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There are three types of fragmentation functions (FFs) which are used to describe the twist-3 cross
sections of the hard semi-inclusive processes under QCD collinear factorization, and they are called
intrinsic, kinematical, and dynamical FFs. In this work, we investigate the theoretical relations among
these FFs for a tensor-polarized spin-1 hadron. Three Lorentz-invariance relations are derived by using the
identities between the nonlocal quark-quark and quark-gluon-quark operators, which guarantee the frame
independence of the twist-3 spin observables. The QCD equation of motion relations are also presented
for the tensor-polarized FFs. In addition, we show that the intrinsic and kinematical twist-3 FFs can be
decomposed into the contributions of twist-2 FFs and twist-3 three-parton FFs, and the latter are also
called dynamical FFs. If one neglects the dynamical FFs, we can obtain relations which are analogous to
the Wandzura-Wilczek relation. Then, the intrinsic and kinematical twist-3 FFs are expressed in terms of
the leading-twist ones. Since the FFs of a spin-1 hadron can be measured at various experimental facilities
in the near future, these theoretical relations will play an important role in the analysis of the collinear
tensor-polarized FFs.

DOI: 10.1103/PhysRevD.108.094041

I. INTRODUCTION

Parton distribution functions (PDFs) are key physical
quantities in hadron spin physics, since they are used to
solve the proton spin puzzle and to understand the inner
structure of hadrons. For a spin-1=2 hadron, the theoretical
relations of PDFs and fragmentation functions (FFs) have
been well studied. Starting with the Wandzura-Wilczek
(WW) relation, it is known that if one neglects the three-
parton PDFs, the twist-3 PDF g2 can be expressed in
terms of the leading-twist one g1 which has been well
measured [1]. The violation of the WW relation comes
from the three-parton PDFs, and it was shown that such
violation can be as large as 15%–40% of the size of g2 [2].
There also exist the so-called Lorentz-invariance relations
(LIRs) for the PDFs in a spin-1=2 hadron, which were
investigated in Refs. [2–9]. In addition to PDFs, LIRs were
also derived for the quark FFs [9]. Recently, the authors of
Ref. [10] performed a systematic study on the gluon PDFs
and FFs, where the intrinsic and kinematical twist-3 gluon
distributions are written in terms of the twist-2 distributions
and the twist-3 dynamical distributions, and the latter are
actually three-parton distributions; moreover, the complete

LIRs are also listed for the gluon part. On the one hand,
these interesting relations can be used as constraints for the
analysis of twist-3 distributions. On the other hand, they are
also crucial to describe the spin observables, for example,
the LIRs can be used to guarantee the frame independence
of the twist-3 cross sections, such as the single-spin
asymmetries (SSAs) in the hadron production of lepton-
nucleon collisions and the hadron production of hadronic
collisions (pp → Λ↑X) [9,11,12].
For a spin-1 hadron, there are unpolarized, vector-

polarized and tensor-polarized distributions. The former
two also exist for a spin-1=2 hadron, while the tensor-
polarized distributions are the new ones. Among the
tensor-polarized PDFs, b1ðxÞ [or f1LLðxÞ] [13,14] and
the gluon transversity ΔTgðxÞ [15,16] are the most inter-
esting ones. The sum rule of

R
dxb1ðxÞ ¼ 0 was derived

for an isoscalar object such as the deuteron, and the
breaking of this sum rule is related to the contribution of
a tensor-polarized component of the sea quarks and anti-
quarks [17]. In 2005, the HERMES collaboration performed
the first measurement of b1ðxÞ for deuteron with slightly
large uncertainties [18], and it indicates that b1ðxÞ is much
larger than the theoretical prediction [19]. Since the theo-
retical estimate of b1ðxÞ was given by considering deuteron
as a weakly bound state of proton and neutron, the large
b1ðxÞ could indicate exotic components of deuteron such as
a six-quark state and a hidden color state [20]. As for the
gluon transversity ΔTgðxÞ, it is related to the helicity flipped
amplitude, so it only exists in a hadron with spin more than
or equal to 1 due to the angular momentum conservation.

*songqintao@zzu.edu.cn

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 108, 094041 (2023)

2470-0010=2023=108(9)=094041(10) 094041-1 Published by the American Physical Society

https://orcid.org/0000-0003-0729-2440
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.108.094041&domain=pdf&date_stamp=2023-11-29
https://doi.org/10.1103/PhysRevD.108.094041
https://doi.org/10.1103/PhysRevD.108.094041
https://doi.org/10.1103/PhysRevD.108.094041
https://doi.org/10.1103/PhysRevD.108.094041
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


In this case, one can infer that there are nonnucleonic
components in the deuteron by the nonzero ΔTgðxÞ, which
means that it is interesting to investigate the gluon trans-
versity by experiment; for example, it can be extracted from
the cross sections of deep-inelastic scattering [15,21] and
Drell-Yan process [22,23] with a tensor-polarized deuteron
target. In the near future, b1ðxÞ andΔTgðxÞwill be measured
at the Thomas Jefferson National Accelerator Facility
(JLab) [24,25], Fermilab (Fermi National Accelerator
Laboratory) [26–28], and Nuclotron-based Ion Collider
fAcility (NICA) [29]. There are also interesting theoretical
relations for the tensor-polarized PDFs; in Ref. [30] the
twist-3 PDF fLTðxÞ was decomposed into the contributions
of a twist-2 PDF b1ðxÞ [f1LLðxÞ] and the three-parton PDFs.
Moreover, the WW-type relation was obtained by dropping
the latter. The QCD equation of motion (e.o.m.) relations
and LIR were derived in Ref. [31] for tensor-polarized PDFs.
Recently, the gluon transversity generalized parton distri-
bution was also investigated for a spin-1 hadron [32], which
becomes the gluon transversity ΔTgðxÞ in the forward limit.
In addition to the collinear PDFs, one can find the tensor-
polarized transverse-momentum dependent (TMD) PDFs up
to twist 4 for a spin-1 hadron in Refs. [33–36].
The spin-1 hadrons are produced in the hard semi-

inclusive processes, such as ρ, ϕ, K� and a deuteron. In
order to describe those processes, the tensor-polarized FFs
are needed. The quark collinear FFs are defined in Ref. [37]
up to twist 4 for a spin-1 hadron, and the tensor-polarized
TMD FFs can be also found in Refs. [33,38]. In the future,
the tensor-polarized FFs can be measured at BESIII and
Belle II. Actually, such measurement is now in progress, for
example, the FFs of ϕ in the process eþe− → ϕX by the
BESIII Collaboration [39]. However, the theoretical rela-
tions of tensor-polarized FFs have not been completely
investigated. In this work, we intend to derive the LIRs,
QCD e.o.m., andWW-type relations for the tensor-polarized
FFs in a spin-1 hadron, which can provide constraints for the
future experimental and theoretical studies of these FFs.
This paper is organized as follows. In Sec. II, we define

the intrinsic, kinematical, and dynamical twist-3 FFs, and
general properties of them are discussed. We derive the
theoretical relations among tensor-polarized FFs using
QCD e.o.m. for quarks in Sec. III. The operator identities
are obtained for the nonlocal quark-quark and quark-
gluon-quark operators, then LIRs and WW-type relations
are also given based on the matrix elements of the operator
identities in Sec. IV. A brief summary of this work is
presented in Sec. V.

II. TENSOR-POLARIZED FRAGMENTATION
FUNCTIONS

The tensor polarization is often indicated by the matrix
T for a spin-1 hadron, and the covariant form of Tμν is
expressed as [33,34]

Tμν ¼ 1

2

�
4

3
SLL

ðP−
h Þ2

M2
nμnν −

2

3
SLLðnfμn̄νg − gμνT Þ

þ 1

3
SLL

M2

ðP−
h Þ2

n̄μn̄ν þ P−
h

M
nfμSνgLT −

M
2P−

h
n̄fμSνgLT

þ SμνTT

�
; ð1Þ

where Ph andM are momentum and mass for the produced
hadron, respectively. afμbνg ¼ aμbν þ aνbμ denotes sym-
metrization of the indices. The light-cone vectors n and n̄
are given by

nμ ¼ 1ffiffiffi
2

p ð1; 0; 0;−1Þ; n̄μ ¼ 1ffiffiffi
2

p ð1; 0; 0; 1Þ; ð2Þ

and Ph can be written as Ph ¼ P−
h nþ M2

2P−
h
n̄. For a Lorentz

vector aμ, the light-cone components a� and transverse
component aT are defined by

aþ ¼ a · n; a− ¼ a · n̄; aμT ¼ gμνT aν ð3Þ

with

gμνT ¼ gμν − nμn̄ν − nνn̄μ: ð4Þ

In Eq. (1), SLL, S
μ
LT , and SμνTT are the parameters which

indicate different types of tensor polarization.
For a spin-1 hadron, the fragmentation correlator is

defined as [33,36–38]

ΔijðzÞ ¼
1

Nc

Z
dξþ

2π
ei

P−
h
ξþ
z h0jW½∞þ;ξþ�qiðξþÞjPh;T;Xi

× hPh;T;Xjq̄jð0ÞW½0þ;∞þ�j0i;

¼ 1

z

n
SLL=nF1LLðzÞþ

M
P−
h
½=SLTFLTðzÞ

þ SLLELLðzÞ� þ σiþSLT;iH1LT

þ M
P−
h

h
SLLσ−þHLLðzÞþ γ5γiϵ

ij
T SLT;jGLT

io
; ð5Þ

where z is the longitudinal momentum fraction carried by
the produced hadron, Nc is the number of color, andW is a
Wilson line which ensures color gauge invariance. The
transverse tensor ϵαβT is given by

ϵαβT ¼ ϵαβμνnμn̄ν ð6Þ

with the convention ϵ0123 ¼ 1. In Eq. (5), the correlator is
expressed in terms of six tensor-polarized FFs up to twist
3, and the FFs are real functions with the support region of
0 < z < 1. F1LLðzÞ and H1LTðzÞ are leading-twist FFs,
and the rest are also called intrinsic twist-3 FFs [9].
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Since time-reversal invariance is not a necessary constraint
for the fragmentation correlator, the last three FFs are
actually time-reversal odd FFs. Note that there are also
unpolarized and vector-polarized FFs in the correlator,
which are neglected here since we are interested in the
tensor-polarized ones.
The kinematical twist-3 FFs are related to the TMD FFs.

In case of a tensor-polarized hadron, the TMD fragmenta-
tion correlator reads [40–44]

Δijðz;kTÞ ¼
1

Nc

Z
dξþd2ξT
ð2πÞ3 eiðk−ξþþkT ·ξTÞh0jW1½∞;ξ�qiðξÞ

× jPh;T;XihPh;T;Xjq̄jð0ÞW2½0;∞�j0iξ−¼0

ð7Þ

with

W1½∞; ξ� ¼ W½∞þ;∞T ;∞þ; ξT �W½∞þ; ξT ; ξþ; ξT �;
W2½0;∞� ¼ W½0þ; 0T ;∞þ; 0T �W½∞þ; 0T ;∞þ;∞T �; ð8Þ

and the correlator can be written in terms of TMD
FFs [33,38,45]. The kT-weighted FFs are defined with
the help of the TMD fragmentation correlator,

Δν
∂;ijðzÞ ¼

Z
d2kTkνTΔijðz; kTÞ; ð9Þ

which is parametrized by four kT-weighted FFs at
twist 3 [33],

Δν
∂
ðzÞ ¼ M

z

�
−SνLT=nF

ð1Þ
1LTðzÞ − ϵνρT SLTργ5=nG

ð1Þ
1LTðzÞ

þ SLLσναnαH
ð1Þ
1LLðzÞ − SναTTσαβn

βHð1Þ
1TTðzÞ

�
; ð10Þ

and these FFs are also called kinematical twist-3 FFs in
Ref. [9]. Due to Eq. (9), the kinematical twist-3 FFs are
given by TMD FFs,

Fð1ÞðzÞ ¼ −z2
Z

d2kT
k2T
2M2

Fðz; z2k2TÞ; ð11Þ

where Fðz; z2k2TÞ is a TMD FF.
Similarly, we define the collinear three-parton fragmen-

tation correlator [30],

Δν
F;ijðz; z1Þ ¼

1

Nc

Z
dξþ

2π

dξþ1
2π

eiP
−
h ξ

þ 1
z1
þiP−

h ξ
þ
1
ð1z− 1

z1
Þ

× h0jW½∞þ; ξþ1 �igF−νðξþ1 Þ
×W½ξþ1 ; ξþ�qiðξþÞjPh; T;Xi
× hPh; T;Xjq̄jð0ÞW½0þ;∞þ�j0i: ð12Þ

By inserting a complete set of intermediate states, one can
prove that

Δν
Fðz; zÞ ¼ 0; Δν

Fðz; 0Þ ¼ 0; ð13Þ

and this corresponds to the vanishing partonic pole matrix
elements which are important to understand the SSAs in the
hard semi-inclusive processes [46]. Then, the support
region of Δν

Fðz; z1Þ is

0 ≤ z ≤ 1; 0 <
z
z1

< 1: ð14Þ

Taking the derivative of this correlator with respect to 1=z1
and then setting z1 ¼ z, one can also obtain [9]

∂Δν
Fðz; z1Þ

∂ð1=z1Þ
����
z1¼z

¼ 0: ð15Þ

The parametrization of Δν
Fðz; z1Þ is just a copy of the

corresponding three-parton distribution correlator [30],
and it can be expressed in terms of four dynamical FFs
at twist 3,

Δν
F;ijðz; z1Þ ¼

M
z

�
−SνLT=nF̂LTðz; z1Þ

− iϵνρT SLTργ5=nĜLTðz; z1Þ− SLLγν=nĤ
⊥
LLðz; z1Þ

− SνρTTγρ=nĤTTðz; z1Þ
�
: ð16Þ

Note that the dynamical FFs are complex functions which
are different from the intrinsic and kinematical ones.

III. EQUATION OFMOTION RELATIONS FOR FFs

The intrinsic, kinematical, and dynamical FFs are not
independent functions, since they can be related to each
other by the e.o.m. relations. For a spin-1=2 hadron, the
e.o.m. relations for FFs were derived in Refs. [9,47] based
on the QCD e.o.m. for quarks, namely, ði=D −mqÞqðxÞ ¼ 0.
In the following, we will investigate the e.o.m. relations for
tensor-polarized FFs. After some algebra, the QCD e.o.m.
for quarks becomes

ðiDμ þ σμνDν þmqγ
μÞqðxÞ ¼ 0; ð17Þ

wheremq is the mass of the quark. If we set μ ¼ − and take
the corresponding matrix element for Eq. (17), an e.o.m.
relation can be obtained for the intrinsic, kinematical, and
dynamical FFs,
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ELLðzÞ
z

þ iHLLðzÞ
z

−
mq

M
F1LLðzÞ

¼ 2

�
−iHð1Þ

1LLðzÞ þ P
Z

∞

z

dz1
ðz1Þ2

Ĥ⊥
LLðz; z1Þ
1
z −

1
z1

�
; ð18Þ

where P stands for the principal integral, and it can be
neglected due to Eq. (13). All the FFs in Eq. (18) are related
to the SLL-type tensor polarization. Furthermore, this
relation can be reexpressed in terms of the real and complex
parts of the dynamical FF,

ELLðzÞ
z

¼ 2

Z
∞

z

dz1
ðz1Þ2

Re
h
Ĥ⊥

LLðz; z1Þ
i

1
z−

1
z1

þmq

M
F1LLðzÞ; ð19Þ

HLLðzÞ
z

¼ 2

Z
∞

z

dz1
ðz1Þ2

Im
h
Ĥ⊥

LLðz; z1Þ
i

1
z−

1
z1

− 2Hð1Þ
1LLðzÞ: ð20Þ

We can see that the time-reversal even and odd intrinsic FFs
are related to the real and imaginary parts of the dynamical
FFs, respectively. If we neglect the quark mass, the intrinsic
twist-3 FFs ELLðzÞ andHLLðzÞ are given by the kinematical
and dynamical twist-3 FFs.
Multiplying γν on the left-hand side of Eq. (17), then

antisymmetrizing μ and ν, we can obtain the identity as

½iðγμDν − γνDμÞ − ϵμνρσγσγ5Dρ þ imqσ
μν�qðxÞ ¼ 0: ð21Þ

Analogously, we set μ ¼ − and consider ν as a transverse
component, then the matrix element of Eq. (21) leads to

FLTðzÞ
z

þ iGLTðzÞ
z

þ imq

M
H1LTðzÞ

¼ −iGð1Þ
1LTðzÞ þ

Z
∞

z

dz1
ðz1Þ2

ĜLTðz; z1Þ
1
z −

1
z1

−
�
Fð1Þ
1LTðzÞ þ

Z
∞

z

dz1
ðz1Þ2

F̂LTðz; z1Þ
1
z −

1
z1

�
; ð22Þ

and it indicates the relation among the intrinsic, kinemati-
cal, and dynamical FFs for the SLT-type tensor polarization.
Furthermore, Eq. (22) can be divided into two identities,

FLTðzÞ
z

¼ −
Z

∞

z

dz1
ðz1Þ2

Re
h
F̂LTðz; z1Þ − ĜLTðz; z1Þ

i
1
z −

1
z1

− Fð1Þ
1LTðzÞ; ð23Þ

GLTðzÞ
z

¼ −
Z

∞

z

dz1
ðz1Þ2

Im
h
F̂LTðz; z1Þ − ĜLTðz; z1Þ

i
1
z −

1
z1

−Gð1Þ
1LTðzÞ −

mq

M
H1LTðzÞ: ð24Þ

As indicated by Eq. (5), there are no intrinsic FFs for the
STT-type tensor polarization. However, we can also derive
the following identity using Eq. (21):

iHð1Þ
1TTðzÞ þ

Z
∞

z

dz1
ðz1Þ2

ĤTTðz; z1Þ
1
z −

1
z1

¼ 0; ð25Þ

and it implies

Z
∞

z

dz1
ðz1Þ2

Re
h
ĤTTðz; z1Þ

i
1
z −

1
z1

¼ 0; ð26Þ

Hð1Þ
1TTðzÞ þ

Z
∞

z

dz1
ðz1Þ2

Im
h
ĤTTðz; z1Þ

i
1
z −

1
z1

¼ 0; ð27Þ

which complete the derivation of the QCD e.o.m. relations
for tensor-polarized FFs.

IV. LORENTZ INVARIANCE AND WANDZURA-
WILCZEK-TYPE RELATIONS

Taking the derivative of nonlocal quark-quark operators,
one can obtain the identities where the quark-quark oper-
ators are expressed in terms of the quark-gluon-quark ones.
The theoretical relations have been investigated for PDFs,
FFs, and distribution amplitudes by using these identities of
nonlocal operators, and this method was well explained in
Refs. [9,48–56]. In this section, we adopt the same method
to derive the theoretical relations for twist-3 tensor-polarized
FFs such as LIRs and WW-type relations. We first consider
the derivative of the nonlocal quark-quark operator [9],
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∂

∂ξα
h0jW½∞ξ;−ξ�qð−ξÞjPh; T;XihPh; T;Xjq̄ðξÞΓW½ξ;∞ξ�j0i

¼ −h0jW½∞ξ;−ξ�D⟶αð−ξÞqð−ξÞjPh; T;XihPh; T;Xjq̄ðξÞΓW½ξ;∞ξ�j0i
þ h0jW½∞ξ;−ξ�qð−ξÞjPh; T;XihPh; T;Xjq̄ðξÞD

⟵αðξÞΓW½ξ;∞ξ�j0i

þ i
Z

∞

−1
dtth0jW½∞ξ; tξ�gFαξðtξÞW½tξ;−ξ�qð−ξÞjPh; T;XihPh; T;Xjq̄ðξÞΓW½ξ;∞ξ�j0i

þ i
Z

1

∞
dtth0jW½∞ξ;−ξ�qð−ξÞjPh; T;XihPh; T;Xjq̄ðξÞΓW½ξ; tξ�gFαξðtξÞW½tξ;∞ξ�j0i; ð28Þ

where ξ is not necessarily a light-cone vector and Γ is a gamma matrix. In Eq. (28), the terms with the covariant derivative
Dα can be replaced by the total derivative of the nonlocal quark-quark operator, which is related to the translation of the
operator, and its matrix element can be expressed as [9]

∂
ρh0jW½∞ξ;−ξ�qð−ξÞjPh; T;XihPh; T;Xjq̄ðξÞΓ1W½ξ;∞ξ�j0i

¼ lim
xρ→0

d
dxρ

h0jW½∞ξþ x;−ξþ x�qð−ξþ xÞjPh; T;XihPh; T;Xjq̄ðξþ xÞΓ1W½ξþ x;∞ξþ x�j0i

¼ h0jW½∞ξ;−ξ�D⟶ρð−ξÞqð−ξÞjPh; T;XihPh; T;Xjq̄ðξÞΓ1W½ξ;∞ξ�j0i
þ h0jW½∞ξ;−ξ�qð−ξÞjPh; T;XihPh; T;Xjq̄ðξÞD

⟵ρðξÞΓ1W½ξ;∞ξ�j0i

þ
Z

∞

−1
dth0jW½∞ξ; tξ�igFρξðtξÞW½tξ;−ξ�qð−ξÞjPh; T;XihPh; T;Xjq̄ðξÞΓ1W½ξ;∞ξ�j0i

þ
Z

1

∞
dth0jW½∞ξ;−ξ�qð−ξÞjPh; T;XihPh; T;Xjq̄ðξÞΓ1W½ξ; tξ�igFρξðtξÞW½tξ;∞ξ�j0i; ð29Þ

where Γ1 stands for a gamma matrix such as γμ and σμν. Due to the translation invariance, the matrix element in Eq. (29)
should vanish.
In the following, the Wilson lines are neglected in the operator identities, since this will not cause confusion. We derive a

relation between quark-quark and quark-gluon-quark operators by choosing Γ ¼ ðgραgλσ − gασgρλÞγλ in Eq. (28) and
Γ1 ¼ ðσσβγρ þ γρσσβÞ in Eq. (29),

ξα

�
∂

∂ξα
h0jqð−ξÞjPh; T;XihPh; T;Xjq̄ðξÞγσj0i −

∂

∂ξσ
h0jqð−ξÞjPh; T;XihPh; T;Xjq̄ðξÞγαj0i

�

¼
�Z

∞

−1
dth0jgFρξðtξÞqð−ξÞjPh; T;XihPh; T;Xjq̄ðξÞγτγ5j0i þ

Z
1

∞
dth0jqð−ξÞjPh; T;XihPh; T;Xjq̄ðξÞγτγ5gFρξðtξÞj0i

�

× ϵσξρτ − i
Z

∞

−1
dtth0jgFσξðtξÞqð−ξÞjPh; T;XihPh; T;Xjq̄ðξÞ=ξj0i − i

Z
1

∞
dtth0jqð−ξÞjPh; T;Xi

× hPh; T;Xjq̄ðξÞ=ξgFσξðtξÞj0i; ð30Þ

where the matrix element of the total derivative operator is neglected, and the quark mass terms vanish. The quark-quark
operator appears in the left-hand side of Eq. (30), which can be written in terms of the intrinsic tensor-polarized FFs as
shown in Eq. (5). If the vector ξ is not necessarily on the light cone, the matrix element of the nonlocal quark-quark operator
can be expressed as

h0jqð−ξÞjPh; T;XihPh; T;Xjq̄ðξÞγσj0i ¼ 8NcM2

Z
d

�
1

z

�
e
2iPξ
z

�
3

4
Aσ F1LLðzÞ

z
þ Bσ FLTðzÞ

z

�
ð31Þ

with
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Aσ ¼ ξ · T · ξ
ðPh · ξÞ2

Pσ
h −M2

ξ · T · ξ
ðPh · ξÞ3

ξσ; ð32Þ

Bσ ¼ Tσμξμ
Ph · ξ

−
ξ · T · ξ
ðPh · ξÞ2

Pσ
h þM2

ξ · T · ξ
ðPh · ξÞ3

ξσ: ð33Þ

Equation (31) is exact at twist 3 since the twist-4 FFs are not included. We substitute Eq. (31) into Eq. (30) to estimate the
derivative, and take the light-cone limt of ξ2 → 0, then, the left-hand side of Eq. (30) is given by F1LLðzÞ and FLTðzÞ. The
right-hand side of Eq. (30) can be directly calculated with the help of Eq. (16), and we obtain the following relation by
combining the left- and right-hand sides,

3

2
F̃1LLðzÞ þ

1

z
dF̃LTðzÞ
dð1=zÞ ¼

Z
d

�
1

z1

�
P
�

1
1
z −

1
z1

���
∂

∂ð1=zÞ þ
∂

∂ð1=z1Þ
�
Re

h
G̃LTðz; z1Þ

i

−
�

∂

∂ð1=zÞ −
∂

∂ð1=z1Þ
�
Re

h
F̃LTðz; z1Þ

i	
; ð34Þ

where the convention of F̃ðzÞ ¼ FðzÞ=z is used for a intrinsic or kinematical FF FðzÞ, and F̃ðz; z1Þ ¼ F̂ðz; z1Þ=z for a
dynamical one. Combining Eq. (34) with the e.o.m relation of Eq. (23), one can obtain

3

2
F̃1LLðzÞ − F̃LTðzÞ −

�
1 − z

d
dz

�
Fð1Þ
1LTðzÞ ¼ −2

Z
∞

z

dz1
ðz1Þ2

Re
h
F̃LTðz; z1Þ

i


1
z −

1
z1

�
2

; ð35Þ

and this is a new LIR for tensor-polarized FFs. If we integrate Eq. (34) over the momentum fraction z, one can have

FLTðzÞ ¼ −
3z
2

Z
1

z
dz1

F1LLðz1Þ
ðz1Þ2

þ z
Z

1

z

dz1
z1

Z
∞

z1

dz2
ðz2Þ2

8><
>:

h
1þ 1

z1
δ



1
z1
− 1

z

�i
Re

h
ĜLTðz1; z2Þ

i
1
z1
− 1

z2

−

h
3
z1
− 1

z2
þ 1

z1



1
z1
− 1

z2

�
δ



1
z1
− 1

z

�i
Re

h
F̂LTðz1; z2Þ

i



1
z1
− 1

z2

�
2

9>=
>;; ð36Þ

where it should be understood that z1 falls within the range of integration ðz; 1Þ, namely,
R
1
z dz1Fðz1Þδð1=z1 − 1=zÞ ¼

z2FðzÞ. The intrinsic twist-3 FF FLTðzÞ is decomposed into the contributions of a twist-2 FF F1LL and the dynamical FFs. We

can obtain a similar expression for the kinematical twist-3 FF Fð1Þ
1LTðzÞ by inserting Eq. (36) into the e.o.m. relation of Eq. (23),

Fð1Þ
1LTðzÞ ¼

3

2

Z
1

z
dz1

F1LLðz1Þ
ðz1Þ2

þ
Z

1

z

dz1
z1

Z
∞

z1

dz2
ðz2Þ2

8<
:



3
z1
− 1

z2

�
Re

h
F̂LTðz1; z2Þ

i



1
z1
− 1

z2

�
2

−
Re

h
ĜLTðz1; z2Þ

i
1
z1
− 1

z2

9=
;: ð37Þ

By dropping the contributions of dynamical FFs into Eqs. (36) and (37), they become theWW-type relations. Then, the twist-3
intrinsic and kinematical FFs can be estimated by using the twist-2 FF F1LLðzÞ, and the latter should be much easier to be
extracted from experimental measurements compared with the former.
If we choose Γ ¼ σμα in Eq. (28) and Γ1 ¼ 1 in Eq. (29), the following identity can be derived [9]:

∂

∂ξα
h0jqð−ξÞjPh; T;XihPh; T;Xjq̄ðξÞσξαj0i ¼

Z
∞

−1
dtth0jigFαξðtξÞqð−ξÞjPh; T;XihPh; T;Xjq̄ðξÞσξαj0i

þ
Z

1

∞
dtth0jqð−ξÞjPh; T;XihPh; T;Xjq̄ðξÞσξαigFαξðtξÞj0i: ð38Þ
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Similarly, the matrix element of the nonlocal operator q̄ðξÞσξσqð−ξÞ is expressed in terms of the FFs H̃1LTðzÞ and H̃LTðzÞ at
twist 3,

h0jqð−ξÞjPh; T;XihPh; T;Xjq̄ðξÞσξσj0i ¼ −4NcM
Z

d

�
1

z

�
e
2iPξ
z

�
2ðWσ þ VσÞH̃1LTðzÞ þ

3

2
VσH̃LLðzÞ

�
; ð39Þ

where Wσ and Vσ are defined as

Wσ ¼ Tσμξμ −
ξ · T · ξ
Ph · ξ

Pσ
h; ð40Þ

Vσ ¼ M2
ξ · T · ξ
ðPh · ξÞ2

�
ξσ −

ξ2

Ph · ξ
Pσ
h

�
; ð41Þ

and they satisfy the relations of W · ξ ¼ 0 and V · ξ ¼ 0. In the light-cone limit ξ2 → 0, Eq. (39) goes back to Eq. (5). We
obtain the following identity by calculating the matrix element in Eq. (38):

4H̃1LTðzÞ −
1

z2
dHLLðzÞ
dð1=zÞ ¼ −2

Z
d

�
1

z1

�
P
�

1
1
z −

1
z1

��
∂

∂ð1=zÞ −
∂

∂ð1=z1Þ
�
Im

�
H̃⊥

LLðz; z1Þ
�
: ð42Þ

Moreover, we obtain dðH̃LLðzÞ=zÞ=dð1=zÞ by using the expression in Eq. (20), and the sum of dðH̃LLðzÞ=zÞ=dð1=zÞ and
Eq. (42) leads to

H̃LLðzÞ þ 2H̃1LTðzÞ þ
�
1 − z

d
dz

�
Hð1Þ

1LLðzÞ ¼ −2
Z

∞

z

dz1
ðz1Þ2

Im
h
H̃⊥

LLðz; z1Þ
i



1
z −

1
z1

�
2

; ð43Þ

which is also a LIR for tensor-polarized FFs. The integration of Eq. (42) gives

HLLðzÞ ¼ 4

Z
1

z
dz1

H1LTðz1Þ
z1

þ 4

Z
1

z
dz1

Z
∞

z1

dz2
ðz2Þ2

2
z1
− 1

z2
þ 1

2z1



1
z1
− 1

z2

�
δ



1
z1
− 1

z

�



1
z1
− 1

z2

�
2

Im
h
Ĥ⊥

LLðz1; z2Þ
i
; ð44Þ

and the intrinsic twist-3 FFHLLðzÞ is expressed in terms of the twist-2 FFH1LTðzÞ and the dynamical FF Ĥ⊥
LLðz1; z2Þ. If we

combine Eq. (44) with the e.o.m. relation of Eq. (18),

Hð1Þ
1LLðzÞ ¼ −

2

z

Z
1

z
dz1

H1LTðz1Þ
z1

−
2

z

Z
1

z
dz1

Z
∞

z1

dz2
ðz2Þ2

2
z1
− 1

z2

1
z1
− 1

z2

�
2
Im

h
Ĥ⊥

LLðz1; z2Þ
i
; ð45Þ

which also decomposes the kinematical twist-3 FF Hð1Þ
1LLðzÞ into the contributions of H1LTðzÞ and Ĥ⊥

LLðz1; z2Þ. We can

obtain the WW-type relations for HLLðzÞ and Hð1Þ
1LLðzÞ by dropping the terms of the dynamical FF in Eqs. (44) and (45).

If we consider the matrix elements of Eqs. (28) and (29) with Γ ¼ ϵαμρSLT γμγ5 and Γ1 ¼ i
2
ðγρσSLTξ − σSLTξγρÞ,

respectively, one can derive

ϵαμρSLTξρ
∂

∂ξα
h0jqð−ξÞjPh; T;XihPh; T;Xjq̄ðξÞγμγ5j0i

¼
Z

∞

−1
dth0jgFξSLT ðtξÞqð−ξÞjPh; T;XihPh; T;Xjq̄ðξÞ=ξj0i þ

Z
1

∞
dth0jqð−ξÞjPh; T;XihPh; T;Xjq̄ðξÞ=ξgFξSLT ðtξÞj0i

þ iϵαμξSLT
�Z

∞

−1
dtth0jgFαξðtξÞqð−ξÞjPh; T;XihPh; T;Xjq̄ðξÞγμγ5j0i þ

Z
1

∞
dtth0jqð−ξÞjPh; T;Xi

× hPh; T;Xjq̄ðξÞγμγ5gFαξðtξÞj0i
�
− 2imqh0jqð−ξÞjPh; T;XihPh; T;Xjq̄ðξÞσξSLT j0i; ð46Þ
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and the left-hand side is related to the matric element of q̄ðξÞγμγ5qð−ξÞ, which is given by

h0jqð−ξÞjPh; T;XihPh; T;Xjq̄ðξÞγμγ5j0i ¼ 4NcM
ϵμξαPh

Ph · ξ
Yα

Z
d

�
1

z

�
e
2iPξ
z G̃LTðzÞ; ð47Þ

and the vector Y is defined as

Yα ¼ 2M
Ph · ξ

�
Tαμξμ −

ξ · T · ξ
Ph · ξ

Pα
h þM2

ξ · T · ξ
ðPh · ξÞ2

�
ξα −

ξ2

Ph · ξ
Pα
h

��
: ð48Þ

If we take the light-cone limit ξ2 → 0, one can obtain Yα → SαLT . Thus, Eq. (46) leads to the following identity:

1

z
dG̃LTðzÞ
dð1=zÞ þmq

M
dH̃1LTðzÞ
dð1=zÞ ¼

Z
d
�
1

z1

�
P
�

1
1
z −

1
z1

���
∂

∂ð1=zÞ −
∂

∂ð1=z1Þ
�
Im

h
G̃LTðz; z1Þ

i

−
�

∂

∂ð1=zÞ þ
∂

∂ð1=z1Þ
�
Im

h
F̃LTðz; z1Þ

i	
: ð49Þ

Combining Eq. (49) with the e.o.m. relation of Eq. (24), another LIR can be derived for tensor-polarized FFs,

G̃LTðzÞ þ
�
1 − z

d
dz

�
Gð1Þ

1LTðzÞ ¼ −2
Z

∞

z

dz1
ðz1Þ2

Im
h
G̃LTðz; z1Þ

i


1
z −

1
z1

�
2

; ð50Þ

and the quark mass term in Eq. (49) is canceled in this LIR. From Eqs. (24) and (49), one can also express the twist-3 FFs

GLTðzÞ and Gð1Þ
1LTðzÞ in terms of H1LTðzÞ, F̂LTðz1; z2Þ, and ĜLTðz1; z2Þ,

GLTðzÞ ¼ −
mq

M

�
zH1LTðzÞ þ z

Z
1

z
dz1

H1LTðz1Þ
z1

�
− z

Z
1

z

dz1
z1

Z
∞

z1

dz2
ðz2Þ2

8><
>:

h
1þ 1

z1
δ



1
z1
− 1

z

�i
Im

h
F̂LTðz1; z2Þ

i
1
z1
− 1

z2

−

h
3
z1
− 1

z2
þ 1

z1



1
z1
− 1

z2

�
δ



1
z1
− 1

z

�i
Im

h
ĜLTðz1; z2Þ

i



1
z1
− 1

z2

�
2

9>=
>;; ð51Þ

Gð1Þ
1LTðzÞ ¼

mq

M

Z
1

z
dz1

H1LTðz1Þ
z1

þ
Z

1

z

dz1
z1

Z
∞

z1

dz2
ðz2Þ2

8><
>:
Im

h
F̂LTðz1; z2Þ

i
1
z1
− 1

z2

−



3
z1
− 1

z2

�
Im

h
ĜLTðz1; z2Þ

i



1
z1
− 1

z2

�
2

9>=
>;: ð52Þ

If we consider the production of a tensor-polarized
hadron h in the lepton-nucleon collision, namely lþ N →
hþ X, the twist-3 cross sections are dependent on the
chosen frame, which is induced by the arbitrariness in the
choice of light-cone vectors for distribution and fragmen-
tation correlators. The LIRs we derive can be used to
remove the frame dependence of the twist-3 cross sections
for this process, such as twist-3 SSAs and double-spin
asymmetries.

V. SUMMARY

The tensor-polarized FFs of a spin-1 hadron (h) can be
measured in the various hard semi-inclusive processes
such as eþe− → hX and ep → ehX (semi-inclusive deep
inelastic scattering), and the former process is accessible at
BESIII and Belle II, while the latter is possible at JLab and
the Electron-Ion Colliders in the U.S. and China. Inspired
by the ongoing measurement of the tensor-polarized FFs
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for ϕ at BESIII, we investigate the theoretical relations
among the tensor-polarized intrinsic, kinematical, and
dynamical FFs for a spin-1 hadron in this work. First,
the QCD e.o.m. relations are obtained for the tensor-
polarized FFs. Second, we derive the operator identities
where the nonlocal quark-quark operators are expressed in
terms of quark-gluon-quark operators. Three new Lorentz
invariance relations (LIRs) are presented for the tensor-
polarized FFs, and they can be used to remove the frame
dependence of the twist-3 spin observables in the hard
semi-inclusive reactions so that Lorentz invariance proper-
ties are satisfied. Finally, we also show that the intrinsic
and kinematical twist-3 FFs are expressed in terms of the
twist-2 FFs and the dynamical twist-3 FFs, and the

Wandzura-Wilczek-type relations are obtained by neglect-
ing the dynamical FFs. Since the twist-2 FFs are much
easier to be accessed in experiment than the twist-3 ones,
one can give a rough estimate for the twist-3 FFs by such
relations. Our results will be valuable for the future
experimental measurements and theoretical studies of
tensor-polarized FFs.
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