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Abstract

We construct many new invariant solutions to the Strominger system with respect to a 2-parameter family
of metric connections V4 in the anomaly cancellation equation. The ansatz V& * is a natural extension
of the canonical 1-parameter family of Hermitian connections found by Gauduchon, as one recovers the
Chern connection V¢ for (¢, p) = (0, %), and the Bismut connection V7 for (¢, p) = (%, 0). In particular,
explicit invariant solutions to the Strominger system with respect to the Chern connection, with non-flat
instanton and positive o’ are obtained. Furthermore, we give invariant solutions to the heterotic equations
of motion with respect to the Bismut connection. Our solutions live on three different compact non-Kéhler
homogeneous spaces, obtained as the quotient by a lattice of maximal rank of a nilpotent Lie group, the
semisimple group SL(2, C) and a solvable Lie group. To our knowledge, these are the only known invariant
solutions to the heterotic equations of motion, and we conjecture that there is no other such homogeneous
space admitting an invariant solution to the heterotic equations of motion with respect to a connection in
the ansatz V&°.
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1. Introduction

The goal of this paper is to provide new invariant solutions to the Strominger system and
the heterotic equations of motion in dimension six. Strominger and Hull investigated, indepen-
dently in [1] and [2], the heterotic superstring background with non-zero torsion, which led to a
complicated system of partial differential equations. This system specifies, in six dimensions, the
geometric inner space X to be a compact complex conformally balanced manifold with holomor-
phically trivial canonical bundle, equipped with an instanton compatible with the Green—Schwarz
anomaly cancellation condition. The latter condition, also known as the Bianchi identity, reads
as the equation of 4-forms

/

dT:aZ(trQ/\Q—trQA/\QA), (1)

for some real non-zero constant «’. The 3-form T is the torsion of the Bismut connection of
the Hermitian metric, which is given by T = Jd F, where J is the complex structure of X and
F denotes the fundamental 2-form of the conformally balanced Hermitian metric on X. The
form € is the curvature form of some metric connection V and Q4 is the curvature form of the
instanton A, i.e. Q4 satisfies the Hermitian—Yang—Mills equation. For more results on heterotic
flux compactifications and on the general theory of the Strominger system, see [3] and the recent
paper [4], as well as the references therein.

Li and Yau obtained in [5] the first non-Ké&hler solutions to the Strominger system on a Kédhler
Calabi—Yau manifold. This was further extended in [6], where a perturbative method for certain
Kihler Calabi—Yau threefolds with stable holomorphic vector bundles is used to prove existence
of solutions to the Strominger system and the equations of motion. On the other hand, based on
a construction in [7], Fu and Yau first proved the existence of solutions to the Strominger system
on non-Kihler Calabi—Yau inner spaces given as a T2-bundle over a K 3 surface [8].

There are several connections V proposed for the anomaly cancellation equation (1), as the
Chern connection V¢, the (Strominger—)Bismut connection V7, the Levi-Civita connection vLiC
or the connection V~ (see for instance [1,7-10] and the references therein). Recently, Fei and
Yau propose in [11] to find solutions to the Strominger system with respect to any connection
in the canonical 1-parameter family of Hermitian connections V' on the tangent bundle found
by Gauduchon in [12]. The family V! includes the Chern connection (t = 1) and the Bismut
connection (t = —1). In order to present a more complete and unified study of the solutions
to the Strominger system, in this paper we will consider a 2-parameter family of metric linear
connections V&* that incorporates the family V' and also the connections V™~ and V€. More
concretely, V! corresponds to Ve e (ie. p= % —candt=1—4¢), V- = VO*%, vE = ys0
and VL€ = v0.0 (see Section 2 for more details).

An important source of explicit solutions to the Strominger system is provided by the invariant
balanced Hermitian geometry on compact quotients of real 6-dimensional Lie groups G endowed
with a left-invariant complex structure J. In this setting the dilaton is constant and the main part
of the analysis can be carried out on the Lie algebra g of the Lie group G. The first invariant
solutions on nilmanifolds, i.e. the Lie group is nilpotent, with positive o’ were found in [10] (see
also [9] for solutions on the Iwasawa manifold with o’ < 0). Recall that the nilpotent Lie algebras
underlying a (non-toral, and thus non-Kéhler) nilmanifold endowed with a balanced Hermitian
metric with respect to an invariant complex structure are b, b3, b, bs, be and b}, (see [13] for a
description of the Lie algebras). The nilmanifolds (corresponding to the Lie algebras) 2, b3, ha
and hs provide some invariant solutions to the Strominger system when one sets the connection
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V in the anomaly cancellation condition (1) to be the connection vt or VLC [10, Theorems 5.1,
5.2 and 6.1], whereas the nilmanifold hg has invariant solutions only with respect to vt [10,
Theorem 7.1]. In the case of by, in [10, Theorem 8.2] some solutions with respect to V+ and
V¢ are given.

Except for the case of the Chern connection V¢ on the nilmanifold hfg, all the solutions on
nilmanifolds found in [10] were obtained with a non-flat instanton A defined on the tangent bun-
dle. Later, in [14, Theorem 4.2] solutions with respect to V¢, with &’ > 0 and non-flat instanton,
were given on . More recently, it is proved in [13] that any invariant balanced metric com-
patible with an Abelian complex structure J provides a solution to the Strominger system with
a’ > 0 and non-flat instanton, when we set the connection V in the anomaly cancellation condi-
tion (1) to be the Bismut connection V. This result has been used in [15] as the starting point
to produce conformally compact and complete smooth solutions to the Strominger system with
non-vanishing flux, non-trivial instanton and non-constant dilaton using the first Pontrjagin form
of the connection V™.

In [11], Fei and Yau provide new invariant solutions on complex Lie groups and their quo-
tients. For the semisimple case s[(2, C), they find solutions with positive &’ and flat instanton,
with respect to any connection in the canonical 1-parameter family of Hermitian connections V!
whenever t < 0. In particular, solutions with respect to the Bismut connection (t = —1) are found,
which answers a question proposed by Andreas and Garcia-Fernandez in [16]. Fei and Yau also
provide solutions on s[(2, C) to the Strominger system with respect to the Hermitian connection
V!, with o’ > 0 and non-flat instanton, for any t satisfying t(t — 1)2 + 4 < 0. The latter condition
excludes both the Chern connection (t = 1) and the Bismut connection (t=—1).

Ivanov proved in [17] (see also [10]) that a solution of the Strominger system satisfies the het-
erotic equations of motion if and only if the connection V in the anomaly cancellation equation
(1) is an instanton, i.e. 2 satisfies the Hermitian—Yang—Mills equation. As far as we know, the
only invariant solutions to the heterotic equations of motion in the literature are the solutions on
the nilmanifold h3 found in [10, Theorems 5.1 and 5.2]. In this paper, we find other two compact
homogeneous spaces admitting invariant solutions to the heterotic equations of motion, which
are obtained as the quotient by a lattice of maximal rank of the semisimple group SL(2, C) and
of a solvable Lie group.

In the SL(2, C) case, we prove that an invariant solution found in [11] actually provides a so-
lution to the heterotic equations of motion (with respect to V™, with positive &’ and the instanton
being flat). In the solvable case, we consider the Lie algebra denoted as g7 in the classification list
obtained in [18, Theorem 2.8] of 6-dimensional solvable Lie algebras underlying the solvmani-
folds with holomorphically trivial canonical bundle. We find invariant solutions to the heterotic
equations of motion with respect to the Bismut connection V*, with @’ > 0 and non-flat instan-
ton. Moreover, invariant solutions to the Strominger system with respect to the Chern connection
V¢ are also given on this solvmanifold (notice that the nilmanifold h3 has no solutions for V¢,
see [10]).

In conclusion, the invariant solutions of the heterotic equations of motion given in this pa-
per live on three different compact non-Kihler homogeneous spaces which are obtained as the
quotient by a lattice of maximal rank of a nilpotent Lie group (the nilmanifold h3), the semisim-
ple group SL(2, C) and a solvable Lie group (the solvmanifold g7). We conjecture that there is
no other such homogeneous space admitting an invariant solution to the heterotic equations of
motion with respect to a connection in the ansatz V&~.

The results in this paper are obtained after a careful analysis of the first Pontrjagin form of
the 2-parameter family of connections V7, and as a consequence many new solutions to the
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Strominger system with non-flat instanton and o’ of different signs are given (see Theorems 3.3,
4.3,5.3,5.5 and Table 1).

The paper is structured as follows. In Section 2 we introduce the family of metric connections
{V®P}e per which extends the canonical 1-parameter family of Hermitian connections V! and
also includes the Levi-Civita and the V™ connections. After recalling the main ingredients in the
Strominger system, we indicate how we will proceed in our searching of invariant solutions on
compact quotients of Lie groups by lattices.

In Section 3 we construct many invariant solutions with non-flat instanton on the nilmanifold
h3 with respect to the connections V#* in the anomaly cancellation equation (1). In particular,
we recover the solutions previously found in [10,13].

In Section 4 we revisit the s((2, C) case, extending to the family of connections V#* the study
of invariant solutions. Moreover, we provide solutions to the heterotic equations of motion with
respect to the Bismut connection.

Section 5 is devoted to the invariant Hermitian geometry of the solvmanifold g7. We construct
many new invariant solutions with respect to the connections V¢ in the anomaly cancellation
equation (1), in particular, solutions for the Chern connection V¢ with non-flat instanton and
positive «’. Furthermore, some of our solutions satisfy in addition the heterotic equations of
motion.

Finally, in Section 6 we determine the holonomy group of the Bismut connection of the solu-
tions found in the previous sections. A cohomological property that involves the cup product by
the de Rham cohomology class of the 4-form F 2 where F is a balanced metric, is also studied.
At the end of Section 6 a table is included (see Table 1), where the main results of the paper are
gathered. We also include an Appendix with the curvature 2-forms (Q“’); of any connection
V& which are needed for the proofs of the results of Sections 3, 4, 5 and 6.

2. A family of metric connections and the Strominger system

In this section we introduce a family of metric connections that extends the connections in
the canonical 1-parameter family of Hermitian connections and also includes other connections
which are of interest in the Strominger system.

Let (M, J, g) be a Hermitian manifold. A Hermitian connection V is a linear connection de-
fined on the tangent bundle 7'M such that both the metric and the complex structure are parallel,
i.e. Vg =0 and VJ = 0. Gauduchon introduced in [12] a 1-parameter family {V'};cg of canon-
ical Hermitian connections which are distinguished by the properties of the torsion tensor. This
family is given by

t L -t 1+t

where F (-, ) = g(-, J-) is the associated fundamental 2-form, C(-, -, -) =d F(J-, -, -) denotes the
torsion of the Chern connection V¢, and T'(-, -,-) = JdF(-,-,-) = —dF(J-, J-, J-) stands for the
torsion 3-form of the Bismut connection V. Actually, V* and V¢ are recovered when t = —1
and t = 1, respectively.

The family of Hermitian connections {V!};cg has been recently considered in [11] to find so-
lutions to the Strominger system, but there are other connections which have also been proposed,
as for instance the Levi-Civita connection VL€ and the V™ -connection (see [1,7-10] and the ref-
erences therein). This leads us to consider the following extension of the canonical 1-parameter
family of Hermitian connections. For any (g, p) € R?, we consider the connection V4 given by
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ver

Vt

Fig. 1. The family of metric connections V¥# that extends the canonical 1-parameter family of Hermitian connections V.

g(VEPY, Z) = g(VECY, 2) + e T(X. Y, Z) + p C(X. Y, Z). 2)

. . 1 .
In particular, the 1-parameter family V! corresponds to V& 27¢, that is, p = % —¢c¢and t=
1

1 .
1 — 4e. Note also that V¢ = V»2, v+ = v*2.0 and VL€ = V0.0 (see Fig. 1).
In the following result we obtain the relation between the covariant derivatives of the complex
structure J with respect to the Levi-Civita connection and the connection V.

Proposition 2.1. Let (M, J, g) be a Hermitian manifold. For each (e, p) € R2, the connection
V&P defined by (2) is a linear and metric connection that satisfies

Vw’J=—2(e+p— %)VLCJ. 3)

Therefore, if (M, J, g) is not Kdhler then, the connection V&P is Hermitian if and only if p =
1
5 — &

Proof. It is straightforward to check that V®# is a linear and metric connection on the tan-
gent bundle 7M. The proof of the equality (3) involves a long but standard computation that
uses properties of the Levi-Civita connection, Hermitian metrics and integrable almost-complex
structures. Let us sketch the proof.
Using general properties of the covariant derivative VJ of a linear connection V and the
definition of V& we get
gV DY, 2)=g(Vx"JY. Z) = g(J(Vy"Y). 2)
=gV IY, Z) + g(V'Y, I Z)
=g(VECIY, Z) + g(V5CY, I Z)
+E+p)dFUX,JY,Z)+dF(JX,Y,JZ)).
The definition of F and the exterior differential of a 3-form lead to the following relation:

dF(JX,JY,Z)+dF(JX,Y,JZ)=—2(g(VECTY, Z) + g(VECY, 1 2));

therefore, we can express g((Vy”J)Y, Z) simply as
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g(VEP )Y, Z) = (1 e+ ,0)) (g(V)I;CJY, 7) + g(VECY, JZ)) .

Now, using properties of the Levi-Civita connection it is possible to transform this expression
into

e 1
(V5 DY, 2) = (24 p = 5) (s (VEN2D) — (VDY 2)). )

Observe that equation (4) holds for any pair (g, p). In particular, if (¢, p) = (0, 0), V&* = VLC
and applying (4) we obtain that

g(Y, (VEC N Z) = —g(VEC Y, 2).

Substituting this value in (4) we get

. 1
g(VEP )Y, Z) = —2(5 +p— 5) s(VEC )Y, Z).

Since the Levi-Civita connection is Hermitian if and only if the metric g is Kihler, we deduce
finally that V&#J =0 ifandonlyife + p= 1. O

Let (M, J, g) be a compact Hermitian manifold of complex dimension 3, and let F be the
fundamental 2-form. The Strominger system requires that the compact complex manifold X =
(M, J) is endowed with a non-vanishing holomorphic (3,0)-form W, so that (J, F, V) is an
SU(3)-structure. Moreover, the following system of equations must be satisfied [1]:

(a) Gravitino equation: the holonomy of the Bismut connection V7 is contained in SU(3).

(b) Dilatino equation: the Lee form 6 = —%J d*F, where d* denotes the formal adjoint of d
with respect to the metric g, is exact; that is, & = 2d¢, ¢ being the dilaton function.

(c) Gaugino equation: there is a Donaldson—Uhlenbeck—Yau instanton, that is, a connection A
with curvature Q4 satisfying the Hermitian—Yang—Mills equation: Q4 A F2 =0, (24)%2 =
(QA)Z,O =0.

(d) Anomaly cancellation condition, i.e. equation (1):

dT = 2712a/(p1(V) - Pl(A))a

for some real non-zero constant «’. Here p; denotes the 4-form representing the first Pon-
trjagin class of the corresponding connection, i.e. in terms of the curvature €2 it is given by
P1=gstrQAQ.

The Strominger system was reformulated by Li and Yau in [5], where they showed that instead
of the equations (a) and (b) one can equivalently consider the equation

d(|V|rF?) =0, (5)

where ||W| F is the norm of the form W measured using the Hermitian metric F. The equation
(5) implies the existence of a balanced metric F just by modifying the metric ' conformally as
F=|w|/°F.

We will look for solutions to the Strominger system with respect to the connections V#* in the
anomaly cancellation condition, i.e. V.= V%#. As we have seen above, this family includes the
canonical Hermitian connections V!, the Levi-Civita connection VL€ and the connection V™.

Moreover, a result due to Ivanov in [17] asserts that a solution of the Strominger system satisfies
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the heterotic equations of motion if and only if the connection V in the anomaly cancellation
condition is an instanton.

In the following sections we provide new solutions to the Strominger system and to the het-
erotic equations of motion. We will put special attention to solutions with o’ positive and non-flat
instanton A. Notice that since we look for solutions which are invariant, the dilaton function ¢
will always be constant, that is, the Lee 1-form 6 vanishes identically. The invariance of the
non-vanishing holomorphic (3,0)-form W implies that the function ||W||  is constant, too. By (5)
this condition is equivalent to the closedness of the form F 2 j.e. the Hermitian structure F is
balanced.

From now on, the manifold M = G/T" will be a compact quotient of a Lie group G by a
lattice I', endowed with an invariant Hermitian structure (J, g), that is, (J, g) can be defined at
the level of the Lie algebra g of G. Let {e', ..., e%) be a basis of g* adapted to the Hermitian
structure, and let {ey, ..., eg} be its dual basis for g; that is to say, the complex structure J and
the metric g express in this basis as

Jelz—ez, Je3=—e4, J85=—€6, g:el®el+~~-+66®e6.

Hence, the fundamental 2-form F is given by F = e'? + ¢3* + &0, Here, and from now on, we
will denote the wedge product e'! A ... A e'* briefly by e/l -k,

Let cfj be the structure constants of the Lie algebra g with respect to the basis {el, e, e6},
that is, the structure equations of g are

dek = Z c{fjeff, k=1,...,6.

1<i<j<6
Given any linear connection V, the connection 1-forms o j’ with respect to the basis above are
oj(er) = g(Veej, i),

ie. Vxej = Gjl X)ep+---+ a].G(X) eg. The curvature 2-forms Q’] of V are then given in terms

of the connection 1-forms o ]’ by

Q;:doji»—l— Z G,i/\aj’-‘. (6)
1<k<6

Now, we provide explicit expressions for the connection 1-forms (o )3. of the metric con-

nection V4. Since de* (e;, ej) = —e*([e;, e;]) and the basis {ey, ..., eg} is orthonormal, the
Levi-Civita connection 1-forms (ULC)IJ. of the metric g express in terms of the structure con-

stants Cf-(j as

(0" (e) = —% (g(eislej, ex]) — glex, lei, ej]) + glej, lex, e]) = %@;k — i+,
and therefore the connection 1-forms (o¢ *p)i. of the connection V%7 are given by
(@) (ex) = (") (ex) —e T(ei, ej, ex) — p Clei, e, &)
- %(cj.k —ck el —eT (e ej ) — pCleirej.er) 7)

1 . .
= E(c’jk - cf.‘j +cl)+edF(Jei, Jej, Jex) — pdF(Jei, ej, ex).
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The connections A satisfying the gaugino equation, i.e. equation (c) in the Strominger system,
that we will consider in this paper are all defined on the tangent bundle. Moreover, the connection
A will be an SU(3)-connection, i.e. A will be compatible with the SU(3)-structure (J, F, ¥). One
can easily express both the latter compatibility condition and the gaugino condition in terms of a
basis adapted to the SU(3)-structure, i.e. in terms of a basis {el, el e6} satisfying

Je! = —e2, Jeo = —e4, Je’ = —66, F=e¢2 4+ e56,
U= (e1 + ie2) A (63 + ie4) A (6‘5 + ie6).
Indeed, if (UA); are the connection 1-forms of a linear connection A in the adapted basis and

(QA)E the curvature 2-forms, then

(i) the connection A is compatible with the SU(3)-structure, i.e. AJ = AF = AV =0, if and
only if the connection 1-forms satisfy the following identities:

M =~ @M+ 0N+ =0,
@M =0M: @Mi=—0"3 (@Hi=0M2 (NHi=—(0M3, (8)

@Mi=(Me ©@MHi=—(0hH%

(o

(i) the connection A is an instanton, i.e. 24 A F2 =0 and (Q4)%2 = (Q4)20 =0, if and only
if the curvature 2-forms satisfy the following conditions:

(Q@Y)i(e1, e2) + (%) (e3, ea) + (%) (e5, €6) =0,

: . 9
@Y (Jex, Jer) — Q%)) (ex, e) =0, ®

forany 1 <i, j, k,[ <6.
3. The nilmanifold §3

In this section we construct many invariant solutions on a nilmanifold when we set the connec-
tion V in the anomaly cancellation equation to be a connection in the ansatz V. In particular,
we recover the solutions previously found in [10,13].

We recall that a nilmanifold is a compact quotient of a simply-connected nilpotent Lie group
G by alattice I' of maximal rank. If g is the Lie algebra of G, then any structure defined on g will
descend naturally to an invariant structure on the nilmanifold. Here we take G as the product Lie
group of R by the 5-dimensional generalized Heisenberg group. We will denote by b3 the Lie
algebra of G.

Let us recall that b3 has, up to isomorphism, two complex structures J*, but only J~ admits
balanced metrics. There is a (1, 0)-basis {a)’}?zl for which the complex equations of J ™ are

J7: do'=do* =0, do’=o0''—o?. (10)

Moreover, by [13, Lemma 2.10] any balanced J~-Hermitian structure is isomorphic to one and
only one in the following family:

2F =i (0" + 02+ 120>, (11

where t € R — {0}.
For each ¢ # 0, we consider the basis of (real) 1-forms {e!, ..., e®} given by
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2 1 4

el—i—ie =w, e3+ie =a)2, €5+i€6

=ta)3. (12)

This basis is adapted to the balanced structure (J ~, F;) in the sense that both the complex struc-
ture and the fundamental form express canonically as

J (eHY==e J () =—¢* T () =—¢°, Fr=e?+ 3 4. (13)
We will consider the holomorphic (3,0)-form ¥, given by
U= +ieHhA@+ieha@ +ie®) =10, (14)

Hence, for each ¢ # 0, we have an invariant SU(3)-structure (J—, F;, ¥;) on a nilmanifold with
underlying Lie algebra hs3. _
From (10) and (12), the (real) structure equations in terms of the adapted basis {e’ }?:1 are:

de! =0, 1<j<5, deb=-=21i("?—e*. (15)

Remark 3.1. In [13] the authors found instantons A;, A € R, for each SU(3)-structure
(J7, F;, ;). The connection A, is defined on the tangent bundle by the following connection
1-forms:

(@) == =—(");= ("3 =1 +e).
and (UA*)S. =0, for any (i, j) # (1,2), (2, 1), (3,4), (4, 3). By (8) the connection is compatible
with the SU(3)-structure (J—, Fy, ¥;), and one can verify that A, satisfies (9). Furthermore,

21232
pi(A) = ————e">*,
bid
and the instanton A is non-flat if and only if A # 0.

Let us consider now the family of connections V®* introduced in Section 2. In [10] it is
proved that the Bismut connection V7 is an instanton. In the following result we prove that V+
is the only connection in the family V## satisfying the instanton condition.

Proposition 3.2. The connection V&P is an instanton with respect to an SU(3)-structure
(J ™, Ft, V), i.e. V&P satisfies (9), if and only if (g, p) = (%, 0), ie. V&P = VT,

Proof. Let (Q24°). be the curvature 2-forms of the connection V&°. The form (2¢° ); satisfies
(see Appendix A.1 for details):

(Q5P) L (er, e2) + (25P) A (e3, eq) 4+ (2P) ) (es, e6) = —((1 — 2¢)% + 4p?)1%.

Since t # 0, the latter expression vanishes if and only if ¢ = % and p =0, that is, if and only

if V&7 is the Bismut connection V*. Moreover, looking at the curvature forms given in Ap-

pendix A.1 when ¢ = % and p = 0, we see that all the curvature forms (§2+); vanish except

for (1)} and (@1)3. Since (1) = —(Q1)] = 4%¢!? — 412¢%*, one concludes that the equa-
tions (9) are satisfied for A=VT. O

The following result sums up our conclusions on non-trivial solutions to the Strominger sys-
tem for h3 with respect to the connections V¥ in the anomaly cancellation condition (see also
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P .
.
.
JLoal >0
.
.
P
.
.
’
.
P
.
3 C
AV
’
.
.
‘.
.
- ¢ LC +
v v v >

Fig. 2. Solutions on a nilmanifold with underlying Lie algebra h3 with respect to the connections V##; the Bismut

connection V7 satisfies in addition the heterotic equations of motion. The dashed region corresponds to solutions with
/

o' >0.

Fig. 2). We put special attention to the solutions with positive &’ and to the solutions with re-
spect to the preferred connections (i.e. VEC, V¥ and V¢) and the Hermitian connections V' in
the anomaly cancellation condition. We also distinguish the solutions that satisfy the heterotic
equations of motion.

Theorem 3.3. On a nilmanifold with underlying Lie algebra b3 endowed with an SU(3)-structure
given by (13)—(14), the Strominger system has invariant solutions for any connection V' and
with a non-flat instanton A,. More concretely:

G Ifp=e+ % then there exist solutions to the Strominger system with respect to the connection
V&P in the anomaly cancellation condition, with non-flat instanton and with o’ < 0. In
particular, there are solutions with respect to the connection V~ (e = —%, o0 =0) and with
respect to the Hermitian connection V' for any t > 1, which includes the Chern connection
Ve.

@G) Ifp<e+ %, then there exist solutions to the Strominger system with respect to the connection
V&P in the anomaly cancellation condition, with o' > 0 and with non-flat instanton. In
particular, there are solutions with respect to the Levi-Civita connection V€ (¢ = p =0)
and with respect to the Hermitian connection V' for any t < 1, which includes the Bismut
connection V7,

(iii) Furthermore, for the Bismut connection V7T, the solutions satisfy the heterotic equations of
motion with &' > 0 and non-flat instanton.

Proof. Since T = J~dF; = —21(e'?® — ¢3%%), we have that dT = —8t%e!?34.

We will use the instantons Aj found in [13] (see Remark 3.1) to solve the anomaly cancella-
tion condition with respect to the connections V&, From the curvature 2-forms of V& given in
Appendix A.1, it is straightforward to verify that

(1426 -2p)(3 + 42 —4p 4+ 4pH)r* L1234

p1(VHP) = :
T
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Hence,
2n2a’(p1 (V&P) — pl(A;L)> - 2z2a’<2x2 — 21+ 26 —2p)(3+ 4 —4p + 4p2))e‘234.

Comparing this expression with dT = —8¢%¢!?34

o’ such that

, we must prove that there is a non-zero constant

4
2(1 426 —2p)(3+ 46> —4p +4p>) — 222 = —.

/

Notice that here X is the parameter defining the instanton A,, and that A, is non-flat if and only
if & £ 0 (see Remark 3.1). Observe also that 3 4+ 42 — 4p 4+ 4p% = (1 — 2p)> +2(1 +2¢%) > 0.
Now, taking an instanton A, with sufficiently small non-zero A, we conclude that there exist
solutions to the Strominger system with ¢’ > 0 if and only if

14+2e—-2p>0.

This proves (ii), and the proof of (i) is direct since 1 + 2¢ — 2p < 0 implies that &’ must be
negative, after taking any instanton A, with A # 0.

Finally, if V&:? = V™ then by Proposition 3.2 and [17] we obtain that the solutions satisfy the
heterotic equations of motion, which proves (iii). O

Notice that this result extends the main results found in [10] and [13] on a nilmanifold with
underlying Lie algebra b3 to other connections V## in the anomaly cancellation condition.

4. sl(2,C) revisited

In this section we consider invariant solutions on a compact quotient of the complex Lie group
SL(2, C). This manifold has been studied recently in [11] (see also [16]), where several solutions
to the Strominger system are obtained with flat as well as with non-flat instanton, with respect
to the family of canonical Hermitian connections V' in the anomaly cancellation condition. Here
we revisit this manifold with two main purposes: to extend the existence of invariant solutions to
the more general family of connections V¢, and to show that this manifold provides solutions to
the heterotic equations of motion with respect to the Bismut connection. The latter was suggested
by Andreas and Garcia-Ferndndez in [16] but, to our knowledge, it has not been proved yet.

The complex(-parallelizable) structure J on SL(2, C) can be described by means of a left-
invariant basis of (1, 0)-forms {w!, w?, »3} satisfying the equations

J da)lza)23, da)zz—a)w, do’ = ' (16)

Since J is complex-parallelizable, it is well known by [19] that any left-invariant Hermitian
metric is balanced. We will consider on the Lie algebra sl(2, C) the following particular family
of balanced metrics

2F =it2 (o' + 0?2 + o), (17)
where t € R — {0}.
For each ¢ # 0, let us consider the basis of (real) 1-forms {e!, ..., e°} given by
el—i—iez:ta)l, e3+ie4:tw2, 65+ie6:tw3. (18)

This basis is adapted to the balanced structure (J, F;) since the complex structure and the funda-
mental form express canonically
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Je' =—¢%, Jed =—¢*, J&o = —ef, Ft=€12+€34+€56. (19)
We consider the holomorphic (3,0)-form W¥; given by
U, = +ie)A@+ie) n@@ +ied) =1 0. (20)

Hence, for each ¢ # 0, we have an SU(3)-structure (J, F;, ¥;) on sl(2, C).
From (16) and (18), the (real) structure equations in terms of the adapted basis of 1-forms
{e/ }?zl are:

de' = % (635 )

de* = % (e%6 + e45)

de’ = —% (615 ) @
de* = _% (e'6 +325)

de’ = % (6’13 )

deb =1 (et +ez3).

Since the complex structure J is complex-parallelizable, the Chern connection V¢ is flat. In
the following result we prove that there is only one non-flat instanton in the family V##, which
is precisely the Bismut connection.

Proposition 4.1. The connection V&P is an instanton with respect to an SU(3)-structure
(J, Fr, W) ifand only if (¢, p) = (0, §) or (3,0), i.e. if and only if V&* is the Chern connection
V¢ or the Bismut connection V. The Chern connection is flat, but for the Bismut connection
one has

2
pi(VhH = —m(glﬂ“ 4 1256 4 (3456)

Proof. Let (Q%° ); be the curvature 2-forms of the connection V#”, which are given in Ap-
pendix A.2. The form (2%° )% satisfies

(1 —2¢—2p)>

(Q5P)3(er, e2) + (5P)) (€3, e4) + (25F) ] (e5, €6) = — 3

The latter expression vanishes if and only if p = % — g, that is, if and only if V®” is a Hermitian
connection.
Moreover, for p = % — &, we have that

(Q°)3(Jea, Jea) = (Q7P)} (e, e4)
if and only if

4e(1 —4e) _ 4e

12 2
which implies that ¢ = 0, and then the connection is V¢, or ¢ = %, and then the connection is
v+,
For the Chern connection all the curvature forms vanish, i.e. V¢ is flat. In the second case, i.e.

for the Bismut connection, the non-zero curvature forms (QJ“); = (Q%’O)fj are:
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@H) =@M = -3+,
(@95 = @5 =~ (" +e), (22)
(QJr)g = (Q+)g = —%(635 + 6%,

Since the equations (9) are satisfied for A = V7, we conclude that the Bismut connection is a
(non-flat) instanton. Finally, (22) implies that

16
Ot AQT = _t_4(61234 4 1256 4 ,3456) 0
Remark 4.2. For other balanced metrics on s[(2, C) more general than the metrics F;, we arrived
at the conclusion than whenever V¢-# satisfied the instanton condition, the metric was isomorphic
to F;. This is the reason why we are focusing on the family of SU(3)-structures (J, F;, Wy).

Next, we will solve the anomaly cancellation condition with respect to the connections V&7,
From the curvature 2-forms of V#* given in Appendix A.2, it is straightforward to verify that

B(e, p)

y— (61234+81256+€3456),

pi(VoP) =—
where
Be, p) =1+4e +4e> +326% — 12p — 24ep — 326%p + 36p> + 32ep”> — 32p°.  (23)

In the following result we obtain many solutions to the Strominger system, including solutions
to the heterotic equations of motion. Special attention is given to the solutions with positive o’
and to the solutions with respect to the preferred and Hermitian connections in the anomaly
cancellation condition. We distinguish the case when the instanton is flat and the case when the
instanton is non-flat.

Theorem 4.3. On a compact quotient of SL(2,C) endowed with an SU(3)-structure given
by (19)—(20), the Strominger system has invariant solutions for any connection V&*. More con-
cretely:

(i) Forany (e, p) € R? such that B(g, p) # 0, there exist solutions to the Strominger system with
respect to the connection V&° in the anomaly cancellation condition, with flat instanton and
sign (o) = sign (B(e, p)). In particular:

(i.1) there exist solutions with o' > 0 and flat instanton, for the Levi-Civita connection V1€
and for any Hermitian connection V' with t < 0;

1.2) for (e, p) = (%, 0), i.e. for the Bismut connection V'™, the solutions satisfy the heterotic
equations of motion with o' > 0 and flat instanton.

(ii) Forany (s, p) € R? such that B(e, p) # 8, there exist solutions to the Strominger system with

respect to the connection V& in the anomaly cancellation condition, with non-flat instanton

A =V and sign () = sign (B(e, p) — 8). In particular, there exist solutions with non-flat

instanton and o' > O for any Hermitian connection V' witht < —1.

Proof. Since the torsion is given by 7' = Jd F; = —%(3 e!35 o146 4 0236 4 0245 "we have

4
AT — _t_z(e1234 4 1256 | 3456y
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If we consider the case of flat instanton, then the anomaly cancellation condition with respect
to the connection V## reads as

_%(61234+€1256+e3456) AT =272 py (VEP) = —a /3(28;40) (1234 4 01256 4 ;3456)
where B(e, p) is given in (23). This implies that o’ B(e, p) = 812 > 0, so whenever (e, p) # 0
there is a solution to the Strominger system with sign (o) = sign (8(¢, p)).

In particular, if ¢ = p =0, i.e. the connection is the Levi-Civita connection, then §(0, 0) = 1;

if p = % — &, i.e. the connection is Hermitian, then 8 (s, % — 8) =32 82(48 — 1) is positive if

and only if ¢ > %. This proves (i.1).

For the proof of (i.2), from Proposition 4.1 and [17] it follows that the solution for V™ satisfies
the heterotic equations of motion.

In order to prove (ii) we will consider the non-flat instanton A = V' in the anomaly cancel-
lation condition. Hence, we have to solve

4
_t_2(81234 41256 4 M56) T = 220! (51 (V5P) — py (V)
o ﬁ(&zﬂt)i - 8(61234 4 01256 4 3456y

that is, o’ (B(e, p) — 8) = 82 > 0, so whenever B(e, p) # 8 there is a solution with sign (a’) =
sign (B(¢e, p) — 8). In particular, for Hermitian connections we have

B, 1/2—¢e)—8=8(2c — 1)(8> +2¢ + 1),

which is positive if and only if e > 3. O

Remark 4.4. Notice that in the non-flat instanton case, i.e. case (ii) in Theorem 4.3, there is no
invariant solution with o’ > 0 for any of the preferred connections V€, V* or V¢, In fact, for
these connections we have that 8(0,0) =1, ,8(%, 0) =8, ﬂ(—%, 0) = —4 and (0, %) =0, so
B — 8 < 0 in any case.

We also notice that for the particular case of Hermitian connections V', the previous theorem
is in accord with the results in [ 11, Theorem 3.6 and Section 4]. In fact, if p = % — ¢ then we can
take 4¢ =1 —t, and then

B(e,1/2—¢) —8:—2[(1 —48)(48)2+4] :—Z[t(t— 1)2+4];

now, by Theorem 4.3 (ii) we conclude that &’ > 0 if and only if t(t — 1)2 + 4 < 0, which is
precisely the condition given in [11, page 1194] for the non-flat invariant solutions on s((2, C).

5. The solvmanifold g7

In this section we construct many new invariant solutions to the Strominger system on a
solvmanifold with respect to the connections V% in the anomaly cancellation condition. In
particular, we find solutions for the Chern connection V¢ with non-flat instanton and positive &’
Moreover, some solutions satisfy in addition the heterotic equations of motion.

Recall that a solvmanifold is a compact quotient of a simply-connected solvable Lie group
G by alattice I' of maximal rank. As in the previous sections, we will consider invariant struc-
tures on the solvmanifold. In [18, Theorem 2.8] the Lie algebras underlying the 6-dimensional
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solvmanifolds that admit an invariant complex structure with holomorphically trivial canonical
bundle were classified. One of such Lie algebras is the one denoted by g7, whose structure equa-
tions are given by

dB' = B2 + B, g =p*, a4’ =p%, dpt=—_p», B> =—p%, s =o.

Moreover, the simply-connected solvable Lie group corresponding to g7 admits lattices of
maximal rank (see [18, Proposition 2.10] for more details). Recall that, given a solvmanifold
M = G/ T, the lattice determines the topology and is actually its fundamental group. By [20],
two solvmanifolds having isomorphic fundamental groups are diffeomorphic. Next we will con-
struct invariant solutions on a solvmanifold with underlying Lie algebra isomorphic to g7.

As it is proved in [18, Proposition 3.6], up to equivalence, there exist only two complex
structures on g7 such that the associated canonical bundle on the complex solvmanifold is holo-
morphically trivial. From now on, we will denote these complex structures by Js, where § = £1.
There is a basis {a);, a)g, a)g } of forms of type (1,0) with respect to Js given by

1
0y =B +if =B i of=p+2isp.
Hence, the complex structure equations of Js are

Js 1 dol=iw} (] +a)5) da)g——zws/\(a)a—i—ws) dwi =8 (w}! —a)(gz), (24)

where § = £1. Notice that the (3,0)-form wé A wg A wg’ is closed.

In [18, Theorem 4.5] it is proved that any balanced metric on (g7, Js) is given by

2F,8,u—i(r2a)§1 +r2a)§2+t a)g3)+ua) ua)gl, (25)

where r,t € R — {0} and u € C with r> — |u| > 0.
Let us consider the real basis of 1-forms {e!, ..., %} on g7 defined as
[4 1,02
el vie’= riw'a);, e tiet= zwé —l—irwg, e5+ie6=ta)g.
r r

One can check that the basis {e!, ..., %} is adapted to the balanced structure (Js, F, r r.u)- In fact,
the complex structure and the fundamental form express canonically as

Js(eh) = =%, Js(ed) = —e*, Js(e’) = —ef, Fp =e?+ e+ (26)
We consider the holomorphic (3,0)-form \IJ” . given by

W, = riehA@ +ie)y A +ie®) =it [rt—|ul? wy®. (27)

Hence, for § = £1 and for each r, t € R — {0} and u € C such that r2 > |u|, we have an
invariant SU(3)-structure (Js, F, ) on any solvmanifold with underlying Lie algebra
isomorphic to g7.

Let us write u = u1 + i u». In the adapted basis {el, e, 66} one has that the (real) structure
equations of g7 are

rtu’ rtu
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de! = —%625,

de? = %615’

de’ = ~ w0 —r‘f—lulz (uze® +uye®) + %e45,

de* = t r44_m|2 (1 e — upe?5) — %6357 (28)
de® =0,

deb = _% [612 _ oM r4u—2|u|2 ("3 4+ 2 + r4u_1|u|2 (e — 623)} _

The following result provides instantons that we will use for solving the anomaly cancellation
condition.

Proposition 5.1. For each A, u € R, let Ay, be the linear connection defined by the connection
1-forms
(0hhm)y = =@M )i = —(eM) = (M) = 1€ + e,

and (GA)‘*“); =0 for any other (i, j) # (1,2), (2, 1), (3,4), (4, 3). Then, the connection A,, , is
compatible with any SU(3)-structure (Js, Fr‘ft’u, \Ilf ,,u), and it satisfies the instanton condition.
Moreover, the instanton Ay, is non-flat if and only if u # 0, and

2,2
2ptt 1234

App)=——
pl( )L,,LL) 7T2(r4 _ |M|2)

Proof. It is clear that the connection 1-forms satisfy (8), so Ay , is compatible with any
SU(3)-structure (Js, Fr‘s,,’”, \Ilﬁ r.u)- From (6), and using the equations (28), it follows that the
only non-zero curvature forms (QAW); of the connection A, are

(@) = —( Q)T = (@] = (@)

2ut 2ut 2ut
=—8L2(e12—e34)+8$(e13+624)—8$(614—ez3).
r r2 r4—|u|2 r2 /r4—|u|2

Now, it is easy to see that A, , satisfies the conditions (9), so it is an instanton. A direct calcula-
tion using the previous curvature forms shows that pj(A; ) is given as above. O

Using the instantons found in Proposition 5.1, our goal is to solve the anomaly cancellation
condition

dT =2a'7%(p1(VEP) — p1(As. ),

that is to say, we will find which are the connections V#* solving this equation with respect to
some instanton A; , and with o’ # 0, putting special attention to the preferred connections and
to the cases when o’ is positive and the instanton A; , is non-flat (i.e. u # 0). We need first to
find the expressions of the 4-forms dT and p; (V& ?).
Using the structure equations (28) we get that the torsion 3-form 7' = Js d F, r’s r.u 18 given by
T_ §t2uy —2r%u (e 1+ e+ St2uy +2r%uy (e]4—e23)] NG

tr* = ul? 1 —ul?

2
——2[8t(e12—e34)—
,
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Hence, using again (28), the 4-form dT is

812 pa
AT == e
16 20ul?

NG [Jr“ —JuP

61256 +ur (61356 2456) —u; (61456 _ 62356):| .

(29)

On the other hand, the curvature 2-forms of the connection V## are given in Appendix A.3,
and a long but straightforward calculation allows to find the first Pontrjagin form of V%, which
is given by

X (e, p)t* + Y (e, p) |ul? 1234
w2(r* — |u|?)?
_AZE p)tt 4 Wi, p) ul?)
w24 (rt — u|?)3/2 .

2Jul?
« |: 1256 | (01356 4 p2456) _yy (,1456 _ ,2356) |

Vr— |ul?

pi(VoP)y=—

where

X (e, p) = (1426 —2p) [482 + =202+ 2] ,

Y (e, p) = —4(1 — 26 +2p) [482+(1—2p)2—2]—8, )
ZGe.p)=(1+e—p) |42+ (1 =207 4] +3,
W(e, p) =4(c — p) [482 +- 2p)2] .

From the expressions of dT', p1(V®*) and p1(A,, ), respectively given by (29), (30) and
Proposition 5.1, the anomaly cancellation condition reduces to the following system of two equa-
tions

32 |ul?
12(r*—|ul?)

64 Ju]* 4
t4(r4—|u\2)2 (Z(S, p)t +W(8, ,0)|”| )a

8 2 4 16 2.2
A =4 (G X 4 Y (e p) ) — 240,
a
=7

which is equivalent to

4204 = ) =o' (X (e, p) 1t + Y (e p) ul? =222 = [uP) ).
(32)
2P0 — ) =o' (2. p) 1 + We, p) ul?).

In view of the second equality in (32), we will distinguish two cases depending on the van-
ishing of the (metric) coefficient u. Another important reason to distinguish the cases u =0 and
u # 0, is the following result, which proves that the connection V¢-* satisfies the instanton con-
dition if and only if V&# = VT and u = 0. We will use this fact in Section 5.1 to provide new
solutions to the heterotic equations of motion.
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Proposition 5.2. The connection V&P is an instanton with respect to an SU(3)-structure
(Js, F?, ., 2, ) if and only if u = 0 and (¢, p) = (%, 0), i.e. the metric coefficient u vanishes
and V&P is the Bismut connection V. Furthermore, if u = 0 then the Bismut connection satis-

fies

81
p1 (V+) — _m 61234.

Proof. Let (Q%”)’. be the curvature 2-forms of the connection V*, which are given in Ap-
pendix A.3. We impose the conditions (9). From

(142e —2p)|ul*

PRt =)
we get that (1 +2¢ —2p)u =0. If 1 4+ 2e — 2p = 0, then the condition (Q‘“”)%(J(;el, Jse3) =
(Qg*p)%(e1,e3) is equivalent to ¢ = 0, but in this case (Qg*p)g(q,ez) + (Qs'p)g(eg,&;) +
(Qg’p)g(%, e) = —412/(r* — |u|?), which never vanishes.

Therefore, we must have 1 + 2¢ — 2p #£ 0 and u = 0. Now, the conditions

—2p(1 +2& —2p)t?
4 =0,

(Q5P) L (Jser, Jse) — (REP) L (e, e6) =28

Q5P (Jser, Jses) — (QFP)L(er, e5) = -
(26 —1)(14+2¢ —2p)?

(@) (Jser, Jree) — (")g(er, e6) = i

O,

r

are satisfied if and only if (¢, p) = (%, 0).
One can check that for ¢ = % and p = 0 all the conditions in (9) are satisfied, so the Bis-
mut connection V7 is an instanton when the metric coefficient u is zero. Finally, for u = 0 the

Pontrjagin form p; (V™) comes directly from (30) by taking & = % and p=0. O
5.1. The caseu =0

Here we consider the SU(3)-structures given by (26)—(27) with u = 0, that is, (Js, Fr‘sZ 0 \Ilft 0)-
In this case the anomaly cancellation condition is reduced just to solve the first equation in (32)

foru =0, i.e.

47r% = o/ (X (e, p) 1+ = 2 121%r™),
or equivalently,

(X(e, p)t> =2p%rHa =4r* > 0.

Notice that the system does not depend on §, so it is the same for the complex structures J_;
and Jy. Notice also that sign (a’) = sign (X(e, 0) 12— 2,u2r4). It is clear that o’ cannot be
positive if X (e, p) < 0. In that case, we can choose a non-flat instanton (i.e. u # 0) to solve the
Strominger system with &’ < 0. It follows from (31) that X (g, p) <0 if and only if p > ¢ + %
For instance, V™~ and V¢ are connections in this case.

The connections V#* for which there is a solution to the anomaly cancellation condition with
a’ > 0 are precisely those satisfying X (g, p) > 0, i.e. p <& + % Actually, we can choose a
non-flat instanton with sufficiently small x % 0. In particular, VX€ and V* are connections in
this case.
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Moreover, in the case of the Bismut connection V7 the solutions solve in addition the heterotic
equations of motion because V7 satisfies the instanton condition by Proposition 5.2.
Therefore, we have proved the following result:

Theorem 5.3. Let us consider a solvmanifold with underlying Lie algebra g7 endowed with
an SU(3)-structure given by (26)—(27) with u = 0. Then, the Strominger system has invariant
solutions for any connection V' and with a non-flat instanton A, ,,. More concretely:

) Ifp=e+ % then there exist solutions to the Strominger system with respect to the connection
V&P in the anomaly cancellation condition, with a' < 0 and non-flat instanton. In particular,
there are solutions with respect to the connection V~ and with respect to the Hermitian
connection V' for any t > 1, which includes the Chern connection V°.

@) Ifp<e+ % then there exist solutions to the Strominger system with respect to the connection
V&P in the anomaly cancellation condition, with &’ > 0 and non-flat instanton. In particular,
there are solutions with respect to the Levi-Civita connection V€ and with respect to the
Hermitian connection V' for any t < 1, which includes the Bismut connection V.

(iii) Moreover, for the Bismut connection the solutions satisfy in addition the heterotic equations
of motion with o' > 0 and non-flat instanton.

Notice that the solutions are given by Fig. 2, so the Chern connection V¢ is excluded again
from the o’ > 0 case. In order to find solutions to the Strominger system with &’ > 0 and with
respect to V¢ in the anomaly cancellation condition, we will need a detailed study of the case
u # 0 below.

5.2. The case u #0

Here we consider the ansatz (Js, F,‘ft’u, \I/;S,t,u) for u # 0. We have to solve the system (32),
that is,

o (X(s, p)tr+Y (e, p) |ul* =22t (r* — Iulz)) =20/ (Z(e, p)t* + W(e, p) [ul®)
=42(r* — |ul?).

Since o’ # 0 and 472(r* — |u|?) > 0, the sign of o’ must be the same as the sign of Z (s, p) 4+
Wi(e, p)|u |2. Notice that the system does not depend on §.
From the first equality above we get

0 <2p22(* = ul?) = X(e, p) t* + Y (e, ) ul* = 2(Z (e, p) 1* + W (e, ) lul).
Observe that we can rewrite the previous expression as

0 <2’ = ul®) = —4(L(e. p) 1* + N, p) lu?),
where L and N are given by

X(e.p) =2Z(e.p) =4[ (e = D?+ (0 + ? — 4| =4 L(e. ),

Y(e,0)=2W(e,p) =—16[(c + P+ (p— 1P = 1] =—4N(e. p).
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-

Fig. 3. Connections V&7 solving the Strominger system with non-flat instanton in the solvmanifold case according to
Theorem 5.5; the region Ay corresponds to solutions with ’ > 0, which in particular includes the Chern connection.

Equation L(e, p) = 0 represents a circle with center at the point (%, —1) and of radius 2,
whereas N (e, p) = 0 represents a circle with center at the point (—%, 1) and of radius 1. These
two circles intersect at the points P; = (%, %7) and Q1 = (#’ %) (see Fig. 3).

Therefore, we have to find the connections V## for which there exist r,r € R — {0} and
u € C—{0} with r* — |u|2 > 0 (i.e. an SU(3)-structure given by (26)—(27) with u # 0) satisfying

L(g, p)t* + N(e, p) ul* <0,
Z(e, p)t* + W(e, p) ul*> #0.
In fact, once a solution of (33) is found, we take an instanton given by Proposition 5.1 with u =
\/ _Z(L(s’tgzr’:jll: l(f)’p )14®) “and the Strominger system is then solved with o’ = (E’z)tjif‘;l(':"?) i
The instanton will be non-flat if and only if ¢« # 0, i.e. if and only if L(e, p) t*+N(e, p) lul? <O0.

In particular, if we want solutions with non-flat instanton and o’ > 0, then we need to solve
the following system:

(33)

{L(s, p)t*+ N(e, p) lul* <0, (34)

Z(e.p)t* + W(e, p) lul* > 0.
Next we study some distinguished regions in the (e, p)-plane related to the system (34) that

will play a central role.

Notation 5.4. In what follows, we will use the following notation:

L™ ={(e,p) eR*| L(e, p) <0}, L~ ={(e,p) eR*| L(e, p) <O},
LT ={(e,p) eR*| L(e,p) >0}, L+ ={(e,p) eR?| L(e, p) >0}

Similar notation will apply to N and to any other real function defined in the (¢, p)-plane. In
particular, L~ and N~ correspond to the interior of the circles L(e, p) =0 and N (e, p) =0,
respectively.
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In order to determine the sign of &’ in the solutions, we will also need to study the sign of the
determinant associated to (33):

L(e,p) N(e, p)
Z(,p) Wi, p)
= —4(e? 4+ (p — 1/2)*> — 1/4)(208? +20p> — 32ep + 46 — 8p + 1)
=—4M(e, p) S, p),
where M (e, p) =&+ (p — 1/2)% — 1/4, and S(e, p) = 20e2 + 20p> — 32¢p +4e — 8p + 1.
The equation M (g, p) = 0 represents a circle with center at the point (0, %), i.e. the center is
the Chern connection, and of radius 1/2. Notice that this circle passes through the points P; and

(1 obtained above, and also through the points P> = (0,0) and Q> = ( %, %), which will play a
role below. On the other hand, S(¢, p) can be rewritten as

1-8p\> 36 1\?
S(e, p) =20 (- 2) .
(e, 0) (e—i— o > + 5 (P 3>

It is clear that S(e, p) > 0, and S(e, p) = 0 if and only if (¢, p) = Pz = (%, %). Moreover, since
M (P3) < 0 we conclude that

d(e, p) =det (

e d(e, p) =0if and only if (¢, p) = P3 or (g, p) lies on the circle M (¢, p) = 0;
e d(e,p) > 0ifand only if (¢, p) e M~ — {P3};
e d(g, p) <0if and only if (g, p) e M.

Now we consider the second condition in (33). It is easy to verify that the intersection of
Z(e,p) =0 and W (e, p) =0 is given by the two points P, and Q, given above. These points
belong to L™ . Let us denote by A the following region in the (e, p)-plane (see Fig. 3):

A=L"UN" —{P, O2}.
Let A4 C A be the region (see Fig. 3) defined by
Ay=L"UM —(M—NZ),

where we are using the notation introduced in Notation 5.4. Notice that A and A are connected
subsets of the plane.
Now we are in a position to present the main result in this section.

Theorem 5.5. Let us consider a solvmanifold with underlying Lie algebra gj. There are
SUQ3)-structures given by (26)—(27) with u # 0 providing solutions to the Strominger system
with respect to a connection VP in the anomaly cancellation condition, in the following cases:

(1) For (g, p) € {Py, Q1}, there exist solutions with o' > 0 and flat instanton.
(ii) For any (e, p) € A, there exist solutions to the Strominger system with non-flat instanton.
Moreover, o' > 0 if and only if (¢, p) € A

Proof. The proof of (i) is clear, because if (e, p) = P or Q1, then L(e, p) =0= N(e, p) and
the first equation in (33) is trivially satisfied. Notice that u = 0, i.e. the instanton given by
Proposition 5.1 is flat. Since Z(P;) = Z(Q1) = % >0and W(P)) = W(Q1) =—-1<0, we
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can take any metric whose coefficient ¢ is large enough so that the second condition in (33) is
satisfied with positive sign and therefore o’ > 0.

For the proof of (ii), we first notice that the first inequality in (33) can be always solved with
positive sign if (e, p) belongs to the interior of the figure determined by the two circles, i.e.
L™ U N™. In fact, if for instance L(e, p) < 0, then we can choose ¢ sufficiently large so that
the inequality is solved; similarly for the case N (g, p) < 0 by choosing u # 0 with sufficiently
large |u|. Since u # 0, the instanton given in Proposition 5.1 is non-flat. Moreover, since the
points P> and Q> of intersection of Z(e, p) =0 and W (e, p) = 0 do not belong to region A, we
have that the second condition in (33) can be solved, possibly after a small perturbation of the
values of ¢ and u found for the first condition in (33). This ensures that &’ # 0 and the first part
of (ii) is proved.

It remains to study when a’ > 0, i.e. which are the values of (g, p) € A for which the condi-
tions in (34) are satisfied. Our discussion is based on Z (e, p), and we distinguish the cases Z T,
Z~ and Z =0.

Let us suppose first that (¢, p) € A belongs to Z™:

e If (¢, p) € ZT N L™, then it is enough to take a sufficiently large coefficient ¢ in the metric
in order to solve (34).
o If (g, p) € ZT N L™, then necessarily N (g, p) < 0. Moreover, the conditions in (34) imply

L(g,0)(=W(e, p)
|ul

—N(e, p) lul* > L(g, p)t* >
Z(¢, p)

)

that is, the determinant d (¢, p) > 0.

e Finally, if Z(e, p) > 0 and L(¢, p) = 0, then necessarily N (g, p) < 0 and (e, p) belongs to
the arc joining P; and Q; along the circle L(¢g, p) = 0 inside N . In this case, the determi-
nant d (g, p) is positive.

In conclusion, if Z (e, p) > 0, then there exist solutions to (34) if and only if (¢, p) € L~ Ud™.
On the other hand, if (¢, p) € A belongs to Z™, then necessarily W (e, p) > 0, which is equiv-
alent to say that ¢ > p. Hence:

e If(e,p)eZ™ N L+, then (e, p) must lie in the interior of the circle N = 0 but in this case
W (e, p) is negative, which is a contradiction.
e If (¢, p) € Z7 N L™, then arguing as before we can see that d(e, p) < 0.

In conclusion, if Z(¢, p) < 0, then there exist solutions to (34) if and only if (¢, p) € L™ Nd~.
Finally, if (e, p) satisfies Z (¢, p) = 0, then necessarily W (g, p) > 0. Moreover, signd (e, p) =
sign L (e, p). As before, the case L+ leads to a contradiction.
As a consequence of the previous discussion we get that the connections V%# for which
there exist solutions with o’ > 0 and non-flat instanton (i.e. u # 0), are those for which (e, p) €
(L~ udt) — (d_Jr N ?). Since Z(P3) > 0, the latter is precisely the region A;. O

As a consequence of the previous theorem (see also Fig. 3) one obtains solutions for many
Hermitian connections, including the Chern connection. More precisely, we have:

Corollary 5.6. A solvmanifold with underlying Lie algebra g7 provides invariant solutions to the
Strominger system with o > 0 and non-flat instanton with respect to a Hermitian connection V'
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forte (=5— 42,1 - ﬁ) U (S_E/W, 1+ ﬁ). In particular, there are solutions for the Bismut
connection (t = —1) and for the Chern connection (t=1).

Proof. The result follows from Theorem 5.5 (ii) by taking the intersection of the line p 4+ ¢ =

% with the region A4. A direct calculation shows that the corresponding values of ¢ are ¢ €

(-4, 2517) (4. 232)

T .Sincet=1—4¢, we gettheresult. O

Remark 5.7. Notice that in [14] it is proved that the nilmanifold b, has invariant solutions with
respect to the Chern connection with positive o’ and non-flat instanton. There do not exist such
solutions on the other balanced nilmanifolds. In addition, b1_9 has a solution with respect to the
Bismut connection [10]. However, the solutions on the nilmanifold b4 never satisfy the heterotic
equations of motion.

In conclusion, as far as we know, the solvmanifold g7 is the first known example of a compact
complex manifold that provides explicit solutions to the Strominger system, with ¢’ > 0 and
non-flat instanton, both with respect to the Chern connection and to the Bismut connection, the
latter being also solutions to the heterotic equations of motion.

In [13, Proposition 5.7] it is proved that the nilmanifold b4 has a balanced Hermitian structure
which provides simultaneously solutions to the Strominger systems for V' and for V¢. As a
consequence of Theorem 5.5 we prove a similar result for solvmanifolds with underlying Lie
algebra g7. This makes the space of solutions on these solvmanifolds even richer.

Corollary 5.8. Let us consider a solvmanifold with underlying Lie algebra g7. There is an
SUQ3)-structure and a non-flat instanton solving at the same time the Strominger systems for
the Bismut and for the Chern connection, both with positive a'’s.

Proof. Let us describe first the whole space of solutions to the Strominger system for the Chern
connection with o’ > 0 and with non-flat instanton. For (g, p) = (0, %) one has that L(0, %) =

1>0,N©0,4)=-2<0,Z(0,1)=1>0and W(0,}) =0, therefore for (e, p) = (0, 1) the
system (34) is equivalent to 2|u| > 2 > 0. Hence, the SU(3)-structures for which the Strominger
system has this kind of solutions are given by (26)—(27) with r, ¢, u satisfying

2r2>2u| > > > 0. (35

Notice that the instanton is given by Proposition 5.1 with u =,/ % #0, and o =
2<r4;2|u\2> - 0.

Now, we describe all the solutions to the Strominger system for the Bismut connection with
o’ > 0 and with non-flat instanton. For (g, p) = (%, 0) one has L(%, 0)=-2<0, N(%, 0)=4>
0, Z(%, 0) =0 and W(%, 0) =4 > 0, therefore for (g, p) = (%, 0) the system (34) is equivalent
to 12 > +/2|u| > 0. Hence, the SU(3)-structures for which the Strominger system has this kind
of solutions are given by (26)—(27) with r, ¢, u satisfying

2>V2ul>0,  r%>ul>0. (36)

. .. .. L. 51,2 N 204,12
The instanton is given by Proposition 5.1 with it =2 % # 0. Note that &' = % >
0.
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Hence, the existence of an SU(3)-structure and a non-flat instanton solving at the same time
the Strominger systems for the Bismut and for the Chern connection is equivalent to the existence

of r, t,u satisfying (35), (36) and p = fi. The latter is equivalent to > = % lu|. Since % €

(W2, 2), we get the desired solution. Notice that ' #&’. O
6. Holonomy and cohomological properties of the solutions

In this section we determine the holonomy group of the Bismut connection V™ of the balanced
Hermitian metrics F considered in the previous sections. We also study some properties of the
de Rham cohomology class defined by the 4-form F2.

In [13] it is proved that for any invariant balanced Hermitian metric on a nilmanifold with b3
as underlying Lie algebra, the holonomy group of the associated Bismut connection reduces to
the subgroup U(1) of SU(3). For the solvmanifolds found in the previous section we have:

Proposition 6.1. Let us consider a solvmanifold with underlying Lie algebra g7, endowed with
a balanced Hermitian metric Fy; , given by (25). Then, the holonomy of the associated Bismut
connection is SU(3) if u # 0, and reduces to U(1) when u = 0.

Proof. We apply the Ambrose—Singer theorem, for which we need to consider the curvature
endomorphisms of the connection V. The curvature endomorphisms R (e, ¢,) are given in
terms of the curvature forms (Q“‘)lj by

g(R¥(ep, eq)ei, ej) = —(Q1) (e, €g). (37)

Here {ey, ..., es} is the dual of any basis {e',...,e®} adapted to the balanced structure. By
Appendix A.3 fore = % and p = 0, we obtain that (1)} + (1)} +(2")] = 0, so the holonomy
group of the Bismut connection V™ reduces to a subgroup of SU(3).

On the other hand, we consider the following curvature endomorphisms:

2
RF(er,e5) = 2t | <2 (1 4 €20) = 2u1(e% +¢%) + 2us(e¥ — ) |,

3 2
R*(e2,e5) = tzyrf_wz WJ{'W (e'® — e2%) — 2up(e¥ + ¢*0) — 2u1 (30 — %) |,
- i -
Rt (e3,e5) = 12\/%—”2 2ur(e"® + e20) 4 2uz (e — ) + \/%W(eﬁ +¢%) |,
- i -
R (es, e5) = N%W 2ur(e'd + €20) — 2u (¢! — ¢25) — J%W(e% — &%)

4 2 4
A direct calculation shows that if |u|2% #0, then RT (e1, es), RT(e2, e5), R (e3, e5)

and R (e4, es) are independent. Since r?> |u|, this happens if and only if the metric coefficient
u # 0. Similarly, one can check that if u # 0 then the curvature endomorphisms Rt (e, e2),
R™(ey,e3), RT(e1, e4) and Rt (e3, e4) are independent from the previous ones. Hence, the space
generated by the curvature endomorphisms has dimension 8. This implies that the holonomy of
the Bismut connection is SU(3) for any balanced metric given by (25) with u # 0.

Finally, if u = 0 then from Appendix A.3 and (37) it is easy to check that the only curvature

. . 2
endomorphisms R* (e, ¢;) that do not vanish are R* (e1, e2) = —R " (e3, e4) = —‘%(e12 —e3%).
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Moreover, any covariant derivative Ve"; (e'2 — &3%) of the 2-form e!2 — &3 is either zero or a

multiple of itself. Hence, the holonomy of V' reduces to U(1) for any balanced metric (25) with
u=0. 0O

Remark 6.2. It is worth comparing the result in Proposition 6.1 with previous results on holon-
omy reduction obtained in [21] and [13]:

e In [13] it is proved that for any invariant balanced structure (J, F) on a 6-dimensional nil-
manifold, the holonomy of the associated Bismut connection equals SU(3) if and only if
the complex structure J is not of Abelian type. (Recall that J is called Abelian if it sat-
isfies the condition [Jx, Jy] = [x, y] for all x, y € g.) Moreover, the holonomy reduces to
a subgroup of SU(2) when J is Abelian, and it is equal to U(1) when the Lie algebra is
precisely h3. In other words, on 6-dimensional balanced nilmanifolds the holonomy of the
Bismut connection does not depend on the metric, since it is completely determined by the
type of the complex structure. In contrast, Proposition 6.1 shows that this is no longer true in
the solvable case, since one gets different holonomy depending on the metric coefficient u.

e Let g be a 2n-dimensional unimodular Lie algebra equipped with a balanced structure (J, F).
In [21] it is proved that if J is Abelian, then the holonomy group of the associated Bismut
connection reduces to a subgroup of SU(n — k), where 2k is the dimension of the center of g.
Proposition 6.1 shows that the converse does not hold in general, since a further reduction
to U(1) may happen for a non-Abelian complex structure. In fact, notice that by (24) the
complex structures Js on g7 are not Abelian.

In the following result we show that in the semisimple case, i.e. for g = sl(2, C), the holonomy
of the Bismut connection of the solutions found in Section 4 always reduces to the subgroup
SO(3) inside SU(3).

Proposition 6.3. Let us consider a compact quotient of SL(2, C) endowed with a balanced Her-
mitian metric given by (17). Then, the holonomy of the associated Bismut connection reduces to
SO(Q3).

Proof. From Appendix A.2 for ¢ = % and p = 0, we obtain the curvature forms (Q“'); for the

Bismut connection V. Now, we proceed as in the proof of Proposition 6.1, taking into account
(37) for the calculation of the curvature endomorphisms R (e p»€q)- It can be checked directly
that the only non-zero endomorphisms R (e ps€q) are

RT(e1,e3) =R (e2,e4) = _,%(613 + e,
R*(e1,e5) = R (e2,¢6) = — 5 (e + ),
R (e3,e5) = R* (e4. 6) = — 3 (€ + &%),

Moreover, the non-zero covariant derivatives of the 2-forms e!3 + 24, ¢15 + 26 and ¢35 + ¢%°
are the following:

V;—(el:i + 624) — —%(615 + 626), V:;(EB + 624) — —%(635 + 646),
V;(eIS + 626) — %(613 +€24), V:;(eﬁ + 626) — —%(635 + 646),

V;g(€35 +e46) — %(613 +€24), vég(e35 +€46) — %(815 +626).
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Therefore, by Ambrose—Singer theorem the Lie algebra of the holonomy group of the Bismut
connection has dimension 3, and it corresponds to so(3) inside su(3). O

We finish this section by focusing on some cohomological properties of the balanced metrics
studied in the previous sections. We notice first that for compact quotients of SL(2, C), any
invariant form of type (2,2) with respect to the complex structure (16) is exact. In fact, it is
straightforward to check that

2,2 2,1
/\(5[(2, O)"=d </\(5[(2, C)*)) )

Therefore, for any invariant balanced Hermitian metric F' we have that the de Rham cohomology

class of F2 always vanishes, i.e. [F 21=0. More generally, it is announced in [22] that the same

holds for any semi-K#&hler metric on a quotient of any complex Lie group G which is semisimple.
In contrast, in the nilmanifold and solvmanifold cases we have

Proposition 6.4. Let X be a nilmanifold with underlying Lie algebra b3 endowed with the com-
plex structure (10), or a solvmanifold with underlying Lie algebra g; endowed with a complex
structure (24). Then, [F?] #0in H(;‘R(X ; R), for any (not necessarily invariant) balanced metric
Fon X.

Proof. Let F be a generic balanced Hermitian metric on X and suppose that F2 = d for some
3-form B on X. Applying the well-known symmetrization process (see for instance [13] for
details), one has that there should exist an invariant balanced Hermitian metric /' on X such that

F’ed (/\3(9*)>. Here g = h3 when X is a nilmanifold and g = g7 when X is a solvmanifold.

Now, any invariant balanced metric is given by (11) and (25), and hence we have:

o for g = b3, 2F[2 — 212 4 21313 4 t2a)2323;
o forg=g7,2F2, , = (*—[ulP)o}?'? +r21? <w§313 + w§323) +it? (ﬁ w§313 - ua)§323).

r,t,u

From the complex structure equations (10) and (24), it follows easily that these (2, 2)-forms are
never exact. In conclusion, any balanced Hermitian metric F defines a non-zero de Rham class
[F?]in HR(X;R). O

For a compact complex manifold X, of complex dimension n, endowed with a balanced met-
ric F', one can define the map in cohomology
L: HR(X;R) — H '(X;R)

given by the cup product with the de Rham cohomology class [F"~!] e H(fﬁ*z(X ; R).

Proposition 6.5. Let X be as in Proposition 6.4. For any invariant balanced metric F on X, the
map L: H(}R(X; R) — H(?R(X; R) given by the cup product with [ F?], is not an isomorphism.

Proof. Itis easy to see that the 1-form > defines a non-zero class in Hle(X :R). Thus, £([’]) =
[2¢!2345]. The class [e!23*7] is zero in H(fR(X ; R) because in the nilpotent case, i.e. for g = b3,
from (15) we get that de!?3® = —2¢ ¢!2343_and in the solvable case, i.e. for g = g7 equations (28)



Table 1
Invariant solutions to the Strominger system with respect to the connections V¥ # in the anomaly cancellation condition.
Underlying Balanced vé.p Sign(a’) Instanton Some particular Heterotic Hol(V1) de Rham
Lie algebra metric F connections eq. motion class [F2]
b3 (11) p>¢e+ 1 — non-flat ve, v, vizl no u(l) non-trivial
(nilpotent) p<e+5 + non-flat vLiC vyt yi<l yes (V1)
sl(2,C) a7 Ble, p)#0 sign B(e, p) flat o >0: VEC vt yt<0 yes (V1) SO@3) trivial
(semisimple) B(e, p) #8 sign (B(e, p) —8) non-flat o >0: vt<—1 no
g7 (25) p>¢e+ 1 — non-flat Ve, v, izl no u(l) non-trivial
(solvable) u=0 p<e+y + non-flat vLiC v+ wyi<l yes (V1)

(25) P, 01 + flat no SU®3)

u#0 A\A+ - non-flat viel no

A + non-flat vt ve, vtelt no

o The rows starting with “h3” collect the main results for a nilmanifold with underlying Lie algebra h3 obtained in Section 3 (see Theorem 3.3). For the description of the

connections V¢* see Figs. 1 and 2.

e The rows “sl(2, C)” correspond to the solutions on a compact quotient of SL(2, C) found in Section 4 (see Theorem 4.3). The value of B(e, p) is given in (23).

e The rows starting with “g7”” summarize the main results for the solvmanifolds with underlying Lie algebra g7 obtained in Section 5, that is, Theorem 5.3 for balanced metrics
(25) with u = 0, and Theorem 5.5 for metrics with u # 0 (see also Corollaries 5.6 and 5.8). The points Py and Q1, and the regions A and A C A are described in Section 5 (see

Fig.3). Here, I and I+ C I are givenby [ = ANl = (—=5—4+/2,34+2/2) and I+ = A1 NI = (=5—4/2,1 = /2)U(

to the Hermitian connections V.

e The last two columns correspond to the results given in Section 6.

5-/17

L1+ «/E), where / denotes the line corresponding

89%

pLE=ChE (LI0T) 026 g $215KYd 4021onN / IV 12 [DIO °Y
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1256 _ _ g2t

) ¢35 So, in any case the 5-form ¢!23%

imply that de is exact and therefore L is not

injective. 0O

By Proposition 6.5 all our solutions to the Strominger system (and to the heterotic equations
of motion) found in Sections 3 and 5 share the property that £ is never an isomorphism. It is
worthy to note that there exist other balanced nilmanifolds solving the Strominger system (but
not the heterotic equations of motion) for which the map £ is an isomorphism.

In Table 1 we summarize the main results obtained in the paper.

7. Conclusions

We construct many new solutions to the Strominger system in six dimensions with respect to
a 2-parameter family of metric connections V¢ in the anomaly cancellation equation. All the
solutions constructed in this paper are non-Kihler and with non-vanishing flux. More concretely,
the solutions are all invariant solutions living on three different compact non-Kéhler homoge-
neous spaces, which are obtained as the quotient, by a lattice of maximal rank, of a nilpotent
Lie group (the nilmanifold b3), the semisimple group SL(2, C) and a solvable Lie group (the
solvmanifold g7). As the solutions are invariant, the underlying Hermitian metrics are balanced
and the dilaton is constant.

The solutions are obtained after a careful analysis of the first Pontrjagin form of the connec-
tions V&#, and as a consequence many new solutions to the Strominger system with non-flat
instanton and string tension «’ of different signs are obtained. Since the ansatz V7 is a nat-
ural extension of the canonical 1-parameter family of Hermitian connections found by Gaudu-
chon [12], in particular we provide solutions with respect to the Chern connection V¢ or the
(Strominger—)Bismut connection V7 in the anomaly cancellation equation, with non-flat instan-
ton and o’ > 0. Moreover, the Levi-Civita connection VX€ and the connection V™ also belong to
the ansatz V', and solutions are given in these cases, too. All these connections were proposed
(see for instance [1,7-10] and the references therein) for the anomaly cancellation equation in
the Strominger system.

For the nilmanifold h3 and for the quotient of the semisimple group SL(2, C), we extend
the study of invariant solutions developed in [10] and [11], respectively, to the family of con-
nections V®*, The solvmanifold g7 was found in [18] as a new compact complex (non-Kihler)
homogeneous space with holomorphically trivial canonical bundle endowed with balanced Her-
mitian metrics. We show here that this new solvmanifold provides many invariant solutions to
the Strominger system with respect to the connections V#* in the anomaly cancellation equa-
tion, including the Bismut and the Chern connections, with non-flat instanton and positive string
tension «’.

Solutions to the heterotic equations of motion are also found in this paper. We make use of
a result by Ivanov [17] asserting that a solution of the Strominger system satisfies the heterotic
equations of motion if and only if the connection V in the anomaly cancellation equation is
an instanton. For the previous homogeneous spaces, we prove that a connection V = V& in our
ansatz is a non-flat instanton if and only if V = V™, i.e. it is the Bismut connection. This allows us
to give explicit solutions to the heterotic equations of motion, with respect to the Bismut connec-
tion and with positive string tension «’, on the three compact non-Kihler homogeneous spaces,
i.e. on the nilmanifold h3 (see also [10]), on the quotient of the semisimple group SL(2, C) and
on the solvmanifold g7. In the SL(2, C) case, this provides an affirmative answer to a question
posed by Andreas and Garcia-Ferndndez in [16].
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To our knowledge, these are the only known invariant solutions to the heterotic equations
of motion in six dimensions. We conjecture that if a compact non-Kéhler homogeneous space
M = G/ T admits an invariant solution to the heterotic equations of motion with o’ > 0 and with
respect to some connection V in the ansatz V% then V is the Bismut connection Vvt and M is
the nilmanifold b3, a quotient of the semisimple group SL(2, C) or the solvmanifold g5.

Finally, we observe that the results in [15] suggest that the solutions constructed in this paper
could serve as a source for the construction of new smooth supersymmetric solutions to the
heterotic equations of motion up to first order of o’ with non vanishing flux, non-flat instanton and
non-constant dilaton. Indeed, the source of the construction in [ 15] was the invariant solutions to
the Strominger system with constant dilaton previously found on nilmanifolds.
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Appendix A

In this appendix we present the curvature 2-forms (2%* )’ of any connection V%# in the
family introduced in Section 2, on the compact quotient mamfolds corresponding to the cases
g = b3,sl(2,C) and g7. The curvature forms (2% )’J are derived by a direct calculation using
(6) and (7) in an appropriate adapted basis of 1-forms on g.

A.l. Curvature forms (Qs’p)ii for the nilpotent case g = b3

The forms (Q%7° ); are derived directly from (6)—(7) and the structure equations (15) with

respect to the basis of 1-forms {e', ..., ¢®}, which is adapted to the SU(3)-structure (J ~, F;, ¥,),
t #0, given by (13)—(14). We have:

@)y =—B+4e> —dp+aphite +2(1+26 —2p)1% e,
(Qsp) _4)022 13+(1 28)22 24

(Qa’p)}lz 2t2614 (1 —28)2t2623,

Q5P =2(1426 —2p)pr*e®,

(Q5P)f = (1 —2¢&)(1 +2& —2p)t*e',

(Q&P)% —_— —25)2t2e14+4p2 2,23

(Qs,p)i:(l_zg)z 2013 440222,

Q)2 =—-2(1+2s—2p)pt2e',

Q)2 =(1-26)(142¢—2p)* %,

Q)] =2(1+2e —2p)?e? — B +4e2 —dp+4pH e,
QP2 =2(1+2e—2p)pt2e®,
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Q5P =(1—28)(1 426 — 2,0);2 36,
(QP)E=—2(1426—2p)pte®

Q) =1 —2e)(142¢ —2p)t* *,
(Q5P)8 =4(1 —2¢&)pr?e'? +4(1 — 2¢)pt? &

It is worth noticing that the family of Hermitian connections V' (i.e. p = 5 — &) satisfies the
relations

@Y+ (@Y +(@H2=0, (@Y =—(@YH), (@] =],

(A.])
QY2 =—(@Y, @2=(@HL, @Hi=—@"H:, (@"He= "l

A.2. Curvature forms (Q*”p); for the semisimple case g = sl(2, C)

The forms (Qg’p)i/. are derived directly from (6)—(7) and the structure equations (21) with

respect to the basis of 1-forms {el, R e6}, which is adapted to the SU(3)-structure (J, Fy, ¥;),
t # 0, given by (19)—(20):

(@40} =—%(e34+e56),

Q")) =5 [(1+66—2p)(1 —68+2p)e'3
—(3+8e+4e>—8p+8sp+4pHe*t],

@A)y = 12522 [(1 426 — 6 p)e'* — (1 — 62 +2p)e?],

@)} = 4;2 [(1+66—2p)(1—6e+2p)e'®
—(3+8e+4e>—8p+8sp+4pH)e®],

(@) =222 [(1 426 —6p)e!® — (1 — 62 +2p)e™],

(@) = M[(l—6a+2p)el4—(1+2s—6p)e23]

(Q9)F == [B+2e —6p)(1 +26 —6p)e!> + (T+4e> — 16 p +8ep +4p?)e?],

(@92 = 12520 [(1 — 66 +2p)e'® — (1+2e — 6p)e?’]

Q)2 =—75[B+26—6p)(1+26—6p)e!® + (T+422 — 16 p +82p + 4 pH)e™].

i, P 2
(Q&P)i —_4a 2;22/)) (2 + &),
Q)3 =25 [(1+66—2p)(1 —66+2p)e*

—(B+8c+4e —8p+8ep+4p7)e],

Q)] = ‘—246[;20 [(1+2e—6p)e% —(1—6e+2p)e®],

(@) = =122 [(1 — 62 +2p)e® — (1428 — 6 p)e™],

42

Q)¢ = 4,2 [B+2e—6p)(1+2e—6p)e® + (T+4e> —16p +8ep + 4 p?)e*],
_ _ 2
(Qs,ﬂ)g :_(1 2;22,0) (612+e34).
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Notice that the family of Hermitian connections V' (i.e. p = % — ¢) satisfies the relations (A.1).
A.3. Curvature forms (Qs’p); for the solvable case g = g7

The forms (2% )3. are derived by a long, but direct, calculation using the structure equations

(28) in terms of the adapted basis {el, e, eﬁ}, and taking into account (6) and (7). We recall
that § = £1 depends only on the complex structure, and r, ¢, u; = Reu, up = IJmu are (real)
coefficients that describe the balanced Js-Hermitian metrics on g7.

We found the following relations:

(@)} + (Q9)] + ()] = —(1 = 26 = 2p)? AFME (012 4 ¢34),

12(r4—ul?)

1-2642 p)t*—4(14+26—2 2
(Qe,p)é _ (Qe,/o)?1 =—(1-2¢e—-2p) (1-2e+ ,0t)2l(r4_(|;|r2)8 p)ul (613 _ 624)

’

1-2e4+2 p)t*—4(142£-2 2
(Qs”o)}‘ + (Qe,p)% =—(1-2¢—-2p) (1-2e+ ,0t)2l(r4_(|;|r2)8 o)ul (814 + 623),

1-2e-2 —120ul®> 15 28 |u)? 16 _ 25
Qe _ (QFr)2 — p[ ¢ o6,
( )5 ( )6 Vrd—u? L e2/ri—jup? r2/r4—|u? ( )

_ (142e=2p) t*4+8(e—p) |ul?

26
e
t2\/r4—\u|2

25 28
_ rzuz (€35 + %6y — rzul (36 — %) 4 %(”1 ¢35 4 uy 645)]’

(@)} 4 (@002 = ng,zp[ 28Jul_ (15 4 26y 4 (4+2e=2p)r4+8(c=p)|u? ,16

\/r4—\u|2 rZ\/r4—|u\2 tz\/r4—|u\2
120u> 25 28u1 35 | ,46
— e e e
t2\/r4—\u|2 ( + )

25
+ rzuz (36 — 45y — ,%(u2€35 —u 645)]’

1-2¢e-2 24 245
(Qs,p)g _ (Qé‘,p)g — e—2p [ uz (e15 +626) rZMI (616 _ 625)

/r4_‘u|2 s
8 15 25 4u)? 35 23 Jul 36 45
Suje - —uze e’ — e —e
+ 5 207) + s 3 T—IMIZ( )

_ (42e-2p)t*+8(e—p) |u[? 46]
t2\/r4 \M|2

(Q9P)3 4 (Q5)4 = 1-2s-2p [_2122141 (e15 + ¢26) — 2f2uz (16 — ¢25)

\/r4f\u|2
8 15 25 28ul®> (35, 46
AU X4 uie — =€ e
+ S(uze” +upe”) 2 Tflulz( +e™)
(142e=2p) t*4+8(e—p) |u[? 4ul? 45]
e e .
+ 12\/,,4 ‘u|2 tZ\/r4_|u‘2

Notice that, as in the previous Cases A.1 and A.2, the Hermitian connections V! (i.e. p =
% — ¢) satisfy the relations (A.1).

Taking into account the general relations above, it suffices to describe the 8 curvature 2-forms
@A)}, (@A), (@50, (@)L, (5P}, (Q5)3, ()2 and (%)} These curvature forms
are:
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(QP)) = 2B 12 | 242 20) P (B4rD) 34 | 16G—pluf 56
2 r PR 2 =uP)
2
_ 1 (eM =B o134 o) ux —ui drcA
At —u? Ui Uy —’B )’
e,p1 —1 2 _ 42 12 _ 34 16(e—plus ,56
Q@) = 55 (8r2u1C — t*uy B) (e'? — &%) + e

+ st (168 (62 = p(1 = ) rPur = Pua B) (e + )
~ ey (0’ uiC — fuzB) (e — %)
+ Wz—luﬁ) (8t2u2A — rzulp) (el4 _ e23)

+ g (P71 = 46%u} +u3(1 - 20)%) €

+ g (11— 26> —4uf(1 = 20)° + 16u3e?) e,

oyl —1 2 2 12 34 16(e—p) 56
(QSP)A‘_'A\/’A—_W([ ulB+5V M2C)(€ —e )—tz\/ﬁe
)
— —rz(r47|u\2) (u%A — u%C) (B +e*) + —r412514”f|u|2) (t4B — r4D) (€3 + ™)

rw L (P B+ 168(% — p(1 — p)r2ua) (1 — €2

2,2 2,2\ ,14
,z(,4 MB) (P + (1 =2p)°uy —4e uz)e
— g (1 =28)7 + 166%u] — 4(1 = 20)%u3)
eyl — =120=2p)lul? 15 | _dsplul® _ 25 | 2(ert(142e=2p)~4(1-2p)e=p)lul’) 26
€05 = =5y ¢ T e e T 20— ¢

— 2
_ 25(14+2e—4p) 46 _ 16,

36
uie use
2 a2 (u1 tuz el

2
4 35 45\ ( U2 Ul Spt
g G )<—u1 u2> <2r2<1—2p)>’

— 2 _ 4 2y _+401— 2
(Qs,p)é — 28U=20)lul” ;15 _ de(e—p)( +4ul)—1"(1 2,0)616+ 24¢u| 25

T orret—qul?) 2(r*—ul?) 12 (r*—|ul?)
48Q2e—p) > 26 46 36
e uie — ujne
r2/rd—u)? <\/r4—|u|2 Tt 2

2
2 35 45\ 42 Ul 8er
R (2 €¥) <—u1 —u2> <8t2(1 —28))’

2kt (1426 —2p)—u | (t* B+r*D 2 _ 2
(@)} = (142e=2p)—ul*(*B+r*D) 12 _ 2B 34 _ 16(c=p)lu? 56

2 (rt = |u?)) r# 2= ul?)
2
1 14_ 23 13, o4\ (u2 —ur) (8r°A
+ " —e e e ,
rayrd—ju? ( + ) up U —1’B
e.py3 _ 28(1+2e—4p) (16 26 _ _ u® 36 Aui> (1=2p 35 _ dp 45
@05 = e et e = e ) e ¢
2(ptt(14+2e=2p)~4(1-2p) c=p)lul’) 46
24 —Jul?)

_ 4 (15 %) uz S 1>
r22/ri—u? up  up 2r’(1—-2p) )’
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45(2e— 25(1—2¢)|ul? 4fu)? 2e—p)8
(Qa,p)g = 48Qe=p) (016 4y 026y _ 260-20)ul’ 35 _djul (2_se4s+(er2p) 646)

P2 —u? r2(rd—Jul?) ri—u? \ 2
_ dee=p)+4luP)—r*(1-2p) ,36
20— ul)

_ 2 (e &) ur —ui 8er?
22— a2 U, up —8t2(1 =2¢) )"
where

A=A(e, p) =4(2e2 +2p> — e —p), B =B(e, p) =4(> + p*> — p +3/4),
C=Ce,p)=4Qe2+2p%+ ¢ —3p), D=D(e,p)=4(4e> +4p> —4p+1).
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