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Abstract We investigate the effect of the dark matter
(DM) halos collisions, namely collisions of galaxies and
galaxy clusters, through gravitational bremsstrahlung, on the
stochastic gravitational wave background. We first calcu-
late the gravitational wave signal of a single collision event,
assuming point masses and linear perturbation theory. Then
we proceed to the calculation of the energy spectrum of the
collective effect of all dark matter collisions in the Universe.
Concerning the DM halo collision rate, we show that it is
given by the product of the number density of DM halos,
which is calculated by the extended Press–Schechter (EPS)
theory, with the collision rate of a single DM halo, which
is given by simulation results, with a function of the linear
growth rate of matter density through cosmological evolu-
tion. Hence, integrating over all mass and distance ranges,
we finally extract the spectrum of the stochastic gravitational
wave background created by DM halos collisions. As we
show, the resulting contribution to the stochastic gravitational
wave background is of the order of hc ≈ 10−29 in the band
of f ≈ 10−15Hz. However, in very low frequency band, it
is larger. With current observational sensitivity it cannot be
detected.

1 Introduction

Recently, the gravitational wave (GW) detecting technology
has been developing rapidly. In 2015, the detection of binary

a e-mail: yqmtobephd@stu.pku.edu.cn
b e-mail: rx76@ustc.edu.cn (corresponding author)
c e-mail: zxmyg86400@mail.ustc.edu.cn
d e-mail: msaridak@noa.gr

black holes merger GW150914 by the LIGO experimental
cooperation signaled the first detection of gravitational waves
[1], while in 2017, the joint detection of GW170817 [2] and
GRB170817A [3] opened the new era of multi-messenger
astronomy [4]. In general, with the increasing amount of
detected gravitational wave events [5] one has improved
statistics that allows to track the history of the universe
[6,7] and impose bounds on various cosmological parameters
[8,9], as well as constrain various theories of gravity [10–14].
Moreover, for different frequencies and types of gravitational
wave sources, various detection means have been designed
and implemented. Besides ground-based laser interferome-
ters such as LIGO, Virgo and KAGRA, which probe high fre-
quency bands (10–104 Hz), space-based laser interferometers
such as LISA [15–18] for intermediate frequency gravita-
tional waves (10−4–1 Hz), and the pulsar timing array (PTA)
[19–24] for lower frequency bands (10−9–10−6 Hz), are also
raised. These observational avenues allow us to acquire rich
information from GWs of different types and sources, among
which stochastic gravitational wave background is attracting
increasing interest.

Stochastic gravitational wave background (GWB) is a
type of random background signal that exists in an analo-
gous way to the cosmic microwave background. The con-
tribution of GWB can be roughly divided into cosmological
sources and astrophysical sources [25]. Astrophysical orig-
inated GWB contains all types of unresolved GW emitting
events, including binary black hole mergers [26–32]. These
signals can provide information about astrophysical source
populations and processes over the history of the universe
[33–36]. On the other hand, cosmological originated GWB
mainly involves primordial gravitational perturbations dur-
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ing the inflation epoch [37–39], or perturbations arising from
primordial black holes fluctuations [40–44]. GW signals typ-
ically remain unaffected during their propagation, and thus
they can provide valuable information about the very early
stages of the universe. For instance, different inflationary
models can lead to different predictions for the GWB spec-
trum [45–57], and thus GWB can be used as a probe of this
primordial universe epoch. Since GWB can provide us with
important astrophysical and cosmological probes, it is crucial
to understand its composition and properties [58–69].

On the other hand, according to observations, dark matter
(DM) constitutes a significant fraction of the energy density
of the universe [70–72]. Its microphysical nature and possi-
ble interactions remain unknown [73–76], nevertheless we
do know unambiguously that DM takes part in gravitational
interaction [77,78]. Current theory predicts that the main part
of DM is concentrated in dark halos, which coincide in posi-
tion with galaxy or galaxy clusters [79]. These galaxies and
galaxy clusters, and thus dark halos too, are typically accel-
erating and merging through their mutual attraction [80–82].
Such processes can in principle release GW signal through
gravitational bremsstrahlung [83–95]. This process can be
approximately described as an elastic collision between two
particles. The approximate calculation results of the grav-
itational waves released during the collision process have
been obtained previously in some literature [96]. However,
it is important to note that simply considering the gravi-
tational waves released during the elastic collision process
is the ideal hypothesis because the release of gravitational
waves takes away the system’s energy, making the collision
no longer elastic. Therefore, the gravitational wave spectrum
calculated in this way can only be applicable below a certain
cutoff frequency.

In this work, we are interested in investigating for the first
time the possible GW signals that could be emitted through
bremsstrahlung during dark halo merger and collisions, and
their contribution to the stochastic GWB. In particular, we
will first consider a single event of two DM halos collision,
and we will calculate the emitted GW signal. Then, we will
calculate the energy spectrum contribution to the stochastic
GWB, taking the DM halo collision rate into consideration.
The structure of the article is as follows. In Sect. 2 we ana-
lyze the GW emitted during the collision of two galaxies or
two galaxy clusters. In Sect. 3 we integrate over redshift and
DM halos parameters to extract the contribution to stochastic
GWB. Finally, in Sect. 4 we conclude and discuss our results.

2 Gravitational waves emitted during a single collision

In this section, we aim at estimating the gravitational waves
emitted during a single collision event. In particular, we cal-
culate the GW radiated by the collision of two DM halos,

which corresponds to the collision of two galaxies or two
galaxy clusters.

Reference [96] considered the gravitational waves
released during the elastic collision between two particles.
In section 4.4.1 of [96], the energy-momentum tensor was
approximated directly using the 4-momentum of the particles
before and after the collision without considering collision
process.

In the case where the collision velocity is much lower
than the speed of light c, let A and B be the two parti-
cles participating in the collision, mQ , pμ

Q, p′μQ and �vQ, �v′
Q

be the mass, 4-momenta and velocities of particle Q before
and after the collision. Then, before the collision occurs, the
energy-momentum tensor of the two particles is given by
∑

Q=A,B
pμ
Q pν

Q
mQ

δ(3)(�xQ−�vQt). Treating the collision process
as instantaneous, the collision occurs at t = 0. Afterwards,
the energy-momentum tensor of the two particles is given

by
∑

Q=A,B
p

′ μ
Q p

′ ν
Q

mQ
δ(3)(�xQ − �v′

Qt). Let θ(t) be the unit step
function. In this way, the energy-momentum tensor of the
particles throughout the entire process can be written as

Tμν ≈
∑

Q=A,B

pμ
Q pν

Q

mQ
δ(3)(�xQ − �vQt)θ(−t)

+ p
′μ
Q p

′ν
Q

mQ
δ(3)(�xQ − �v′

Qt)θ(t). (1)

Based on this energy-momentum tensor, the gravitational
wave energy spectrum can be further calculated. In the next
section, we will see the energy spectrum given in this article
is consistent with that in [96] at relatively high frequencies.
However, since we give the precise calculation of the particle
motion during the entire collision process, in our calculation
we also give the contribution of the lower-frequency gravi-
tational waves compared to the results given in [96].

Besides, at very high frequencies, the physical processes
corresponding to the emission of high-frequency gravita-
tional waves are not reflected in either analytical method
and cannot be dealt with. As a result, the gravitational wave
spectra obtained from both methods can only be applica-
ble below a certain cut-off frequency. In fact, without using
numerical relativity for high precision calculations, any grav-
itational wave spectra obtained through analytical methods
require an artificially estimated cut-off frequency. In the next
section, we will see that the spectra obtained from both
methods diverge when integrated to arbitrarily high frequen-
cies, thus necessitating the establishment of a cut-off fre-
quency.

The following is a more detailed and accurate calculation
process we carried out. According to observations, such a
collision typically has a huge duration, which in turn implies
that the energy radiated through GWs per unit time is not very
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large, and thus we can safely use linear perturbation theory
in the involved calculations. Specifically, we use [97]

gμν = ημν + hμν,
∣
∣hμν

∣
∣ � 1, (2)

h̄i j (t, x) = 2G

rc4

d2 Ii j (tr )

dt2 , tr = t − r

c
, (3)

where G is the gravitational constant, c is the speed of light,
and r is the distance from us to the center of mass of the two
galaxies or galaxy clusters. Moreover, Ii j is the quadruple
moment

Ii j (t) =
∫

yi y j T 00(t, y)d3y =
∫

yi y jρ(t, y)d3y, (4)

where Tμν is energy–momentum tensor, ρ is energy density,
and yi is the spatial coordinate. Since the goal of our calcula-
tion is to acquire an estimation of the order of the magnitude
of the resulting signal, we can consider these two DM halos
as mass points, with mass Ma and position y(a)(t) at time t .
Hence, the density ρ can be written as

ρ(t, y) =
∑

a

Maδ
3(y − y(a)(t)), (5)

while the quadruple moment Ii j (t) becomes

Ii j (t) =
∫

yi y jρ(t, y)d3y =
∑

a

Ma y
i
(a)(t)y

j
(a)(t). (6)

Finally, since the relative speed of two galaxies or galaxy
clusters is much smaller than the speed of light, we can use
Newtonian mechanics to handle their dynamics.

For simplicity, we write the equations in the center-of-
mass frame of these two mass points. By definition, we have

MArA + MBrB = 0, (7)

where MA, MB are the masses of the mass points A and B,
with rA, rB their position vectors. From Newtonian mechan-
ics we have

r̈A = − GMB

|rA − rB |2
rA
|rA| , (8)

which using (7) gives

r̈A = −μB
rA

|rA|3 , (9)

where we have defined μB ≡ GMB

(1+ MA
MB

)2
. Additionally, we

assume that the two points are initially at infinite distance,
their relative speed is v∞ = vA∞ + vB∞, and the impact
parameter is b = bA + bB . From Newtonian mechanics we

Fig. 1 An illustrative representation of the initial conditions of the
collision. The two galaxies or galaxy clusters are considered as points
with masses MA and MB , where bA and bB are the impact parameters

know that the trajectory of each point is a hyperbola and the
two points are moving in a plane (we set this plane as z = 0
plane, and thus rA = (xA, yA, 0)), while the total energy
of the system is positive. Additionally, the mass center of
these two DM halos will not follow a hyperbolic trajectory
at all times, in order to acquire a collision. In Fig. 1 we depict
an illustrative representation of the initial conditions of the
collision.

Let us start with the beginning of the collision, when the
two DM halos start moving towards each other. For point A
we have

(xA + aAeA)2 − (yA)2 = a2
A, (10)

where

aA = μB

(vA∞)2 , (11)

eA =
√

1 + vA
4∞b2

A

(μB)2 , (12)

a = aA + aB . (13)

We proceed by defining λA through

eA sinh(λA) − λA = vA∞t

aA
, (14)

hence

r1
A = xA = aA [eA − cosh(λA)] , (15)

r2
A = yA = aA

[√
e2
A − 1 sinh(λA)

]

. (16)

Note that t = 0 corresponds to the time when the two mass
points have the shortest distance.

In order to obtain the GW amplitude hi j , we proceed to the
calculation of the quadrupole moment Ii j (t) and its second
time derivative. We have

Ii j = MAr
i
Ar

j
A + MBr

i
Br

j
B, (17)
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d2 Ii j
dt2 = MA(r̈ iAr

j
A + r iAr̈

j
A + 2ṙ iAṙ

j
A)

+MB(r̈ iBr
j
B + r iBr̈

j
B + 2ṙ iBṙ

j
B). (18)

From (15), (16) we find

ẋ A = − aA sinh(λA)
√

a3
A

μB
[eA cosh(λA) − 1]

, (19)

ẍ A = μB(cosh(λA) − e)

a2
A[eA cosh(λA) − 1]3

, (20)

ẏA =
aA

√
e2
A − 1 cosh(λA)

√
a3
A

μB
[eA cosh(λA) − 1]

, (21)

ÿA = −
√
e2
A − 1μB sinh(λA)

a2
A[eA cosh(λA) − 1]3

, (22)

and thus inserting into (18) we extract all the second time
derivatives of the quadrupole moment Ii j (t), namely

d2 I11

dt2 = μBMA

2aA[eA cosh(λA) − 1]3

×{7eA cosh(λA) + eA[cosh(3λA) − 4eA] − 4 cosh(2λA)}
+ μAMB

2aB [eB cosh(λB) − 1]3

×{7eB cosh(λB) + eB [cosh(3λB) − 4eB ] − 4 cosh(2λB)},
(23)

d2 I12

dt2 = −
√
e2
A − 1μBMA sinh(λA)

aA[eA cosh(λA) − 1]3

×{eA[cosh(2λA) + 3] − 4 cosh(λA)}

−
√
e2
B − 1μBMA sinh(λB)

aB [eB cosh(λB) − 1]3

×{eB [cosh(2λB) + 3] − 4 cosh(λB)}, (24)
d2 I22

dt2 =
(
e2
A − 1

)
μBMA

2aA[eA cosh(λA) − 1]3

×[3eA cosh(λA) + eA cosh(3λA) − 4 cosh(2λA)]
+

(
e2
B − 1

)
μAMB

2aB [eB cosh(λB) − 1]3

×[3eB cosh(λB) + eB cosh(3λB) − 4 cosh(2λB)]. (25)

For simplicity, we define M ≡ MA + MB , and the mass
ratio x ≡ MA/MB . Noting that we have MAbA = MBbB and
MAvA∞ = MBvB∞, so that 1/x = bA/bB = vA∞/vB∞.

As a result, we get MA = M
(1+1/x) , MB = M

1+x , bA =
b

1+x , bB = b
1+1/x , vA∞ = v∞

1+x , vB∞ = v∞
1+1/x . Substitute

the above equations into the formula of μB, aA, eA,we have

μB = GM

(1 + x)3 (26)

aA = GM

v2∞
1

1 + x
(27)

eA =
√

1 +
(
bv2∞
GM

)2

(28)

We note that eA is independent from mass ratio x , so eA = eB .
Besides, vA∞/aA = v3∞/GM is also independent from mass
ratio x , so the λA is just equal to λB . In short, the mass ratio
x only affects Ïi j by factors like μBMA/aA = Mv2∞x/(1 +
x)3.Therefore, we can get the results in any mass ratio from
the equal mass result by the following equation,

Ïi j (M, x) = 4[ x

(1 + x)3 + 1/x

(1 + 1/x)3 ] Ïi j (M, x = 1) (29)

We can now use (3) in order to obtain the GW signal in the
time domain. As typical values we set MA = MB = 109M�,
namely the order of mass of a (dwarf) galaxy, where M� is
the mass of the Sun, and we use vA∞ = vB∞ = 300 km/s,
bA = bB = 104ly, which are the typical values for galaxy
collisions. Moreover, we assume that the collision happens
at a distance of 109ly from the Earth, which is roughly the
distance of the source of GW150914. Hence, we can estimate
the magnitude of the GW signal. In Fig. 2 we present the
obtained dimensionless GW signal h̄i j , as a function of time
t . Since t = 0 corresponds to the time of shortest distance,
the change rate of h̄i j is fastest at this time, as expected. As
we observe, the variation of h̄i j is of the order of 5 × 10−22

during the collision. However, this variation corresponds to
a large time scale (about 1015s), which implies that a single
signal of this kind of GW is extremely hard to be detected.
Additionally, we can see that the evolution of h̄12 is faster
than that of h̄11, h̄22, which implies that h̄12 will be dominant
in relatively higher frequency than that of h̄11, h̄22.

The GW amplitude in TT gauge hTT is the traceless ver-
sion of h̄i j .We can project the GW amplitude in TT gauge
by

hTT11 = 2

3
h̄11 − 1

3
h̄22, (30)

hTT22 = −1

3
h̄11 + 2

3
h̄22, (31)

hTT33 = −1

3
h̄11 − 1

3
h̄22, (32)

hTT21 = hTT12 = h̄12, (33)

while all other hTTi j are equal to zero.
We proceed by taking the Fourier transformation of

h̄i j , hT Ti j , in order to investigate its spectrum. In particular,
we use

˜̄hi j (ω) =
∫ t=+∞

t=−∞
dt eiωt h̄i j (t) , (34)

h̃T Ti j (ω) =
∫ t=+∞

t=−∞
dt eiωt hT Ti j (t) (35)
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Fig. 2 The dimensionless components of the gravitational wave signal
arising from a single event of the collision of two DM halos, i.e., the
collision of two galaxies or clusters of galaxies. The left panel shows the
h̄11 component, the middle panel the h̄12 component and the right panel
the h̄22 component. The time t = 0 corresponds to the shortest distance

between the two DM halos, that is the moment in which h̄11 and h̄22
reach their peaks and h̄12 exhibits the largest variation. We have imposed
the typical values MA = MB = 109M�, vA∞ = vB∞ = 300km/s,
bA = bB = 104ly, and we have assumed that the distance from Earth
is ∼ 109ly. Time t is measured in seconds

where ω = 2π f , with f the frequency. ˜̄hi j ( f ) obey the
power law in a very good approximation for a very wide

frequency range. Besides, as ˜̄h11,
˜̄h22 ∝ 1/ f 2, while ˜̄h12 ∝

1/ f , we can infer that ˜̄h11,
˜̄h22 will be dominant in the low fre-

quency band while ˜̄h12 will be dominant in relatively high fre-
quencies. In Fig. 3 we present the dependence of h̃T Ti j (ω)( f )
on f .

3 Effect on the stochastic gravitational wave
background

In this section, we calculate the contribution of the DM halos
collisions to the stochastic gravitational wave background.
Specifically, we integrate the gravitational wave spectrum
of a single collision event over the number density of GW
sources.

In principle, in order to compare a theoretical model with
observations, one uses both the fractional energy density
spectrum Ωgw( f ), as well as the characteristic strain ampli-
tude hc( f ) [61]. They are related to the energy spectrum of
GWB through the expression

πc2

4G
f 2h2

c( f ) = ρcΩgw( f ) = dρgw( f )

d ln f
. (36)

where f is the frequency of GW detected on Earth,
and ρc ≡ 3c2H2

0 /8πG is the critical energy density. The

energy spectrum of the stochastic GWB,
dρgw
d ln f , can be writ-

ten as

dρgw( f )

d ln f
=

∫ ∞

0
dz

1

1 + z

∫

dξ
dn

dzdξ

dE(ξ)gw

d ln fr

∣
∣
∣
∣
fr= f (1+z)

,

(37)

with z the redshift at the GW emission. Additionally, dE(ξ)gw
d ln( fr )

is the energy spectrum of a single GW event, which is
calculated through the analysis of Sect. 2, and fr is the
GW frequency in the rest frame of GW sources, and thus
fr = (1 + z) f .

We mention that we denote the parameters related to
the number density of GW sources collectively by ξ =
{ξ1, . . . , ξm}, and therefore dn

dξ1...dξmdz
dξ1 . . . dξmdz ≡

dn
dξdz dξdz is the number density of sources in the redshift
interval [z, z+dz] and with source parameters in the interval
[ξ, ξ+dξ ]. Hence, in the simple single event of two DM halos
collision of the previous section we have ξ = {M, x, v∞, b},
where M = MA + MB , x = MA/MB , v∞ = vA∞ + vB∞
and b = bA + bB .

Let us now calculate the full distribution function dn
dzdξ

=
dn

dzdMdxdv∞db . As we have checked numerically, the variance
of b, v∞ has a minor effect on the final result, not affecting
the order of magnitude. Hence, it is a good approximation
to omit the change of b, v∞, and consider that ξ = {M, x}.
Hence, we have

dρgw( f )

d ln f
=

∫ ∞

0
dz

1

1 + z

∫

dξ
dn

dzdξ

dE(ξ)gw

d ln fr

∣
∣
∣
∣
fr= f (1+z)

≈
∫ 10

0
dz

1

1 + z

∫ Mmax=1015M�

Mmin=109M�
dM

∫ xmax=105

xmin=1
dx
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Fig. 3 The spectrum of the gravitational waves as a function of the fre-
quency. The upper left panel shows the h̃T T11 ( f ) component, the upper
right panel the h̃T T12 ( f ) component and the right panel the h̃T T22 ( f ) com-
ponent. The blue dots represent the exact results at the time of short-

est distance, while the red solid curves are power-law fits, specifically
h̃T T11 ( f ) ≈ 4.7 × 10−54(Hz/ f )2, h̃T T12 ( f ) ≈ 1.2 × 10−38(Hz/ f )2,
h̃T T22 ( f ) ≈ 7.7 × 10−54(Hz/ f )2

× dn

dzdMdx

dE(ξ)gw

d ln fr

∣
∣
∣
∣
fr= f (1+z)

, (38)

where the varying range of M and x is taken from [98].
In the following subsections we will separately calculate

the energy spectrum of a single GW event
dE(ξ)gw
d ln fr

, and the

number density of GW sources dn
dzdMdx .

3.1 Energy spectrum of a single GW event

The energy density of a single GW event can be calculated
from the (traceless) second time derivative of the quadrupole
moment, namely [99]

dE(ξ)gw

d ln fr
≈ fr

2G

5c5
(2π fr )

2(
¨̃Qi j (M, x; fr ))(

¨̃Qi j (M, x; fr )),

(39)

where Qi j is the traceless quadrupole moment and ¨̃Qi j is the
Fourier transformation of the second time derivative of Qi j ,
which is related to Ii j via

Q11 = 2

3
I11 − 1

3
I22, (40)

Q22 = −1

3
I11 + 2

3
I22, (41)

Q33 = −1

3
I11 − 1

3
I22, (42)

Q21 = Q12 = I12, (43)

while all other Qi j are equal to zero. Now, from Newtonian
mechanics Ii j can be written as

¨̃Ii j (M, x; fr ) = 4

[
x

(1 + x)3 + 1/x

(1 + 1/x)3

]

×
(

M

2 × 1012M�

)2 ¨̃I Gi j ( fr ), (44)

where x is the mass ratio of the two masses, and I Gi j is defined

as Ii j (M = 2 × 1012M�, x = 1). Therefore, from the cal-

culation of Sect. 2, we can extract the values of ¨̃I Gi j ( fr ) as

¨̃I G11( fr ) = 2.86 × 1021
(

Hz

fr

)2

kg m2s−1, (45)
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¨̃I G22( fr ) = 5.72 × 1020
(

Hz

fr

)2

kg m2s−1, (46)

¨̃I G12( fr ) = ¨̃I G21( fr ) = 1.29 × 1037
(

Hz

fr

)

kg m2s−1. (47)

Hence, inserting the above into (39) gives us the energy den-
sity of a single GW event.

The energy density can be written as follows

dE(ξ)

d ln( fr )
∝ M2(C1 fr + C2

1

fr
), (48)

where C1,C2 are constants. When fr ≥ 10−16Hz, the con-
tribution of 1

fr
to the energy spectrum can be ignored. In this

case, the energy spectrum is consistent with the result in [96]
which is given by:

dE(ξ)

d ln( fr )
∝ fr M

2. (49)

It should be noted that integrating the energy spectrum of
gravitational waves over the entire frequency range to deter-
mine the total energy released throughout the process will
result in divergence.

The physical process of releasing high-frequency gravi-
tational waves corresponds to two particles being very close
together, causing rapid changes in the motion of particles.
At this point, the release of gravitational waves will in turn
have a significant impact on the motion of the two particles,
rendering the approximation of elastic collision ineffective.
Further more, it would even be unreasonable to consider the
collision of dark matter halos as point particles under such
circumstances. Therefore, the frequency of the energy spec-
trum should be truncated at fmax ≈ v/b in order to avoid
non-physical results. For v ≈ 300 km/s and b ≈ 104ly, the
cutoff frequency fmax ≈ 3.2 × 10−15Hz.

3.2 Number density of GW sources

Let us now calculate the number density of GW sources (per
redshift, total mass and mass ratio interval) dn

dzdMdx . This
number density is equal to the DM matter halos mergers rate,
which can be calculated by combining the extended Press–
Schechter (EPS) theory [96] and numerical simulations [98]:

dn

dzdMdx
= nhalo(M, z)

dω

dz

(
1

nhalo

dnmerger

dωdx

)

, (50)

where nhalo(M, z) is the number density of dark matter
halos (per redshift per mass interval in the co-moving space),
ω = ω(z) is a redshift-dependent function given below, and
( 1
nhalo

dnmerger
dωdx ) is the merger rate (at some ω) for a pair of

DM halos with fixed total mass M and mass ratio x . In the
following we handle these terms separately.

We start with the definition of ω(z) [96]

ω(z) = 1.69

D(z)
, (51)

where D(z) is the linear growth rate of matter density. D(z)
can be written as

D(z) = 1

g(z = 0)

[
g(z)

1 + z

]

, (52)

where a good approximation of g(z) is

g(z) ≈ 5

2
Ωm(z)

{
Ω4/7

m (z) − ΩΛ(z)

+ [1 + Ωm(z)/2] [1 + ΩΛ(z)/70]}−1 , (53)

with ΩΛ(z), Ωm(z) the density parameters of dark energy
and matter sectors given by

ΩΛ(z) = ΩΛ,0

E2(z)
; Ωm(z) = Ωm,0(1 + z)3

E2(z)
, (54)

where the normalized Hubble function E(z) ≡ H(z)/H0

reads as

E(z) ≈
[
ΩΛ,0 + Ωm,0(1 + z)3

]1/2
, (55)

with the value of the Hubble function at present time given
as [70]

H0 ≈ 67.3 km s−1Mpc−1, (56)

and with the values ΩΛ,0,Ωm,0 at present time taken as [70]

ΩΛ,0 ≈ 0.685, (57)

Ωm,0 ≈ 0.317. (58)

Note that in the above we consider that the underlying cos-
mology is ΛCDM concordance scenario, i.e., the dark energy
sector is the cosmological constant.

We continue by using the EPS theory in order to write
the formula of the number density of DM halos nhalo. We
consider that the halos merge when the redshift is between
z and z + dz, and that the emitted GW signals are detected
at Earth at present. In co-moving space those halos are in
the volume ΔV = 4πr2(z)d(r(z)). Now, the EPS theory
provides the number density of DM halos nEPS(M, z) at
some redshift z and mass M . Therefore, we have

nhalo = 4πr2(z)
dr(z)

dz
nEPS(M, z), (59)
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where the radius in the co-moving space r(z) is [96]

r(z) = c

H0

∫ z

0
dz

′ 1

E(z′
)
, (60)

while the formula of nEPS(M, z) is [96]

nEPS(M, z) =
√

2

π

ρ̄

M2

δc

σ
exp

(

− δ2
c

2σ 2

) ∣
∣
∣
∣

d ln σ

d ln M

∣
∣
∣
∣ . (61)

In the above expression ρ̄ = ρcΩm,0 is the mean density
of the matter component, δc = ω = 1.69

D(z) , while σ(M) is
the variance of the matter density perturbation which can be
estimated as [96]

σ(M) ≈ σ8

(
R

r8

)−β

, (62)

with M = 4π
3 ρ̄R3, σ8 ≈ 1, β ≈ 0.6 + 0.8(Ωm,0h), h =

0.673, and r8 = 8 Mpc h−1, leading to

∣
∣
∣
∣

d ln σ

d ln M

∣
∣
∣
∣ = β

3
. (63)

Finally, the last term of (50), namely ( 1
nhalo

dnmerger
dωdx )

(dimensionless since both ω, x are dimensionless), can be
found in [98] and it is given by

(
1

nhalo

dnmerger

dωdx

)

= A

(
M

1012M�

)α

xb exp
[
(x̃/x)γ

]
,

(64)

where the best-fit parameters from simulations are A =
0.065, α = 0.15, b = −0.3, x̃ = 2.5, γ = 0.5 [98].

In summary, inserting (51), (59) and (64) into (50), pro-
vides the value of the number density of GW sources dn

dzdMdx .

3.3 The energy spectrum of the stochastic gravitational
wave background

We have now all the ingredients needed in order to calcu-
late the energy spectrum of the stochastic gravitational wave
background. This is given by (38), in which the energy spec-

trum of a single GW event
dE(ξ)gw
d ln fr

was calculated in Sect.

3.1, while the number density of GW sources dn
dzdMdx was

calculated in Sect. 3.2. Assembling everything, we finally
obtain the stochastic gravitational wave background resulting
from DM halos collisions in the universe, which is calculated
numerically and it is shown in Fig. 4. Besides, instantaneous
collision approximation introduce a cutoff frequency, the fre-
quency beyond which the signal is truncated is the inverse of
the timescale of the collision. The cutoff frequency for instan-
taneous collisions is fmax ≈ v/b. For the case of the dark
matter halos collisions, This frequency is about 3×10−15Hz.

Fig. 4 The characteristic strain hc( f ) as a function of the frequency
of the stochastic gravitational wave background created by DM halos,
namely galaxies and galaxy clusters, collisions

As we can see, the contribution of GW radiated from the
collisions of DM halos, namely galaxies and galaxy clusters,
is quite small comparing to other sources. In the pulsar timing
array (PTA) band, where f ≈ 10−9Hz, and where the current
observational limit is hc ≈ 10−15 [100]. we obtain an effect
of the order of hc ≈ 10−29 in the band of f ≈ 10−15Hz.
Nevertheless, in very low frequency band hc will be larger.
In general, with current observational sensitivity the effect
of the DM halos collisions on the stochastic gravitational
wave background cannot be detected [101–104]. Note that
one could try to extend the analysis, by considering, instead
of point masses, a group of mass points with Navarro, Frenk
& White (NFW) density profile [96] to simulate DM halo
collisions, nevertheless the results are expected to be at the
same order of magnitude.

Dark matter halos are in reality extended objects and not
point-particles. Strictly speaking, this two point toy model
only suits for the beginning of the merger of 2 DM halos, at
this stage the mechanical energy of the 2 mass centers of DM
halo is approximately a constant. One may use N-body sim-
ulation to calculate the GW radiated from the merger more
precisely. However, as an estimation of order of magnitude of
the contribution to the GWB, the simple model in this paper
is good enough.

4 Conclusions

In this work we investigated the effect of the dark matter halos
collisions, namely collisions of galaxies and galaxy clusters,
through gravitational bremsstrahlung, on the stochastic grav-
itational wave background.

In order to achieve this goal, we first calculated the gravi-
tational wave signal of a single DM halo collision event. As
an estimation of the order of magnitude, we handled the two
DM halos as mass points. Furthermore, since the strength
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of such GW signals is weak, we adopted linear perturba-
tion theory of General Relativity, namely we extracted the
GW signal using the second time derivative of the quadru-
ple moment. Additionally, since the velocity of DM halos
is small, we applied non-relativistic Newtonian Mechanics.
Hence, we extracted the GW signal through bremsstrahlung
from a single DM halo collision. As we showed, h̄i j is of
the order of 10−22, and it becomes maximum at the time of
shortest distance as expected. However, since such an event
typically corresponds to duration of the order of 1015s, we
deduce that a single signal of this kind of GW is extremely
hard to be detected.

As a next step we proceeded to the calculation of the
energy spectrum of the collective effect of all DM halos col-
lisions in the Universe. This can arise by the energy spectrum
of a GW signal radiated by a single collision, multiplied by
the DM halo collision rate, and integrating over the whole
Universe. Firstly, knowing the signal of a single collision we
calculated its energy spectrum. Secondly, concerning the DM
halo collision rate we showed that it is given by the product of
the number density of DM halos, which is calculated by the
EPS theory, with the collision rate of a single DM halo, which
is given by simulation results, with a function of the linear
growth rate of matter density through cosmological evolu-
tion. Hence, integrating over all mass and distance ranges,
we finally extracted the spectrum of the stochastic gravita-
tional wave background created by DM halos collisions.

As we show, the resulting contribution to the stochastic
gravitational wave background is of the order of hc ≈ 10−29

in the band of f ≈ 10−15Hz. However, in very low fre-
quency band, hc is larger. With current observational sensi-
tivity it cannot be detected.

In summary, with the current and future significant
advance in gravitational-wave astronomy, and in particular
with the tremendous improvement on the sensitivity bounds
that Collaborations like Laser Interferometer Space Antenna
(LISA), Einstein Telescope (ET), Cosmic Explorer (CE), etc
will bring, it is both interesting and necessary to investi-
gate all possible contributions to the stochastic gravitational
wave background. And the gravitational bremsstrahlung dur-
ing galaxies and galaxy clusters collisions is one of them.
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