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ABSTRACT: We propose to generate the flavor structures of the Standard Model plus
neutrinos from flipped SU(5) GUT with A4 modular flavor symmetry. Possible way to
assign different moduli values for quarks and leptons in modular GUT scheme is discussed.
We propose to reduce the multiple modular symmetries to a single modular symmetry in
the low energy effective theory with proper boundary conditions. We classify all possible
scenarios in this scheme according to the assignments of the modular A4 representations
for matter superfields and give the expressions of the quark and lepton mass matrices
predicted by our scheme at the GUT scale. After properly selecting the modular weights
for various superfields that can lead to better fitting, we can obtain the best-fit points with
the corresponding x? values for the sample subscenarios. We find that the flavor structures
of the Standard Model plus neutrinos can be fitted perfectly in such a A4 modular flavor
GUT scheme with single or two modulus fields. Especially, the X%otal of our fitting can be
as low as 1.558 for sample IX’ of scenario III even if only a single common modulus field
for both quark and lepton sectors is adopted. The most predictive scenario III, in which
all superfields transform as triplets of A4, can be fitted much better with two independent
moduli fields 7, 7; for quark sector and lepton sector ( X%otal ~ 95) than that with the single
modulus case (X2, ~ 282.4).
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1 Introduction

Possible unification of strong and electroweak couplings of the Standard Model (SM) sug-
gests the existence of Grand Unified Theory (GUT) [1, 2] at a very high energy, which
can also possibly accommodate the unification of quarks and leptons. To tame the large
quadratic divergences arising from the loop corrections for Higgs mass, low energy su-
persymmetry (SUSY) are always introduced in GUT, which is also preferable to realize
genuine gauge coupling unification. The minimal SUSY SU(5) GUT [3] has been regarded
as a very promising model of GUT. However, the rate for dimension-five operator induced
proton decay in minimal SUSY SU(5) is very high, which put much pressure on such a
GUT model. Flipped SU(5) GUT [4-6], on the other hand, can naturally accommodate
the economical missing-partner mechanism [6] to solve the notorious doublet-triplet (D-T)



splitting problem and efficiently suppress the dimension-five proton decay rate. Besides,
the flipped SU(5) GUT naturally include the right-handed (RH) neutrinos and can be fur-
ther unified in SO(10) GUT. It can also be embedded in string theory and explain some
cosmological puzzles. So, it is interesting to seek for the solutions of the SM problems (for
example, the origin of free parameters and flavor structure, the origin of neutrino masses)
in the framework of SUSY flipped SU(5) GUT.

The Yukawa-type couplings in the superpotential of SUSY GUT models, however,
are not fixed by the GUT gauge symmetry. To address the flavor puzzle of SM from
SUSY GUT, additional symmetry structures are in general needed to obtain certain flavor
patterns at the GUT scale, for example, some non-Abelian discrete flavor symmetry such as
Ay, Sy. As there is no hint of an exact flavor symmetry (neither in the quark sector nor in
the lepton sector), only broken flavor symmetries have the chance of being realistic. To go
beyond the unrealistic lowest-order predictions, a set of flavons with unknown coefficients
are always necessary to break these flavor symmetries. The vacuum expectation values
(VEVs) of flavons should be oriented along certain directions in flavor space, which require
complicated vacuum alignment model buildings and are always not natural.

Recently, SUSY models with modular invariance had been proposed in [7] to explain
the SM flavor structure, which potentially make no use of any flavon fields other than the
modulus field. The invariance of the superpotential under the modular group requires the
Yukawa couplings to be modular forms, which are holomorphic functions of the complex
modulus that satisfy certain constraints. Besides, all higher-dimensional operators in the
superpotential can be unambiguously determined in the limit of unbroken supersymmetry.
Modular flavor models based on the inhomogeneous finite modular group of low levels,
S3 ~ I'y [8*11], Ay ~ T'3 [7, 11*62], Sy ~ Ty [60774], and As ~ I's [74*76] with I'y =
['/T(NV), had been proposed to explain the flavor structures of quarks or leptons in various
papers. It is known that the fitting of the matter contents within proper GUT multiplets
can already constrain stringently the low energy flavor structures. Combining the modular
invariance with GUT, the Yukawa couplings for the quarks and leptons can be predicted
with even less free parameters, which can improve the prediction power of the GUT theory.

Some works had been done to explain the flavor puzzle of SM in the GUT framework
with proper modular flavor symmetry, for example, SU(5) or SO(10) GUT with Ss [77, 78],
Ay [79-83] and Sy [84-87] modular symmetry, respectively. As the flipped SU(5) GUT can
be advantageous in several aspects in comparison to ordinary SU(5), we propose to combine
SUSY flipped SU(5) GUT with A4 modular group (which is the smallest one that contains
the triplet representation) to survey if the flavor structures of SM plus neutrino can be
fitted more precisely in this modular flavor GUT framework.

Most discussions in the framework of modular flavor GUT concentrate on the case
with a single modulus field 7, which corresponds to a single finite modular symmetry
I'y. In many circumstances, the fittings of the SM plus neutrino flavor structure are
not good enough with a single modulus field, which on the other hand prefer multiple
values of modulus Vacuum Expectation Values (VEVs) for various sectors. Such multiple
values of modulus VEVs correspond to the existence of multiple independent moduli fields
for a single finite modular group, which can origin from scenarios with multiple moduli



fields transformed with multiple modular symmetry in the UV theory. We will present a
new approach to reduce the UV theory with multiple moduli fields and multiple modular
symmetry to IR theory with multiple moduli fields and a single modular symmetry.

This paper is organized as follows. In section 2 and section 3, we briefly review the
modular symmetry and the flipped SU(5) GUT. In section 4, we discuss possible ways to
generate multiple moduli values in GUT. In section 5, we classify all possible scenarios in
this scheme according to the assignments of the modular A4 representations for matter
superfields and give the analytical expressions of the predicted quark and lepton mass
matrices. In section 6, we carry out numerical fittings to survey if the predictions of such
scenarios on SM plus neutrino flavor structures can be realistic. Section 7 contains our
conclusions.

2 Modular symmetry

The element in the modular group I' = SL(2, Z) can act on the upper half plane by

at +b a b
: —, 1 = SL(2,Z I 0. 2.1
yiTe g fory <C d)é (2.2), In(7) > (2.1)
The inhomogeneous modular group is T' = I'/{I, —I}, while the infinite normal subgroups

['(N) with positive integer N = 2,3,--- of SL(2, Z) are given by

P(N) = {(Z Z) € SL(Q,Z)‘ (‘C‘ Z) _ <(1) ?) (mod N)} . (2.2)

The inhomogeneous finite modular group I'y is defined by I'y = T'/T(N) with T(N) =
[(N) for N >2and T(N) =T(N)/{I, -1} for N = 2.

Modular forms of weight k£ and level N are holomorphic functions f(7) transforming
under the action of I'(N) in the following way:

foyr) = (er +d)*f(r), v eT(N), (2.3)

with k£ an even and non-negative integer. It can be proved that modular forms of weight k
and level N form a linear space of finite dimension. So, after choosing proper basis in this
linear space, the transformation of a set of modular forms f;(7) is described by a unitary
representation p of the finite modular group

fityr) = (er + d)*p(1)ij f5(7), v €T (2.4)
See [7] for detailed discussions.

In the framework of N =1 SUSY with typical modular symmetry, the superpotential
is in general a function of the modulus field 7 and superfields ¢;. The superpotential
should be invariant under the modular transformation while the Kahler potential should
be invariant up to the addition of holomorphic and anti-holomorphic functions. The Kahler
potential involving chiral matter fields ¢; with the modular weight k; is given by
¢l

[

K 2D —hIn(it* —it) + )
%

(2.5)



There are 4 inequivalent irreducible representations of A4: three singlets 1, 1/, 1”7 and
a triplet 3. The triplet representation 3 (in the basis where 7' is diagonal) is given by

1 -1 2 2 1 0 0
525 2 -1 2|, T'=10 w O (2.6)
2 2 -1 0 0 w?
The finite modular group A4 = I's can generated by
S2= (ST =13=1. (2.7)
The decompositions of the direct product of A4 representations are
1/ ® 1/ — 1// 1/ ® 1// — 1 1// ® 1// — 1/
33=19101"93s®34, (2.8)

where 3g(4) denote the symmetric (antisymmetric) combinations, respectively.
Given two triplets a = (g, ag, a3) and g = (B1, B2, 53), the irreducible representations
obtained from their product are:

1= o181+ afs +azfa,
1" = a3f3 + 12 + a2f
1" = azfo + a1 f3 + asp,
35 = (20181 — 2B — a3fa, 20383 — a1 B2 — azf, 20282 — 13 — azfh),
34 = (283 — B2, 182 — azP, agPf — a1Ps) . (2.9)

The modular forms Yr(k) with level 3 and modular weight & < 8 under A4 are collected
in the appendix A.

3 Flipped SU(5) GUT

We briefly review the key ingredients in flipped SU(5) GUT, see [4-6] for details. The
gauge group for flipped SU(5) GUT model is SU(5) x U(1)x with the generator U(1)y~
within SU(5) defined by

1 1 111
T =di — ===, =, = |- 1
U(1)yr 1ag< 373 372a2> (3 )
The hypercharge can be given by
1
Qv =+ (Qx — Q). (3:2)
The matter contents in each generation can be fitted into flipped SU(5) by
Fi(lovl) = (QLaD;nNIC/)? ﬁ(57 _3) = (LLvUE)v Ei(1)5) :Ezv (33)



with the family index ¢ = 1,2,3. The Higgs sector contains

H(10> 1)7 H(loa _1)1 h(57 _2)7 h(57 2)7 (34)
to break the GUT and electroweak gauge symmetries. The superpotential for Yukawa
couplings is given as

W 2yl FiFsh + yo F fih + ) fiEjh (3.5)

while for the Higgs sector is
W D HHh+ HHh+ X(HH — M%), (3.6)

to trigger the breaking of SU(5) x U(1)x into SM gauge group and solve the D-T splitting
problem via missing partner mechanism.

In order to generate tiny neutrino masses via inverse seesaw mechanism, we need to
introduce additional neutral superfield S;(1,0), whose fermionic components act as the
new neutrino species in inverse seesaw mechanism. Relevant terms for neutrino masses are
given as

Wiow 2 Y;éyLL;iNE;jHU + )/;JSSZNi]MH + S2S’ J SiS;, (3.7)

which can be embedded into the flipped SU(5) GUT model

_ L Meoa.::
W 2 Y Fifih+ Y HSF; + =3 5:8; . (3.8)

Therefore, the neutrino mass matrix can be obtained to be

0 mh 0
M == mp 0 MSN s (39)
0 Msny Mss

with mp ~ Ysv, and Mgy ~ YgMp after electroweak symmetry breaking triggered by
the VEVs of h, h. Here mp, Mgy, Mgs are all 3 x 3 matrices. The effective neutrino mass
matrix for the standard neutrinos can be approximately given by

my, & mp Mgy Mss(Mgy) ™ 'mp (3.10)

when Mg < mp < Mgy.

4 Multiple moduli values in GUT

The fitting of the low energy flavor structures can always be improved if quarks and leptons
adopt different moduli values in single modular symmetry case, which may indicate the
existence of multiple moduli fields and multiple modular symmetries in the UV theory,
such as the string theory [88-90].

For any finite modular transformations ~1,...,vas in F}Vl X F%VQ X oo X I‘]]‘\/,IM, which is

given by
ajTy+ by

, 4.1
cjTy +dy ( )

YJ Ty > YIT] =



the chiral superfield ¢; (as a function of 71, ..., 73 ) transforms as [66, 67]

Gi(Ti,y . Tr) = Gi(MTL, - YMTM)
= H (cyTy +dy) =2kt ® o1, (V) bi(T1, T2, M) (4.2)
J=1,..M J=1,..M

where k; ; and [; ; are the modular weight and representation of ¢; in F]‘{,J, respectively.
The symbol ) represents the direct product of the representation matrices for py, ,, pr, ,,

-5 PI; - Models with twin Sy had been discussed in [85], in which the breaking of the
twin S, into their diagonal SP can be realized by bi-fundamental scalar VEVs.

In modular GUT framework, the superfields within a multiplet of GUT gauge group
should transform identically with the same modulus field. We know that some representa-
tion of the GUT group contains both quarks and leptons. So, it seems that the unification
of matter contents will be spoiled if different values of modulus are assigned separately for
quarks and leptons. We propose to reconcile such an inconsistency in the orbifold GUT
scheme, for example, with a 5D My x S'/Z, orbifold. The generalization of 4D flipped
SU(5) GUT to 5D flipped SU(5) orbifold GUT is straightforward.

Compactification on S'/Z5 is obtained by identifying the fifth coordinate y under the
two operations

Z:y——y, T:y—y+27R. (4.3)

There are two inequivalent 3-branes located at y = 0 and y = 7R which are denoted by O
and O’ respectively.

The resulting 5D N = 1 SUSY (corresponding to 4D N = 2 SUSY) can also be reduced
to 4D N = 1 SUSY by proper boundary conditions (see [91-95] and examples in our
previous works [96, 97]). It is well known that the five-dimensional N = 1 supersymmetric
gauge theory has 8 real supercharges, corresponding to N = 2 supersymmetry in four
dimensions. The vector multiplet contains a vector boson Aj; where M =0,1,2,3,5, two
Weyl gauginos A1 2, and a real scalar o. In the ordinary four-dimensional N = 1 language,
it contains a vector multiplet V(A,, A1) and a chiral multiplet X((o + iA5)/v/2, A2) that
transforms in the adjoint representation of the gauge group. On the other hand, the five-
dimensional hypermultiplet has two physical complex scalars ¢ and ¢°, a Dirac fermion
¥, and can be decomposed into two 4-dimensional chiral multiplets ®(¢,v = Ug) and
O¢(¢°, ¢ = V), which transform as each others conjugates under gauge transformations.

The general action [98] for the gauge fields and the relevant couplings to the bulk
hypermultiplet @ is

S = /d%kngTr B/d%) (WeW, + h.c.)
+ / d*e ((\/535 +X)e Y (=v205 + X)e¥ + a5eVa5eV)]
+ / Pr { / a9 (9cV 8 + B ®) + / 20 <q>0(a5 - ;52)‘1’ + h.c.)] (4.4)

where Tr(TT?) = k&,



Because the action is invariant under the parity operation P = Z, under this operation,
the vector multiplet transforms as

V(zt y) — V(" —y) = Pv(wuvy)P_la
Yzt y) — B(zH, —y) = —PX (2", y) P! . (4.5)

If the hypermultiplet belongs to the fundamental or anti-fundamental representations, since
the parity satisfies P = P~!, we have

o(zt,y) — ®(z", —y) = na PO (2", y),
(2!, y) = °(at, —y) = —ne PO°(2,y) . (4.6)

Alternatively, if the hypermultiplet belongs to the symmetric, anti-symmetric or adjoint
representations, we have

(I)(l'u’y) — q)(;E“,_y) = n‘PP(I)(x“7y)P7
(2, y) — @(a", —y) = —na PO (2", y) P, (4.7)

where 1e = +1. Similar results hold for the parity operation P’ = T'Z at the fixed point
O'(y = 7R).

The chiral superfields in 101,5_3, 1_5 representations of flipped SU(5) within the cor-
responding hypermultiplets are placed in the 5D bulk. We impose the following boundary
conditions (BCs) for each family in terms of SU(3). x SU(2)r, x U(1)x x U(1)ys quantum
numbers

T(101) = QF(3,2)({ 16 DE* (B 1)1 2y © N (L DY)
TR (101) = Q1(3.2) 1 /by © DS (3, 1) 7y & NE“(L )G
Ti"(101) = Q4(3.2)(; 16 ® DE*(3, 1)y T3 & NP“(1L1){17).
a/E c,a /5 +,+) a (+:-)
Ff(5—3) = U"( 71)§ 3,1/3) oL (1’2)(—3,—1/2)’
,a(E _ r1CA (+,-) a (+,4)
FJ’; (5-3) =U; (3 ,1)( 3,1/3) ®L7(1, 2)(73,71/2)’
O%(15) = EZ"(L, )5 . O4(10) = S°(L. 1)) (4.8)

with a =1, 2,3 the indice for the three families and that of Higgs sector

h(5_2) =
h(52) = Hr(3,1)(37 % @ Hu(1.2)( ™)

Hr(3, 1), )1/3) @ Hp(1,2)("3)
) = H

H(101) = Hrq (372)21 1/)6)@HTD( ’ )El —2)/3)@HN(1 1) 771) ’
) = X(

(=2, (=2,1/2)°

H(10_4 70(3,2) 5y 2y ) @ Hrp(3, )El,fz)/s)@ﬁN(l’l)E+i+ 1)

Ox (1o 1,10 (4.9)

Their conjugate superfields within the corresponding hypermultiplets are assigned with
opposite parities, which are not written here explicitly. Such BCs can be realized by



orbifold breaking via inner automorphism with the choice of parity

Poy=o) = diag ( +1, +1, +1, +1, +1),
Pory=rp) = diag ( +1, +1, +1, =1, —1), (4.10)

and proper brane mass terms to change the boundary conditions from Neuman to Dirichilet.
Further breaking'of U(1)x x U(1)y~ into U(1)y can be triggered via proper Higgs field with
the hypercharge given by eq. (3.2), for example, the survived zero modes singlet components
within the H(10,1) and H (10, —1) Higgses. After orbifolding, the zero modes of bulk fields
in eq. (4.8) reduce to the matter contents of SM and the corresponding RH neutrinos.
We assume that the three families of Tp"(101), T5*(101) with a = 1,2, 3 transform under
Af x Al as (3,1) while T%(101) transform under A? x AF as (1,3). Similarly, we require
that, under A4Q x Al the down-type quark sector which lie within the three families of
F? (5_3) should transform under (3,1) while the charged lepton sector F;a(g_g) ,0%(1_5)
and the singlet sector O%(1p) transform as (1,3). So, the zero modes for the quarks and
leptons transform as (3,1) and (1, 3) under Afg x Ak, respectively.
The superpotential in the SU(5) preserving O(y = 0) brane can be written as

a

L2 3(y) / @0 |V B T TP h + Yo T F PR+ Y TP P o+ Y PV ER

— . Moag. _
+ Y5 HOSTE + 525’“1’ “0b + Ox(HH — M2)| . (4.11)

To simplify the expressions, we rewrite T, T/, Tp* as Ti? with p = 1,2, 3 and F]‘%, FJ’;’“ as
FJ‘;W with ¢ = 1,2, respectively. Besides, we take the Yukawa couplings to be independent
of the p, g indices so that the low energy theory of 5D theory is identical to that of ordinary

4D flipped SU(5) GUT up to the RGE effects, that is, we choose Yal;pq =YPZ, Ya[g;pq =YY,
Yalg,p = Ya% and Ya%,p = Ya%‘

The product group A4Q x A% can be broken to diagonal AP by bi-fundamental super-
fields ®(3, 3) with VEVs of the form

(®)ia = vDVia , (4.12)

in real basis where the singlet contraction is given by (&5)1 = 3" a;b;. Detailed discussions

on the breaking of multiple modular symmetries by bi—funda;nental Higgs fields can be
found in [67]. We propose an alternative approach to break multiple modular symmetries
via proper boundary conditions.

It is possible to break the multiple A4Q x Al by BCs to diagonal AP, which is then
identified to be the (single) modular A4 symmetry in the low energy effective theory. We
can assign the following BCs for the bi-triplet (3,3) fields ®;, of A4Q x A¥, with i, a the
indices for A? and A¥, respectively. To assign proper BCs that break the product group

"We can also break the GUT group directly into the SM gauge group via outer automorphism orbifold
breaking to reduce the rank of the gauge group, for example, via charge conjugation [94, 95] of combinations
of U(1)x x U(1)y~ charges.



Aff x A¥ to the diagonal AP we need to know the decomposition of the tensor indices in
terms of survived diagonal subgroup A%

33=10101"® 30 3,, (4.13)

with 7@ € Afg and v& € A} being associated to the v € AP by 4@ = 4L = 4P, So,
the ®;, fields, which transform as bi-triplets of Af X Af , will be reducible when both
transformation parameters v?, v are chosen to align to v” in AP. The reducible tensor
product can be decomposed in terms of the sum of irreducible representation ®* of A%

QZ - Z C’}‘a;f{@ia 9 (414)
2,00

with k the indices for the irreducible representation of r. Proper Dirichlet or Neumann
boundary conditions at the fix points can be assign to the fields that corresponds to var-
ious irreducible representation ®}, of survived Af , which are proper combinations of the
components ®;,.> For example, we can assign

o= (01D @ (M) @ (1)) @ (03)F) @ (@) ) (4.15)
with
1_ 1
o = 7 (P11 + Po3 + P32)
/ 1
@1 = % ((1)12 + (b21 + ©33) )
1" 1
ol = 7 (P13 + Doz + P31)
1
3 = — (2011 — Pog — Dy, 2033 — P1o — Py, 2B9y — P13 — P3y)

B3
HS
(=2}

D2 = — (Do — P3p, P12 — Po1, P13 — P31) (4.16)

S

so as that only the zero modes of the singlet (that is, 1) survives. BCs that lead to survived
zero modes for any combination of the representations (but not all of them simultaneously)
in eq. (4.15) can be allowed to act as the BCs that break the A4Q x Ak to AP. Other choices
of the combination of components ®;, correspond to different symmetry breaking chains.
For example, choices with @EIJF) for fixed i’ (or 'e/) corresponds to the breaking of A x AL
to A? (or AL), respectively. Survived zero modes for other combinations other than the
previous BCs correspond to the fully breaking of A4Q x A¥.

The modular forms and superfield ¢(7g, 7z,) in (rqQ, rr) representation of A4Q x Ak with
modular weights (kq, kr,) will transform as

¢(vp7Q,v07L) = (cp7Q + dp) @ (cnTL + dp) "M Peg (YD) ® pry (VD) B(7Q5 TL) 5
Ya(vp7o.L) = (cp70.L + dp)** pa (D) Ya(To,L) | (4.17)

2General discussions on the BCs imposed for fields and combinations are given in [99-101].



under the diagonal A%, respectively. Here 2 = v% = 4P after reduction of Afg x A to
AP (for A9 € A? and v € A%). As the UV theory involving multiple moduli fields is
invariant under multiple modular transformations, the low energy effective theory with two
(multiple) moduli fields is also obviously invariant under the single modular transformations
of AP,

5 Classification according to the choice of representation and modular
weights

According to the assignments of the modular A4 representations for matter superfields and
the values of modular weights, we can classify all the possible scenarios in this A4 modular
flavor flipped SU(5) GUT scheme. In our subsequent studies, the modular A4 represen-
tations for matter superfields are given for single modulus scenarios. The classification of
the scenarios according to the modular A4 representations in the subsequent discussions
can also be extended straightforwardly to the multiple modulus cases in five-dimensional
theory, for example, with the corresponding replacements

PE =7 PTiPy P§ = PF;;, PE — POk, PS — POs-

It is also easy to extend the ordinary 4D superpotential for single modulus scenarios to the
superpotential at the GUT symmetry preserving fixed point for multiple modulus scenarios
by the replacements F* — Tp", fo — F}’q, E* — O% and S* — O% similar to that in
eq. (4.11), within which the relevant coefficients of the Yukawa coupling terms are taken
to be independent of such p, ¢ indices. We adopt the symbol conventions in [80] with

100 001 010
SHH =vPrfoor], sW=yvFrlo1o], s=yPm)l100],
010 1 00 001
(5.1)
and
k k k
" 2Y3"13<T> fYék;(T) fY?f,g’m
S = | - é,g,) 7) 2Y3<%><T> v |,
Y@ v 2vih) )
k k
" 0 Ysh () —1;3(,;(7)
AP () = |- o Yah () (5.2)
k k
Y3(,2)(7') —Y3.(1)(T) 0

5.1 Up-type quark sector

As noted in the previous paragraph, such choices of representations correspond to

Py = Prs =3, PRy = P =3, (5.3)

~10 -



for multiple modulus scenarios in five-dimensional cases. Similar replacements can
be adopted for other choices of modular A4 representations and the assignments of
the modular weights.

According to the production expansions of irreducible representation 3s of A4 in
eq. (2.8), we can get the Yukawa couplings for the up-type quarks when the corre-
sponding modular weights kg, for various fields ¢; are given

kf +krp =0 (yU)z‘j = 6159(7) ) (5'4)

kptke =2 (), =ASE (1) + BAD (1),

kit ke =4 () = A 85" + BAS) + BsStY + pusyy
ki+kr=06; (yu); =5 SS9 + B2A5) + Bs Sy + BaAG) + B5SL
kf + kp =8;

(yo)i; = 51 S5 + B2As) + BaSary + Badspy + 5551 + BoSyy) + BrSy)
Note that S§2) (1) =0.

Here we adopt the symbol convention in [80] with

100 001
s =v"() oot |, s —yPylo1 o], (5.5)
010 100
010 2V (r) Y (1) V(s
s =y |1 oo|, sP@)=|-vir B v |,
001 ~Ya(r) —vah(r) 2vi(n)
(5.6)
and
0 V) i)
AP =-v"= o Vi) |- (5.7)
vl vl o

pp=3, pr=11,1"
Given the modular weights kg, for various fields ¢;, we have the Yukawa couplings
Y3( 1) Y(k’) Y(k)
_ k k
b=tk =24 =5 | YYD | 6
Y3(2) Y3( 1) Y(k)
Here the row matrix ¢ = 1 corresponds to pr = 1; i = 2 corresponds to pp = 1/;
i = 3 corresponds to pp = 1".

k‘Ek‘f—l—k‘F =6,8;

k k k k k k
o6 ) L (o e e
=P Sy e e || e e T | O
Y312 Y3I 1 Y313 Y3H,2 Y3]I,1 Y3H,3
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Here the row matrix ¢ = 1 corresponds to pr = 1; i = 2 corresponds to pp = 1/;
i = 3 corresponds to pp = 1".

. pj= 1,1,1") pp =3.
Given the modular weights, we have the Yukawa couplings
n v v
k=kp+hy =24; (o). = B1 | Yo Yoo Yot | - (5.10)
i v
Here the column matrix j = 1 corresponds to pr=1j=2 corresponds to py= 1;

Jj =3 corresponds to pj = 1”.

]{:Ekf—i-kp = 6,8;

(5) (k) 3(0) ]) ) 30
Y32,1 Ysi,s Y3i,2 Y3g,1 Y32],3 Y3i[,2
(wv).; = B Y?’E@} Y%z Y%g;l + B Y:,,Egyg Y%Q Y%J . (5.11)
Y315 Yari Yars Ysrro Yarra1 Yaris

Here the column matrix j = 1 corresponds to pp = 1; j = 2 corresponds to pp = 1/;
j = 3 corresponds to pp = 1".

« p;=1,11", pp=1,1,1"

Given the modular weights, we have the Yukawa couplings

1, Py @pr, =1
k_+k:0, R fz J
fz E7 (yU)'L] /81 { 07 pfz ® ij % 1
kg +kp =2 (yu)i; =0,
4
ViV, pp@pr =1
ki +kp =4 (yU)ij =5 Y1(’4)7 p; ®pF, = 1/
0, otherwise
k: +kp =6 (o), = 8 v, p7, @ pr, =1
£ . = 7 U):: = 1 i
fi J 1] 0, pﬁ [ ij # 1
8
V¥, pp@pr =1
(8) B _qn
ki, + ke, =8; (yu)i; = A Yl(’s)’ Py, @ PE; = 1/ (5.12)
Yy’ p;, @ pr, =1
0, otherwise

The Dirac neutrino mass terms take the same form as (yrr); e

5.2 Down-type quark sector

s pr=3.
As noted in the previous paragraphs, such choices of representations correspond to
Pry, = pr2 = 3, pp3 = 3 for multiple modulus scenarios in five-dimensional cases.
F F
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Similar replacements can be adopted for other choices of modular A4 representations

and the assignments of the modular weights.

With the following assignments of modular weights, we have the form of the Yukawa

couplings
2kp = 0; (yD)ij = 04132(7) )
2kr =2 (yp);; = 1Sy (7).,
2]€F = 4; (yD)Z-j = 1 Sgl) + OtzSYl) + agSf}) 5
2k =6; (yp)i; = on k7 +a2S5]) + aaS
2%y = 8; = 1557 + oSS + @3S+ aus + sS85, (513
F=38  (yp)y = 1S3/ + a2Sgy; + 357 +auSy” +asSyr,  (5.13)
e pp=1,11".
Similarly, given the modular weights, the Yukawa couplings take the form
17 PF; Q pF; = 1
k A k .= L= ? J
R (n)ig = e { 0, pr®pp #1
Y1(4)? PF; ® PF; = 1
kFi + kF]. =4: (yD)Z] = a7 Yl(’4)7 PF, & PF; = 1"
0, otherwise
kr +k 6 (yp) « Yl(ﬁ)’ PE ©pr; =1
F, Fj D)ij 0, pFi®ij7£1
8
Y(,S), - Qpp =1"
kp ke =8: (p)y = Y PREPET (5.14)
Yo, P7, @ pPr; = 1
0, otherwise

5.3 Charged lepton sector

s pf=3,pE=3.

Such choices of representations correspond to ppr =
7

pp:2 = 3, pop = 3 for multiple
7

modulus scenarios in five-dimensional cases. Similar replacements can be adopted for

other choices of modular A4 representations.

Given the modular weights kg, for various fields ¢;, we have the Yukawa couplings

ki+ke=0; (yg); =m50(1),
krMEZZ(wM—%%N)+WMm)

ki+kp=4; (yp)y;=m S + 1A 35 + ’y4S§/) ,

ki+ ke = 6; (yE)w = 531) + ’YgAéI) + 735:(3)[ + 74145,1)1 + V58(6) ,

~13 -



kf-i-kE:S;

(yE')z‘j =M Sg) + ’7214;(:,81) &)

8
+ 735:(31)1 +vadzp;

s p;j=3,pp= 1,1,1”.

Given the modular weights, the Yukawa couplings take the form

k=ks+kp =24 (YB).; =

(5.15)
+ 75S§8) + 7659) + 7739) ,
k k k
Yg(#) Y?'(f) Yi"(’,f)
Y:,f’g) YS(,Q) 8|, (5.16)

k

X k
Yy Yo Y

Here the column matrix j = 1 corresponds to pp = 1; j = 2 corresponds to pp = 1/;

j = 3 corresponds to pp = 1".
k‘Ek‘erkE =6,8;
k) k) (k)
Y3£;)1 Y3(§€’3 Ys.(ig
e = | Ve Yo Yo
Yaro Yar1 Yar3s

+ 72

Here the column matrix 5 = 1 corresponds to pg =

j = 3 corresponds to pg = 1".
e pj=11"1"pp =3.

— For kf, + kg = 2,4, the expression of (yg)

0%

— For k; + kg = 6,8, the expression of (yg),

1%

Here the row matrix ¢ = 1 corresponds to pp =17 =2 corresponds to pp =1

j = 3 corresponds to py = 1".

® pf = 17 117 1”7PE = 17 1/7 17,

(5.17)

(k (k) k)
i Yo Y
i e
Y3U,2 Y311,1 Y3H,3

1; j = 2 corresponds to pg = 1’;

is the same as eq. (5.16).
is the same as eq. (5.19).

Given the modular weights, the Yukawa couplings take the form

L,
ki + kg, =0; (yp); =m { 0.
kfi+kE,j = 2; (yE)ij =0,
4
AR
ky +kp; =4; (yg)j; =m Yl(,4),
0,
(6)
Y,
kﬁ_‘l-kEj = 6; (yE)ij:’Yl{ 10
8
v,
vy,
ki +ke, =8  (yg)j;=m Yl(g)
17
0,

~ 14 -

P, ®pE; =1
P, @ pE; # 1
Py, ®pE; =1
pj, @ pe; =1"
otherwise
Pi, ®pe; =1
Pr, @ pE; #1
Py, @ pr; =1
PrOpn =10 ()
Py, @ pr; =1
otherwise



5.4 Neutrino sector
* pr=3,ps =3.
Such choices of representations correspond to
PTr = PT; =3, PF}? =3, POs = 3

for multiple modulus scenarios in five-dimensional cases. Similar replacements can
be adopted for other choices of modular A4 representations.

Given the modular weights kg, , the S — /N mixing matrix takes the form
ke + ks =0, MY =MAS)(7),
ke + ks =2 MEN = MASE (1) + Aahi AP (1),
ke + ks =4 MEN =\ ASEY + dam ASY + Asn St + aastY
ke +ks =6, MIN =\ 1SS + AaAiAS) + MAsSS + MM Ay + AsASyY
ke 4 ks =8 MY = MALSS + MM AL + AArSS, + A A + Asa,58)
+ AsM S + A8 (5.19)
with A; the typical mass scale for S — N mixing.
The mass matrix for M°° takes the form
2ks =0; M7 =rk1AS)(T), (5.20)
s =2 MSS = k1AsS (1),
2k =45 M5 = kiAo S5V + rofoSTY + kahaSLY
ks = 6; M5 = kiAo S5 + rohaSSy + r3A2St
8)

2kg = 8; MZ'S Y Sé? + HQAZS:(;][ + H3A2S§8) + H4A25§§) + H5A25§§) ;

with various values of the modular weights kg. Here Ao denotes the small mass scale
for new neutrinos 5;, which is a small lepton number violating parameter that is
responsible for the smallness of the light neutrinos.

s pr=3,ps =1, 1/7 1.
The S — N mixing matrices take the forms
k) (k) v (k
Va1 Y Yso
k=kp+ks, =24 MM = A | v v vib | (5.21)

k k &
v vl vl

While for the modular weight choices k = kp + kg = 6,8, the S — N mixing matrices
takes the forms

k k k k k (k
o i e
SN
M*j = )\1/\1@ Y3(1’;’)3 Y?,(%; Y?,é,)l + /\QAlﬂ }/3({6])’3 Y:E}(i[)ﬂ Y3(11;€71 . (5.22)
Y3I,2 Y3I,1 Y3I,3 Y3]I,2 Y3I[,1 Y3II,3
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Here the column matrix 5 = 1 corresponds to pg = 1; j = 2 corresponds to pg = 1/;

j = 3 corresponds to pg = 1”.

The mass matrix for M9 is given by

2ks = 0; ijs =K1 {
2ks =2 MJP =0,
Y,
2kg = 4; M;S;S = k1o Yl(’4)’
0,
6
2]{13 = 6; M?S = I{1A2 1( )7
J 0 ,
8
%))’
Y.
_ Q. SS [
2kS = 8, M” /€1A2 ]}5)
0,

with various values of the modular weights kg.

s pr =1, 1/7 ]-llva =3.

ps; ®ps; =1
ps; ® ps; = 1"
otherwise
ps; ® ps; =1
ps; @ ps; # 1
ps; ®ps; =1
ps; @ ps; = 1
otherwise

S

For the modular weights kg, + ks = 2,4, the expression of M3 takes the same form
as eq. (5.21). While for kg, + kg = 6,8, the expression of M5 takes the same form
as eq. (5.22). Here the column matrix ¢ = 1 corresponds to pp = 1; i = 2 corresponds

to pp = 1'; 1 = 3 corresponds to pp = 1”.

o pr =1, 1/7 1”7PS =1, 1I7 1”.

Similarly, given the values of the modular weights kr,, ks;, we can obtain the S — N

mixing matrix

1 pF, @ ps; =1
kp + kg, =0, MIN = )\A ’ i j
F’L S] (2] 1431 O, pFL ® pS] # 1
kp, + ks, =2 MV =0,
4
v, pF; @ ps; =1
ke, + ks =4 MY = MM vP, pr, @ ps, = 1"
0, otherwise
(6) _
ki ks, =6 MEN = A ] Y10 PREPs =1
0, PF; @ ps; # 1
8
v, PF, @ ps; =1
(8) _qn
ki, + ks, =8 MIN =M Yl(’g)’ PE ® ps; =17 (5.24)
Y]_// ) PF; & ij =1
0 . otherwise

The mass matrix for M%S take the same form as eq. (5.23).
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5.5 DPossible scenarios

We will not survey the scenarios in which all matter fields are assigned to A4 singlets,
since the Yukawa couplings in the superpotentials would be less constrained by modular
symmetry and more free parameters would be involved in general. We neglect these cases
in which one column or one row of the fermion mass matrix is vanishing, since at least
one fermion would be massless. If any two generations of fermion fields are assigned to
the same singlet representation of Ay, we require their modular weights to be different to
eliminate unwanted degeneracies.

5.5.1 pf=3, pr=3,pg =3, ps =3
As noted in the previous section, such assignments of modular representations for four-
dimensional single modulus cases in modular flavor GUT correspond to the assignments

prr =3 (p=1,2,3), PF}‘I:3 (¢=1,2), po, =3, pog =3,

F

for five-dimensional multiple modulus cases. The superpotential given for each subscenarios
in single modulus cases can easily be extended to multiple modulus cases (at the GUT
symmetry preserving fix point brane) via the replacements

YPFFh — YRTETEN,

YUFfh — YT FiPh+ YE TR Fih,
YEfER — xlEF];lEh,

YSHSF — Y{HOsT}

@55 - MS& 0505, (5.25)

where the Yukawa couplings Y;f,f] in multiple modulus cases (or Y¥ in single modulus cases)
can be decomposed into the product of some free coefficients vy, (or a) and typical modular
forms Y,2* | respectively. We will not repeat again the replacements for each subscenario
in our subsequent discussions. The free coefficients a.,, of the Yukawa coupling terms® in
multiple modulus cases are taken to be independent of the p, ¢ indices of T’ }? and F];;q and
the modular weights are also taken to be universal for each type of matter representation
in our 5D multiple modulus cases. That is, we choose k:ijp = kp, kpa = kj and also
ko, = ke, kog = ks for multiple modulus cases. With such choices, the mass matrices for
matter contents in both single and multiple modulus scenarios can take almost identical
forms (except for possible different choices of modulus values). Consequently, the form of
the Yukawa couplings take the same form in both single and multiple modulus cases except
that the quarks and leptons can adopt different values of modulus fields in the multiple
modulus cases. We should note again that, under A? x AL, the superfields T;g ) Tj;g’ ) F}}

3For example, the coefficient a1, (here it is a1,23) in the Yukawa term
W 2 anosVy ) (THTE%)ssh,

are taken to be ai;23 = a1, which is independent of the p, ¢ indices.
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can transform non-trivially under Af with the corresponding modular weights kr, kp, ky,
respectively. The superfields T};l ,F}Z, Op,Ogs can transform non-trivially under A% with
the corresponding modular weights kg, k s kg, kg, respectively.

We neglect sub-scenarios which would obviously lead to non-hierarchical structures of
up, down quark mass matrices and lepton mass matrices. We concentrate on the sub-
scenarios with the following choices of modular weights

. (k:f, kr,kg,ks) = (0,2,0,0).

The mass matrices for fermions are given as

() = BiSE(7) + BAG (),
Mp/va= (yp);; = arS5Y + az8{Y + assy
Mg/vg = (?/E)z] = V159(7)7
N)ij = (?JU)T

MEN = MALSE (1) + MM A (7)),
MPS = k1AS9(7), (5.26)

)

with the superpotential
W D [041Y3(4)(FF)3Sh + a2Y1(4) (FF)1h + Q3Y(14) (FF)lz/h}
+ [515/3(2) (Ff)ash+ B2Y3(2)(F]?)3Aﬂ
()1 + MY (SF)ssH + AoYy” (SF)saH| + %AQ(SS)l (5.27)

The parameter «aq, 51,71, A1, kK1 can be taken to be real while others as, as, 82, Ao are
in general complex. Following the replacements discussed in the previous paragraphs,
the extension to the multiple modulus superpotential at the GUT symmetry preserv-
ing fix point brane is straightforward. As an example, the superpotential in the fix
point O(y = 0) should take the form

£28) [ @0{ [V (TP ash + ¥V TPk + ag¥ (P (TPTT) ot

+ (1Y (T3 FP)ss + (TEF D )ss| B+ Bo¥y” (TR FY)za + (T Fi)ga) B)

f f
+71 (F}lE)lh -+ [)\1Y3(2) (OSTg)gsﬁ + /\2Y3(2) (OST;)3AH:|
K
+ 2 82(0509)1 | - (5.28)
The coefficients oy, 8;,- -+ in the Yukawa couplings are taken to be independent of

the p, ¢ indices of T}¥ and F}q.
. (/-gf, kr ke, ks) = (2,2,0,0).
The mass matrices for fermions are given as
My /v = (yv);; = 51 85” + B2AS + B3STY + pusyy |
Mp/va = (yp);; = a15§4) + agS:(l4) + 0‘35:(1%) )
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Mg/va= (yp); = 155 (1) + 1248 (1) |
MR foy = (yn) D7 = ()"
MEN = MALSE (7) + A AY (1)
MF = k1M SY(7), (5.29)
with the superpotential
W D (alyg4> (FF)ssh + apY{V(FF)1h + ang(fl)(FF)luh>
+ <ﬁ1Y354)(Ff)3s]_1 + /82Y3(4)(Ff_)3Ai_l + 53Y1(4) (Ff)1h+ 54Y(r4)(Ff_)1~f_L)
+ (Y5 (FE)ash +12Ys" (FE)sah) + (MYs? (SF)ssH + AoYy” (SF)3aH)
+%A2(SS)1 . (5.30)

The parameter a1, 51,71, A1, k1 can be taken to be real while others g, a3, 82, 83, B4,
Y2, A2 are in general complex.

o (kp kp ke, ks) = (4,2,0,0).
The mass matrices for fermions are given as

My /v = (yo)y; = BL S + BoA§) + B3SSYy + BiAS) + 6551,
(

yp)y = 155" + apsStY + azSLY,

MEg/va= (YE);; = m SV + 1248 + 4381 + st
)

)T

9

N)ij = (y
MEN = XNASE (7) + A AP (1)
M = k1heSY(7),
with the superpotential
W 2 (a1Yy " (FF)ssh + as¥y" (FF)1h + oV, (FF)10h)
+ (51Y3(6) (FF)arsh+ BaYa® (FF)arah + 83V, (F farr,sh
+ BaYs (F f)arr,ah + ﬂ5Y1(6)(Ff)1f_l)
+ (Y5 N (FE)ssh + 7Y (FE)sah + 41" (FE)1h + 7Y, (FE)10h)
+ (MY3 (SF)asH + XYy (SF)gaH) + “LAo(SS)s - (5.31)

The parameter a1, 81,71, A1, k1 can be taken to be real while others as, as, Bs, 53,
B4, Bs, ¥2,73, Y4, Ao are in general complex.

o (kp kp ke, ks) = (4,2,2,0).
The mass matrices for fermions are given as

My v = (yu)y; = B S5y + BoAS) + BsSYy + BaASyy + 8557,

Mp/va = (yp)y; = 1Sg” + asSi? + azstd

)
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MEg/va = (Yg)i; =m S;(S) + VzAg}) + 735:(1,% + V4A§3)[ + 7557,

MDW&C/’UU = (yN)Dzrac _ (yU)T ’
MEN = M ASP (1) + Aot AP (1)
MF = k1A SY (7)), (5.32)

with the superpotential

W 2 (oY (FF)ssh + asY{ (FF)1h + ag¥y" (FF)yrh)
+ (515/3(6) (Ff)arsh+ BaYa® (F F)arah+83Y D (F F)arr sh+B1Ya" (Ff)arr ah
+ BV (F k) + (113" (FE)arsh+ 7Yy (FE)srah + 1Y " (FE)srrsh
+ 74Y1(/ )(fE)sn ah + 7Y (FEN )
+ (WYY (SF)asH + oYy (SF)aaH ) + S-A2(SS)1. (5.33)

The parameter a1, 51,71, A1, £1 can be taken to be real while other parameters as, as,
527 637 647 657 72,735 V4,75, >\2 are in genera] Complex.

o (kj kr ke, ks) = (4,2,2,2).

The mass matrices for fermions are given as

My fvu = (yu)y; = B S+ BoAG) + BsSSy + BiAG) + 551
Mp/va = (yp),;: = a15§ )+ a25§ )+ agSL) ,
=(yE)j; =M S + 12 AS) + 7388y + A + 1551,
MBI fu, = ()57 = ()
MEN =\ A15§4) + /\2A1A§;4) + )\3/\1554) + /\4A15£A7) ;
MES = k1 Ay S5V + roAa S 4 kgho S (5.34)

with the superpotential
W 2 (a1 Yy (FF)ssh + asY{" (FF)1h + agVy) (FF)1ih)
+ (51Y3(6) (Ff)sl,sB+B2Y3(6) (Ff)a1, ah+Bs Y (Ff)ar, sﬁ+ﬁ4Y3(6) (Ff)arr,ah
+ By (Ff_)171> (’71Y (FE)sr.sh+72Ys? (FE)sr ah

+ 13V O (fE)sr1.5h + 74Y1/ (FE)srrah +75Y,° )(fE)lh)
+ (Y5 (SF)asH + Aoy (SF)saH + AV (SP)1H + AiYy (SF)1H )

+ (a1 (5)as + Faav{V(88) + AV (5S)0) (5-35)

The parameter aq, 51,71, A1, k1 can be taken to be real while others as, as, 5o, - - -
are in general complex.
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o (kj kr ke, ks) = (4,4,2,2).

The mass matrices for fermions are given as

My Jou=(yv);; = B SS) +B2A5) +B3S50+BaAS), + s ST +BSy) + 6255
(

Mp/va= (yp);j = 1Sy +asSyp+assy” +asSyy +assy)
Mp/va=(yp)i; = S8 +12A5) +3 557+ A +755
MDzrac/,Uu = (yN)girac _ (yU)T 7
MEN = X\ ALSSY + XM AT+ A3 A1 SS + A ASY + A5 0155,
M3 = k1Mo S5+ koo STV +rz 08T, (5.36)

with the superpotential
W 2 (arYy) (FF)ssh+ asYy ) (FF)ash + ag¥y” (FF)1h + aaYy) (FF)yoh

+ a5V (FF)uh) + (BYa) (FPash + BYa) (Ffaah + 63Y§?}<Ff>3sﬁ
B Yt (FPsah + B Y (FF)ih + oYy (F P + B (Ff)h)
+ (715/3(?) (fE)ssh + ’72Y3(?) (fE)sah + ’73Y3H(JEE)3Sh + ’Y4Y3u)r(fE)3Ah
+ 95V (FE)1R) + MYy, (SF)asH + MYy (SF)aaH + AaYap) (SF)ssH
+ MYy ) (SP)gaH + AsY{" (SF)1H)
+ (?A2Y3(4)(SS)35 + %AQYF)(SS)l + *;QAZY{P(SS)IH) . (5.37)

The 5 parameter a1, 81,71, A1, k1 can be taken to be real while others 20 parameters

g, as, P2, -+ are in general complex.

(kfv kFa kEakS) - (474747 2)

This scenario will have 5 real and 22 complex free parameters, which is less con-
strained. So we will discard such scenarios.

(kfu kFu kEv kS) - (47 47 47 4)

This scenario will have 5 real and 26 complex free parameters, which is less con-

strained. So we will discard such scenarios.

5.5.2 pp =1,1,1", pr =3, pp=3,ps =3

We have ten combinations for three generation f;, namely

(1,1,1)f, (1,1,1); (1”,1,1)

" " " " 1
1”1”1 . (1",1",1");

1,1, (1,1,1);,
(1/ 1// 1”)]? (1 1/ 1//)f_

frir

141 an
11’ (1 1,1 )fVIU’

and modular weight choice

(kj kp,kE,ks) = ((k1, ko, k3), kr, kg, ks).
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The general form of the superpotential can be written as

W D (Z a1 YA (FF)3gh+aoY ) (FF)1h+asY ) (FF) 1ok (5.39)
M

+ oV (FR)yh) + (Z@MY;’}}(FL 3h) (Z%MYP,ML )3 )
i, M i, M

<Z)\ Yy (S F) SH+Z)\2 Yy St (SF) g H +3Yy T (SP) H
+ )\4Y(,ks+kF)(SF)l”H+)\5Y1(,IfS+kF)(SF) )

+7 (Z k1Y) (59) g5+ o V2 )(SS)l-l—/ing(,ZkS)(55)1//+H4Y1(/2/k5)(55)1/> ,
with the index "M’ taken values in 2,4,61,611,81,811, depending on the values of the modular
weights. Some of the coefficients o ar, v, Biar,7i M, - -+ vanish, which also depend on the

values of the modular weights.
We can define

Ula,b] = ﬁast,'Z“) + Bays(lﬁ)b + B, Y:’)(?} » T Bay?,(f)b + BQYS} b
kq
Lla,b] = 'YaY,?ﬁb ) =+ ’YaY(G)b + VaY?,([} s 'YaY(;g)b + ’YaY:?,(?} b (5.40)

for k,, ke # 6,8. The up quark mass matrices are given as

U[1,1], U[2,1], U[3,1], U[1,3], U[2,1], U[3,1],

<yU)f1 = | U[L,3], U[2,3], U[3,3], |, (yU)fu = | U[L,2], U[2,3], U[3,3], |,
U[1,2], U[2,2], U[3,2], U[1,1], U[2,2], U[3,2],
U[1,2], U[2,1], U[3,1], U[1,3], U[2,3], U[3,1],

(yU)fIU = | U[1,1], U[2,3], U[3,3], |, (yU)fzv = | U[L,2], U[2,2], U[3,3], |,
U[1,3], U[2,2], U[3,2], U[1,1], U[2,1], U[3,2],
U[1,3], U[2,3], U[3,3], U[1,2], U[2,2], U[3,1],

(yU)fv = | U[L,2], U[2,2], U[3,2], |, (yU)fVI = | U[L,1], U[2,1], U[3,3], |,
U[1,1], U[2,1], U[3,1], U[1,3], U[2,3], U[3,2],
U[1,2], U[2,2], U3, 2], U[1,3], U[2,3], U3, 2],

(yU)fVH = | U[L,1], U[2,1], U[3,1], |, (yU)fVHI = | U[L,2], U[2,2], U[3,1], |,
U[1,3], U[2,3], U[3,3], U[1,1], U[2,1], U[3, 3],
U[1,3], U[2,2], U3, 2], U[1,1], U[2,3], U3, 2],
(yU)fzx = | U[1,2], U[2,1], U[3,1], |, (yU)ffx = | U[1,3], U[2,2], U[3,1],
U[1,1], U[2,3], U[3,3], U[1,2], U[2,1], U[3, 3],

(5.41)
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The lepton mass matrices are given as the transpose of eq. (5.41) after replacing U|a, b]
with L[a, ]

L[, 1), L[1,3], L[1,2], L[1,3], L[1,2], L[1,1],
(yE)fI = L[27 1]7 L[2’3}7 L[272]7 ) (yE)fH = L[271]’ L[273]7 L[272L )
L[3,1], L[3,3], L[3,2], L[3,1], L[3,3], L[3,2],
L[1,2), L[1,1], L[1,3], L[1,3], L[1,2], L[1,1],
(yE)fIH = L[27 1]7 L[273}7 L[272]7 ) (yE)fzv = L[273]7 L[272]7 L[Qv 1}7 )
L[3,1], L[3,3], L[3,2], L[3,1], L[3,3], L[3,2],
L[1,3], L[1,2], L[1,1], (1,2, L[1,1], L[1,3],
(yE)fv = L[273]7 L[Q,QL L[27 1]7 ) (yE)fVI = L[272]7 L[27 1]7 L[273L )
L[3,3, L[3,2], L[3,1], L[3,1], L[3,3], L[3,2],
L[1,2], L[1,1], L[1,3], L[1,3], L[1,2], L[1,1],
(yE)va = L[272]7 L[Q, 1}7 L[273]7 ) (yE)vaI = L[2,3], L[272]7 L[271L )
L[3,2], L[3,1], L[3,3], L[3,2], L[3,1], L[3,3],
L(1,3], L[1,2], L[1,1], L1, 1], L[1,3), L]1,2],
we)s, = | LI2,2], LI2,1], L[2,3], | . (m)p = | LI2,3), L[2,2], L[2,1], |, (5.42)
L[3,2), L[3,1], L[3,3] L[3,2), L[3,1], L[3,3]

The mass matrices for down type quark and neutrinos are given as

(yD)ZJ = alvMSlg)%\le) + aQS](_QkF) + QSS](_?kF) + 06452([?/]“:)7

MEN = A arSSE T 4 Ao g A ™) 4 g s(ETR) s the) (s the),
M = A [m,MS:(;QA]fIS) + /ﬁgkaS) + HgSSkS) + H4S§%ks) ,

(v "™ = ()", (5.43)

with the index ‘M’ taken values in 2,4,61,611,81,81I, depending on the values of the mod-
ular weights. We should note that coefficients for those modular weights without certain
representations should be set to vanish. For example, the coefficient ay = 0 when 2kp = 4;
and the coefficient a3 = a4 = 0 when 2kp = 6, as the Yl(,‘,l), Yl(,6), Yl(f) are not independent
modular forms.

e For kp =2,kg =0:
—ki=k+kp=24and k; = k; + kp = 2, 4:

the forms of the up-type quark and lepton mass matrices take the form in (5.41)
and (5.42) with 5, = ), = o = 5, =0 and 3, = 7, =4, =4, = 0.

»31Y3(f11) 52Y3(,]j12) 53}/3(33) 71Y3(7f) 71Y3(,g,1) 71Y;3(,;1)
W)z, = | /1Yy BaYas) BsYas) |+ (WE); = | vaYay nYss eYay
B YAk BoY) By 1Y) Yk v

(5.44)
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. .
71Y3(,§1) Y1¥3 2 71Y3(k11)

k k 7
72Y3(,f) 72Y3(,]§2) e |
k: k 7

13Yah Va5 15Ysls

(5.45)

Blyg,(gl) »32Y3(§2) ,33Y3,(7%13)
(yu)s, = 51Y35§1) 52}/3(,’:32) /83Y3(§33) ; (YE) 7y, =
51Y35,kf) 52Y3(,l;2) 53Y3(,k23)
N Yio) vy k)
72Y3(1f12) V2 3:3 Wzyg,(éz) ;
73Y3(f€13) 73 31% 73Y3(:}%§3)
(5.46)

) ﬁlyg,i,f?l; 52Y3(ZZ) ﬁ3Y3(7k13)
- \ k k

Yu)fin ﬂlY?)(,fCl) 62}/3(,5) 63Y3(,§>3) ’ (yE)fTIII =

brYss) GaYyy) Vs

71Y3(§1) W1Y3(,f€21) 71Y3(f€11)
’Y2Y3(f32) 72},3(1%22) 72Y3(7f€12) ;
73Y3(7k13) Y3¥3 3 ’73Y3(:f€23)
(5.47)

: ~ ~
( ,81Y3(7~31) 52}/3(%‘) BaYyhd)
R (k1) k &
yU)fIV ﬁlyg(%z) 52}/3(%2) BSY;;’?) ) (yE)fIV =
61Y3,11 B2Y3(,12) /63}/3(7]623)

y k) y )

Tilgg” Tilgo” T1ls)

1Yy e a5 1wV |

1555 1sYat) 733’3(?%13)
(5.48)

(k1) (2) k k k
Br1Ys5" BaYsy 531/3(,}3) (715/3(’;1) NYsht ’Y1Y(f€1)
: : 3,3

fﬁ ~2 ks
( BiYss) By BsYyy
o (1) F k
yU)fv B1Y3(’f€21) /82}/3(’];22) ﬂ?)yg(f;) ) (yE)fV =
ﬁ1Y3,11 52Y3(712) ﬂSYQ,(ﬁS)

o Fr k
o= | s s | o= s o |
3 233 53Y3,2 ’Ysye.(ﬁa) ’YSY;).(,I?) ’73Y3(k23)
(5.49)
¥y ¥ mys)
72Y3(f22) 72Y3(,k12) 72Y9,(}?32) ;
73Y3(,kz3) 73Y3(,k13) 73}/3(%33)
(5.50)
71Y3('§1) 71Y3(,§1) %Y;f,kf)

)

(k1) k k
o = | oty it D
_ _ 1
U)fvrr /61Y3(,]_€1) ﬁQY&; /83Y3(f13) ’ (yE)fVII -
B1Yss 52Y3(,32) 53Y3(,l§3)

: _ _

" ﬁlyg,if,lz 52Y3(Z,2) ﬁ3Y3(7k23)
- . J k

YU) fy i 51Y3,2 62Y3(,22) 183Y?E,]i3) ’ (yE)fvuz -

: (k2) (k2) (k2)
2 < 1 Y2Y33" 72V Y3 |
51}/3()1) 52yéﬁ2) BSYB(?) 32 72131

)

: : :
15Yss 1Yar 1sYas)

)

(5.51)
; . .
71Y3(731) '71Y:3(,]€21) ’le:}(ﬁl)

( 51Y3(7_31) 52Y9,(ZQ) /B3Y3(kQB)
o (k1) 2 &
yU)fIX ﬁ1Y3,2 BQYB(JQ) B3Y3(,k13) ’ (yE)fIX =

: () o) o
; ] V2 Y. y(k2)
51Y3(,k11) /82Y3(,]§))2) ,6’3}/3(7’;3) 32 2031 72%33 ’

3 ] 5
73Y3(723) ,735/'3(71613) 73y3(7k33)
(5.52)

71Y3(,11) 71Y3(,’§),1) 71Y3(,]€21)

k1 ko ks
( BiYsh paYy) BsYys)
o (k1) & %
YU ) fy Blya(,g,l) 52y§§2) ﬁgygfﬁs) N T
ﬁlys,zl 52Y3(,12) ﬁ3Y3(,]§3)

k
’72Y3(7A32) ’YQY;g(f;?) 72)/3(,]12) ’

k
73)/3(723) ’YSY;g(ﬁS) 73}/3(71633)
(5.53)
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— k;=k;+kr =6 and /;:Z = k; + kg = 6: the superpotential can be written as

W 2 (arYy(FF)ssh+ as¥y (FF)1h + asV{ (FF)1h)
DL /égygf%ﬁ)sﬁ)

+ (Z ’NYiYg(?i)(ﬁ E)3h + Z 311 fz )
+ (MY (SF)aeH + Agygf ((SF)saH) + %AQ(SS)l . (5.54)

The parameter 041,51-,%, A1, k1 can be taken to be real while others 042,043,5{,
i, A2 are in general complex. The form of the up-type quark and lepton mass
matrices take the form in eq. (5.41) and eq. (5.42), with 8, = 3, = 3/ = 0 and

Ya = Ao = Fo = 0.

— ki =ki+ kp =6 and lz:izki—i-kE:Q,élforanyi:
similar discussions can be given here. The form of the up-type quark and lepton
mass matrices take the form in eq. (5.41) and eq. (5.42), with 8, = Ba=p =0

and 5 = 7, = 40 = 7, = 0.
For k; = 8, we need just repeat the replacement 3, — (3, and 3, — ..

— l%izki—i—k:F:Q,ll and l%izki—i—kE:Gfor any i:
with similar discussions, we can obtain that the form of the up-type quark and
lepton mass matrices, which take the form in eq. (5.41) and eq. (5.42), with
Ba=B,=P.=p =0and v =4a =4, = 0.
For k; = 8, we need just repeat the replacement 3, — 9, and 7, — 4.

— Some of the k; = k; + kp = 2,4 and some of the l;:j = 6, 8; some of the ki =
k; + kg = 6,8 and some of the 12:]- =2,4:

similar discussions can be given here to obtain the mass matrices.

e For kp =2,kg = 2:

only the expressions for MY and M change with respect to the kp = 2,kg = 0
case, which are given as

MEN = M ASE (1) + A A (7) + A3 0188 (1) + Aah S8 (7)
M5 = 5100857 (1) + m20a 81 (7) + m30a ST (7) | (5.55)

with the corresponding superpotential
W2 (MYs " (SF)ssH + AoYy " (SF)saH + XYV (SF) H + MY (SF)1H)

+ [?A2Y§4)(SS)3S + S YV (S8)1 + FAaYy >(55)1~] : (5.56)

The parameters Aj, k1 can be taken to be real while the others are complex.
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e For kpr =4,kg = 0:

the superpotential can be written as

W 2 (anYy) (FF)ssh+ asYy) | (FF)ash + asY{® (FF)1h + 0¥y (FF)yih
+ sy (FF)1h) + (Z BraYary Ffz)3h) (Z vi;Aygfi;)(ﬁE)sh)
iA
+ (MY (SF)asH + oYy (SF YV (SF) H ® H
113 35 21g ( )SAH+ >\3Y1 (SF)1H+)\1Y/ (SF)luH
+ 5 A2(S9)s (5.57)
with the indices ‘A’ taken values in 2,4,61,611,81,811, depending on the values of
kr + k:ﬁ . The mass matrices for the down type quarks and neutrinos are
(yp)i; = 01S5) + 2SSy, + a8y + auSy + a5 S
MEN = M ASE (1) + A A (1) + A3 A8 (1) 4+ Aah S8 (1),
M = mhaSY(r) . (yn) " = ()" (5.58)

)

The up quark mass matrices and lepton quark matrices take the form eq. (5.41) and
eq. (5.42). For k, = kp + kg = 2,4, the coefficients Bo =B, = o =B, =0; for
ko =06, Ba=fa =0, =0;for kg =8, B, = B, = Ba = 0. Similar expressions hold for
lepton mass matrices.

e For kp =4,kg = 2:

only the expressions for MY and M*S change with respect to the kp = 4,kg = 0
case, which are given as

MEN = NALSE) (1) + A My AGY (1) + A3 A1 SSh (1) + A Ay (1) + AsAr S (1),
MSF = kiAs S5V (1) + mada STV (7) + KsAa ST (7) (5.59)

with the corresponding superpotential
W D (MY D (SF)s6H + MY (SF)saH + AsYy N (SF)ssH + MYa)(SF)3uH
2 (MY3 (SF)3sH + A\oY3; (SF)3aH + A3Ygr(SF)asH + MY (SF)3a

+ XYV (SF)IH) + [";A2Y§4)(55)3S + %AQYI(4)(SS)1 + %AQYI(,‘“(SS)l,, .

(5.60)
5.5.3 pPf= 3, pr=1, 11", PE =3,ps =3
We have ten combinations for three generation pp,, namely
(1//’ 1//, l)FVI, (1//, 1//’ 1/,)FVII, (1/’ 1/’ 1//)FVIII, (1/ 1// 1//) IX, (1’ 1/, ].”)FX

and modular weight choice (k:];, kr, kg, ks) = (ka, (k1, ko, k3), kg, ks).
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The possible form of the superpotential can be written as

(kp,+kr;) (kp;+kF;) (kp;+kr;)

W 2 <a1Y1 ( Z'Fj)lh+0é2y1, (FF )1//h+ Ozng,, (FF )1/h>

n Zﬁl k+kf) Ff)3h)

+(> 71Y3(5\Z}(fE)3sh +> ’72Y3(5\i/[)(fE)3Ah + ) %Yl(fgf/{l,,(fE)1,1~,1'h)
i M i M =111/

+ Z)\ S Ayall| SFZ-)gH)

1=1,1""1’

(ZH S) SS) s+ + Z /ﬂ 11/ 1// SS)I 17 1/) ’ (561)

with the index ‘M’ taken values in 2,4,61,611,81,81I, depending on the values of the mod-
ular weights. In general, aj23 should be replaced by a1323;;. To keep the simply and
predictive power of the model, we keep only three free parameters o 23. The parameter
a1, Bi, V1, \i, k1 can be taken to be real while others are in general complex.

kp. +kp. kp. +kp. k k
Define Y; BERE U(,7), Y1,F2+ = V(i j), Y1f+ = =W(i,j) and

Uli, j] = Bast,]Z”) + Baya(?,)b + B;Y:S(?},b + BaY:SE,)b + B;Yé?},b )
S[i, 5] = AaYar® + AaYapy + AuYar)y + AaYarh + AoYarl (5.62)

with ko = kp, + k; and ko = kg, + ks.
The mass matrices for down-type quark are given by

U(1,1) U(1,2) U(1,3) a2V (1,1) asW(1,2) asW(1,3)
(yp); =0 (U(Zl) U(2,2) U(273)) , (yp) ;s asW(2,1) a1 U(2,2) a1U(2,3) ) ,
U(3,1) U(3,2) U(3,3) asW(3,1) a1U(3,2) a1U(3,3)
OégW(].,].) CVQV(].,Q) QQV(l,S) CMQV(].,].) (12V(1,2) CkgW(L?))
(yp)yrr = (agV(Q,l) a1U(2,2) alU(2,3)) , o)y = 2V(2,1) aV(2,2) Oé3W(273)) ,
OéQV(?),l) alU(3,2) 0&1U(3,3) Oé3W(3,1) 043W(3,2) OélU(3,3)
V(1,1) V(1,2) V(1,3) asW(1,1) asW(1,2) asV(L,3)
(yp)y =2 (V(Q,l) V(2,2) V(2,3)) , (yp)yr=| asW(2,1) asW(2,2) Oé2V(2,3)) ,
V(3,1) V(3,2) V(3,3) a2V (3,1) a2V(3,2) a;U(3,3)
W(1,1) W(1,2) W(1,3) asV(1,1) sV (1,2) a1U(1,3)
YD)y =03 (W(2,1) W(2,2) W(2,3)) , Wp)vir=| @V (2,1) V(2,2) a1U(2,3) ) ,
W (3,1) W(3,2) W(3,3) a1 U(3,1) a1U(3,2) azW(3,3)
OéQV(l,l) OélU(].,Q) CklU(].,?)) O[lU(].,l) OZ3W(].,2) CVQV(].,?))
(yp);x = (a1U(2,1) azW(2,2) agW(2,3)) (yp)x = asW(2,1) a2V (2,2) a1U(2,3) ) ,
OélU(?),l) 043W(3,2) O¢3W(3,3) OéQV(3,1) 041U(3,2) O¢3W(3,3)

The mass matrices for up-type quark take the forms as the transpose of eq. (5.41)
while Mgy takes the same form as eq. (5.41) after replacing Ula,b] with S[a,b]. For
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example,

UL, 1], UL, 3], UL, 2], S[1.1], S[2,1], S[3,1],
(yv) F= Ul2,1], U[2,3], U[2,2], | , Msn.; = | S[1,3], S[2,3], S[3,3], |, (5.63)
U[3,1], U[3,3], U[3,2], S[1,2], S[2.2], S[3,2],

Similar to the previous cases, when k, = kr, + kf = 2.4, the coefficients 3, = ,5’[1 = 3a =
B(’I =0; for kg = 6, By = s = B(’l —0; for k, = 8, B, = B(’Z = B4 = 0. Similar discussions
hold for Mgy with different choices of k, = ks + krp,.

The expressions for Mgg are also similar to the discussions in subsection (5.5.1).

 kj+ kg =0, which means (kf, kg) = (0,0).

The charged lepton mass matrices are given by
(yE)ij = ’Yng(T) . (5.64)

. k]?—l- kg = 2, which means (kf7 kE) = (2,0), (0, 2)

The lepton mass matrices are given by
(yr) = 185" () + 72457 (7) . (5.65)
o kj+ kg =4, which means (kf,kg) = (2,2),(4,0),(0,4).
The charged lepton mass matrices are given by
(ye)i; =1 55 + 7245 + 7381 + 7488 . (5.66)

o kj+ kg =6, which means (kf, kg) = (6,0), (4,2),(2,4), (6,0).

The charged lepton mass matrices are given by

(yE)Z-j =7 S:(S) + ’}/QA'SEI) + ’)/35;55)] + 74Ag61)] + 755&6) . (5.67)

5.5.4 py= 3, pr=38, pp=1,1,1",ps =3

We will adopt the notations for the combinations for 1,1’,1” in eq. (5.38). In this case,
only the lepton mass matrices will change.

w2 Z%Yéki)(f&)sh, ki = ki+ ke, . (5.68)

The lepton mass matrices take the form of transpose of eq. (5.42).
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5.5.5 pF=3, pr=3, pp=3,ps =1, 1’,1”

We will adopt the notations for the combinations for 1,1’,1” in eq. (5.38). In this case,
only the mass matrices in the neutrino sector will change.
The relevant superpotential for neutrino sector is given by

WD (Z AZ-Y;;’“A?““F)(&F);,,H)

i, M
A ks.+ks. ks, +ks. ks +ks,
T (myl( 59 (6,601 4 Y S (6,50 1+ rsYrSi T SJ)(Sisj)ll) . (5.69)

The matrices Mgy takes the form as the transpose of eq. (5.41) after replacing Ula, b]
with Sla,b], adopting the notation in eq. (5.62). The discussions are also similar to the
case presented below eq. (5.63), depending on the values of kg + kp,.

We can define

ks, +hs, ks s, ks ths;
YT = NUGLG), YT = NV (), Y = NW (L),

The mass matrices Mgg/A2 takes the same form as eq. (5.63) after the repalcement
U(i,j) = NU(, 7)), V(i, ) = NV (i,j) ,W(i,j) = NW(i,j), 0 = ki - (5.70)

The value k1 can be chosen to be real while k9, k3 are complex.

6 Numerical fitting

We numerically scan the parameter spaces for various scenarios of the flipped SU(5) GUT
with A4 modular flavor symmetry to fit our theoretical prediction to the experimental
data on the flavor structures for SM plus neutrinos. To keep the predictive power of
our modular GUT scheme, we concentrate on the scenarios in which at least one of
the f,F,E,S superfields transforms as the triplet of A4 modular group. The VEVs
of the complex modulus fields are taken to be free parameters, which in principle can
be determined by some modulus stability mechanism, for example, the KKLT-type set-
tings. The VEV of the modulus field 7 can be chosen to lie in the fundamental domain
D = {7|In(r) > 0, [Re(r)| < &, |7 > 1}.

The GUT-scale flavor structures of quarks and leptons predicted by our models need
to be evolved to the EW scale with the renormalization group equation (RGE) before
the implement of the x? fit to the experimental data of SM and neutrino flavor struc-
tures. In our realistic numerical calculations, we use two-loop RGE to evolve our predicted
flavor structures to the SUSY scale and fit our results to the low energy flavor param-
eters in [102] obtained after evolution and matching from My to the SUSY scale with
Mgysy = 1 TeV,tan 8 = 5 and SM input values from PDG review [103]. Our two-loop
RGE evolution program, which is based on the SARAH [104-106] package, takes into ac-
count the interactions in neutrino seesaw mechanism. In obtaining such low energy flavor
parameters, minimal supersymmetric extension of the Standard Model (MSSM) is assumed
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Parameters Value
Yu /1076 6.3753
Ye/1073 2.776 + 0.095
Yt 0.86850 Doad
ya/107° 1.364710 092
ys/1074 2.7070 13
Yyp/1072 138815015
o, | 022736700007
015/1073 3.724+0.13
04,/1072 429610003
0 p 1.208 4 0.054
Ye/107° 2.84827000%%
y,/1074 6.0127100041
Yr A/I(QJ‘Q 1.20870:0007
10—7%\1/2 7427573
A
T 25173558
sin? 6%, 0.304 + 0.012
sin?0l5/1072 | 2.221700%8
sin? 0 0.57019-93%

Table 1. The central values and the corresponding 1o deviations of various flavor parameters for
quarks and leptons, collected from [102] and [107] (NO for neutrino masses are adopted).

with the tan 8 enhanced one-loop SUSY threshold corrections [102]. The mass matrices
at the SUSY scale predicted by our model after RGE evolutions can be diagonalized to
extract the corresponding lepton, quark masses and mixing matrices.

To optimize our fitting procedure, we choose to best-fit the quark sector and lepton
sector separately. We require that the x? values for both sectors should to be less than
100, respectively. The forms of x? functions are given as

y ) ) obsiqyl — <0bsiq’l> ?
Xq,l = ZXqu ) Xiq,l = ] ) (61)

q,1

with / obsgql the mass and flavor mixing parameters predicted by our model at the SUSY

scale. As noted in the previous paragraph, the central values’ <obsiq7l >/ of flavor parameters
for quarks and charged leptons adopt the corresponding numerical results in [102]. Neutrino
data for Normal Ordering (NO) neutrino masses [107] are adopted in our fitting, which is
slightly preferred over the inverted ordering (I0) masses by the present data [107]. The
! ng’l are the 1o deviations of the corresponding observables (see table 1).

The lepton sector x7 function can be constructed with the predicted mass ratios
Me /My, My/mr, Am, /Am3, and the lepton mixing parameters sin? 6}, sin? 65, sin? 64,
510 p- Similarly, the xﬁ function for the quark sector can be constructed from the predicted
quark mass ratios my/m., m./ms, mg/ms, ms/m; and the quark mixing parameters 6%,
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61, 035, 6L p. The experimental values of the neutrino mixing parameters are taken from
NuFIT v5.0 with Super-Kamiokanda atmospheric data [107]. Dimensionless input param-
eters, such as the values of the moduli fields and the ratios of the coupling constants, can
determine the mixing angles, CP violation phases and the fermion mass ratios. As noted
in our previous sections, some phases of the input Yukawa-type coefficients can be removed
by field redefinitions while the remaining ones are in general complex.

To obtain the best-fit parameters in our fitting, we scan randomly the allowed param-
eter regions to find good seeds for further MCMC scanning. In practice, we try to find
the best-fit points for the quark sector first, and then perform the numerical fitting for the
lepton sector with the best-fit value of 7 in the quark sector. However, it is sometimes
difficult to obtain good fittings with a common 7 for both sectors. Multiple 7 values (for
quark and lepton sectors, respectively) are then used in the fitting if the single modulus
scenarios do not work well.

After numerical calculations and fittings, we can obtain the best-fit points for the
following scenarios

e It p;=3, pr=3, pp=3, ps=3.

This scenario, in which all f, F, E, S superfields transform as triplets of A4 modular
flavor symmetry, is the most predictive scenario in the modular flipped SU(5) GUT
scheme. We carry out numerical fittings for each models in this scenario with different
modular weights. Our numerical results indicate that all cases with modular weight
krp = 2 can not lead to good fittings to experimental data while some case with
modular weight kr = 4 can work well.

The values for the best-fit point with modular weight k F=kr=4,kp = kg =2are
given in table. 2. We can see that, when the quark sector and lepton sector share
the same modulus value 7, we get xﬁ = 46.122 and a much larger x7 = 236.259. In
order to improve the fitting accuracy for the lepton sector, we can adopt multiple
moduli fields (with a single modular A4 symmetry) in our modular GUT scheme by
introducing the other independent modulus value 7; for leptons, which can reduce the
X% of lepton sector to 48.806. It should be noted that, after introducing additional
71, the best-fit parameters for the quark sector are almost unchanged, while those for
the lepton sector do not change much. The changes in the lepton sector will have
only tiny effects on the fitting for the quark sector (by affecting the RGE evolutions
of flavor parameters in the quark sector) and can be ignored. See more discussions
in the next section.

o IL: p; € {1,1,1"}, pr=3, pp =3, ps=3.

In this scenario, the F, E, S superfields transform as triplets while the f; of the three
generations transform as singlets. Different assignments of 1,1’,1” representations
to three generations and choices of modular weights will lead to large number of sub-
scenarios. In our numerical study, we show two representative sample sub-scenarios,
which can lead to better fittings
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- IX: pp .= (1,17,1”) with modular weights kg ,, = (2,0,2); kp = 4 and
kg =kg = 2.

- X pp,, = (1,1,1”) with modular weights kf ,, = (4,2,4); kr = 4 and
kp =ksg = 2.

The parameters of the best-fit points for sub-scenario IX and X are listed in table 3
and table 4, respectively. We can see that, when the quark sector and lepton sector
share the same 7, the best-fit point of sub-scenario IX predicts xﬁ = 16.408 and
Xl2 = 486.036 while that of the sub-scenario X predicts xﬁ = 69.216 and Xl2 = 208.261.
Obviously, although the fitting of the quark sector can be fairly good, the fitting of
the lepton part is still unsatisfactory. So, again we can adopt multiple moduli fields
to introduce an independent 7; parameter for the lepton sector in addition to the
74 for the quark sector. By re-scanning the parameter spaces, we find that, with
multiple moduli values, we can get much better fitting. The best-fit point of sub-
scenario IX now gives Xl2 = 30.215 and that of sub-scenario X gives a much lower
value Xlz = 0.878. We should note again that, when we carry out best-fitting with a
single modulus value, we carry out fitting for the quark sector first before we carry
out fitting for the lepton sector with the best-fitting value of modulus 7, obtained for
the quark sector.

In principle, to obtain the best-fit point in the scenarios with multiple (two) moduli
values, we need to repeatedly best fit the quark sector with the original 7, each time
we choose a new 7; value to fit the lepton sector. However, we anticipate that the
changing in the lepton sector will feed back into the quark sector by only affecting
slightly their RGE evolutions. As the small changes of flavor parameters in the
lepton sector (when varying 7;) can only slightly alter the beta functions for the
flavor parameters in the quark sector, the best fit point for the quark sector is almost
insensitive to the changes in the lepton sector. So, in our best fitting, we keep fixed
the best fit point for the quark sector while we further carry out best fitting for the
lepton sector in the scenarios with two different moduli values for quark and lepton
sectors. To show the effects of such approximation, we list the predictions for the
quark in table 4 with (red colored) and without (uncolored) taking into account the
RGE feeding back effects. It can be seen that, taking into account the feeding back
effects from the lepton sector when varying 7; away from 7,, the predictions of flavor
parameters in the quark sector with the best fit points will increases the XZ by 4.423.
Such an increase in Xg can indeed be acceptable and can be neglected in most cases,
which justify the use of this approximation.

III: p; =3, pp € {1,1,1"}, pp =3, ps =3.

In this scenario, the f, F, S superfields transform as triplets while the Fj of the three
generations transform as singlets. Similar to previous scenarios, we just show two
representative sample sub-scenarios that can lead to better fitting
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- IX": pp,, = (1',1”,1") with modular weights kp, , , = (2,4, 2);
kf=kg=ks=2.

- X" pp L, = (1,1,1") with modular weights kr, , , = (0,2,4);
kf = kg =kg=2.

The parameters of the best-fit points for sub-scenario IX’ and X’ are listed in table 5
and table 6, respectively. We can see that, when the quark sector and lepton sector
share the same 7, the best-fit point of sub-scenario IX’ predicts x§ = 1.221, Xl2 =
0.358 while that of the sub-scenario X’ predicts x3 = 50.511, x7 = 232.993. So, it
can be seen that the best-fit point for sub-scenario IX’ can lead to excellent fitting
even if only a single common modulus value for both quark sector and lepton sector
are adopted.

However, from the X;l values in the X’ model, it seems that we still need to introduce
additional 7; to obtain better fitting for the lepton sector. Indeed, after introducing
additional 7, the X12 for the lepton sector can be reduced to 58.908. Similar to the
discussions in scenario II, improved best-fitting for the lepton sector will feed back
into the quark sector. In this scenario, it will further optimize the original fitting in
the quark sector (see the predictions of quark sector in table 5).

IV: pr=3, pr=3, pp=1,1,1", ps=3.

In this scenario, the f, F, S superfields transform as triplets while the E; of the three
generations transform as singlets. As the f and F are both triplets, the best-fit point
for the quark sector is almost the same as in scenario I. Motivated by the best-fitting
results in scenario I, we adopt the following sample sub-scenario that can lead to
better fitting

~ PEy.5 = (1,1',1") with the corresponding modular weights kg, ,, = (2,0,2);
ks =2 and kf:kF:4.

The values of the best-fit points are shown in table 7. The values of the best-fit points
for the quark part are in agreement with that in scenario I, which gives xi = 47.396
and is acceptable. The fitting of the lepton sector gives Xl2 = 53.711, which is also
acceptable and no longer needs the introduction of additional 7;.

Vip;=3, pr=38, pp =3, ps=1,1,1".

In this scenario, the f, F, E superfields transform as triplets while the S; of the three
generations transform as singlets. Such a scenario with singlets S; is also similar to
that in the scenario I. Again, motivated by the best-fitting results in scenario I, we
adopt the following sample sub-scenario that can lead to better fitting

~ pSi.5 = (1,1/,1”) with the corresponding modular weights kg, ,, = (2,4,2);
kE:2and k’f:kF:4.

The values of the best-fit point are shown in table 8. The values of the best-fit point
for the quark sector are also in agreement with that in scenario I and IV, which gives
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Xg = 46.121. However, the XIZ for the lepton sector reaches 206.527. Therefore, we
still need to introduce an additional 7; for lepton sector only to obtain better fitting.
With an additional 7; for the lepton sector, the X12 can be reduced to 37.067.

7 Conclusions

It is very interesting to check if the low energy flavor structures can be successfully predicted
by the GUT models. In this paper, we try to explain the flavor structures of the Standard
Model plus neutrinos in the framework of flipped SU(5) GUT with A4 modular flavor
symmetry. We classify all possible scenarios in this scheme according to the assignments
of the modular A4 representations for matter superfields and give the expressions of the
quark and lepton mass matrices predicted by our scenarios at the GUT scale. After the
RGE evolutions of the GUT scale parameters to the My scale, we can check whether
our predictions can be consistent with the experimental data. By properly selecting the
modular weights for various superfields that can lead to better fitting, the best-fit points
can be found numerically with their corresponding x? values for the sample subscenarios.

Our numerical results indicate that predictions of many scenarios can fit nicely to the
experimental data when a common modulus value for quark sector and lepton sector is
adopted. Especially, the x2,, of our fitting can be as low as 1.558 for sample IX' of
scenario ITI. However, the fitting with a single modulus value do not work very well for
some scenarios, which then prefer the introduction of multiple moduli values for different
sectors. In this paper, we concentrate on the possibility with two different moduli fields
responsible for quark sector and lepton sector separately.

We know that some representation of the GUT group contains both quarks and leptons.
So, it seems that the unification of matter contents will be spoiled if different values of
moduli fields are assigned separately for quarks and leptons. We propose that, such an
inconsistency can be solved in orbifold GUT. In previous studies, bi-triplet type Higgs fields
with non-renormalizable interactions are always needed to break the multiple modular
symmetries to a single modular symmetry so as that the UV theory with multiple modular
symmetries and multiple moduli fields can be reduced to a IR theory with a single modular
symmetry and multiple moduli fields. We propose a new approach to realize such reductions
by adopting proper boundary conditions for the breaking of multiple modular symmetries
into the surviving one.

The most predictive scenario III, in which all superfields transform as triplets of Ay,
can be well fitted with two independent moduli values 74, 7; for quark sector and lepton
sector, which gives x2 ., &~ 95 for the fitting. With one common modulus value for both
quark sector and lepton sector, the value of X%otal for the best-fit point will be increased
to 282.4.

Note added: while we are preparing this draft, we notice the work in [82], which also
discuss the generations of flavor structures in flipped SU(5) GUT with A4 modular sym-
metry. Although there are small overlaps, this work contains many new ingredients not
covered in [82]. For example, we classify all the possible scenarios in flipped SU(5) GUT
with A4 modular symmetry according to the assignments of the modular A4 representa-
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tions for matter superfields. Besides, we do not adopt the Froggatt-Nielsen mechanism to
generate the hierarchies in the flavor structures. Scenarios with multiple moduli fields in
modular GUT and the breaking of modular flavor symmetries by BCs are also new, which
also had not been discussed in [82].
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A  Modular form Yr(’“) with weight k and the level 3 under A,

We collect the modular forms Y;* with weight k and the level 3 under Ay [7]:

e Modular weight £ = 2 and the representation r = 3:
Vi? = (v1, Y5, Y3)" with

Yi(r) = J['@/3) ' ((r+D/3) (T +2)/3) 2777’(37)]
2r Ln(r/3) = (T +1)/3) a((r+2)/3) ~ n(37) ’

(A1)

where 7(7) is the Dedekind eta-function,
n(r) =g [[A—-q"), q=e"". (A.2)
n=1

The g—expansions of Y] 2 3(7) are given as

Yi(1) = 14 12¢ + 36¢* + 12¢° + 84¢* + 72¢° + ... ,
Ya(r) = —6¢"/3(1 4 Tq + 8¢% + 18¢° + 14¢* + ...)
Ya(r) = —18¢*°(1+ 29 +5¢° + 4¢> + 8¢* + ... (A.3)

e Modular weight £ = 4 and the representation r = 3,1,1’":

, Y2 - VaYy
W = Lo - [ v
YZ - Y1Y;

VY = (Vv = Y2+ 2Ya Y3,
vy = (Y = Y3 + s (A4)
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e Modular weight £ = 6 and the representation r = 37,311, 1:

v _

Vi — vy = (v + 2v5Y3)

6 2
v = v =

e Modular weight £ = 8 and the representation r = 37,371,1,1',1":

v =
v _
v =

Ysr' =

8
Yar) =

(Y(2) (4 ))1 — }/'13 + }/'23 + Y33 — 3Y1Y2YE’> ’

(Y3 +2Y1Y?)

(Va2 Ya) )1 = (Y2 +2YaY3)2,
= (Y2 + 2Y5Y3) (Y + 2Y1Ya),
(Ya2Y{N 1 = (Y + 2V1Y2)?,

(Va2 Yy

Y70 =

(Va2 Yaihsa

Y
Yo |,
Y3
Y3
Y
Y

(Y2 + Y5+ Y39 —371YaYs) | Yo

= (Y# 4 2Y1Y2)
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Parameter Valuel
B1/1072 5.292
By/1074 1588.315 — 6.4104
B3/1072 —3.704 + 10.670¢
B4/1073 —5.817 + 2.049i
B5/1073 | —1058.838 — 1.620i
B/1072 2.055 4 9.9334
g?; ig*‘t 1'71%.;724601 observabﬁle Value2
02/1073 —2.821 — 273.122i y“/ig_s g'iig
as/10° —70.375 + 1.104i e/ s
ai/107% | —3.691 + 2707.307i A '
as/104 ~411.085 — 1.680i %184 12?;’
T 1.198 + 2.830i /102 305
n/107 1.203 0%, 0.22737
72/1074 3.536 — 9.922i 6. /10-3 3716
~3/1073 1.713 — 3.086i 01, /102 1,996
’74/1074 —6.732 + 105.230¢ 5%]3 1.194
N 7(5/19(24 | 123.915 — 9.9134 % 16.122
1/(10° GeV 1.207 =
A2 /(10% GeV) 2.006 ve/ 10_i 2848
A1/1073 8.678 y“ﬁg_Q f'(l)g;l
Ao/107 3.249 — 81540 Am%gl};lO_5/eV22 o
As/10~4 9.383 — 154.099i Amd110-5/ev2 | 2516
Ag/1072 8.095 + 18.176i Y '
A5/1072 1.193 — 8.156i o e s 0457
1 /10-2 4752 sin 913/110 2.304
Ka/1072 —2.809 + 2.805i Sin 2 0806
K3/1072 —1.245 — 1.635i Xi - 236.259
v1/10~2 1.204 ye/1074 2.847
~2/10~4 3.522 — 9.722i y“ﬁgQ (15(1)(2)3
~3/1073 1.710 — 3.078i AmQyT/IO_5/eV2 o
~y4/10~4 —6.723 + 105.127i S B
~5/10~ 123.760 — 9.751i Amg /107 2/eV= | 2,511
A1/(10° GeV) 1.298 o 01 , 0.381
A2 /(102 GeV) 1.833 sin“0s/ 1o 2.260
/102 3674 sin 5)23 0.642
i . % 48.806
A2/10 3.246 — 81.548i
A3/107% 9.385 — 154.042¢
Ag/1072 8.095 + 18.164i
As/1072 1.194 — 8.155i
K1/1072 —4.753
Ko /1072 —2.808 + 2.804i
K3,/1072 —1.244 — 1.635i
7 1.180 4 2.711i

Table 2. The input parameters and low energy predictions of the best-fit point for the sample sub-
scenario of scenario I, which is given by p; = pr = pp = ps = 3 and kf = kr = 4,kp = ks = 2.
The upper and middle mini-tables (in the left and right columns) for the case with one modulus
value 7, and the lower mini-table for the case with two moduli values 74, 7.
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Parameter Valuel
£1/10~6 —5.602
2/1072 —42.016 — 2.423i
p1/1072 —62.245 + 1.2014
L B ,
’6:3/ 18_ L 12181 + Iég;l observable Value2
fa/107 —Lold 1022 yu/ 1070 10.688
a1/10 ~1.152 4
L , Ye/10 3.044
a2/10 —1.244 — 148.050i 0.869
/1075 | 232.706 + 3.884i v '
» ‘ /10 1.626
/10 3.011 — 14663.865i .
_4 . ys/10 2.953
a5/10 —5.366 — 25.651i L
., , /10 1.388
7/10 3.310 + 359.899i p 099741
5 12 .
71/1078 —2.173 01,/10~3 3.721
72/1074 —14.990 + 7.062i 69, /102 4.996
v3/1072 —2.669 + 2.470i 5% 1216
A1/(10° GeV) 4.838 22 16.408
As/(102 GeV) 4.920 =
A1/107! 1.202 Ye/10 i 2.888
‘ 10~ 6.103
Ap/1072 11.344 — 1.374i z’"‘?m_Q .
A3/1073 —2.706 + 35.392i T '
>\3§10‘2 5 0991 6.058 : Am /1072 /eV2 | 7.286
—a. . 1
Yo , Am3,/1073/eV2 | 2.521
A5/10 —234.073 — 6.489i 12! 0.159
K1/102 8.870 S v '
L , sin?6!, /1072 2.466
Ko /10 9.847 — 1.585i gl 0124
K3/1072 2.516 + 1.240i s 486 36
Xi .
71/107° 1.096 =
10 2.781
~v2/10~2 ~9.892 — 2.143i ye§10_4 . 100
~3/1073 2.073 — 2.232i Y 1102 029
Ay /(108 GeV) 3.204 A S B
9 ms,/107°/eV 7.601
A /(102 GeV) 2.504 Am? 11026V | 2.504
A1/107L 1.546 el e '
in%6 0.354
Ao/1072 | —12.002 — 8.792i , ;gll /1120_2 > 3m3
S1n .
A3/1072 —6.180 — 1.039i ) 1391 0,508
Sin .
A4/1072 —2.485 + 4.3581 - IR
A5/10~2 1.017 + 6.638i Xi :
K1/1072 —8.731
Ko /1073 —7.501 — 61.795i
Kk3/1072 3.557 + 1.782i
71/1071 1.744 + 13.565i

Table 3. The input parameters and low energy predictions of the best-fit point for the sample sub-
scenario IX of scenario II, which is pr = pp = ps = 3, p;y = 1',17,1" and kf, , . = 2,0,2,kp =
4,k = kg = 2. The overall structure of this table is the same as table 2.
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Parameter Valuel

p1/107% 2.021

B2/1072 —3.445 — 6.671i

B1/1072 1.950 + 31.706i

B2/1072 2.515 + 15.885i

B3/10~4 4.817 — 1.422;

B4/1072 2.343 + 1.423i

a;/1074 3.614 observable Value2

/1073 —2.705 — 274.976i Yu /1076 6.445 6.354

az/107° —71.175 4 1.010i Ye/1073 2.836 2.787

/1074 3.673 — 2746.837i Yt 0.869 0.856

as/1074 —411.476 — 1.676i ya/107° 2.138 2.138

T 1.198 + 2.835¢ ys/107% 1.697 1.697

51/10°° 1347 Yp/1072 1.395 | 1.395

5o/10~4 1709 + 1.341i 0%, 0.22732 | 0.22732

/107 | —1.705 + 1.348i 013/107 3.726 | 3.726

F3/1073 | —27.601 + 1.343i 035/1072 4296 | 4.296

54/107% | —8.541 — 748.529i &p 1242 | 1.242
Ay /(108 GeV) 2930 X2 69.216 | 73.639
Ay /(103 GeV) 1.186 Ye/107° 2.848

Ap/1073 —6.147 Y,/1074 6.103

/1072 —1.456 + 2.594i Y, /1072 1.022

A3/1073 22.618 + 3.510i Am3, /1075 /eV? 7.274

A\/1073 17.130 4 3.472i Am3, /1073 JeV? 2.521

As5/107% 1.680 + 3.592i sin26%, 0.212

k1/1073 8.146 sin?6}, /1072 2.393

Ko /1072 —6.236 — 3.579i sin6%, 0.865

Kk3/1073 —9.665 + 47.141i X7 208.261

41/107° —1.321 Ye /1076 2.848

A9/1072 —10.421 — 9.577i Yu /1074 6.103

v1/1073 1.464 + 1.726¢ Y, /1072 1.022

A3/1073 —2.979 4 1.974i Am?2,/107° /eV? 7.492

H4/1073 18.076 — 6.972i Am3, /1073 /eV? 2.510
A1/(10° GeV) 1.086 sin?6!, 0.313
Ao/(10%2 GeV) 7.729 sin?6}, /1072 2.195

A1/1072 1.092 sin?6h, 0.560

Ag/1072 —5.706 — 1.620i X2 0.878

A3/1073 —4.109 + 4.722i

Ag/1073 8.417 + 29.966i

A5/1076 —10.407 — 9.570i

k1/1072 —1.378

Ko /1073 —85.215 — 6.487i

Kk3/1072 —2.525 + 1.181i

n 1.326 + 1.317i

Table 4. The input parameters and low energy predictions of the best-fit point for the sample
sub-scenario X of scenario II, whic is pp = pp = ps = 3, pj = 1,1,1”, kfl.z,g = 4,24, kr =
4, kg = ks = 2. The overall structure of this table is similar to table 2. The values marked with
(without) red color denote the predictions of quark sectors with (without) taking into account the
feeding back RGE effects from the changing of the lepton parameters when varying ;.
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Parameter Valuel
B1/1071 —1.011 observable Value2
$1/107° 3.031 — 12.327i Y /1076 6.403
2/107° —3.761 — 12.431i y./1073 3.103
B2/1077 6.423 + 6.285i o 0.868
ai/1073 6.676 yq/107° 1.189
/1070 190.308 — 6.370i ys/1074 2.611
a3/107° —2.466 — 3.369i yp/1072 1.390
ay/107° —182.524 — 4.239i 0%, 0.22735
7/1073 3.040 + 719.434i 015/1073 3.725
7/1073 1.387 033/1072 4.296
~9/10~4 46.093 — 4.339i ¢p 1.221
v3/1075 | —279.543 4 5.181i X; 1.221
74/1074 —28.062 + 2.663i Ye/107° 2.848
A1/(108 GeV) 2.685 Y,/10~4 6.103
Ao/ (103 GeV) 1.202 Y, /1072 1.022
A1/1072 1.239 Am3,/107%/eV? | 7.405
A1/1072 —2.379 — 58.255i AmZ, /1073 /eV? | 2.507
Ao/1073 —8.173 — 215.115i sin?¢},, 0.309
A2/1073 —37.241 + 2.455i sin2¢},/1072 2.214
K1/1072 —4.784 sin26}, 0.563
K102 24.526 + 4.093i X7 0.358
Kk3/1072 —3.330 + 1.181i

Table 5. The input parameters and low energy predictions of the best-fit point for the sample
sub-scenario IX of scenario III, which is pf = pp = ps = 3, pr = 1", 1',1", kp, , ; = 2,4,2 and
kj=kp = ks = 2. The sub-scenario adopts a common 7 for both quark sector and lepton sector.
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Parameter Valuel
B1/1071 —6.267
B2/1074 —9.660 — 13.517i
$1/10-6 —3.706 + 3.607:
2106 —2.620 — 5.096i observable Value2
a1/1072 —2.851 Yu /1076 9.660 | 7.076
as/107% —127.076 + 3.644i Ye/1073 3.104 | 3.104
az/1074 1.659 + 1.722i Yt 0.869 | 0.869
ay/107° 5.443 — 5.549i yq/107° 1.884 1.357
as/107% 3.540 + 9.2214 ys/1074 1.790 1.832
7/1073 1.017 +1.913i yp/1072 1.388 | 1.388
/102 1954 0%, 0.22743 | 0.22737
~2/10~4 4.974 + 7.795 013/107? 3.724 | 3.735
~3/10~4 —126.546 — 1.708i 055/1072 4296 | 4.296
~4/1073 —18.843 + 4.274i ¢ p 1.223 | 1.207
A1 /(108 GeV) 4.056 x§ 50.511 | 33.856
Ao/ (102 GeV) 1.000 Ye/1076 2.834
A/1071 —2.279 Yu/1074 6.103
A2/1074 —27379.394 — 3.830i yr /1072 1.022
A1/1072 —~7.307 — 1.826i Am3,/107° /eV? 7.329
A2/1072 —1.452 — 6.729i Am2, /1073 /eV? 2.519
k1/1071 1.773 sin?6!, 0.152
K2/1072 1.230 + 1.9154 sin?6},/1072 2.272
K3/1072 —1.711 + 2.243i sin?6), 0.336
71/1073 3.325 X7 232.993
Y2,/1074 98.069 + 7.731i Ye/1076 2.849
v3/1074 —3.702 — 10.643i yu/1074 6.105
v3/1074 —66.573 — 4.858i y,/1072 1.022
A1/(10° GeV) 5.301 Am3, /1075 /eV? 7.303
Ao/ (103 GeV) 4.672 Am3,/1073 /eV? 2.520
A1/1072 1.770 sin26}, 0.287
A2/1072 —3.087 — 8.997i sin26, /102 2.268
A1/1072 —7.622 — 1.218i sin?6), 0.390
A2/1072 10.711 — 2.220i X7 58.908
#1/1072 7.139
Ko/1072 —2.402 + 2.631i
K3/1072 —11.173 + 2.045i
/107! 5.435 + 9.07614

Table 6. The input parameters and low energy predictions of the best-fit point for the sample
sub-scenario X of scenario ITI, which is pf = pp = ps = 3, pr = 1,1,1", kp,,, = 0,2,4 and
k;]z = kg = ks = 2. The overall structure of the table is the same as table 4.
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Parameter Valuel
B1/1072 5.292
By/1074 1588.315 — 6.410i
B3/1072 —3.704 + 10.670:
-3 . .
g 1/ 18_3 1055;2182;_ 2'(1)129;0, observable Value2
5/ _2 ' Do Yu/107 6.683
B6/10 2.055 + 9.933i 1103 5450
B7/1071 1.710 — 1.460i Ye '
/104 3.774 vt 0808
“we ' , y4/107° 1.338
/10 —2.821 — 273.122i .
_5 . ys/10 1.839
a3/10 —70.375 4+ 1.104i .
_4 . yp/10 1.396
/10 —3.691 + 2707.307i .
/1074 —411.085 — 1.680i e 022757
- 1,198 + 2.830; 01a/10”7 571
. : o 62,/10~2 4296
H9/1072 53.132 — 1.239i 2 17,396
1073 31.013 + 8.621i L
n/ ) ool ye /1070 2.847
3/10 4.794 — 20.290i 104 6102
5,/1073 8.497 + 8.861 y“/10_2 02
Yr :
A1/(10° GeV 1.363
1/ , e ) Am3,/107%/eV? | 7.436
As/(10% GeV) 1.788 S,
o Am3,/1073/eV? | 2514
A1/10 8.676 L
_3 ) sin“6], 0.217
A2/10 3.250 — 81.511i o 2
4 . sin“#74/10 2.241
A3/10 9.385 — 154.120i i yr
g , sin“f3 0.642
A1/10 8.091 4 18.199i 5 Y
A5/1072 1.193 — 8.152i Xi :
K1/1072 —4.752
Ko/1072 —2.809 + 2.805i
K3 1.198 + 2.835i
k4/1076 6.945 + 3891.526i

Table 7. The input parameters and low energy predictions of the best-fit point for the sample
sub-scenario of scenario IV, which is p; = pp = ps = 3, pg = 1,1,1", kg, ,, = 2,0,2 and
kj=kr =4, ks = 2. The overall structure of this table is the same as table 5.

_ 49 —



Parameter Valuel
B1/10~2 5.292
By/10~4 1588.315 — 6.410
B3/102 —3.704 + 10.670i
B4/1073 —5.817 + 2.049i
B5/1073 | —1058.838 — 1.620i
Bg/10~2 2.055 + 9.933i
Br7/1071 1.710 — 1.460¢
ay /1074 3.774
s .
3335 f27'§.23175 +2713..110242iZ observable | Value
as/1074 | —3.691 + 2707.307i Yu/ 107 6.083
as /1074 —411.085 — 1.680i yc/;O 3'322
. t .

T 1.198 + 2.830: ya/10-5 1.338
71/1072 —1.347 ys/107% 1.839
Y5/1075 —40.960 + 6.261i i/ 10-2 1398
v3/1073 —5.940 + 1.341¢ 67, 0.99737
74/1073 —9.701 — 271.749i 01 /10~ 3714
~5/1077 1152.424 — 7.288; o1 /10-2 4,996

A1 /(108 GeV) 2.309 52, 1101
A2 /(10% GeV) 1.370 v 171
A1/1071 —1.287 =
X2/1072 42.415 — 2.024i ye/loj 2.849
Ai/1072 1.172 — 18.705 Z“ﬁgz fégg
Al : ) .
ws | w2
A , AmZ,/1073/eV? | 2.524
A1/10 2317.508 + 7.364i e
k11072 —7.844 sinthy, | 0445
o /1072 —6.140 + 3.7067 Sin"0g/10 25377
K3/10~2 —7.963 — 3.454i S f 23 0.790
K4 /1072 —1.385 — 10.892i M 206.521
71/107° 1.130 Ye/107 2848
22/1072 29.237 — 3.487i U107 6.103
73/1073 —8.728 — 3.466i A yrI07" ) Lo22
L B . m2,/1075/eV2 | 7.494
v4/10 14.891 + 3.175i Amb710-37ev? | 2510
v5/1073 1220.349 + 2.453; S :
A1/(108 GeV) 2.316 s, ) 0320
A2 /(10° GeV) 1.296 S ‘?13/ 0 2.222
3 /102 _3811 sin 2923 0.713
X2/1072 3.904 + 4.544i Xl 37.067
A1/1072 ~1.667 + 4.209i
A2/1072 1.518 4 4.197i
A3/1072 4.172 + 3.284i
Ag/1072 —7.439 — 1.976i
K1/1072 5.123
Ko /1072 —7.910 + 9.687i
K3/1072 —9.404 + 8.927i
Ka/1072 7.421 4+ 1.2314
7 1.937 + 2.607i

Table 8. The input parameters and low energy predictions of the best-fit point for the sample
sub-scenario of scenario V, which is p;pp = 3, ps = 1,1,1", ks, ,, = 2,4,2, kjp = 4 and
kg = 2. The overall structure of this table is the same as table 2.
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