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1 Introduction

The recent experimental observation of the spin polarization of hadrons in the rotating
QCD plasma produced in off-central relativistic heavy-ion collisions at RHIC and LHC [1–4]
has motivated much theoretical and phenomenological study of the dynamical evolution
of spin polarization in a finite temperature plasma. A large amount of theoretical effort
has been invested into the development of a description of spin in kinetic theory [5–17]
and spin in hydrodynamics [18–29]. As the spin angular momentum is not conserved
and is transferable to orbital angular momentum, the spin density, in general, shows a
relaxation behavior toward its local equilibrium value in hydrodynamics [20, 28]. The local
equilibrium value of spin density is dictated by thermodynamics with rotation, i.e., with
conserved total angular momentum [30–33]. An interesting aspect of this equilibrium state
is that the potential thermodynamically conjugate1 to conserved total angular momentum
is equal to the local thermal vorticity of fluids [30, 31]. In the strict hydrodynamic
regime, the local spin polarization is determined by the local thermal vorticity via a
thermodynamic relation. The spin hydrodynamics in this regime should be equivalent, by a
pseudo-gauge transformation [19, 34–36], to conventional hydrodynamics with a symmetric
energy-momentum tensor. In ref. [24], the relation between the two equivalent hydrodynamic
descriptions was shown explicitly, and it involves a certain transformation of non-dissipative
second order transport coefficients related to fluid vorticity.

1This potential has been referred to as “spin chemical potential” or “spin potential” in the literature.
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The relaxation rate of the spin density toward its equilibrium value is an important
quantity in determining how the spin polarization evolves in time in theoretical simulations
of QCD plasma. The QCD plasma produced in heavy-ion collisions goes through several
different phases in its lifetime, and one would need to study the dynamics of spin in all
phases to reliably predict the observed value for the spin polarization of hadrons. In this
work, we study the spin relaxation rate in the quark-gluon plasma phase, where we assume
a high enough temperature to apply a weakly coupled description of QCD plasma, i.e., the
finite temperature field theory of perturbative QCD (pQCD) [37–39]. Although this is not a
realistic assumption for the plasma in heavy-ion collisions where the coupling constant may
not be small, the result provides a valuable benchmark in one extreme limit of the theory.

We will focus on the relaxation of spins carried by heavy quarks in the limit M � T ,
where M is the heavy-quark mass, and T is the temperature of the plasma. There are
two simplifications in this case. 1) The density of heavy quarks in the plasma is dilute,
and we may neglect interactions between heavy quarks. The relaxation of heavy quark
spin results from its interactions with other background thermal particles. As we will see,
the dominant contribution to the leading-log result comes from scatterings with light hard
particles of momentum of order T . 2) The spin relaxation rate in this limit will be shown
to be of the order Γs ∼ g4 log(1/g)T (T/M)2, where g is the QCD coupling constant. It is
smaller than the typical relaxation rates Γ of other non-hydrodynamic (fast) modes, such
as collision rate for a weakly-coupled theory or temperature for a strongly coupled theory,
by additional powers of T/M � 1. This is an important fact that allows us to introduce
the spin hydrodynamics in the regime of frequency scales Γs � ω � Γ, where the spin
density appears as an additional independent quasi-hydrodynamic degree of freedom with
a relaxation (rather than diffusion) behavior. This is an example of an effective theory
description known as Hydro+ [40]. The relaxation of spin density in this regime of spin
hydrodynamics is governed by a new kinetic coefficient λs (defined in eq. (2.5b) below)2 in
the constitutive relations of spin hydrodynamics.

The suppression of spin relaxation rate in the heavy-quark limit can be understood in
the non-relativistic limit of heavy-quark dynamics since, in the hydrodynamic limit of a near
thermal equilibrium state, the typical heavy-quark velocity is small, v = p/M ∼

√
T/M � 1.

In the heavy-quark limit, the QCD Lagrangian involving the heavy quark and gluon is
reduced to

L = iψ†D0ψ −
1

2M (Dψ)† ·Dψ + g

2Mψ†(B · σ)ψ + Lgluon +O
(
1/M2

)
, (1.1)

where ψ is the non-relativistic two-component spinor, Dµψ = ∂µψ − igAµψ with gluon field
Aµ, Ba = εabcFbc/2 (a = 1, 2, 3 and εabc is the Levi-Civita symbol) is the color magnetic
field with the field strength tensor Fµν ≡ ∂µAν − ∂νAµ − ig[Aµ, Aν ], σa is the Pauli matrix,
Lgluon = −(1/2) trFµνFµν is the gluon Lagrangian, and a term −Mψ†ψ is not shown. The
first two leading terms, which are counted as of order T , conserve the non-relativistic SU(2)
heavy-quark spin symmetry (see, e.g., ref. [41]), and the leading spin-violating interaction

2We note that λs is the heavy-quark contribution to the rotational viscosity ηs introduced in relativistic
spin hydrodynamics [20, 21, 25, 27, 28].
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is given by the third term — the Pauli term responsible for the coupling between spin
and color magnetic fields. The vital point for our discussion is that the Pauli term is
suppressed by the additional power of T/M � 1,3 and this term gives rise to the spin
relaxation rate. For our computation of the spin relaxation rate to leading order of the
1/M expansion, it is enough to work with this non-relativistic action, which is simpler than
the original relativistic theory of quarks as discussed in ref. [9]. We will henceforth take
this non-relativistic theory as the starting point in our computation of the spin relaxation
rate in pQCD. Note that the thermal field theory of the gluon field Aµ, as well as other
light species of quarks, is still relativistic.

There have been a few previous works on the spin relaxation rate in finite temperature
pQCD, based on the kinetic-theory framework [9–12, 14–17] (see also ref. [42] for a recent
review of quantum kinetic theory). These works describe the dynamics of the spin of quarks
distributed in phase space as a result of scatterings with other thermal particles. Our
objective in this work is to compute the kinetic coefficient responsible for the relaxation of
spin density, i.e., the heavy-quark rotational viscosity λs, in the macroscopic description of
spin hydrodynamics in the heavy-quark limit M � T . Although it is in principle determined
by the microscopic collision term obtained in the previous works, the result has not been
available in the literature.

We present three different methods in pQCD to compute the spin relaxation rate of
heavy quarks in spin hydrodynamics, Γs = λs/χs, where χs is the spin susceptibility. It
is reassuring that all three methods give the same result, but the reason why they all
should agree is not at all obvious, at least superficially. It is ultimately a consequence of
the underlying Ward-Takahashi identity for spin density, together with the separation of
scales between Γs and other relaxation rates Γ, which allows us a subtle controlled limit of
frequency ω in the perturbative evaluation of spin density correlation function.

The organization of the paper is as follows. In section 2, we give a brief review of the
retarded spin density correlation function predicted by spin hydrodynamics. We discuss the
Ward-Takahashi identity for the non-relativistic heavy-quark spin symmetry, which allows
us to identify the quantum operator responsible for the spin relaxation in the macroscopic
description. Based on this, in section 3, we describe our three different methods of computing
the spin relaxation rate Γs, in the leading-log order of the QCD coupling constant. In
section 4, we present the details of computation in these methods and show that they all lead
to the same result. Section 5 is devoted to our summary and discussions. In appendix A,
we present a derivation of the quantum kinetic equation for heavy quarks based on the
Kadanoff-Baym formalism.

2 Correlation functions in spin hydrodynamics

Our purpose is to consider the dynamics of spin density attached to the non-relativistic
fermion ψ. The crucial point here is that the Lagrangian (1.1) enjoys the approximate

3The thermal fluctuations of the gluon field Aµ are at most of the order T , which can also be seen by a
naive dimensional counting that the energy dimension of Aµ is 1. This gives B fluctuations at most of the
order T 2.
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heavy quark SU(2) symmetry that acts on ψ as ψ → eiθaσaψ. Only the Pauli (third)
term in eq. (1.1) breaks such heavy quark symmetry, and one can show the following
Ward-Takahashi identity as the equation of motion for the spin density operator:

∂0J
0
a +∇ · Ja = Θa (a = 1, 2, 3), (2.1)

where we introduced the spin current Jµa and the source term as4

Jµa =
( 1

2ψ
†σaψ

− i
4M

[
ψ†σa(Dψ)− (Dψ)†σaψ

]) , Θa ≡ −
g

2M εabcψ
†Bbσcψ. (2.2)

Equation (2.1) indicates that spin for the heavy quark is not conserved due to the Pauli
term between the spin and color magnetic field. However, it is crucial to note that the source
term Θa has the factor 1/M , so that it is suppressed in the heavy-quark limit. In other
words, one can regard eq. (2.1) as an approximate conservation law if M is large enough.

For a locally equilibrated system we can average operator equation (2.1) to obtain the
relationship between the hydrodynamic variables for which we shall use the same notations
as for the corresponding operators. The existence of hydrodynamic description implies
that all hydrodynamic quantities can be expressed as local functionals of the conserved
densities such as J0

a as well as Θa using constitutive equations. The form of these equations
is strongly constrained by the second law of thermodynamics, which requires that the time
derivative of the entropy density s is positive up to a total divergence (of the entropy flux):

∂0s = ∂s

∂J0
a
∂0J

0
a = ∂s

∂J0
a

(Θa −∇ · Ja) = −∇ · s+ Θa
∂s

∂J0
a

+ Ja ·∇
∂s

∂J0
a
≥ 0, (2.3)

where we used eq. (2.1), integrated by parts and identified the entropy flux s ≡
(∂s/∂J0

a )Ja. The second law of thermodynamics requires that the last two terms in eq. (2.3)
are non-negative.

This means that the source Θa and the current J ia must be proportional to

T
∂s

∂J0
a
≡ −µa + ba, (2.4)

and its spatial gradients, respectively, where we defined the heavy-quark spin potential µa,
which is a function of spin density J0

a , as well as external potential for the spin ba, which
could be the fluid thermal vorticity, or the external magnetic field times gyromagnetic
ratio, or even the torsion. We note that the external spin potential ba is different from
the dynamical magnetic field Ba. The second law of thermodynamics in eq. (2.3) thus
constrains the constitutive equations to leading order in gradients up to semi-positive-definite
kinetic coefficients:

Ja = −Tσs∇
(
µa − ba
T

)
, (2.5a)

Θa = −λs (µa − ba) , (2.5b)
4The heavy quark spin current in eq. (2.2) is related to the spin operator which could be defined as

Sµab ≡ − i
2 Q̄{γ

µ,Σab}Q, where the relativistic heavy quark field Q, Σab = i[γa, γb]/4 and γa are the Dirac
gamma matrices. For a heavy quark moving slowly in frame ua one can integrate out antiparticles and
obtain the heavy quark spin current Jµa = εabcdS

µbcud.
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where we introduced two Onsager coefficients: the heavy-quark spin conductivity σs and
the heavy-quark rotational viscosity λs. Substituting constitutive equations (2.5) into the
approximate conservation law (2.1), we obtain hydrodynamic equation of motion for spin
density J0

a :
∂0J

0
a −∇ ·

[
Tσs∇

(
µa − ba
T

)]
= −λs (µa − ba) . (2.6)

Equilibrium is achieved at a value of J0
a at which the internal and external spin potentials

are equal, i.e., µa = ba. At this point, the entropy is maximized, according to eq. (2.4) and
does not increase, according to eq. (2.3). Linearizing equation of motion (2.6) in small
deviations around that equilibrium, we find

∂0δJ
0
a −Ds∇2δJ0

a + σs∇2δba = −ΓsδJ0
a + λsδba, (2.7)

where we introduced a spin diffusion coefficient Ds and spin relaxation rate Γs as

Ds ≡
σs
χs

and Γs ≡
λs
χs

(2.8)

using the spin susceptibility χs defined as usual by

∂µa
∂J0

b
= δab χ

−1
s . (2.9)

Equation (2.7) describes linear response of the spin density to perturbations of the
external spin potential, and we can use it to determine the retarded Green’s function for
spin density in terms of the frequency ω and the wave number k of perturbations [43]:

G
J0

aJ
0
b

R (ω,k) ≡
∫

dtd3x ei(ωt−k·x) δJ
0
a (t,x)

δbb(0,0) = i(λs + σsk
2)

ω + i(Γs +Dsk2)δab. (2.10)

We then find that the retarded spin density correlator has a pole at the imaginary value of

ω (k) = −i
(
Γs +Dsk

2
)

+O
(
k4
)
, (2.11)

which does not vanish in k → 0 limit. Therefore, in hydrodynamic limit k → 0 the spin
density shows relaxational behavior with characteristic time τs = Γ−1

s .
If the spin relaxation time τs is much longer than other microscopic time scales, then

the hydrodynamic regime ω � Γ can be split into two subregimes. The strict hydrodynamic
regime, i.e., ω is much smaller than any relaxation scales, including ω � Γs, and the regime
where Γs � ω � Γ. The latter is the so-called Hydro+ regime [40], where a small subset of
non-hydrodynamic modes relaxes on a scale comparable to the hydrodynamic time scale.
Correspondingly, there are two ways to obtain the spin relaxation rate Γs = λs/χs as we
shall explain below.

By taking a strict hydrodynamic limit ω → 0 at k = 0 of the spin density corre-
lator (2.10) and using eq. (2.8), we obtain one way to evaluate the spin relaxation rate
as [28]

lim
ω→0

Im 1
ω
G
J0

aJ
0
b

R (ω,k = 0) = χs
Γs
δab. (2.12)
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Alternatively, we can take the limit ω � Γ, while still maintaining ω � Γs:

lim
Γs�ω�Γ

ImωG
J0

aJ
0
b

R (ω,k = 0) = λsδab. (2.13)

Since the imaginary part of the retarded Green’s function is related to the fluctuation
correlator Grr through the fluctuation-dissipation relation Grr = (2T/ω) ImGR, we can
rewrite both eqs. (2.12) and (2.13) in terms of GJ

0
aJ

0
b

rr . Moreover, since, at k = 0, by eq. (2.1),
Θa = ∂0J

0
a , the correlator of the spin density J0

a can be related to the correlator of the
source Θa by a Ward-Takahashi identity, and we obtain

GΘaΘb
rr (ω,k = 0) = ω2G

J0
aJ

0
b

rr (ω,k = 0) . (2.14)

Using this identity and the fluctuation-dissipation relation we can rewrite eq. (2.13) in
terms of the symmetric correlator of Θa:

1
2T lim

Γs�ω�Γ
GΘaΘb
rr (ω,k = 0) = λsδab, (2.15)

which gives another useful formula to evaluate heavy-quark rotational viscosity λs.

3 Description of the methods

Before we present our detailed computations of the spin relaxation rate in three different
methods in section 4, let us give a brief overview of these methods, which summarizes the
main ideas, as well as the differences between them.

Based on the previous section, let us start with the retarded Green’s function of spin
density in zero wavenumber limit k→ 0:

G
J0

aJ
0
b

R (ω) = iχsΓs
ω + iΓs

δab, (3.1)

where we use the shorthand notation for the zero wave number Green’s function as G(ω) =
G(ω,k = 0). The same correlation function computed in finite temperature pQCD must
agree with (3.1) in both spin and strict hydrodynamic regimes in ω � Γ ∼ g4 log(1/g)T .
The fact that Γs ∼ Γ

(
T
M

)2
� Γ allows us to consider two different regimes of ω, i.e., the

spin hydrodynamic one ω � Γs and the strict hydrodynamic one ω � Γs.

(1) The Green-Kubo formula in spin hydrodynamic regime: in the spin hydro-
dynamic regime, we have an expansion in powers of Γs/ω as

G
J0

aJ
0
b

R (ω) =
(

iχsΓs
ω

+ χsΓ2
s

ω2 + · · ·
)
δab at Γs � ω � Γ. (3.2)

The first term can also be regarded as the result of taking the controlled limit we discussed
in the previous section, i.e., limΓs�ω�ΓG

J0
aJ

0
b

R (ω). We see that the series is organized in
terms of increasing powers of Γs, which is equivalent to increasing powers of the coupling
constant g. Since Γs → 0 in the perturbative limit g → 0, the condition for the expansion

– 6 –
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to work, i.e., ω � Γs, is valid for any fixed non-zero value of ω. This means that the
diagrammatic perturbation series of the correlation function in field theory should be
one-to-one correspondent to the expansion in eq. (3.2), as long as we keep ω fixed and finite.
Especially, matching the first term in eq. (3.2) with the first leading diagrams in naive
perturbation theory in g, we are able to compute Γs in simple perturbative computations.
We emphasize that this is possible only because the spin density is not a conserved quantity,
and we have a finite non-vanishing relaxation rate Γs that is perturbative in g. This
is in sharp contrast to the correlation functions for conserved quantities, for which the
density-density correlation function in k = 0 limit simply vanishes identically for all ω due
to the Ward-Takahashi identity.

In the diagrammatic computation, it turns out to be easier to compute the Wightman
correlation function GJ

0
aJ

0
b

12 (ω), which is related to the retarded correlation function GJ
0
aJ

0
b

R (ω)
by the fluctuation-dissipation relation in ω � T regime,

G
J0

aJ
0
b

12 (ω) = 2T
ω

ImG
J0

aJ
0
b

R (ω), (3.3)

where T/ω comes from the limit of Bose-Einstein distribution nB(ω) in the small frequency
limit ω � T . Therefore, our discussion above implies that the leading diagram for GJ

0
aJ

0
b

12 in
the naive perturbation theory should match to 2TχsΓsδab/ω

2 in Γs � ω � T regime. As
we discussed in the previous section, one can, in fact, use the Ward-Takahashi identity to
relate the correlation functions of spin density J0

a with those of source operator Θa, i.e.,
∂0J

0
a = Θa in k = 0 limit. In frequency space, this implies ω2G

J0
aJ

0
b

12 (ω) = GΘaΘb
12 (ω), which

we have also checked diagrammatically for our leading order diagrams. The former involves
three diagrams, while the latter turns out to be only one diagram in leading order.

We, therefore, use the latter to compute the spin relaxation rate, by matching

GΘaΘb
12 (ω → 0) = 2TχsΓsδab, (3.4)

with the leading order diagram in the naive perturbation theory in g.
Note that this is the Wightman expression of eq. (2.15). As we show in the next section

in detail, we are able to determine Γs in leading-log of coupling constant based on this
formula as

Γs = C2(R)g
2m2

DT

6πM2 log(1/g), (3.5)

where m2
D = g2T 2(2Nc + NF )/6 is the Debye mass squared, and C2(R) is the Casimir

invariant of the color representation R of the heavy quark, which is C2(F ) = (N2
c −1)/(2Nc)

for fundamental representation of SU(Nc).

(2) The spin density correlation function in the strict hydrodynamic regime:
on the other hand, in the strict hydrodynamic regime of ω � Γs, which is the true

hydrodynamic limit of ω → 0, we have an expansion in ω/Γs as

G
J0

aJ
0
b

R (ω) =
(
χs + iχsΓs

ω +O
(
ω2
))

δab at ω � Γs, (3.6)

– 7 –
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and the same Γs can be computed from the leading imaginary part in small frequency limit.
In this limit, the imaginary part of the retarded correlation function becomes sensitive to
infrared singularities arising from the diverging mean-free path of heavy quarks in g → 0
limit, which is called the pinching singularities [44].

The pinching singularity should be regulated by including the imaginary part of
self-energy in the heavy-quark propagators, i.e., the damping rate, which represents the
scatterings with thermal background medium that gives rise to a finite mean-free path. The
proper evaluation of correlation functions in this limit further requires a resummation of
infinite ladder diagrams [44–46], i.e., the vertex corrections, in addition to the damping
rate in the propagators: only after this, the Ward-Takahashi identity (or the conservation
law in the case of exact global symmetry) is fulfilled [47, 48]. One can also understand
the pinching singularity from the Boltzmann equation. In the language of kinetic theory,
the damping rate and the vertex correction correspond to the loss and the gain terms,
respectively, in the collision terms of the Boltzmann equation. The appearance of Γs in
the denominator, which brings in a non-analyticity of the correlation function in coupling
g, is a manifestation of pinching singularities of spin density correlation function that is
regulated by a finite relaxation rate of spin density.

The fact that only Γs, not Γ in general, appears in the spin density correlation function
after resuming an infinite number of ladder diagrams is also an interesting difference from
the case of conserved charges, where the density-density correlation function at k = 0 is
simply zero. The case of conserved charges can be understood by replacing Γs with an
infinitesimal ε that goes to zero. In this limit, the imaginary part linear in ω seems to have
a divergent coefficient 1/ε, but the condition of expansion ω � ε is never justified. The
proper thing to do is to go back to eq. (3.1) with Γs replaced by ε, and the density-density
correlation function vanishes in ε→ 0 limit. The transport coefficients for conserved charges,
e.g., shear viscosity and conductivity, are computed from the current-current correlation
functions instead, which shows the similar non-analytic behavior of 1/Γ ∼ 1/[g4T log(1/g)]
from resummation of infinite ladder diagrams. The Ward-Takahashi identity for spin density
should be responsible for how the spin density correlation function has a similar but different
non-analytic behavior of 1/Γs after resummation, which depends only on the spin-violating
interactions that are suppressed by powers of T/M .

Another way to look at the difference between ω � Γs and ω � Γs in the diagrammatic
evaluation of correlation functions is the following. In the expansion in eq. (3.2), which is
organized by the naive perturbation theory in g, each term in the series becomes of the same
order when ω ∼ Γs, and one needs to include all terms to properly evaluate the correlation
function in ω � Γs limit. Diagrammatically, this necessitates a summation over an infinite
number of diagrams. The relevant subset of diagrams in leading order is captured by the
diagrams with pinching singularities in the reorganized perturbation theory with damping
rate included in the propagators.

(3) The quantum kinetic theory for spin: our final method of computing the spin
relaxation rate of heavy quarks is the quantum kinetic theory of spin density matrix,
developed in ref. [9]. The time evolution of a spin distribution function in momentum space,

– 8 –
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S(p, t), is described by the quantum Boltzmann equation with collision terms,

∂S(p, t)
∂t

= Γ̂S [S(p, t)] (3.7)

where Γ̂S is the quantum collision operator acting on the spin distribution function (not to
be confused with Γs). The leading-log expression for Γ̂S is available for a massive quark
with its mass satisfying the condition M � gT , and we can take M � T limit for our
purpose. The result is organized in powers of T/M ,

Γ̂S = Γ̂(0)
S + Γ̂(1)

S + · · · , (3.8)

and the leading term reproduces the momentum diffusion equation with the heavy-quark
drag force known in literature [49].

The leading term conserves the total spin density, i.e.,
∫
p Γ̂(0)

S [S(p)] = 0 with
∫
p ≡∫

d3p/(2π)3 for any S(p), and the spin relaxation in leading order is given by the next term
Γ̂(1)
S . The eigenmodes of Γ̂(0)

S have eigenvalues of order ∼ g4 log(1/g)T (T/M), which are non-
hydrodynamic modes of the microscopic theory, except the zero mode, S(0)(p) = S0e−βEp
with Ep = p2/(2M) for any constant vector S0, that has zero eigenvalue of Γ̂(0)

S . The
zero mode represents the equilibrium distribution of spin polarization in momentum space
in leading order, which takes a simple Boltzmann distribution. In other words, the zero
mode coefficients S0 corresponds to the spin density in the spin hydrodynamics. How
the zero mode relaxes by the spin violating term, Γ̂(1)

S , gives us the spin relaxation rate
in hydrodynamics, Γs. Writing S(p, t) = S0(t)e−βEp , and inserting this leading order
expression to the quantum kinetic equation (3.8), we obtain, to the leading order in 1/M ,

∂S0(t)
∂t

= −ΓsS0(t) with Γs = −
∫
p Γ̂(1)

S

[
e−βEp

]
∫
p e−βEp

. (3.9)

We used the fact that Γ̂(1)
S [S0e−βEp ] = S0Γ̂(1)

S [e−βEp ] with a scalar operator Γ̂(1)
S , due to

rotational invariance of the collision term. We emphasize that the sub-leading corrections
in 1/M to the expression, S(p, t) = S0(t)e−βEp , exists in general, but are removed upon
integration over p, due to the fact that

∫
p Γ̂(0)

S [S(p)] = 0 for any S(p). This is the procedure
that identifies Γs correctly to leading order in 1/M in quantum kinetic theory.

4 Evaluation of the spin relaxation rate in perturbative QCD

In this section, we present our detailed evaluations of the spin relaxation rate in three
different ways, all of which lead to the same result given in (3.5). We first compute Γs via
the Green-Kubo formula of the source correlation and the spin density correlation functions
in two different regimes, ω � Γs and ω � Γs, in sections 4.1 and 4.2, respectively. In
section 4.3, we evaluate the spin relaxation rate in yet another way, based on the quantum
kinetic theory of the spin distribution function in momentum space.
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4.1 Method 1: Green-Kubo formula in ω � Γs regime

As we described in the previous section, the spin relaxation rate can be computed by the
source-source correlation function, GΘaΘb

12 (ω → 0), evaluated in the naive perturbation the-
ory, and matching that with 2TχsΓsδab, where χs is the spin susceptibility [recall eq. (3.4)].

Let us first summarize the basic ingredients for diagrammatic computation. The
real-time propagators for the non-relativistic heavy quarks and the relativistic gluons are

S12(k) =

A Derivation of quantum kinetic equation from Kadanoff-Baym formal-
ism

In this appendix, we derive the quantum kinetic equation (4.50)-(4.52) for heavy quarks
based on the real-time Kadanoff-Baym formalism [59–61].

Our starting point is the Schwinger-Dyson equation for heavy-quark Green’s function
in the real-time formalism, diagrammatically given by

21
p

= 21
p

+

2X

a,b=1

21
pp

�i⌃ab

= 21
p

+
2X

a,b=1

21
pp

�i⌃ab

(A.1)

where ⌃ab (a, b = 1, 2) denotes the heavy-quark self-energy in the 12 basis. Note that ra

basis are related to 12 basis as

Sra =
1

2
(S11 � S12 + S21 � S22) ,

Sar =
1

2
(S11 + S12 � S21 � S22) .

(A.2)

After a little cumbersome computation, we can rewrite the Schwinger-Dyson equation de-
picted in eq. (A.1) as follows:

S12 = S
(0)
12 � iS(0)

ra ⌃raS12 � iS(0)
ra ⌃12Sar � iS

(0)
12 ⌃arSar

= S
(0)
12 � iSra⌃raS

(0)
12 � iSra⌃12S

(0)
ar � iS12⌃arS

(0)
ar .

(A.3)

Acting the free inverse propagator (S(0))�1 satisfying (S(0))�1S
(0)
ra = i = S

(0)
ar (S(0))�1 and

(S(0))�1S
(0)
12 = 0 = S

(0)
12 (S

(0))�1 to this equation, we obtain the left and right Schwinger-
Dyson equations

(S(0))�1S12 = ⌃raS12 + ⌃12Sar, (A.4a)

S12(S
(0))�1 = Sra⌃12 + S12⌃ar. (A.4b)

We then take the difference of these two equations. Assuming the two-point function
S12 has a weak dependence on the center-of-mass coordinate, we can rely on the derivative
expansion. Moreover, recalling the explicit form of the free propagator (S(0))�1 = i@t +
1

2Mr2, we find that the difference of the Schwinger-Dyson equations becomes
✓
@t +

1

M
k ·rx

◆
S12(x, k) =� i

⇥
⌃ra(x, k) ? S12(x, k) + ⌃12(x, k) ? Sar(x, k)

�Sra(x, k) ? ⌃12(x, k)� S12(x, k) ? ⌃ar(x, k)
⇤ (A.5)

where we introduce the Wigner transform of two-point functions and the Moyal product as
[XGH: I change the integral variable from x to r.]

G(x, k) =

Z
d4r

(2⇡)4
e�ik0r0+ik·rG

✓
x+

1

2
r, x� 1

2
r

◆
, (A.6)
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= −nF
(
k0
)

2πδ
(
k0 − Ek

)
,

S21(k) =

different regimes, ! � �s and ! ⌧ �s, in sections 4.1 and 4.2, respectively. In section 4.3,
we evaluate the spin relaxation rate in yet another way, based on the quantum kinetic
theory of spin distribution function in momentum space.

4.1 Method 1: the Green-Kubo formula in ! � �s

As we describe in the previous section, the spin relaxation rate can be computed by the
source-source correlation function, GSaSb

12 (! ! 0), evaluated in the naive perturbation
theory, and matching that with 2T�s�s�

ab, where �s is the spin susceptibility. We first
summarize the basic ingredients for diagrammatic computation. The real-time propagators
for the non-relativistic heavy-quarks and the relativistic gluons are

S12(k) = 21
k

= �nF (k
0)2⇡�(k0 � Ek),

S21(k) = 12
k

=
⇥
1� nF (k

0)
⇤
2⇡�(k0 � Ek),

Dµ⌫
12 (k) = 21

k

= nB(k
0)⇢µ⌫(k),

Dµ⌫
21 (k) = 12

k

=
⇥
1 + nB(k

0)
⇤
⇢µ⌫(k),

(4.1)

where Ek = k2/2M is the non-relativistic kinetic energy of heavy-quark, ⇢µ⌫(k) is the
gluon spectral density, and the Fermi-Dirac and Bose-Einstein distribution functions are
nF (k

0) = 1/(e�k
0
e�M + 1) and nB(k

0) = 1/(e�k
0 � 1), respectively. For simplicity, we use

the notation kµ = (k0,k) (thus, k0 corresponds to ! in previous sections), and omit the
trivial color structures. Note that the appearance of fugacity e��M in nF is due to the fact
that the non-relativistic energy is measured from the rest mass energy M .2

First of all, we note that the source operator Sa = � g
2M ✏abc †Bb�c already contains

the small parameter g/M , and it also carries the gluon field. The leading diagram in the
naive perturbation theory is the 2-loop sun-set diagram (see figure below). Since the gluon
field in Sa carries a non-zero frequency-momentum in general (of order gT as we will see),
the two propagators of heavy-quark do not carry a same frequency-momentum, and there
is no infra-red singularity of pinching poles in the computation. Therefore, we can safely
use the free propagator for heavy-quarks in our leading order evaluation.

Moreover, due to the on-shell conditions imposed on the heavy-quark momenta as can
be seen in eq. (4.1), the gluon momentum is constrained to be space-like. The free gluon
spectral density has support only on light-like momenta. The leading correction to the
gluon spectral density ⇢µ⌫(k) for space-like momenta comes from the Hard Thermal Loop
(HTL) self-energy, which is well-known in literature [? ]. Our computation is based on
these ingredients.

The simple scattering picture is also possible by cutting the sun-set diagram in half.
As shown in Fig. ??, the diagram simply represents the t-channel scatterings of on-shell
heavy-quarks with hard thermal particles of momenta T in the background plasma. It turns

2We assume that the (relativistic) heavy-quark chemical potential is zero, which leads to a dilute limit
nF ⇠ e��M ⌧ 1 when T ⌧ M .
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⇥
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the small parameter g/M , and it also carries the gluon field. The leading diagram in the
naive perturbation theory is the 2-loop sun-set diagram (see figure below). Since the gluon
field in Sa carries a non-zero frequency-momentum in general (of order gT as we will see),
the two propagators of heavy-quark do not carry a same frequency-momentum, and there
is no infra-red singularity of pinching poles in the computation. Therefore, we can safely
use the free propagator for heavy-quarks in our leading order evaluation.

Moreover, due to the on-shell conditions imposed on the heavy-quark momenta as can
be seen in eq. (4.1), the gluon momentum is constrained to be space-like. The free gluon
spectral density has support only on light-like momenta. The leading correction to the
gluon spectral density ⇢µ⌫(k) for space-like momenta comes from the Hard Thermal Loop
(HTL) self-energy, which is well-known in literature [? ]. Our computation is based on
these ingredients.

The simple scattering picture is also possible by cutting the sun-set diagram in half.
As shown in Fig. ??, the diagram simply represents the t-channel scatterings of on-shell
heavy-quarks with hard thermal particles of momenta T in the background plasma. It turns

2We assume that the (relativistic) heavy-quark chemical potential is zero, which leads to a dilute limit
nF ⇠ e��M ⌧ 1 when T ⌧ M .
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= nB
(
k0
)
ρµν(k),

Dµν
21 (k) =

different regimes, ! � �s and ! ⌧ �s, in sections 4.1 and 4.2, respectively. In section 4.3,
we evaluate the spin relaxation rate in yet another way, based on the quantum kinetic
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As we describe in the previous section, the spin relaxation rate can be computed by the
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12 (! ! 0), evaluated in the naive perturbation
theory, and matching that with 2T�s�s�

ab, where �s is the spin susceptibility. We first
summarize the basic ingredients for diagrammatic computation. The real-time propagators
for the non-relativistic heavy-quarks and the relativistic gluons are

S12(k) = 21
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= �nF (k
0)2⇡�(k0 � Ek),

S21(k) = 12
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=
⇥
1� nF (k

0)
⇤
2⇡�(k0 � Ek),

Dµ⌫
12 (k) = 21

k

= nB(k
0)⇢µ⌫(k),

Dµ⌫
21 (k) = 12

k

=
⇥
1 + nB(k

0)
⇤
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where Ek = k2/2M is the non-relativistic kinetic energy of heavy-quark, ⇢µ⌫(k) is the
gluon spectral density, and the Fermi-Dirac and Bose-Einstein distribution functions are
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trivial color structures. Note that the appearance of fugacity e��M in nF is due to the fact
that the non-relativistic energy is measured from the rest mass energy M .2

First of all, we note that the source operator Sa = � g
2M ✏abc †Bb�c already contains

the small parameter g/M , and it also carries the gluon field. The leading diagram in the
naive perturbation theory is the 2-loop sun-set diagram (see figure below). Since the gluon
field in Sa carries a non-zero frequency-momentum in general (of order gT as we will see),
the two propagators of heavy-quark do not carry a same frequency-momentum, and there
is no infra-red singularity of pinching poles in the computation. Therefore, we can safely
use the free propagator for heavy-quarks in our leading order evaluation.

Moreover, due to the on-shell conditions imposed on the heavy-quark momenta as can
be seen in eq. (4.1), the gluon momentum is constrained to be space-like. The free gluon
spectral density has support only on light-like momenta. The leading correction to the
gluon spectral density ⇢µ⌫(k) for space-like momenta comes from the Hard Thermal Loop
(HTL) self-energy, which is well-known in literature [? ]. Our computation is based on
these ingredients.

The simple scattering picture is also possible by cutting the sun-set diagram in half.
As shown in Fig. ??, the diagram simply represents the t-channel scatterings of on-shell
heavy-quarks with hard thermal particles of momenta T in the background plasma. It turns

2We assume that the (relativistic) heavy-quark chemical potential is zero, which leads to a dilute limit
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=
[
1 + nB

(
k0
)]
ρµν(k),

(4.1)

where Ek = k2/2M is the non-relativistic kinetic energy of heavy quark, ρµν(k) is the
gluon spectral density, and the Fermi-Dirac and Bose-Einstein distribution functions are
nF (k0) = 1/(eβk0eβM + 1) and nB(k0) = 1/(eβk0 − 1), respectively. For simplicity, we use
the notation kµ = (k0,k) (thus, k0 corresponds to the frequency ω in previous sections),
and omit the trivial color structures. Note that the appearance of fugacity e−βM in nF is
due to the fact that the non-relativistic energy is measured from the rest mass energy M .5

First of all, we note that the source operator Θa = −(g/2M)εabcψ
†Bbσcψ already

contains the small parameter g/M , and it also carries the gluon field. The leading diagram
in the naive perturbation theory is the 2-loop sunset diagram [see figure in eq. (4.6) below].
Since the gluon field in Θa carries a non-zero frequency-momentum in general (of order gT as
we will see), the two propagators of heavy quarks do not carry the same frequency-momentum,
and there is no infrared singularity of pinching poles in the computation. Therefore, we can
safely use the free propagator for heavy quarks in our leading order evaluation.

Moreover, due to the on-shell conditions imposed on the heavy-quark momenta, as can
be seen in eqs. (4.1), the gluon momentum is constrained to be spacelike. The free gluon
spectral density has support only on light-like momenta. The leading correction to the
gluon spectral density ρµν(k) for spacelike momenta comes from the Hard Thermal Loop
(HTL) self-energy, which is well-known in literature [37–39]. Our computation is based on
these ingredients.

The simple scattering picture is also possible by cutting the sun-set diagram in half.
The resulting diagram simply represents the t-channel scattering of an on-shell heavy quark
with hard thermal particles of momenta T in the background plasma. It turns out that
the leading-log comes from the soft t-channel scatterings, with exchanged gluons carrying

5We assume that the (relativistic) heavy-quark chemical potential is zero, which leads to a dilute limit
nF ∼ e−βM � 1 when T �M .
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momenta in the range mD � |k| � T . This is similar to other leading-log results for
transport coefficients [50, 51].

For convenience, we here summarize the HTL results [37] (see, e.g., refs. [38, 39] for
reviews on the HTL). The HTL spectral density for gluons takes the following form,

ρµν =
[
δµ0δν0ρL(k) + PµνT (k)ρT (k)

]
with PµνT (k) ≡ δµ0δν0 + ηµν − k

µkν

k2 . (4.2)

where the longitudinal and transverse spectral functions are

ρL(k) = −2 Im
[ 1
k2 −ΠL(k)

]
and ρT (k) = 2 Im

[ 1
k2 − (k0)2 −ΠT (k)

]
, (4.3)

with the corresponding HTL self energies given by

ΠL(k) = −m2
D

[
1 + k0

2|k| log k
0 − |k|+ iε
k0 + |k|+ iε

]
,

ΠT (k) = −m
2
D

2

[
(k0)2

|k|2
+
(

(k0)2

|k|2
− 1

)
k0

2|k| log k
0 − |k|+ iε
k0 + |k|+ iε

]
.

(4.4)

Here, mD ∼ gT denotes the Debye mass (more precisely, m2
D = (1/3)g2T 2(Nc + NF /2)

with NF light flavors). In the region gT � |k| � T , and also for the on-shell constraint
k0 = v · k � |k| where v is the heavy-quark velocity of order

√
T/M � 1, the spectral

functions can be further simplified as [38]

ρL(k) ' πm2
Dk

0

|k|5
, ρT (k) ' πm2

Dk
0

2|k|5 , (4.5)

which we will use in the following calculation.
Based on these ingredients, we now evaluate the spin relaxation rate by our method.

Working out the Feynman rule for the source operator involving color magnetic field, we
arrive at the following expression for the spin-traced source-source correlation function,

χsΓs = 1
6T δ

abGΘaΘb
12 (k0 → 0) = g2

12M2T
δab lim

k0→0
Tr



reviews on the HTL). The HTL spectral density for gluons takes the following form,

⇢µ⌫ =
⇥
�µ0�⌫0⇢L(k) + Pµ⌫

T (k)⇢T (k)
⇤

with Pµ⌫
T (k) ⌘ �µ0�⌫0 + ⌘µ⌫ � kµk⌫

k2
. (4.2)

where the longitudinal and transverse spectral functions are

⇢L(k) = �2 Im


1

k2 �⇧L(k)

�
and ⇢T (k) = 2 Im


1

k2 � (k0)2 �⇧T (k)

�
, (4.3)

with the corresponding HTL self energies given by

⇧L(k) = �m2
D


1 +

k0

2|k| log
k0 � |k|+ i✏

k0 + |k|+ i✏

�
,

⇧T (k) = �m2
D

2


(k0)2

|k|2 +

✓
(k0)2

|k|2 � 1

◆
k0

2|k| log
k0 � |k|+ i✏

k0 + |k|+ i✏

�
.

(4.4)

Here, mD ⇠ gT denotes the Debye mass (more precisely, m2
D = (1/3)g2T 2(Nc + NF /2)

with NF light flavors). In the region gT ⌧ |k| ⌧ T , and also for the on-shell constraint
k0 = v · k ⌧ |k| where v is the heavy-quark velocity of order

p
T/M ⌧ 1, the spectral

functions can be further simplified as [19]

⇢L(k) '
⇡m2

Dk
0

|k|5 , ⇢L ' ⇡m2
Dk

0

|k|(|k|2 +m2
D)

2
⇢T (k) '

⇡m2
Dk

0

2|k|5 , (4.5)

which we will use in the following calculation.
Based on these ingredients, we now evaluate the spin relaxation rate by our method.

Working out the Feynman rule for the source operator involving color magnetic field,
we arrive at the following expression for the spin-traced source-source correlation func-
tion,[XGH: It is confusing to use k and k0, perhaps to replace k by l in consistence with
next subsection.]

�s�s =
1

6T
�abG⇥a⇥b

12 (k0 ! 0) =
g2

12M2T
�ab lim

k0!0
Tr

2
6666664

2

�i✏bklq
k�l

1

i✏aijq
i�j

k0

p

p+ q

q

k0

3
7777775

=
(N2

c � 1)g2

6M2T

Z
d4l

(2⇡)4
d4q

(2⇡)4
S12(q)S21(l + q)|l|2nB(l

0)⇢T (l)

| {z }
F (k0!0)

.

(4.6)

Using the free propagator for heavy quarks and the HTL spectral density for the gluons,

– 11 –


=
(
N2
c − 1

)
g2

6M2T

∫ d4p

(2π)4
d4q

(2π)4S12(p)S21(p+ q)|q|2nB
(
q0
)
ρT (q)︸ ︷︷ ︸

F (k0→0)

. (4.6)
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Using the free propagator for heavy quarks and the HTL spectral density for the gluons,
we can perform the integral as

F
(
k0 → 0

)
=
∫ d4p

(2π)4
d4q

(2π)4

[
1− nF

(
p0 + q0

)]
2πδ

(
p0 + q0 − Ep+q

)
× nF

(
p0
)

2πδ
(
p0 − Ep

)
|q|2nB

(
q0
) πm2

Dq
0

2|q|5

=
∫ d3p

(2π)3nF (Ep)
∫

dq0 2π
(2π)3

∫ T

gT
d|q||q|2

∫ 1

−1
dz
[
1− nF

(
q0 + Ep

)]
× δ

(
q0 − q2

2M −
|p||q|
M

z

)
nB
(
q0
) πm2

Dq
0

2|q|3 ,

(4.7)

where we restricted the |q|-integral in the soft regime discussed above. Note that the
q0-integral is non-vanishing only in the restricted window,

ω− (p, q) ≤ q0 ≤ ω+ (p, q) with ω±(p, q) ≡ q2

2M ±
|p||q|
M

. (4.8)

Recalling that the fermion mass M is much larger than any other scales in our problem, we
find that the leading-order contribution comes from the q0 → 0 part of the integrand. Then,
using nB(q0) ' 1/(βq0) and the dilute heavy-quark limit 1− nF (Ep) ' 1, and performing
both z and q0 integrals to obtain

F (k0 → 0) ' 1
4π2

∫ d3p

(2π)3nF (Ep)
∫ T

gT
d|q||q|2 M

|p||q|
[
ω+(p, q)− ω−(p, q)

] 1
β

πm2
D

2|q|3

= Tm2
D

4π

∫ d3p

(2π)3nF (Ep)
∫ T

gT
d|q| 1
|q|

= Tm2
D

4π n(T ) log(1/g), (4.9)

where we introduced the heavy-quark number density as n(T ) ≡
∫ d3p

(2π)3nF (Ep). Substi-

tuting this result into eq. (4.6), we obtain the leading-log result as

χsΓs ' n(T )
(
N2
c − 1

)
g2m2

D

24πM2 log(1/g). (4.10)

The heavy-quark spin susceptibility χs can be computed by introducing the heavy-quark
spin potential µa that couples to the spin in the Hamiltonian as −µ · S(= −µaSa) with a
spin of heavy quarks S. This induces the modification of distribution functions according
to spin direction as nF (Eq −µ · S) ≈ nF (Eq)− n′F (Eq)(µ · S). Then, the induced net spin
density along the direction of µ to linear order is

−Nc

∫ d3p

(2π)3

∑
S=±1/2

Sn′F (Ep)Sµ = −Nc

2

∫ d3p

(2π)3n
′
F (Ep)µ ≡ χsµ, (4.11)
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where Nc is the dimension of the fundamental representation of the color gauge group
SU(Nc). As a result, we obtain the spin susceptibility χs as

χs = −Nc

2

∫ d3p

(2π)3n
′
F (Ep) ≈

Nc

2 β

∫ d3p

(2π)3nF (Ep) = Nc

2T n(T ), (4.12)

where we used n′F (E) ≈ −βnF (E) in dilute approximation.
With this, we finally find the leading-log result of the spin relaxation rate Γs as

Γs = C2(F )g
2m2

DT

6πM2 log(1/g), (4.13)

where we introduced the Casimir operator for the heavy-quark fundamental representation
F as C2(F ) = (N2

c − 1)/(2Nc). By working out color factors with a general representation,
it can be shown that the result for a general representation R is given by replacing C2(F )
with C2(R), leading to the result presented in eq. (3.5).

4.2 Method 2: spin density correlation function in ω � Γs regime

As explained in section 3, a diagrammatic evaluation of the spin density correlation function
in the strict hydrodynamic regime ω � Γs requires a summation of an infinite number
of ladder diagrams that are enhanced by infrared pinching singularities. The summation
is achieved by solving a Bethe-Salpeter (or Schwinger-Dyson) equation for the vertex
corrections given by rungs in the ladder diagrams. In each diagram, the propagators should
also include the leading imaginary part of the self-energy, which, via the optical theorem, is
proportional to the total cross section of the heavy quark interacting with the background
plasma, i.e., the relaxation rate. Thus, the computation proceeds in the same way as the
procedure for the perturbative evaluation of transport coefficients [44–48], except for the
additional heavy-quark expansion. In the following, we divide our computation into three
parts: we first derive the resummed formula for the spin density correlation, next find the
Bethe-Salpeter equation for the effective vertex, and finally solve it in the heavy-quark limit.

1) Resummed formula for spin density correlation: we choose to work in the real-
time formalism in Schwinger-Keldysh contours [52, 53], especially in r/a basis defined by
Or = 1

2(O1 + O2) and Oa = O1 − O2, in terms of the doubled fields O1 and O2 living on
forward and backward contours in time, 1 and 2, respectively. The retarded two point
correlation function is related to ra correlation function by GR = iGra.6 We would like
to compute ra correlation function of spin density, GJ

0
aJ

0
b

ra ≡ 〈J0
a,rJ

0
b,a〉, in the strict

hydrodynamic regime of ω → 0, which is expected to behave as follows [recall eq. (3.6)]:

G
J0

aJ
0
b

ra (ω) ≈
(
−iχs + χs

Γs
ω + · · ·

)
δab. (4.14)

The pinching singularities affect only the real part of this ra correlation function, that is,
the imaginary part of GJ

0
aJ

0
b

R , which contains the spin relaxation rate Γs. We also note that
6Our definition of the retarded correlation function differs from the conventional definition in literature

by a sign.
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the imaginary part of GJ
0
aJ

0
b

R corresponds to the spectral function of the spin density thanks
to the fluctuation-dissipation relation.

Due to the presence of the pinching singularities, we now need to use the following
resummed heavy-quark propagators in ra basis in frequency-momentum space:

Sra(k) =

We will use the following heavy-quark propagators in ra basis in frequency-momentum
space:

Sra(k) = ar
k

=
i

k0 � Ek + i⇣k/2
,

Sar(k) = ra
k

=
i

k0 � Ek � i⇣k/2
,

Srr(k) = rr
k

=

✓
1

2
� nF (k

0)

◆
[Sra(k)� Sar(k)] .

(4.15)

where ⇣k ⇠ g2 log(1/g) denotes the leading relaxation rate for heavy-quark of momentum
k, and Ek = k2

2M is the non-relativistic energy. Note that the propagators are in fact
2 ⇥ 2 matrices in spin space, and since they are proportional to the identity matrix in
non-relativistic limit, we omit it for simplicity. Once again, the Fermi-Dirac distribution at
zero chemical potential in non-relativistic limit is nF (k

0) = 1

e�k0e�M+1
⇡ e��Me��k0 ⌧ 1.

Recalling J0a = 1
2 

†�a , it is straightforward to draw and express real-time Feynman
diagrams in the ra basis. The summation over all ladder diagrams is achieved by solving
the Bethe-Salpeter equation for the effective vertex function for J0a, which we denote as
1
2⌃

a(q; k), where k is the overall momentum carried by J0a, and q is the momentum of the
out-going propagator from the vertex (see the figure below). Once the effective vertex is
found by the Bethe-Salpeter equation, the correlation function Gab

ra is given by the following
two real-time diagrams as

Gab
ra(k) = hJ0a

r (k)J0b
a (�k)i

=
a

r

r

r

1
2�

b
k

q + k

q

k
1
2⌃

a +
r

a

r

r

1
2�

b
k

q + k

q

k
1
2⌃

a

= (�1)
dR
4

Z
d4q

(2⇡)4
tr
h
⌃a(q; k)Srr(q + k)�bSar(q) + ⌃a(q; k)Sra(q + k)�bSrr(q)

i
.

(4.16)

where dR is the dimension of the color representation of the heavy-quark (Nc for fundamen-
tal representation). We recall that the pinching pole enhanced contributions arise from the
combination of Sra and Sar in the parallel rail of the diagram. Therefore, we select only a
part of Srr written as a linear superposition of Sra and Sar in eq. (4.15), that produces a
pinching pole singularity,

Gab
ra(k) '

dR
4

Z
d4q

(2⇡)4
⇥
nF (q

0 + k0)� nF (q
0)
⇤
Sra(q + k)Sar(q) tr

⇥
⌃a(q; k)�b

⇤

' k0
dR
4

Z
d4q

(2⇡)4
n0
F (q

0)
i

q0 � Eq + i⇣q/2

i

q0 � Eq � i⇣q/2
tr
⇥
⌃a(q; k = 0)�b

⇤

' �k0
dR
4

Z
d3q

(2⇡)3
n0
F (Eq)

⇣q
tr
⇥
⌃a(q)�b

⇤
, (4.17)
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where ⇣k ⇠ g2 log(1/g) denotes the leading relaxation rate for heavy-quark of momentum
k, and Ek = k2

2M is the non-relativistic energy. Note that the propagators are in fact
2 ⇥ 2 matrices in spin space, and since they are proportional to the identity matrix in
non-relativistic limit, we omit it for simplicity. Once again, the Fermi-Dirac distribution at
zero chemical potential in non-relativistic limit is nF (k

0) = 1

e�k0e�M+1
⇡ e��Me��k0 ⌧ 1.

Recalling J0a = 1
2 

†�a , it is straightforward to draw and express real-time Feynman
diagrams in the ra basis. The summation over all ladder diagrams is achieved by solving
the Bethe-Salpeter equation for the effective vertex function for J0a, which we denote as
1
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a(q; k), where k is the overall momentum carried by J0a, and q is the momentum of the
out-going propagator from the vertex (see the figure below). Once the effective vertex is
found by the Bethe-Salpeter equation, the correlation function Gab

ra is given by the following
two real-time diagrams as
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r
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r
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i
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where dR is the dimension of the color representation of the heavy-quark (Nc for fundamen-
tal representation). We recall that the pinching pole enhanced contributions arise from the
combination of Sra and Sar in the parallel rail of the diagram. Therefore, we select only a
part of Srr written as a linear superposition of Sra and Sar in eq. (4.15), that produces a
pinching pole singularity,
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⇤
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⇤
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where ⇣k ⇠ g2 log(1/g) denotes the leading relaxation rate for heavy-quark of momentum
k, and Ek = k2

2M is the non-relativistic energy. Note that the propagators are in fact
2 ⇥ 2 matrices in spin space, and since they are proportional to the identity matrix in
non-relativistic limit, we omit it for simplicity. Once again, the Fermi-Dirac distribution at
zero chemical potential in non-relativistic limit is nF (k
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where dR is the dimension of the color representation of the heavy-quark (Nc for fundamen-
tal representation). We recall that the pinching pole enhanced contributions arise from the
combination of Sra and Sar in the parallel rail of the diagram. Therefore, we select only a
part of Srr written as a linear superposition of Sra and Sar in eq. (4.15), that produces a
pinching pole singularity,
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=
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2 − nF
(
k0
))

[Sra(k)− Sar(k)] ,

(4.15)

where ζk ∼ g2 log(1/g) denotes the leading relaxation rate for heavy quark of momentum
k, and Ek = k2/(2M) is the non-relativistic energy. Note that the propagators are in
fact 2 × 2 matrices in spin space, and they are proportional to the identity matrix in
non-relativistic limit, which we omit for simplicity. Once again, the Fermi-Dirac distribution
at zero chemical potential in non-relativistic limit is nF (k0) = 1

eβk0eβM+1
≈ e−βMe−βk0 � 1.

Recalling J0
a = 1

2ψ
†σaψ, it is straightforward to draw and express real-time Feynman

diagrams in the ra basis [46]. The summation over all ladder diagrams is achieved by
solving the Bethe-Salpeter equation for the effective vertex function for J0

a , which we denote
as 1

2Σa(p; k), where k is the overall momentum carried by J0
a , and p is the momentum of

the out-going propagator from the vertex (see the figure below). Once the effective vertex
is found by solving the Bethe-Salpeter equation, the correlation function GJ

0
aJ

0
b

ra is given by
the following two real-time diagrams

G
J0

aJ
0
b

ra (k) = 〈J0
a,r(k)J0

b,a(−k)〉

=

where ⇣k ⇠ g2 log(1/g) denotes the leading relaxation rate for heavy-quark of momentum
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where dR is the dimension of the color representation of the heavy-quark (Nc for fundamen-
tal representation). We recall that the pinching pole enhanced contributions arise from the
combination of Sra and Sar in the parallel rail of the diagram. Therefore, we select only a
part of Srr written as a linear superposition of Sra and Sar in eq. (4.15), that produces a
pinching singularity,
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where we take the small k0 ! 0 expansion together with k ! 0, and define n0
F (q

0) ⌘
dnF (q

0)/dq0. To proceed the last line, we use the pinching pole approximation valid at
leading order,

1

q0 � Eq + i⇣q/2

1

q0 � Eq � i⇣q/2
�! 2⇡

⇣q
�(q0 � Eq), (4.18)

and also define the on-shell vertex function ⌃a(q) ⌘ ⌃a(q0 = Eq, q;k = 0).
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where we take the small k0 ! 0 expansion together with k ! 0, and define n0
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and also define the on-shell vertex function ⌃a(q) ⌘ ⌃a(q0 = Eq, q;k = 0).
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= (−1)dR4

∫ d4p

(2π)4 tr
[
Σa(p;k)Srr(p+k)σbSar(p)+Σa(p;k)Sra(p+k)σbSrr(p)

]
,

(4.16)

where dR is the dimension of the color representation of the heavy quark (Nc for fundamental
representation). We recall that the pinching pole enhanced contributions arise from the
combination of Sra and Sar in the parallel rail of the diagram. Therefore, we select only a
part of Srr written as a linear superposition of Sra and Sar in eq. (4.15), that produces a
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pinching singularity,

G
J0

aJ
0
b

ra (k) ' dR
4

∫ d4p

(2π)4

[
nF
(
p0 + k0

)
− nF

(
p0
)]
Sra (p+ k)Sar (p) tr

[
Σa (p; k)σb

]

' k0dR
4

∫ d4p

(2π)4n
′
F

(
p0
) i
p0 − Ep + iζp/2

i
p0 − Ep − iζq/2

tr
[
Σa (p; k = 0)σb

]

' −k0dR
4

∫ d3p

(2π)3n
′
F (Ep) tr

[
Σa (p)
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where we take the small k0 → 0 expansion together with k → 0, and define n′F (p0) ≡
dnF (p0)/dp0. To proceed the last line, we use the pinching pole approximation valid at
leading order,

1
p0 − Ep + iζp/2

1
p0 − Ep − iζp/2

−→ 2π
ζp
δ
(
p0 − Ep

)
, (4.18)

and also define the on-shell vertex function Σa(p) ≡ Σa(p0 = Ep,p;k = 0).
The rotational invariance dictates that the on-shell vertex function divided by the

heavy-quark relaxation rate should take the form

φa(p) ≡ Σa(p)
ζp

= σaf1(|p|)+pa(p ·σ)f2(|p|)+paf3(|p|)12×2 +εabcpbσcf4(|p|), (4.19)

in terms of four possible scalar functions fi(|p|) (i = 1, 2, 3, 4) that depend on |p| only.
Upon momentum integration in eq. (4.17), the last two terms do not contribute to GJ

0
aJ

0
b

ra

due to angular integration, but there is another reason to expect that f3,4 in fact vanish.
Under parity transformation, the spin vertex Σa remains the same, while the momentum p

flips its sign. Therefore, f3 and f4 should be absent in a parity-even plasma without, e.g.,
axial chemical potential.

Inserting the above expression of Σa(p)/ζp in eq. (4.17), and replacing papb with 1
3p

2δab

after angular integration, we arrive at the expression

G
J0

aJ
0
b

ra (ω) = −ωdR2

[∫ d3p

(2π)3n
′
F (Ep)F (|p|)

]
δab, (4.20)

where F (|p|) ≡ f1(|p|) + p2

3 f2(|p|). Our remaining task is to find the function F (|p|) by
solving the Bethe-Salpeter equation for the summation of the ladder diagrams.

2) Deriving the Bethe-Salpeter equation: the Bethe-Salpeter equation for Σa(p)
is an integral equation, Σa(p) = σa + ∆Σa(p), with the source σa and the integral kernel
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∆Σa(p). The equation is drawn diagrammatically as

The rotational invariance dictates that the on-shell vertex function divided by the
heavy-quark relaxation rate should take the form

�a(p) ⌘ ⌃a(p)

⇣p
= �af1(|p|) + pa(p · �)f2(|p|) + paf3(|p|)12⇥2 + ✏abcpb�cf4(|p|), (4.19)

in terms of four possible scalar functions fi(|p|) (i = 1, 2, 3, 4) that depend on |q| only.
Upon momentum integration in eq. (4.17), the last two terms do not contribute to G
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solving the Bethe-Salpeter equation for the summation of the ladder diagrams.

Deriving Bethe-Salpeter equation: The Bethe-Salpeter equation for ⌃a(p) is an in-
tegral equation, ⌃a(p) = �a +�⌃a(p), with the source �a and the integral kernel �⌃a(p).
The equation is drawn diagrammatically as

p

p

k = 0
⌃a = �a

p

p

k = 0
+

k = 0

p+ q

p+ q

q⌃a .

| {z }
�⌃a(p)

(4.21)
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︸ ︷︷ ︸
∆Σa(p)

(4.21)
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, (4.22)

where we denote the interaction vertex of heavy quark with gluon field Aα as Hα(q).
Explicitly, these diagrams give us the expression for the integral kernel as

∆Σa(p) = (−ig)2C2(R)
∫ d4q

(2π)4

[
Hβ(−q)Srr(p+ q)Σa(p+ q)Sra(p+ q)Hα(q)Dαβ

ra (q)

+Hβ(−q)Sar(p+ q)Σa(p+ q)Srr(p+ q)Hα(q)Dαβ
ar (q)

+Hβ(−q)Sar(p+ q)Σa(p+ q)Sra(p+ q)Hα(q)Dαβ
rr (q)

]
,

(4.23)

where Dαβ(q) = 〈Aα(q)Aβ(−q)〉 is the gluon propagator in thermal equilibrium, and C2(R)
is the second-order Casimir of the heavy-quark representation. In this expression, the
interaction vertex Hα and the gluon propagator Dαβ do not include color generators.

Note that the interaction vertex Hα(q) consists of three parts, two of which arise
from the first two terms in the Lagrangian (1.1), respecting the SU(2) spin symmetry.
They are proportional to the identity matrix 12×2. The first term in eq. (1.1) gives
Coulomb interaction with A0 field, and the second term gives the magnetic interaction
proportional to the current, which is further suppressed by the small velocity of heavy quarks,
|p|/M = v ∼

√
T/M � 1. We thus only need the leading spin conserving interaction in

our computation and neglect the second term in the following. On the other hand, we need
to keep the third term in eq. (1.1), which is responsible for spin relaxation in leading order.
The interaction vertex is therefore given by

Hα(q) = δα012×2 −
i

2M εαbcσ
bqc. (4.24)

where the temporal component of the Levi-Civita symbol is zero: ε0bc = 0.
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We again collect only the pinching pole contributions that arise from pairing Sra and
Sar for ∆Σa(p). Relying on this pinching pole approximation and recalling Dαβ

rr (q) =(
1
2 + nB(q0)

)
(Dαβ

ra (q)−Dαβ
ar (q)), we arrive at

∆Σa (p)' (−ig)2C2 (R)
∫ d4q

(2π)4

[
nF
(
p0+q0

)
+nB

(
q0
)]

[Hβ (−q)Σa (p+q)Hα (q)]

×
[
Dαβ
ra (q)−Dαβ

ar (q)
]
Sar (p+q)Sra (p+q)

' g2C2 (R)
∫ d4q

(2π)4

[
nF
(
q0+Ep

)
+nB

(
q0
)][

Hβ (−q) Σa (p+q)
ζp+q

Hα (q)
]
ραβ (q)

×2πδ
(
q0+Ep−Ep+q

)
, (4.25)

where Dαβ
ra (q)−Dαβ

ar (q) = ραβ(q) is the gluon spectral density, for which we use the HTL
result summarized in eqs. (4.2)–(4.5) for our leading-log computation. We also use the
on-shell condition p0 = Ep, that is imposed in the evaluation of GJ

0
aJ

0
b

ra in eq. (4.17).
In terms of the function φa(p) ≡ Σa(p)/ζp, which can be shown to correspond to a

linearized distribution function in kinetic theory, the integral equation depicted in eq. (4.21)
then takes the following form

−σa =−ζpφ
a (p)+g2C2 (R)

∫ d4q

(2π)4
[
nF
(
q0+Ep

)
+nB

(
q0)] [Hβ (−q)φa (p+q)Hα (q)]ραβ (q)

×2πδ
(
q0+Ep−Ep+q

)
. (4.26)

The important observation, that is common in the similar types of integral equations
appearing in the computation of transport coefficients, is that the relaxation rate ζp from
the imaginary part of one-loop self-energy diagram is computed by a very similar expression
to the integral kernel,

ζp = 1
2g

2C2 (R)
∫ d4q

(2π)4

[
nF
(
q0 + Ep

)
+ nB

(
q0
)]

tr [Hβ (−q)Hα (q)] ραβ (q)

× 2πδ
(
q0 + Ep − Ep+q

)
,

(4.27)

where the factor 1/2 in front comes from the average over spin states since the relaxation
rate is independent of the spin states due to rotational invariance. This allows us to combine
the two terms in the right-hand side of the integral equation (4.26), and we finally arrive at
the Bethe-Salpeter equation for φa as

−σa = g2C2 (R)
∫ d4q

(2π)4

(
Hβ (−q)φa (p+q)Hα (q)− 1

2 tr [Hβ (−q)Hα (q)]φa (p)
)
ραβ (q)

×
[
nF
(
q0+Ep

)
+nB

(
q0
)]

2πδ
(
q0+Ep−Ep+q

)
. (4.28)

In the following, we will evaluate this integral equation in leading-log approximation by
expanding in powers of small q ∼ gT to quadratic order to derive a second-order differential
equation for φa(p) in p space. This can be considered as the linearized collision term in
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quantum kinetic theory, perturbed by an external source for the spin density given by the
left-hand side of the integral equation.

Before moving to the evaluation of Γs, it is instructive to consider a limit where the
SU(2) spin symmetry is respected, by assuming that Hα(q) contains only the leading term
in 1/M , i.e., the identity matrix in spin space. In this case, the integral equation becomes

−σa ' g2C2 (R)
∫ d4q

(2π)4 [φa (p+ q)− φa (p)] ρL (q)

×
[
nF
(
q0 + Ep

)
+ nB

(
q0
)]

2πδ
(
q0 + Ep − Ep+q

)
. (4.29)

To see what happens in this limit, we integrate both sides in p-space after multiplying a
factor W (p) = nF (Ep)[1− nF (Ep)]. By suitable shift of variables and using the properties
of the spectral density ρ(q0, q) = −ρ(−q0, q) = ρ(q0,−q), one can show that the right-hand
side vanishes after using the identity

W (p+q)
[
nF (Ep)+nB(Ep−Ep+q)

]
+W (p)

[
nF (Ep+q)+nB(Ep+q−Ep)

]
= 0. (4.30)

This parallels the conservation property of total charges in the collision term in kinetic
theory. Since W (p) > 0, the left-hand side is not zero after p-integration, which means that
the only solution for φa(p) in this limit is φa →∞. This would imply GJ

0
aJ

0
b

ra ∼ χs
Γsωδab →∞,

which correctly gives us Γs → 0 in the limit. From this consideration, it becomes clear that
a finite value of Γs results only from the spin violating interaction in the vertex Hα(q) due
to the Pauli term. This should be closely related to the (non-)conservative Ward-Takahashi
identity for spin density.

3) Solving the Bethe-Salpeter equation in heavy-quark limit: the most labori-
ous part of our computation in this method is the leading-log evaluation of the integral
equation (4.28). We first note the presence of a scale hierarchy in the current problem. The
leading-log contributions come from the soft momentum exchange gT � |q| � T , and the
on-shell condition implies q0 = Ep+q −Ep ≈ vp · q � |q| with vp ≡ p/M , where we use the
fact that the typical momentum of heavy quark in eq. (4.17) is p ∼

√
MT from Ep ∼ T .

This gives us a hierarchy of scales q0 � |q| � |p|. In the integral equation, we, therefore,
expand each term in powers of |q|/|p| ∼ g, and higher-order terms in q and q0 bring about
terms of higher powers of coupling constant g. To our leading-log computation, it is thus
sufficient to expand the terms in the integral equation to second order in q and q0 [45].

For example, recalling the spin structure of φa(p) consistent with rotational symmetry,
φa(p) = σaf1(|p|) + pa(p · σ)f2(|p|), the expansion of f1(|p+ q|) would be

f1(|p+ q|) ≈ f1(|q|) +
(
|q| cos θ + |q|

2

2|p| sin
2 θ

)
f ′1(|p|) + 1

2 |q|
2 cos2 θf ′′1 (|p|), (4.31)

where θ is the angle between p and q. Similarly, we need for our purpose

nF
(
q0 + Ep

)
+ nB

(
q0
)
≈ nF (Ep) + 1

βq0 −
1
2 +O

(
q0
)
. (4.32)
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Furthermore, we can safely neglect nF (Ep) in the following since it is given by nF (Ep) ≈
e−βMe−βEp � 1 in the dilute limit of heavy quarks. It is also useful to perform the
integration over the angle θ first, by making the energy δ-function into the one for the
angle θ,

δ(q0 + Ep − Ep+q) = M

|p||q|
δ

(
cos θ − M

|p||q|

(
q0 − |q|

2

2M

))
, (4.33)

together with restricting the integration range for q0 as

|q|2

2M −
|p||q|
M

≤ q0 ≤ |q|
2

2M + |p||q|
M

. (4.34)

Finally, we use the gluon spectral density in the Coulomb gauge

ραβ(q) = δα0δβ0ρL(q) + PαβT (q)ρT (q), (4.35)

where P ijT (q) = δij−qiqj/|q|2 is the projection operator for spatial components i and j. The
HTL resummed longitudinal and transverse spectral densities in the regime q0 � |q| � T

become the ones given in eq. (4.5), which is sufficient for our leading-log computation.
With all these ingredients used in the integral equation (4.28), performing the leading-

log integral for q and comparing the spin structures in both sides of the equation, we arrive
at the two coupled second-order differential equations for f1 and f2 as

1
2f
′′
1 (|p|) + 1

|p|
f ′1(|p|) + f2(|p|)− |p|

2TM f ′1(|p|)− 1
M2 f1(|p|) = − 1

T 2Γ , (4.36a)

1
2f
′′
2 (|p|) + 3

|p|
f ′2(|p|)− |p|

2TM

(
f ′2(|p|) + 2

|p|
f2(|p|)

)
− 1
M2 f2(|p|) = 0, (4.36b)

where we define
Γ ≡ C2(R)g

2m2
D log(1/g)
6πT ∼ g4 log(1/g)T. (4.37)

Interestingly, the two equations can be combined to give a single differential equation for
F (|p|) = f1(|p|) + 1

3 |p|
2f2(|p|), that is precisely what we need in order to evaluate the

correlation function GJ
0
aJ

0
b

ra in eq. (4.20),

1
2F
′′(|p|) + 1

|p|
F ′(|p|)− |p|

2TM F ′(|p|)− 1
M2F (|p|) = − 1

T 2Γ , (4.38)

which can be analytically solved in the heavy-quark limit.
Before solving this equation in 1/M expansion, it is a useful check to see that the first

three terms, that arise from the leading spin-conserving Coulomb interaction, reproduces
the conservation property of the collision term in kinetic theory,∫

d3p W (p)
(1

2F
′′(|p|) + 1

|p|
F ′(|p|)− |p|

2TM F ′(|p|)
)

= 0, (4.39)

where the weight factor in our dilute limit becomes W (p) = nF (Ep)[1−nF (Ep)] ∼ e−βEp =
e−p2/(2TM), up to a constant factor. Therefore, without the last term, which violates the
conservation of spin, the solution would diverge F →∞.
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This implies that the solution has the following expansion in 1/M as

F (|p|) = M2F(0)(|p|) + F(1)(|p|) +O
(
M−2

)
, (4.40)

and we are now only interested in the leading solution F (0). Inserting this expansion into
the differential equation (4.38), we obtain the hierarchy of equations

1
2F
′′
(0)(|p|) + 1

|p|
F ′(0)(|p|)−

|p|
2TM F ′(0)(|p|) = 0, (4.41a)

1
2F
′′
(1)(|p|) + 1

|p|
F ′(1)(|p|)−

|p|
2TM F ′(1)(|p|)− F(0)(|p|) = − 1

T 2Γ . (4.41b)

It is easy to find the solution F(0)(|p|) = C by inspection, where C is a constant. To determine
C, we integrate both sides of the second equation with the weight factor W (p) = e−βEp ,
that removes the term with F (1), and we arrive at C = 1/(T 2Γ). With this leading solution

F (|p|) = M2

T 2Γ +O
(
M0

)
, (4.42)

together with eq. (4.20), we finally arrive at the correlation function

G
J0

aJ
0
b

ra (ω) = −ω M
2

T 2Γ

[
dR
2

∫ d3p

(2π)3n
′
F (Ep)

]
δab, (4.43)

which should be identified as ω χsΓs δab, according to eq. (4.14). Using the spin susceptibility χs

χs = −dR2

∫ d3p

(2π)3n
′
F (Ep), (4.44)

our result (4.43) finally gives us the spin relaxation rate Γs

Γs = Γ T 2

M2 = C2(R)g
2m2

D log(1/g)T
6πM2 , (4.45)

which precisely coincides with eq. (4.13) obtained in the previous subsection.

4.3 Method 3: quantum kinetic theory for spin in heavy-quark limit

Kinetic theory is an intuitive and powerful framework for describing time-dependent dy-
namics of weakly interacting quasi-particles in phase space (position-momentum space) [54].
It is a statistical description of the system in terms of particle number distribution in
phase space.

When the two spin states are nearly degenerate in energy, and the quantum correlation
time between two spin states is comparable to a macroscopic time scale of interests, one
should instead consider the full 2× 2 density matrix distribution in spin space, ρ̂(x,p, t),
to properly describe time-dependent dynamics of spin polarization of quasi-particles, that
is, the quantum kinetic theory. The 2× 2 density matrix in spin basis can be decomposed
into the form

ρ̂(x,p, t) = 1
2f(x,p, t)12×2 + S(x,p, t) · σ, (4.46)
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where f(x,p, t) = tr[ρ̂(x,p, t)] is identified as the usual particle number distribution
function, while S(x,p, t) = tr

[
ρ̂(x,p, t)σ2

]
has the interpretation of the spin distribution

function. The time evolution equation for each of them may be written in a similar form as
the Boltzmann equation with proper collision terms. Alternatively, the equation written in
terms of ρ̂ itself should take a form of the Lindblad equation, in general.

In ref. [9], the quantum Boltzmann equation of f(p, t) and S(p, t) for massive quarks
has been constructed to leading-log order of QCD coupling constant, when they are
spatially homogeneous,

∂f(p, t)
∂t

= Γ̂f [f(p, t)] , ∂S(p, t)
∂t

= Γ̂S [S(p, t)], (4.47)

where the collision terms, or the relaxation operators, Γ̂f and Γ̂S , are universally of order
g4 log(1/g)T . They take a form of second order differential operator in momentum space p.
The Γ̂f is nothing but the usual collision term for quark number distribution function in
QCD. The collision term for the spin polarization, i.e. Γ̂S , is a novel object, whose explicit
form in spatially homogeneous limit can be found in ref. [9].

We are interested in the heavy-quark limit, i.e., M � T , of Γ̂S , that determines the
relaxation dynamics of heavy-quark spin in momentum space, which ultimately gives us
the spin relaxation rate Γs in the spin hydrodynamic regime. Although it is possible to
take M � T limit of the result in ref. [9], we present in this section the derivation of
Γ̂S directly from our non-relativistic effective theory (see also the derivation based on
the Kadanoff-Baym formalism in appendix A). For clarity of the presentation, we will
keep only the leading spin-conserving Coulomb interaction and the leading spin-violating
Pauli-interaction, as in the previous section. This is sufficient to obtain the correct spin
relaxation rate at the leading order. For more details of our method of derivation, we refer
to ref. [9].

The full density operator of heavy quark in spatially homogeneous limit is written in
momentum basis as

ρ̂(t) =
∫ d3p

(2π)3 ρ̂(p, t), (4.48)

where ρ̂(p, t) is the density matrix in spin space in the subspace of a given momentum p.
More explicitly, we can express it as ρ̂(p, t) =

∑
s,s′ |p, s〉ρss′(p, t)〈p, s′|, where |p, s〉 is the

eigenstate of momentum p and spin basis state s. The 2× 2 matrix ρss′(p, t) is equivalent
to the Wigner function of non-relativistic two-component quark field operators of spin 1/2,
and our method in the following gives the same result as in the Kadanoff-Baym approach
at leading order as shown in appendix A.

The density matrix evolves in time by quantum mechanical unitary evolution in the
thermal QCD plasma,

ρ̂(t+ ∆t) =
〈
Û1(t+ ∆t, t)ρ̂(t)Û †2(t+ ∆t, t)

〉
A

, (4.49)

where 〈· · · 〉A denotes the thermal average of background gluon fields interacting with the
heavy quark, and the subscript 1 and 2 refers to as the forward and backward Schwinger-
Keldysh contours, respectively. This is because the forward contour 1 describes the evolution
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Figure 1. The “cross” contribution (a), and the two self energy contributions (b) and (c) [time is
flowing from the right to the left].

D22(t)✓(�t) = D21(t), and also the fact that the self energy is proportional to identity
matrix in spin space due to parity symmetry.

One can understand the structure of the above equation (4.50) from the viewpoint of
the Lindblad equation [16]:

@⇢̂

@t
=

X

i

�i⇢̂�
†
i �

1

2
{�†i �i, ⇢̂}+. (4.53)

The self energy term corresponds to a dissipative loss of probability, while the cross term
is a gain term that ensures the total probability conservation. The index i becomes the t-
channel gluon momentum q. One can explicitly check that the total trace of density matrix
in momentum-spin space is indeed conserved in our evolution equation. It is also possible
to show at this stage that the Boltzmann equilibrium density matrix, ⇢̂eq(p) / 12⇥2e

��Ep ,
is a zero mode of the collision operator.

The computation of the above �cross and �self energy in leading log order is very similar
to that in the previous section. Since we are interested in the spin polarization of the
density matrix, we focus only on the spin part, ⇢̂(p) ⇠ S(p) ·�, in the following. Using the
gluon spectral density (4.2) in Coulomb gauge, a simple algebra leads to

@⇢(p, t)

@t
= g2C2(R)

Z
d4q

(2⇡)4


CL ⇢L(Q)� 1

2M2
CT ⇢T (Q)

�
(2⇡)�(q0 +Ep�q �Ep), (4.54)

where we introduced

CL =
⇥
S(p� q)� S(p)

⇤
· � nB(q

0)� S(p) · �,
CT =

⇥
(q · �)

�
q · S(p� q)

�
+ q2S(p) · �

⇤
nB(q

0) + q2S(p) · �.
(4.55)

Note that the CL comes from the Coulomb interaction respecting the spin symmetry, while
CT does from the Pauli interaction that breaks it.

As in the previous sections, we perform the angular integration of cos ✓ between p and
q first, using the relation cos ✓ = M

|p|
q0

|q| +
|q|
2|p| . This replaces the q integration as

Z
d4q

(2⇡)4
(2⇡)�(q0 + Ep�q � Ep) !

1

(2⇡)2
M

|p|

Z T

0
d|q||q|

Z
dq0, (4.56)
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Figure 1. The “cross” contribution (a), and the two self-energy contributions (b) and (c). In these
figures, time flows from the right to the left. To emphasize the HTL contribution in the gluon
propagator, we put the blobs in these figures.

of ket state |p, s〉, while the backward contour 2 is for the conjugate bra state 〈p, s′|. Note
also that the gluon fields in the evolution operator Û1,2 are the Schwinger-Keldysh fields A1,2

µ

on the contours 1 and 2, respectively, whose correlation functions satisfy the fluctuation-
dissipation relations in thermal equilibrium.

Expanding Û(t + ∆t, t) up to the second-order of the quark-gluon interactions in
the interaction picture and performing a thermal average of gluon two-point correlation
functions, one obtains the time evolution equation for the density matrix as

∂ρ̂(p, t)
∂t

= g2C2(R)(Γcross + Γself energy), (4.50)

where Γcross arises from the correlation of first order terms in quark-gluon interaction in
contours 1 and 2, while Γself energy is from the second order terms in each contour separately.
The diagrammatic representation is depicted in figure 1. Explicitly, we find

Γcross =
∫ d4q

(2π)4Hα (q) ρ̂ (p− q, t)Hβ (−q)Dαβ
12 (q) 2πδ

(
q0 + Ep−q − Ep

)
,

(4.51)

Γself energy = −1
2

∫ d4q

(2π)4 tr [Hα (q)Hβ (−q)]Dαβ
21 (q) 2πδ

(
q0 + Ep−q − Ep

)
ρ̂ (p, t) ,

(4.52)

where Dαβ
12 (q) and Dαβ

21 (q) are the thermal gluon correlation functions on Schwinger-Keldysh
contours defined in eq. (4.1), and Hα(q) is the heavy quark-gluon interaction vertex given
in eq. (4.24). In deriving the self-energy term, we need to use the identity D11(t)θ(t) +
D22(t)θ(−t) = D21(t), and also the fact that the self-energy is proportional to identity
matrix in spin space due to parity symmetry.

One can understand the structure of the above equation (4.50) from the viewpoint of
the Lindblad equation [55]:

∂ρ̂

∂t
=
∑
i

γiρ̂γ
†
i −

1
2
{
γ†i γi, ρ̂

}
+
. (4.53)

with the anti-commutator {A,B}+ ≡ AB + BA. The self-energy term corresponds to a
dissipative loss of probability, while the cross term is a gain term that ensures the total
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probability conservation. The index i becomes the t-channel gluon momentum q. One
can explicitly check that the total trace of the density matrix in momentum-spin space
is indeed conserved in our evolution equation. It is also possible to show at this stage
that the Boltzmann equilibrium density matrix, ρ̂eq(p) ∝ 12×2e−βEp , is a zero mode of the
collision operator.

The computation of the above Γcross and Γself energy in leading-log order is very similar
to that in the previous section. Since we are interested in the spin polarization of the
density matrix, we focus only on the spin part, ρ̂(p) ∼ S(p) · σ, in the following. Using the
gluon spectral density (4.2) in Coulomb gauge, a simple algebra leads to

∂ρ(p, t)
∂t

= g2C2(R)
∫ d4q

(2π)4

[
CL ρL(q)− 1

2M2CT ρT (q)
]

2πδ
(
q0 + Ep−q − Ep

)
, (4.54)

where we introduced

CL =
[
S(p− q)− S(p)

]
· σ nB

(
q0
)
− S(p) · σ,

CT =
[
(q · σ)

(
q · S(p− q)

)
+ q2S(p) · σ

]
nB
(
q0
)

+ q2S(p) · σ.
(4.55)

Note that the CL comes from the Coulomb interaction respecting the spin symmetry, while
CT does from the Pauli interaction that breaks it.

As in the previous sections, we perform the angular integration of cos θ between p and
q first, using the relation cos θ = M

|p|
q0

|q| + |q|
2|p| . This replaces the q integration as∫ d4q

(2π)4 2πδ(q0 + Ep−q − Ep)→
1

(2π)2
M

|p|

∫ T

gT
d|q||q|

∫
dq0, (4.56)

with the q0-integration range − |q|
2

2M −
|p||q|
M ≤ q0 ≤ − |q|

2

2M + |p||q|
M . In computing the q-

integration, we have to use q = qL + qT = |q| cos θp̂+ qT with cos θ given as above, while
the qT -integration gives zero after polar angle integration. Similarly, qiqj is replaced by

qiqj → |q|2
[
cos2 θp̂ip̂j + 1

2 sin2 θ
(
δij − p̂ip̂j

)]
. (4.57)

The leading-log arises from the expansion of CL,T up to second order in q ∼ gT � p, and
performing leading-log integral in |q|, with the range from mD ∼ gT to the upper bound of
T , where our expression of HTL gluon spectral density breaks down.

The result for Γ̂S is organized as the 1/M expansion,

Γ̂S = Γ̂(0)
S + Γ̂(1)

S + · · · , (4.58)

where Γ̂(0)
S arises from the longitudinal Coulomb interaction, CL, while the next order term

Γ̂(1)
S of order 1/M2 results from the Pauli-interaction, CT . The leading term Γ̂(0)

S , which
conserves the total spin density, turns out to be identical to the leading term in Γ̂f , which
describes the momentum diffusion of heavy quark with the known heavy-quark drag force
coefficient ηD as [49]

Γ̂(0)a
S [S(p)] = ηD∇p · (pSa + TM∇pS

a) with ηD = C2(R)g
2m2

D log(1/g)
12πM (4.59)
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This results in the Fokker-Planck equation for the density matrix equivalent to the Langevin
equation of heavy-quark Brownian motion, with each component Sa(p) playing a role of
distribution in momentum space,

ṗ = −ηDp+ ξ(t) , 〈ξa(t)ξb(t′)〉 = κδabδ(t− t′), (4.60)

with κ = 2MTηD from the fluctuation-dissipation relation. Physically, what happens is
that the spin attached to the heavy quark simply follows the motion of the heavy quark in
momentum space. The same result has also been obtained to this order in ref. [12]. The
next leading collision operator, Γ̂(1)

S , which is new and encodes the spin-violating effect, is
given by a simple expression

Γ̂(1)
S [S(p)] = −ηD

2T
M
S(p) = −C2(R)g

2m2
DT log(1/g)
6πM2 S(p), (4.61)

from which we can evaluate the spin relaxation rate in the leading-log.
The leading Γ̂(0)

S term determines the relaxation rates of non-hydrodynamic modes of
spin distribution in momentum space. In other words, its non-zero eigenvalue corresponds
to the relaxation rate of the non-hydrodynamic eigenmode. The only exception is the mode
with zero eigenvalue, which corresponds to the quasi-hydrodynamic (or Hydro+) mode
of spin density. It is easy to guess what the zero mode should be: it is the equilibrium
Boltzmann distribution, S0e−βEp , with any constant vector S0. Indeed, it is a simple
algebra to see that Γ̂(0)

S [S0e−βEp ] = 0, while the next order term Γ̂(1)
S gives the relaxation

dynamics of spin that we are interested in.
After integration over p, the spin density in position space is given by

S =
∫ d3p

(2π)3S0e−βEp =
(
TM

2π

)3/2
S0, (4.62)

and S0 can be identified as the quasi-hydrodynamic mode of spin density. Therefore, we
are led to write down the spin distribution function in the 1/M expansion as

S(p, t) = S0(t)e−βEp + ∆S(p, t), (4.63)

where ∆S(p, t) contains all non-hydrodynamic modes which relax much faster than S0(t).
It is defined by requiring S(p, t) and S0(t) to satisfy the matching condition (4.62), which
means that

∫
p ∆S(p, t) = 0. It is expected that ∆S(p, t) is smaller than the leading term by

the hydrodynamic expansion parameter ω/Γ. In the regime of spin hydrodynamics where
ω ∼ Γs ∼ (T/M)2Γ, the derivative expansion becomes equivalent to T/M � 1 expansion.
The relaxation rate of the quasi-hydrodynamic mode, S0(t), is the spin relaxation rate Γs
that we are interested in.

After using the expansion (4.63) in the quantum Boltzmann equation (4.47), and
integrating over p, we arrive at

∂S0(t)
∂t

=
∫
p Γ̂(1)

S

[
S0e−βEp

]
∫
p e−βEp

, (4.64)
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where we used the matching condition (4.62), as well as the conservation property∫
p Γ̂(0)

S [S(p)] = 0 for any S(p). We dropped the higher-order terms in the 1/M and
small frequency expansion, e.g., by neglecting the term such as Γ̂(1)

S [∆S(p)]. With our
result of Γ̂(1)

S given in eq. (4.61), we have

Γ̂(1)
S

[
S0e−βEp

]
= −ηD

2T
M
S0e−βEp , (4.65)

which enables us rewrite eq. (4.64) as the following simple relaxation equation:

∂S0(t)
∂t

= −ΓsS0(t). (4.66)

Here, we eventually identify the spin relaxation rate Γs from the quantum kinetic theory as

Γs = ηD
2T
M

∫
p e−βEp∫
p e−βEp

= ηD
2T
M

= C2(R)g
2m2

D log(1/g)T
6πM2 , (4.67)

which agrees with the result of the diagrammatic methods in the previous subsections [see
eqs. (4.13) and (4.45)].

5 Summary and outlook

In this paper, we have evaluated the spin relaxation rate Γs for the heavy quark, based
on pQCD to leading-log order of coupling constant g. We have formulated three different
methods to evaluate Γs: 1) the Green-Kubo formula based on the source-source correlator
in the spin hydrodynamic regime, 2) the spin density correlator in the strict hydrodynamic
regime, and 3) the quantum kinetic equation for the heavy-quark spin distribution. While
each method demonstrates a different view on spin dynamics, all of these lead to the
same result Γs ∼ g4 log(1/g)T (T/M)2 [see eqs. (4.13), (4.45), and (4.67)]. Thanks to the
additional (T/M)2 factor, the heavy quark spin dynamics is parametrically slow compared
to other non-hydrodynamic microscopic modes. This scale hierarchy Γs � Γ, where Γ is
the typical relaxation rate for other non-hydrodynamic microscopic modes, gives rise to the
spin hydrodynamic regime, in which the heavy quark spin density emerges as a slow but
non-hydrodynamic mode in an effective theory of the type often referred to as Hydro+ [40].

Several outlooks related to the present paper are in order. While we rely on finite-
temperature pQCD to evaluate the spin relaxation rate, our formulation — in particular the
heavy quark rotational viscosity, λs in terms of the source or spin correlation functions — is
applicable even in the strong-coupling regime, where we have the AdS/CFT correspondence
as another theoretical tool [56–59], and in particular the methods first developed for
holographic spin liquids in ref. [60]. It would be interesting to ask how we can formulate
heavy-quark spin relaxation in the strong-coupling regime of QCD-like theories, such as
N = 4 super Yang-Mills theory, in a manner similar to the heavy quark drag force [61–63].
It will give an important benchmark in another extreme limit of the theory, which would
be useful in the phenomenological analysis of spin dynamics within the QGP created in
heavy-ion collisions.
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Another interesting outlook is to apply our result in astrophysics or condensed matter
systems. In fact, while we focus on the heavy-quark spin relaxation in QCD plasma in the
present paper, our formulation works as well in other systems where spin is approximately
conserved. For example, the relaxation rate of proton spin in QED plasma can be studied
by our methods with a minor modification. Also, it is interesting to apply the present
formulation to various spin systems in condensed matter physics, which deviate from the
Heisenberg model only by a small symmetry-breaking perturbation. In this case, the
effective field theory with symmetry breaking terms (see, e.g., refs. [64, 65]) may be a useful
starting point to describe the relaxation rate of spin in condensed matter physics. We leave
all these as future work.
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A Derivation of quantum kinetic equation from Kadanoff-Baym
formalism

In this appendix, we derive the quantum kinetic equation (4.50)–(4.52) for heavy quarks
based on the real-time Kadanoff-Baym formalism [66].

Our starting point is the Schwinger-Dyson equation for heavy-quark Green’s function
in the real-time formalism, diagrammatically given by

A Derivation of quantum kinetic equation from Kadanoff-Baym formal-
ism

In this appendix, we derive the quantum kinetic equation (4.50)-(4.52) for heavy quarks
based on the real-time Kadanoff-Baym formalism [59–61].

Our starting point is the Schwinger-Dyson equation for heavy-quark Green’s function
in the real-time formalism, diagrammatically given by

21
p

= 21
p

+

2X

a,b=1

21
pp

�i⌃ab

= 21
p

+
2X

a,b=1

21
pp

�i⌃ab

(A.1)

where ⌃ab (a, b = 1, 2) denotes the heavy-quark self-energy in the 12 basis. Note that ra

basis are related to 12 basis as

Sra =
1

2
(S11 � S12 + S21 � S22) ,

Sar =
1

2
(S11 + S12 � S21 � S22) .

(A.2)

After a little cumbersome computation, we can rewrite the Schwinger-Dyson equation de-
picted in eq. (A.1) as follows:

S12 = S
(0)
12 � iS(0)

ra ⌃raS12 � iS(0)
ra ⌃12Sar � iS

(0)
12 ⌃arSar

= S
(0)
12 � iSra⌃raS

(0)
12 � iSra⌃12S

(0)
ar � iS12⌃arS

(0)
ar .

(A.3)

Acting the free inverse propagator (S(0))�1 satisfying (S(0))�1S
(0)
ra = i = S

(0)
ar (S(0))�1 and

(S(0))�1S
(0)
12 = 0 = S

(0)
12 (S

(0))�1 to this equation, we obtain the left and right Schwinger-
Dyson equations

(S(0))�1S12 = ⌃raS12 + ⌃12Sar, (A.4a)

S12(S
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(A.1)

where Σab (a, b = 1, 2) denotes the heavy-quark self-energy in the 12 basis on the Schwinger-
Keldysh contour. Note that Green’s functions in the ra basis are related to those in the 12
basis as

Sra = 1
2 (S11 − S12 + S21 − S22) ,

Sar = 1
2 (S11 + S12 − S21 − S22) .

(A.2)
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After a little cumbersome computation, we can rewrite the Schwinger-Dyson equation
depicted in eq. (A.1) as follows:

S12 = S
(0)
12 − iS(0)

ra ΣraS12 − iS(0)
ra Σ12Sar − iS(0)

12 ΣarSar

= S
(0)
12 − iSraΣraS

(0)
12 − iSraΣ12S

(0)
ar − iS12ΣarS

(0)
ar .

(A.3)

Acting the free inverse propagator (S(0))−1 satisfying (S(0))−1S
(0)
ra = i = S

(0)
ar (S(0))−1 and

(S(0))−1S
(0)
12 = 0 = S

(0)
12 (S(0))−1 to this equation, we obtain the left and right Schwinger-

Dyson equations (
S(0)

)−1
S12 = ΣraS12 + Σ12Sar, (A.4a)

S12
(
S(0)

)−1
= SraΣ12 + S12Σar. (A.4b)

We then take the difference of these two equations. Assuming the two-point function
S12 has a weak dependence on the center-of-mass coordinate, we can rely on the derivative
expansion. Moreover, recalling the explicit form of the free propagator (S(0))−1 = i∂t +

1
2M∇

2, we find that the difference of the Schwinger-Dyson equations becomes(
∂t + 1

M
p ·∇x

)
S12(x, p) = −i

[
Σra(x, p) ? S12(x, p) + Σ12(x, p) ? Sar(x, p)

− Sra(x, p) ? Σ12(x, p)− S12(x, p) ? Σar(x, p)
]
.

(A.5)

where we introduced the Wigner transform of two-point functions and the Moyal product
of A(x, p) and B(x, p) as

G(x, p) ≡
∫ d4r

(2π)4 e−ip0r0+ip·rG

(
x+ 1

2r, x−
1
2r
)
, (A.6)

A(x, p) ? B(x, p) ≡ e
i
2 (∂x·∂p′−∂x′ ·∂p)A(x, p)B(x′, p′)

∣∣∣
x′=x,p′=p

. (A.7)

Expressing some parts of Sra, Sar,Σra, and Σar in the 12 basis, and reorganizing them,
we obtain a quantum transport equation for the real-time Green’s function S12 as(
∂t + 1

M
p ·∇x

)
S12 + [i Re Σra, S12]? − [Σ12, ImSra]? = − i

2
[
{Σ21, S12}? − {Σ12, S21}?

]
,

(A.8)

where we introduced a commutator [A,B]? ≡ A?B−B?A and anti-commutator {A,B}? ≡
A ? B +B ? A with the Moyal product, respectively. For our purpose, we can neglect all
x-dependence and the terms with commutators in the left-hand side since the collision
term is captured by the right-hand side of this equation. Moreover, expanding the Moyal
product simplifies the right-hand side as {A,B}? ' AB + BA. Then, by evaluating the
right-hand side (the collision term) with a usual product, we identify this equation as the
quantum kinetic equation for heavy quarks including spin, which agrees with eq. (4.50) in
the main text.
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Let us evaluate the self-energy appearing in the right-hand side of eq. (A.8). As usual,
the leading diagram is given by

−iΣab(p) =

where we introduced the Wigner transform of two-point functions and the Moyal product
of A(x, p) and B(x, p) as

G(x, p) ⌘
Z

d4r

(2⇡)4
e�ip0r0+ip·rG
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r
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, (A.6)

A(x, p) ?B(x, p)⌘ e
i
2
(@x·@p0�@x0 ·@p)A(x, p)B(x0, p0)

���
x0=x,p0=p

(A.7)

Expressing some parts of Sra, Sar,⌃ra, and ⌃ar in the 12 basis, and reorganizing them, we
obtain a quantum transport equation for the real-time Green’s function S12 as
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p ·rx
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S12 + [iRe⌃ra, S12]? � [⌃12, ImSra]? = � i

2

h
{⌃21, S12}? � {⌃12, S21}?

i
,

(A.8)

where we introduced a commutator [A,B]? ⌘ A?B�B?A and anti-commutator {A,B}? ⌘
A?B+B ?A, respectively. For our purpose, we can neglect all x-dependence and the terms
with commutators in the left-hand side since the collision term is captured by the right-hand
side of this equation. Moreover, expanding the Moyal product simplifies the right-hand side
as {A,B}? ' AB+BA. Then, by evaluating the right-hand side (the collision term) with
a usual product, we identify this equation as the quantum kinetic equation for heavy quarks
including spin, which agrees with eq. (4.50) in the main text.

Let us evaluate the self-energy appearing in the right-hand side of eq. (A.8). As usual,
the leading diagram is given by

�i⌃ab(p) =
ba p+ q pp

q

= (ig)2C2(R)

Z
d4q

(2⇡)4
D�↵

ba (q)H↵(�q)Sab(k + q)H�(q),

(A.9)

where the interaction vertexH↵(q) between the heavy quark and gluon is given by eq. (4.24).
Relying on the quasi-particle approximation for heavy quarks, we parametrize the lesser and
greater Green’s functions as

S12(t,k) = �⇢(t,k)2⇡�(k0 � Ek) and S21(t,k) = [12⇥2 � ⇢(t,k)]2⇡�(k0 � Ek), (A.10)

with 2 ⇥ 2 distribution function ⇢(t,k). These leads to the following expression for the
self-energy:

�i⌃12(k) = g2C2(R)

Z
d4q

(2⇡)4
H↵(�q)⇢(t,k + q)H�(q)D

↵�
21 (q)(2⇡)�(k

0 + q0 � Ek+q),

�i⌃21(k) = g2C2(R)

Z
d4q

(2⇡)4
H↵(�q)

⇥
⇢(k + q)� 12⇥2

⇤
H�(q)D

↵�
12 (q)(2⇡)�(k

0 + q0 � Ek+q).

(A.11)
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= (ig)2C2(R)
∫ d4q

(2π)4D
βα
ba (q)Hα(−q)Sab(p+ q)Hβ(q),

(A.9)

where the interaction vertex Hα(q) between the heavy quark and gluon is given by eq. (4.24).
Relying on the quasi-particle approximation for heavy quarks, we parametrize the lesser
and greater Green’s functions as

S12(t,p) = −ρ(t,p)2πδ(p0 − Ep) and S21(t,p) = [12×2 − ρ(t,p)]2πδ(p0 − Ep), (A.10)

with a 2× 2 distribution function ρ(t,p). As a result, we obtain the following expression
for the self-energy:

−iΣ12(p) = g2C2(R)
∫ d4q

(2π)4Hα(−q)ρ(t,p+q)Hβ(q)Dαβ
21 (q)2πδ

(
p0+q0−Ep+q

)
,

−iΣ21(p) = g2C2(R)
∫ d4q

(2π)4Hα(−q)
[
ρ(t,p+q)−12×2

]
Hβ(q)Dαβ

12 (q)2πδ
(
p0+q0−Ep+q

)
.

(A.11)

Thanks to the quasi-particle approximation, the heavy-quark propagator is accompanied by
the delta function, which we can eliminate by performing the p0-integration. Furthermore,
we consider the dilute system of heavy quarks, and neglect O(ρ2)-terms. As a consequence,
we derive a simplified form for the quantum kinetic equation as

∂tρ ' g2C2(R)
∫ d4q

(2π)4

[
Hα(q)ρ(t,p− q)Hβ(−q)Dαβ

12 (q)2πδ(q0 + Ep−q − Ep)

− 1
2 tr

[
Hα(q)Hβ(−q)

]
Dαβ

21 (q)2πδ(q0 + Ep−q − Ep)ρ(t,p)
]
,

(A.12)

where we have changed the integration variable as q → −q and used the identity Dαβ
12 (−q) =

Dαβ
21 (q). Besides, we also used the following simplification for the matrix structure in the

spin space after q integration (see the appendix of ref. [9]):[
Hα(q)Hβ(−q)ρ(t,p) + ρ(t,p)Hα(q)Hβ(−q)

]
Dαβ

21 (q)→ tr
[
Hα(q)Hβ(−q)

]
Dαβ

21 (q)ρ(t,p).
(A.13)

One sees that eq. (A.12) indeed coincides with the eq. (4.50) in the main text.
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