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ABSTRACT: We consider the construction of genus zero correlators of SU(N ) WZW models
involving two Kac-Moody primaries in the fundamental and two in the anti-fundamental
representation from modular averaging of the contribution of the vacuum conformal block.
We perform the averaging by two prescriptions — averaging over the stabiliser group
associated with the correlator and averaging over the entire modular group. For the first
method, in cases where we find the orbit of the vacuum conformal block to be finite,
modular averaging reproduces the exact result for the correlators. In other cases, we
perform the modular averaging numerically, the results are in agreement with the exact
answers. Construction of correlators from averaging over whole of the modular group is
more involved. Here, we find some examples where modular averaging does not reproduce
the correlator. We find a close relationship between the modular averaging sums of the
theories related by level-rank duality. We establish a one to one correspondence between
elements of the orbits of the vacuum conformal blocks of dual theories. The contributions
of paired terms to their respective correlators are simply related. One consequence of
this is that the ratio between the OPE coefficients associated with dual correlators can
be obtained analytically without performing the sums involved in the modular averagings.
The pairing of terms in the modular averaging sums for dual theories suggests an interesting
connection between level-rank duality and semi-classical holographic computations of the

correlators in the theories.
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1 Introduction

The bootstrap [1, 2] serves as an extremely useful tool in the study of conformal field
theories (see [3-6] for reviews). An interesting direction of study is its interplay with
duality symmetries. For example, in [7] it was found that S-duality invariant points of N=4
supersymmetric Yang-Mill saturate the bootstrap bounds on the anomalous dimensions of
low twist non-BPS operators, in [8] it was found that crossing has interesting implications
for the structure of the S-matrix in Chern Simons theories with matter. Recently, a rather
simple proposal has been put forward to generate crossing symmetric genus zero correlation
functions in two dimensional conformal field theories [9]. In this paper, we construct
correlation functions in SU(N); WZW models using the proposal and examine level-rank
duality of the models in this context.

In two dimensions, crossing together with modular invariance has provided strong
constraints from the early days [11-20]. For some recent developments in 2D bootstrap
see [21]-[41], and in particular [42]-[48] for work on theories with currents. The basic
idea in [9] is to make use of transformation properties of conformal blocks under crossing



to arrive at crossing symmetric candidate correlation functions. Correlation functions are
generated by starting from a seed contribution (as given by the contributions of confor-
mal blocks of some primaries of low dimension running in the intermediate channel) and
summing over the orbit of the seed under crossing transformations to obtain a crossing
symmetric candidate correlation function. In two dimensions, crossing symmetry acts as
the modular group on conformal blocks. Thus the sum over the orbit of the seed contribu-
tion corresponds to “modular averaging”.! It was shown in [9] that modular averaging can
be used to successfully compute genus zero four point functions of minimal models. Mod-
ular averaging has appeared in the physics literature in the context of three-dimensional
quantum gravity and is often referred to as Farey tail sums (see e.g. [49-55]). It was argued
in [9] that terms that arise from the orbit of the seed contribution would arise naturally in
a semiclassical holographic AdS3 dual computation of the CFT correlator.

Our focus will be on WZW correlators of [12], involving two Kac-Moody primaries
in the fundamental and two in the anti-fundamental representation. Here, we perform
modular averaging by both the prescriptions given in [9] - averaging over the stabiliser
subgroup of the correlator and over the entire modular group, mostly focussing on the
first one (we review these prescription in section 2). For averaging performed using the
stabilser group, we find that the correlators can be constructed from modular averaging
of the contribution of the vacuum block in all the cases we examine. Primary examples
of models where the sums can be done exactly are models with N = k (the orbits for
these models are finite). For models where we have not been able to show that the orbit
is finite, we consider examples with specific values of IV and k, and perform the averaging
numerically. Construction of correlators from averaging over whole of the modular group is
more involved. Here, we find some examples where modular averaging does not reproduce
the correlator.

An interesting feature of WZW models is level-rank duality [56]. Dual primary fields
under N < k are related by transposition of the Young tableaux of their representations.
The correlators considered in this paper are the simplest related to each other by this
duality. From the point of view of modular averaging, both N and k simply appear
as parameters in the matrices associated with the action of the modular group on the
conformal blocks. Thus modular averaging puts N and k in a more equal footing; one can
hope that writing correlators as modular averages can reveal various aspects of level-rank
duality. This expectation is borne out. We establish a one to one correspondence between
elements of the orbits of the vacuum conformal blocks of dual theories. The contributions
of paired terms to their respective correlators are simply related. This allows us to obtain
the ratio between the OPE coeflicients associated with dual correlators analytically without
performing the sums involved in the modular averagings. The pairing of terms also indicates
that holographic computations can make some properties of the level-rank duality manifest.

This paper is organised as follows. In section 2, we briefly review some basic ingredients
that will be necessary for our analysis. In section 3 (and appendix A) we obtain the

!This is very similar in spirit to the proposal of [10] to compute partition functions from vacuum
characters.



transformation properties of the conformal blocks of the correlators under the action of the
modular group. In section 4 (and appendices C, D) we compute correlators by modular
averaging. In section 5, we examine level-rank duality.

2 Review

We start by recalling some basic facts about four point functions in two dimensional con-
formal field theories. We then go on to describe the proposal of [9] to construct crossing
symmetric correlation functions from modular averaging.

The four-point correlator of operators O1, O2, O3 and O4 in 2D CFTs on the Riemann
sphere can be written as the product of a factor that determines its transformation prop-
erties under global conformal transformations and a function of a conformally invariant
cross-ratio. It will be our convention to take

(O1(21,21)O2(22, 22)O3(23, 23)O4 (24, 24)) = Go(2a, Za) G1234(2, T) (2.1)
with i
Go(za:2a) = [ ] (" 25", (2.2)
a<b

where zq, = 24 — 2 (a,0=1. 4), pap = (% 23:1 he) — hg — hy (h; being the dimensions of
the operators O;) and the cross-ratio

212234

xr = .
214232

(2.3)

Conformal transformations can be used to set z9 to 0 and z3 to 1 and set z4 to infinity,
the coordinate z; then corresponds to the cross-ratio. Thus the cross-ratio space is the
Riemann sphere with three punctures.

Correlators in two dimensional CFTs can be constructed from holomorphic and anti-
holomorophic conformal blocks. Although correlators need to be single valued functions of
the cross-ratio space,? there is no such requirement on the conformal blocks. Conformal
blocks have monodromies in the cross-ratio space. Thus it is natural to consider confor-
mal blocks as functions in the universal covering space of the cross-ratio space. This is
H, = {u+iv | v >0 and u,v € R}, the upper half plane.> The elliptic lambda function

o= (35) &

where 7 = u+iv provides a surjective map (z = A(7)) from H to the cross-ratio space [57].

PSL(2,Z) action on the upper half plane has a close connection to the map. Under the
action of the generators of the modular group

1
T:t—w7+1and S:7— ——, (2.5)
T

2We will be dealing with bosonic operators.
3The observation that conformal blocks should be single-valued on the upper half plane was made in [58],
where an elliptic recursion representation was obtained for them.



images in the cross-ratio space have rather simple transformations

T -x=

xland S-x=1—u. (2.6)

Furthermore, the function A(7) is invariant under the normal subgroup I'(2) of PSL(2,Z):
A(yT) = A1), Vv € T'(2). (2.7)

Thus, the condition that correlators have to be single valued in the cross-ratio space trans-
lates to invariance under I'(2) in Hy.

At this stage, it is natural to seek for the interpretation of the action of the entire
PSL(2,Z) on the correlators in the CFT. For this, one has to look at crossing symmetry.
For a general ordering of the operators, we define

<Op(zp7 Ep)Oq(zqv Zq)or(zrv 27”)08(287 Es» = GO (Zay 2(1)qu7‘5 (wpqr& «qurs)a (28)
with Gg as defined in (2.2) and o
Pgers
rs — . 2.
Tpq ZpsZrg (2.9)

Note that with this we have = x1234, where z is the cross-ratio introduced in (2.3). Our
choice of Gy is invariant under permutations of the operators {O,(z,)} inside the correlator
thus crossing symmetry reduces to the statement that Gapeq(Zapeq) is invariant under action
of the same permutation on {a, b, ¢,d} in both the subscripts. Permutations that leave the
cross ratio x invariant yield:

Gi234(2,T) = Goiaz(2, Z) = G3a12(x, ) = Gazgo1 (2, T). (2.10)

On the other hand, permutations which act non-trivially on the cross-ratio* give

T T 1 1 11
G ,z) =G — — =G —— | =G -, =
1284(2, ) 1243<:r—1 :Z‘—l) 3241(1—:E 1—;?) 3214<J) x>

R (2.11)
xTr — xr —
=G4231(1—$,1—36)=G4213< ol R )

T

The arguments of the functions in (2.11) can be related by the actions of S and 7" as given
in (2.6). The actions are isomorphic to the anharmonic group, Ss. This is precisely equal
to PSL(2,7Z)/T'(2). Thus crossing symmetry and single valuedness® together specify the
full PSL(2,Z) action on the correlators. Combining (2.6), (2.10) and (2.11) they can be
written in a very compact form [9]:

G(yr,v7) = o(y) - G(r,7), ~€PSL(2,Z) (2.12)
where

G = (G1234(7,7), Go134(7, 7), Garza(7, 7), Graza (7, 7), Goz1 (7, 7), Gaazi (1, 7)) (2.13)

“These relations differ from the ones in [9] since our choice for the cross-ratio x is different.

®Recall that correlators need to be invariant under T'(2) so that they are single valued.



and o(v) are the six dimensional matrices associated with the linear representation of
PSL(2,Z)/I'(2) = S3 with

000001 010000
001000 100000
010000 000100
o(S) = 000010 and o(T) = 001000 (2.14)
000100 000001
100000 000010

We note that there is further simplification when all or some of the operators O, are
identical. For instance, in the case that all the four operators are identical G has only one
independent component. Equation (2.12) requires it to be a modular invariant scalar.

Modular averaging can be used to obtain solutions of equations of the form of (2.12).
The general structure of four point functions in a CFT gives fiducial functions over which
the averaging can be performed. Conformal invariance implies that the stripped correla-
tors in (2.8) can be written as a sum over contributions associated with conformal pri-
maries (¢r):

_ _95 _p
Gpars(y,9) = Z COqud)kCOrOsd)k X yh¢k 3 yh 3 Fdifrs( s Y)s (2.15)
k

where Co,0,4,, Co,0.¢, are three point structure constants, $ = (h, + hq + h, + hs) and
9 = (hy + hq + hy + hs). The functions qurs(y y) are analytic at y, y = 0 and qurs(() 0) =

1. It will be our convention to call {yh% 3yh¢’k 3qu1§«5(y,y)} as the conformal block
corresponding to primary ¢r. These can be further factorized into holomorphic and anti-
holomorchic conformal blocks for each ¢5. Given the form of (2.15), in the limit of y — 0
the stripped correlator is well approximated by including contributions from the low lying
primaries that appear in the sum i.e.

Gpars (Y, J) ~ Gﬁgﬁ‘ﬁ (y,9)

97
Z C0y0q6x COLOy X Yo~ 3y ox™ qu’;s( ,g) for y—0. (2.16)
k‘gkrnax

where the sum now runs over primaries which have weights less than or equal to
(h‘kmdx7h
weight. Reference [9] proposed that modular averaging of G can be used to construct

The simplest approximation is to keep only the primary with the lowest

mdx)'

candidate CFT correlators which satisfy the requirements single-valuedness and crossing.

Gendidate(r 7 = NTH N o7 () - Gy, y7), (2.17)
~EPSL(2,Z)

where N is a normalisation which can be determined from the 7 — ico (y — 0) behaviour
of G(r,7). In general, the sum in (2.17) is difficult to perform and might even need
regularisation. The complications associated with dealing with a sum involving vector
valued modular objects can be ameliorated for correlators with identical operators. As



described earlier, in the presence of identical operators, various components of G (as defined
in (2.13)) become related - the vector space effectively collapses to a lower dimensional one.
As a result, the subgroup of PSL(2,7Z) that leaves any particular component of the vector
inert under action of o(7) is enhanced.® If the subgroup associated with the component G,
in the collapsed vector space is I'y, a natural candidate G, can be constructed by defining

Ggandidate(T; 7—_) — N_l . Z Ggght(ryfr, ’77_—) (218)
Y€l

The above program to obtain CF'T correlators was implemented for minimal models
in [9]. It was found that for a large number of them, the candidate correlators did match
with the exact ones by taking only the contribution of the Virasoro vacuum block while
constructing G}light - the lightest block served the purpose.

3 SU(N)r WZW model: conformal blocks, actions of S and T

As mentioned in the introduction, our focus will be on WZW correlators involving two Kac-
Moody primaries in the fundamental and two in the anti-fundamental representation. In
this section, we will obtain the transformation properties of the conformal blocks associated
with the correlators under the action of crossing.

We begin by recalling some basic facts about the correlators (our discussion follows
that of [12, 13, 59, 60]) and in the process set up our notation. The SU(N) WZW model
at level k£ on the two sphere is described by the action:

ik

i o v —loa , — _
S o) = 167r/d22 (9”9 Dug) = 247T/Bd3X capy Tr(g ™' 0%gg 099" 0" g),

k=1,2,...
(3.1)
where ¢(z, Z) is a matrix valued bosonic field which takes values in the group SU(N). The
second term is an integral over the three ball B, whose boundary is the two sphere. The
pre-factors of the two terms in the action are chosen so that theory is conformal at the
quantum level. The action enjoys an SU(N)(z) x SU(N)(z) invariance. The associated

currents are
J(2) = —k(0.9)g7", §(2) = kg™ (9z9) (32)

which can be expanded in terms of the generators of SU(N) as

j) =) J@ jz) =Y jHen (3-3)

a a

The Laurent series expansion coefficients of the currents together with the Virasoro gener-
ators generate two copies of the Kac-Moody algebra at level k.

Kac-Moody primaries serve as the highest weight states in the theory. For the (N, k)
theory the spectrum of Kac-Moody primaries consists operators transforming in all repre-
sentations of SU(N) which have integrable Young tableaux i.e. those in which the number

5In the case that all the operators are distinct, this subgroup is I'(2) for all the components.



of columns is at most k. The conformal dimension of a Kac-Moody primary transforming
in a representation R is

C(R)
2(k + N)’

where C'(R) is the quadratic Casimir of the representation.

hp = (3.4)

We will follow the notation of [12] and denote a fundamental Kac-Moody primary by
9o (z,Z), where « is a fundamental index of the SU(NN) left and S is a fundamental index of
the SU(N) right. On the other hand, an anti-fundamental will be denoted by g;l" , where
where p is an anti-fundamental index of the SU(N) right and ¢ is an anti-fundamental
index of the SU(N) left. The conformal dimension of these fields can be easily obtained

from (3.4)

N2 -1
hg - hg—l - m (35)

For correlators involving two fundamentals and two anti-fundamentals, primaries that run
in the intermediate channels will be as per the fusion rules

gxg =140, gxg=£(+x, g 'xgl=¢(4x, (3.6)
where 1 is the identity field, 6 the adjoint, £ the antisymmetric and x the symmetric. The
associated dimensions are

N (N —2)(N +1)

1 =0, he N+k ¢ N(N + k)

(N+2)(N-1)
N(N + k)

and h, =

(3.7)
Our main interest will be the correlator

(9979 9) = (9. (21, 71) '9521a2(227 Z2) 'gﬁ_slas(zza, 23)  Gou (24, 24)) (3.8)

Recall that as per our conventions aq,ay are SU(N) left fundamental indices, a9, a3 are
SU(N) left anti-fundamental indices, 1, 54 are SU(N) right fundamental indices, 52, B3 are
SU(N) right anti-fundamental indices. We will be eventually interested in making choices
for the indices such that the correlator contains two pairs of identical operators so that
we can carry out modular averaging as per the prescription in (2.18). For this we need
the conformal blocks associated with the correlator and their transformations under the
modular group.

The correlator has been studied in detail in [12]. We briefly describe their analy-
sis adopting the discussion to our conventions. First, we define the stripped correlator
G020 (2, 7) as in (2.1)

(99 g g) = (] 2l 2l ) G250 (2, 7), (3.9)
a<b

where z is the cross-ratio defined in (2.3). Invariance of the correlator under SU(N) left
and right implies

Gz, m) = > (1a)(Ip)Gas(x, 7). (3.10)
A,B=1,2



where
I =052058, Iy = 600008, I = 053052 and I = 665 (3.11)

o1 %ay B3 a1 Yay B3 B2"
One then imposes the Knizhnik-Zamolodchikov (KZ) equations on the correlator. The
KZ equations are a consequence of the Kac-Moody symmetries. For a correlator involving
Kac-Moody primaries ¢;, transforming in the representations R; they are

1 2ath, @, _ i} .
o D T ) om0V (312
JFi
where t%, are SU(N) generators in the representation R;. Similar set of equations hold
in the anti-holomorphic coordinates. Imposing them on the correlator (3.8) yields the
following equations for the matrix Gap defined in (3.10).
oG [1 oG 1 1

B = P—I-xilQ}G and — G{_Pt+_Qt]a (3.13)

T or T z—1

where the matrices P and @) are given by

1 2(N2-1) N 1 _N23+2 0
- _ 3 - _
b= N(k+ N) 0 _% and @ = N(k+ N) N 2(N;71) - (3.14)

The general solution to these equations takes the form
Gap(x,7) = X;jFii(x)FL(z), (3.15)

where the indices i, j run over the primaries in the intermediate channel. These are the
identity (1) and the adjoint (0) fields. F%(z) are the conformal blocks

1 1 N )
= 1—=2— =z,
k k
h N 1N 1 N
Ff(w):xhef‘l?ﬂ(l—x)he 3 F<~_~,~+~;1+~;:IZ> ’
k. k k kK k
ah 4h N 1 N 1N
FZO(I') = —Nxhe_ 39 (1 x)hG_TgF <~ - =, = =+ ~;~;x> s (316)
kK k k k k

where k = k + N and F(a,b,c;z) is the Gauss hypergeometric function.” We define the
holomorphic and the anti-holomorphic blocks:

Flz) = I1F1]l (x) + IgFgl (x) (3.17)
FYz) = L F(2) + LF} () (3.18)
Fl(z) = LFY(2) + I,FY(z) (3.19)
FU(z) = LFY(z) + LFY(z). (3.20)

"Our conventions for the definition of the Gauss hypergeometric function will be same as that of [61].



With this, the correlator factorises into holomorphic and anti-holomorphic parts:

GPrazashi g, 7y — X F(x) F (). (3.21)

a1B28304

As discussed in section 2, general correlators transform as a six dimensional modular
vector under the action of the modular group. Just as in the correlator described above,
there are two holomorphic and two anti-holomorphic blocks associated with each corre-
lator. This implies that the vector valued modular form requires 24 coefficients for its
specification. This number is large even if one wants to carry out modular averaging as
per (2.17) numerically. Luckily, one can simplify the computation by exploiting the fact
that (3.21) implies that the X;; are independent of the SU(NN) left and right tensor indices.
We will make choices for these so that the correlator has two pairs of identical operators
i.e. we will take a1 = ay, 51 = B4, g = a3, B = [B3. With this we have

Il :IQEI and jl :fQEf (322)

As a result, the six dimensional vector space collapses to a three dimensional one (after
use of equation (2.10)):

G_' _ (G510420<2,31 (7_7 7:)7 G51a201152 (7_7 7:)7 Gﬁlalazﬁz (7_’ 7—_)) : (3‘23)

a1B2B201 a1B2B1a2 a1B1 8202

its transformations under the modular group as given by (2.12) reduces to

G(T-7,T-7)=0o(T) G(r,7)

N T (3.24)
GS-7,85-7)=0(9) G(r,7),
where
010 100
oT)=|100],008)=]001]. (3.25)
001 010

We list the conformal blocks associated with the three correlators in (3.23) and their
transformation properties under the modular group in appendix A.

We will primarily perform the modular averaging as per the algorithm in (2.18) (al-
though also briefly consider averaging as per the prescription in (2.17) in appendix D). For
the representation of PSL(2,Z) generated by the matrices in (3.25), it is easy to see that
the vector (1,0,0) is left invariant by the subgroup generated by the actions of S and T2.
This is called the theta group [62]. This subgroup is an index 3 subgroup of PSL(2,7)
which contains I'(2) as an index 2 normal subgroup. In order to carry out the modular
averaging as per (2.18), we require the actions of the elements of this subgroup on the
conformal blocks associated with the stripped correlator Ggllgzgjgi (7,7). These blocks are

H'(z) = IF (z) + IF} (v)
H0 () = IFY(z) + IFY(z), (3.26)

with I and I as defined in (3.22).



The transformation properties of these blocks under S and 72 can be obtained from
appendix A. The action of T2 is given by

H; (T%.z) = H; (x) My;(T?), (3.27)
where
oy _ —ian(N2—1)/3nk (10
M(T?)=e ( )/ 0 ei%N/l%) ) (3.28)
The action of S is given by
Hi (S.CI}) = Hj (1‘) Mji(S), (3.29)
where ) 3 B ~
kD(N/E)T(k/k) NT2(N/k)
B - T(1/k)r(~1/k) - T(N/k—1/k)T(N/k+1/k)
M) =1 ) ED(N/E)E (/) (3.30)
NT(k/k—1/k)T(k/k+1/k) r(1/k)T(-1/k)

Successive actions of M (T?) and M(S) can be used to obtain the action of any element
v of the theta subgroup of the modular group on H;(z), we shall denote the associated
matrix by M (). With the definitions in (3.26), the most general form of solutions to the
KZ equations with two identical operators can be written as

Gorazeb (. 3y = X M () (7). (3.31)

a1B2B201

Under the action of an element v of the theta subgroup, the matrix X transforms as
X = M(7)XM'(y). (3.32)
We note that under composition

M (v2.71) = M(71).M(72)- (3.33)

4 Correlators from modular averaging

Having obtained the transformation properties of the conformal blocks we now turn to
constructing correlators from modular averaging. In this section, we will carry out the
modular averaging as per the prescription in (2.18). As described in the previous section,
we will focus on the correlator (3.8) after making choices for SU(V) left and right indices
so that two pairs of operators are identical. G&" will be taken to be the contribution of
the vacuum conformal block, as in [9] we will refer to this as the seed contribution. The
transformation (3.32) of the matrix X implies that one can write the result of modular
averaging as

X =N ST M) - Creea - M), (4.1)

ye Il

where we have used I" to denote the theta subgroup and

Cseed = <(1) 8) . (42)

~10 -



The normalization constant A is determined by demanding [X]1; = 1, so that the z — 0
behaviour of the correlator is correct. For comparison we record the (exact)result of [12]:

1 0

XKz — F 1 Ry - (4.3)
0 I'(N/k—1/k)D(N/k+1/k)T%(1-N/k) . .
N2T(1-N/k+1/k)T(1—N/k—1/k)T'2(N/k)

Before carrying out the sum in explicit examples, let us discuss some generalities. Any
element of I' can be expressed as

y=T?M8T?2 8. .. ST, (4.4)

for some choice of integers n; (see e.g. [59]). Since we are dealing with a normalised sum,
the sum can be reduced to be over the orbit of Cgeeq. Given this, our interest shall be
in v whose action will generate distinct elements. In this context, note that for all (N, k)
the action of M (T?) on Cyeeq is trivial. Also, in the representations under consideration
(which are given in (3.28)), T2 has finite order. Thus, all distinct M(y) can be generated
by considering non-negative values of n; upto the order of 72. Furthermore, for M(vy) of
the form €1, its action (3.32) on any X is trivial. We define m(N, k) as the smallest
positive integer such that

M(T?™NR)Y o 1, (4.5)

With this, given the trivial actions described above, a list of s whose actions contain the
orbit of Cgeeq can be constructed by considering 1 and all elements of the form

y=S8T?MS...ST%", (4.6)

with ¢ taking values over natural numbers, r; = 1---(m — 1) for ¢ = 1---(¢{ — 1) and
r¢e = 0---(m —1). We define the length of an element in the list to be the value of ¢
associated with it (and denote it as £()). 1 is defined to be the element of zero length.
The composition rule (3.33) implies

M(y) = M(T*"*)M(S) -~ M(S)M(T*")M(S). (4.7)

If the stabilser of Cyeeq under the action Cseeq — M (7) - Cseed - M ()T has finite index,
then the sum reduces to a finite number of terms. Otherwise, one has to deal with an
infinite sum. We begin by discussing some models in which the stabiliser is of finite index.

Models with N = k are particularly simple. For N = k, the actions of S and T as
given by (3.30) and (3.28) can be written as

in~ s _2mi (V2o ]
M(S):< oo k“’s%>, M(T?) = ¢ 555 ( 0). (4.8)

s : v
— 7 COS 5 —singp 0-1

Note that M(T%) oc 1, thus the highest power of T that needs to be included while
generating the matrices M (7) in the list in (4.6) is T2. Let us start by discussing a
particular example.

- 11 -



1 1
se (L)
43 12

10
ol
U

Table 1. Orbit of the vacuum block for N =3,k =3

N =3,k =3: for N=3,k=3, the matrices M(S) and M(T?) are

138 w6xi [ 1 0
M(S)—( 7 T ) M(T?)—ew<0_1> (19)

The orbit of Cyeeq consists of three matrices. It is generated by the action of 1,5 and ST?.
We tabulate the results of these actions in table 1. The normalised sum over the orbit (4.1)
reproduces the KZ result.

For general values N (= k), one can show that the orbit of Cyeeq is finite by taking
repeated products of the matrices M (S) and M (T?). The orbit is the set

.. 92 1 .
sSin” « —z SInCOoS
1 o kl 2 (410)
—E S111 (v COS ¥ 2 COSs™ «v

where o = % with s = 0---(k — 1) for k odd, and o = 57 with s =0---(2k — 1) for
k even (we derive this in appendix B).
The sums over the orbits can be performed using the identities

k—1 k—1

2 1 k (2 (2 1)
ZsinQW(;;):Q: cos® 8+ Zsm S+ =0
s=0 s=0

for k odd and
2k—1 s 2k—1 . 2k—1 s

Z 51112 = Z cos? 2% sin? =0

s=0 s=0

for k even. Normahslng the sum, one finds

1 0
X = 4.11
<0 1/k2> ) ( )
which is in agreement with (4.3).

We now turn to models with N # k models with finite orbits. For k = 1 and any finite
N the actions of S and T2 as given by (3.30) and (3.28) take the identity block to a multiple

- 12 —



of itself. Thus the adjoint block decouples and upon modular averaging the correlator is
given by |F(7)|?, in keeping with [12]. Next, we discuss two models: N = 4,k = 2 and
N = 2,k = 4. These examples will reappear in our discussion of the properties of modular

averaging under interchange of N and k in section 5.

N =4,k =2: for N =4k =2 we note that M (7°) oc 1. The orbit of Cyeq consists
of four matrices. It is generated by the action of 1, S, ST? and ST*. The normalised sum
over the orbit (4.1) reproduces the KZ result which is 16%3/5.

N =2,k =4: for N =2k =4 we note that M (T°) oc 1. The orbit of Cyeq consists
of four matrices. It is generated by the action of 1, S, ST? and ST*. The normalised sum
over the orbit (4.1) reproduces the KZ result which is 2—\%/1.

Finally, we present some models whose orbits do not seem to be finite. We will analyse
the models numerically. As described in our general discussion in the beginning of the
section, a list of s whose actions contain the orbit of Cseeq can be obtained by considering
elements of the form (4.6). To implement the numerics, we will organise the sum over the

actions of the elements of the list in terms of the length of the elements. We define®

/!

Xav(gmax) == N(gmax)_l : Z M(’Y) : Cseed : M(’V)t (412)
£(7) <lmax

where the primed sum indicates that we include distinct elements of the orbit of Cgeeq in
the sum. The normalisation constant N (¢pax) is determined by requiring X3 (fmax) = 1,

so that the x — 0 behaviour of the correlator is correctly reproduced at every value of £y,,y.

N =2,k =3: for N=2 k=3, we have performed sum in (4.12) upto lpmax = 9. This
involves 429226 distinct contributions to the sum. We find X345 (9) = 0.29863, which is in
good agreement with the exact result (4.3), XX? ~ 0.29831. The off diagonal entries of
X (9) are of the order of 10713, Figure 1 shows our results for X35 (yax) as a function
of lmax. Note that X235 (/max) approaches the exact result in an oscillatory manner. Prior
to normalisation of the sum, both the (1,1)-element as well as the (2,2)-element of the
matrix have approximately linear growths (all terms in the sum make positive definite
contributions to these elements). However, as exhibited by the plot, the ratio of the two
quantities (which is X33 (fmax)) tends to a constant. Off-diagonal entries are small as a
result of phase cancellations.

N =3, k=2: for N=3,k=2, we have performed sum in (4.12) upto ¢pax = 9. This
involves 429226 distinct contributions to the sum. We find X45(9) = 0.0932166, which is in
good agreement with the exact result (4.3), X% ~ 0.0931172. The off diagonal entries of
X®(9) are of the order of 10714, Figure 2 shows our results for X%y (/max) as a function of
lmax- As in the previous example, X35 (¢max) approaches the exact result in an oscillatory
manner. Other features of the numerics are also similar.”

80ur implementation of the numerics is similar to [9].
9This is also true for all models that we study numerically.
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X33 (max)
032

0.31

0.30 -

0.29 -

0.27

Figure 1. Orange dots show X33 ({max) in the range [0.268,0.320] plotted against fy.x. Blue
horizontal line at 0.29831 represents Xi5%.

X33 (max)
0.200

0.095 |-

0.090 -

0.085 -

Figure 2. Orange dots show X33 ({max) in the range [0.084,0.100] plotted against fiax. Blue
horizontal line at 0.0931172 represents X152

N =4, k = 3: for N = 4,k = 3, we have performed sum in (4.12) upto fpax = 8.
This involves 2338785 distinct contributions to the sum. We find X5 (8) = 0.0592407,
which is in good agreement with the exact result (4.3), XX% ~ 0.0591147. The off diagonal
entries of X2(8) are of the order of 1074, Figure 3 shows our results for X33 ({yax) as a
function of £ ax.

N = 3, k = 4: for N = 3,k = 4, we have performed sum in (4.12) upto fmax = 8.
This involves 2338785 distinct contributions to the sum. We find X235 (8) = 0.117725,
which is in good agreement with the exact result (4.3), XX? ~ 0.117474. The off diagonal
entries of X2'(8) are of the order of 10714, Figure 4 shows our results for X3y (/nax) as a
function of £pax.

It is interesting to ask whether it is possible to develop an understanding of the nature
of the orbit associated with the (IV, k) model and at what value of ¢ it terminates (if at all).
We have developed a systematic algorithm for this purpose, we discuss this in appendix F.

As the values of N and k are increased the numerics can become quite involved. Getting
accurate results might require large values of {max. Models with (N, k) equals to (5,6) and
(6,5) provide examples of this. We discuss them in appendix C.
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X35 (lmax)
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Figure 3. Orange dots show X33 ({max) in the range [0.0425,0.0650] plotted against fp,ax. Blue
horizontal line at 0.0591147 represents X157

X33 (max)

0.13

0.12-

0.11

0.10-

0.09 -

‘ ‘ ‘ ‘ ‘ ‘ -
1 2 3 4 5 6 7 8

Figure 4. Orange dots show X33 ({max) in the range [0.084,0.130] plotted against {ya. Blue

horizontal line at 0.117474 represents XisZ.

Large IN:

interesting from the point of view of holography

M (T?) have following %

m2(k2-1
M(S) — %"' G(kN2 )

@ 47Tk 7rz
€ 2{

dm+1

where (™

expansions upto order

~N+ &~
(—14+ &) % .

§N7( 2k + 3ky () (1))

1/Vk2+3

it is interesting to comsider the large N limit of the system, this can be

For finite k, the matrices M (S) and

N2

Ry : (4.13)
6kN?
23
-1) 0
1)1/%)
% +@ B 2T ()t
1/% V2 4 6(— 1/6}
(4.14)

)(2) = Zzmsr InI'(2) is the Polygamma function. We have performed modular

averaging using above matrices and obtained the associated correlators (it is not possible

to carry out the sums analytically, we have performed them making specific choices of N

~15 —



av
X22

0.00008 -

0.00006

[ ]
0.00004 -

0.00002 - b4 °
°
°
°
“"I““I““I““I““I.““,
100 150 200 250 300 350 400

Figure 5. Plot for £ = 2. Red dots show X33(1) while blue dots show X3y (2) in the range
[0,0.0000965] plotted against N. Green dots represent X7 against N.

av
X22

0.00015 -
0.00010 -

0.00005

? L J (] @ @ @

100 150 200 250 300 350 400

Figure 6. Plot for £ = 3. Red dots show X3y(1) while blue dots show X33(2) in the range
[0,0.0001750] plotted against N. Green dots represent XX7? against N.

and k with (N > k) using the numerical recipe described in the first part of this section).
The agreement with the results of KZ is good even for low values of /.

The results the for k = 2, 3 at fpax = 1, 2 are summarised in figures 5, 6. The
results indicate that one can obtain correlators by taking the large N limit of the matrices
M(S) and M(T?) (even working at low £). This hints that low £ terms should be the most
relevant in the context of semi-classical holography.

Finally, we have also considered the prescription for constructing correlators by aver-
aging over the whole PSL(2,Z) (2.17). This involves averaging over a vector and hence is
more complicated. We briefly present our results on this in appendix D and leave more
detailed explorations for the future.

In summary, in all the cases that we have examined, modular averaging over the theta
subgroup successfully reproduces the result of [12]. The correlators can be considered as
extremal in the sense of [9]. For extremal correlators, modular averaging sums can be
thought of as providing an alternate prescription for their computation. Next, we will
examine the properties of these sums involved under interchange of N and k.
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5 N <> k in modular averages

As described in the introduction, an interesting property of WZW models is level-rank
duality. In this section, we will show that there is a simple one to one correspondence
between individual terms in the modular averaging sums for correlators in the (N, k) and
(k, N) theories.

We will be simultaneously dealing with the (N, k) and (k, N) theories in this section,
let us begin by introducing notation adapted for the purpose. We will include labels in the
matrices (3.28) and (3.30) which generate the actions of S and T2, to indicate the theory
they belong to.

My 1 (T?) = o—i4m(N?=1)/3Nk ((1) emfN/l%) = gia(N.k) <(1) ewg\/:k)) (5.1)
and
kD(N/k)T(k/k) NT2(N/E)
TR (=1/k) - i1k i1k as(N, k) bs(N, k
S = ) B G
T NT(B/A—1/R)T(k/Rr1/F) /R (=1/k) ’ ’
(5.2)

We note that ds(N,k) = —as(N, k) and bs(N, k).cs(N, k) = 1 + as(N, k).ds(N, k). Also,
as(N, k) and the product bs(N, k).cs(N, k) are symmetric under the interchange of N and
k, i.e.
as(N,k) = as(k,N), ds(N,k)=ds(k,N), bs(N,k).cs(N,k)="bs(k,N).cs(k,N).
(5.3)
Recall that the matrices given in (4.7) provide a list whose actions contain the orbit of
Cseed- We will denote the matrices in the list by

Mﬁ[’k(Tl, ro .- ,Tg) = Mjl(/',k(ri) = Mva(T%e)MN’k(S) ce MN7k(S)MN,k(T2T1)MN,k(S).
(5.4)
Note that with this M]{,,k,(ri) is a function of ry,r9---ry; with r; = 1--- (m(N, k) — 1) for
i=1---(({—1)and 7y =0--- (m(N,k) — 1) with m(N, k) as defined in (4.5). We define
M&k to be the identity matrix. We now introduce another set of matrices

Mﬁr,k@l,pz D) = Mﬁf,k(l?i)
= MN’k(T_Zm)MN’k(S) ce MN7k(S)MN7k(T_2p1)MNJg(S). (55)

Mﬁ/,k(pi) is a function of py,po---p;; with p; =1--- (m(N,k) —1) fori=1--- (¢ — 1) and
pe=0---(m(N,k) —1). We will define ]\Zf]%k to be the identity matrix.
At any given length ¢, the set of matrices generated from the action of M ﬁ, (i) on

Ciseed 18 exactly same as the set generated from the action of M f\,,k(pi) on Ciyeeq i.€.
{Mﬁ,k(n)CseedMJf,k(n); ri=1---(m(N,k) —1)
fori=1--((=1)re =0 (m(N.K) =1} (56)
= {Mﬂ,k(pi)CseedMKk(pi);pi — 1 (m(N, k) — 1)

forz':1---(6—1),pg=0---(m(N,k)—1))}.
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This is a consequence of the fact that for any X following equality (between sets) holds
{ My (@) XM (T )7 = 0 (m(N.K) = 1) |
= { My p (T2 XML (T75)ip =00 (m(N,F) = 1) | (5.7)

Given the equivalence in (5.6), while carrying out modular averaging, either set can
be used to generate the sum over the orbit of Cyeeq. While establishing the relationship
between the modular averages in the (N, k) and (k, N) theories, it will be useful to generate
the orbit for the (IV, k) theory using the M f(,, , matrices and for the (k, N) theory using M ,g, N

matrices. The essential point will be to establish that the actions of the two matrices!’

Mﬁ,’k(rl,rg---rg) and M]?N(Tl,’l“g"'?"g) (5.8)

on Cgeeq are closely related. Let us begin by looking at the general from of the matrices

M&k(rl, ro---1¢) and Mﬁ,,k(rl, ro---1¢) . As shown in appendix E, they can be written as

M]év,k(Tl’ ---7y) =exp (Z’OZ(N’ k>(Z”>>

N TR NG AN 59)
cs(N, k)cf\ﬂk(rl, < ry) df\%(rl, cery)
Mf\ﬂk(rl, ---Ty) =€exp (—ia(N, k) ( Z m))
% &g\/',k(rb'“rf) bS(N7 k‘)g?[’k(rl,"'?“g) (5 10)
~€ "’K .
cs(N, k)CN,k(Tla“'W) dN,k(Tla“‘W)»
with the functions appearing above obeying the relationships
~/ _ 4 _ it
ak,N(Tla i) = aN,k(Th ST, bk,N(Tla ere) = bN,k(rh S Tp),
éﬁ,N(Tla"'Tf) = Cg\fk(’rla""rﬁ)v di,N(rla"'rf) :d§V7k(T1,"'Tg). (5'11)

)

Now, let us discuss the implications of these relations for modular averages. As men-
tioned before, we will generate the orbit of the (IV, k) theory using the matrices M ﬁ[’k and
the (k, N) theory using the le,zv matrices. Firstly, note that (5.9) and (5.10) imply that
any duplications in the action of M Jl(fJﬂ on Cgeeq implies a duplication in the action of M ,ﬁ, N

on Cieeq and vice versall i.e.

M 1 (1) Ccea My 1, (75) = M 1 (51) Cucea M 1, (51)
And MéN(Ti)CseedMll,éN (Tl) = Mlﬁ N(Si)cseedM]lLfN(Si) (5.12)

)

Furthermore, we have

MJZV,k(Ti)CseedM]T\[{k(Ti)’H = Mlﬁ,N(Ti)CseedMlz,eN(Ti)’U (5'13)

ONote since ged(k 4+ N,N) = ged(k, N) = ged(k + N, k), m(N,k) = m(k, N). This implies that the
arguments of Mﬁ,’k and ]\7[,57]\, take the same values.
HThis together with (5.6) explains why the number of duplicates for theories related under N <+ k were

same in our numerical analysis in section 4.
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and
c2(k, N)M 1, (i) Coccd MY 1 (1) | gy = 2N, B) M, 5 (1) Cucea M 5y (1) | - (5.14)
With this,'? it is natural to pair the matrix
My (1) Creea M (1)
in the orbit of Cgeeq of the (N, k) theory with the matrix
M, 5 (r1) Crecad M (1)

in the orbit of Cgeeq of the (k, N) theory. This establishes our one to one correspondence
between the terms that appear in the modular averaging sums of the two theories. Note
that (5.13) implies that the normalisations of both the sums are equal. With this, (5.14)
implies that the all paired terms in the sums contribute to the sums with the ratio

2
cs(N, k)
] 5.15
3k N) (519
Of course, since the ratio is same for all the pairs, from the point of view of modular

averaging one can trivially write the relation (even without performing the sums)

X (N W)y _ BV, k) _ KT (B/R) T2 (NVR - 1/R) T2 (N7 + 1/F) (5.16)

Xav(k,N)|,, — A(k,N) — nor2 (k/lé - 1/12) I2 (k;//% + 1/1%) I+ (N/l%)

One can check by making use of gamma function identities that this is indeed consistent
with the KZ result (4.3). Thus, the one to one correspondence between the terms in the two
sums has given us relations between OPE coefficients in the theories (as OPE coefficients
can be obtained by taking the small cross-ratio limit of the expressions of the correlators
in terms of conformal blocks).

It is natural to ask if the one to one correspondence between the terms in the modular
averaging sums in the two theories has any physical interpretation. In this context, we note
that it was argued in [9] that for “heavy operators” the modular averaging for genus zero
correlators can be interpreted as a semiclassical AdS3 dual computation. More specifically,
if the operator dimensions are of the order of the central charge (c) of the theory but less
than ¢/12 then the bulk path integral has saddles corresponding to geodesic propagation of
heavy particles between the operator insertion points in the boundary [65-74]. Performing
the sum over the saddles incorporating the back reaction of the heavy particle geodesics
on the geometry and exchange of light primaries, yields the sum over modular channels.
But, the operators considered in this article cannot be made heavy in the semiclassical
limit, since hgy/c ~ 1/Nk. One possibility is that the situation is similar to [10] where the
topological sectors for the saddle point sum was as given in the semi classical limit even in
the quantum regime. In any case, a computation similar to ours for operators satisfying the
heavy operator criterion should help reveal how level-rank duality works from a holographic
point of view.

12Tt is easy to check that these relationships hold for the (4,2) and (2,4) models (which have finite orbits).
For other models we have checked them numerically.
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6 Conclusions

In this article, we have analysed correlators involving two fundamentals and two anti-
fundamentals in SU(N); WZW theories using modular averaging. After determining the
transformations of the conformal blocks under S and T transformations, correlators were
expressed as sum of the action of the elements of the theta subgroup of PSL(2,7Z) on the
vacuum block. We found that for all models with N = k the orbit of the vacuum block
is finite and modular averaging reproduces the correlators correctly. In models where we
were unable to characterise the orbit we performed the sums numerically; modular averag-
ing successfully reproduced the correlators, providing strong evidence that the correlators
examined in this paper are extremal in the sense of [9]. We also considered construction
of correlators from averaging of the entire modular group. This is more involved. Here
we have found examples where the averaging does not reproduce the correlator (see ap-
pendix D). Interestingly, [9] argues that it is the modular averaging over the theta subgroup
that has a direct interpretation in the holographic context.

We have found a close relationship between modular averaging for correlators involving
fundamentals and anti-fundamentals in the (N, k) and (k, N) theories. In section 5, we
established a one to one correspondence between the orbits of the vacuum conformal blocks
of the two theories. The contributions of the paired terms to their respective sums was
given by a ratio of elements of braids matrices in the theories. This allowed us to obtain
a simple relationship between OPE coefficients. A prescription relating general correlators
of WZW models under level-rank duality has been given in [56]. The braid matrices of the
theories for general correlators have been related in [63, 64]. It will be interesting to study
the implications of these relations for modular averaging in more general correlators.

As discussed in the later part of the previous section, we believe that our results give a
strong hint that holographic computations can make various aspects of level-rank duality in
WZW models manifest. A first step in this direction can be to consider correlators of heavy
operators in the theories and analyse their conformal blocks in the semi-classical limit.
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A Conformal blocks and their transformations

In this appendix, we list the conformal blocks associate with the following three

correlators!?
(9oa " (21, 21) - 95, " (22, 22) - 95, " (23, 23) - 9as ™ (2, 7)) (A.1)
(900" (21, 21) - 93, " (22, 22) - 9as ™ (23, 23) - 95, " (20, 7)) (A.2)
(9or " (21, 21) - 9au " (22, 22) - g5, " (23, 23) - 95" (2, 7)) (A.3)

13The other three independent correlators in (2.13) are related to these by the interchange Iy <+ I>. Thus
they can be easily obtained from the data in this appendix.
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and their transformation properties under the modular tranformations (after the identifi-
cation (3.22) described in section 3). We will refer to the correlators listed above as the
first, second and third correlators. Blocks and their transformation matrices will be given
subscripts to indicate the correlator they belong to.

For the first correlator

(9o (21,21) - 95, " (22, 22) - 95" (23, 23) - o™ (24, 20))
the holomorphic conformal blocks'* are
Fly(@) = LFGy, () + LFj,(2),
Fly(@) = LFGy, (@) + LF) (@), (A.4)

where

1y, N
k k
4hg hg N 1 N 1 N
Fe r) =z 3 (1 $h6_3F<~—~’~+~;1+..;$>7
() (1—=x) Tt .
4h 4h N 1 N 1N
F? (z) = —Nzh— =" (1 xh"_SQF(N—N,N—i—N;~;:L‘> . Ab
(1)2(2) ( ) P AR At (A.5)

The holomorphic blocks for the correlator

(9o " (21,21) - 95, " (22, 22) - 9o (23, 23) - 95" (24, 20))

are
Foy(@) = IiFo (@) + LFjy)(x),
Floy() = IF), (@) + L2 F(2), (A.6)
where
F(g)l(:c) = m_%(l —x)hx_%F %;71 _ Jg + ]%;1 _ Jg;x 7
Fiyya() = L=t — g e (14 ,1 1- ],Z + ,%’2 - Zﬂc) :
F(ez)l(l“) =Z "*%(1 - ﬂf)hX’%F (1 + ]% ];}; + ]% 1+ ng) :
F(%)Q(a:) = —Nxhé*%(l — x)hx*%F (l%:’ Jg + ilé; Zg,x) ) (A.7)

1The blocks for this correlator have already been discussed in the main text. We rewrite them here with
the subscript convention discussed above, so as to have a consistent notation for this appendix.
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The holomorphic blocks for the correlator

(9oa" (21, 21) - 9au " (22, 22) - g5, (23, 2) - 95" (2, 7))
are
Figy (@) = LF), (2) + LF (@),
fé) (x) = IlF(é)l(x) + IQF();))Q(ZL'), (A.8)
where

n an 1 N 1
FS (z) = a™ = (1—x) é?,gF<1_7_;1_

2
o AN AL
Fiyala) = =" 5 (1= a)'o=5'F (_I}c]l::f - ;1 1- 290) :
Fé)l(-f) = :L‘hx_%(l — :c)hé—%?gF <1 + ]}{’ ]];j + ]%; 1+ 2@) ’
Fly(2) = T (1) F <;€, Jg - %; 1+ z,m) : (A.9)

With the choices for tensor indices as in (3.22), we will denote the holomorphic blocks of
the three correlators by ’qu) (x) with ¢ = 1,2,3 i.e.

H?l)(:v) = IF(Iin(x) + IF(I;)Z('%%

H?l)(l") = IF(01)1($) + IF(01)2($),

Hiyy(x) = IF (), (2) + [F (),

H?Q)(CU) = IF(02)1(95) + IF(BQ)2($),

Mg (x) = TFG, () + [F (),

M) (2) = TFY), (2) + TF}y (@) (A.10)
We note that with I; = I the three correlators are equal to those in (3.23).

The actions of T and S on these can be computed using the following identities of
hypergeometric functions [61].

F(a,b;c;2) =(1 — z)cfabe(c —a,c—bjcz),

F(a,b;c; : 1) =(1—2)*F(a,c—b;c;2) = (1 — 2)°F(c — a,b; ¢; 2),
P

I'(e)I'(c—a—1b)
I'(c—a)l(c—0)
I'(e)(a+b—c)

F(a,b;c;1 —2) = F(a,b;a+b—c+1;2) (A.11)

27 Fe—a,c—bje—a—b+1;2).

I'(a)l'(b)
F(a,b;c;1 —z) = F(C)IF((Z);—(Z)_ c) 21— ) F(1—b1—a;l14+c—a—b,2)
+§?f%;é:2uZyﬁpa+bg1+aq1+a+bq@

(A.12)

- 29 —



Action of T:

where

the action of T" on the blocks Hél)(x) are given by

Hz(i) (T.z) = /ng) (z) M(l)ji(T)v

(N2 (1 0

0 (—1)N/k

The action of T" on the blocks 7-[@('2) (x) are given by

where

Hl(é) (T.x) = H{l) (@) M2);:(T),

0 (—1)N/k

(N2 (1 0

The action of T on the blocks 7-[1('3) (x) are given by

where

M3)(T)

Hl(é) (T.x) = H{g) (z) M(3);4(T),

2 (1 0
— _(_1)(N?-3N-4)/3Nk )

Action of S: the action of S on the blocks ”H’('l)(aj) are given by

where

M(l)(S) -

Hiyy (S.x) = Hy, (@) My;(S),

kD'(N/E)T(k/k) NT2(N/k)
-~ T(1/k)r(~1/k) - T(N/k—1/k)T(N/k+1/k)
(k

/
 NT(k/k=1/k)T(k/k+1/k) r(1/k)r(-1/

r2(k/k) kD'(N/k)T k))
k

The action of S on the blocks 7—[%2) (x) are given by

where

The action of S on the blocks H?

where

M(Q)(S) =

M3)(S) =

7'[22) (S.x) = ng) (2) M(Q)ji(s)7

T'(k/k)T(2/k) NT(N/E)T(2/k)
U(1/k)0(k/k+1/k)  T(1/k)0(N/k+1/k)
U'(k/k)T(—2/k) NT(N/k)T(-2/k)

U(k/k—1/k)0(=1/k) — T(N/k=1/k)T(-1/k)

3) (x) are given by
23) (S.x) = 7‘[{2) (z) M(3)ji(s)7

21 (—2/k)T(N/k) 21 (2/k)T(N/k)
U(—1/k)T(N/k=1/k) T(1/k)T(N/k+1/k)
r'(1-2/k)T(-N/k)  T(14+2/k)0(-N/k)
r(-1/k)T(k/k=1/k) T(1/k)0(k/k+1/k)
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(A.17)

(A.18)

(A.19)
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(A.23)
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B Generators of the orbit for N = k theories

In this section, we show that for general values of N(= k) the orbit of Cgeeq is as given
in (4.10). We will do this by showing that the orbit can in effect be generated by considering

the action of matrices of the form
sinae —kcosa
1 . ) (Bl)
—pcosa —sina

on Cgeeq, Where a = % with s = 0---(k — 1) for k£ odd, and o = 77 with s =
0---(2k — 1) for k even. It is easy to check that the actions of these matrices on Cgeeq

indeed generates the orbits described in (4.10). We begin by noting that for M(y) of

the form
a~ b
M(y) = < K d”>,
Cy Oy

‘%‘2 ayc;
(a*c c "QY ) (B.2)
~Cy |Cy

Thus, the result of the action only depends on a and ¢, (and is independent of b, and d.).
Furthermore, since (B.2) is quadratic in a, and c,, elements of the orbit are only sensitive
to their relative sign. Thus deformations of M (v)s which modify b,, d and the relative
sign between a., ¢y keep their actions on Cseeq unchanged. We will use such deformations
to show that the orbit is in effect generated by the matrices given in (B.1). Let us start by
considering the first few matrices in the list (4.7) of M () (for theories with N = k). In
what follows, we will use the symbol ‘~’ to denote a deformation of a matrix M () which

its action on Cieeq yields

keeps its action on Cgeeq unchanged.

7wk k
M(1) = 10 N 10 _ sin 5 —kcosg—k )
01 0 -1 —%cosg—llj —sing—llj ’

: s
sin o¢ k cos
M(S) = 1 ZkL i sz ;
7 COS o —sin gp
s T . mw(2k—1) m(2k—1)
oy [ singp —kcosgp sin =5 —kcos =5\ .
M(ST") = (1 cos & sin - Leog T2 gy m2R=D) ]
k 2k 2k 3 2k 2k
9 sin 7”(22;]6) —k cos ”(22;]@ sin Lgk) —k cos ﬂ(zzk) )
M(ST™S)= | | Fow . =k |~ 1  Feww . =@tk |
I COS —5r sin =5~ I COS —or sin =57
2 a2y [ —cos %—Z —k sin%—;{:r sin Tr(32kk_2) —k cos w
M(ST*ST") = | . 3 o | ™ 3k—2 36-2
T 8in 25— cos 5% ~Loog TBE=2) gy TBR=2)
kS ok 2k & 2k 2k
. m(k—2) m(k—2)
N ( sin 2’%1@ ) k cos (k2 3

1 T(K— m(k— 9

TRCOS T TSl

9 o s1n‘3—k kcosg—’,; sm%—}; —/’i‘(:OSg—;{:r
M(ST"ST"S) = Lcos 3™ sin 37 —Lcos3T —gin 3T
k 2k 2k k 2k 2k
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s <_

el ‘
=
N———

1
4
11
512 (3 1)
4 8
sos|(00)
4
10
XaV ( >
03

Table 2. Orbit of the vacuum block for N = 2,k = 2.

Proceeding as above, all the M (~) can be brought to the form in (B.1) by making use of

the identities
sinf8  —kcosf 10 sina  —kcosa
—zcosfB —sinf ) \0—-1) \—fcosa —sina
_ [ sin(a+B—3) —kcos(a+p—73)
—tcos(a+B—3) —sin(a+B—3)

and
sina  —kcosa sin(a+7) —kcos(a+m)
—+cosa —sina —+cos(a+m) —sin(a+m)
for any angle o and S.
For completeness, we provide the orbit the N(= k) = 2 theory. It can easily be checked

that this is same as that given by the matrices in (4.10). For N = 2,k = 2 the matrices
M(S) and M(T?) are

TG
M(S) = (_ 7 Y ) M) =% (é _01> | (B.3)

V2 V2

The orbit of Cyeeq consists of four matrices. It is generated by the action of 1, S, ST? and
ST2S. We tabulate the results of these actions in table 2. The normalised sum over the
orbit (4.1) reproduces the KZ result.

C Further numerical examples

Here we provide a couple of examples where the numerics are quite involved as discussed
at the end of section 4.

N =5, k = 6: for N =5k = 6, the value of m(5,6) as defined in (4.5) is 11. Thus
with each increment in £, .« by 1, there is approximately a tenfold increase in the number
of new terms added to the sum (4.12). With the available computing resources we have
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X33 (max)

0.20 -

0.10-

0.05

1 1 1 1 1 1

1 2 3 4 5 6

Figure 7. Orange dots show X33 ({max) in the range [0.005,0.225] plotted against fy.x. Blue
horizontal line at 0.0405346 represents X17.

X33 (Imax)
014f
012}
o10f
008
0.06F

0.04 -

0.02 -

! /max

1 2 3 4 5 6

Figure 8. Orange dots show X3 ({max) in the range [0.000,0.150] plotted against fiax. Blue
horizontal line at 0.0274114 represents X152

performed the sum upto £y,2x = 6. This involves 1193006 distinct contributions to the sum.
We find X3y (6) = 0.026177, alongside we note the exact result (4.3), Xi$% ~ 0.0405346.
The off diagonal entries of X (6) are of the order of 10714, Figure 7 shows our results for
X35 (Umax) as a function of fhay, all qualitative features of the numerics are same as those
in the examples discussed in section 4.

N =6, k = 5: for N = 6,k = 5, the value of m(6,5) as defined in (4.5) is 11.
Thus similarly, with each increment in ¢, by 1, there is approximately a tenfold increase
in the number of new terms added to the sum (4.12). With the available computing
resources we have performed the sum upto . = 6. This involves 1193006 distinct
contributions to the sum. We find X35(6) = 0.0177022, alongside we note the exact
result (4.3), XXZ a2 0.0274114. The off diagonal entries of X®"(6) are of the order of 10714
Figure 8 shows our results for X35 (/max) as a function of fmax. All the features of the
numerics are similar to the previous example.
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D Averaging over all of PSL(2,7Z)

In this appendix, we briefly discuss the construction of correlator from averaging over the
full modular group. To implement the prescription (2.17), the six holomorphic blocks
in (A.10) of the three correlators in (3.23) can be put in a six dimensional row:

H(r) = (Haw),%?l)(f),%?g) (7). Hly (7). My (1), 1, m) . (D.1)
On this, 7" and S act as
HY(T.1) = H/ (1) M;i(T) and H'(S.7) = HI (1) M;i(S) (D.2)
with
0 M(l)(T) 0 M(l)(S) 0 0
M(T) = M(g)(T) 0 0 and M(S) = 0 0 M(g)(S) ,
0 M3)(T) 0 Mi3)(5) 0
(D.3)

where the two dimensional matrices (M;)(T) and M;)(5)) are as defined in appendix A.
The light contribution as defined in (2.16) can be taken as

Gléght(77 77—) = CfB)j(B)HZ(B) (T),}-—lj(B) (77—)7 B = 17 27 37 (D4)

where repeated indices are summed over with i(1),j(1) € {1,2}, i(2),4(2) € {3,4} and
i(3),4(3) € {5, 6},

CB:((1)8>, B=1,2,3. (D.5)
Under the action v € PSL(2,7Z),
CﬁB)j(B)Hi(B)(T)ﬁj(B) (7) — M(’Y)ki(B)Cz’BEB)j(B)M(’Y);L'(B)lHk(T)ﬁl(%) . (D.6)
For each v we arrange the three 6 x 6 matrices
o (V) ABM ki) ClimysmMN gy A=1,2,3, (D.7)

in a three dimensional column X (7). The sum (2.17) then reads

XV=N"T Y X(y), (D.8)

~€PSL(2,Z)

where the normalisation A is the (1,1) element of [Zw X )] ' Hence the candidate for
the vector-valued modular function (3.23) is given by

(X oHMH (7), A=1,2,3. (D.9)

To incorporate the distinct contributions X () to the sum (D.8), elements ~ are arranged
in a list similar to (4.6) where we replace all T?" by T"i, and m denotes the smallest
positive integer such that

M(T™) x 1.
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X By ()
0.38+
0.36 +
0.34
0.32+

0.30

1 ! 1 1 1 1

1 2 3 4 5

Imax

Figure 9. Orange dots show [)?av];Z (lmax) in the range [0.245,0.390] plotted against fiax. Blue
horizontal line at 0.29831 represents the KZ result.

We perform the sum (D.8) taking distinct contributions of elements ~ of all lengths upto

a maximum value £pax:

—

Xav(gmax) = N(emax)_l : Z X(’Y) ’ (DlO)
£(7) <lmax

where the primed sum indicates that distinct elements are added. Our results are as follows

N =2,k =2: for N=2Fk =2, the sum (D.10) is finite and consists of six distinct

contributions, reproducing the KZ result, [)? a"] ;2 = %.

N =2,k =4: for N =2k =4, the sum (D.10) is finite and consists of four distinct

contributions, reproducing the K7 result, [)? a"] ;2 = ﬁ.

N =2, k = 3: for N =2k = 3, the sum (D.10) seems to be infinite. We have

performed the sum upto £yax = 6. This invloves 83651 distinct contributions to the sum.
We find [)?a"] ;2(6) = 0.296026, which is in good agreement with the KZ result. Figure 9

shows our results for [X a"];Q (Umax) as a function of fyax.
Finally, let us discuss some examples where modular averaging does not yield the

correlator.

N =3, k = 2: for N = 3,k = 2, the sum (D.10) seems to be infinite. We have
performed the sum upto f.x = 6. This invloves 664111 distinct contributions to the sum.
We find [X a"];z(G) = 0.151496, which is not in agreement with the KZ result, although

crossing symmetric. Figure 10 shows our results for [X' a"] ;2 (Umax) as a function of fyay.

N =4, k = 2: for N = 4,k = 2, the sum (D.10) seems to be infinite. We have
performed the sum upto .« = 8. This invloves 69219 distinct contributions to the sum.
We find [X a"];z(S) = 0.111064, which is not in agreement with the KZ result, although

crossing symmetric. Figure 11 shows our results for [)_f a"]éz(ﬁmax) as a function of ax.
Thus while summing over the entire modular group we have found examples where the
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X By ()

0.18
0.16 -
0.14+ )

0.12

1 1 1 1 1 1

1 2 3 4 5

Imax

Figure 10. Red dots show [Xav} ;Z(Emax) in the range [0.08,0.20] plotted against £pax. Blue
horizontal line at 0.0931172 represents the KZ result.

X By ()

0.12 -

0.08 -

0.06 -

! ! ! ! ! ! ! !

1 2 3 4 5 6 7

Imax

Figure 11. Red dots show [)?“V] ;2(€max) in the range [0.045,0.130] plotted against fy,.x. Blue
horizontal line at 0.0496063 represents the KZ result.

averaging does not reproduce the correlator (see appendix D). We note that, [9] argues
that it is the modular averaging over the theta subgroup that has a direct interpretation
in the holographic context.

Increasing N and k& makes the numerics quite involved, we leave this for future work.

E The matrices Mﬁ],k and Mf\,,k

In this appendix, we obtain the general form of the matrices M 1</,k and M f;,,k. We then
use these to derive the relations given in (5.11). The elements of matrices M J{,’k can be
computed recursively in ¢ using their defining equation in (5.4)

M (1, resn) = M(TP ) M(S) My, (r1, - - o). (E.1)
This gives the following relations for the functions that appear in (5.9)

a1, rep1) = as(N, k)aly g (r1 - 7) + bs (N, k)es (N, k)ely g (ry -+ 70)

by a(rL, - regn) = as(N kbR g (ry - -re) + diy g (r - 7e)
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VA, rpgy) = e ?ton) (ds(N> k)l g (ri- - re) + afy (e - 'W))

ANh e ren) = O OR) (N R (e re) + B (N R)es (N, BBy -+ 7))

Similarly, the matrices M f(,  can be computed recursively in £ using their defining
equation n (5.5)

NI (i) = M(T™2 ) M(S) M (rs -+ 7). (E.2)

This gives following relations for the functions that appear in (5.10)

AN e (re, - regn) = as(N, k)aly g (r1 - re) + bs(N, k) eo(N, k)éy o (r1 - - 7o)

55{,1(7’1, corpp1) = as(N, k)bl o (r1 o re) + diy (1 7o)

éﬁé(n’ CeTppl) = e TR ( s(N, k) CNk rieeeTe) dgv,k(m e 7’2))
dﬁi(rl,...re_i_l) e~ irer10(N.k) ( s(N, k) de r1---1¢) + bs(N, k)es(N, k)i)fv,k(ﬁ---rg)) )

Now, making use of relations in (5.3) and the fact that'®
e Nk) — o=iré(kN) - for any integer r, (E.3)

it is easy to see that &i,N(Ti)’ Bi’N(ri), E£7N(ri), Ji,N(Ti) have exactly the same recurrence
relations as a%k(ri), bg\,,k(m), C?\f,k(ri%dﬁv,k(ri)- Given that they have same initial values,
hence the equalities in (5.11).

F Truncation of sums

if the actions of 7s in the list (4.6)
do not generate new elements of the orbit of Cyeeq, i.€. the orbit is finite.

The sum in (4.12) terminates after a (lowest) value £2
with £(y) > £

Note that if there is an £ such that no new terms are generated, higher values of £ also do
not generate new terms in the orbit (with this the value of the sum in (4.12) at higher fyax
does not change). Thus comparison of the terms generated at a certain ¢ with the ones at
lower ¢ can be used to determine the cases with finite orbit. It is possible to implement
this consideration at each point in the (N, k) lattice (of course the non-trivial cases are
for N,k > 2). Before discussing the details, we summarise our results. Truncations start

from ¢0 . = 1. Here, it is possible to determine analytically the values of (N, k) for which

max
the truncations occur — (3,3),(2,4) and (4, 2) are the only points where the modular sum

truncates at 0 = 1. For higher values of ¢, except for cases with N = k we have not

max
been able to carry out a general analysis so as to determine the points in the (N, k) lattice
for which truncations occur (the results for N = k are given in section 4, recall that all
these models exhibit truncation). For N # k we have implemented the above algorithm
numerically, and found that upto ¢ = 5, for points in the (V, k) lattice with N,k < 6 (and

N # k) there are no truncations.

"Recall that ¢(N, k) = 2.

— 30 —



The details of the analysis are as follows. We recall (B.2). The action of 1 on Cieeq is

10
(o) .

The actions of vs of /() = 1 on Cyeeq are given by

given by

9 _i27‘rN'r1
ag ascse k

i2nNry ) (F.2)

agcge k c%

forr; =0,---,(m(N,k)—1). Here ag is the 1-1 entry of the matrix M () (see for e.g (5.2)).
Clearly the phases at the off-diagonal entries are the m(N, k)-th roots of unity, hence all
distinct and add up to zero. The actions of vs of £(7) = 2 on Cieeq are given by'6

i2mNro 2w Nry

2w N1
( 1—2a% +2a — 2a%(a% — 1) COS(%) ascse” F (1—e * )(ak—(ak—1)e 1) )
27 N7y )

i2rNry i2nNry

agcse & (1—e * )(af—(al—1)e % ) 2a%c% (1 - COS(%))

(F.3)
forry =1,---,(m(N,k)—1)and o =0,--- ,(m(N, k) —1). Comparing with the structure
of the terms generated at length zero (F.1) and one (F.2), we see that truncation requires
that the following equality necessarily holds for all r; =1--- (m(N,k) — 1).

21N 202 — 1
cos [ 121 = as2 . (F.4)
k ag

Hence necessarily a% > %, which holds only when (N, k) lies on the line N = 2 or k = 2
or at the point (3,3). Furthermore at any (N, k) the r.h.s. of (F.4) is fixed which restricts
the number of values r1 can take. This in turn gives a necessary condition for the possible
values for m(N,k): it must be 2 or 3. Hence (2,2),(3,3),(2,4) and (4,2) models are the
only ones which satisfy this criterion. Going through each of these possibilities case by
case one finds that truncation and ¢ . = 1 occurs for (3,3),(2,4) and (4,2). Similar
considerations necessary to determine truncations at higher ¢ are more involved (except
for the cases with N = k); we have implemented them numerically and found for points in

the (N, k) lattice with N,k < 6 (and N # k), there are no truncations upto ¢ = 5.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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