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ABSTRACT: We compute the relaxation rate of the spin density of heavy quarks in a
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relaxation rate I's in spin hydrodynamics is shown to be T'y ~ g*log(1/¢9)T(T/M)? in
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regime, 2) the spin density correlation function in the strict hydrodynamic limit, and 3)
quantum kinetic theory of the spin distribution function in momentum space. We highlight
the interesting differences between these methods, while they are ultimately connected to
each other by the underlying Ward-Takahashi identity for the non-conserved spin density.
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1 Introduction

The recent experimental observation of the spin polarization of hadrons in the rotating
QCD plasma produced in off-central relativistic heavy-ion collisions at RHIC and LHC [1-4]
has motivated much theoretical and phenomenological study of the dynamical evolution
of spin polarization in a finite temperature plasma. A large amount of theoretical effort
has been invested into the development of a description of spin in kinetic theory [5-17]
and spin in hydrodynamics [18-29]. As the spin angular momentum is not conserved
and is transferable to orbital angular momentum, the spin density, in general, shows a
relaxation behavior toward its local equilibrium value in hydrodynamics [20, 28]. The local
equilibrium value of spin density is dictated by thermodynamics with rotation, i.e., with
conserved total angular momentum [30-33]. An interesting aspect of this equilibrium state
is that the potential thermodynamically conjugate! to conserved total angular momentum
is equal to the local thermal vorticity of fluids [30, 31]. In the strict hydrodynamic
regime, the local spin polarization is determined by the local thermal vorticity via a
thermodynamic relation. The spin hydrodynamics in this regime should be equivalent, by a
pseudo-gauge transformation [19, 34-36], to conventional hydrodynamics with a symmetric
energy-momentum tensor. In ref. [24], the relation between the two equivalent hydrodynamic
descriptions was shown explicitly, and it involves a certain transformation of non-dissipative
second order transport coefficients related to fluid vorticity.

IThis potential has been referred to as “spin chemical potential” or “spin potential” in the literature.



The relaxation rate of the spin density toward its equilibrium value is an important
quantity in determining how the spin polarization evolves in time in theoretical simulations
of QCD plasma. The QCD plasma produced in heavy-ion collisions goes through several
different phases in its lifetime, and one would need to study the dynamics of spin in all
phases to reliably predict the observed value for the spin polarization of hadrons. In this
work, we study the spin relaxation rate in the quark-gluon plasma phase, where we assume
a high enough temperature to apply a weakly coupled description of QCD plasma, i.e., the
finite temperature field theory of perturbative QCD (pQCD) [37-39]. Although this is not a
realistic assumption for the plasma in heavy-ion collisions where the coupling constant may
not be small, the result provides a valuable benchmark in one extreme limit of the theory.

We will focus on the relaxation of spins carried by heavy quarks in the limit M > T,
where M is the heavy-quark mass, and T is the temperature of the plasma. There are
two simplifications in this case. 1) The density of heavy quarks in the plasma is dilute,
and we may neglect interactions between heavy quarks. The relaxation of heavy quark
spin results from its interactions with other background thermal particles. As we will see,
the dominant contribution to the leading-log result comes from scatterings with light hard
particles of momentum of order T'. 2) The spin relaxation rate in this limit will be shown
to be of the order T'y ~ g*log(1/9)T (T/M)?, where g is the QCD coupling constant. It is
smaller than the typical relaxation rates I' of other non-hydrodynamic (fast) modes, such
as collision rate for a weakly-coupled theory or temperature for a strongly coupled theory,
by additional powers of T/M < 1. This is an important fact that allows us to introduce
the spin hydrodynamics in the regime of frequency scales I'y <« w < I', where the spin
density appears as an additional independent quasi-hydrodynamic degree of freedom with
a relaxation (rather than diffusion) behavior. This is an example of an effective theory
description known as Hydro+ [40]. The relaxation of spin density in this regime of spin
hydrodynamics is governed by a new kinetic coefficient Ay (defined in eq. (2.5b) below)? in
the constitutive relations of spin hydrodynamics.

The suppression of spin relaxation rate in the heavy-quark limit can be understood in
the non-relativistic limit of heavy-quark dynamics since, in the hydrodynamic limit of a near
thermal equilibrium state, the typical heavy-quark velocity is small, v = p/M ~ /T/M < 1.
In the heavy-quark limit, the QCD Lagrangian involving the heavy quark and gluon is
reduced to

£ = it Doy — ﬁ(m))* DY+ S (B o)+ Lo +0 (M), (11)

where v is the non-relativistic two-component spinor, D, = 0,9 —igA,1) with gluon field
Ay, B = €. /2 (a =1,2,3 and €*"° is the Levi-Civita symbol) is the color magnetic
field with the field strength tensor F,, = 0,4, — 0, A, —ig[A,, A)], 0* is the Pauli matrix,
Leluon = —(1/2) tr F* F),,, is the gluon Lagrangian, and a term — Mt is not shown. The
first two leading terms, which are counted as of order T', conserve the non-relativistic SU(2)
heavy-quark spin symmetry (see, e.g., ref. [41]), and the leading spin-violating interaction

2We note that ). is the heavy-quark contribution to the rotational viscosity 7, introduced in relativistic
spin hydrodynamics [20, 21, 25, 27, 28].



is given by the third term — the Pauli term responsible for the coupling between spin
and color magnetic fields. The vital point for our discussion is that the Pauli term is
suppressed by the additional power of T/M < 1, and this term gives rise to the spin
relaxation rate. For our computation of the spin relaxation rate to leading order of the
1/M expansion, it is enough to work with this non-relativistic action, which is simpler than
the original relativistic theory of quarks as discussed in ref. [9]. We will henceforth take
this non-relativistic theory as the starting point in our computation of the spin relaxation
rate in pQCD. Note that the thermal field theory of the gluon field A, as well as other
light species of quarks, is still relativistic.

There have been a few previous works on the spin relaxation rate in finite temperature
pQCD, based on the kinetic-theory framework [9-12, 14-17] (see also ref. [42] for a recent
review of quantum kinetic theory). These works describe the dynamics of the spin of quarks
distributed in phase space as a result of scatterings with other thermal particles. Our
objective in this work is to compute the kinetic coefficient responsible for the relaxation of
spin density, i.e., the heavy-quark rotational viscosity As, in the macroscopic description of
spin hydrodynamics in the heavy-quark limit M > T'. Although it is in principle determined
by the microscopic collision term obtained in the previous works, the result has not been
available in the literature.

We present three different methods in pQCD to compute the spin relaxation rate of
heavy quarks in spin hydrodynamics, I's = As/xs, where x; is the spin susceptibility. It
is reassuring that all three methods give the same result, but the reason why they all
should agree is not at all obvious, at least superficially. It is ultimately a consequence of
the underlying Ward-Takahashi identity for spin density, together with the separation of
scales between I'y; and other relaxation rates I', which allows us a subtle controlled limit of
frequency w in the perturbative evaluation of spin density correlation function.

The organization of the paper is as follows. In section 2, we give a brief review of the
retarded spin density correlation function predicted by spin hydrodynamics. We discuss the
Ward-Takahashi identity for the non-relativistic heavy-quark spin symmetry, which allows
us to identify the quantum operator responsible for the spin relaxation in the macroscopic
description. Based on this, in section 3, we describe our three different methods of computing
the spin relaxation rate I's, in the leading-log order of the QCD coupling constant. In
section 4, we present the details of computation in these methods and show that they all lead
to the same result. Section 5 is devoted to our summary and discussions. In appendix A,
we present a derivation of the quantum kinetic equation for heavy quarks based on the
Kadanoff-Baym formalism.

2 Correlation functions in spin hydrodynamics

Our purpose is to consider the dynamics of spin density attached to the non-relativistic
fermion v. The crucial point here is that the Lagrangian (1.1) enjoys the approximate

3The thermal fluctuations of the gluon field A, are at most of the order T, which can also be seen by a
naive dimensional counting that the energy dimension of A, is 1. This gives B fluctuations at most of the
order T2



heavy quark SU(2) symmetry that acts on 9 as ¢ — €%, Only the Pauli (third)
term in eq. (1.1) breaks such heavy quark symmetry, and one can show the following
Ward-Takahashi identity as the equation of motion for the spin density operator:

DI +V - J.=0, (a=1,2,3), (2.1)

where we introduced the spin current J# and the source term as*

sloat g
_ 2 tpb _c
= (—4}\4 [waa(Dw - (Dw)TUa¢]> ’ © Cabet B &8
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Equation (2.1) indicates that spin for the heavy quark is not conserved due to the Pauli
term between the spin and color magnetic field. However, it is crucial to note that the source
term ©, has the factor 1/M, so that it is suppressed in the heavy-quark limit. In other
words, one can regard eq. (2.1) as an approximate conservation law if M is large enough.

For a locally equilibrated system we can average operator equation (2.1) to obtain the
relationship between the hydrodynamic variables for which we shall use the same notations
as for the corresponding operators. The existence of hydrodynamic description implies
that all hydrodynamic quantities can be expressed as local functionals of the conserved
densities such as J? as well as ©, using constitutive equations. The form of these equations
is strongly constrained by the second law of thermodynamics, which requires that the time
derivative of the entropy density s is positive up to a total divergence (of the entropy flux):

0s 0s Os 0s
:ﬁao‘];g:ﬁ(ga_v"]a):_V'S‘f‘@aﬁ—f—Ja'VﬁZO, (23)

where we used eq. (2.1), integrated by parts and identified the entropy flux
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s =
(0s/0J2)J,. The second law of thermodynamics requires that the last two terms in eq. (2.3)

are non-negative.
This means that the source ©, and the current J! must be proportional to

T(;z) = —pin + ba, (2.4)
and its spatial gradients, respectively, where we defined the heavy-quark spin potential p,,
which is a function of spin density J?, as well as external potential for the spin b,, which
could be the fluid thermal vorticity, or the external magnetic field times gyromagnetic
ratio, or even the torsion. We note that the external spin potential b, is different from
the dynamical magnetic field B,. The second law of thermodynamics in eq. (2.3) thus
constrains the constitutive equations to leading order in gradients up to semi-positive-definite
kinetic coefficients:

Jy = —To,V <“a; ba) : (2.5a)

On = —As (ta — ba) , (2.5b)

4The heavy quark spin current in eq. (2.2) is related to the spin operator which could be defined as
SHab = —1Q{y*,£*}Q, where the relativistic heavy quark field @, £ = i[y*,~4"]/4 and v* are the Dirac
gamma matrices. For a heavy quark moving slowly in frame u® one can integrate out antiparticles and
obtain the heavy quark spin current J£ = €apeaS*Oul,



where we introduced two Onsager coeflicients: the heavy-quark spin conductivity os and
the heavy-quark rotational viscosity As. Substituting constitutive equations (2.5) into the
approximate conservation law (2.1), we obtain hydrodynamic equation of motion for spin
density JO:

9000 — V- [TUSV (“; b)} — s (ta — ba).- (2.6)

Equilibrium is achieved at a value of .J? at which the internal and external spin potentials
are equal, i.e., s = by. At this point, the entropy is maximized, according to eq. (2.4) and
does not increase, according to eq. (2.3). Linearizing equation of motion (2.6) in small
deviations around that equilibrium, we find

D000 — DyV25J0 + 0, V25by = —T' 0.2 + \s6ba, (2.7)

where we introduced a spin diffusion coefficient D and spin relaxation rate I'y as

Di=— and TI,=2=2 (2.8)
Xs Xs
using the spin susceptibility ys defined as usual by
Opta —1
—— =9 bXs - (2.9)
gy~ s

Equation (2.7) describes linear response of the spin density to perturbations of the
external spin potential, and we can use it to determine the retarded Green’s function for
spin density in terms of the frequency w and the wave number k of perturbations [43]:

VOt ) i\ + ask?)
6b,(0,0)  w +i(Ts + Dsk?

0 70 .
G}%J‘J (w, k) = /dtd?’:ve‘(‘”t_k'x

>5ab. (2.10)

We then find that the retarded spin density correlator has a pole at the imaginary value of
w(k) = =i (T + Dok?) + 0 (k') (2.11)

which does not vanish in k — 0 limit. Therefore, in hydrodynamic limit k — O the spin
density shows relaxational behavior with characteristic time 7, = I'; !

If the spin relaxation time 7, is much longer than other microscopic time scales, then
the hydrodynamic regime w < I" can be split into two subregimes. The strict hydrodynamic
regime, i.e., w is much smaller than any relaxation scales, including w < I's, and the regime
where I's < w < T'. The latter is the so-called Hydro+ regime [40], where a small subset of
non-hydrodynamic modes relaxes on a scale comparable to the hydrodynamic time scale.
Correspondingly, there are two ways to obtain the spin relaxation rate I's = \;/xs as we
shall explain below.

By taking a strict hydrodynamic limit w — 0 at kK = 0 of the spin density corre-
lator (2.10) and using eq. (2.8), we obtain one way to evaluate the spin relaxation rate
as [28]

_ XS

lim Tm - G4 (w0, k = 0) = X35 (2.12)
lim Im ~Gp ™ (w, k= =T ab- .



Alternatively, we can take the limit w < I, while still maintaining w > I',:

dim ImwG e (W, k = 0) = Aydap. (2.13)
Since the imaginary part of the retarded Green’s function is related to the fluctuation
correlator G, through the fluctuation-dissipation relation G,, = (27 /w)Im G, we can
rewrite both egs. (2.12) and (2.13) in terms of G}]?(,)JS. Moreover, since, at k = 0, by eq. (2.1),
O, = 0pJ?, the correlator of the spin density J{ can be related to the correlator of the
source O, by a Ward-Takahashi identity, and we obtain

0 70
GO (w, k = 0) = wGri (. k = 0). (2.14)

Using this identity and the fluctuation-dissipation relation we can rewrite eq. (2.13) in
terms of the symmetric correlator of ©,:

o7 p. A, G?Ta(%b (w,k =0) = \sOap, (2.15)

which gives another useful formula to evaluate heavy-quark rotational viscosity As.

3 Description of the methods

Before we present our detailed computations of the spin relaxation rate in three different
methods in section 4, let us give a brief overview of these methods, which summarizes the
main ideas, as well as the differences between them.

Based on the previous section, let us start with the retarded Green’s function of spin
density in zero wavenumber limit k — 0:

ixsl's

JoJ .
. a
w+ily 7

Gy (w) =

(3.1)

where we use the shorthand notation for the zero wave number Green’s function as G(w) =
G(w,k = 0). The same correlation function computed in finite temperature pQCD must
agree with (3.1) in both spin and strict hydrodynamic regimes in w < I' ~ g*log(1/g)T.
The fact that I'y ~ T’ (%)2 < T allows us to consider two different regimes of w, i.e., the
spin hydrodynamic one w > I's and the strict hydrodynamic one w < I';.

(1) The Green-Kubo formula in spin hydrodynamic regime: in the spin hydro-
dynamic regime, we have an expansion in powers of I's/w as

070 ixsD 2
GﬁW@=CMS+M;+“>&ba Py <w<T. (3:2)

w w

The first term can also be regarded as the result of taking the controlled limit we discussed
in the previous section, i.e., limp, «w«T G}]{(‘)Jg (w). We see that the series is organized in
terms of increasing powers of I's, which is equivalent to increasing powers of the coupling
constant g. Since I'y — 0 in the perturbative limit g — 0, the condition for the expansion



to work, i.e., w > I, is valid for any fixed non-zero value of w. This means that the
diagrammatic perturbation series of the correlation function in field theory should be
one-to-one correspondent to the expansion in eq. (3.2), as long as we keep w fixed and finite.
Especially, matching the first term in eq. (3.2) with the first leading diagrams in naive
perturbation theory in g, we are able to compute I'y in simple perturbative computations.
We emphasize that this is possible only because the spin density is not a conserved quantity,
and we have a finite non-vanishing relaxation rate I's that is perturbative in g. This
is in sharp contrast to the correlation functions for conserved quantities, for which the
density-density correlation function in k = 0 limit simply vanishes identically for all w due
to the Ward-Takahashi identity.

In the diagrammatic computation, it turns out to be easier to compute the Wightman
correlation function Gﬁ) & (w), which is related to the retarded correlation function G}?Jg (w)
by the fluctuation-dissipation relation in w < T regime,

J90 2T

JOJo
G157 (w) Im G5 (w), (3-3)

w

where T'/w comes from the limit of Bose-Einstein distribution np(w) in the small frequency
limit w < T'. Therefore, our discussion above implies that the leading diagram for Gfé) b in
the naive perturbation theory should match to 27xs['s0ap/w? in T'y < w < T regime. As
we discussed in the previous section, one can, in fact, use the Ward-Takahashi identity to
relate the correlation functions of spin density J? with those of source operator O,, i.e.,
9J) = O, in k = 0 limit. In frequency space, this implies szfg s (w) = G%"@b (w), which
we have also checked diagrammatically for our leading order diagrams. The former involves
three diagrams, while the latter turns out to be only one diagram in leading order.

We, therefore, use the latter to compute the spin relaxation rate, by matching
G?Qae)b (w — O) = 2TXstfsab, (34)

with the leading order diagram in the naive perturbation theory in g.

Note that this is the Wightman expression of eq. (2.15). As we show in the next section
in detail, we are able to determine I'; in leading-log of coupling constant based on this
formula as -

g mpT

log(1 3.5
oz os(l/g), (3.5)
where m%, = ¢g*T?(2N. + Np)/6 is the Debye mass squared, and Cs(R) is the Casimir
invariant of the color representation R of the heavy quark, which is Cy(F) = (N2 —1)/(2N.)
for fundamental representation of SU(N,).

T, = Os(R)

(2) The spin density correlation function in the strict hydrodynamic regime:
on the other hand, in the strict hydrodynamic regime of w <« I's, which is the true
hydrodynamic limit of w — 0, we have an expansion in w/I'; as
J2J9 X

Gp " (w) = (Xs + ir—sw +0 (w2)> dab at w <K T, (3.6)



and the same 'y can be computed from the leading imaginary part in small frequency limit.
In this limit, the imaginary part of the retarded correlation function becomes sensitive to
infrared singularities arising from the diverging mean-free path of heavy quarks in ¢ — 0
limit, which is called the pinching singularities [44].

The pinching singularity should be regulated by including the imaginary part of
self-energy in the heavy-quark propagators, i.e., the damping rate, which represents the
scatterings with thermal background medium that gives rise to a finite mean-free path. The
proper evaluation of correlation functions in this limit further requires a resummation of
infinite ladder diagrams [44-46], i.e., the vertex corrections, in addition to the damping
rate in the propagators: only after this, the Ward-Takahashi identity (or the conservation
law in the case of exact global symmetry) is fulfilled [47, 48]. One can also understand
the pinching singularity from the Boltzmann equation. In the language of kinetic theory,
the damping rate and the vertex correction correspond to the loss and the gain terms,
respectively, in the collision terms of the Boltzmann equation. The appearance of I'y in
the denominator, which brings in a non-analyticity of the correlation function in coupling
g, is a manifestation of pinching singularities of spin density correlation function that is
regulated by a finite relaxation rate of spin density.

The fact that only I's, not I" in general, appears in the spin density correlation function
after resuming an infinite number of ladder diagrams is also an interesting difference from
the case of conserved charges, where the density-density correlation function at k = 0 is
simply zero. The case of conserved charges can be understood by replacing I's with an
infinitesimal € that goes to zero. In this limit, the imaginary part linear in w seems to have
a divergent coefficient 1/e, but the condition of expansion w < € is never justified. The
proper thing to do is to go back to eq. (3.1) with I's replaced by €, and the density-density
correlation function vanishes in € — 0 limit. The transport coefficients for conserved charges,
e.g., shear viscosity and conductivity, are computed from the current-current correlation
functions instead, which shows the similar non-analytic behavior of 1/T' ~ 1/[¢*T log(1/g)]
from resummation of infinite ladder diagrams. The Ward-Takahashi identity for spin density
should be responsible for how the spin density correlation function has a similar but different
non-analytic behavior of 1/I's after resummation, which depends only on the spin-violating
interactions that are suppressed by powers of T'/M.

Another way to look at the difference between w > I'y and w < I'y in the diagrammatic
evaluation of correlation functions is the following. In the expansion in eq. (3.2), which is
organized by the naive perturbation theory in g, each term in the series becomes of the same
order when w ~ I'y, and one needs to include all terms to properly evaluate the correlation
function in w <« T’y limit. Diagrammatically, this necessitates a summation over an infinite
number of diagrams. The relevant subset of diagrams in leading order is captured by the
diagrams with pinching singularities in the reorganized perturbation theory with damping
rate included in the propagators.

(3) The quantum kinetic theory for spin:  our final method of computing the spin
relaxation rate of heavy quarks is the quantum kinetic theory of spin density matrix,
developed in ref. [9]. The time evolution of a spin distribution function in momentum space,



S(p,t), is described by the quantum Boltzmann equation with collision terms,

0500 _ i (s(p, 1) (37)

ot
where I'g is the quantum collision operator acting on the spin distribution function (not to
be confused with I'y). The leading-log expression for I's is available for a massive quark
with its mass satisfying the condition M > ¢T', and we can take M > T limit for our
purpose. The result is organized in powers of T'/M,

f‘S:f‘g))"i_f‘,(Sl)—i_'”? (3.8)

and the leading term reproduces the momentum diffusion equation with the heavy-quark
drag force known in literature [49].

The leading term conserves the total spin density, i.e., [, f‘g)) [S(p)] = 0 with [, =
[d3p/(27)3 for any S(p), and the spin relaxation in leading order is given by the next term
f‘gl). The eigenmodes of f,go) have eigenvalues of order ~ g*log(1/¢)T(T /M), which are non-
hydrodynamic modes of the microscopic theory, except the zero mode, S(©) (p) = SpePFr
with E, = p?/(2M) for any constant vector Sp, that has zero eigenvalue of f‘g?). The
zero mode represents the equilibrium distribution of spin polarization in momentum space
in leading order, which takes a simple Boltzmann distribution. In other words, the zero
mode coefficients Sy corresponds to the spin density in the spin hydrodynamics. How

(1)

the zero mode relaxes by the spin violating term, I Sl , gives us the spin relaxation rate
in hydrodynamics, T';. Writing S(p,t) = So(t)e #Fr, and inserting this leading order

expression to the quantum kinetic equation (3.8), we obtain, to the leading order in 1/M,

P [,—BE
9S0(t) . T e

We used the fact that f‘g)[Sge_ﬁEP] = Sofgl)[e_ﬂEP] with a scalar operator fg), due to
rotational invariance of the collision term. We emphasize that the sub-leading corrections
in 1/M to the expression, S(p,t) = So(t)e #Fr, exists in general, but are removed upon
integration over p, due to the fact that [, f‘fg(]) [S(p)] = 0 for any S(p). This is the procedure
that identifies 'y correctly to leading order in 1/M in quantum kinetic theory.

4 Evaluation of the spin relaxation rate in perturbative QCD

In this section, we present our detailed evaluations of the spin relaxation rate in three
different ways, all of which lead to the same result given in (3.5). We first compute I'; via
the Green-Kubo formula of the source correlation and the spin density correlation functions
in two different regimes, w > I'y and w < [y, in sections 4.1 and 4.2, respectively. In
section 4.3, we evaluate the spin relaxation rate in yet another way, based on the quantum
kinetic theory of the spin distribution function in momentum space.



4.1 Method 1: Green-Kubo formula in w > I'; regime

As we described in the previous section, the spin relaxation rate can be computed by the
source-source correlation function, G%‘@b (w — 0), evaluated in the naive perturbation the-
ory, and matching that with 27y s['sdap, where x; is the spin susceptibility [recall eq. (3.4)].
Let us first summarize the basic ingredients for diagrammatic computation. The
real-time propagators for the non-relativistic heavy quarks and the relativistic gluons are

Si2(k) = 1 2= —npg (ko) 27 (ko - Ek) ;

Sa(k) = 2o—e—e1 = 1= nr (k)] 275 (K — Ey),

(4.1)

where Ej = k?/2M is the non-relativistic kinetic energy of heavy quark, p* (k) is the
gluon spectral density, and the Fermi-Dirac and Bose-Einstein distribution functions are
np(k?) =1/ ePM 4+ 1) and np(k®) = 1/(e?*" — 1), respectively. For simplicity, we use
the notation k* = (k% k) (thus, k% corresponds to the frequency w in previous sections),
and omit the trivial color structures. Note that the appearance of fugacity e M in ng is
due to the fact that the non-relativistic energy is measured from the rest mass energy M.°

First of all, we note that the source operator ©, = —(g/2M)eapctp! BP0y already
contains the small parameter g/M, and it also carries the gluon field. The leading diagram
in the naive perturbation theory is the 2-loop sunset diagram [see figure in eq. (4.6) below].
Since the gluon field in ©, carries a non-zero frequency-momentum in general (of order g7 as
we will see), the two propagators of heavy quarks do not carry the same frequency-momentum,
and there is no infrared singularity of pinching poles in the computation. Therefore, we can
safely use the free propagator for heavy quarks in our leading order evaluation.

Moreover, due to the on-shell conditions imposed on the heavy-quark momenta, as can
be seen in egs. (4.1), the gluon momentum is constrained to be spacelike. The free gluon
spectral density has support only on light-like momenta. The leading correction to the
gluon spectral density p"” (k) for spacelike momenta comes from the Hard Thermal Loop
(HTL) self-energy, which is well-known in literature [37-39]. Our computation is based on
these ingredients.

The simple scattering picture is also possible by cutting the sun-set diagram in half.
The resulting diagram simply represents the ¢-channel scattering of an on-shell heavy quark
with hard thermal particles of momenta 7' in the background plasma. It turns out that
the leading-log comes from the soft t-channel scatterings, with exchanged gluons carrying

5We assume that the (relativistic) heavy-quark chemical potential is zero, which leads to a dilute limit
ng ~ e PM <« 1 when T < M.
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momenta in the range mp < |k| < T. This is similar to other leading-log results for
transport coefficients [50, 51].

For convenience, we here summarize the HTL results [37] (see, e.g., refs. [38, 39] for
reviews on the HTL). The HTL spectral density for gluons takes the following form,

w = (58050, (k) + PR (R)or ()] with P (k) = 69060 4 i — B K" 4.2
p= pr(k) + Pp”(k)pr (k)] with  Pp”(k) = 0" = 3 (4.2)

where the longitudinal and transverse spectral functions are
(k) = —2I {} and  pr(k) = 2T { ! (4.3)

PR = =2 2 Ty 00 PPV T2 e T k02 —Tap(k) ) '
with the corresponding HTL self energies given by
KO KO — |k| + i€
I, (k) = —m} |1 1
L(k) = —mp T o] R k| e |

(4.4)

m2 [(K0)2 [ (k9)? KR k| 4 e
(k) = ——2 -1 1
k) === lykp N o] & KO+ [k| + ic

Here, mp ~ gT denotes the Debye mass (more precisely, m2, = (1/3)g?T?(N. + Nr/2)
with Np light flavors). In the region g7 < |k| < T, and also for the on-shell constraint
k' = v - k < |k| where v is the heavy-quark velocity of order /T/M < 1, the spectral
functions can be further simplified as [38]

m% kY m% kY
pr(k) ~ #7 pr(k) ~ ﬁ> (4.5)

which we will use in the following calculation.

Based on these ingredients, we now evaluate the spin relaxation rate by our method.
Working out the Feynman rule for the source operator involving color magnetic field, we
arrive at the following expression for the spin-traced source-source correlation function,

2
955 Lim Tr

1
Dy = —6Gs (k" — 0) =
Xsl's = 0G0 (B = 0) = (om0 T

2 2 4 4
S A o) (o + alans () pra). (46)

6M2T (2m)* (27)

F(k9—0)
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Using the free propagator for heavy quarks and the HTL spectral density for the gluons,
we can perform the integral as

P 0) = [ gt e (7 ) 270 640 B

e (07) 203 (07 B,) o () T

:/ / 0_2m / d|q||q|2/ dz{l—np(q +E)}
x5<q0—§\z—wﬂz> ng (qo) Wg‘ljg 5

where we restricted the |g|-integral in the soft regime discussed above. Note that the
¢"-integral is non-vanishing only in the restricted window,

(4.7)

!qu\

2M T (4.8)

_(p.q) <¢° <wi(p,q) with wi(p.q) =

Recalling that the fermion mass M is much larger than any other scales in our problem, we
find that the leading-order contribution comes from the ¢° — 0 part of the integrand. Then,
using np(¢") ~ 1/(8¢°) and the dilute heavy-quark limit 1 — np(E,) ~ 1, and performing
both z and ¢" integrals to obtain

1 d3p T M 1 mm?
FE =0 :—/7nFE /dqq27w p,q) —w_(p,q)]=—2L
( ) A2 (27T)3 ( P) oT ‘ H | ‘p||(I| [ +( ) ( )] B 2|q|3
Tm2D d3p
= E
A /(271')3nF( p)/ ‘q‘|q|
Tm?
= D (T)log(1/9), (4.9)
: : d’p :
where we introduced the heavy-quark number density as n(7) = / Wn r(Ep). Substi-
T

tuting this result into eq. (4.6), we obtain the leading-log result as

Ng—l 2m?
xePo = () e GD 0y ) (4.10)

The heavy-quark spin susceptibility xs can be computed by introducing the heavy-quark
spin potential p® that couples to the spin in the Hamiltonian as —p - S(= —p*S,) with a
spin of heavy quarks S. This induces the modification of distribution functions according
to spin direction as np(Eq — - S) = np(Eq) — nlw(Eq)(p - S). Then, the induced net spin
density along the direction of p to linear order is

d p N, d3p
Z Snp(Ep)Sp = 5 W”HEp)M = Xsh, (4.11)
S +1/2
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where N, is the dimension of the fundamental representation of the color gauge group
SU(N¢). As a result, we obtain the spin susceptibility xs as

N, [ d3p o d3p _Ne
=—— — T 4.12
o= =5 [ (B~ 8 [ () = GEam), (412)
where we used nz(E) =~ —fnp(E) in dilute approximation.

With this, we finally find the leading-log result of the spin relaxation rate I'y as

2
ng

Ly = Co(F) 50

log(1/9), (4.13)

where we introduced the Casimir operator for the heavy-quark fundamental representation
F as Co(F) = (N2 —1)/(2N,). By working out color factors with a general representation,
it can be shown that the result for a general representation R is given by replacing Cy(F")
with Co(R), leading to the result presented in eq. (3.5).

4.2 Method 2: spin density correlation function in w < I'; regime

As explained in section 3, a diagrammatic evaluation of the spin density correlation function
in the strict hydrodynamic regime w < I'y requires a summation of an infinite number
of ladder diagrams that are enhanced by infrared pinching singularities. The summation
is achieved by solving a Bethe-Salpeter (or Schwinger-Dyson) equation for the vertex
corrections given by rungs in the ladder diagrams. In each diagram, the propagators should
also include the leading imaginary part of the self-energy, which, via the optical theorem, is
proportional to the total cross section of the heavy quark interacting with the background
plasma, i.e., the relaxation rate. Thus, the computation proceeds in the same way as the
procedure for the perturbative evaluation of transport coefficients [44-48], except for the
additional heavy-quark expansion. In the following, we divide our computation into three
parts: we first derive the resummed formula for the spin density correlation, next find the
Bethe-Salpeter equation for the effective vertex, and finally solve it in the heavy-quark limit.

1) Resummed formula for spin density correlation: we choose to work in the real-
time formalism in Schwinger-Keldysh contours [52, 53], especially in r/a basis defined by
O, = %(01 + O3) and O, = O1 — Oq, in terms of the doubled fields O; and O3 living on
forward and backward contours in time, 1 and 2, respectively. The retarded two point
correlation function is related to ra correlation function by Gg = iG,..> We would like
to compute ra correlation function of spin density, G}I;)J (JO J0b7a>, in the strict
hydrodynamic regime of w — 0, which is expected to behave as follows [recall eq. (3.6)]:
JOJO . Xs

Gra " (w) = (1Xs + F—sw + - ) dab- (4.14)

The pinching smgularltles aﬁect only the real part of this ra correlation function, that is,

the imaginary part of G , which contains the spin relaxation rate I's. We also note that

50ur definition of the retarded correlation function differs from the conventional definition in literature
by a sign.
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JoJP
R

the imaginary part of G corresponds to the spectral function of the spin density thanks

to the fluctuation-dissipation relation.

Due to the presence of the pinching singularities, we now need to use the following
resummed heavy-quark propagators in ra basis in frequency-momentum space:

i

k /<30—E]<;-|-i<k/27
o) = 0 o = G 3 (415)
Srr(k) =T e———e 7 — (; —nr (k())) [Sra(k) Sar(k)] )

where (3 ~ g%log(1/g) denotes the leading relaxation rate for heavy quark of momentum

k, and E = k?/(2M) is the non-relativistic energy. Note that the propagators are in

fact 2 x 2 matrices in spin space, and they are proportional to the identity matrix in

non-relativistic limit, which we omit for simplicity. Once again, the Fermi-Dirac distribution
1

. c 1. _ 0y _ ~ A—BM —BkO
at zero chemical potential in non-relativistic limit is np (k") = ey 2 © e < L

Recalling J? = %@ZJTUa@ZJ, it is straightforward to draw and express real-time Feynman
diagrams in the ra basis [46]. The summation over all ladder diagrams is achieved by
solving the Bethe-Salpeter equation for the effective vertex function for JO, which we denote
as %Ea(p; k), where k is the overall momentum carried by J?, and p is the momentum of

the out-going propagator from the vertex (see the figure below). Once the effective vertex
. . . . . 5.
is found by solving the Bethe-Salpeter equation, the correlation function Gy ? is given by

the following two real-time diagrams

G (k) = (72, (k)10 4 (—k))

p p
k" ok k" r_k
= B e I
r r
p+k ptk
dR d4p a b a b
= (DT [ G 2 [S 010 S (0 K)o S (0) 502 K) S+ ) S 9)]

(4.16)

where dp, is the dimension of the color representation of the heavy quark (V. for fundamental
representation). We recall that the pinching pole enhanced contributions arise from the
combination of S,, and S, in the parallel rail of the diagram. Therefore, we select only a
part of Sy, written as a linear superposition of S,, and S, in eq. (4.15), that produces a
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pinching singularity,

JOJ0 d d*
Gra ® (k) =~ ZR (271_1))4 {nF (po + k?()) —ng (po)} Sra (p + k') Sar (p) tr {Ea (p; k) O-b}
d d? i i
0aR p 0 a b
~ K — X (p k=
“ ] e ) g g =B, — g T =0
dr [ d%p X% (p)
~ k0= ! t bt 4.17
4 (27T)3nF( bt Cp 7 ( )

where we take the small k& — 0 expansion together with k — 0, and define n/,(p") =
dnp(p°)/dp®. To proceed the last line, we use the pinching pole approximation valid at
leading order,

1 1 . 2l
p? — Ep +i(p/2p° — Ep —1(p/2 G

5 <p0 - Ep) : (4.18)

and also define the on-shell vertex function %2(p) = %2(p" = Ep, p; k = 0).

The rotational invariance dictates that the on-shell vertex function divided by the
heavy-quark relaxation rate should take the form

= o® fi(lpl) +9"(p-0) fo(Ip]) + " f3(IP]) L2x2 +€p 0 fa(Ip)), (4.19)

in terms of four possible scalar functions f;(|p|) (¢ = 1,2,3,4) that depend on |p| only.
Upon momentum integration in eq. (4.17), the last two terms do not contribute to G;{,‘g 5
due to angular integration, but there is another reason to expect that f34 in fact vanish.
Under parity transformation, the spin vertex ¥# remains the same, while the momentum p
flips its sign. Therefore, f3 and f4 should be absent in a parity-even plasma without, e.g.,

axial chemical potential.

Inserting the above expression of ¥2(p)/(p in eq. (4.17), and replacing p*p® with %p2(5ab
after angular integration, we arrive at the expression

JO.J0 dr &p

G ) = o [ | G (B F (D | i (420)

where F(|p|) = fi(lp|) + §f2(|p|). Our remaining task is to find the function F(|p|) by
solving the Bethe-Salpeter equation for the summation of the ladder diagrams.

2) Deriving the Bethe-Salpeter equation:  the Bethe-Salpeter equation for ¥2(p)
is an integral equation, ¥?(p) = o® + AX?(p), with the source o* and the integral kernel
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AY?(p). The equation is drawn diagrammatically as

p ,
R 'e

kio 7 k(iO

= « g0 + g (4.21)
p‘\ p‘

AX2(p)

Again, focusing only on the contributions with pinching singularities, we identify the
following three diagrams contributing to the integral kernel AX?(p):

where we denote the interaction vertex of heavy quark with gluon field A® as H,(q).
Explicitly, these diagrams give us the expression for the integral kernel as

4
A (p) = (=10 Co(R) [ 53 [Ho-a)S0r 0+ 00+ 0Sualp + ) Hal@) DE )

+ Hz(—q)Sar(p+ @) S*(p + @) Srr(p + @) Ha (@) D2 ()

+ Hy(~@)Sar(p + )3 (p + 4)Sra(p + 0) Ha(9) D3 (q)
(4.23)

where D*?(q) = (A%(q)AP(—q)) is the gluon propagator in thermal equilibrium, and Cy(R)
is the second-order Casimir of the heavy-quark representation. In this expression, the
interaction vertex H, and the gluon propagator D do not include color generators.

Note that the interaction vertex H,(q) consists of three parts, two of which arise
from the first two terms in the Lagrangian (1.1), respecting the SU(2) spin symmetry.
They are proportional to the identity matrix 1layo. The first term in eq. (1.1) gives
Coulomb interaction with AY field, and the second term gives the magnetic interaction
proportional to the current, which is further suppressed by the small velocity of heavy quarks,
p|/M = v ~ \/T/M < 1. We thus only need the leading spin conserving interaction in
our computation and neglect the second term in the following. On the other hand, we need
to keep the third term in eq. (1.1), which is responsible for spin relaxation in leading order.
The interaction vertex is therefore given by

Ha(q) = daolax2 — ﬁeabcach. (4.24)

where the temporal component of the Levi-Civita symbol is zero: egpe = 0.
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We again collect only the pinching pole contributions that arise from pairing S, and
Sar for AX?(p). Relying on this pinching pole approximation and recalling D%(q) =
(3 +78(") (Dl (a) — D3 (), we arrive at

4
A% ()= (-i0)* Co() [ S,

x [fo (q)—D2P (q)} Sar (4q) Sra (p+9)

(—q) ¥* (p+q)

nr (0 +4°) +n5 (") | Hs (~a) =" (p+9) Ha (q)]

=g Co(R) | (;1:4 ne ("+Ep) +ni ()] | Hs . @]
x 270 (" + Ep—Epyq) (4.25)

where D23 (q) — D23 (q) = p*?(q) is the gluon spectral density, for which we use the HTL
result summarized in eqgs. (4.2)—(4.5) for our leading-log computation. We also use the
i eq. (4.17).

In terms of the function ¢*(p) = £*(p)/(p, which can be shown to correspond to a
linearized distribution function in kinetic theory, the integral equation depicted in eq. (4.21)

. . . . J?
on-shell condition p® = Ep, that is imposed in the evaluation of G7g

then takes the following form

4
—0" = —(p¢* (p)+9°C2 (R) / (;1754 [nr (0" +Ep) +n5 (0°)] [Hp (—q) 6 (p+a) Ha (0)] p° (q)
x 216 (¢°+Ep—Fp+q) - (4.26)

The important observation, that is common in the similar types of integral equations
appearing in the computation of transport coefficients, is that the relaxation rate ¢, from
the imaginary part of one-loop self-energy diagram is computed by a very similar expression
to the integral kernel,

d4
%= %gz@ (R)/ (2734

X 2mwd (qo + Ep — Ep+q) ,

e (¢ + Bp) +np (a°)] tr [Hy (—q) Ha (@)] 97 () o

where the factor 1/2 in front comes from the average over spin states since the relaxation
rate is independent of the spin states due to rotational invariance. This allows us to combine
the two terms in the right-hand side of the integral equation (4.26), and we finally arrive at
the Bethe-Salpeter equation for ¢ as

—0* =g’Cy (R)/(;;()ﬂ (Hﬁ (—9)¢" (p+q) Ha (q)—%tr [Hs(—q) Ha (9)] 9" (p)) ™ ()
X [nF <q0+Ep) +npg (qo)} 276 (qOJrEp—EIHq) . (4.28)

In the following, we will evaluate this integral equation in leading-log approximation by
expanding in powers of small g ~ g7 to quadratic order to derive a second-order differential
equation for ¢*(p) in p space. This can be considered as the linearized collision term in
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quantum kinetic theory, perturbed by an external source for the spin density given by the
left-hand side of the integral equation.

Before moving to the evaluation of I'y, it is instructive to consider a limit where the
SU(2) spin symmetry is respected, by assuming that H,(q) contains only the leading term
in 1/M, i.e., the identity matrix in spin space. In this case, the integral equation becomes

ot =R [ S0 0~ 6 o
x [nr (¢ + Bp) + 15 (¢°)] 270 (¢ + Bp — Epyy) (4.29)

To see what happens in this limit, we integrate both sides in p-space after multiplying a
factor W(p) = np(Ep)[1 — np(Ep)]. By suitable shift of variables and using the properties
of the spectral density p(¢°, q) = —p(—q°, q) = p(¢°, —q), one can show that the right-hand
side vanishes after using the identity

W (p+q)[nr(Ep) +np(Ep—Epiq)| +W(p) [nr(Epiq) +n5(Epiq— Ep)] = 0. (4.30)

This parallels the conservation property of total charges in the collision term in kinetic
theory. Since W (p) > 0, the left-hand side is not zero after p-integration, which means that
the only solution for ¢*(p) in this limit is ¢* — oo. This would imply Gig LN iﬁ—jwéab — 00,
which correctly gives us I's — 0 in the limit. From this consideration, it becomes clear that
a finite value of I'y results only from the spin violating interaction in the vertex H,(q) due
to the Pauli term. This should be closely related to the (non-)conservative Ward-Takahashi
identity for spin density.

3) Solving the Bethe-Salpeter equation in heavy-quark limit:  the most labori-
ous part of our computation in this method is the leading-log evaluation of the integral
equation (4.28). We first note the presence of a scale hierarchy in the current problem. The
leading-log contributions come from the soft momentum exchange ¢7' < |g| < T, and the
on-shell condition implies ¢° = Epyq — Ep ~ vp - q < |q| with v, = p/M, where we use the
fact that the typical momentum of heavy quark in eq. (4.17) is p ~ VMT from E, ~T.
This gives us a hierarchy of scales ¢ < |g| < |p|. In the integral equation, we, therefore,
expand each term in powers of |g|/|p| ~ g, and higher-order terms in q and ¢° bring about
terms of higher powers of coupling constant g. To our leading-log computation, it is thus
sufficient to expand the terms in the integral equation to second order in g and ¢° [45].
For example, recalling the spin structure of ¢?(p) consistent with rotational symmetry,

¢*(p) = o fi(|pl) + p*(p - &) f2(|pl), the expansion of fi(|p + q|) would be

2
fillp +ql) = fi(lgl) + <|Q| cos ¢ +- ‘2(,1]‘9,811"12 9) fillpl) + %!WCOSZ 0ff(lpl),  (4.31)

where 6 is the angle between p and q. Similarly, we need for our purpose

10 - % +0(q"). (4.32)

ng (qo + Ep) + np (q[)) ~ nNng (Ep) + E
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Furthermore, we can safely neglect np(Ep) in the following since it is given by np(Ep) ~
e PMe=BEp « 1 in the dilute limit of heavy quarks. It is also useful to perform the
integration over the angle 6 first, by making the energy d-function into the one for the

M M lal?
S5(*+E, — E = 6(cosh— —— | 4.33
(@ Ep = Epva) = g ( Plld] <q oM (4.33)

together with restricting the integration range for ¢" as

angle 0,

lal>  Ipllal _ o _ l4l* |, |pllg]
la” _phal - o 1917, P9l 4.34
v~ M =9 So Ty (4.34)

Finally, we use the gluon spectral density in the Coulomb gauge
p*%(q) = 6°°6% pL(q) + P (@)pr(q), (4.35)

where Pr}j (q) = 6“9 —q¢'q’ /|q|? is the projection operator for spatial components i and j. The
HTL resummed longitudinal and transverse spectral densities in the regime ¢° < |gq| < T
become the ones given in eq. (4.5), which is sufficient for our leading-log computation.

With all these ingredients used in the integral equation (4.28), performing the leading-
log integral for ¢ and comparing the spin structures in both sides of the equation, we arrive
at the two coupled second-order differential equations for f; and fo as

310+ T A9 + Falpl) = G2 Fipl) = 3l =~ (43600)
Ly 3 . 1
30+ 1 1509 — 5 (#5090 + ifallo) = gahelp =0 (.360)
where we define
P = oy(r) LD 1080/9) | ooy (4.37)

6mT
Interestingly, the two equations can be combined to give a single differential equation for

F(lp|) = fi(lp]) + 3|p|*f2(|p|), that is precisely what we need in order to evaluate the

. . JoJ0 .
correlation function Grg"" in eq. (4.20),

1

LE(1pl) + P (0pl) — P ()~ o P(lpl) =

p| 2TM

which can be analytically solved in the heavy-quark limit.

(4.38)

Before solving this equation in 1/M expansion, it is a useful check to see that the first
three terms, that arise from the leading spin-conserving Coulomb interaction, reproduces
the conservation property of the collision term in kinetic theory,

[ &% W) (5F o) + 2 )~ P F el ) <o (1.39)

where the weight factor in our dilute limit becomes W (p) = np(Ep)[1 —np(Ep)] ~ e =
e P/ (2TM ), up to a constant factor. Therefore, without the last term, which violates the
conservation of spin, the solution would diverge F — oo.
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This implies that the solution has the following expansion in 1/M as
F(lpl) = M*F)(|p) + Fuoy(Ipl) + 0 (M72) (4.40)

and we are now only interested in the leading solution F(©). Inserting this expansion into
the differential equation (4.38), we obtain the hierarchy of equations

1 1 P

3E 1)+ = Fio (21— 557 Fiy (12D = 0, (1.41a)
1 1 p 1
3E) 1)+ i (2D — 50 iy (12D = Fly 12D =~ 73 (1.41b)

It is easy to find the solution F{g)(|p|) = C by inspection, where C' is a constant. To determine
C, we integrate both sides of the second equation with the weight factor W (p) = e 5P,
that removes the term with F(1) and we arrive at C = 1/(T°T"). With this leading solution

F(lpl) = WJrO(MO), (4.42)

- T°T
together with eq. (4.20), we finally arrive at the correlation function

ol M? ldR/ dp

it (@) = —orer | S ) G

(Ep)] Oabs (4.43)
which should be identified as w{%(sab, according to eq. (4.14). Using the spin susceptibility xs

_dn [ &,
2 ) @2r)3F

Xs = (Ep), (4.44)

our result (4.43) finally gives us the spin relaxation rate I's

T2 g*m? log(1/9)T
I,=T— =CyR D
° e VR

Ve (4.45)

which precisely coincides with eq. (4.13) obtained in the previous subsection.

4.3 Method 3: quantum kinetic theory for spin in heavy-quark limit

Kinetic theory is an intuitive and powerful framework for describing time-dependent dy-
namics of weakly interacting quasi-particles in phase space (position-momentum space) [54].
It is a statistical description of the system in terms of particle number distribution in
phase space.

When the two spin states are nearly degenerate in energy, and the quantum correlation
time between two spin states is comparable to a macroscopic time scale of interests, one
should instead consider the full 2 x 2 density matrix distribution in spin space, p(x, p,t),
to properly describe time-dependent dynamics of spin polarization of quasi-particles, that
is, the quantum kinetic theory. The 2 x 2 density matrix in spin basis can be decomposed
into the form

1
ﬁ<x7p7t) = if(a:7pat)12><2 + S(w7p7t) - o, (446)
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where f(x,p,t) = tr[p(x,p,t)] is identified as the usual particle number distribution
function, while S(x, p,t) = tr [p(x, p,t)%] has the interpretation of the spin distribution
function. The time evolution equation for each of them may be written in a similar form as
the Boltzmann equation with proper collision terms. Alternatively, the equation written in
terms of p itself should take a form of the Lindblad equation, in general.

In ref. [9], the quantum Boltzmann equation of f(p,t) and S(p,t) for massive quarks
has been constructed to leading-log order of QCD coupling constant, when they are
spatially homogeneous,

8f(812,t) =Tslf@. 1)), W = Is[S(p, 1)), (4.47)

where the collision terms, or the relaxation operators, r ¢ and f‘g, are universally of order
g*log(1/g)T. They take a form of second order differential operator in momentum space p.
The I 7 is nothing but the usual collision term for quark number distribution function in
QCD. The collision term for the spin polarization, i.e. f‘g, is a novel object, whose explicit
form in spatially homogeneous limit can be found in ref. [9].

We are interested in the heavy-quark limit, i.e., M > T, of f‘g, that determines the
relaxation dynamics of heavy-quark spin in momentum space, which ultimately gives us
the spin relaxation rate I's in the spin hydrodynamic regime. Although it is possible to
take M > T limit of the result in ref. [9], we present in this section the derivation of
I's directly from our non-relativistic effective theory (see also the derivation based on
the Kadanoff-Baym formalism in appendix A). For clarity of the presentation, we will
keep only the leading spin-conserving Coulomb interaction and the leading spin-violating
Pauli-interaction, as in the previous section. This is sufficient to obtain the correct spin
relaxation rate at the leading order. For more details of our method of derivation, we refer
to ref. [9].

The full density operator of heavy quark in spatially homogeneous limit is written in
momentum basis as

3
) = [ it (1.48)

where p(p,t) is the density matrix in spin space in the subspace of a given momentum p.
More explicitly, we can express it as p(p,t) = > o [P, 5)pss (P, 1) (P, 8’|, where |p, s) is the
eigenstate of momentum p and spin basis state s. The 2 X 2 matrix psg(p, t) is equivalent
to the Wigner function of non-relativistic two-component quark field operators of spin 1/2,
and our method in the following gives the same result as in the Kadanoff-Baym approach
at leading order as shown in appendix A.

The density matrix evolves in time by quantum mechanical unitary evolution in the
thermal QCD plasma,

P+ Al) = <U1 (t+ At )T + AL, t)>A, (4.49)

where (---)4 denotes the thermal average of background gluon fields interacting with the
heavy quark, and the subscript 1 and 2 refers to as the forward and backward Schwinger-
Keldysh contours, respectively. This is because the forward contour 1 describes the evolution
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2 2 2»—@»2 2 > 2
11:1 1 < 1 1«&1
(a) (b) (c)

Figure 1. The “cross” contribution (a), and the two self-energy contributions (b) and (c). In these
figures, time flows from the right to the left. To emphasize the HTL contribution in the gluon
propagator, we put the blobs in these figures.

of ket state |p, s), while the backward contour 2 is for the conjugate bra state (p, s’|. Note
also that the gluon fields in the evolution operator CA]LQ are the Schwinger-Keldysh fields A};Z
on the contours 1 and 2, respectively, whose correlation functions satisfy the fluctuation-
dissipation relations in thermal equilibrium.

Expanding ﬁ(t + At,t) up to the second-order of the quark-gluon interactions in
the interaction picture and performing a thermal average of gluon two-point correlation
functions, one obtains the time evolution equation for the density matrix as

9p(p; t)

T = 9202(R) (Fcross + Lself energy)a (450)

where I'¢;oss arises from the correlation of first order terms in quark-gluon interaction in
contours 1 and 2, while I'seifenergy is from the second order terms in each contour separately.
The diagrammatic representation is depicted in figure 1. Explicitly, we find

dq R a
FCross = /(27{_)4Ha (q) P (p —q, t) HB (_Q) DlQB (Q) 2775 (qO + EP*q - EP) )

(4.51)

1 d4q a N
Lselfenergy = =5 / (2n) tr[Ha (q) Hs (—a)] D5 () 278 (¢° + Epq — Ep) p (p,1),
(4.52)

where D?Qﬁ (q) and Dg‘lﬁ (q) are the thermal gluon correlation functions on Schwinger-Keldysh
contours defined in eq. (4.1), and H,(q) is the heavy quark-gluon interaction vertex given
in eq. (4.24). In deriving the self-energy term, we need to use the identity D11 (¢)0(t) +
Doy (t)0(—t) = D2i(t), and also the fact that the self-energy is proportional to identity
matrix in spin space due to parity symmetry.

One can understand the structure of the above equation (4.50) from the viewpoint of
the Lindblad equation [55]:

0p . 1 N
87[; = Zi:%'P%T - 5{ J7i70}+- (4.53)

with the anti-commutator {A, B}, = AB + BA. The self-energy term corresponds to a
dissipative loss of probability, while the cross term is a gain term that ensures the total
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probability conservation. The index i becomes the t-channel gluon momentum ¢. One
can explicitly check that the total trace of the density matrix in momentum-spin space
is indeed conserved in our evolution equation. It is also possible to show at this stage
that the Boltzmann equilibrium density matrix, peq(p) o 19x2¢ PEr is a zero mode of the
collision operator.

The computation of the above I'cross and gelf energy in leading-log order is very similar
to that in the previous section. Since we are interested in the spin polarization of the
density matrix, we focus only on the spin part, p(p) ~ S(p) - o, in the following. Using the
gluon spectral density (4.2) in Coulomb gauge, a simple algebra leads to

4
8,0(81;, ‘) = g°Ca(R) / (;1734 [CL pr(q) — Tj\l/ch PT(Q)} 219 (qo +Epg - EP) , (454)

where we introduced
CL=[S(p—q) - S®)] o ns () - Sp) -0,
(4.55)
Cr=[(a-o)(a-S(p—q) +a*S(p) - o)ns (¢°) + ¢*S(p) - .

Note that the C', comes from the Coulomb interaction respecting the spin symmetry, while
C7 does from the Pauli interaction that breaks it.
As in the previous sections, we perform the angular integration of cos# between p and

q first, using the relation cosf = I%I\% + %. This replaces the ¢ integration as
dq 1 M (T
—95(¢° + Ep_q — E —>——/d /do 4.56
/(27T)4 76(q" + Ep—q — Ep) 2ol Lo lallq| [ dq”, (4.56)

2 2
with the ¢’-integration range —% — % << —% + %. In computing the g-

integration, we have to use ¢ = qr, + qr = |q| cos p + qr with cos given as above, while
the gr-integration gives zero after polar angle integration. Similarly, ¢’¢’ is replaced by

‘¢ — |q|* |cos® p'p + 5511120 (5” —ﬁzﬁj)} . (4.57)

The leading-log arises from the expansion of C, 7 up to second order in g ~ ¢g7" < p, and
performing leading-log integral in |g|, with the range from mp ~ g7 to the upper bound of
T, where our expression of HTL gluon spectral density breaks down.

The result for I'g is organized as the 1/M expansion,

g =170 410 4. (4.58)

where f‘g)) arises from the longitudinal Coulomb interaction, Cf,, while the next order term
f(sl) of order 1/M? results from the Pauli-interaction, C7. The leading term f‘g)), which
conserves the total spin density, turns out to be identical to the leading term in r f, which
describes the momentum diffusion of heavy quark with the known heavy-quark drag force
coefficient np as [49]

g*m% log(1/g)

~(0)a a a .
Fg) [S(P)] =npVy- (pS*+TMV,S5") with np =Cs(R) 127 M

(4.59)
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This results in the Fokker-Planck equation for the density matrix equivalent to the Langevin
equation of heavy-quark Brownian motion, with each component S*(p) playing a role of
distribution in momentum space,

p=-npp+&t), () = ka5t 1), (4.60)

with kK = 2MTnp from the fluctuation-dissipation relation. Physically, what happens is
that the spin attached to the heavy quark simply follows the motion of the heavy quark in
momentum space. The same result has also been obtained to this order in ref. [12]. The
next leading collision operator, f‘(Sl), which is new and encodes the spin-violating effect, is
given by a simple expression

2T g°mpT log(1/g)

IY1S(p)] = —p578P) = —Co(R)=—— 5

S(p), (4.61)

from which we can evaluate the spin relaxation rate in the leading-log.

The leading ngo) term determines the relaxation rates of non-hydrodynamic modes of
spin distribution in momentum space. In other words, its non-zero eigenvalue corresponds
to the relaxation rate of the non-hydrodynamic eigenmode. The only exception is the mode
with zero eigenvalue, which corresponds to the quasi-hydrodynamic (or Hydro+) mode
of spin density. It is easy to guess what the zero mode should be: it is the equilibrium
Boltzmann distribution, Sge~#Fr, with any constant vector Sy. Indeed, it is a simple
algebra to see that f‘g])[Soe_BEP} = 0, while the next order term fg) gives the relaxation
dynamics of spin that we are interested in.

After integration over p, the spin density in position space is given by

d3p 4B TM 3/2
S = /(27T)3SOG BEp — (27T> So, (4.62)

and Sy can be identified as the quasi-hydrodynamic mode of spin density. Therefore, we
are led to write down the spin distribution function in the 1/M expansion as

S(p,t) = So(t)e PEr + AS(p,t), (4.63)

where AS(p,t) contains all non-hydrodynamic modes which relax much faster than Sy(t).
It is defined by requiring S(p,t) and Sy(t) to satisfy the matching condition (4.62), which
means that fp AS(p,t) = 0. It is expected that AS(p,t) is smaller than the leading term by
the hydrodynamic expansion parameter w/I". In the regime of spin hydrodynamics where
w~ Ty~ (T/M)?T, the derivative expansion becomes equivalent to T/M < 1 expansion.
The relaxation rate of the quasi-hydrodynamic mode, Sy(t), is the spin relaxation rate I
that we are interested in.

After using the expansion (4.63) in the quantum Boltzmann equation (4.47), and
integrating over p, we arrive at

~ (1 _
9So(t)  Jp LS’ [Soe0P]
o Jpe B

(4.64)
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where we used the matching condition (4.62), as well as the conservation property
Jo f‘g)) [S(p)] = 0 for any S(p). We dropped the higher-order terms in the 1/M and

small frequency expansion, e.g., by neglecting the term such as f‘g)[AS (p)]. With our
result of f‘g) given in eq. (4.61), we have

. 2T
I‘g) [Soe_BEP} . —UDMSOG_BEP, (4.65)

which enables us rewrite eq. (4.64) as the following simple relaxation equation:

0Su(t
o®) _ —T',S(1). (4.66)
ot
Here, we eventually identify the spin relaxation rate I's from the quantum kinetic theory as
2T [, e PEr 2T g*m2 log(1/9)T
. =y P —npe = C5(R D 4.67
s nDM fpe,BEp nDM 2( ) 6 M2 ) ( )

which agrees with the result of the diagrammatic methods in the previous subsections [see
egs. (4.13) and (4.45)].

5 Summary and outlook

In this paper, we have evaluated the spin relaxation rate I'; for the heavy quark, based
on pQCD to leading-log order of coupling constant g. We have formulated three different
methods to evaluate I's: 1) the Green-Kubo formula based on the source-source correlator
in the spin hydrodynamic regime, 2) the spin density correlator in the strict hydrodynamic
regime, and 3) the quantum kinetic equation for the heavy-quark spin distribution. While
each method demonstrates a different view on spin dynamics, all of these lead to the
same result I'y ~ g*log(1/9)T(T/M)? [see eqs. (4.13), (4.45), and (4.67)]. Thanks to the
additional (T//M)? factor, the heavy quark spin dynamics is parametrically slow compared
to other non-hydrodynamic microscopic modes. This scale hierarchy I's < T', where T is
the typical relaxation rate for other non-hydrodynamic microscopic modes, gives rise to the
spin hydrodynamic regime, in which the heavy quark spin density emerges as a slow but
non-hydrodynamic mode in an effective theory of the type often referred to as Hydro+ [40].

Several outlooks related to the present paper are in order. While we rely on finite-
temperature pQCD to evaluate the spin relaxation rate, our formulation — in particular the
heavy quark rotational viscosity, As in terms of the source or spin correlation functions — is
applicable even in the strong-coupling regime, where we have the AdS/CFT correspondence
as another theoretical tool [56-59], and in particular the methods first developed for
holographic spin liquids in ref. [60]. It would be interesting to ask how we can formulate
heavy-quark spin relaxation in the strong-coupling regime of QCD-like theories, such as
N = 4 super Yang-Mills theory, in a manner similar to the heavy quark drag force [61-63].
It will give an important benchmark in another extreme limit of the theory, which would
be useful in the phenomenological analysis of spin dynamics within the QGP created in
heavy-ion collisions.
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Another interesting outlook is to apply our result in astrophysics or condensed matter
systems. In fact, while we focus on the heavy-quark spin relaxation in QCD plasma in the
present paper, our formulation works as well in other systems where spin is approximately
conserved. For example, the relaxation rate of proton spin in QED plasma can be studied
by our methods with a minor modification. Also, it is interesting to apply the present
formulation to various spin systems in condensed matter physics, which deviate from the
Heisenberg model only by a small symmetry-breaking perturbation. In this case, the
effective field theory with symmetry breaking terms (see, e.g., refs. [64, 65]) may be a useful
starting point to describe the relaxation rate of spin in condensed matter physics. We leave
all these as future work.
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A Derivation of quantum kinetic equation from Kadanoff-Baym
formalism

In this appendix, we derive the quantum kinetic equation (4.50)—(4.52) for heavy quarks
based on the real-time Kadanoff-Baym formalism [66].

Our starting point is the Schwinger-Dyson equation for heavy-quark Green’s function
in the real-time formalism, diagrammatically given by

2
1 e——agt—e ) l]o—<—902 1 2
> 3w 3 e g

a,b=1

2
= ]le—=<—2 + E 1 2
p p @ p ,
a,b=1

where Y,p (a,b = 1,2) denotes the heavy-quark self-energy in the 12 basis on the Schwinger-

(A1)

Keldysh contour. Note that Green’s functions in the ra basis are related to those in the 12

basis as
(S11 — S12 + So1 — S92),

(S11 + S12 — Sa21 — S22) .

N =N =
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After a little cumbersome computation, we can rewrite the Schwinger-Dyson equation
depicted in eq. (A.1) as follows:

512 - S%g) _ iSr(‘g)ET‘aSIQ — iS’Igg)ElQSar _ iS;g)EarSar
(A.3)
= S§g) - iST’aEraSy%) — iSraElgség) — iSlQZarS(gL?«)~

Acting the free inverse propagator (S(©)~! satisfying (S(0>)—1S£2) =i= kS’C(L?«)(LS’(O))_1 and
(S(O))_ng) =0= S{g)(S(O))_l to this equation, we obtain the left and right Schwinger-
Dyson equations

1

(S(O)) S12 = XraS12 + X125, (A.4a)
1

S12 (S(0)> = Sra212 + 512Ear- (A4b)

We then take the difference of these two equations. Assuming the two-point function
S12 has a weak dependence on the center-of-mass coordinate, we can rely on the derivative
expansion. Moreover, recalling the explicit form of the free propagator (S()~1 = i9, +
ﬁVQ, we find that the difference of the Schwinger-Dyson equations becomes

1
(&s +—p- Vx) Sio(z, p) = —i[Era(@, p) *x S12(x, p) + Z12(z, p) * Sar (2, p)

M (A.5)

— Sra(z,p) * 12(x, p) — S12(z, p) *x Lar(z,p)].

where we introduced the Wigner transform of two-point functions and the Moyal product
of A(z,p) and B(x,p) as

d*r
(2m)

A(z,p) * Bz, p) = e2 (%0 ~00) A(z p)B(a!, p')

G(z,p) = / e~ +ipr <:U + 17', T — 17“) , (A.6)

2 2

(A7)

a'=x,p'=p

Expressing some parts of Syq, Sar, 2ra, and g, in the 12 basis, and reorganizing them,
we obtain a quantum transport equation for the real-time Green’s function Sis as

1 )
(at + ik Vm) Si2 + [IRe Xrq, S12]x — [E12, Im Sy = —% [{2217 Si2}e — {212, 521}*}7
(A.8)

where we introduced a commutator [A, B], = Ax B — Bx A and anti-commutator {A, B}, =
Ax B+ B x A with the Moyal product, respectively. For our purpose, we can neglect all
x-dependence and the terms with commutators in the left-hand side since the collision
term is captured by the right-hand side of this equation. Moreover, expanding the Moyal
product simplifies the right-hand side as {A, B}, ~ AB + BA. Then, by evaluating the
right-hand side (the collision term) with a usual product, we identify this equation as the
quantum kinetic equation for heavy quarks including spin, which agrees with eq. (4.50) in
the main text.
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Let us evaluate the self-energy appearing in the right-hand side of eq. (A.8). As usual,
the leading diagram is given by

/q\k
. . d* o
)= e = 100 [ G D @Sl + 0 Hsla)

(A.9)

where the interaction vertex H,(q) between the heavy quark and gluon is given by eq. (4.24).
Relying on the quasi-particle approximation for heavy quarks, we parametrize the lesser
and greater Green’s functions as

S1a(t,p) = —p(t,p)2md(p° — Ep) and Sy (t,p) = [Laxa — p(t,p)]276(p° — Ep), (A.10)

with a 2 x 2 distribution function p(¢,p). As a result, we obtain the following expression
for the self-energy:

4
~i%12(p) :9202(R)/((;71_(5]4Ha(_Q)P(tap+Q)Hﬁ(Q)DS{3(Q)2m§ (1" 44"~ Epia)
4
—i¥91(p) :9202(]'—5)/((21734]1%(—(1) [p(t,p+q)—12X2]H5(q)Df2B(q)27r5 <p0+q0_Ep+q) :

(A.11)

Thanks to the quasi-particle approximation, the heavy-quark propagator is accompanied by
the delta function, which we can eliminate by performing the pY-integration. Furthermore,
we consider the dilute system of heavy quarks, and neglect O(p?)-terms. As a consequence,
we derive a simplified form for the quantum kinetic equation as

4

Op ~ g*Ca(R) / (;34 [Ha(q)p(t,p — q)Hs(—q) D73 (0)276(¢° + Ep_q — Ep)

— 5t [Hala)Ho(~a)| DS (0)275(6” + Epq — Bp)olt.)|.
(A.12)

where we have changed the integration variable as ¢ — —¢ and used the identity ng (—q) =
Dg‘lﬁ (q). Besides, we also used the following simplification for the matrix structure in the
spin space after ¢ integration (see the appendix of ref. [9]):

[Ha(@)Hs(~)p(t, p) + p(t, ) Ha(a)Hs(—q)] D3y (4) — tr [Ha(@)Hs(~q)] D57 (a)(t, p).
(A.13)
One sees that eq. (A.12) indeed coincides with the eq. (4.50) in the main text.
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