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rent and itself, the OPE between the charged spin-2 current and the charged spin-3 current
and the OPE between the neutral spin-3 current and itself for generic N,M and k. From
the second OPE, we obtain the new charged quasi primary spin-4 current while from the
last one, the new neutral primary spin-4 current is found implicitly. The infinity limit of k
in the structure constants of the OPEs is described in the context of asymptotic symmetry
of M ×M matrix generalization of AdS3 higher spin theory. Moreover, the OPE between
the charged spin-3 current and itself is determined for fixed (N,M) = (5, 4) with arbi-
trary k up to the third order pole. We also obtain the OPEs between charged spin-1, 2, 3
currents and neutral spin-3 current. From the last OPE, we realize that there exists the
presence of the above charged quasi primary spin-4 current in the second order pole for
fixed (N,M) = (5, 4). We comment on the complex free fermion realization.

Keywords: AdS-CFT Correspondence, Conformal and W Symmetry, Higher Spin Grav-
ity, Higher Spin Symmetry

ArXiv ePrint: 2011.11240
On the occasion of my sixtieth birthday.

Open Access, c© The Authors.
Article funded by SCOAP3. https://doi.org/10.1007/JHEP03(2021)037

mailto:ahn@mail.knu.ac.kr
https://arxiv.org/abs/2011.11240
https://doi.org/10.1007/JHEP03(2021)037


J
H
E
P
0
3
(
2
0
2
1
)
0
3
7

Contents

1 Introduction 1

2 Review with some new derivations 4
2.1 A charged spin 2 current 6
2.2 A charged spin 3 current 8
2.3 An uncharged spin 3 current 12

3 The OPE between the charged higher spin-2 current and itself 15
3.1 The fourth, third and second order poles 16
3.2 The first order pole and charged spin-3 current 19
3.3 The final OPE 23

4 The OPE between the charged higher spin-2 current and the charged
higher spin-3 current 25
4.1 The fifth, fourth and third order poles 25
4.2 The second order pole 28

4.2.1 Complete second order pole in the coset realization 28
4.2.2 How to rearrange the second order pole 28

4.3 The first order pole and charged quasi primary spin-4 current 33
4.4 The final OPE 36

5 The OPE between the charged spin-3 current and itself with
(N, M) = (5, 4) 37
5.1 The sixth, fifth, fourth order poles 37
5.2 The third order pole 37
5.3 The second and first order poles 37

6 The OPE between the uncharged higher spin-3 current and itself 38
6.1 For fixed (N,M) = (5, 4) case 38

6.1.1 The sixth, fifth, fourth and third order poles 38
6.1.2 The second and first order poles with the presence of uncharged

primary spin-4 current 39
6.2 For general (N,M) case 40

7 The OPE between the charged (higher) spin currents and the uncharged
higher spin-3 current 41
7.1 The OPE Ja(z)W (3)(w) 41
7.2 The OPE Ka(z)W (3)(w) 42
7.3 The OPE P a(z)W (3)(w) with (N,M) = (5, 4) 43

7.3.1 The sixth, fifth, fourth and third order poles 43
7.3.2 The second and first order poles 43

– i –



J
H
E
P
0
3
(
2
0
2
1
)
0
3
7

8 Conclusions and outlook 45

A An SU(M) invariant tensors in terms of Kronecker delta, f and d

symbols 47

B The first order pole in the OPE between the charged spin-2 current
and itself 48
B.1 The substitution of charged spin-2 current 48
B.2 The adjoint spin-1 dependent terms in the first order pole 50
B.3 The first order pole 51

C The structure constants in the infinity limit of k of section 3 52

D The second order pole in the OPE Ka(z) P b(w) 52
D.1 The a5 terms of the second order pole 53
D.2 The (a13 − a12) terms of the second order pole 55
D.3 The relations between the remaining coefficients of W (3)(w) in the second

order pole 58
D.4 The relations between the remaining coefficients of P b(w) in the second order

pole 58

E The first order pole in the OPE Ka(z) P b(w) 60

F The second order pole in the OPE Ka(z) W (3)(w) 61

G The first order pole in the OPE Ka(z) W (3)(w) 62

H Relevant free field realization 63
H.1 Free field construction 64
H.2 After decoupling the neutral spin-1 current 66

1 Introduction

The Grassmannian-like coset model is described by [1]

SU(N +M)k
SU(N)k ×U(1)kNM(N+M)

. (1.1)

By introducing the ’t Hooft-like coupling constant λ ≡ k
(k+N) and taking the infinity limit

of N with fixed λ and M , it has been proposed in [2] that the above coset model is dual
to M ×M matrix generalization of AdS3 Vasiliev higher spin theory [3, 4]. For M = 1,
their proposal leads to the Gaberdiel-Gopakumar conjecture [5] via level-rank duality. See
also [6–8] for review of [5]. The central charge of the coset model with infinity limit of
level k with fixed λ and M coincides with the one in the asymptotic symmetry of above
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AdS3 higher spin theory. The charged spin-2, 3 currents and the neutral (higher) spin-2, 3
current in terms of the coset realization characterized by five spin-1 currents have been
found explicitly. At λ = 2 (or k = −2N), the operator product expansion (OPE) between
the charged spin-2 current and itself for general (N,M), by decoupling the charged spin-3
current, leads to the one of the “rectangular” W -algebra with SU(M) symmetry of AdS3
higher spin theory.

In this paper, we will compute the OPE between the charged spin-2 current and itself
by hand, for generic k as well as generic N andM . It turns out that the above charged spin-
3 current, for generic λ, should appear in the right hand side of the OPE. The structure
constants appearing in the right hand side of this OPE in terms of these three parameters
will be determined completely.

At each singular term, we should rearrange the coset composite operators in terms
of the known currents, i) the stress energy tensor of spin-2, ii) the spin-1 current of
SU(M), iii) the charged spin-2 current by allowing all the possible nonlinear terms.

It is known that after subtracting the descendant terms, we are left with the sum of
quasi primary operators [9–11]. We should determine the structure constants appearing in
these quasi primary operators of the right hand side of the OPE. Because there are free
adjoint indices a and b of SU(M) in the left hand side of the OPE, it is rather nontrivial
to exhaust all the possible quasi primary operators which will be contracted with some
SU(M) invariant tensors. For example, in general, the first order pole of this OPE can
contain the cubic terms in the spin-1 current which possesses a single adjoint index. Then
those invariant tensors will contain fifth order invariant ones maximally. That is, two of
them will be the above free indices while three of them will be contracted with each index
of cubic terms. This is the reason why the OPE between the nonsinglet charged operators
even their spins are low is more complicated to analyze, compared to the OPE between
the singlet operators. Note that in the examples of [12–14], there exist some OPEs having
nonsinglet indices associated with the SO(4) but for these cases it is not so difficult to
figure out its structures in the right hand sides of the OPEs because we can determine the
vector and adjoint indices and the invariant tensors in SO(4) for fixed rank.

Furthermore, we will obtain the OPE between the charged spin-2 current and the
charged spin-3 current which occurs at the first order pole of the previous OPE between
the charged spin-2 current and itself. Now we should include both the charged spin-3
current and the neutral spin-3 current as the candidates for the quasi primary operators in
the list of known currents we described in previous paragraph. The presence of the neutral
spin-3 current is due to the fact that the left hand side of this OPE has two different
operators, contrary to the previous OPE between the charged spin-2 current and itself.
The point is how we can write down the singular terms described by the coset realization
in terms of the known currents. We expect that up to the second order pole of this OPE,
we should express them by using the known currents with various SU(M) invariant tensors.

By analyzing the first order pole of this OPE, we will determine the new quasi primary
charged spin-4 current in terms of coset realization. By construction, all the relative
coefficients appearing in the coset composite operators are determined automatically
although the careful analysis should be performed.
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From the explicit result for the OPE between the neutral spin-3 current and itself for
fixed (N,M) values, we will extract this OPE for generic (N,M) case and at the second
order pole of this OPE we will observe that there should be new primary neutral spin-4
current in terms of coset realization.

In obtaining this result, we realize that the k-dependent structure constant can be
rewritten as the modified central charge which is equal to the coset central charge
subtracted by the central term due to the stress energy tensor for the quadratic
Sugawara term in the spin-1 current of SU(M).

Then i) the modified stress energy tensor of spin-2, ii) the neutral spin-3 current and
iii) the neutral spin-4 current will consist of the generators of the standard W algebra and
their OPEs with the spin-1 current do not have any singular terms. That is, the spin-1
current is decoupled in the OPEs between these singlet currents.

In section 2, we review the results of [2] by emphasizing that the spin-2 current
and the spin-3 currents can be obtained by hands without trying to perform for
several (N,M) values. Those currents were determined previously. The derivations
for obtaining these are new. In section 3, the simplest nontrivial OPE between the
charged spin-2 current and itself can be obtained. The structure constants are new.
We will observe the charged spin-3 current at the first order pole. In section 4,
the next nontrivial OPE between the charged spin-2 current and the charged spin-3
current can be obtained. The new charged quasi primary spin-4 current at the first
order pole is determined.

In section 5, the new OPE between the charged spin-3 current and itself can be
determined for specific N and M values.1 In section 6, the new OPE between the
uncharged spin-3 current and itself can be determined and the new uncharged spin-4
current appears at the second order pole. In section 7, the new OPEs between the
charged spin-1, 2, 3 currents and the uncharged spin-3 current are described. In sec-
tion 8, we present the future directions with a summary of this paper. In appendices,
we will describe some detailed calculations based on the previous sections. The free
field realization of [15] is reviewed and we explain how their results can be related
to the previous results by taking the appropriate limits for the parameters we are
considering.

The Thielemans package [16] is used together with the mathematica package [17]. The
similar coset in the work of [18] where the possibility of four parameters in the specific coset
is described is studied.2

1The integer M = 4 is the lowest value in order to have an independent SU(M) invariant tensors [2].
We take N which is different from M as five.

2There is a similar construction, a matrix extended W1+∞ algebra [19], defined in terms of matrix
extended Miura transformation (See also [20] for some mathematics for the “rectangular” W -algebra). The
truncation of this matrix extended W1+∞ algebra can be realized the one in (1.1) without U(1) factor in
the denominator. The three parameters of the algebra are given by N,M and k in the subsection 3.5 of [19].
We thank Lorenz Eberhardt for pointing this out.
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The charged spin-1, 2, 3, 4 currents and uncharged spin-2, 3, 4 currents we are consid-
ering in this paper are given by

spin-1 : Ja(z), spin-2 : Ka(z), spin-3 : P a(z), spin-4 : R̂a(z),
spin-2 : T (z), spin-3 : W (3)(z), spin-4 : W (4)(z). (1.2)

Here T (z) is the stress energy tensor and the index a in (1.2) is an adjoint index of SU(M)
and a = 1, 2, · · · , (M2 − 1). Except of T (z) and R̂a(z) which are quasi primary currents,
the remaining currents are primary ones under the stress energy tensor. In the context
of [5], the OPEs between the neutral higher spin currents are relevant to this conjecture
and the algebra between them is closed under the neutral higher spin currents. In addition
to that, there are also the OPEs between the charged higher spin currents and the neutral
ones and the OPEs between the charged higher spin currents. The right hand sides of these
OPEs will contain the composite charged or neutral higher spin operators.

The main work of this paper is to start with the charged and neutral higher spin
currents [2] and construct their algebra explicitly as an extension of [5] in the above
coset model (1.1).

What we have found newly in this paper is the higher spin-4 currents in (1.2). The
remaining ones were found in [2] previously.

2 Review with some new derivations

The normalization of the generators (tα, ta, tu(1), t(ρ̄i), t(σ̄j)) in SU(N+M) of the coset (1.1)
can be fixed by taking the following simple metric [2]

Tr(tαtβ) = δαβ , Tr(tatb) = δab, Tr(tu(1)tu(1)) = 1, Tr(t(ρ̄i)t(σ̄j)) = δρσ̄ δjī. (2.1)

Under the decomposition of SU(N+M) into the SU(N)×SU(M), the adjoint representation
of SU(N +M) breaks into

(N + M)2 − 1 −→ (N2 − 1,1)⊕ (1,M2 − 1)⊕ (1,1)⊕ (N,M)⊕ (N,M). (2.2)

The fundamental indices ρ and j among (2.2) run over ρ = 1, 2, · · · , N and j = 1, 2, · · · ,M ,
while the antifundamental indices σ̄ and ī run over σ̄ = 1, 2, · · · , N and ī = 1, 2, · · · ,M .
Note that the barred index in (2.1) becomes the unbarred one when we raise or lower
it and vice versa. For the α, a and u(1) indices where the adjoint indices are given by
α = 1, 2, · · · , (N2 − 1) and a = 1, 2, · · · , (M2 − 1) respectively, we can raise or lower them
without any change.3 We will use the metric in (2.1) all the time.

For the above given generators, the totally antisymmetric f and totally symmetric d
symbols can be expressed as follows:

Tr([tα, tβ ]tγ) = ifαβγ , Tr([ta, tb]tc) = ifabc, Tr({tα, tβ}tγ) = dαβγ ,

Tr({ta, tb}tc) = dabc, · · · , (2.3)
3Sometimes we use the SU(M) indices a, b, c, · · · as superscripts.
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where the abbreviated parts can be written similarly. We use the following nontrivial f
symbols [2] which are totally antisymmetric

if (ρ̄i)(σ̄j)u(1) =
√
M +N

MN
δjī δρσ̄, if (ρ̄i)(σ̄j)α = δρρ̄1 δσ1σ̄ δjī tασ1ρ̄1 ,

if (ρ̄i)(σ̄j)a = −δρσ̄ δi1 ī δjj̄1 tai1j̄1 . (2.4)

Due to the traceless property of the generators, when the indices ρ and σ̄ are equal to each
other in the second relation of (2.4), the corresponding f symbols are zero. Similarly, for
the equal ī and j in the third relation, the f symbols vanish.

The nontrivial SU(N +M) currents satisfy the following OPEs [2]

Jα(z)Jβ(w) = 1
(z−w)2 kδ

αβ+ 1
(z−w) if

αβ
γ J

γ(w)+· · · ,

Jα(z)J (ρ̄i)(w) = 1
(z−w) if

α(ρ̄i)
(σj̄)J

(σj̄)(w)+· · · ,

Jα(z)J (ρ̄i)(w) = 1
(z−w) if

α(ρ̄i)
(σ̄j)J

(σ̄j)(w)+· · · ,

Ja(z)Jb(w) = 1
(z−w)2 kδ

ab+ 1
(z−w) if

ab
cJ

c(w)+· · · ,

Ja(z)J (ρ̄i)(w) = 1
(z−w) if

a(ρ̄i)
(σj̄)J

(σj̄)(w)+· · · ,

Ja(z)J (ρ̄i)(w) = 1
(z−w) if

a(ρ̄i)
(σ̄j)J

(σ̄j)(w)+· · · ,

Ju(1)(z)Ju(1)(w) = 1
(z−w)2 k+· · · ,

Ju(1)(z)J (ρ̄i)(w) = 1
(z−w) if

u(1)(ρ̄i)
(σj̄)J

(σj̄)(w)+· · · ,

Ju(1)(z)J (ρ̄i)(w) = 1
(z−w) if

u(1)(ρ̄i)
(σ̄j)J

(σ̄j)(w)+· · · ,

J (ρ̄i)(z)J (σ̄j)(w) = 1
(z−w)2 kδ

ρσ̄ δjī (2.5)

+ 1
(z−w)

[
if

(ρ̄i)(σ̄j)
u(1)J

u(1)+if (ρ̄i)(σ̄j)
α Jα+if (ρ̄i)(σ̄j)

a Ja
]
(w)+· · · .

The second order pole in (2.5) has the explicit k dependence with weight 1. From the
nonzero f symbols in (2.4), the spin-1 currents transforming as (N,M) or (N,M) appear
in many places of (2.5). Due to the last OPE in (2.5), the contraction between the spin-1
current and its conjugated one in the OPEs later will provide the remaining three kinds of
spin-1 currents in the right hand side.

Note that there are also the five regular OPEs besides the above ten OPEs

Jα(z) Ja(w) = 0 + · · · , Jα(z) Ju(1)(w) = 0 + · · · , Ja(z) Ju(1)(w) = 0 + · · · ,

J (ρ̄i)(z) J (σj̄)(w) = 0 + · · · , J (ρ̄i)(z) J (σ̄j)(w) = 0 + · · · . (2.6)
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These come from the trivial results from both metric (2.1) and f symbols in (2.3) and (2.4).
In particular, the first and the third relations in (2.6) can be generalized to the spin-2, 3, 4
currents with the adjoint index a according to the coset (1.1) we are considering.

We can express the stress energy tensor [2], by Sugawara construction,

T (z) = 1
2(k +N +M)

[
JαJα + JaJa + δρσ̄δjī J

(ρ̄i)J (σ̄j) + δρσ̄δjīJ
(σ̄j)J (ρ̄i) + Ju(1)Ju(1)

]
(z)

− 1
2(k +N) J

α Jα(z)− 1
2k J

u(1) Ju(1)(z). (2.7)

The first five terms of (2.7) come from the SU(N+M) of the coset (1.1) while the remaining
ones come from the SU(N)×U(1) of the coset. Note that we can move the J (ρ̄i) in the fourth
term of (2.7) to the left and combine it with the third term together with a derivative term
according to the relation δρσ̄ δjī [J (σ̄j), J (ρ̄i)] = −MN

√
M+N
MN ∂ Ju(1) which will be used

several times in this paper. Then we have the following OPE

T (z)T (w) = 1
(z − w)4

c

2 + 1
(z − w)2 2T (w) + 1

(z − w) ∂ T (w) + · · · . (2.8)

It is rather nontrivial to check this OPE (2.8) explicitly by using the (2.5). Here the central
charge in (2.8) is given by [2]

c = k((N +M)2 − 1)
(k +M +N) − k(N2 − 1)

(k +N) − 1

= (−k2 + k2M2 − 2kN −MN + 2k2MN + kM2N −N2 + kMN2)
(k +N)(k +M +N) . (2.9)

Furthermore, the spin-1 current is primary operator under the stress energy tensor (2.7)

T (z) Ja(w) = 1
(z − w)2 J

a(w) + 1
(z − w) ∂ J

a(w) + · · · . (2.10)

Note that T (z) is a singlet under the horizontal subalgebra SU(M) [21]. The OPEs between
T (z) and Jα(w) (and Ju(1)(w)) are regular. When we further divide the SU(M) piece
in the coset (1.1) and subtract the corresponding stress energy tensor, 1

2(k+M) J
a Ja(w),

from (2.7), then this modified stress energy tensor is no longer singular OPE with spin-1
current Ja(w).

2.1 A charged spin 2 current

The next question is whether the spin-2 current transforming as adjoint representation of
SU(M) exists or not. If there exists, then how do we construct explicitly? It is natural to
require that it should transform as a primary operator under the stress energy tensor (2.7).
The nontrivial requirement is the relation between the previous spin-1 current and this
spin-2 current. In general, the second order pole of this OPE contains the spin-1 current
with two free adjoint indices while the first order pole contains the composite spin-2 op-
erators contracted with the appropriate indices. In the specific basis, the spin-2 current
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can transform as the “primary” operator under the spin-1 current [22]. Furthermore, the
spin-2 current should transform under the adjoint representation of the horizontal finite
dimensional Lie algebra SU(M) [21].

Among five spin-1 currents, we can make the quadratic terms between them with
derivative terms in order to have spin-2 operator. The nontrivial term is given by the
SU(M) generator multiplied by the spin-1 current transforming as (N,M) and its conju-
gated one. Moreover, the fundamental and antifundamental indices of SU(N) should be
contracted each other. We expect that there should be the spin-2 operator contracted by
d symbol [23, 24] from the adjoint spin-1 current Ja(z). It turns out that a charged spin-2
current [2] is given by4

Ka(z) = δρσ̄ t
a
jī (J (ρ̄i) J (σ̄j) + J (σ̄j) J (ρ̄i))(z)− N

(M + 2k) d
abc Jb Jc(z)

+ 2N
k

√
M +N

MN
Ja Ju(1)(z). (2.11)

Note that the third term of (2.11) occurs in [23, 24]. Instead of introducing the arbitrary
coefficients, we will check whether the above result is consistent with other conditions.

Now we can compute the OPE between Ju(1)(z) and Ka(w) and it turns out that
the second order pole of this OPE coming from the first two and last terms of (2.11) has
Ja(w) term whose coefficient vanishes, similar to the third one of (2.6). Moreover, the
OPE between Jα(z) and Ka(w) can be obtained from the first two terms of (2.11) and this
leads to the vanishing of this OPE, along the line of the first relation of (2.6), where the
traceless conditions for the generators tαρσ̄ and ta

ij̄
are used. From the OPE between Ja(z)

and Kb(w), the second order pole vanishes by using the identity that the triple product
dff is proportional to d symbol [23–25]. We also consider ∂ Ja(z) term in (2.11) but the
vanishing of third order pole of the OPE between Ja(z) and Kb(w) does not allow us to add
this term. Finally, the first order pole of this OPE can be written in terms of ifabcKc(w).

Therefore, we summarize that the charged spin-2 current has the following OPE

Ja(z)Kb(w) = 1
(z − w) i f

ab
cK

c(w) + · · · . (2.12)

We can compute the commutator [Ja0 ,Kb(w)] and this leads to i fabcKc(w) from the result
of (2.12). In other words, the spin-2 current transforms under the adjoint representation of
the horizontal finite dimensional Lie algebra SU(M) as mentioned before. Here Ja0 is the
Laurent zero mode of spin-1 current Ja(z) [21]. Because the complete expression of this
charged spin-2 current is given by (2.11), we can calculate the OPE with the stress energy
tensor (2.7) and it is given by

T (z)Ka(w) = 1
(z − w)2 2Ka(w) + 1

(z − w) ∂ K
a(w) + · · · , (2.13)

4We have the relation δρσ̄ tajī J
(σ̄j) J(ρī)(z) = δρσ̄ t

a
jī J

(ρī) J(σ̄j)(z) +N ∂Ja(z) from the last OPE of (2.5)
with the help of [23].
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where the relation (2.10) and other ones are used. So far, the currents are given by the
stress energy tensor (2.7), the spin-1 current and the spin-2 current (2.11). Their OPEs
are given by (2.8), (2.10), (2.13), the fourth relation of (2.5), and (2.12).

2.2 A charged spin 3 current

We would like to construct the charged spin-3 current as we did in previous subsection. This
charged spin-3 current should be a primary operator under the stress energy tensor (2.7).
We expect that the cubic term of SU(M) adjoint spin-1 current with the fourth order d
symbols [24, 26] as a nonderivative term can arise. For the OPE with the spin-1 current,
we require the previous “primary” condition under the spin-1 current.

It turns out that the charged spin-3 current which was obtained by using the works
of [27–29] has the following terms5

P a(z) = a1t
α
ρσ̄t

a
jīJ

αJ (ρ̄i)J (σ̄j)(z)+a2J
αJαJa(z)+a3J

bJbJa(z)+a4J
aJu(1)Ju(1)(z)

+a5d
abcδρρ̄t

b
jīJ

c(J (ρ̄i)J (ρ̄j)+J (ρ̄j)J (ρ̄i))(z)+a7δρσ̄t
a
jīJ

u(1)(J (ρ̄i)J (σ̄j)+J (σ̄j)J (ρ̄i))(z)

+a8δρσ̄δjīJ
a(J (ρ̄i)J (σ̄j)+J (σ̄j)J (ρ̄i))(z)+a9d

abcJbJcJu(1)(z)+a11if
abc∂JbJc(z)

+a12δρσ̄t
a
jī∂J

(ρ̄i)J (σ̄j)(z)+a13δρσ̄t
a
jī∂J

(σ̄j)J (ρ̄i)(z)+a16∂
2Ja(z)

+a176Tr(tat(b tc td))JbJcJd(z). (2.14)

The a3, a11, a16 and a17 terms contain the spin-1 current only.6 The a17 term is related to
the above cubic term with the fourth order d symbols mentioned before. We understand
the a2, a4 and a9 terms because the indices except the free adjoint index a are contracted
properly. The nontrivial parts are given by the remaining six terms. The free index a arises
in the generator ta

jī
, the spin-1 current Ja and the dabc symbols. They contain the spin-1

currents transforming as (N,M) or (N,M). For a5, a7, a12 and a13 terms, the Kronecker
delta symbols are multiplied in order to contract with the fundamental and antifundamen-
tal indices of SU(N) each other. For a8 term, there exists further Kronecker delta symbols
associated with the fundamental and antifundamental indices of SU(M). Note that in the
a1 term, there is an additional generator tαρσ̄ contracted with three other indices. We do not
get the a1 term from the each term of charged spin-2 current and other operators. There-
fore, the a1 term is crucial for the construction of an independent charged spin-3 current.

Now we would like to construct the spin-3 current step by step explicitly by assuming
the operator contents of [2]. We calculate the OPEs by hand without using the method
given in [2] where they have obtained this charged spin-3 current for several fixed low
(N,M) values and extracted the (N,M) dependence of relative coefficients as well as k
dependence. By requiring that we should have the condition Jα(z)P a(w) = 0, along the
line of the first relation of (2.6), where the corresponding terms in (2.14) are given by

5The coefficients a6,a10, a14 and a15 are vanishing where the corresponding terms are given by
a6 i f

abc δρρ̄ t
b
jī J

c(J(ρī)J(ρ̄j) + +J(ρ̄j)J(ρī))(z) + a10 d
abc ∂ Jb Jc(z) + a14 J

a ∂ Ju(1)(z) + a15 ∂ J
a Ju(1)(z). In

order to check (2.14) we keep these terms also.
6The a17 term can be written as 6

M
Ja Jb Jb+ 3

2 (if+d)abe decd Jb Jc Jd+ 3
2 (if+d)ade debc i f bdf ∂ Jf Jc−

1
4 (if + d)ade fcdf f bfg ∂2 Jg + 6

M
i f bac ∂ Jc Jb − 1

M
f bac f bcd ∂2 Jd.
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a1, a2, a8, a12 and a13 terms, the second order pole provides the following equations[
(2N + k) a1 + (a12 − a13)

]
tαρσ̄ t

a
jī J

(ρ̄i) J (σ̄j)(w) = 0,[
a1 − 2(N + k) a2 − 2M a8

]
Jα Ja(w) = 0. (2.15)

Here the relation [tα, tβ ] = ifαβγ t
γ is used in (2.15). Moreover, from (2.5), we have the

following identity (See also [23])

[J (ρ̄i), J (σ̄j)] = i f
(ρ̄i)(σ̄j)

u(1) ∂ J
u(1) + i f (ρ̄i)(σ̄j)

α ∂ J
α + i f (ρ̄i)(σ̄j)

a ∂ J
a. (2.16)

Then the contribution from the second term of a8 in (2.14) is the same as the one from
the first term because the additional two delta symbols in a8 term can act on (2.16) which
leads to zero value.

Similarly, the regularity condition Ju(1)(z)P a(w) = 0, similar to the third relation
of (2.6), gives the following equations we should have[

−N

√
M +N

MN
a12 + 2 k a14 −N

√
M +N

MN
a13

]
Ja(w) = 0,

[
2k a4 − 2N

√
M +N

MN
a7 + 2(M +N) a8

]
Ja Ju(1)(w) = 0,

[
− 2N

√
M +N

MN
a5 + k a9

]
dabcJb Jc(w) = 0,

[
2k a7 +

√
M +N

MN
a12 −

√
M +N

MN
a13

]
δρσ̄ t

a
jī J

(ρ̄i) J (σ̄j)(w) = 0,

[
− 2MN

√
M +N

MN
a6 + kN a7 −N

√
M +N

MN
a13 + k a15

]
∂ Ja(w) = 0. (2.17)

Each term of the last four terms can be seen from the charged spin-2 current in (2.11). In the
last relation of (2.17), the identity fabc Jb Jc(w) = iM ∂ Ja(w) [23, 24] is used. In the com-
putation of a7 term, there exists the relation δρσ̄ tajī J

(σ̄j) J (ρ̄i)(w) = δρσ̄ t
a
jī
J (ρ̄i) J (σ̄j)(w) +

N ∂ Ja(w) which can be obtained from the relation (2.16).
Let us consider the OPE between Ja(z) and P b(w). The fourth and third order poles

of this OPE give us [
2Mka3−2Mka11−kN a12+kN a13+6ka16

]
δab = 0,[

2(M−k)a3+(M2−4) N
M
a5+2N a8−(2k+M)a11−

N

2 a12

+N

2 a13+2a16+(M2+6)a17

]
ifabcJ

c(w) = 0,

[
4NM

√
M+N
MN

a6−N

√
M+N
MN

a12−N

√
M+N
MN

a13+2ka15

]
δabJu(1)(w) = 0,

[
−NM a6+(2k+M)a10+N

2 a12+N

2 a13

]
dabcJc(w) = 0. (2.18)
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In the calculation of the second relation of (2.18), we use the following relation

Tr(ti tb tc td) = 1
M

δib δcd + 1
4 (if + d)ibe (if + d)ecd. (2.19)

This can be obtained by recalling the fact that the product of two generators can be
written in terms of Kronecker delta symbol with identity matrix, f and d symbols with
generator and we can multiply further generators successively. By multiplying three f
symbols into (2.19), we obtain the intermediate result

Tr(ti tb tc td) fabf ffcg fgdh =

− 2faih + 1
4

[
M2f iah − iM2dhai − iM2diah − (M2 − 4)f iha

]
, (2.20)

where the identities for the triple products fff and dff [23, 24] are used in (2.20). Then
the remaining five similar terms can be obtained and by adding these we arrive at the final
contribution (M2 + 6) a17 if

abc Jc(w) in (2.18).
Let us describe the second order pole which will be more complicated. We have the

following result[
−a1+ka2

]
δabJαJα(w) = 0,

[
ka4−2N

√
M+N
MN

a7

]
δabJu(1)Ju(1)(w) = 0,

[
−2N

√
M+N
MN

a5+N a7+(2k+M)a9

]
dabcJcJu(1)(w) = 0,

[
−2N

√
M+N
MN

a6+a15

]
ifabcJcJu(1)(w) = 0,

[
ka14−kNM

√
M+N
MN

a8−N

√
M+N
MN

a13

]
δab∂ Ju(1)(w) = 0,

[
2(k+M)a5−

1
2 a12+ 1

2 a13

]
dabc δρσ̄ t

c
jīJ

(ρ̄i)J (σ̄j)(w) = 0,

[
−2(k+M)a6+ 1

2 a12+ 1
2 a13

]
ifabc δρσ̄ t

c
jīJ

(ρ̄i)J (σ̄j)(w) = 0,

[
2ka8−

1
M
a12+ 1

M
a13

]
δab δρσ̄ δjīJ

(ρ̄i)J (σ̄j)(w) = 0,

[
−N a6+a10

]
iface dbcdJeJd(w) = 0,

[
ka10+N (k+M)a5+N

2 a13+MN a6

]
dabc∂ Jc(w) = 0,

[
−2a3−a11+ 3

2 ka17

]
dabe decdJcJd(w) = 0,
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[
2(k+M)a3+2N a8+ 4

M
(2a3+a11)+

(12k
M

+18
)
a17

]
JaJb(w) = 0,

[
ka3−

4
M

(2a3+a11)+
(6k
M
−6
)
a17

]
δabJcJc(w) = 0,

[
N a5+(2a3+a11)+3(k+M)a17

]
dacd dbceJdJe(w) = 0,

[
ka11+2a16+N

2 a13−N (k+M)a6−
N

M
(M2−4)a5−

1
M

(M2−4)(2a3+a11)

+
(
−3

2 kM+(−2M2−6)
)
a17−2N a8−

4
M

(2a3+a11)
]
ifabc∂ Jc(w) = 0. (2.21)

We rewrite the term facd fdbe Jc Je(w) in terms of Kronecker delta δ and d symbols by
using the corresponding identity [21, 24]. For the calculation of last five relations associated
with a17 term in (2.21), the identities containing the quartic products of ffff , fffd and
ffdd [24, 25] are used. Note that although there are also faec dbed Jc Jd(w) and dabc ∂ Jc(w)
in general, those contributions from the coefficient a17 become zero.

By solving the above equations (2.15), (2.17), (2.18) and (2.21), we obtain the coeffi-
cients appearing in the spin-3 current as follows:

a2 = a1

k
, a3 = N(k+2N)

k(k+M)(3k+2M)a1, a4 = (k+2N)(M+N)
k2M

a1,

a5 =− (k+2N)
4(k+M)a1, a7 = (k+2N)

2k

√
M+N
MN

a1, a8 =− (k+2N)
2kM a1,

a9 =− (k+2N)N
2k(k+M)

√
(M+N)
MN

a1, a11 = (k2−8)N(k+2N)
4k(k+M)(3k+2M)a1,

a12 =−1
2(k+2N)a1, a13 = 1

2(k+2N)a1, (2.22)

a16 =−N(6k3+9k2M+4kM2+12M)(k+2N)
12k(k+M)(3k+2M) a1, a17 = N(k+2N)

6(k+M)(3k+2M)a1.

Except the coefficient a2, all the coefficients contain the factor (k + 2N). These are the
same as the ones in [2]. As described in the footnote 5, the four coefficients, a6, a10, a14
and a15 are vanishing.

Also we have the primary condition under the stress energy tensor mentioned before

T (z)P a(w) = 1
(z − w)2 3P a(w) + 1

(z − w) ∂ P
a(w) + · · · . (2.23)

In order to check this condition (2.23), the relations (2.10) can be used.
After using the vanishing of the fourth, third and second order poles we are left with

the first order pole and can be written as

Ja(z)P b(w) = 1
(z − w) i f

abc P c(w) + · · · , (2.24)
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where the fundamental relations (2.5) can be used in (2.24). As explained in (2.12), the
spin-3 current transforms under the adjoint representation of SU(M). Once again, the
charged spin-3 current is primary operator via (2.23) and (2.24).

2.3 An uncharged spin 3 current

How do we construct the higher spin-3 current which is neutral under the spin-1 current?
We should write down the possible composite spin-3 operators and determine the relative
coefficients by imposing the basic conditions coming from the coset (1.1). As explained
before, we should require that this spin-3 current transforms as the primary operator under
the stress energy tensor (2.7).

It turns out that the uncharged spin-3 current [2] has the following independent terms7

W (3)(z) = b1 d
αβγ JαJβJγ(z)+b2 dabcJaJbJc(z)+b3Ju(1)Ju(1)Ju(1)(z)+b4JαJαJu(1)(z)

+b5JaJaJu(1)(z)+b6 tαρσ̄ δjīJα (J (ρ̄i)J (σ̄j)+J (σ̄j)J (ρ̄i))(z)

+b7 δρσ̄ tajīJ
a(J (ρ̄i)J (σ̄j)+J (σ̄j)J (ρ̄i))(z)+b8 δρσ̄ δjīJu(1)(J (ρ̄i)J (σ̄j)+J (σ̄j)J (ρ̄i))(z)

+b12 δρσ̄ δjī∂ J
(ρ̄i)J (σ̄j)(z)+b13 δρσ̄ δjī∂ J

(σ̄j)J (ρ̄i)(z)+b14∂
2Ju(1)(z). (2.25)

The second term can be seen from the work of [23]. The b2, b5 and b7 terms can be seen from
the terms of spin-2 current in (2.11). When we differentiate the stress energy tensor (2.7),
then we observe the b12 and b13 terms. For the b6 term, we have seen similar a1 term in
the charged spin-3 current.

The regularity condition Jα(z)W (w) = 0 implies the following relations coming from
the third and second order poles

[
2(k +N) b9 +M b12 +M b13

]
Jα(w) = 0,

[
3(k +N) b1 +M b6

]
dαβγ Jβ Jγ(w) = 0,

[
2(k +N) b4 + 2M b8 + 2M

√
M +N

MN
b6

]
Jα Ju(1)(w) = 0,

[
(k +N) b9 +M b13 − (kM + 2MN) b6

]
∂ Jα(w) = 0,

[
2(k + 2N) b6 + b12 − b13

]
δjī t

α
ρσ̄ J

(ρ̄i) J (σ̄j)(w) = 0. (2.26)

In this calculation, we have the identities fαβγ Jβ Jγ(w) = iN∂ Jα(w) and Tr(tα tβ tγ) =
1
2(if + d)αβγ as described before.

7The coefficients b9, b10 and b11 are vanishing and the corresponding terms are given by b9 ∂ Jα Jα(z) +
b10 ∂ J

a Ja(z) + b11 ∂ J
u(1) Ju(1)(z).
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Similarly, from the OPE between Ju(1)(z) and W (w), we have the following relations
from the fourth, the third and the second order poles[

kMN

√
M +N

MN
b12 − kMN

√
M +N

MN
b13 + 6k b14

]
= 0,

[
2k b11 + (M +N) b12 + (M +N) b13

]
Ju(1)(w) = 0,

[
k b4 + 2M

√
M +N

MN
b6

]
Jα Jα(w) = 0,

[
k b5 − 2N

√
M +N

MN
b7

]
Ja Ja(w) = 0,

[
2(M +N) b8 + 3k b3

]
Ju(1) Ju(1)(w) = 0,

[
2k b8 +

√
M +N

MN
b12 −

√
M +N

MN
b13

]
δρσ̄ δjī J

(ρ̄i) J (σ̄j)(w) = 0,

[
k b11 + kMN

√
M +N

MN
b8 − (M +N) b13

]
∂ Ju(1)(w) = 0. (2.27)

The identity δρσ̄ δjī [J (ρ̄i), J (σ̄j)](w) =
√

M+N
MN M N ∂ Ju(1)(w) coming from (2.16) is used

in the calculation of last two equations of (2.27). If we use the relations (2.26) and (2.27)
only, then the coefficients are not determined completely.

In order to calculate the OPE between T (z) andW (w), we should obtain the following
nontrivial OPEs

T (z) J (ρ̄i)(w) = 1
(z − w)2

[
(−k −M + 2k2M −N + kMN)

2kM(k +N)

]
J (ρ̄i)(w)

+ 1
(z − w)

[
1

(k +N) if
(ρ̄i)α

(σk̄) J
αJ (σk̄) + 1

k
i f

(ρ̄i)u(1)
(σj̄) J

u(1)J (σj̄)

+ ∂J (ρ̄i)
]
(w) + · · · ,

T (z) J (ρ̄j)(w) = 1
(z − w)2

[
(−k −M + 2k2M −N + kMN)

2kM(k +N)

]
J (ρ̄j)(w)

+ 1
(z − w)

[
1

(k +N) i f
(ρ̄j)α

(σ̄k) J
αJ (σ̄k) + 1

k
i f

(ρ̄j)u(1)
(σ̄k) J

u(1)J (σ̄k)

+ ∂J (ρ̄j)
]
(w) + · · · . (2.28)

In the first order term of (2.28), there exist nontrivial nonlinear terms. Even the second
order term has nontrivial coefficients which depend on N , M and k explicitly. In this
calculation we use the following identity

tαρ1σ̄1 t
α
ρ2σ̄2 = δρ1σ̄2 δρ2σ̄1 −

1
N
δρ1σ̄1 δρ2σ̄2 , taij̄ t

a
kl̄

= δil̄ δkj̄ −
1
M

δij̄ δkl̄. (2.29)
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In (2.29), they satisfy for any four indices and similar relations for contracted indices can
be obtained from these identities.

We summarize the fifth, fourth and third order poles in the OPE between T (z) and
W (3)(w) as follows:[

2k (M2 − 1) b10 + N(−k −M + 2k2M −N + kMN)
(k +N) (b12 + b13)

]
= 0,

[
k (M2 − 1) b5 − 2N(M2 − 1)

√
M +N

MN
b7 + N(−k −M + 2k2M −N + kMN)

(k +N) b8

+ (−k −M + 2k2M −N + kMN)
2k(k +N) N

√
M +N

MN
(b12 − b13)

]
Ju(1)(w) = 0,

2b10 J
a Ja(w) + (b12 + b13)

[
2δρσ̄ δjī J (ρ̄i) J (σ̄j) − (M +N)

k
Ju(1) Ju(1)

− M

(k +N) J
α Jα −MN

√
M +N

MN
∂ Ju(1)

]
(w) = 0. (2.30)

It can be checked that the contribution from the coefficient b6 term vanishes by using the
various further contractions between the operators appearing in the contributions from the
b12 or b13 term. We have the following primary condition under the stress energy tensor

T (z)W (3)(w) = 1
(z − w)2 3W (3)(w) + 1

(z − w)2 ∂ W
(3)(w) + · · · . (2.31)

It will be rather complicated to check this by hand explicitly. If we identify some of the
factors in the spin-3 current with the previous known currents, then the corresponding
computations will be easier.

By solving (2.26), (2.27) and (2.30), we arrive at the following intermediate result for
the coefficients

b3 = 2(k+N)(M+N)(k+2N)
k2M

√
M+N
MN

b1, b4 = 6(k+N)
k

√
M+N
MN

b1,

b5 = 2N
k

√
M+N
MN

b7, b6 =−3(k+N)
M

b1,

b8 =−3(k+N)(k+2N)
kM

√
M+N
MN

b1, b12 = 3(k+N)(k+2N)
M

b1,

b13 =−3(k+N)(k+2N)
M

b1, b14 =−N(k+N)(k+2N)
√
M+N
MN

b1.

(2.32)

The coefficients are written in terms of b1 and b7 and moreover the coefficient b2 is not
determined yet. Except the coefficients of b4 and b6, all the coefficients contain the factor
(k + 2N). We will analyze further in section 7 and determine the remaining coefficients
completely. Therefore, we have checked that the expressions for the spin-3 current is correct
for any (N,M) and k.
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3 The OPE between the charged higher spin-2 current and itself

In this section, we would like to construct the OPE Ka(z)Kb(w) which did not appear
in [2] by using the explicit realization in (2.11) with the help of (2.5). What they have
observed in [2] is that the above OPE is found by assuming that there exist the spin-1, 2
currents as well as the stress energy tensor (2.7). Of course, they have constructed the
uncharged spin-3 current which does not appear in the above OPE. Moreover, they have
used the Jacobi identities between these currents and the relative coefficients appearing
in this OPE depend on (N,M) and k explicitly by collecting some of the results for fixed
(N,M) values. Furthermore, their construction does not tell us any information on the
coset model.

On the other hand, in our construction we use the explicit realization of coset and the
currents are given by (2.7), (2.11), (2.14) and (2.25). We will observe that there exists a
charged spin-3 current described in (2.14) in the first order pole of the OPE.

It is useful to calculate the OPEs between Ka(z) and other spin-1 operators. We
have (2.12) and the OPE between Ka(z) and Jα(w) and the OPE between Ka(z) and
Ju(1)(w) have trivial results from the analysis of the subsection 2.1. Then the remaining
nontrivial OPEs are given by

Ka(z)J (ρ̄i)(w) = 1
(z−w)2

[
2(k2−1)(2k+M+N)

k(2k+M)

]
δkī takj̄ J

(ρj̄)(w)

+ 1
(z−w)

[
2(k+N)δkj̄ (ta)īk ∂ J (ρj̄)− 2(k+N)

k

√
M+N
MN

δkītakj̄J
u(1)J (ρj̄)

+ 2
kM

(k+M+N)JaJ (ρ̄i)−
(
if− (2k+M+2N)

(2k+M) d

)abc
δkī tckj̄ J

bJ (ρj̄)

−2δkī δσσ̄1 (tα)σ̄1ρ takj̄ J
αJ (σj̄)

]
(w)+· · · ,

Ka(z)J (ρ̄j)(w) = 1
(z−w)2

[
2(k2−1)(2k+M+N)

k(2k+M)

]
δjl̄ ta

kl̄
J (ρ̄k)(w)

+ 1
(z−w)

[
2(k+N)δkk̄1

(ta)k̄1j ∂ J (ρ̄k)+ 2(k+N)
k

√
M+N
MN

δjl̄ta
kl̄
Ju(1)J (ρ̄k)

− 2
kM

(k+M+N)JaJ (ρ̄j)−
(
if+ (2k+M+2N)

(2k+M) d

)abc
δjj̄1 tckj̄1 J

bJ (ρ̄k)

+2δjl̄ δσσ̄1 (tα)ρ̄σ ta
kl̄
JαJ (σ̄1k)

]
(w)+· · · . (3.1)

These two OPEs look similar but they are different from each other. Based on these OPEs,
we can calculate the OPEs between the charged spin-2 current and the derivative of spin-1
currents by simply taking the derivative with respect to the argument w. We use the
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identity of two and triple products of generators

ta tb = 1
M

δab 1M + 1
2(i f + d)abc tc,

ta tb tc = 1
M

δbc ta + 1
2M δad (i f + d)bcd 1M + 1

4(i f + d)bcd (i f + d)adf tf , (3.2)

where the first relation can be obtained from the f and d symbols in (2.3) together with
the metric in (2.1) and the second relation can be determined by acting other generator
on the first relation.

3.1 The fourth, third and second order poles

Then the fourth order pole can be determined by the OPE between the spin-2 current and
the first two terms of spin-2 current. If we use the property of the footnote 4, then the
contribution from the second term of the spin-2 current can be expressed as the contribution
from the first term and the contribution from the OPE between the spin-2 current and the
derivative of spin-1 current which can be easily obtained from the defining relation in (2.12).

It turns out that the fourth order pole of this OPE is given by

Ka(z)Kb(w)
∣∣∣∣∣

1
(z−w)4

= 4(k2 − 1)N(2k +M +N)
(2k +M) δab, (3.3)

which is equal to c1
2 δ

ab in the notation of [2]. Then we can determine the coefficient

c1 = 8(k2 − 1)N(2k +M +N)
(2k +M) . (3.4)

The free indices a and b arise in the form of invariant Kronecker delta symbols.
How do we obtain the third order pole? By using the trace of triple product of

generators appearing in (3.2) leading to the second contribution because the first and
last contributions provide zero due to the tracelessness of the generator, the final result
can be expressed as a f symbols with spin-1 current. It turns out that the third order pole
of this OPE is given by

Ka(z)Kb(w)
∣∣∣∣∣

1
(z−w)3

= 4(k2 − 1)N(2k +M +N)
k(2k +M) ifabc Jc(w), (3.5)

which is given by c2 i f
abc Jc(w) in the notation of [2]. Therefore, we have the coefficient

c2 = 4(k2 − 1)N(2k +M +N)
k(2k +M) . (3.6)
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Let us present the final result first. The second order pole can be written as

Ka(z)Kb(w)
∣∣∣∣∣

1
(z−w)2

=

− 4(k+N)(M+N)
kM

δabJu(1)Ju(1)(w)−4δabJαJα(w)− 4N
kM

(k+M+N)JaJb(w)

+2
√
M+N
MN

(
−N

2

k
if+N(4k2+2kM+4kN+MN)

k(2k+M) d

)abc
JcJu(1)(w)

+N
(
if− (k+M+2N)

(2k+M) d

)aec
(if+d)dbcJeJd(w)+ 8(k+N)

M
δab δρσ̄ δjl̄J

(ρl̄)J (σ̄j)(w)

−2N ifabc δρσ̄ tc
jl̄
J (ρl̄)J (σ̄j)(w)+ 2(4k2+2kM+4kN+MN)

(2k+M) dabc δρσ̄ tc
jl̄
J (ρl̄)J (σ̄j)(w)

−4N(k+N)
√
M+N
MN

δab∂ Ju(1)(w)+2kN ifabc∂Jc(w)

+ 2kN(2k+M+2N)
(2k+M) dabc∂ Jc(w)− MN

(2k+M) d
abcKc(w)+N ifabcKc(w). (3.7)

The contribution from the third term of (2.11) is given by the second term of the last line
of (3.7). The last term of (3.7) comes from the expression of the second term having a
derivative term of Jb(w) in the footnote 4. Then the remaining expressions come from
the first two terms in (2.11). Then the operator contents of (3.7) is the same as the ones
in (2.21) as expected.

The next question is how we can write down the above expression (3.7) in terms of
previous known currents, spin-1, 2 currents as well as the stress energy tensor? Of course,
there should be a descendant term originating from the third order pole. This is a simple
derivative term of spin-1 current with fixed known coefficient. Moreover, it is obvious that
there are stress energy tensor and spin-2 current of spin-2. Now it is clear to simplify (3.7)
by comparing it with (2.7) and (2.11).

It is easier to look at the terms of singlet operator without having any group indices
first. By identifying Ju(1) Ju(1)(w) term in both (3.7) and (2.7), we observe that the
coefficient of T (w) in the second order pole should be equal to

8
M

(k +N)(k +M +N), (3.8)

by focusing on the first term of (3.7). This is equivalent to 2 c1 a1,CH
c of [2] with (2.9)

and (3.4). Then we can extract the coefficient of a1,CH from (3.8) as follows:

a1,CH = (2k+M)(−k2+k2M2−2kN−MN+2k2MN+kM2N−N2+kMN2)
2(k2−1)MN(2k+M+N) . (3.9)

Then the structure constant (3.8) appearing in the stress energy tensor of the second order
pole is determined. Of course, other terms of the stress energy tensor in the second order
pole can be checked.
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Let us move to the other structure constant and the coefficient of dabcKc(w) is given by
2k(2k +M + 2N)

(2k +M) , (3.10)

which is equal to 2c6 in [2]. Note that the contribution (3.10) comes from the d term of the
second line of (3.7) and the second term in the last line of (3.7) by focusing on the singlet
term of (2.11). Then the coefficient of c6 of [2] from (3.10) is given by

c6 = k(2k +M + 2N)
(2k +M) . (3.11)

Then the structure constant (3.10) appearing in the spin-2 current of the second order pole
is determined.

After subtracting the descendant term, the stress energy tensor term and spin-2 current
term from the second order pole, there exists the sum of some nonzero composite operators
which corresponds to a quasi primary operator. We can collect the following nonderivative
quadratic Ja dependent terms in (3.7)

4N
M

δab Jc Jc + N(4k2 + 4kM +M2 +MN)
(2k +M)2 dabe decd Jc Jd

− 4N(2k +M +N)
kM

Ja Jb − 2N(2k +M +N)
(2k +M) dace debdJc Jd. (3.12)

From the expression of (3.7), it is easy to see that the above terms (3.12) come from the
last term of the first line (entering into the third term of (3.12)), the first term of the
third line, and the second term of the last line (contributing to the second term of (3.12))
of (3.7). Because we are looking at the particular composite operators, the other terms
in (3.7) including the derivative terms should be checked explicitly.

On the other hand, the two invariant fourth order d symbols are studied in [2] as well as
the two product of Kronecker delta symbols. Then we can express the above quantities by
writing down their invariant tensors in terms of f and d symbols via the first two relations
in appendix (A.1). In other words, we have[

c31+ 4
M
c32−

4
M
c33+ 2c1a1

c

1
2(k+M+N)

]
δabJcJc (3.13)

+
[
(c32−c33)−2c6

N

(2k+M)

]
dabe decdJcJd+

[
8
M
c33+c34

]
JaJb+2c33 d

ace debdJcJd.

Note that these four independent operators appear in (2.21). For the c33 term, as we can
see in the second relation of appendix (A.1), the various identities can be used. After using
the symmetric property of the free indices, then half of them can be rewritten as the other
half. It turns out that fd term and the derivative term with d symbols are vanishing.

Then we obtain the following expressions, by using the two equations (3.12) and (3.13),

c31 = −4(4k3 + 4k2M + kM2 + 8k2N + 6kMN +M2N + 4kN2 +MN2)
M(2k +M)2 , (3.14)

c32 = 2kN(2k +M +N)
(2k +M)2 , c33 = −N(2k +M +N)

(2k +M) , c34 = −4N(2k +M +N)
k(2k +M) .
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Therefore, we have determined the second order pole with (3.9), (3.11) and (3.14) com-
pletely. As we emphasized before, the structure constants we have found here are different
from the their (3.27) in [2].

3.2 The first order pole and charged spin-3 current

Now we can collect all the contributions entering into the first order pole and we arrive at
the final results as follows:

Ka(z)Kb(w)
∣∣∣∣∣

1
(z−w)

= i fabcN∂Kc(w)

− N

(2k +M)
(
i face dbcdKe Jd + i fade dbcd JcKe

)
(w) + 2N

k

√
M +N

MN
i fabcKc Ju(1)(w)

+ δρσ̄ t
b
jī

[
4(k +N)δkl̄ (t

a)īk ∂ J (ρl̄) J (σ̄j) − 4
k

(k +N)
√
M +N

MN
δkī ta

kl̄
((Ju(1) J (ρl̄))J (σ̄j))

+ 4
kM

(k +M +N) ((Ja J (ρ̄i)) J (σ̄j))

− 2(i f − (2k +M + 2N)
(2k +M) d)acd δkī td

kl̄
((Jc J (ρl̄)) J (σ̄j))

− 4δkī δσ1σ̄1 (tα)σ̄1ρ ta
kl̄

((Jα J (σ1 l̄)) J (σ̄j)) + 4(k +N)δkl̄ (t
a)l̄j J (ρ̄i) ∂ J (σ̄k)

+ 4
k

(k +N)
√
M +N

MN
δjl̄ ta

kl̄
J (ρ̄i) Ju(1) J (σ̄k) − 4

kM
(k +M +N) J (ρ̄i) Ja J (σ̄j)

− 2(i f + (2k +M + 2N)
(2k +M) d)acd δjj̄1 tdkj̄1 J

(ρ̄i) Jc J (σ̄k)

+ 4 δjl̄ δσ1σ̄1 (tα)σ̄σ1 ta
kl̄
J (ρ̄i) Jα J (σ̄1k)

]
(w). (3.15)

Compared to the previous second order pole, it is rather easy to obtain this first order
pole because we do not have to consider the additional contractions between the operators.
The first two terms in the second line of (3.15) are determined from the OPE between the
spin-2 current and the third term of (2.11) while the last term in the second line of (3.15)
comes from the OPE between the spin-2 current and the last term of (2.11).

According to the observation of [2], there exist five quasi primary operators including
the spin-3 current after subtracting the various descendant operators properly. Let us look
at the Jα term in (3.15). It appears in the sixth line and the last line. We can easily
see that they have the product of two generators and this contains the f symbols with
numerical value 1

2 . Then the overall numerical factor will be 4 by adding the above two
contributions. Because the operator contents are the same as the one of the first term
of spin-3 current (2.14), by extracting the first term of P c(w) in the above first order
term (3.15), we determine the structure constant, the coefficient of P c(w) in the right hand
side of the OPE

CP
c

KaKb = 4
a1
i fabc. (3.16)
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Of course, this is one of the terms among thirteen terms in (2.14). Further analysis on this
direction can be done without any difficulty.

Note that the second term of spin-3 current contains only Jα and Jc term. We can
check that this term cannot be seen from (3.15). However, among the list of the five quasi
primary operators we mentioned, we can find that term. This implies that we should have
exact coefficient in the two places, in the quasi primary operator and the spin-3 current
with opposite signs. Then we can determine the coefficient aCH3 in [2] by focusing on the
second term of P c(w)

i

[
1

2(k +M +N) −
1

2(k +N)

]
c2 a3,CH + i

4
a1
a2 = 0, (3.17)

where (3.16) is used. Note that the two terms inside the bracket in (3.17) are coming from
the explicit stress energy tensor in (2.7). From this (3.17) together with (3.6) and (2.22),
we have determined the coefficient

a3,CH = 2(2k +M)(k +N)(k +M +N)
(k2 − 1)MN(2k +M +N) . (3.18)

Then the structure constant appearing in this quasi primary operator is given by the first
term of (3.17) with (3.6) and (3.18).

Now we move to the other quasi primary operator. Let us determine the coefficient of
c73 appearing in the first order pole in [2] by looking at fabc dcde Jd Je Ju(1)(w). Then we
have the following relation

− i 4N2

k(2k +M)

√
M +N

MN
− i 4

a1
a9 −

2N
k

√
M +N

MN
c73 = 0, (3.19)

where the first term originates from the second, third and fourth terms of (3.15). In the
c73 term of (3.19), the relation of third line in appendix (A.1) is used. In the a9 term, the
relation (3.16) is used. By substituting the value of a9 in (2.22) into (3.19), we obtain

c73 = i
k(2k +M + 2N)
(k +M)(2k +M) . (3.20)

For the c72 term having face dbed in [2], we should focus on the a5 term of the spin-3
current P c(w). See also the relations in appendix (A.1). Then we have

− 2i+ i
4
a1

2 a5 + 2 c73 − 2 i c72 = 0. (3.21)

There are two contributions from (3.15) for the first term in (3.21). The corresponding
terms are f terms in the fifth and eighth line of (3.15). In the a5 term here, the second
term of a5 appearing in (2.14) can be written in terms of the first term and derivative
term. Then the number 2 exists in (3.21). We determine the coefficient c72 from (3.21) by
using (2.22) and (3.20) as follows:

c72 = −(2k +M + 2N)
(2k +M) . (3.22)
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Therefore, the structure constant associated with c72 and c73 terms is completely
determined.

Now we consider the quasi primary operator which is cubic terms in the spin-1 currents.
For the coefficient c53, we consider dacf ffbg dgde Jc Jd Je(w) term. In this case, we have

i
2N2

(2k +M)2 − 3 i c53 + 2 N

(2k +M) i c72 = 0. (3.23)

It is rather nontrivial to extract the exact contribution from the c53 term with corresponding
dabcde52 tensor. The other contribution from c72 can occur here. Therefore, from (3.22)
and (3.23), we determine the coefficient c53

c53 = −2N(2k +M +N)
3(2k +M)2 . (3.24)

By considering the fabf dfcg dgde Jc Jd Je(w) term, we have

i
2N2

(2k+M)2−i
3
2 c52−i

3
2 c53+i N

(2k+M) c72−i
4
a1

3
2 a17+ N

(2k+M) c73 = 0. (3.25)

Again the first term can be obtained from the first two terms in the second line of (3.15)
with Jacobi identity. In this case also, the corresponding invariant tensors associated with
c52 and c53 terms look complicated in appendix (A.1) but if we use the symmetric property
of the indices between c, d and e we will obtain simpler expression and we can extract the
exact coefficients we presented above. For the c72 term, the Jacobi identity is used. It is
easy to obtain the coefficient c52 by substituting (2.22), (3.24), (3.22) and (3.20) into the
above (3.25)

c52 = 2kN(2k +M +N)
3(2k +M)2(3k + 2M) . (3.26)

For the fabc Jc Jd Jd(w) term, we have

i
4
a1
a3 + i

4
a1

6
M

a17 + 1
2(k +M +N) c2 a3,CH + c51 + i

6
M

c52 − i
6
M

c53 = 0. (3.27)

We can observe the first term with previous structure constant (3.16) in the spin-3 current.
It is obvious to see the a51 term and we obtain the c52 and c53 terms with above coeffi-
cients. Again, from (2.22), (3.6), (3.18), (3.26) and (3.24), we determine the coefficient c51
from (3.27)

c51 =−i 4(6k3+7k2M+2kM2+12k2N+10kMN+2M2N+6kN2+2MN2)
kM(2k+M)(3k+2M) . (3.28)

We also realize that a2,CH can be obtained from a3,CH in (3.18)

a2,CH = 1
6(1− 3a3,CH)

= 1
6(k2 − 1)MN(2k +M +N) (−12k3 − 18k2M − 6kM2 − 24k2N − 26kMN

+ 2k3MN − 7M2N + k2M2N − 12kN2 − 7MN2 + k2MN2). (3.29)

– 21 –



J
H
E
P
0
3
(
2
0
2
1
)
0
3
7

Note that this (3.29) is not an independent structure constant because this can be obtained
from a3,CH . Therefore, we have determined the structure constants with c51, c52 and c53
terms appearing in the cubic spin-1 current terms.

We are left with one final quasi primary operator of spin-3 which contains the deriva-
tive terms. This is the most nontrivial parts to extract the correct structure constants
because the derivative terms appear all over the places. Let us determine the remaining
two coefficients, c41 and c43. For the former, by looking at the fabc f cde ∂ Jd Je(w), we
eventually have

4
a1

(
− 2a3 − a11 −

3M
2 a17

)
+ 2c41 + i c51 −

3M
2 (c52 + c53)

+
(

12
M
− 3 8−M2

2M

)
c53 + N2

(2k +M) = 0. (3.30)

It is not difficult to check the coefficient for the c51 term because it contains already one
of the f symbols. For the c52 term, we should move the spin-1 currents to the left in order
to obtain the above derivative term with some identity including the f or d symbols. For
the c53 term, the identity for ffdd [24, 25] is used. The last term of (3.30) comes from
the fifth line of (3.15) which should be simplified further. Then this will give us the final
expression as above. The above (3.30) leads to

c41 = 1
kM(2k+M)2(3k+2M)(−24k4−40k3M−22k2M2−4kM3−48k3N−64k2MN

+2k4MN−28kM2N+3k3M2N−4M3N+k2M3N−24k2N2−20kMN2+k3MN2

−4M2N2+k2M2N2), (3.31)

where the previous results (2.22), (3.28), (3.26) and (3.24) are used in (3.30).
Now we would like to determine the final undetermined coefficient. For the c43 coeffi-

cient, we consider the expression of fabiKa(z)Kb(w)
∣∣∣∣∣

1
(z−w)

. Then we have the relation

−N 4
kM

(k +M +N) +NM −N (2k +M + 2N)
(2k +M)

(M2 − 4)
M

− 4
a1
i 2M

[
2 i a3 + i a11 + i

(
4
M

+ 2
M

+ (M2 − 4)
M

+ (M2 − 4)
2M

)
a17

]

− 2(2M c41 + c43)− 2M i c51 −
(
− 2M 6

M
− 3

2 2M (M2 − 4)
M

)
(c52 + c53)

−
(

2M 12
M

+ 3M (M2 − 4)
M

)
c53 = 0. (3.32)

The fourth line of (3.15) contributes the first term of (3.32) if we further simplify nonstan-
dard normal ordering product in the composite operator. Again the fifth line of (3.15) can
be simplified and we can check the contribution from this will be the remaining two terms
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in the first line of (3.32). Now we can move to the next line. For the a3 term, we obtain
the above factor by moving the spin-1 current to the left. For the a11 term, we will have
ff term which is proportional to 2M . We collect all the contributions from the a17 term.
From the above (3.32) by substituting (2.22), (3.31), (3.28), (3.26) and (3.24), we arrive at

c43 = −2MN(2k +M +N)
k(2k +M)2 . (3.33)

Therefore, we have determined all the structure constants associated with c41 and c43
appearing in the first order pole.8

3.3 The final OPE

After collecting the previous results (3.3), (3.5), (3.7) and (3.15), we summarize the OPE,
in the notation of [2], between the charged spin-2 current and itself as follows:

Ka(z)Kb(w) = 1
(z − w)4

c1
2 + 1

(z − w)3 i c2 f
abc Jc(w)

+ 1
(z − w)2

[
1
2 i c2 f

abc ∂ Jc + 2a1,CH c1
c

δab T + 2 c6 d
abcKc

+
(
c31 δ

ab δcd + c32 d
abcd
4SS1 + c33 d

abcd
4SS2 + c34 δ

ac δbd
) 1

2 (Jc Jd + Jd Jc)
]
(w)

+ 1
(z − w)

[
1
6 i c2 f

abc ∂2 Jc + 1
2 ∂

(2a1,CH c1
c

δab T + 2 c6 d
abcKc

+
(
c31 δ

ab δcd + c32 d
abcd
4SS1 + c33 d

abcd
4SS2 + c34 δ

ac δbd
) 1

2 (Jc Jd + Jd Jc)
)

+ i c2 a3,CH f
abc
(
T Jc − 1

2 ∂
2 Jc

)
+
(
c41 d

abcd
4AA1 + c43 δ

ac δbd
)(

∂Jc Jd − ∂Jd Jc − 1
3 i f

cde∂2 Je
)

+
(
c51 f

abc δde + c52 d
abcde
51 + c53 d

abcde
52

)
× 1

6(Jc Jd Je + Jc Je Jd + Je Jc Jd + Jd Jc Je + Jd Je Jc + Je Jd Jc)

+
(
c72 d

abcd
4AA2 + c73 d

cdab
4SA

)
JcKd + i

4
a1
fabc P c

]
(w) + · · · , (3.34)

8We have checked that all the structure constants are consistent with each other when we consider the
(N,M) = (6, 5) case and the (N,M) = (7, 6) case.
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where the structure constants are given by (3.4), (3.6), (3.9), (2.9), (3.11), (3.14), (3.18),
(3.31), (3.33), (3.28), (3.26), (3.24), (3.22), and (3.20) and we present them here

c1 = 8(k2 − 1)N(2k +M +N)
(2k +M) , c2 = 4(k2 − 1)N(2k +M +N)

k(2k +M) ,

a1,CH = (2k +M)(−k2 + k2M2 − 2kN −MN + 2k2MN + kM2N −N2 + kMN2)
2(k2 − 1)MN(2k +M +N) ,

c = (−k2 + k2M2 − 2kN −MN + 2k2MN + kM2N −N2 + kMN2)
(k +N)(k +M +N) ,

c6 = k(2k +M + 2N)
(2k +M) ,

c31 = −4(4k3 + 4k2M + kM2 + 8k2N + 6kMN +M2N + 4kN2 +MN2)
M(2k +M)2 ,

c32 = 2kN(2k +M +N)
(2k +M)2 , c33 = −N(2k +M +N)

(2k +M) ,

c34 = −4N(2k +M +N)
k(2k +M) , a3,CH = 2(2k +M)(k +N)(k +M +N)

(k2 − 1)MN(2k +M +N) ,

c41 = 1
kM(2k +M)2(3k + 2M)(−24k4 − 40k3M − 22k2M2 − 4kM3 − 48k3N

− 64k2MN + 2k4MN − 28kM2N + 3k3M2N − 4M3N + k2M3N − 24k2N2

− 20kMN2 + k3MN2 − 4M2N2 + k2M2N2),

c43 = −2MN(2k +M +N)
k(2k +M)2 ,

c51 = −i 4(6k3 + 7k2M + 2kM2 + 12k2N + 10kMN + 2M2N + 6kN2 + 2MN2)
kM(2k +M)(3k + 2M) ,

c52 = 2kN(2k +M +N)
3(2k +M)2(3k + 2M) , c53 = −2N(2k +M +N)

3(2k +M)2 ,

c72 = −(2k +M + 2N)
(2k +M) , c73 = i

k(2k +M + 2N)
(k +M)(2k +M) . (3.35)

In the last line of the second order pole in (3.34), there exists a quasi primary spin-2
operator. In the first two lines of the first order pole there are descendants for the spin-1
and spin-2 operators. In the next five lines, there are quasi primary spin-3 operators. More
precisely, the last one is a primary spin-3 current where the coefficient a1 is the overall
factor in (2.14). In general, the quasi primary spin-3 operator in the last line is given by
(JcKd − 1

4 i f
cde ∂Ke)(w). However, the derivative term vanishes when we multiply the

tensors of c72 and c73 terms.9

Let us emphasize here that although the operator contents appearing in the right
hand side of (3.34) except the spin-3 current are the same as the ones in [2], the structure

9Due to the symmetric or antisymmetric properties of the right hand side of this OPE, we can obtain the
quantities by multiplying the antisymmetric f symbols, the symmetric d symbols, or symmetric Kronecker
delta symbols. The c31-c34 terms are symmetric, the c41-c43 terms are antisymmetric, the c51-c53 terms are
antisymmetric and the c72-c73 terms are antisymmetric under the exchange of the indices a and b.

– 24 –



J
H
E
P
0
3
(
2
0
2
1
)
0
3
7

constants are completely different from theirs. We can check that the difference between
our results and theirs will provide the factor (k + 2N).

When we take the infinity limit of k after substituting N = (1−λ)
λ k into the various

structure constants (3.35) we have determined, we obtain the corresponding values in terms
of λ, k andM . We present them in appendix C. Although we do not compare here the exact
values for the structure constants with the ones in [30], we can check the k dependence as
well asM dependence. We observe that their (4.40)− (4.42) are consistent with our results
with λ = 2 in appendix C by focusing on the k dependence. Moreover, our coefficients c31
and c51 do depend on the factor 1

M which can be seen from [30] also.10

4 The OPE between the charged higher spin-2 current and the charged
higher spin-3 current

4.1 The fifth, fourth and third order poles

First of all, we can calculate the fifth order pole of the OPE Ka(z)P b(w) for the fixed
(N,M) = (5, 4). It turns out that the nonzero contribution appears when the indices a
and b are the same. The coefficients contain a6, a12 and a13 from P b(w) and moreover the
common factor appears in the sum of a12 and a13. Then this contribution becomes zero
from the footnote 5 and (2.22).

For the fourth order pole of the OPE Ka(z)P b(w) for the fixed (N,M) = (5, 4), the
contribution appears in the coefficients, a5, a6, a7, a12 and a13 of P b(w) and the relevant
fields are given by Ju(1) and Jc. Again by substituting the values of (2.22), all these terms
are vanishing.

Now we move on the third order pole of Ka(z)P b(w) where the nonzero results appear
explicitly. The relevant coefficients are given by a3, a5, a7, a8, a11, a12, a13, a16, and a17.
For the calculation of a5 terms in (2.14), it is better to rewrite them by using the charged
spin-2 current in (2.11) because the first two terms of (2.11), which are equal to the factor
of a5 terms, can be written in terms of the remaining three quantities. That is,

δρσ̄ t
c
jī (J (ρ̄i) J (σ̄j) + J (σ̄j) J (ρ̄i))(w) = Kc(w) + N

(M + 2k) d
cde Jd Je(w)

− 2N
k

√
M +N

MN
Jc Ju(1)(w). (4.1)

Then the a5 term contains dbcd Jd multiplied by the above expression to the right. The
nontrivial calculation comes from the OPE between Ka(z) and dbcd JdKc(w). Due to the
fact that there is a relation in (2.12), the contribution of the third order pole in the above
OPE can be obtained from the second order pole of the OPE Ke(z)Kc(w) and the third
order pole of the OPE Ka(z)Kc(w) we have determined in previous section.

10We regard dabcd4SS2 as 4
M
δad δbc − face febd + i face debd + i dace febd + dace debd by using the symmetric

property in the indices of c and d in (3.34) from the general definition in appendix A. Similarly, dabcde51 is
given by i fabf ( 6

M
δfc δde + 3

2 (if + d)fcg dgde) by imposing the symmetric property between the indices c, d
and e. We also have dabcde52 = dabcde51 + ( 12

M
i fcba δde + 3

2 i f
cbf dafg dgde − 3

2 i f
caf dbfg dgde). Finally, we have

dabcd4AA2 = i (deac f bde + face debd).
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It is also nontrivial to calculate the a8 term of (2.14). Then we should calculate the
second order pole of the OPE between Kc(z) and δρσ̄ δjī (J (ρ̄i)J (σ̄j) +J (σ̄j)J (ρ̄i))(w) and the
third order pole of similar OPE with different index we have obtained in previous section.

Because the a12 and a13 terms of (2.14) cannot be written in terms of other known quan-
tities, it is rather complicated to extract the corresponding third order poles. Let us con-
sider the OPE between the current Ka(z) and the composite operator δρσ̄ tbjī J

(ρ̄i) ∂ J (σ̄j)(w)
which is not exactly the a13 term because there exists −1

2 N ∂2 Jb(w) from the normal or-
dering in the above composite operator. That is, the commutator δρσ̄ tbjī [∂ J (σ̄j), J (ρ̄i)]
provides the above second derivative term although there are other two terms and the
OPEs with Ka(z) do not contribute to the final result.

For the coefficient a12 term, we have the following relation

δρσ̄ t
b
jī ∂ J

(ρ̄i) J (σ̄j)(w) = 1
2 ∂ K

b(w)− δρσ̄ tbjī J
(ρ̄i) ∂ J (σ̄j)(w)− N

2 ∂2 Jb(w)

+ N

2(2k +M) d
bcd ∂ (Jc Jd)(w)− N

k

√
M +N

MN
∂ (Jb Ju(1))(w).

(4.2)

For the second term of (4.2), we have analyzed them in the context of a13 term in previous
paragraph. It is easy to observe that the third order pole from the OPE between Ka(z)
and ∂ Kb(w) is given by (∂ (KaKb)pole−3 + 2(KaKb)pole−2)(w) from the previous section.

For the a17 term of (2.14), in general, there are quintic products in the f and d symbols.
After collecting the three products here correctly we are left with f or d symbols and we
can further use the identities between the triple products by combining these single f or d
symbols with the remaining quadratic products between them.

It turns out that the third order pole, by collecting the above results, is summarized by

Ka(z)P b(w)
∣∣∣∣∣

1
(z−w)3

= 2Ma3 if
abcKc(w)

+a5

[
− 1
kM(2k+M)2N(−8k2+4kM−4k3M+4M2−2k2M2−8kN+4MN

−2k2MN+kM2N) idace f ebdJcJd− 1
k(2k+M)N(8k2−4kM+4k3M−4M2

+2k2M2+8kN−4MN+2k2MN−kM2N)dabc∂ Jc

+ (M2−4)(4k2+2kM+4kN+MN)
M(2k+M)

(
N ifabc∂ Jc+ 2N

k

√
M+N
MN

ifabcJcJu(1)

+2 ifabc δρσ̄ tcjīJ
(ρ̄i)J (σ̄j)

)]
(w)+ 4(k2−1)N(2k+M+N)

k(2k+M) a7 if
abcJcJu(1)(w)

+a8

[
4N
k

√
M+N
MN

(2k+M+2N) ifabcJu(1)Jc−2N (2k+M+2N)
(2k+M) ifabc dcdeJdJe

+4(2k+M+2N) ifabc δρσ̄ tcjīJ
(ρ̄i)J (σ̄j)+2N(2k+M+2N) ifabc∂ Jc

]
(w)
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+
[
−Ma11+2a16+(M2+6)a17

]
ifabcKc(w).

+(a13−a12)
[
−2
√
M+N
MN

(kN+3N2−50)δab∂ Ju(1)

+N(6k3+3k2M+2k2N−4k−2M−2N)
k(2k+M) ifabc∂ Jc+ kN(2k+M+2N)

(2k+M) dabc∂ Jc

+ (4k3+2k2M−kMN−4k−2M−2N)
k(2k+M) ifabc δρσ̄ t

c
jīJ

(ρ̄i)J (σ̄j)

+ (4k2+2kM+4kN+MN)
2k+M dabc δρσ̄ t

c
jīJ

(ρ̄i)J (σ̄j)+ 4(k+N)
M

δab δρσ̄ δjīJ
(ρ̄i)J (σ̄j)

− 2(k+N)(M+N)
kM

δabJu(1)Ju(1)−N
2

k

√
M+N
MN

ifabcJu(1)Jc

+
√
M+N
MN

N(4k2+2kM+4kN+MN)
k(2k+M) dabcJu(1)Jc− 2N(k+M+N)

kM
JaJb

+N

2

(
if− 2k+M+2N

2k+M d

)aec
(if+d)dbcJeJd−2δabJαJα+N ifabcKc

]
(w)

+a12

[
1
2 ∂ (KaKb)pole−3+(KaKb)pole−2+ MN

(2k+M) d
abcKc

]
(w). (4.3)

We expect that the spin of third order pole is given by 2 and it is natural to consider
Kc(w) term. Let us focus on the term i fabc Jc Ju(1)(w) in (4.3) by remembering the explicit
form in (2.11). We obtain the following result

4MN

k

√
M +N

MN
a3 + 2(M2 − 4)N(4k2 + 2kM + 4kN +MN)

Mk(2k +M)

√
M +N

MN
a5

+ 4(k2 − 1)N(2k +M +N)
k(2k +M) a7 + 4N(2k +M + 2N)

k

√
M +N

MN
a8

− 2MN

k

√
(M +N)
MN

a11 −
N2

k

√
M +N

MN
a12 + N2

k

√
M +N

MN
a13

+ 4N
k

√
M +N

MN
a16 + 2(M2 + 6)N

k

√
(M +N)
MN

a17. (4.4)

Note that theKc(w) term in (4.3) can participate in the expression of (4.4). By substituting
the coefficients in (2.22) into the above (4.4), we obtain the final coefficient of Kc(w) in
the third order pole.

Therefore, finally we determine the third order pole of the OPE Ka(z)P b(w) as follows:

(Ka P b)pole−3 = (k2 − 4)(2k +M)(k + 2N)(3k + 2M + 2N)
2k(k +M)(3k + 2M) a1 i f

abcKc(w). (4.5)

Because the factor (k + 2N) appears in all the coefficients except a1 and a2 in the spin-3
current, it is obvious to see that this factor appears in (4.5).
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4.2 The second order pole

4.2.1 Complete second order pole in the coset realization

For a1 term in the spin-3 current, we should calculate the OPEs between the first order
poles of the first OPE in (3.1) and J (σ̄j). Compared to the OPE Ka(z)W (3)(w) associated
with b7 term, the a1 term of (2.14) contains the generator tαρσ̄ rather than δρσ̄. In this case,
we have similar relations to (3.2) where the indices a, b, c, · · · are replaced by α, β, γ, · · ·
and M is replaced by N . The identities involving f or d symbols for SU(N) are used.

For a5 term, from the previous relation in (4.1), we need to calculate the first and
second order poles of the OPE between the charged spin-2 current. For the former, due to
the additional quadratic product of f and d symbols, the identities involving fffd, fdfd,
ffdd and fddd can be used [24, 25].

For a7 term, by using the previous relation in (4.1) where the index c is replaced by b,
we can calculate the OPEs between Ka and the right hand sides of (4.1). Then as before,
the second order pole of the OPE between Ka(z) and Kb(w) can be used.

For a8 term, as an alternative method, we can use the stress energy tensor and the
second and third terms of (2.7) can be written as

1
2(k +N +M)

(
δρσ̄ δjī J

(ρ̄i) J (σ̄j) + δρσ̄ δjī J
(σ̄j) J (ρ̄i)

)
= (4.6)

T − 1
2(k +N +M)

[
Jα Jα + Ja Ja + Ju(1) Ju(1)

]
− 1

2(k +N) J
α Jα − 1

2k J
u(1) Ju(1).

We can regard the a8 term as the product of Jb with the right hand side of (4.6). Then the
nonzero contributions of the OPE with Ka can be calculated from the T term and Jc Jc
terms in (4.6) by using (2.12) and (2.13) because the OPEs between Ka and both Jα and
Ju(1) do not have any singular terms.

For a12 term, due to the relation in (4.2), the second order pole from the OPE between
Ka(z) and ∂ Kb(w) is given by 1

2 (∂ (KaKb)pole−2 + (KaKb)pole-1)(w) from the previous
section.

For a13 term, the second order pole of the first OPE in (3.1) can combine with ∂ J (σ̄j)

and similarly the operator J (ρ̄i) can be multiplied by the second order pole of the OPE
Ka(z) and ∂ J (σ̄j)(w). Moreover, there are also contributions from the second order pole
between the first order pole of the first OPE in (3.1) and ∂ J (σ̄j) and contributions from
the second order pole between Ka and ∂ J (σ̄j).

For a17 term, the identities for the quartic products in the f and d symbols are
used [24, 25].

We present the complete second order pole in appendix D.

4.2.2 How to rearrange the second order pole

At first sight, because the spin is given by 3 in this particular pole, we do not expect that
there should be other independent spin-3 current. It is natural to consider the possibility
of spin-3 currents, P c(w) and W (3)(w) with an appropriate additional SU(M) invariant
tensors because the right hand side of the OPE Ka(z)P b(w) should contain the free indices
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a and b. Of course, the descendant of (4.5) with fixed known coefficient should also appear
in the right hand side

1
4

(k2 − 4)(2k +M)(k + 2N)(3k + 2M + 2N)
2k(k +M)(3k + 2M) a1 i f

abc ∂ Kc. (4.7)

The nontrivial things to check explicitly is to write down the remaining composite operators
in terms of the known currents for generic N,M and k.

The simplest term we can consider is the b3 term of W (3)(w) in (2.25). From the a7
term in the second order pole in the OPE Ka(z)P b(w), the corresponding cubic term in
Ju(1), δab Ju(1) Ju(1) Ju(1), is given by Ju(1) (KaKb)pole−2(w) and the coefficient is

− 4(k +N)(M +N)
kM

a7. (4.8)

By substituting the a7 in (2.22) into (4.8), then this leads to − b1
a1
b3 with (2.32). This

implies that there should be
− δab a1

b1
W (3)(w) (4.9)

in the second order pole of the OPE we are considering.
We can check also other simple term. For example, the a2 term of (2.14),

dabc Jα Jα Jc(w), can be seen from both a1 and a5 terms in the second order pole. They
are given by

2(2k +M +N)
(2k +M) a1 − 4 a5. (4.10)

By substituting the a5 value in (2.22) into (4.10), this can be written as

k(3k + 2M)(2k +M + 2N)
(k +M)(2k +M) a2, (4.11)

where the relation (2.22) is used. Then the second order pole should contain, from (4.11),

k(3k + 2M)(2k +M + 2N)
(k +M)(2k +M) dabc P c(w). (4.12)

After subtracting (4.7), (4.9), and (4.12) from the second order pole, we have checked
that we are left with the following seven terms for fixed (N,M) = (5, 4)

d30 J
aKb(w) + d32 J

bKa(w) + d33 f
ace f bde JcKd(w) (4.13)

+ d38 d
ace dbde JdKc(w) + d39 d

ace dbde JcKd(w) + d41 δ
ab JcKc(w) + d42 i f

abc ∂Kc(w),

where the ordering in the coefficients is not important. Of course, these coefficients are
known for the above fixed values of (N,M). We have obtained (4.13) by assuming the
possible terms with arbitrary coefficients in the right hand side of the second order in the
OPE. Note that the above terms (4.13) also arise in the coefficient of a17 term of the
second order pole. This implies that the second order pole can be written in terms of the
known currents we mentioned before.
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Then the next thing we should consider is to determine the above seven undetermined
coefficients in terms of N , M and k. Let us consider the d33 term in (4.13). Recall that
there exists a relation we mentioned several times before

fabc f cde = − 4
M

(δae δbd − δad δbe)− (dbdc dcae − dadc dcbe). (4.14)

When we meet the ff terms, we should always use this identity in order to collect the inde-
pendent terms. Then by remembering the spin-2 current, the d33 term has dabedecdJcKd(w),
where we can see 2N

k

√
M+N
MN dabe decd Jc Jd Ju(1)(w). We collect the corresponding terms

in the second order pole as follows:

− 4N
k

√
M +N

MN
a3 −

MN

(2k +M) a9 −
2N
k

√
M +N

MN
a11 +N a7. (4.15)

Note that there are also contributions from a17 term we do not write down here but they
are cancelled each other. It turns out that the ff term with above cubic operators in
Ju(1) (KaKb)pole−2 provides the final contribution with the help of (4.14). This should be
equal to

k(3k + 2M)(2k +M + 2N)
(k +M)(2k +M) a9 + 2N

k

√
M +N

MN
d33, (4.16)

where the first term comes from (4.12). Therefore, we determine the coefficient d33, by
using (4.15) and (4.16) together with (2.22), as follows:

d33 = (2k +M)2(k + 2N)(3k + 2M + 2N)
4(k +M)2(3k + 2M) a1, (4.17)

which can be substituted into (4.13).
We can move on the term δab JcKc where there exists δab Jc Jc Ju(1) with an appro-

priate coefficient concerning on the coefficient d41. From the second order pole, we have

− 16N
kM

√
M +N

MN
a3 + 4N

M
a7 −

8N
kM

√
M +N

MN
a11 −

12N
k

√
M +N

MN
a17, (4.18)

which (there are two contributions from the a17 term with (4.14) and the final result by
summing over them is given as above) is equal to

− a1
b1
b5 + 8N

kM

√
M +N

MN
d33 + 2N

k

√
M +N

MN
d41. (4.19)

The first term is obtained from (4.9). By equating these two (4.18) and (4.19) together
with (4.17), we have determined the corresponding coefficient as follows:

d41 = −k(2k +M)(k + 2N)(3k + 2M + 2N)
(k +M)2(k + 2M)(3k + 2M) a1. (4.20)

Now this can be substituted into the (4.13) again.

– 30 –



J
H
E
P
0
3
(
2
0
2
1
)
0
3
7

We consider the d30 term where there exists the derivative term Ja ∂ Jb(w). Recall
that there is a relation from the footnote 4. On the one hand, we have the following result

N

[
− 6 a17 + 4

M
a11 + 8

M
a8 −

4(4−M2)
M2 a5 −

2(k +M +N)
kM

a13

]
. (4.21)

There are two contributions from a17 term as before. For the contributions from a8 and
a11, the previous relation (4.14) is used. Note that by combining the contributions in the
coefficient (a13− a12) and the coefficient a12, the final contribution from a12 term becomes
zero. Then we do not have any contributions from a12 term in (4.21). On the other hand,
this should be equal to

N d30. (4.22)

Note that in (4.21), the relation of (4.14) is used in the second, third and fourth terms
of (4.21). Then from (4.21) and (4.22), the coefficient can be determined

d30 = −(k2 + 3kM +M2 + 4)(k + 2N)(3k + 2M + 2N)
kM(k +M)(3k + 2M) a1, (4.23)

which can be substituted into the (4.13).
Let us look at the d32 term where we have the derivative term Jb ∂Ja(w) with the

footnote 4. We can collect the possible terms as follows:

N

[
2(M2 + 4)

M
a3 −

4(M2 − 4)
M2 a5 + 2(2kM +M2 + 2MN − 4)

M
a8

− 2(k +M +N)
kM

a12 −
2(2k +M +N)

kM
a13 + 24 a17

]
. (4.24)

There are two contributions from both a3 term and a8 term and the final result can be
written as above. The contribution from a5 term also appears in i fade dbcd (KeKc)pole-1(w).
Note that the additional contribution from a12 term can be found in 1

2 (KaKb)pole-1(w).
From the three places of a17 term, the final result for this coefficient is given above. On
the other hand, there exists

N

(
− d32 + 4

M
d33

)
. (4.25)

Then we arrive at the following result, by using (4.24) and (4.25) which are equal to each
other,

d32 = (k3 − 2k2M − 3kM2 + 4k −M3 + 4M)(k + 2N)(3k + 2M + 2N)
kM(k +M)2(3k + 2M) a1. (4.26)

Then this coefficient can be substituted in (4.13).
For the d39 term, we have the derivative term dace debd Jc∂ Jd(w). We can collect the

possible terms as follows:

N

[
− (8k +M2N + 4M)

M(2k +M) a5 + 2 a8 −
(2k +M + 2N)

2(2k +M) a13 + a11

]
. (4.27)
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The two contributions from a12 are cancelled each other. Similarly, those from a17 can be
also cancelled. After simplifying the contributions from the a5 term, the net result comes
from i fade dbcd (KeKc)pole-1 as above. This should be equal to

N d39. (4.28)

Then from (4.27) and (4.28) by taking them to be equal to each other, we obtain

d39 = −(k2 + kM + 4)(k + 2N)(3k + 2M + 2N)
4k(k +M)(3k + 2M) a1, (4.29)

which can be substituted into the (4.13).
Similarly, the corresponding terms for the d42 term which involves various different

kind of coefficients by considering the term fabc Jc ∂ Ju(1)(w) can be obtained

N

√
M +N

MN

[
4M
k

a3 + 2(M2 − 4)(k +N)
kM

a5 + 4(k +N)
k

a8

− 2M
k

a11 −
(k +N)

k
a12 + N

k
a13 + 4

k
a16 + 2(M2 + 6)

k
a17

]
. (4.30)

The a3 term and a11 term can be obtained by changing the ordering of the two opera-
tors. After we simplify all the contributions from the a5 term, the final result comes from
i fade dbcd (KeKc)pole-1 as above. Note that there are contributions from various places
corresponding to the a12 and a13 terms. Then the above should be equal to

2N
k

√
M +N

MN

[
1
4

(k2 − 4)(2k +M)(k + 2N)(3k + 2M + 2N)
2k(k +M)(3k + 2M) a1 + d42

]
. (4.31)

Then it is easy to obtain the following result from (4.30) and (4.31)

d42 = −(k − 2)(k + 2)M(k + 2N)(3k + 2M + 2N)
8k(k +M)(3k + 2M) a1. (4.32)

This can be substituted in (4.13).
For the final coefficient, we use a little different method. It is straightforward to cal-

culate the OPEs between T (z) and each term of (4.13) respectively. The third order pole
of these (except the d41 term) has the form i fabcKc(w). By requiring that the expres-
sion (4.13) should be a quasi primary operator, there exists for the vanishing of the third
order pole

d30 − d32 +M d33 −
(M2 − 4)

M
d38 + (M2 − 4)

M
d39 + 4 d42 = 0. (4.33)

This (4.33) implies that we obtain the coefficient d38 by using (4.23), (4.26), (4.17), (4.29),
and (4.32) as follows:

d38 = −(k2 + kM + 4)(k + 2N)(3k + 2M + 2N)
4k(k +M)(3k + 2M) a1, (4.34)
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which can be substituted in (4.13). We can also check the above result by following previous
method after extracting the corresponding terms from the second order pole.

Therefore, by substituting (4.23), (4.26), (4.17), (4.34), (4.29), (4.20), and (4.32) into
the previous expression (4.13) the known quasi spin-3 operator can be written as

Qab(w) ≡ N(k + 2N)(3k + 2M + 2N)
6(k +M)(3k + 2M) a1

[
− 6(4 + k2 + 3kM +M2)

kMN
JaKb

+ 6(4k + k3 + 4M − 2k2M − 3kM2 −M3)
k(k +M)MN

JbKa

+ 3(2k +M)2

2(k +M)N face f bde JcKd + 3(4k + k3 + 4M)
2k(k +M)N dace dbde JdKc

− 3(4 + k2 + kM)
2kN dace dbde JcKd

− 6k(2k +M)
(k +M)(k + 2M)N δab JcKc − 3(k2 − 4)M

4kN i fabc ∂Kc

]
(w). (4.35)

By multiplying f or d symbols into (4.35), we obtain the primary operator having a single
index.11 We observe that the OPEs between the operator (4.35) and Ju(1)(w) (or Jα(w))
are regular because this operator consists of the spin-1, 2 currents. We can check the
primary condition for the spin-3 operator having the two indices

T (z)Qab(w) = 1
(z − w)2 3Qab(w) + 1

(z − w) ∂ Q
ab(w) + · · · . (4.36)

Therefore, the second order pole can be described as

(Ka P b)pole−2(w) = 1
4

(k2 − 4)(2k +M)(k + 2N)(3k + 2M + 2N)
2k(k +M)(3k + 2M) a1 i f

abc ∂ Kc(w)

− δab a1
b1
W (3)(w) + k(3k + 2M)(2k +M + 2N)

(k +M)(2k +M) dabc P c(w) +Qab(w),

(4.37)

where the spin-3 primary (4.36) operator Qab(w) is given by (4.35). Compared to the third
order pole in (4.3) where there exists the term fabcKc(w), the second order pole in (4.37)
has both dabc P c(w) and δabW (w) terms which are symmetric under the interchange be-
tween the index a and b as well as some descendant. We expect that this alternating feature
will appear through the whole singular terms in the given OPEs.

4.3 The first order pole and charged quasi primary spin-4 current

Compared to other singular terms described in previous subsections, the first order pole can
be obtained by simple contraction between the operators. We present this in appendix E.
We expect that there exists a new quasi spin-4 current in this singular term. In the third

11Under the large k limit, the coefficients in (4.35) become k(λ2−4)
3λ2M a1, − k(λ2−4)

3λ2M a1, − k(λ2−4)
3λ2 a1,

− k(λ2−4)
12λ2 a1, k(λ2−4)

12λ2 a1, 2(λ2−4)
3λ2 a1, and k(λ2−4)M

24λ2 a1 respectively.
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order pole, the field content is given by i fabcKc(w). Along the line of this behavior, by
introducing the following quantity

i fabc (Ka P b)pole-1(w) ≡ Rc(w), (4.38)

and subtracting the corresponding quantity from the descendants with a multiplication of
i fabc, a new quasi spin-4 current is given by12

R̂c(w) ≡ Rc(w)− 1
3 i f

abc ∂ Qab(w)

+ M(k2 − 4)(2k +M)(k + 2N)(3k + 2M + 2N)
20k(k +M)(3k + 2M) a1 ∂

2Kc(w), (4.39)

where Qab(w) is given by (4.35). When the f symbols meet the Kronecker delta or d
symbols by two index contractions, we get zero. Let us emphasize that this new quasi
spin-4 current is completely determined via the left hand side of (4.38) from appendix E
and the two terms of the right hand side of (4.39).

Then the first order pole is given by

(Ka P b)pole-1(w) = 1
20

(k2 − 4)(2k +M)(k + 2N)(3k + 2M + 2N)
2k(k +M)(3k + 2M) a1 i f

abc ∂2Kc(w)

− 1
3δ

ab a1
b1
∂ W (3)(w) + 1

3
k(3k + 2M)(2k +M + 2N)

(k +M)(2k +M) dabc ∂ P c(w)

+ 1
3∂ Q

ab(w) +Rab(w), (4.40)

where we introduce the operator Rab(w) which is given by the first order pole subtracted by
the descendant terms. Then how we can connect this with the above quasi spin-4 current?
From the relation

(Ka P b)pole-1(z) = − 1
2M ifabcRc(w) + Sab(w), (4.41)

and by equating (4.40) and (4.41) each other, we can write down the above Rab(w) in
terms of Rc(w), Sab(w) and other known operators. Note that the above behavior can
be seen from the first order pole of the OPE between the spin-2 current and itself (3.34).
This (4.41) can be seen from the fixed (N,M) = (5, 4) case. In other words,

Rab = − 1
2M ifabc R̂c(w) + other terms. (4.42)

Therefore, the Rab(w) contains the previous quasi spin-4 current in (4.39) and can be
treated as similar quasi spin-4 current with two indices. We can easily see that the over-
all factor 1

2M in (4.42) can be checked by multiplying i fabd into (4.41) and using (4.38)
12We have the nontrivial fourth order pole in the OPE between T (z) and R̂a(w) which is given

by − 288(k−2)(k+2)2(k+6)(k+10)
5k(k+4)(3k+8) a1 K

a(w) for (N,M) = (5, 4). By adding i fabc (Jb ∂ Kc − 2∂ JbKc −
i

10 f
bcd ∂2 Kd)(w) into this new quasi primary spin-4 current and removing the fourth order pole above, we

can make a primary spin-4 current at least for (N,M) = (5, 4). For generic (N,M) case, we should find
out the above fourth order pole for the general case. Then we can easily fix the above relative coefficient
we want to add above. See also the footnote 13.
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and (4.39). When we substitute (4.42) into (4.40) and use (4.39), then the above “other
terms” can be read off explicitly. Note that the left hand side of (4.40) is given by ap-
pendix E in terms of coset realization.

Although the expression of Sab(w) can be determined for general N andM by following
the procedure we have described in the construction of Qab(w) in (4.35), it will be rather
nontrivial and complicated due to the fact that there are tensorial structures having five
indices. Instead we present them for fixed (N,M) = (5, 4) as follows:

Sab(w)
∣∣∣∣∣
N=5,M=4

≡ −1
3
a1
b1
δab ∂ W (3)(w) + k(k + 7)

(k + 4) dabc ∂P c(w)

+ (k + 7)
2(k + 2)(k + 4)

[
− (3k + 8) ddcba4AA2 + i k (dcadb4SA + dcbda4SA)

]
Jc P d(w)

+ (k + 6)(k + 10)
(k + 4)2(3k + 8) a1

[
− 3(7k − 4)

40k ddbeca51 − 3(7k − 4)
40k deadcb51

+ 3(5k2 + 33k + 4)
80k dedcba51 − 3(20k2 + 59k + 12)

40k ddbeca52

− 3(10k2 + 21k − 12)
40k debdca52 − 3(15k2 + 23k − 36)

80k dedcba52

+ 3i(k + 2)
4 fabc δde + 3i(k + 4)

8 fabe δdc + 3i(k + 4)
k

faed δbc
]
Jc JdKe(w)

+ (k + 6)(k + 10)
(k + 4)2(3k + 8) a1

[
− 3(10k3 + 75k2 + 346k + 568)

40k ∂ JaKb

− 3(k + 4)2

8 Ja ∂ Kb + 3(10k3 − 20k2 − 149k − 132)
40k ∂ JbKa + 3(k2 − 4k − 16)

8 Jb ∂ Ka

+ 3(20k3 + 165k2 + 277k − 44)
40k face f bde ∂JcKd + 3k(k + 2)

4 face f bde Jc ∂ Kd

+ 3(10k3 + 5k2 − 78k − 104)
40k dace debd ∂ JdKc + 3k2

8 dace debd Jd ∂ Kc

− 3(2k3 + 6k2 − 9k − 20)
8k dace debd ∂ JcKd − 3k(k + 4)

8 dace debd Jc ∂ Kd

− 3(45k3 + 233k2 + 268k + 32)
40k(k + 8) δab ∂JcKc − 3k2

2(k + 8) δ
ab Jc ∂ Kc

]
(w). (4.43)

It is rather nontrivial to extract this expression without any unwanted terms like as
Ju(1)(w), Jα(w), J (ρ̄i)(w), or J (σ̄j)(w) explicitly. The other unwanted spin-1 currents can
be absorbed in the new quasi primary current in (4.39). Note that the operator contents
in (4.43) consist of the spin-1, 2, 3 currents and some of the derivative terms can be seen
from the derivative of Qab(w) in (4.35). This implies that the right hand side of (4.43)
depends on the adjoint operators (or singlet operator) living in SU(M).13

13We can check the following properties. The JaW (3)(w) is a primary spin-4 operator and the Ja P b(w)−
1
6 i f

abc ∂ P c(w) is a primary operator. On the other hand, Ja ∂ Kb(w) − 2∂ JaKb(w) − i
10 f

abc ∂2 Kc(w) is
quasi primary spin-4 operator and the fourth order pole in the OPE between the stress energy tensor and
this operator is given by − 21

5 i fabcKc(w).
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Moreover, the OPE between the spin-1 current and the above quasi primary spin-4
current for fixed (N,M) = (5, 4) is described by

Ja(z) R̂b(w) = − 1
(z − w)3

[
28(k − 2)(k + 2)2(k + 6)(k + 10)

5k(k + 4)(3k + 8) a1

]
i fabcKc(w)

+ 1
(z − w)2

[
(k + 2)(k + 6)(k + 10)

(k + 4)2(3k + 8)

(
− (k + 4)(7k + 4)

k
a1 J

aKb

− (11k2 + 16k − 16)
k

a1 J
bKa + 6(k − 4)(k + 2)

k
a1 f

ace f bde JcKd

− (5k2 − 8k − 16)
k

a1 d
ace debd JdKc

− (k + 4)2

k
a1 d

ace debd JcKd − 6k2

(k + 8) a1 δ
ab JcKc

+ (k − 2)(k + 4)(7k + 24)
5k a1 i f

abc ∂ Kc

)

− 4k(k + 7)(3k + 8)
(k + 2)(k + 4) dabcP c

]
(w) + 1

(z − w) i f
abc R̂c(w) + · · · . (4.44)

We observe that there exists a factor (k + 10) which comes from the factor (k + 2N).
The first order pole is what we have expected. Contrary to the spin-2, 3 currents, there
are more singular terms in addition to the first order pole in (4.44). In principle, the
above calculation can be done for any N and M but it will take time to complete this
computation.

4.4 The final OPE

In summary, we present the OPE between the charged spin-2 current and the charged
spin-3 current as follows:

Ka(z)P b(w) = 1
(z − w)3

[
(k2 − 4)(2k +M)(k + 2N)(3k + 2M + 2N)

2k(k +M)(3k + 2M)

]
a1 i f

abcKc(w)

+ 1
(z − w)2

[
1
4

(k2 − 4)(2k +M)(k + 2N)(3k + 2M + 2N)
2k(k +M)(3k + 2M) a1 i f

abc ∂ Kc

+Qab − δab a1
b1
W (3) + k(3k + 2M)(2k +M + 2N)

(k +M)(2k +M) dabc P c
]
(w)

+ 1
(z − w)

[
1
20

(k2 − 4)(2k +M)(k + 2N)(3k + 2M + 2N)
2k(k +M)(3k + 2M) a1 i f

abc ∂2Kc

+ 1
3∂ Q

ab − 1
3δ

ab a1
b1
∂ W (3) + 1

3
k(3k + 2M)(2k +M + 2N)

(k +M)(2k +M) dabc ∂ P c

+Rab
]
(w) + · · · . (4.45)
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In the right hand side of (4.45), there exists an overall factor a1.14 Although the explicit
form for the quasi primary spin-4 current R̂c(w) is determined via the known currents and
coset operators, the explicit form for the Rab for general (N,M) is not known but it is
known for (N,M) = (5, 4) because we do not know how appendix (E.1) can be written in
terms of the known currents. Their operator contents are known but the relative coefficients
are known for (N,M) = (5, 4). Or if we interpret Rab itself as the whole new charged quasi
primary spin-4 current (without splitting the quasi primary spin-4 current with a single
free index and others), we do not worry about the fact that this is written in terms of coset
realization.15

5 The OPE between the charged spin-3 current and itself with
(N, M) = (5, 4)

5.1 The sixth, fifth, fourth order poles

For the sixth order pole we expect to have the Kronecker delta δab term. For the fifth order
pole, there exists i fabc Jc(w) term. For the fourth order pole, there are symmetric δab and
dabc tensor terms and other symmetric tensor terms in (3.34) as well as the descendant term.

5.2 The third order pole

We can take the operator contents in the first order pole of (3.34) at the third order pole of
this OPE. In other words, in addition to the descendant terms, there are i fabc P c(w) and
the quasi primary spin-3 operator including the stress energy tensor. Compared to (3.34),
the other two kinds of quasi primary spin-3 operators do not appear in this OPE.

5.3 The second and first order poles

Then we obtain the OPE as follows:

P a(z)P b(w) = 1
(z − w)6

[
15(k2 − 4)(k2 − 1)(k + 6)(k + 10)(2k + 9)

2k(k + 4)(3k + 8)

]
a2

1 δ
ab

+ 1
(z − w)5

[
15(k2 − 4)(k2 − 1)(k + 6)(k + 10)(2k + 9)

2k2(k + 4)(3k + 8)

]
a2

1 i f
abc Jc(w)

+ 1
(z − w)4

[
3(k2 − 4)(k + 5)(k + 6)(k + 9)(k + 10)

4k(k + 4) a2
1 δ

ab T

+ 3(k2 − 4)(k + 6)(k + 7)(k + 10)
4(k + 4)2 a2

1 d
abcKc

+ 1
2

15(k2 − 4)(k2 − 1)(k + 6)(k + 10)(2k + 9)
2k2(k + 4)(3k + 8) a2

1 i f
abc ∂ Jc

14The structure constant in the third order becomes − k2(λ2−4)
3λ2 a1 when we take the infinity limit of k.

The one appearing in charged spin-3 current of the second order pole becomes 3k
λ
.

15For the first order pole of the OPE in (3.34), we can treat the sum of four quasi primary spin-3
operators (after subtracting the descendant terms) and a single primary spin-3 current as the whole single
quasi primary spin-3 current having two free indices. Then we do not need to specify the above four quasi
primary spin-3 currents in terms of multiple products between the known currents.
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+ (k + 6)(k + 10)
(k + 4)(3k + 8)

(
15(k − 2)(2k + 9)

8 a2
1 d

abcd
4SS1 −

15(k2 − 4)(2k + 9)
8k a2

1 d
abcd
4SS2

− 3(k − 2)(180 + 191k + 44k2 + 3k3)
8k a2

1 δ
ab δcd − 15(k2 − 4)(2k + 9)

2k2 a2
1 δ

ac δbd
)

× 1
2 (Jc Jd + Jd Jc)

]
(w)

+ 1
(z − w)3

[
1
2

3(k2 − 4)(k + 5)(k + 6)(k + 9)(k + 10)
4k(k + 4) a2

1 δ
ab ∂ T

+ 1
2

3(k2 − 4)(k + 6)(k + 7)(k + 10)
4(k + 4)2 a2

1 d
abc ∂ Kc

+ 1
6

15(k2 − 4)(k2 − 1)(k + 6)(k + 10)(2k + 9)
2k2(k + 4)(3k + 8) a2

1 i f
abc ∂2 Jc

+ 1
2

(k + 6)(k + 10)
(k + 4)(3k + 8)

(
15(k − 2)(2k + 9)

8 a2
1 d

abcd
4SS1 −

15(k2 − 4)(2k + 9)
8k a2

1 d
abcd
4SS2

− 3(k − 2)(180 + 191k + 44k2 + 3k3)
8k a2

1 δ
ab δcd − 15(k2 − 4)(2k + 9)

2k2 a2
1 δ

ac δbd
)

× 1
2 ∂ (Jc Jd + Jd Jc)

+ (15k6 + 278k5 + 1648k4 + 2208k3 − 10480k2 − 37088k − 34560)
2k(k + 4)2(3k + 8) a1 i f

abc P c

+ 3(k2 − 4)(k + 5)(k + 6)(k + 9)(k + 10)
4k2(k + 4) a2

1

(
T Ja − 1

2 ∂
2 Ja

)]
(w)

+O
(

1
(z − w)2

)
+ · · · . (5.1)

In the second order pole, there exist spin-4 quasi primary operators in addition to the
descendant terms as usual. We expect that there will be symmetric terms, δabW (4)(w)
where the neutral primary spin-4 current will be presented in next section and dabc R̂c(w)
by recalling the second order pole of (4.45). We observe that in the second order pole there
exists a term Jα=1 Jα=1 Jα=22 Jα=23(w) which is one of the terms in the neutral primary
spin-4 current W (4)(w) for the equal indices a = b. So far we do not obtain the explicit
form for the second order pole due to the fact that there are two many candidates with
various tensorial structures at this singular terms. We expect that there is a new primary
field of spin-5 in the first order pole.

6 The OPE between the uncharged higher spin-3 current and itself

6.1 For fixed (N, M) = (5, 4) case

6.1.1 The sixth, fifth, fourth and third order poles
We expect that the highest order pole contains the central term. We observe that this con-
tains the factor (k+10) which is given by (k+2N) for generalN . There will be no fifth order
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pole because we are considering the OPE between the spin-3 current and itself. The fourth
order pole should contain the spin-2 current as usual. It turns out that there is also the
quadratic term Ja Ja(w). Then the third order pole should contain the descendant terms.

6.1.2 The second and first order poles with the presence of uncharged primary
spin-4 current

The second order pole can provide us to have a new primary current of spin-4. It turns
out that the final OPE for fixed (N,M) = (5, 4) is given by

W (3)(z)W (3)(w) = 1
(z−w)6

ĉ

3 + 1
(z−w)4 2 T̂ (w)+ 1

(z−w)3∂ T̂ (w)

+ 1
(z−w)2

[
3
10 ∂

2 T̂+ 16(k+4)(k+5)(k+9)
3(37k3+216k2+337k+510)

(
T̂ T̂− 3

10 ∂
2 T̂

)

+W (4)
]
(w)

+ 1
(z−w)

[
1
15 ∂

3 T̂+ 1
2

16(k+4)(k+5)(k+9)
3(37k3+216k2+337k+510) ∂

(
T̂ T̂− 3

10 ∂
2 T̂

)

+ 1
2 ∂W

(4)
]
(w)+· · · , (6.1)

where the b21 of the overall constant in the neutral primary spin-3 current W (3) is fixed as
follows:

b21 = 8k(k + 8)
27(k2 − 4)(k + 5)2(k + 6)(k + 9)2(k + 10) . (6.2)

In (6.2), the requirement we impose is that the central term of (6.1) should be equal to
ĉ
3 with (6.3). As described before, there exists a Ja Ja(w) term in the fourth order pole.
Note that the modified central charge and stress energy tensor are given by

ĉ ≡ c− 15k
(k + 4) = 20(k2 − 1)(2k + 9)

(k + 4)(k + 5)(k + 9) ,

T̂ ≡ T − 1
2(k + 4) J

a Ja. (6.3)

We can easily see that the OPE between the spin-1 current and the modified stress energy
tensor is regular

Ja(z) T̂ (w) = 0 + · · · . (6.4)

We can calculate the OPE between the stress energy tensor and the Ja Ja(w) term and
this leads to the central charge 15k

(k+4) . Due to the fact that there is a relation in (6.4),
we obtain the modified central charge is given by (6.3). Therefore, the spin-1 current is
decoupled from the modified stress energy tensor according to (6.4). See also [31] where
the U(1) spin-1 current is decoupled from the stress energy tensor, spin-3, 4 currents in the
specific model.
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We have explicit form for the primary spin-4 current16 as follows:

W (4)(w) = −9(k + 2)(k + 5)(k + 9)(53k4 + 800k3 + 3409k2 + 3078k − 3600)
2k(k + 8)(37k3 + 216k2 + 337k + 510) b21

× Jα=1 Jα=1 Jα=1 Jα=1(w) + other 9330 terms, (6.5)

together with (6.2). We can also check that the regularity between the spin-1 current and
this spin-4 current (6.5)

Ja(z)W (4)(w) = 0 + · · · . (6.6)

This implies that the spin-1 current is decoupled. We will observe in next section that the
regularity between the spin-1 current and this spin-3 current

Ja(z)W (3)(w) = 0 + · · · . (6.7)

This fact can be seen from the closure of the OPE between Ka(z) and W (3)(w).
Therefore, we have the spin-2, 3, 4 currents T̂ , W (3) and W (4), having the regularity

behavior in (6.4), (6.6) and (6.7). The OPE between the spin-2 current and itself takes the
standard form with modified central charge. The (quasi)primary condition under the stress
energy tensor is preserved when we modify the stress energy tensor because the Ja Ja(z)
term does not spoil the spin-3, 4 currents according to the regularity.

6.2 For general (N, M) case

The coefficient appearing in the quasi spin-4 operator (T̂ T̂ − 3
10 ∂

2 T̂ ) is fractional function
of k and both numerator and denominator are polynomials of k. The highest power is
given by three. We can express this coefficient in terms of the central charge. It turns
out that this is equal to the well known quantity 32

(5ĉ+22) for fixed N and M with (6.3).
Because the structure constant depends only on the central charge, we expect that when
we change the different values of N and M , the OPE of (6.1) still satisfies together with
the corresponding central charge. The structure constants do not change and are given by
function of central charge as above. Therefore, we obtain the general OPE for arbitrary N
and M by realizing modified central charge written in terms of N , M and k.

We claim that the OPE between the neutral spin-3 current and itself is described as

W (3)(z)W (3)(w) = 1
(z − w)6

ĉ

3 + 1
(z − w)4 2 T̂ (w) + 1

(z − w)3∂ T̂ (w)

+ 1
(z − w)2

[
3
10 ∂

2 T̂ + 32
(5ĉ+ 22)

(
T̂ T̂ − 3

10 ∂
2 T̂

)
+W (4)

]
(w)

+ 1
(z − w)

[
1
15 ∂

3 T̂ + 1
2

32
(5ĉ+ 22)∂

(
T̂ T̂ − 3

10 ∂
2 T̂

)
+ 1

2 ∂ W
(4)
]
(w)

+ · · · , (6.8)

16Then we have T (z)W (4)(w) = 1
(z−w)2 4W (4)(w) + 1

(z−w) ∂ W
(4)(w) + · · · .
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where the modified central charge and modified stress energy tensor for generic (N,M) are
given by

ĉ = c− k(M2 − 1)
(k +M) = (k2 − 1)MN(2k +M +N)

(k +M)(k +N)(k +M +N) ,

T̂ (w) = T (w)− 1
2(k +M) J

a Ja(w). (6.9)

The central charge in (6.8) is fixed by manipulating the overall constant b21 in the spin-3
current (2.25). Once we fix the structure constant in the fourth order pole as two, then
the corresponding descendant terms with known coefficients are determined automatically.
Moreover, the first order pole can be determined from the information of the second order
pole. Because the additional term in the modified central charge in (6.9) under the infinity
limit of k contributes to −(M2 − 1) which can be ignored, the modified central charge
behaves as ĉ → M (1 − λ2) k where λ ≡ k

(k+N) [2]. The coefficient of the quadratic
Ja Ja(w) in (6.9) becomes − 1

2k under the infinity limit of k. We expect from the experience
of [24, 32] that the neutral primary spin-4 current contains dabe dcde Ja Jb Jc Jd(z) as well
as other terms.

7 The OPE between the charged (higher) spin currents and the
uncharged higher spin-3 current

7.1 The OPE Ja(z) W (3)(w)

We can calculate the OPE between Ja(z) and W (3)(w). The third order pole is given by[
2(k+M) a10 +N (a12 +a13)

]
Ja(w) which vanishes by imposing the condition (2.32). Fur-

thermore it turns out, under the condition of (2.32), that the nontrivial second order pole is

Ja(z)W (3)(w) = 1
(z − w)2

[
N

2(2k +M) (−3(k +N) (k + 2N) b1 +M (k + 2M) b7)

+ M

2 (3(k +M) b2 +N b7)
]
dabc Jb Jc(w) + · · · . (7.1)

According to the discussion of next subsection, the coefficients b2 and b7 can be deter-
mined completely in terms of b1 and leads to the vanishing of second order pole in (7.1).
Therefore, the spin-1 current is decoupled. In other words,

Ja(z)W (3)(w) = 0 + · · · . (7.2)

In addition to the modified stress energy tensor (6.9) with (6.4) and the spin-4 current (6.5)
with (6.6), this neutral spin-3 current with (7.2) belongs to the generators of W algebra.
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7.2 The OPE Ka(z) W (3)(w)

For the calculation of b7 term in the second order pole of the OPE Ka(z)W (3)(w), the
following identity

Tr(ta tb tc td) = 1
M

δab δcd + 1
4 (i f + d)abe (i f + d)ecd (7.3)

is used. It is rather nontrivial to calculate the OPEs between the composite operators (eval-
uated at z) appearing in the first order pole in the first equation of (3.1) and δρσ̄ tbjī J

(σ̄j)(w).
We focus on the particular singular terms in the second order pole. It is rather non-

trivial to calculate the contributions from b7 and b8 terms. We can collect Ja Ju(1) Ju(1)(w)
term coming from b5, b7 and b8 terms as follows:

2M 2N
k

√
M +N

MN
b5 −

4
kM

(k +N)(M +N)b7 + 4
k
N(2k +M + 2N)

√
M +N

MN
b8

= CP
a

KaW a4, (7.4)

where the corresponding coefficient of P a(w) is given by a4 and the coefficient of P a(w)
is denoted by CPaKaW we should determine. For the dabc Jb Jc Ju(1)(w) term coming from
b2, b5, b7 and b8 terms we have

3M 2N
k

√
M +N

MN
b2 − 2M N

(2k +M)b5 + 2N(4k2 + 2kM + 4kN +MN)
k(2k +M)

√
M +N

MN
b7

− 2N (2k +M + 2N)
(2k +M) b8 = CP

a

KaW a9, (7.5)

where the corresponding coefficient of P a(w) is given by a9 in the right hand side. Moreover,
the dabc dcde Jb Jd Je(w) term leads to the following relation

− 3M N

(2k +M) b2 −N
(2k +M + 2N)

(2k +M) b7 = CP
a

KaW

3
2 a17, (7.6)

where the corresponding coefficient of P a(w) is 3
2a17. By solving the equations (7.4), (7.5)

and (7.6) together with (2.22) and (2.32), we obtain

b2 = − N(k +N)(k + 2N)
M(k +M)(k + 2M) b1, b7 = 3(k +N)(k + 2N)

M(k + 2M) b1,

CP
a

KaW = −12(3k + 2M)(k +N)(k +M +N)
M(k + 2M)

b1
a1
. (7.7)

Then all the coefficients in the neutral spin-3 current are completely fixed. See appendix F.
From the term of i fabc δρσ̄ tcjī J

b Ju(1) J (ρ̄i) J σ̄j(w) associated with a7 term of (2.14),
the following relation satisfies

2 a7C
Jb P c

KaW = 4
[
b5 +

√
M +N

MN
b7 − b8

]
. (7.8)
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Then by substituting (2.22), (2.32) and (7.7) into (7.8), we obtain the structure constant

CJ
b P c

KaW = 24(k +N)(k +M +N)
M(k + 2M)

b1
a1
. (7.9)

Also other terms can be checked. See appendix G.
Therefore, we have the following OPE between the charged spin-2 current and the

uncharged spin-3 current

Ka(z)W (3)(w) = − 1
(z − w)2

[
12(3k + 2M)(k +N)(k +M +N)

M(k + 2M)

]
b1
a1
P a(w)

+ 1
(z − w)

[
− 1

3
12(3k + 2M)(k +N)(k +M +N)

M(k + 2M)
b1
a1
∂ P a

+ 24(k +N)(k +M +N)
M(k + 2M)

b1
a1

(
i fabc Jb P c + M

3 ∂ P a
)]

(w)

+ · · · , (7.10)

where the relation (7.9) is used. Note that the last line in (7.10) is a primary operator
written in terms of the known spin-1 and spin-3 currents. Compared to the one in (4.45),
the OPE structure is rather simple because in this case, there exists only one free index.
Under the large k limit, the structure constant in the second order pole becomes 36k2

λ2M and
the one in the last line of (7.10) leads to 24k

λ2M .

7.3 The OPE P a(z) W (3)(w) with (N, M) = (5, 4)

7.3.1 The sixth, fifth, fourth and third order poles

Because the free index of this OPE is given by the index a, there will no singular terms
in sixth and fifth order poles. The nonzero singular terms appear in the fourth order pole.
The natural candidate is given by the charged spin-2 current Ka(w). In the third order
pole, there will be a quasi charged spin-3 operator in addition to the descendant term. It
turns out that there exists a i fabc JbKc(w) term with derivative term which is a primary.

7.3.2 The second and first order poles

The quasi charged spin-4 current can also arise and the composite operators between the
spin-1 operator and the spin-3 current with appropriate tensor structures occur. We can
consider the derivative terms with free index a without any difficulty.
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We summarize the OPE as follows:

P a(z)W (3)(w) =

− 1
(z − w)4

[
9(k − 2)(k + 2)2(k + 5)(k + 6)(k + 9)(k + 10)

4k(k + 4)(k + 8)

]
a1 b1K

a(w)

+ 1
(z − w)3

[
− 1

2
9(k − 2)(k + 2)2(k + 5)(k + 6)(k + 9)(k + 10)

4k(k + 4)(k + 8) a1 b1 ∂ K
a

+ 9(k − 2)(k + 2)(k + 5)(k + 6)(k + 9)(k + 10)
8k(k + 4)(k + 8) a1 b1

×
(
i fabc JbKc + M

2 ∂Ka
)]

(w)

+ 1
(z − w)2

[
− 3

20
9(k − 2)(k + 2)2(k + 5)(k + 6)(k + 9)(k + 10)

4k(k + 4)(k + 8) a1 b1 ∂
2Ka

+ 1
2

9(k − 2)(k + 2)(k + 5)(k + 6)(k + 9)(k + 10)
8k(k + 4)(k + 8) a1 b1

× ∂
(
i fabc JbKc + M

2 ∂Ka
)

+Ra2

]
(w) +O

(
1

(z − w)

)
+ · · · . (7.11)

Note that there is a (k + 10) factor. A quasi primary spin-4 takes the form

Ra2(w) ≡ 3(k + 5)(k + 9)
(k + 8) b1

[
(k + 4)

8 Ra(w)− (k + 4)
k

a1
b1
Ja W (3)(w)

+ k(k + 7)(3k + 8)
2(k + 2)(k + 4) dabc Jb P c(w)

]

+ 9(k + 2)(k + 5)(k + 6)(k + 9)(k + 10)
(k + 4)(k + 8)(3k + 8) a1 b1

[
k

8(k + 4) d
bcda
4SS2 J

b JcKd

+ (k2 + 16)
16k(k + 4) d

bacd
4AA1 J

b JcKd + (k2 + 6k + 16)
4(k + 4)(k + 8) δ

ba δcd Jb JcKd

+ 1
8 δ

bc δda Jb JcKd + (k − 2)(k2 + 3k − 8)
20k ∂2Ka

− (k − 2)(k + 8)
16k i fabc Jb ∂ Kc − (k2 + k − 16)

8k i fabc ∂ JbKc

]
(w), (7.12)

where Ra(w) is given by (4.38). Again by using the relation (4.39), we can rewrite the
above in terms of quasi primary spin-4 current. Compared to the previous OPE between
the spin-3 current and itself (5.1), the OPE structure is rather simple. We expect that in
the first order pole there will be no new (quasi)primary field. Although the construction
in (4.45) provides the information on the quasi primary spin-4 current, due to the presence
of free two indices, we should multiply the f symbols into the first order pole. On the
other hands, the construction in (7.11) is rather complicated because the spins of the left
hand side are given by three and three. Nonetheless, due to the one single free index,
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once we have determined the second order pole, then the quasi primary spin-4 current is
determined without manipulating further. After subtracting the descendant terms, we are
left with the quasi primary spin-4 current.

8 Conclusions and outlook

In particular, we have constructed i) the OPE between the charged spin-2 current and itself
in (3.34) with (3.35), ii) the OPE between the charged spin-2 current and the charged spin-3
current in (4.45) where the first order pole is known for (N,M) = (5, 4) case by rearranging
it in terms of the known operators, iii) the OPE between the neutral spin-3 current and
itself (6.8) where the neutral primary spin-4 current is known for (N,M) = (5, 4) and iv)
the OPE between the charged spin-2 current and the neutral spin-3 current in (7.10).

In doing this, we have determined the charged quasi primary spin-4 current in (4.39)
together with (4.38) and appendix (E.1) in terms of coset realization completely. In the
OPE between the charged spin-3 current and the neutral spin-3 current for fixed (N,M) =
(5, 4) values, we have checked that the above charged quasi primary spin-4 current (4.39)
occurs at the second order pole of this OPE. We have some evidence for the presence of
the above neutral primary spin-4 current in the second order pole in the OPE between the
charged spin-3 current and itself for fixed (N,M) = (5, 4) by focusing on the particular
nontrivial term.

Under the presence of the charged higher spin currents, the algebra obtained from the
whole charged and neutral higher spin currents leads to the one in an extension of [5]. The
algebra coming from the neutral ones is closed. Its extension is closed and the right hand
side contains the whole charged and neutral higher spin currents in general.

We list the possible open problems along the line of this paper as follows:

• More OPEs

So far, the charged spin-2, 3, 4 currents and the neutral spin-3 current are known in
terms of coset realization. It is an open problem to determine the neutral spin-4
current in terms of coset realization for generic (N,M). Moreover, some of the OPEs
we have presented in this paper do not have their complete expressions. In doing this,
the new quasi primary spin-5 current will be determined. In the bulk theory side,
it is an open problem to construct an extension of the higher spin algebra studied
in [33, 34] for general M by adding the SO(2NM) factor in the numerator of the
coset (1.1). It is better to oberve how the case M = 2 and the case M = 4, where
the nontrivial SU(M) invariant tensors can occur, appear explicitly.

• Three point functions

Because the charged spin-2, 3, 4 currents and the neutral spin-3 current are known
explicitly, it is natural to ask what are the three-point functions by evaluating the
zero mode eigenvalue equations of these currents in the large N limit. The relevant
primary states in the coset (1.1) are given by (ΛN+M ; ΛN ,m) where ΛL represents
the highest weight of SU(L) and m is the U(1) charge [35]. Recall that the previous
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relevant works are given in [24, 32, 36–38] and we will keep track of the nonsinglet
parts of the construction. The nontrivial part is to identify the SU(M) adjoint indices
in the three point functions explicitly.

• Orthogonal group

So far we have considered the special unitary group in the coset model. We can
apply the present results for the unitary group to the orthogonal group [39] where
they decompose the SU(M) generators into M(M−1)

2 antisymmetric matrices and
(M2 − 1)− M(M−1)

2 traceless symmetric matrices. For the former, we do have spin-
1 current and for the latter, we can associate with the spin-2 current. Then the
nontrivial OPE between the spin-1 current and the spin-2 current will give us the
nontrivial structure constant whose indices are mixed together at the first order pole.
This will be an extension of [40, 41]. We need to classify the various invariant tensors
in this context correctly.

• Supersymmetric case

By the additional SO(2NM) factor, which leads to NM complex fermions, in the
numerator of (1.1), the N = 2 supersymmetric model is studied in [35] where the
spin contents are given by one U(1) spin-1 current, two (M2 − 1) spin-1 currents,
2M2 spin-s currents (s = 2, 3, · · · , n), M2 spin-(n+1) currents and 2M2 spin-(s− 1

2)
currents (s = 2, 3, · · · , (n + 1)). Note that the standard U(1) spin-1 current, two
spin-3

2 currents and spin-2 stress energy tensor of N = 2 superconformal algebra
can be seen from the above spin contents. It is natural to observe how the previous
works in [42, 43] can be generalized in this enlarged model. Furthermore, for the
particular level k = N or k = N + M [44], we expect to have the supersymmetric
models and it is an open problem to observe how an extension of [45, 46] arises.
See also the relevant work in [47] for different supersymmetry and there are some
partial lists on the supersymmetric cases in [48–57]. Due to the complex fermions,
the (higher) spin currents will contain the bosonic currents as well as these complex
fermions. Moreover, it is known that under the superalgebra description on [23], we
have similar coset construction. Then it is an open problem to consider the coset
construction [35] where the numerator is given by the superalgebra.
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A An SU(M) invariant tensors in terms of Kronecker delta, f and d

symbols

Let us present the various SU(M) invariant tensors in terms of f and d symbols of rank 3

dabcd4SS1 = 4
M

δab δcd + dabe decd,

dabcd4SS2 = 2
M

δad δbc + 2
M

δac δbd − 1
2 f

ace f ebd + i

2 f
ace debd + i

2 d
ace f ebd + 1

2 d
ace debd

− 1
2 f

bce f ead + i

2 f
bce dead + i

2 d
bce f ead + 1

2 d
bce dead,

dabcd4SA = dabe f ecd, dabcd4AA1 = fabe f ecd,

dabcd4AA2 = 2
M

δac δbd − 2
M

δad δbc − 1
2 f

ace f ebd + 1
2 f

ade f ebc + i

2 f
ace debd

− i

2 f
ade debc + i

2 d
ace f ebd − i

2 d
ade f ebc + 1

2 d
ace debd − 1

2 d
ade debc,

dabcde51 = 2
M

δfc δde + 2
M

δfe δcd + 2
M

δfd δce + i

2 f
fcg dgde + 1

2 d
fcg dgde

+ i

2 f
feg dgcd + 1

2 d
feg dgcd + i

2 f
fdg dgce + 1

2 d
fdg dgce,

dabcde52 = dabcde51 + i f cbf
( 1
M
δaf δde + 1

4(if + d)afg(if + d)gde
)

− i f caf
( 1
M
δbf δde + 1

4(if + d)bfg(if + d)gde
)

+ i f cbf
( 1
M
δaf δed + 1

4(if + d)afg(if + d)ged
)

− i f caf
( 1
M
δbf δed + 1

4(if + d)bfg(if + d)ged
)

+ i f ebf
( 1
M
δaf δcd + 1

4(if + d)afg(if + d)gcd
)

− i f eaf
( 1
M
δbf δcd + 1

4(if + d)bfg(if + d)gcd
)

+ i fdbf
( 1
M
δaf δce + 1

4(if + d)afg(if + d)gce
)

− i fdaf
( 1
M
δbf δce + 1

4(if + d)bfg(if + d)gce
)

+ i fdbf
( 1
M
δaf δec + 1

4(if + d)afg(if + d)gec
)

− i fdaf
( 1
M
δbf δec + 1

4(if + d)bfg(if + d)gec
)

+ i f ebf
( 1
M
δaf δdc + 1

4(if + d)afg(if + d)gdc
)

− i f eaf
( 1
M
δbf δdc + 1

4(if + d)bfg(if + d)gdc
)
. (A.1)

We can further simplify these relations when they are multiplied by some composite oper-
ators having symmetric or antisymmetric properties in the indices.
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B The first order pole in the OPE between the charged spin-2 current
and itself

B.1 The substitution of charged spin-2 current

In this appendix, we simplify (3.15) by rearranging the operators and substituting the
spin-2 current (2.11) and obtain

ifabcN ∂Kc(w) = ifabcN ∂

[
δρσ̄ t

c
jī (J

(ρ̄i)J (σ̄j)+J (σ̄j)J (ρ̄i))− N

(M+2k) d
cfg Jf Jg

+ 2N
k

√
M+N
MN

JcJu(1)
]
(w),

iface dbcdKeJd(w) = iface dbcdJd
[
δρσ̄ t

e
jī (J

(ρ̄i)J (σ̄j)+J (σ̄j)J (ρ̄i))− N

(M+2k) d
efg Jf Jg

+ 2N
k

√
M+N
MN

JeJu(1)
]
(w)+Mdabc∂

[
δρσ̄ t

c
jī (J

(ρ̄i)J (σ̄j)+J (σ̄j)J (ρ̄i))

− N

(M+2k) d
cfg Jf Jg+ 2N

k

√
M+N
MN

JcJu(1)
]
(w),

ifade dbcdJcKe = ifade dbcdJc
[
δρσ̄ t

e
jī (J

(ρ̄i)J (σ̄j)+J (σ̄j)J (ρ̄i))− N

(M+2k) d
efg Jf Jg

+ 2N
k

√
M+N
MN

JeJu(1)
]
(w),

ifabcKcJu(1)(w) = ifabcJu(1)
[
δρσ̄ t

c
jī (J

(ρ̄i)J (σ̄j)+J (σ̄j)J (ρ̄i))

− N

(M+2k) d
cfg Jf Jg+ 2N

k

√
M+N
MN

JcJu(1)
]
(w),

δρσ̄ t
b
jī δ

kī ta
kl̄

((Ju(1)J (ρl̄))J (σ̄j))(w) =
[
kN

2 δab∂2Ju(1)

−

√
M+N
MN

( 1
M
δab δjī+

1
2 (if+d)bac tcjī

)
δρσ̄ ∂ J

(ρ̄i)J (σ̄j)

+N
√
M+N
MN

∂Ju(1)Ju(1)+ i

2N fabcJc∂ Ju(1)−N2 dabcJc∂ Ju(1)

+δρσ̄
( 1
M
δba δjī+

1
2 (if+d)bac tcjī

)
Ju(1)J (ρ̄i)J (σ̄j)

]
(w),

δρσ̄ t
b
jī ((J

aJ (ρ̄i))J (σ̄j))(w) =
( 1
M
δab δjī+

1
2 (if+d)abc tcjī

)
δρσ̄ ∂ J

(ρ̄i)J (σ̄j)

−N ∂JaJb+δρσ̄ tbjīJ
aJ (ρ̄i)J (σ̄j)

]
(w),
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δρσ̄ t
b
jī

(
if− (2k+M+2N)

(2k+M) d

)acd
δkī td

kl̄
((JcJ (ρl̄))J (σ̄j))(w) =

[
− 1

2 kN ifabc∂2Jc

− kN(2k+M+2N)
2(2k+M) dabc∂2Jc− 2(−4k−2M−4N+M2N)

M2(2k+M) δab δρσ̄ δjī∂ J
(ρ̄i)J (σ̄j)

+ (2N+M+2k)
(2k+M)

2
M
dabc δρσ̄ t

c
jī∂ J

(ρ̄i)J (σ̄j)−

√
M+N
MN

N fabc∂ JcJu(1)

− (2N+M+2k)
(2k+M)

√
M+N
MN

N dabc∂ JcJu(1)

−N2

(
if− (2k+M+2N)

(2k+M) d

)acd
(if+d)ebd∂ JcJe

+
(
if− (2k+M+2N)

(2k+M) d

)acd ( 1
M
δbd δjī+

1
2 (if+d)bde tejī

)
δρσ̄ J

cJ (ρ̄i)J (σ̄j)
]
(w),

δρσ̄ t
b
jī δ

kī δσ1σ̄1 (tα)σ̄1ρ ta
kl̄

((JαJ (σ1 l̄))J (σ̄j))(w) =[
(tα)σρ̄JαJ (σī)J (ρ̄j)

( 1
M
δab δjī+

1
2 (if+d)abc tcjī

)

− (N2−1)
N

( 1
M
δab δjī+

1
2 (if+d)bac tcjī

)
δρσ̄ ∂ J

(ρ̄i)J (σ̄j)+δab∂ JαJα
]
(w),

δρσ̄ t
b
jī δkl̄ (t

a)l̄j J (ρ̄i)∂ J (σ̄k)(w) = δρσ̄

( 1
M
δab δjī+

1
2 (if+d)abc tcjī

)
J (ρ̄i)∂ J (σ̄i)(w),

δρσ̄ t
b
jī δ

jl̄ ta
kl̄
J (ρ̄i)Ju(1)J (σ̄k)(w) =

[
δρσ̄

( 1
M
δab δjī+

1
2 (if+d)abc tcjī

)
Ju(1)J (ρ̄i)J (σ̄j)

−

√
M+N
MN

δρσ̄

( 1
M
δab δjī+

1
2 (if+d)abc tcjī

)
∂ J (ρ̄i)J (σ̄j)

]
(w),

δρσ̄ t
b
jīJ

(ρ̄i)JaJ (σ̄j)(w) =
[
δρσ̄ t

b
jīJ

aJ (ρ̄i)J (σ̄j)

+δρσ̄
( 1
M
δab δjī+

1
2 (if+d)bac tcjī

)
∂ J (ρ̄i)J (σ̄j)

]
(w),

δρσ̄ t
b
jī

(
if+ (2k+M+2N)

(2k+M) d

)acd
δjj̄1 tdkj̄1 J

(ρ̄i)JcJ (σ̄k)(w) =[(
if+ (2k+M+2N)

(2k+M) d

)acd
δρσ̄

( 1
M
δdb δjī+

1
2 (if+d)dbe tejī

)
JcJ (ρ̄i)J (σ̄i)

+
(
if+ (2k+M+2N)

(2k+M) d

)acd
δρσ̄

×
( 1
M
δbc tdjī+

1
2M δde (if+d)bce δjī+

1
4(if+d)bce (if+d)def tf

jī

)
∂ J (ρ̄i)J (σ̄j)

]
(w),
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δρσ̄ t
b
jī δ

jl̄ δσ1σ̄1 (tα)σ̄σ1 ta
kl̄
J (ρ̄i)JαJ (σ̄1k)(w) =[

(tα)ρσ̄
( 1
M
δab δjī+

1
2 (if+d)abc tcjī

)
JαJ (ρ̄i)J (σ̄k)

−
(
N− 1

N

) ( 1
M
δab δjī+

1
2 (if+d)abc tcjī

)
δρσ̄ δjī∂ J

(ρ̄i)J (σ̄j)
]
(w). (B.1)

The quadratic terms in the Kronecker delta, f or d symbols appearing in the second relation
from the last in appendix (B.1) can be simplified further.

B.2 The adjoint spin-1 dependent terms in the first order pole

Now we collect the adjoint spin-1 dependent terms only from appendix (B.1) and (3.15) in
the first order pole as follows:

i fabcN ∂

[
N ∂ Jc − N

(M + 2k) d
cfg Jf Jg

]
(w)

− N

(M + 2k)

(
i face dbcd Jd

[
N ∂ Je − N

(M + 2k) d
efg Jf Jg

]

+M dabc ∂

[
N ∂ Jc − N

(M + 2k) d
cfg Jf Jg

])
(w)

− N

(M + 2k)

(
i fade dbcd Jc

[
N ∂ Je − N

(M + 2k) d
efg Jf Jg

])
(w)

+ 4
kM

(k +M +N) (−N) ∂ Ja Jb(w)− 2
[
− 1

2 kN i fabc ∂2 Jc

− kN(2k +M + 2N)
2(2k +M) dabc ∂2 Jc

− N

2

(
i f − (2k +M + 2N)

(2k +M) d

)acd
(if + d)ebd ∂ Jc Je

]
(w), (B.2)

which should be equal to the terms of the first order pole in (3.34) by putting all the other
spin-1 currents to zero. The cubic terms in appendix (B.2) will participate in the various
places in the first order pole of (3.34). In the calculations of (3.23), (3.25) and (3.27), the
above relation appendix (B.2) is used.
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B.3 The first order pole

Eventually we obtain the first order pole as follows:

Ka(z)Kb(w)
∣∣∣∣∣

1
(z−w)

= − 2N
(M + 2k) i f

ace dbcd JdKe(w)− MN

(M + 2k) d
abc ∂ Kc(w)

+N i fabc ∂ Kc(w) + 2N
k

√
M +N

MN
i fabc Ju(1)Kc(w) + 4(k +N) δρσ̄

( 1
M

δab δjī

+ 1
2(i f + d)abc tcjī

)
J (ρ̄i) ∂ J (σ̄j)(w)

− 2 (k +N)N
√
M +N

MN
δab ∂2 Ju(1)(w) + 4(k +N)

M
δab δρσ̄ δjī ∂ J

(ρ̄i) J (σ̄j)(w)

− 2(k + 3N) i fabc tcjī δρσ̄ ∂ J
(ρ̄i) J (σ̄j)(w) + 2(k +N) dabc tcjī δρσ̄ ∂ J

(ρ̄i) J (σ̄j)(w)

− 4 (k +N)
k

M +N

M
δab ∂ Ju(1) Ju(1)(w)− 2N(k +N)

k

√
M +N

MN
i fabc ∂ Ju(1) Jc(w)

+ 2N(k +N)
k

√
M +N

MN
dabc ∂ Ju(1) Jc(w)

+ 4(k +N)
k

√
M +N

MN
i fabc tcjī δρσ̄ J

u(1) J (ρ̄i) J (σ̄j)(w)

− 4N (k +M +N)
kM

∂ Ja Jb(w) + kN i fabc ∂2 Jc(w) + 2N
√
M +N

MN
i fabc Ju(1) ∂ Jc(w)

+ 2N(2k +M + 2N)
2k +M

√
M +N

MN
dabc Ju(1) ∂ Jc(w) + 4 i fabc tαρσ̄ tcjī J

α J (ρ̄i) J (σ̄j)(w)

− 4 δab ∂ Jα Jα(w) + kN(2k +M + 2N)
(2k +M) dabc ∂2 Jc(w)

− 4
(
i

M
facb δjī + i

2 f
acd dbde tejī −

(2k +M + 2N)
2(2k +M) dacd i f bde tejī

)
δρσ̄ J

c J (ρ̄i) J (σ̄j)(w)

+N (i f − (2k +M + 2N)
(2k +M) d)acd(i f + d)ebd ∂ Jc Je(w). (B.3)

It is rather nontrivial to rewrite this in terms of the known currents as well as the charged
spin-3 current. This can be written in terms of various quasi primary operators and the
charged spin-3 current as well as the descendant terms in (3.34). The expression in ap-
pendix (B.3) will be used in the second order pole of the OPE between the charged spin-2
current and the charged spin-3 current.
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C The structure constants in the infinity limit of k of section 3

The structure constants appearing in (3.34) under the infinity limit of k become

c1→
4(1−λ2)

λ2 k3, c2→
2(1−λ2)

λ2 k2,
a1,CH c1

c
→ 4
λ2M

k2,

c6→
1
λ
k, c31→−

4
λ2M

k, c32→
(1−λ2)

2λ2 k,

c33→
(1−λ2)

2λ2 k, c34→−
2(1−λ2)

λ2 , c2a3,CH→
8

λ2M
k,

c41→
(1−λ2)

12λ2 k, c43→−
(1−λ2)M

2λ2
1
k
, c51→−

4 i
λ2M

,

c52→
(1−λ2)

18λ2 , c53→−
(1−λ2)

6λ2 , c72→−
1
λ
, c73→

i

λ
, (C.1)

together with

a1,CH → 1, a2,CH →
1
6 , a3,CH →

4
(1− λ2)M

1
k
, c→ (1− λ2)M k. (C.2)

It is not clear whether there are some relations between these structure constants ap-
pendix (C.1) and appendix (C.2) and the ones in the free field realization given in ap-
pendix H. Because the structure constants are given by the three parameters, we can take
any limits among these. For example, the infinity limit of N can be taken for fixed λ andM .

D The second order pole in the OPE Ka(z) P b(w)

The second order pole of the OPE between the charged spin-2 current and the charged
spin-3 current can be described as

Ka(z)P b(w)
∣∣∣∣∣

1
(z−w)2

=
[

2
M

(2k+N)δab δjī tαρσ̄ JαJ (ρ̄i)J (σ̄j)−2kδabJα∂ Jα

+ 2k(2k+M+N)
(2k+M) dabc tcjī t

α
ρσ̄ J

αJ (ρ̄i)J (σ̄j)

− 2
k

(2k+N)
√
M+N
MN

δabJαJαJu(1)+ifαβγ δabJαJβ Jγ

+ 2(2k+M+N)
(2k+M) dabcJαJαJc−dαβγ δabJαJβ Jγ

]
(w)a1

+
(
2MKaJb−2facd fdbeJcKe

)
(w)a3

+
[
ifade dbcd (KeKc)pole-1+dbcdJd (KaKc)pole−2

− 2NM
k

√
M+N
MN

dabcKcJu(1)+ N

(2k+M)

(
ifabc (M2−4)∂Kc

− 8(4−M2)
M2 (JbKa−JaKb)− (8−M2)

M
dace dbde (JdKc
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−JcKd)+Mdabe decdJcKd+Mdace dbdeJdKc
)]

(w)a5

+
[
Ju(1) (KaKb)pole−2+ NM

(2k+M) d
abcJu(1)Kc

]
(w)a7

+
(
2(2k+2N+M)JbKa+2 ifabc (k+N)∂Kc

+2fabc f cdeJdKe
)
(w)a8

+MdabcJu(1)Kc(w)a9

−facd f bceKdJe(w)a11

+
(

2(k2−1)(2k+M+N)
k(2k+M) δρσ̄

( 2
M
δab δjī+dabc tcjī

)
J (ρ̄i)∂ J (σ̄j)

+δρσ̄ tbjī ((K
aJ (ρ̄i))pole-1∂ J

(σ̄j))pole-1

+δρσ̄ tbjīJ
(ρ̄i) (Ka∂ J (σ̄j))pole−2+N ifabc∂Kc

)
(w)(a13−a12)

+
[

1
2 ∂ (KaKb)pole−2+ 1

2 (KaKb)pole-1

−N
k

√
M+N
MN

ifabcKcJu(1)+ N

2(2k+M)
(
Mdabc∂Kc

+ifade dbdfKeJf+ifade dbfdJfKe
)]

(w)a12

+2ifabc∂Kc(w)a16

+
[

6(4−M2)
M2 JaKb− 6

M
fabc f cdeJdKe+3(8− 16

M2 )JbKa

− 6
M
face f bdeJcKd+M

4 if cde dabcJeKd−M4 ifabc dcdeJeKd

+M

4 if ebd daceJdKc−M4 iface debdJdKc+ 6(4−M2)
M2 δabJcKc

+3
(
M−M4

)
dace debdJdKc+ 6

M
dace debdJcKd

+ 6
M
dabe decdJcKd+(M2+6) ifabc∂Kc

]
(w)a17. (D.1)

We will further simplify these expressions in next subsections.

D.1 The a5 terms of the second order pole

In the a5 terms, we have the following results

ifade dbcd (KeKc)pole-1(w) = 8(4−M2)N
M2(2k+M) J

bKa(w)− 8(4−M2)N
M2(2k+M) J

aKb(w)
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+ (8−M2)N
M(2k+M) d

ace debdJdKc(w)− (8−M2)N
M(2k+M) d

ace debdJcKd(w)

− MN

(2k+M) d
abe decdJcKd(w)− (M2−4)N

(2k+M) ifabc∂Kc(w)

+2M(k+N)dabc δρσ̄ tcjīJ
(ρ̄i)∂ J (σ̄j)(w)

+ 2MN

k

√
M+N
MN

dabcJu(1)Kc(w)+ 2
M

(M2−4)(k+N) ifabc δρσ̄ tcjīJ
(ρ̄i)∂ J (σ̄j)(w)

−2M(k+3N) dabc δρσ̄ tcjī∂ J
(ρ̄i)J (σ̄j)(w)

+ 2
M

(M2−4)(k+N) ifabc δρσ̄ tcjī∂ J
(ρ̄i)J (σ̄j)(w)

− 2MN(k+N)
k

√
M+N
MN

dabc∂ Ju(1)Jc(w)

+ 2(M2−4)N(k+N)
kM

√
M+N
MN

ifabc∂ Ju(1)Jc(w)

+ 4M(k+N)
k

√
M+N
MN

dabc δρσ̄ t
c
jīJ

u(1)J (ρ̄i)J (σ̄j)(w)

+N(4k2−kM2N−6kM+4kN−4M2−4MN)
kM(2k+M) ifaec dbed∂ JcJd(w)

+kMN dabc∂2Jc(w)+2MN

√
M+N
MN

dabcJu(1)∂ Jc(w)

+ 2(M2−4)N(2k+M+2N)
M(2k+M)

√
M+N
MN

ifabcJu(1)∂ Jc(w)

+ MN2

2k+M idace f edb∂ JcJd(w)

+ 4(4−M2)N
M2 ∂ JaJb(w)− 4(4−M2)N

M2 ∂ JbJa(w)

+N
(
M(2k+M+2N)

2(2k+M) + (8−M2)
2M

)
dace dedb∂ JcJd(w)

+
(
−M(2k+M+2N)

2(2k+M) − 8−M2

2M

)
N dade decb∂ JcJd(w)+ MN2

(2k+M) d
abe decd∂ JcJd(w)

+ 2N(2k+M+2N)
M(2k+M) ifabe decd∂ JcJd(w)− 2N(2k+M+2N)

M(2k+M) ifade decb∂ JcJd(w)

+4M tαρσ̄ t
c
jīJ

αJ (ρ̄i)J (σ̄j)(w)+ k(M2−4)N(2k+M+2N)
M(2k+M) ifabc∂2Jc(w)

+MN dabc∂Kc(w)

+4δρσ̄ δjī dabcJcJ (ρ̄i)J (σ̄j)(w)− 8(4−M2)
M2 tbjī δρσ̄ J

aJ (ρ̄i)J (σ̄j)(w)

− 8(4−M2)
M2 tajī δρσ̄ J

bJ (ρ̄i)J (σ̄j)(w)
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−4
(
M(2k+M+2N)

4(2k+M) + (8−M2)
4M

)
δρσ̄ t

d
jī d

ace dedbJcJ (ρ̄i)J (σ̄j)(w)

+4
(
M(2k+M+2N)

4(2k+M) + (8−M2)
4M

)
δρσ̄ t

d
jī d

ade decbJcJ (ρ̄i)J (σ̄j)(w)

− 2MN

2k+M δρσ̄ t
d
jī d

abe decdJcJ (ρ̄i)J (σ̄j)(w). (D.2)

We should analyze these complicated results in order to rewrite them in terms of the known
currents. Moreover, we have the following expression

dbcd Jd (KaKc)pole−2(w) = −4(k +N)(M +N)
kM

dabc Ju(1) Ju(1) Jc(w)

− 4 dabc Jα Jα Jc(w)− 2N2

k

√
M +N

MN
i faec dbed Jd Jc Ju(1)(w)

+ 2N(4k2 + 2kM + 4kN +MN)
k(2k +M)

√
M +N

MN
daec dbed Jd Jc Ju(1)(w)

− 4N(k +M +N)
kM

dbcd Jd Ja Jc(w)

+N dbfg
(
i f − (2N +M + 2k)

(M + 2k)

)acd
(i f + d)efd Jg Jc Je(w)

+ 8(k +N)
M

dabc δρσ̄ δjī J
c J (ρ̄i) J (σ̄j)(w)− 2N i face dbcd δρσ̄ t

e
jī J

d J (ρ̄i) J (σ̄j)(w)

+ 2(4k2 + 2kM + 4kN +MN)
(2k +M) dbcd dace δρσ̄ t

e
jī J

d J (ρ̄i) J (σ̄j)(w)

− 4N (k +N)
√
M +N

MN
dabc Jc ∂ Ju(1)(w) + 2kN i dbcd face Jd ∂ Je(w)

2kN(2k +M + 2N)
(2k +M) dbcd dace Jd ∂ Je(w)− MN

(2k +M) d
bcd dace JdKe(w)

+N i dbcd face JdKe(w). (D.3)

Then by substituting appendix (D.2) and appendix (D.3) into appendix (D.1), we obtain
the corresponding a5 terms explicitly. This is necessary step we should do in order to
obtain the final result in (4.45).

D.2 The (a13 − a12) terms of the second order pole

In particular, in order to calculate the (a13 − a12) terms in appendix (D.1) we should
calculate the following first order poles which can be obtained in the OPEs between the
first order poles at the point z in the OPE between Ka and J (ρ̄i) with δρσ̄ t

b
jī

and the
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current J (σ̄j)(w)

δρσ̄ t
b
jī δ

kī ta
kl̄
Ju(1)J (ρl̄)(z)J (σ̄j)(w)

∣∣∣∣∣ 1
(z−w)

= kN δab∂ Ju(1)(w)

+ 1
2

√
M+N
MN

ifabc δρσ̄ t
c
jīJ

(ρ̄i)J (σ̄j)(w)− 1
2

√
M+N
MN

dabc δρσ̄ t
c
jīJ

(ρ̄i)J (σ̄j)(w)

− 1
M

√
M+N
MN

δab δρσ̄ δjīJ
(ρ̄i)J (σ̄j)(w)+

√
M+N
MN

N δabJu(1)Ju(1)(w)

+N

2 if
abcJu(1)Jc(w)−N

2 d
abcJu(1)Jc(w),

δρσ̄ t
b
jīJ

aJ (ρ̄i)(z) J (σ̄j)(w)
∣∣∣∣∣ 1
(z−w)

= 1
2 if

abc δρσ̄ t
c
jīJ

(ρ̄i)J (σ̄j)(w)

+ 1
2 d

abc δρσ̄ t
c
jīJ

(ρ̄i)J (σ̄j)(w)+ 1
M
δab δρσ̄ δjīJ

(ρ̄i)J (σ̄j)(w)−N JaJb(w),

δρσ̄ t
b
jī (if−

(2k+M+2N)
(2k+M) d)acd δk1 ī tdk1j̄1

JcJ (ρj̄1)(z) J (σ̄j)(w)
∣∣∣∣∣ 1
(z−w)

=

− (2N+M+2k)
(M+2k)

2
M
dabc δρσ̄ t

c
jīJ

(ρ̄i)J (σ̄j)(w)−δab δρσ̄ δjīJ (ρ̄i)J (σ̄j)(w)

+ (M2−4)(2k+M+2N)
M2(2k+M) δab δρσ̄ δjīJ

(ρ̄i)J (σ̄j)(w)− 2N(2k+M+2N)
M(2k+M) dabc∂ Jc(w)

− 2N(−4k+M2N−2M−4N)
M(2k+M)

√
M+N
MN

δab∂ Ju(1)(w)

+ 2N(2k+M+2N)
M(2k+M) dabc∂ Jc(w)

−(if− (2k+M+2N)
(2k+M) d)acd

(√
M+N
MN

N δbdJcJu(1)−N

2 (if+d)ebdJcJe

+ 1
2

√
M+N
MN

N (if+d)bdc∂ Ju(1)+kN δbd∂ Jc
)

(w),

δρσ̄ t
b
jī δ

k1 ī δσ2σ̄1 (tα)σ̄1ρ tak1j̄1
JαJ (σ2j̄1)(z) J (σ̄j)(w)

∣∣∣∣∣ 1
(z−w)

=− (N2−1)
MN

δab
(
δρσ̄ δjīJ

(ρ̄i)J (σ̄j)

−
√
M+N
MN

NM ∂Ju(1)
)

(w)− (N2−1)
2N (if+d)bac

(
tcjī δjīJ

(ρ̄i)J (σ̄j)+N ∂Jc
)

(w) (D.4)

+δabJαJα(w)−
√
M+N
MN

(N2−1)δab∂ Ju(1)(w)+ 1
2 (N2−1)(−if+d)abc∂ Jc(w).

Note that the first order pole of the OPE between δkl̄ (ta)īk ∂ J (ρl̄)(z) and J (σ̄j)(w) is zero.
Then it is obvious to obtain the corresponding (a13 − a12) terms simply by differentiating
these appendix (D.4) with respect to the variable w. We can easily calculate the second
order poles of the OPE between Ka and ∂ J (σ̄j) from (3.1) by differentiating the first
relation with respect to the variable w consisting of five terms.
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Finally, we obtain the (a13 − a12) terms as follows:
2(k2−1)(2k+M+N)

k(2k+M) δρσ̄
( 1
M
δba δjī(w)+ 1

2(if+d)bac tcjī
)
J (ρ̄i)∂ J (σ̄j)(w)

+ 2(4k3+2k2M+3k2N+kMN−2k−M−N)
k(2k+M)

×δρσ̄
( 1
M
δab δjī+

1
2(if+d)abc tcjī

)
J (ρ̄i)∂ J (σ̄j)(w)

−2N(k+N)
√
M+N
MN

∂2Ju(1)(w)−N ifabc tcjī δρσ̄∂ (J (ρ̄i)J (σ̄j))(w)

+ (2k2N+kMN+4k+2M+2N)
k(2k+M) dabc tcjī δρσ̄ ∂ (J (ρ̄i)J (σ̄j))(w)

+ 4(k2N+kMN+2k+M+N)
kM(2k+M) δab δρσ̄ δjī∂ (J (ρ̄i)J (σ̄j))(w)

− 2(k+N)(M+N)
kM

δab∂ (Ju(1)Ju(1))(w)−N2

k

√
M+N
MN

ifabc∂ (Ju(1)Jc)(w)

+N(4k2+2kM+4kN+MN)
k(2k+M)

√
M+N
MN

dabc∂ (Ju(1)Jc)(w)

− 2N(k+M+N)
kM

∂ (JaJb)(w)+ kN(2k+M+2N)
(2k+M) dabc∂2Jc(w)

+N

2

(
if− (2k+M+2N)

(2k+M) d

)acd
(if+d)ebd∂ (JcJe)(w)+kN ifabc∂2Jc(w)

−2δab∂ (JαJα)(w)

+ 2
k

(k+N)
√
M+N
MN

[
δρσ̄

( 1
M
δab δjī+

1
2 (if+d)abc tcjī

)
Ju(1)J (ρ̄i)J (σ̄j)

−
√
M+N
MN

δρσ̄
( 1
M
δab δjī+

1
2 (if+d)abc tcjī

)
∂ J (ρ̄i)J (σ̄j)

]
(w)

− 2
kM

(k+M+N)
[
δρσ̄ t

b
jīJ

aJ (ρ̄i)J (σ̄j)

+δρσ̄
( 1
M
δab δjī+

1
2 (if+d)bac tcjī

)
∂ J (ρ̄i)J (σ̄j)

]
(w)

−
[(

if+ (2k+M+2N)
(2k+M) d

)acd
δρσ̄

( 1
M
δdb δjī+

1
2 (if+d)dbe tejī

)
JcJ (ρ̄i)J (σ̄i)

+
(
if+ (2k+M+2N)

(2k+M) d

)acd
δρσ̄

×
( 1
M
δbc tdjī+

1
2M δde (if+d)bce δjī+

1
4(if+d)bce (if+d)def tf

jī

)
∂ J (ρ̄i)J (σ̄j)

]
(w)

+2
[
(tα)ρσ̄

( 1
M
δab δjī+

1
2 (if+d)abc tcjī

)
JαJ (ρ̄i)J (σ̄k) (D.5)

−
(
N− 1

N

)( 1
M
δab δjī+

1
2 (if+d)abc tcjī

)
δρσ̄ δjī∂ J

(ρ̄i)J (σ̄j)
]
(w)+N ifabc∂Kc(w),

where the last four relations in appendix (B.1) are used here in appendix (D.5).
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Therefore, we will obtain the final second order pole by collecting all the relevant terms
from appendix (D.2), appendix (D.3) and appendix (D.5) explicitly. It seems that they
have rather complicated coset operators. However, the second order pole can be written
in simple form as the one in (4.45).

D.3 The relations between the remaining coefficients of W (3)(w) in the second
order pole

In (4.9), we have identified the coefficient of W (3)(w) in the second order pole of the OPE
between Ka(z)P b(w) and we present the remaining terms of the neutral spin-3 current
including the b3 term as follows:

a1
b1
b3 −

4(k +N)(M +N)
kM

a7 = 0,

a1
b1
b4 −

2(2k +N)
k

√
M +N

MN
a1 − 4 a7 = 0,

2 a1
b1
b6 + 2(2k +N)

M
a1 + 2

M
(a13 − a12) = 0,

2 a1
b1
b8 + 8(k +N)

M
a7 + 2(k +N)

kM

√
M +N

MN
(a13 − a12) = 0,

a1
b1
b9 −M

a1
b1
b6 − (2k +N) a1 − 4a13 − 2a12 = 0,

a1
b1
b11 −M N

a1
b1

√
M +N

MN
b8 − 4N(k +N)

√
M +N

MN
a7

− 4(k +N)
kM

(M +N) a13 −
2(k +N)(M +N)

kM
a12 = 0,

a1
b1
b12 + 6(k +N)

M
a12 = 0,

a1
b1
b13 + 6(k +N)

M
a13 = 0,

− MN

2
a1
b1

√
M +N

MN
b13 + a1

b1
b14 − 2N(k +N)

√
M +N

MN
a13

− (k +N)
√
M +N

MN
a12 = 0. (D.6)

It is easy to observe that the above relations appendix (D.6) are satisfied by substitut-
ing (2.22), (2.32) and (7.7).

D.4 The relations between the remaining coefficients of P b(w) in the second
order pole

In (4.12), the structure of charged spin-3 current in the second order pole of the OPE
Ka(z)P b(w) is found and we present the remaining terms in the charged spin-3 current
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including the a2 term as follows:

−
[
k(3k + 2M)(2k +M + 2N)

(k +M)(2k +M)

]
a1 + 2k(2k +M +N)

(2k +M) a1 + 4M a5 − a12 + a13 = 0,

2(2k +M +N)
(2k +M) a1 −

[
k(3k + 2M)(2k +M + 2N)

(k +M)(2k +M)

]
a2 − 4 a5 = 0,

2N(4k2 + 2kM + 4kN +MN)
k(2k +M)

√
M +N

MN
a7 −

[
k(3k + 2M)(2k +M + 2N)

(k +M)(2k +M)

]
a4

− 4(k +N)(M +N)
kM

a5 + 2M
k

√
N(M +N)

M
a9 = 0,

2(4k2 + 2kM + 4kN +MN)
2k +M

a7 + 4M(k +N)
k

√
M +N

MN
a5

− 2
[
k(3k + 2M)(2k +M + 2N)

(k +M)(2k +M)

]
a7 + (k +N)

k

√
M +N

MN
(a13 − a12) + 2M a9 = 0,

− 2M(k + 2N) a5 + (6k2 + 3kM + 6kN + 2MN)
2k +M

a12

−
[
k(3k + 2M)(2k +M + 2N)

(k +M)(2k +M)

]
a12 = 0,

2M(k + 2N) a5 + (6k2 + 3kM + 6kN + 2MN)
2k +M

a13

−
[
k(3k + 2M)(2k +M + 2N)

(k +M)(2k +M)

]
a13 = 0,

− 2N
√
M +N

MN
(2k +M + 2N) a5 + N(k +N)

k

√
M +N

MN
a12

+ N(4k2 + 2kM + 4kN +MN)
k(2k +M)

√
M +N

MN
a13

+
[
k(3k + 2M)(2k +M + 2N)

(k +M)(2k +M)

] √M +N

MN
MN a8 − a14

 = 0,

2MN(k +N)
k

√
M +N

MN
a5 + N(4k2 + 2kM + 4kN +MN)

2k +M
a7

+M N a9 + N(2k +M + 2N)
2k +M

√
M +N

MN
a12

+ N(4k2 + 2kM + 4kN +MN)
k(2k +M)

√
M +N

MN
a13

−
[
k(3k + 2M)(2k +M + 2N)

(k +M)(2k +M)

]
(N a7 − a15) = 0. (D.7)

The above relations appendix (D.7) are satisfied by substituting (2.22).
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E The first order pole in the OPE Ka(z) P b(w)

The first order pole of the OPE between the charged spin-2 current and the charged spin-3
current can be obtained

Ka(z)P b(w)
∣∣∣∣ 1
(z−w)

= tαρσ̄ t
b
jīJ

α
[
((KaJ (ρ̄i))pole-1J

(σ̄j))+J (ρ̄i) (KaJ (σ̄j))pole-1

]
(w)a1

+ifabcJαJαJc(w)a2

+
(
ifacdKdJcJb+ifaceJcKeJb+ifabeJcJcKe

)
(w)a3

+ifabcKcJu(1)Ju(1)(w)a4

+
[
ifade dbcdKeKc+dbcdJd (KaKc)pole-1+

+ N

(2k+M)

(
ifadg dcef dbcdKg JeJf+ifage dbcd dcgf JdKeJf

)
+ifage dbcd dcfg JdJfKe

− 2N
k

√
M+N
MN

(
ifade dbcdKeJcJu(1)+iface dbcdJdKeJu(1)

)]
(w)a5

+
[
Ju(1) (KaKb)pole-1−

2N
k

√
M+N
MN

ifabcJu(1)KcJu(1)

+ N

(2k+M)

(
ifade dbdf Ju(1)KeJf+ifade dbfdJu(1)JfKe

)]
(w)a7

+
[
2 ifabc (k+M+N)KcT+2(k+M+N)Jb∂Ka

−2 ifacdJbJcKd−2MJb∂Ka−ifabdKdJcJc

+ifabc M

(k+N) K
cJαJα+ifabc (M+N)

k
KcJu(1)Ju(1)

]
(w)a8

+
(
iface dbcdJu(1)KeJd+ifade dbcdJu(1)JcKe

)
(w)a9

+
(
−facd f bce∂KdJe+facd f bce∂ JeKd

)
(w)a11

+δρσ̄ tbjī
(
((KaJ (ρ̄i))pole-1∂ J

(σ̄j)+J (ρ̄i) (Ka∂ J (σ̄j))pole-1
)
(w)(a13−a12)

+
[

1
2 ∂ (KaKb)pole-1−

N

k

√
M+N
MN

ifabc∂ (KcJu(1))

+ N

(2k+M)

(
ifade dbdf ∂ (KeJf )+ifade dbfd∂ (JfKe)

)]
(w)a12

+ifabc∂2Kc(w)a16

+
(

2
M
δbcδde+ 2

M
δbeδcd+ 2

M
δbdδce+ i

2 f
bcf dfde+ 1

2 d
bcf dfde

+ i

2 f
bef dfcd+ 1

2 d
bef dfcd+ i

2 f
bdf dfce+ 1

2 d
bdf dfce

)
×
(
ifacf Kf JdJe+ifadf JcKf Je+ifaef JcJdKf

)
(w)a17. (E.1)
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In this case, from appendix (E.1), we do not have to consider the additional contractions
between the operators because we are focusing on the first order pole. We can also further
simplify the above expressions by changing the ordering of operators appropriately. Then
the above expression appendix (E.1) plays an important role of a new quasi primary spin-4
current R̂c(w) by multiplying i fabc together with (4.38) and (4.39).

F The second order pole in the OPE Ka(z) W (3)(w)

The second order pole of the OPE between the charged spin-2 current and the neutral
spin-3 current can be described as

Ka(z)W (3)(w)
∣∣∣∣∣

1
(z−w)2

= 3M dabc JbKc(w) b2 − 2M Ju(1)Ka(w) b5

+
(

4(2k +M +N) tαρ,σ̄ tajī J
α J (ρ̄i) J (σ̄j) + 4

k
(2k +M +N) Ja Jα Jα

)
(w) b6

+
(
i fabc (KcKb)pole-1 + MN

(2k +M) d
abc (Kb Jc + JcKb)− 4MN

k

√
M +N

MN
Ka Ju(1)

+ Jb (KaKb)pole−2 + MN

(2k +M) d
abc JcKb

)
(w) b7 + 2(2k + 2N +M) Ju(1)Ka(w) b8

+
(2(k2 − 1)(2k +M +N)

k(2k +M) δρσ̄ δ
kī ta

kl̄
J (ρl̄) ∂ J (σ̄j)

+ δρσ̄ δjī ((Ka J (ρ̄i))pole-1 ∂ J
(σ̄j))pole-1

+ δρσ̄ δjī J
(ρ̄i) (Ka ∂ J (σ̄j))pole−2

)
(w) (b13 − b12)

+
(

3(k +M +N) ∂ Ka − 1
2(2M ∂Ka + i fabc (Kc Jb + JbKc))

)
(w) b12. (F.1)

Moreover, in order to calculate the (b13− b12) terms the following relations can be used by
considering the similar relations as in appendix (D.4)

δρσ̄ δjī δ
kī ta

kl̄
Ju(1) J (ρl̄)(z) J (σ̄j)(w)

∣∣∣∣∣
1

(z−w)

= −
√
M +N

MN
δρσ̄ t

a
jī J

(ρ̄i) J (σ̄j)(w)

−N Ju(1) Ja(w),

δρσ̄ δjī J
a J (ρ̄i)(z) J (σ̄j)(w)

∣∣∣∣∣
1

(z−w)

= δρσ̄ t
a
jī J

(ρ̄i) J (σ̄j)(w)

+ kM N ∂ Ja −

√
M +N

MN
M N Ja Ju(1)(w),
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δρσ̄ δjī (i f − (2k +M + 2N)
(2k +M) d)acd δk1 ī tdk1j̄1

Jc J (ρj̄1)(z) J (σ̄j)(w)
∣∣∣∣∣

1
(z−w)

=

2(2kM2 − 4k +M3 +M2N − 2M − 4N)
M(2k +M) δρσ̄ t

a
jī J

(ρ̄i) J (σ̄j)(w)

−
(
i f − (2k +M + 2N)

(2k +M) d

)abc
N Jb Jc(w), (F.2)

δρσ̄ δjī δ
k1 ī δσ2σ̄1 (tα)σ̄1ρ tak1j̄1

Jα J (σ2j̄1)(z) J (σ̄j)(w)
∣∣∣∣∣

1
(z−w)

= −(N2 − 1)
N

taρσ̄ δjī J
(ρ̄i) J (σ̄j)(w).

Then we obtain the δρσ̄ δjī ((Ka J (ρ̄i))pole-1 ∂ J
(σ̄j))pole-1 in appendix (F.1) by taking the

appropriate derivatives in appendix (F.2). By simplifying appendix (F.1), we will end up
with the second order pole in (7.10).

G The first order pole in the OPE Ka(z) W (3)(w)

In the b6 term of W (3) in (2.25), after moving the second factor to the left in the second
term, there exists a ∂ Jα term. But the OPE with Ka(z) does not contribute to nonzero
expression. In the b7 term of W (3), there exists a ∂ Jb term by moving the second factor
to the left in the second term. We should include this contribution also. In the b8 term of
W (3), there exists a ∂ Ju(1) term by moving the second factor to the left in the second term.
But the OPE with Ka(z) does not contribute to nonzero expression. Finally, in the b13
term of W (3), there exists a ∂2 Ju(1) term, by moving the second factor to the left, which
does not contribute to the nonzero result. It is easy to observe that the OPEs between
Ka(z) and other terms in the W (3)(w) vanish.

Therefore, we summarize the first order pole as follows:

Ka(z)W (3)(w)
∣∣∣∣∣

1
(z−w)

=
(
i fabeKe Jc Jd + i face JbKe Jd + i fade Jb JcKe

)
(w) dbcd b2

+ i fabc Ju(1)
(
Kc Jb + JbKc

)
(w) b5 (G.1)

+ 2
(
tαρσ̄ δjī J

α [((Ka J (ρ̄i))pole-1 J
(σ̄j)) + J (ρ̄i) (Ka J (σ̄j))pole-1]

)
(w) b6

+
(
i fabcN Kc ∂ Jb + i fabcN Jb ∂ Kc + 2 i fabc tbjī δρσ̄K

c J (ρ̄i) J (σ̄j)

+ 2 tbjī δρσ̄ J
b [((Ka J (ρ̄i))pole-1 J

(σ̄j)) + J (ρ̄i) (Ka J (σ̄j))pole-1]
)
(w) b7

+ 2δjī δρσ̄ Ju(1)
(
((Ka J (ρ̄i))pole-1 J

(σ̄j)) + J (ρ̄i) (Ka J (σ̄j))pole-1
)
(w) b8

+ δjī δρσ̄
(
((Ka ∂ J (ρ̄i))pole-1 J

(σ̄j)) + ∂ J (ρ̄i) (Ka J (σ̄j))pole-1
)
(w) b12

+ δjī δρσ̄
(
((Ka J (ρ̄i))pole-1 ∂ J

(σ̄j)) + J (ρ̄i) (Ka ∂ J (σ̄j))pole-1
)
(w) b13,
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where the four quantities in the above are given, from (3.1), by

Ka(z)J (ρ̄i)(w)
∣∣∣∣∣ 1
(z−w)

≡ (KaJ (ρ̄i))pole-1 =

2(k+N)δkj̄ (ta)īk ∂ J (ρj̄)(w)− 2(k+N)
k

√
M+N
MN

δkītakj̄J
u(1)J (ρj̄)(w)

+ 2
kM

(k+M+N)JaJ (ρ̄i)(w)−
(
if− (2k+M+2N)

(2k+M) d

)abc
δkī tckj̄ J

bJ (ρj̄)(w)

−2δkī δσσ̄1 (tα)σ̄1ρ takj̄ J
αJ (σj̄)(w),

(KaJ (σ̄j))pole-1 = 2(k+N)δkk̄1
(ta)k̄1j ∂ J (σ̄k)(w)+ 2(k+N)

k

√
M+N
MN

δjl̄ta
kl̄
Ju(1)J (σ̄k)(w)

− 2
kM

(k+M+N)JaJ (σ̄j)(w)−
(
if+ (2k+M+2N)

(2k+M) d

)abc
δjj̄1 tckj̄1 J

bJ (σ̄k)(w)

+2δjl̄ δτσ̄1 (tα)σ̄τ ta
kl̄
JαJ (σ̄1k)(w)

(Ka∂ J (ρ̄i))pole-1 = ∂

[
2(k+N)δkj̄ (ta)īk ∂ J (ρj̄)− 2(k+N)

k

√
M+N
MN

δkītakj̄J
u(1)J (ρj̄)

+ 2
kM

(k+M+N)JaJ (ρ̄i)−
(
if− (2k+M+2N)

(2k+M) d

)abc
δkī tckj̄ J

bJ (ρj̄)

−2δkī δσσ̄1 (tα)σ̄1ρ takj̄ J
αJ (σj̄)

]
(w),

(Ka∂ J (σ̄j))pole-1 = ∂

[
2(k+N)δkk̄1

(ta)k̄1j ∂ J (σ̄k)+ 2(k+N)
k

√
M+N
MN

δjl̄ta
kl̄
Ju(1)J (σ̄k)

− 2
kM

(k+M+N)JaJ (σ̄j)−
(
if+ (2k+M+2N)

(2k+M) d

)abc
δjj̄1 tckj̄1 J

bJ (σ̄k)

+2δjl̄ δτσ̄1 (tα)σ̄τ ta
kl̄
JαJ (σ̄1k)

]
(w). (G.2)

Note that we should be careful about the normal ordering [23] in the composite operators
containing the first and the third of appendix (G.2) in appendix (G.1). For any operators,
A,B,C, we have the relation ((AB)C)(w) = ([(AB), C])(w) + (C(AB))(w) where the
bracket stands for the normal ordering between the operators.

H Relevant free field realization

In this section, the free field realization in [15] is reviewed and we comment on its relevance
in the context of previous sections.
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H.1 Free field construction

The generators of W1+∞ algebra [61] are given by V i(z) of spin-(i+2) and the generator of
affine SU(M) algebra is given by the spin-1 current 4qW−1,a(z) where a= 1,2, · · · ,(M2−1)
and q is a parameter and is fixed by q= 1

4 . We follow the notation of [15] except that their
N corresponds to our M . Moreover the additional generators are given by W i,a(z) of spin-
(i+2) transforming as the adjoint representation of SU(M). The realization of the algebra
is represented by bilinear free fermions. The complex free fermions satisfy the following
OPE

ψ̄α(z)ψβ(w) = 1
(z − w) δ

αβ + · · · , (H.1)

where α, β = 1, 2, · · · ,M . Then the level k = 1 realization is given by the following forms17

V j(z) = 2j−1(j + 1)!
(2j + 1)!! qj

j+1∑
r=0

(−1)r
(
j + 1
r

)2

∂j−r+1 ψ̄α ∂r ψα(z),

W j,a(z) = 2j−1(j + 1)!
(2j + 1)!! qj

j+1∑
r=0

(−1)r
(
j + 1
r

)2

∂j−r+1 ψ̄α ∂r taαβ ψ
β(z). (H.2)

Then we can check that the stress energy tensor V 0(z) has the central charge c = M k and
it becomes c = M by using the fundamental relation in appendices (H.1) and (H.2). The
spin-3 operator V 1(z) is a quasi primary operator and has the fourth order pole V −1(w)
in the OPE with the above stress energy tensor. Moreover, there is a quasi primary spin-4
V 2(z) operator.

We can check that there exist two primary spin-1, 2 operators W−1,a(z) and W 0,a(z).
For the quasi primary spin-3 operator W 1,a(z), the OPE between the stress energy tensor
V 0(z) and W 1,a(w) has nonzero fourth order pole W−1,a(w).

We consider two cases as follows:

• The OPEs between the nonsinglet currents and singlet current

When we calculate the OPE between W−1,a(z) and V 1(w), we observe that the
second order pole contains the spin-2 operator W 0,a(w). This can be compared
to the previous result in (7.1) which eventually becomes zero. The OPE between
W 0,a(z) and V 1(w) implies that the nonzero singular terms are given by W−1,a(w) in
the fourth order pole, 3W 1,a(w) in the second order pole and ∂ W 1,a(w) in the first
order pole. We can compare this with the one in (7.10) and realize that there are
common linear terms in the (quasi) spin-3 operator. We can further calculate the OPE
between the spin-3 operator W 1,a(z) and other spin-3 operator V 1(w). It turns out
that there are 4W 0,a(w), 2 ∂ W 0,a(w), 3

5 ∂
2W 0,a(w)+4W 2,a(w), and 2

15 ∂
3W 0,a(w)+

2 ∂ W 2,a(w) in the fourth, third, second and first order poles respectively. Again by
comparing with (7.11), we observe that the same linear terms occur in both cases.

17In the calculation of OPEs between the free fields in this section we will consider the M = 4 case in
order to see the structure of the algebra and the general calculation for arbitrary M can be done by hand.
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• The OPEs between the nonsinglet currents

The OPE between the spin-1 current and the charged spin-2 current gives us the
nonzero second order pole which is given by (1

2 d
abcW−1,c+ 1

4 δ
ab V −1)(w). Moreover,

the first order pole gives i fabcW 0,c(w). Note that there exists a spin-1 singlet current.
This can be compared to the relation (2.12). Similarly, the OPE between the charged
spin-2 current and itself leads to 1

2 δ
ab in the fourth order pole, 1

2 i f
abcW−1,c(w) in the

third order pole, (1
4 i f

abc ∂ W−1,c + 1
2 δ

ab V 0 + dabcW 0,c)(w) in the second order pole
and ( 1

12 i f
abc ∂2W−1,c + 1

4 δ
ab ∂ V 0 + 1

2 d
abc ∂ W 0,c + i fabcW 1,c)(w) in the first order

pole respectively. Now we observe that when we compare this with (3.34), both cases
share the common linear terms at each singular term. The OPE between the spin-1
current and the charged spin-3 current leads to 1

3 f
abcW−1,c(w), (−1

6 f
abcW−1,c +

dabcW 0,c)(w) and i fabcW 1,c(w) in the third, the second and the first order poles
respectively. Note that there are nonzero singular terms in the third order and
second order poles when we compare with the one in (2.24).

We can also check the OPE between the charged spin-2 current and the charged spin-
3 current. It turns out that the fourth order pole is (1

4 δ
ab V −1 − i

2 d
abcW−1,c)(w), the

third order pole is 4
3 i f

abcW 0,c(w), the second order pole is (3
4 δ

ab V 1 − 3i
2 d

abcW 1,c +
1
3 i f

abc ∂ W 0,c)(w) and the first order pole is (1
4 δ

ab ∂ V 1− i
2 d

abc ∂ W 1,c+ 1
15 i f

abc ∂2W 0,c+
i fabcW 2,c)(w). In this case, some of the linear terms of this OPE occur in the (4.45).
Note the presence of a spin-1 singlet current. Finally, the OPE between the charged spin-3
current and itself provides the following singular terms.18

Therefore, we observe that the presence of a neutral spin-1 current with Kronecker
delta symbols appears in the OPEs between the nonsinglet currents where the sum of spins
of the left hand side is given by odd integer numbers. Although there are some higher order
terms which do not appear in the coset realization, we observe that by simply ignoring the
above uncharged spin-1 current, all the linear terms in the free field realization arise in the
coset realization. One of the lessons from the free field realization is to expect how the new
quasi primary operators arise in the specific singular terms of the given OPEs. From this
fact we can rearrange each singular term in the coset realization by expecting that there
should be a new quasi primary operator at that singular term. If we do not expect a new
quasi primary operator, then we should manage to rewrite each singular term in terms of
the multiple product of known currents.

18The sixth order pole is proportional to the Kronecker delta symbols and is given by 2
3 δ

ab. The fifth
order pole contains the spin-1 current and is 2

3 i f
abcW−1,c(w). The fourth order pole contains the two spin-

2 currents as well as the descendant terms and is given by ( 1
3 i f

abc ∂ W−1,c + δab V 0 + 2 dabcW 0,c)(w). The
third order pole has a spin-3 current as well as various descendant terms and is given by ( 1

9 i f
abc ∂2 W−1,c+

1
2 δ

ab ∂ V 0 +dabc ∂ W 0,c+ 8
3 i f

abcW 1,c)(w). The second order pole contains the two kinds of spin-4 currents
and the descendant terms and is ( 1

36 i f
abc ∂3 W−1,c + 3

20 δ
ab ∂2 V 0 + 3

10 d
abc ∂2 W 0,c + 4

3 i f
abc ∂ W 1,c +

δab V 2+2 dabcW 2,c)(w). Finally, the first order pole contains a spin-5 current besides the various descendant
terms and is given by ( 1

180 i f
abc ∂4 W−1,c+ 1

30 δ
ab ∂3 V 0 + 1

15 d
abc ∂3 W 0,c+ 8

21 i f
abc ∂2 W 1,c+dabc ∂ W 2,c+

1
2 δ

ab ∂ V 2 + i fabcW 3,c)(w). Note that the relative coefficients appearing in the descendant terms are
fixed automatically.
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H.2 After decoupling the neutral spin-1 current

We can construct the nonsinglet and singlet operators which do not have any singular
terms in the OPEs with the above neutral spin-1 current and present them as follows:

V̂ 0(z) = V 0(z)− 1
8 V

−1 V −1(z),

V̂ 1(z) = V 1(z)− 1
2 V

−1 V 0(z) + 1
24 V

−1 V −1 V −1(z),

Ŵ−1,a(z) = W−1,a(z),

Ŵ 0,a(z) = W 0,a(z)− 1
4 V

−1W−1,a(z),

Ŵ 1,a(z) = W 1,a(z)− 1
2 V

−1W 0,a(z) + 1
16 V

−1 V −1W−1,a(z)

− 3
10 V̂

0W−1,a(z) + 3
20 ∂

2W−1,a(z). (H.3)

The central charge is given by c = M − 1 = 3. The singlet and nonsinglet operators are
primary under the new stress energy tensor. Due to the nonlinear terms in the right hand
side, we expect that the algebra between these operators leads to the nonlinear terms in
the right hand side of the OPEs. Note that the OPE between the charged spin-1 current
and the neutral spin-1 current is regular. The charged and uncharged spin-4 currents can
be determined similarly.

Moreover, the above operators in appendix (H.3) can be written in terms of W−1,a(z)
as follows:

V̂ 0(z) = 1
10 W

−1,aW−1,a(z),

V̂ 1(z) = 1
90 d

abcW−1,aW−1,bW−1,c(z),

Ŵ−1,a(z) = W−1,a(z),

Ŵ 0,a(z) = 1
12 d

abcW−1,bW−1,c(z),

Ŵ 1,a(z) = − 2
25 W

−1,bW−1,bW−1,a(z)− 1
75 ∂

2W−1,a(z)

− 9
100 i f

abc ∂ W−1,bW−1,c(z). (H.4)

Note that in terms of the complex free fermions, the above operators in appendix (H.4)
contain the quartic, the sextic, the quadratic, the quartic, and the sextic terms in the free
fermions respectively. The OPE between the spin-1 current and the charged spin-2 current
gives us the nonzero second order pole which is given by 1

2 d
abc Ŵ−1,c(w). Moreover, the

first order pole gives i fabc Ŵ 0,c(w). Note that there is no spin-1 singlet current.
The OPE between the charged spin-2 current Ŵ 0,a(z) and itself can be calcu-

lated. It turns out that the fourth order pole is given by 1
4 δ

ab, the third order pole
is 1

4 i f
abc Ŵ−1,c(w), the second order pole is (1

8 i f
abc ∂ Ŵ−1,c + 1

2 δ
ab V̂ 0 + dabc Ŵ 0,c −

1
8 (Ŵ−1,a Ŵ−1,b+Ŵ−1,b Ŵ−1,a))(w). Note that there are nonlinear terms in this pole. Fur-
thermore, the first order pole is given by ( 1

24 i f
abc ∂2 Ŵ−1,c + 1

4 δ
ab ∂ V̂ 0 + 1

2 d
abc ∂ Ŵ 0,c −
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1
16 ∂ (Ŵ−1,a Ŵ−1,b + Ŵ−1,b Ŵ−1,a))(w). This implies that there is no new (quasi) primary
operator in this OPE. Other OPEs can be determined without any difficulty.

Therefore, although we have decoupled the neutral spin-1 current in the above analysis,
the operators in appendix (H.4) do not produce any new (quasi) primary operators due to
the property of the fermions. The charged spin-1 current which generates the affine SU(M)
algebra produces the W algebra between the nonsinglet currents.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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