron star merg-
ers are nB � 5 n0 and T � 50 MeV.

4.1. Neutron star matter and structure at T = 0

With the EoS from the CS-HRG model, we calculate the mass-
radius (M-R) relation by solving the Tolman-Oppenheimer-Volkoff 
(TOV) equation. As shown in Fig. 4, our EoS incidentally matches 
with the phenomenologically accepted EoSs such as SLy4, even in 
the crust region of neutron stars, and so we use our EoS down 
to the surface of the star when solving the TOV equation; see 
Ref. [64]. We compare the cases with/without the attractive inter-
action. If we turn off the attractive interaction at a = 0, the radius 
at M = 1.4 M� is too large and out of the NICER observation as 
seen in Fig. 4. Usually, the lower density part of the EoS is re-
sponsible for the radius of stars, and a larger radius is favored for 
a stiffer EoS at low density. This tendency can be confirmed in 
Fig. 1; the IHRG EoS is constructed without the attractive interac-
tion, and the lower density part (nB/n0 � 1) from the IHRG model 
exceeds that from the CS-HRG model. This behavior is consistent 
with such an interpretation that the EoS without attractive inter-
action gives too stiff EoS at low density and leads to a too large 
radius.

As mentioned earlier, for R B = 0.511 fm, the maximum pack-
ing density, above which the model breaks down, is nB = 11.2 n0
for the CS-HRG model. On the M-R relation, the maximum mass 
of M = 2.56 M� is attained at nB = 9.32 n0, which certainly lies 
within the validity range of the CS-HRG model. Regarding the max-
imum mass, some controversies are unavoidable. Combining the 
GW170817 event with the accompanying electromagnetic obser-
vation, the maximum mass could be constrained to be at most 
� 2.3 M� [65–68]. Meanwhile, a compact object with ∼ 2.6 M�
has been observed in the GW190814, which may be identified as 
a massive neutron star. Near the maximum mass region, another 
subtlety arises from a possible transition to quark matter [69,70]. 
It is a nontrivial question where the validity bound of our model 
should be. If we locate the validity bound at nB � 3.7 n0 (see 
explanations in Sec. 2.3), our model should be very apt up to 
M � 1.5 M� .

The HRG model provides us with a convenient picture to probe 
the particle abundances. In Fig. 5 we show the fraction Yi = ni/nB

of the particle species i. At small density, the neutron, n, is domi-
nant with a small fraction of the proton, p, which slowly increases 
with increasing density. The onset of the hyperons is observed 
5

Fig. 5. Particle fraction Yi = ni/nB corresponding to the EoS in Fig. 1. The finite-T
results are overlaid by dotted curves.

slightly below 2 n0. As is consistent with the conventional scenario 
(see, e.g., Sec. 5 of Ref. [71]), �− is activated first as we increase 
the density, and then  is produced afterwards.

4.2. Thermal index

In the applications for astrophysical phenomena such as su-
pernovae and binary neutron star mergers, the thermal correc-
tions to the EoS are often modeled by an ideal gas approxima-
tion [35,36,73]. In order to define the thermal part of the EoS, 
which is parametrized by the thermal index, �th, we introduce 
the rest-mass density of baryons as ρB = mBnB with the nucleon 
mass, mB = 939 MeV. We can decompose the energy density ε as 
ε = (1 + e)ρB , where e is the specific internal energy. We can add 
the thermal corrections to the pressure and the energy on top of 
the T = 0 parts as

p = pT =0 + pth , e = eT =0 + eth . (20)

In the simulations of neutron star mergers, the cold (T = 0) com-
ponent is used before shock heating associated with the stellar 
collision sets in. The relation between the thermal pressure and 
the energy should be supplemented with the additional constraint, 
that is commonly parametrized by

pth = (�th − 1)ρB eth . (21)

In the phenomenological studies, �th is a free parameter. It is 
customary to choose �th around ∼ 1.7. For example, �th = 1.8 was 
adopted in Ref. [74]. If �th is too small (like ∼ 1.3), the thermal 
pressure is not large enough to sustain matter, resulting in a rapid 
proto-neutron star contraction for supernovae, and in a faster col-
lapse of merger remnants to black holes for binary merger. In this 
way, smaller values of �th may have impact on core-collapse su-
pernova and binary neutron star merger simulations [75]. In con-
trast, a larger �th (like ∼ 2.0) would elongate the life-time of the 
post-merger dynamics. Thus, for reliable theoretical predictions, it 
is of utmost importance to constrain �th. Moreover, although it is 
often assumed to be constant, �th may depend on the density and 
temperature [72].

We can make use of our EoS to infer �th, which can be repre-
sented in terms of the thermodynamic quantities as

�th = 1 + pth

ethρB
= 1 + pth

εth
. (22)

Here, εth = ρB eth is the thermal part of the energy density. In 
Fig. 6, we show our estimate for the thermal index, �th, as a func-
tion of the density. We find that �th becomes less sensitive to 
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Fig. 6. Thermal index �th corresponding to the EoS shown in Fig. 2. For reference, 
the ab initio calculations for pure neutron matter [72] are overlaid in the gray color 
with the same line style as our results. The canonical value of the adiabatic index 
for non-relativistic ideal gas, � = 5/3, is shown by a horizontal line.

the density as T gets larger; e.g., �th is almost constant around 
∼ 1.4 at T = 50 MeV. The preceding ab initio calculation based 
on χEFT [72] is also overlaid on Fig. 6. Our �th and the ab ini-
tio �th [72] differ qualitatively; it may be partially because the 
slope of the ab initio EoS at T = 0 is gentle compared with the 
state-of-the-art χEFT EoS [58,59] to which our model is fitted to. 
We note that �th in Fig. 6 is computed under the assumption of 
neutrinoless β-equilibrium. The values of �th shown in this figure 
may deviate from effective values realized in dynamical astrophysi-
cal phenomena, particularly when neutrinos are trapped inside hot 
neutron stars.

5. Summary and outlooks

We demonstrated a successful construction of the equation of 
state based on the van der Waals prescription of the hadron res-
onance gas model with the Carnahan-Starling refinement of the 
excluded volume term. The ideal hadron resonance gas description 
does not work at high density as shown in Fig. 1; at T = 0 both the 
repulsive and the attractive interactions are crucial. In our proposal 
a very simple parametrization can fit in with the empirical EoSs. 
This provides us with an intuitive picture of the Quarkyonic regime 
as well as a practically useful tool for phenomenological studies. It 
is then a straightforward extension to include the finite-T correc-
tions. We quantified the thermal index, �th, as a function of the 
density for various temperatures. Our estimated �th favors a rather 
smaller value than the conventionally adopted one.

Our present modeling is the simplest one, and we can con-
sider improvements in many respects. For example, the interaction 
should be species dependent, and in particular, the strangeness 
sector could behave differently. In some channels involving the 
strangeness, the Pauli blocking is relaxed and the short-range re-
pulsive core is absent. As neutron stars contain hyperons as in-
evitable physical degrees of freedom, the flavor-dependent interac-
tions should be considered along the line of Ref. [22]. It is also an 
interesting question to think of meson interaction effects. More-
over, since the validity region of our proposed model should cover 
the high-T and low-μB regime, we can apply our predicted EoS 
for the heavy-ion collision experiments at lower collision energies. 
These await to be investigated as future extensions.
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