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Abstract Rotating black holes without equatorial reflec-
tion symmetry can naturally arise in effective low-energy
theories of fundamental quantum gravity, in particular,
when parity-violating interactions are introduced. Adopting
a theory-agnostic approach and considering a recently pro-
posed Kerr-like black hole model, we investigate the struc-
ture and properties of accretion disk around a rotating black
hole without reflection symmetry. In the absence of reflec-
tion symmetry, the accretion disk is in general a curved sur-
face in shape, rather than a flat disk lying on the equatorial
plane. Furthermore, the parameter ε that controls the reflec-
tion asymmetry would shrink the size of the prograde inner-
most stable circular orbits, and enhance the efficiency of the
black hole in converting rest-mass energy to radiation dur-
ing accretion. The retrograde innermost stable circular orbits
are stretched but the effects are substantially suppressed. In
addition, we find that spin measurements based on the grav-
itational redshift observations of the disk, assuming a Kerr
geometry, may overestimate the true spin values if the cen-
tral object is actually a Kerr-like black hole with conspicuous
equatorial reflection asymmetry. The qualitative results that
the accretion disk becomes curved and the prograde inner-
most stable circular orbits are shrunk turn out to be generic
in our model when the reflection asymmetry is small.
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1 Introduction

General relativity (GR) predicts the existence of black holes,
which are defined within a portion of space area from which
nothing can escape, including light. In spite of its extreme
environment, black hole spacetime in GR is very simple in
the sense that it respects the no-hair theorem. For an isolated
astrophysical black hole in GR, the spacetime can be com-
pletely described by the Kerr metric and it only contains two
physical observables: the mass and the spin. With the rapid
developments of observational technology based on electro-
magnetic and gravitational waves, it is believed that in the
near future, we can gradually uncover these extremely mys-
terious objects in the universe. In particular, by testing the
no-hair theorem or the Kerr hypothesis, eventually, we can
even verify whether our current understanding about black
holes, which is based on GR, is still correct or not down to
the horizon scale [1–10].

Completely isolated black holes can never be detected via
any observations. Black holes can be detected only when they
are interacting with their surroundings, such as with their
companions or with the materials around the black holes. In
astrophysical environments, infalling materials typically pos-
sess non-zero angular momentum and form accretion disks
around the black holes. In the accretion disks, materials lose
their angular momentum via viscous dissipation and spiral
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inward, while efficiently converting their rest-mass energy
into radiation. The bright emission from the accretion disks
has paramount astrophysical importance, as it has led to the
discovery of X-ray binaries and active galactic nuclei, and
allowed us to explore phenomena in the vicinity of the black
holes that are not yet resolvable given current technology.
For instance, the two commonly used methods for measur-
ing black hole spins,1 namely, the continuum fitting method
[11,12] and X-ray reflection method [13–15], both rely on
the knowledge about accretion disk properties and space-
time geometry near the event horizon. By assuming that the
accretion disk is well approximated by the standard thin-disk
model [16,17], and that the inner edge of the accretion disk
is defined by the innermost stable circular orbit (ISCO), one
could fit the observed disk spectrum (hence called “contin-
uum fitting”) and infer the radius of the ISCO and thus the
black hole spin. Another way to measure the black hole spin is
by observing the X-ray Fe Kα line at 6.4 keV coming from the
reprocessed, or “reflected”, light off the accretion disk. The
line shape is sensitive to the gravitational redshift effect due
to spacetime distortions near the black hole, thereby allow-
ing constraints on the black hole spin. The spin measure-
ments made so far have relied on the implicit assumption
of Kerr spacetime. However, if there are modifications of
GR, the different metric could have non-negligible influence
on the spacetime and accretion disk properties. For exam-
ple, the accretion disks around black holes beyond GR have
been extensively studied in the literature, such as the mod-
els in modified theories of gravity [18–26], hairy black holes
[27,28], theories with higher dimensions [29,30], solutions
with naked singularities [31,32], and in parameterized non-
Kerr models [33–35]. All these considerations could poten-
tially affect interpretations from astrophysical observations.

There are several assumptions that are commonly made to
model astrophysical black holes. Some of them are stationar-
ity, axisymmetry, asymptotic flatness, and equatorial reflec-
tion symmetry (or Z2 symmetry). Indeed, these are reason-
able assumptions when the black hole under consideration
is sufficiently isolated in the sense that the back reaction of
the surrounding materials on the black hole spacetime can be
fairly neglected. Technically, these assumptions also reduce
the complexity in the investigation of the black hole under
consideration. Even if one goes beyond GR and wants to con-
struct a novel black hole model to test the Kerr hypothesis,
the aforementioned assumptions still seem reasonable [36].
Following this line, several non-Kerr spacetimes have been
proposed using different parameterization approaches [37–
45]. However, interesting new physics may be hidden behind

1 Black hole spins could also be constrained by the waveforms of grav-
itational waves, though this method could only probe the population of
black hole binaries and is more sensitive to combinations of the spin
parameters of the two merging black holes.

these assumptions and can never be noticed unless some of
them are relaxed. One particular example, which is also the
main theme in this paper, is the possibility of relaxing the
equatorial reflection symmetry. The question is: What would
happen if the black hole does not look symmetric with respect
to the equatorial plane?

In fact, black hole solutions without Z2 symmetry could
naturally appear in some effective theories of quantum grav-
ity. In the effective field theory approach, one introduces an
energy cutoff scale, which can be below the Planck scale,
then expands the theory with respect to this cutoff scale.
After truncating the expansion at some order, the gravita-
tional Lagrangian of the effective field theory consists of
the usual Einstein–Hilbert term and a series of higher-order
curvature invariants. At the level of field equations, these
higher-order curvature terms appear in the form of higher-
derivative interactions. In particular, if the theory contains
parity-violating interactions, which are constructed by the
dual Riemann tensor:

R̃μναβ ≡ 1

2
εμνρσ R

ρσ
αβ , (1)

the rotating black hole solutions in the theory are likely to be
Z2 asymmetric. More explicitly, the parity-violating terms
would be coupled with the black hole spin, and therefore, the
Z2 asymmetry would be induced by the spin of the black hole.
In Ref. [46], rotating black hole solutions without reflection
symmetry have been obtained perturbatively in an effective
field theory in which the Chern-Simons term and the Gauss-
Bonnet term are coupled together through a dynamical scalar
field. In addition, the violation of Z2 symmetry has been
found in the theory containing higher-order curvature invari-
ants constructed by R̃μναβ [47]. Due to the complexity of the
theories, the rotating black hole solutions do not have analytic
expressions and they can only be studied using numerical or
perturbative approaches [48–53]. See Refs. [54,55] for other
possible constructions of Z2 asymmetric black holes.

In this paper, we adopt a theory-agnostic approach and
consider a Kerr-like black hole model to investigate the astro-
physical implications of Z2 asymmetry. The Kerr-like black
hole model was recently proposed in Ref. [56] and it is char-
acterized by the equatorial reflection asymmetry. The space-
time is asymptotically flat and reduces to Kerr spacetime at
spatial infinity. In addition, the metric has a very simple ana-
lytic expression and the geodesic equations are completely
separable. The metric contains a deviation function that con-
trols the Z2 asymmetry. If the deviation function is turned
off, the Kerr metric is recovered. In this work, we will focus
on the property and structure of the accretion disk around
this Kerr-like black hole. We will show explicitly that, in the
absence of reflection symmetry, the circular orbits of massive
particles are not confined on the standard equatorial plane,
instead, each of them is lying on a plane parallel to, but dif-
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ferent from, the equatorial plane.2 As a result, the accretion
disk becomes a curved surface, instead of a flat disk confined
on the equatorial plane. We will then investigate the effects
of reflection asymmetry on some important quantities and
observables, such as the locations of the ISCO, the radia-
tive efficiency of the black hole accretion disk in converting
rest-mass to radiation energy, and the gravitational redshifts
of photons emitted by the accretion disk. The astrophysical
implications of these results will be discussed.

The paper is organized as follows: in Sect. 2, we briefly
review the setup of the Kerr-like metric that we are going
to consider in this work, and then we discuss its spacetime
structures. In Sect. 3, we investigate the geodesic equations
of massive particles moving around the Kerr-like black hole,
and then focus on the circular orbits, the ISCO, and the accre-
tion disk around the black hole. We discuss the astrophysical
implications of this spacetime in Sect. 4, such as the radiative
efficiency of the accretion disk and the gravitational redshift
effect. We finally conclude in Sect. 5.

2 The Kerr-like metric without reflection symmetry

In this section, we will briefly review the rotating black hole
spacetime that we are going to consider throughout this paper.
In Ref. [56], a class of Kerr-like black hole was proposed as
a phenomenological model to describe a particular type of
deviations from the Kerr metric. The metric of this Kerr-like
spacetime contains some deviation functions (or parameters)
that quantify the deviations from the Kerr metric. In particu-
lar, in the presence of the deviation functions, the spacetime
is not symmetric with respect to the “standard” equatorial
plane and the Z2 symmetry of the spacetime is generically
broken.

In fact, there are several parameterized non-Kerr metrics
proposed in the literature [37–45], on top of which one may
include additional terms that break the Z2 symmetry phe-
nomenologically. One can further classify these parameter-
ized models according to the existence of the Carter-like con-
stant, or, in other words, the existence of hidden symmetry
that is associated with the Killing tensors. This hidden sym-
metry can be broken in general [40–42] and could result in
interesting phenomenologies [60,61]. In our setup, we will,
however, assume that such hidden symmetry exists, and there
exists a Carter-like constant, giving rise to the separability
of geodesic equations. This assumption allows us to purely
focus on the phenomenological effects coming from the Z2

asymmetry of spacetime. To be more explicit, whenever the
model predicts any differences from Kerr results, we wish
to directly conclude that these differences are coming from

2 Similar results have also been found in black hole solutions with
NUT charge [57–59]. The NUT charge breaks the Z2 symmetry and
the spacetime is in general asymptotically non-flat.

the violation ofZ2 symmetry, not possibly from the violation
of the Carter symmetry or something else. To this end, we
shall consider the most general stationary and axisymmetric
spacetime that preserves this hidden symmetry.

The construction of the Kerr-like metric [56] starts with
the assumption that a Carter-like constant in the spacetime
is preserved, which implies that the geodesic equations are
completely separable. A general expression of a stationary
and axisymmetric spacetime preserving this property in four
dimensions was proposed by Papadopoulos and Kokkotas
[62] (the PK metric). In the Boyer-Lindquist coordinate sys-
tem (t, r, y, ϕ) where y ≡ cos θ , the contravariant form of
the PK metric reads [62]

gtt = A5(r) + B5(y)

A1(r) + B1(y)
, gtϕ = A4(r) + B4(y)

A1(r) + B1(y)
,

gϕϕ = A3(r) + B3(y)

A1(r) + B1(y)
, gyy = B2(y)

A1(r) + B1(y)
,

grr = A2(r)

A1(r) + B1(y)
. (2)

As one can see, the PK metric contains five radial functions
Ai (r) and five polar functions Bi (y). By assuming different
expressions for these functions, one can construct rotating
black hole metrics with interesting features [60,61]. In Ref.
[56], the Kerr-like metric was constructed from the PK met-
ric by assuming the radial functions to be given by their Kerr
expressions, and the polar functions are given by Kerrian
forms added by some deviation functions ε̃i (y):

Ai (r) = Ai,Kerr(r) , Bi (y) = Bi,Kerr(y) + ε̃i (y) . (3)

More explicitly, the radial functions are expressed as

A1 = r2 , A2 = 
, A3 = −a2



,

A4 = −a
(
r2 + a2

)



, A5 = −

(
r2 + a2

)2



, (4)

where 
 ≡ r2 − 2Mr + a2. Here, M and a represent the
mass and the spin of the black hole, respectively.

On the other hand, the polar metric functions Bi (y) have
to be chosen properly such that the spacetime still recovers
the Kerr metric at a very far distance away from the black
hole. The most general choice for the polar metric functions
that fulfills this requirement is [56]:

B1 = a2y2 + ε̃1(y) , B2 = 1 − y2 , B3 = 1

1 − y2 ,

B4 = a , B5 = a2(1 − y2) + ε̃5(y) . (5)

Note that only ε̃1(y) and ε̃5(y) are left after imposing the
condition that the metric should reduce to the Kerr metric at
the asymptotic region. These deviation functions can gener-
ically break the Z2 symmetry of the spacetime, as long as
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at least one of the two functions ε̃1(y) and ε̃5(y) is not even
under y ↔ −y exchange.

Furthermore, the Solar System test puts additional con-
straints on the model. The observational requirements that
the post-Newtonian parameters β and γ should be very close
to one imply the following constraint

ε̃1(y) + ε̃5(y) � M2 for |y| ≤ 1 . (6)

In this work, we shall assume that ε̃1(y) = −ε̃5(y) = ε̃(y),
such that the Solar System constraint is satisfied. Finally,
given the fact that the Z2 asymmetry is usually induced by
the spin of the black hole in effective theory frameworks, we
shall consider the following parameterization for the devia-
tion function:

ε̃(y) = εM2
( a

M

)n
y , (7)

where ε and n are two dimensionless parameters and they
are supposed to be constrained by observations. Essentially,
the deviation parameter ε quantifies the amount of the Z2

asymmetry in the spacetime. On the other hand, the index n
quantifies the sensitivity of the Z2 asymmetry with respect
to the change of the black hole spin. The larger the index n
is, the more sensitive the asymmetry is with respect to the
spin. In order for the Z2 asymmetry to be induced by the
spin, one shall choose a positive index n > 0. In the original
model proposed in Ref. [56], only the case with n = 0 was
considered. Here we introduce the index n to quantify the
theoretical requirement that the Z2 asymmetry is in general
induced by the spin of the black hole.3

After taking account of the above theoretical and obser-
vational requirements, the Kerr-like metric in its covariant
form can be written as

gtt = −1 +
2Mr

(
r2 + a2y2

)

(
r2 + a2y2

)2 + (
r2 − 2Mr + a2y2

)
ε̃(y)

, (8)

gϕϕ =
(

1 − y2
) (

r2 + a2y2 + ε̃(y)
) [

r4 + a4y2 + r2
(
a2 + a2y2 + ε̃(y)

)
+ a2ε̃(y) + 2Mr

(
a2 − a2y2 − ε̃(y)

)]

(
r2 + a2y2

)2 + (
r2 − 2Mr + a2y2

)
ε̃(y)

, (9)

gtϕ = −
2Mra

(
1 − y2

) (
r2 + a2y2 + ε̃(y)

)

(
r2 + a2y2

)2 + (
r2 − 2Mr + a2y2

)
ε̃(y)

, (10)

grr = r2 + a2y2 + ε̃(y)

r2 − 2Mr + a2 , gyy = r2 + a2y2 + ε̃(y)

1 − y2 , (11)

3 Note that our phenomenological model of the Kerr-like metric with
n > 0 has stronger Z2 asymmetry for larger spins. The model is not
able to capture the features of some modified gravitational theories in
which the Z2 symmetry of black holes can be partially restored in the
near extremal spin limit [63].

where the deviation function ε̃(y) is given by Eq. (7). It
should be emphasized that our work is based on a theory-
agnostic approach. The rotating spacetime that we are con-
sidering here is not an exact solution to any known modified
theories of gravity in the literature. In fact, it is possible to
obtainZ2 asymmetric black hole solutions in theories beyond
GR [46–55], as mentioned in the introduction. Some of them
do not necessarily have Carter symmetry [46,47,55], hence
our model is not able to capture possible features arising
from the loss of that symmetry. However, for those models
that possess Carter symmetry and separable geodesic equa-
tions [54], our metric is expected to be a good approximant
of them. In addition, the choice of the deviation function (7)
has the features that larger reflection asymmetry is associated
with a larger deviation parameter ε, and a more rapid black
hole spin (if n > 0), which are shared by many Z2 asymmet-
ric solutions in modified theories of gravity [46,47,55] (see
Ref. [63] for a counterexample). Although our model has its
own limitation as mimicking real solutions in modified the-
ories of gravity, however, due to its simplicity and capability
to capture the feature of reflection asymmetry, this model
perfectly serves our phenomenological purpose in this work.

There are some important hypersurfaces in this spacetime
that deserve individual discussions. They are the event hori-
zon, ergosurface, and the curvature singularity.

1. The event horizon: In Ref. [56], it has been shown explic-
itly that the event horizon of the Kerr-like spacetime is
determined by the roots of the equation 
 = 0. For astro-
physical purposes, we will only focus on the outermost
root. One can indeed prove that the hypersurface given
by the root is a Killing horizon and a null surface [56].
Because the function 
 is exactly the same as its Kerr

counterpart, the expression of the event horizon in the
Boyer-Lindquist coordinate system, i.e., r = rh , is the
same as the Kerr result:

rh = M +
√
M2 − a2 , (12)
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and is independent of the deviation function ε̃(y). One
should notice that the expression of the event horizon in
the Boyer-Lindquist coordinate system being identical to
its Kerr result does not mean that the spacetime structure
of the event horizon is blind to the deviation function. In
fact, to visualize the event horizon structure, one can use
the isometric embedding to map the horizon geometry
to a 3-dimensional Euclidean space. This has been done
in Ref. [56] and the Z2 asymmetry of the horizon shape
can be explicitly shown (see Fig. 1 in Ref. [56]). Finally,
according to the expression (12), we will only focus on
the following range of the black hole spin: |a|/M ≤ 1, in
the rest of the paper.

2. The ergosurface:
Similar to the Kerr spacetime, the rotation of the Kerr-
like metric considered here also induces frame-dragging
effects around the black hole. When an observer is moving
too close to the black hole, it may enter the ergosphere in
which the observer starts to corotate with the black hole
and is unable to appear stationary with respect to spatial
infinity. The boundary of this ergosphere is defined as
the ergosurface, which, in the Boyer–Lindquist coordinate
system, is determined by gtt = 0. According to Eq. (8),
there are two possibilities:

r2 − 2Mr + a2y2 = 0 or r2 + a2y2 + ε̃(y) = 0 .

(13)

We will show later that the surface given by the second
equation in Eq. (13) is actually a curvature singularity. In
most cases, the curvature singularity is inside the event
horizon and the ergosurface is given by the first equation
of Eq. (13). Again, the structure of the ergosurface can be
visualized using the isometric embedding method. This
has been done in Ref. [56] and the Z2 asymmetry can be
clearly identified (see Fig. 2 of that paper). As we will
illustrate later, in some regions of the parameter space,
the curvature singularity may appear outside the event
horizon, or even outside the ergosurface. In these cases,
the spacetime contains a naked singularity. We shall come
back to these interesting cases shortly later.

3. Singularity:
In the Kerr-like spacetime, the surface given by r2 +
a2y2 + ε̃(y) = 0 is a curvature singularity. In fact, on
this surface, all the metric components (8), (9), (10), and
(11) vanish. We have shown that near this surface, the
Ricci scalar R diverges as

R ≈
[
r2 + a2y2 + ε̃(y)

]−3
, (14)

and the Kretschmann scalar K also diverges. It should be
mentioned that when the deviation function is zero, the

Kerr metric is recovered, whose Ricci scalar is identically
zero, while the Kretschmann scalar diverges inside the
horizon. Indeed, the Kerr metric has a ring singularity,
which is determined by r2 + a2y2 = 0.
In fact, depending on the values of a and the parameters
in the deviation function ε̃(y), the curvature singularity
may appear outside the event horizon. The intersection of
the surface corresponding to the event horizon and that
corresponding to the naked singularity is determined by
the following coupled equations:

r2 − 2Mr + a2 = 0 and r2 + a2y2 + ε̃(y) = 0 .

(15)

To be more explicit, we consider the parameterization (7)
and assume n = 1, that is, ε̃(y) = εMay as an example.
We fix the value of spin a and increase the value of |ε|
from zero. Then, we find that when |ε| reaches a critical
value εsin, the naked singularity starts to appear at one of
the poles. This critical value εsin depends on the spin and
can be written explicitly as

εsin ≡ 2 + 2
√

1 − a2/M2

|a|/M . (16)

In the extremal case, i.e., |a| = M , we have εsin = 2.
Therefore, the Kerr-like spacetime with |ε| < 2 is every-
where regular outside the event horizon for all spins
|a| ≤ M . On the other hand, in the non-rotating case,
the spacetime reduces to the Schwarzschild metric and
the naked singularity never appears. Furthermore, when
one keeps increasing |ε| in the region |ε| > εsin, the region
of the naked singularity increases and it may cover par-
tially the ergosurface or even some orbits of the moving
particles around the black hole. We will discuss about this
in more details in the next section.

Before closing this section, we use Fig. 1 to summarize
the relative locations of different hypersurfaces mentioned
above. In this figure, we consider the deviation function
ε̃(y) = εMay and assume a/M = 0.9. On the (r, y) plane,
the outer event horizon and the ergosurface are shown by
the vertical black line and the blue curve, respectively. The
dashed red curves, from left to right, correspond to ε = −1,
ε = −εsin ≈ −3.2, and ε = −5, respectively. The intersec-
tion between the dashed red curve and the black line indicates
the appearance of naked singularities. Notice that when |ε| =
εsin, the naked singularity starts to appear at one of the poles.
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Fig. 1 Different hypersurfaces in the Kerr-like spacetime are depicted
on the (r, y) plane. We assume a/M = 0.9. The outer event horizon and
the ergosurface are uniquely determined by a/M and they are shown by
the vertical black line and the blue curve, respectively. The dashed red
curves represent the curvature singularity. We consider the deviation
function ε̃(y) = εMay. The red curves from left to right correspond to
ε = −1, ε = −εsin ≈ −3.2, and ε = −5, respectively. The intersection
between the dashed red curve and the black line indicates the appearance
of naked singularities

3 Geodesic equations, circular motions, and ISCO

In order to construct the model describing the accretion disk,
we will start with the geodesic equations and the circular
motions of materials around the Kerr-like black hole. More
explicitly, we consider the geodesic equations of a massive
particle moving around the black hole. Since the spacetime
is stationary and axisymmetric, there are two corresponding
constants of motion for geodesic equations, namely, the con-
served energy E and the azimuthal angular momentum Lz .
Using these constants of motion, the t and ϕ components of
the four-velocity of a moving particle can be expressed as

ṫ = Egϕϕ + Lzgtϕ
g2
tϕ − gtt gϕϕ

, (17)

ϕ̇ = − Egtϕ + Lzgtt
g2
tϕ − gtt gϕϕ

, (18)

where the dot denotes the derivative with respect to the proper
time of the particle.

To obtain the expressions of the other two components,
i.e., ṙ and ẏ, we take the advantage of the separability of
the geodesic equations. Due to the separability, the geodesic
equations can be obtained from the Hamilton-Jacobi method.
The geodesic equations of the Kerr-like metric in their first-
order form have been obtained in Refs. [56]. Although the
author only considered the null geodesic, the generalization
to time-like geodesic is straightforward. For the Kerr-like
metric considered here, the r and y components of the four-
velocity can be expressed as follows:

[
r2 + a2y2 + ε̃(y)

]2
ṙ2 = R(r) , (19)

[
r2 + a2y + ε̃(y)

]2
ẏ2 = Y(y) , (20)

where

R(r) =
[
E

(
r2 + a2

)
− aLz

]2 −
(
K + r2

)

 − (Lz − aE)2 
 ,

(21)

Y(y) =
[
K + (Lz − aE)2 − a2y2 − ε̃(y)

(
1 − E2

)]

×
(

1 − y2
)

−
[
a

(
1 − y2

)
E − Lz

]2
, (22)

and K is a separation constant. The separation constant K
plays the same role as the Carter constant in the original
Kerr metric, therefore, we will still name it Carter constant
throughout the paper. From now on, we will consider n = 1,
namely, ε̃(y) = εMay in the rest of the paper. This choice
is motivated not only by its simplicity, but also by the fact
that in the models of effective field theory [46,47], the terms
in the metric that break reflection symmetry, at the leading
order, usually take the forms proportional to ay. For this
choice of the deviation function, the above equations (19)
and (20) are invariant under the transformation (K, ε, y) →
(K,−ε,−y).

3.1 Circular orbits

In general, circular motions still exist in this Kerr-like space-
time. However, due to the lack of Z2 symmetry, the circular
motions are not located on the “standard” equatorial plane
y = 0. On the contrary, each of them is confined on their
own plane parallel to the standard equatorial plane, and the
center of each orbit is on the axis of rotation of the black
hole. Because each orbit has a constant radius, say, rc, it
can be labeled by their polar angle θc such that the dis-
tance between the standard equatorial plane and the plane
in which the orbit resides is given by hc = rc cos θc ≡ rc yc.
Furthermore, the yc of each orbit depends on the associated
radius of the orbit rc. To find the relation between rc and yc
among the orbits, we start with the radial geodesic equation
(19). Circular motions are characterized by the conditions
R = dR/dr = 0. Because the radial equation in our case
is completely identical with that of the Kerr spacetime, the
energy and azimuthal angular momentum for general spheri-
cal orbits can be parameterized by their radius r and the Carter
constant of the particle. The results have been derived in Ref.
[64] (see Refs. [65–67] for different parameterizations) and
they read [68]

E =
r3 (r − 2M) − a

(
aK ∓ √

�
)

r2

√
r3 (r − 3M) − 2a

(
aK ∓ √

�
) , (23)
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Lz = −
2Mar3 + (

r2 + a2
) (

aK ∓ √
�

)

r2

√
r3 (r − 3M) − 2a

(
aK ∓ √

�
) , (24)

where

� ≡ Mr5 − K (r − 3M) r3 + a2K2 . (25)

As we have just mentioned, a circular motion with radius
r = rc is associated with a certain polar angle y = yc. The
value of yc can be obtained by combining Eqs. (23) and (24)
with the equations Y = dY/dy = 0. Then, given the values
of a and ε, we get a set of two coupled equations which are
functions of y, r , and K. Therefore, we can obtain the rela-
tion between rc and yc numerically. The results are shown
in Fig. 2. In the left panel, one can see that each circular
motion is associated with a polar angle y = yc 
= 0. The
value of yc depends on the radius of the circular motion rc,
and it approaches zero when rc is large, a manifestation of
asymptotic flatness of the spacetime. For given values of ε

and a, the accretion disk is composed of the collection of
all circular orbits around the black hole. Most interestingly,
due to the lack of reflection symmetry in the Kerr-like space-
time, instead of a flat disk confined on the equatorial plane,
the accretion disk is a curved surface with curvature getting
larger near the inner edge of the disk (see the right panel of
Fig. 2).

3.2 ISCO

In the previous subsection, we have discussed the general
property of the circular orbits of massive particles around
the Kerr-like black hole. We find that in general, the circu-
lar orbits are not located on the standard equatorial plane.

Also, the accretion disk composed of these circular orbits is
actually a curved surface, as shown in Fig. 2.

The disk property is highly related to the locations of
the inner edge of the disk. The most simplest and common
assumption is that the inner edge of the disk is determined by
the ISCO of the black hole. The ISCO is the location where
the circular orbit is marginally stable in the radial direction.
Outside the ISCO, the particles can maintain stable quasi-
circular motions and gradually spiral inward. On the other
hand, after the particles cross the ISCO, the circular motions
are radially unstable and they start to plunge into the black
hole.

To identify the ISCO, we consider small perturbations δr
and δθ away from a circular orbit and obtain the following
equations of motion:

d2δr

dt2 + �2
r δr = 0 ,

d2δθ

dt2 + �2
θ δθ = 0 , (26)

where �r and �θ are two epicyclic frequencies. They can
be obtained numerically once yc and rc are solved using the
method introduced in the previous subsection. Then, we iden-
tify the radial locations where �r = 0 for a given set of a
and ε. In Fig. 3, we focus on the prograde orbits and show the
contours of constant ISCO (black solid curves) in the param-
eter space of (a, |ε|). It can be seen that for a fixed value of
spin a/M > 0, a non-zero |ε| shrinks the radius of ISCO,
rendering the moving particles more likely to get close to
the central black hole. The retrograde ISCOs are stretched
by the deviation parameter, but the effects are largely sup-
pressed hence not shown here. In this figure, we also calcu-
late the polar angle yc on the ISCO. The contour of constant
|yc| is shown by the dashed red curves, from left to right
with |yc| = 0.1, 0.2, and 0.3. In addition, the purple dashed

Fig. 2 (Left): In the presence of the deviation function ε̃(y), the circu-
lar motion of a massive particle moving around the black hole is associ-
ated with a polar angle θc which is not π/2. The value of θc depends on
the radius of the circular orbit rc. In this figure, we choose ε̃(y) = εMay,
namely, n = 1 in Eq. (7). All curves approach the standard equatorial
plane yc → 0 when rc gets large. Also, each curve terminates at the
ISCOs where the radial instability starts to occur (see the circular points

on the left of each curve). It should be mentioned that the curves are
symmetric with respect to the changes (ε, yc) → (−ε,−yc). (Right):
The 3-dimensional plot of the accretion disk in the Cartesian coordinates
(X, Y, Z) = (r sin θ cos ϕ, r sin θ sin ϕ, r cos θ). We choose ε = −2
and a/M = 0.9. The disk is composed of the collection of all circular
orbits. Notice that the coordinate along the Z -axis is amplified. The
length in these figures is rescaled with respect to M
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Fig. 3 The contours of constant ISCO (solid black) for the circular
motion in the (a, |ε|) parameter space. On the ISCO, we calculate con-
stant |yc| and show them with dashed red curves (|yc| = 0.1, 0.2, and
0.3 from left to right). The vertical gray dashed lines show the constant
ISCO for Kerr black holes. The magenta curve indicates the parameter
space where the naked singularity starts to appear at the pole. The blue
solid (purple dashed) curve indicates the parameter space where ISCO
is located on the naked singularity (ergosurface). The region on the right
of the blue curve is excluded

curve, which starts from the point (a/M, |ε|) ≈ (0.943, 0),
stands for the parameter space in which the ISCO is located
on the ergosurface. Furthermore, as we have mentioned in the
previous section, for a given spin a and if |ε| > εsin, naked
singularities would start to appear from one of the poles. The
magenta curve shows this critical value εsin, i.e., Eq. (16),
in the parameter space. Above this magenta curve, the naked
singularity always appears somewhere outside the event hori-
zon. For example, the thick blue curve refers to the parameter
space in which the ISCO is located on the naked singularity.
Therefore, for the whole accretion disk to be well-defined,
we shall exclude the parameter space on the right of this thick
blue curve.

Finally, our numerical results show that there is no vertical
instability for circular orbits around the Kerr-like black hole.
In fact, for a fixed spin value a, we find that the deviation
parameter |ε| would increase �2

θ , which is already always
positive for Kerr spacetime.

3.3 Arbitrary deviation function ε̃(y)

Before discussing the astrophysical implications in the next
section, let us move one step backward by relaxing the
assumption on the deviation function ε̃(y) for a moment.
We would like to emphasize that although most of the anal-
ysis conducted in this paper is based on a specific choice
of the deviation function (7), the fact that the accretion disk
becomes curved and the prograde ISCOs are shrunk is actu-
ally generic regardless of the choice of the deviation function,
at least when the reflection asymmetry is not large. We will
show this by first assuming ε̃(0) = 0 and expanding the equa-
tions that determine ISCO radii to second-order in y and K,
which are supposed to be zero for circular orbits around a

black hole with Z2 symmetry. Then, by assuming that ε̃′(0)

and ε̃′′(0), where the primes denote derivatives with respect
to y, are of the same order of y, we obtain (by setting M = 1
for simplicity)

K ≈ yε̃′(0)
(
r2 − 4r + 4a

√
r − a2

) + y2
(
r4 − 4ar5/2 + 3r2a2

)

2ar3/2 + r3 − 3r2 ,

(27)

ε̃′(0) ≈ 2
(
r4 − 4ar5/2 + 3r2a2

)
y

4r − r2 − 4a
√
r + a2

, (28)

meaning that O(K) ∼ O(y2) ∼ O(yε̃′(0)). Using these
equations, one can obtain the following approximated for-
mula to determine the ISCO radii:

−6r + r2 + 8a
√
r − 3a2

r2
(
r3/2 + a

)2

+ y2

r4
(
r2 − 4r + 4

√
ra − a2

) (
r3/2 + a

)3W(r, a) = 0 ,

(29)

where

W(r, a) = 48r11/2 − 32r13/2 + 4r15/2

− 216ar4 + 34ar5 + 23ar6 + 192a2r5/2

+ 472a2r7/2 − 148a2r9/2

− 6a2r11/2 − 504a3r2 − 440a3r3

+ 123a3r4 + 504a4r3/2

+ 228a4r5/2 − 36a4r7/2

− 234a5r − 63a5r2 + 48a6√r

+ 6a6r3/2 − 3a7 . (30)

The ISCO of a Kerr black hole can be calculated by solv-
ing Eq. (29) with y = 0. In this case, all circular orbits
are confined on the equatorial plane. On the other hand, for
deviation functions that break the reflection symmetry, the
circular orbits are not on the equatorial plane, i.e., y 
= 0,
and therefore, the ISCO would differ from their Kerr coun-
terparts.

In Table 1, we calculate the radii of some prograde ISCOs
by choosing black holes spins a/M = 0.8 and 0.9, and dif-
ferent values of y on which the orbits reside. The ISCO radii
are calculated in two ways: the approximated formula (29), in
which the deviation function remains quite arbitrary, and our
specific model whose deviation function is given by Eq. (7)
with n = 1. We also calculate the relative difference between
the values obtained from these two approaches:

Rel. difference = rI SCO [App. by Eq. (29)]
rI SCO [Model n = 1] − 1 . (31)
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Table 1 The values of prograde ISCO radii obtained from the approx-
imated formula (29), in which the deviation function remains quite
arbitrary, and those obtained from our specific model with n = 1. The

relative difference between the values obtained from the two approaches
is calculated

a/M = 0.8 a/M = 0.9

App. by Eq. (29) Model n = 1 Rel. difference App. by Eq. (29) Model n = 1 Rel. difference

|y| = 0 (Kerr) 2.90664M 2.90664M 0% 2.32088M 2.32088M 0%

|y| = 0.1 2.89715M 2.89634M 0.028% 2.31158M 2.31092M 0.029%

|y| = 0.2 2.87336M 2.86094M 0.43% 2.28754M 2.27725M 0.45%

|y| = 0.3 2.84474M 2.78341M 2.2% 2.25709M 2.20632M 2.3%

One clearly sees that the approximated formula (29) does
a rather good job in capturing the shrinking of prograde
ISCOs in the presence of reflection asymmetry. It suggests
that, at least in the regime where the asymmetry is small, the
shrinking of prograde ISCOs is independent of the choice of
the deviation function ε̃(y). Finally, the relative difference
between the two approaches increases when |y| increases.
This is due to the gradual failure of the approximated for-
mula (29) when going beyond |y| � 1 approximations, and
hence is completely expected.

4 Astrophysical implications

After discussing the general properties of the circular orbits
as well as the accretion disk around the Kerr-like black hole,
one would naturally ask how the equatorial reflection asym-
metry could be possibly detected using astrophysical obser-
vations. In Ref. [56], the spherical photon orbits and the
shadow cast by the Kerr-like black holes have been dis-
cussed. The spherical photon orbits of Kerr-like black holes
can be defined on constant-r surfaces in the Boyer–Lindquist
coordinates. The photon trajectories on these surfaces are
asymmetric with respect to the equatorial plane (see Fig-
ure 5 in Ref. [56]). In addition, it has been demonstrated
that the contour of the shadow cast by the Kerr-like black
hole can be a useful tool to probe the parameter ε. More
explicitly, the deviation parameter ε is sensitive to the appar-
ent size of the shadow contour, but it does not significantly
affect the distortion in shape of the contour. Because the
shape distortion of the shadow contour is sensitive to the
black hole spin and the inclination angle of the observer,
the shadow size measurement, combined with other inde-
pendent measurements of mass and distance, can be used to
constrain ε, without worrying about its degeneracy with the
black hole spin a. However, due to the small angular sizes
of the black hole shadows, the number of shadows currently
observable is extremely limited even for state-of-the-art very-
long-baseline-interferometer technology such as the Event
Horizon Telescope [69]. In addition, the capability of con-
straining parameters beyond Kerr metric using the shadow

size measurements [70–74] is still far from being conclusive
[75–78] (see Ref. [79] for some issues about degeneracy).
Therefore, in this section, we will consider the astrophys-
ical imprints of the equatorial reflection asymmetry on the
accretion disk and its associated measurements.

4.1 Radiative efficiency

During the mass accreting process, particles orbiting the cen-
tral black hole convert their rest-mass energy into radiation.
In the standard thin-disk model [80,81], the energy conver-
sion can be very efficient. One can define the radiative effi-
ciency η to be the ratio between the rate at which the pho-
ton energy escapes from the disk to infinity, and the transfer
rate of mass energy, both calculated at infinity. The radiative
efficiency calculated in this way ranges from ∼ 5.7% for
Schwarzschild black holes to ∼ 40% for maximally spinning
black holes. For nearly extremal black holes with a ≈ M ,
the radiative efficiency grows rapidly due to the shrinking of
the ISCO, allowing more efficient energy extractions from
the moving particles.

Assuming that all photons emitted from the disk surface
can escape to spatial infinity, and neglecting the back reaction
of radiation on the black hole, the radiative efficiency can be
expressed as [81]

η = 1 − E |ISCO . (32)

We show the radiative efficiency η with respect to the devi-
ation parameter ε and the black hole spin a in Fig. 4. We
recover the canonical result that, for Kerr black holes, the
radiative efficiency increases with the black hole spin, espe-
cially when the spin is near extremal. For Kerr-like black
holes, the deviation parameter ε can further increase the
radiative efficiency, and the effect is more pronounced for
larger spin values. For instance, the efficiency could grow
from η ∼ 0.32 for |ε| = 0 to η ∼ 0.39 for |ε| = 3 for
a/M = 0.9982, i.e., a 20% increase. Recall that for a fixed
spin, a non-vanishing ε would shrink the size of the pro-
grade ISCO. Therefore, particles undergoing prograde cir-
cular motions around the Kerr-like black hole can get even
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Fig. 4 (Left): The radiative efficiency η as a function of the deviation
parameter |ε|. Different curves represent different values of the black
hole spin, as indicated by the legend. Each curve terminates at a certain
|ε| when the ISCO coincides with the naked singularity. (Right): The

radiative efficiency η for Kerr (black) and Kerr-like black holes (red
dashed), as a function of the black hole spin. The further enhancement
of η for Kerr-like black holes at large spins is clearly seen

closer to the central hole and hence more energies can be
extracted, as compared with the cases in Kerr spacetime.

The different location of the ISCO and resulting radiative
efficiency could have impacts on the black hole spin measure-
ments inferred from the continuum fitting method. Assuming
the Kerr metric and the standard thin-disk model, the ISCO
could be fitted from the continuum emission from the accre-
tion disk [11,12]. Given the curved accretion disk and the
smaller prograde ISCO of Kerr-like black holes, it may have
non-trivial effects on the spin constraints. However, detailed
models of curved accretion disks in the absence of reflec-
tion symmetry have not yet existed, and we will delay the
development of such a model to future studies.

It should be emphasized that the radiative efficiency given
in Eq. (32) is strictly an upper limit due to the negligence
of the photon capturing effects [81]. The calculation of the
radiative efficiency taking into account the photon captures
requires a reliable thin-disk model for a “curved” disk, whose
formulation is beyond the scope of this paper. However, the
qualitative result that the radiative efficiency is enhanced by ε

should still hold in general because the prograde ISCO being
shrunk by ε is a generic property of the model.

4.2 Gravitational redshift and g-factor

Another important effect to quantify is the redshift of photons
emitted from the accretion disk. In general, for observers in
the locally nonrotating frame, i.e., zero angular momentum
observers (ZAMO), observed frequencies of photons coming
from the disk would be shifted with respect to the frequencies
locally measured at the emission. The relative motion of par-
ticles on the disk generates Doppler shifting and the relativis-
tic Doppler beaming. In addition, there are significant grav-
itational redshifts induced by the strong gravitational fields
near the black hole. Therefore, the redshift highly depends
on the disk property, including the location of the emission,
the inclination angle, and the parameters associated with the

black hole. The overall redshift measurements can be used to
estimate the spin of the black hole [82] and even to test the
Kerr hypothesis. In the following, we investigate the influ-
ence on gravitational redshifts due to spacetime distortions
near Kerr-like black holes.

One can define a quantity, so-called g-factor, which is
related to the gravitational redshift, z, by [83–86]:

g = 1

1 + z
. (33)

To derive the general expression of the g-factor, we consider a
general axisymmetric and stationary spacetime, whose met-
ric can be recast into the following expression:

ds2 = −α2dt2 + ω̃2 (dϕ − ωdt)2 + ρ2



dr2 + ρ2

1 − y2 dy
2 ,

(34)

where the metric functions α, ω̃, ω, ρ, and 
 are given by

α =
√
g2
tϕ − gtt gϕϕ

gϕϕ

, ω̃ = √
gϕϕ , ω = − gtϕ

gϕϕ

,

ρ2 = gyy
(

1 − y2
)

, 
 = gyy
(
1 − y2

)

grr
. (35)

The redshift factor is measured by an observer in the
locally nonrotating frame (ZAMO). One can define the tetrad
field eμ

0(a) of that frame such that [87]

gμν = eμ

0(a)e
ν
0(b)η

(a)(b) , (36)

where η(a)(b) = diag(−1, 1, 1, 1) is the inverse of the
Minkowskian metric. The subscript 0 in the tetrad denotes
the locally nonrotating frame. Inserting the metric (34) into
Eq. (36), the tetrad field can be expressed as

eμ

0(t) = (1/α, 0, 0, ω/α) ,

eμ

0(r) =
(

0,
√


/ρ, 0, 0
)

,
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eμ

0(y) =
(

0, 0,

√
1 − y2/ρ, 0

)
,

eμ

0(ϕ) = (0, 0, 0, 1/ω̃) . (37)

We assume that the emission is from the accreting particles
undergoing circular orbits around the black hole. The ZAMO
frame can then be boosted into the locally rest frame of the
accreting particles eμ

(a):

eμ

0(t) = γ
(
eμ

(t) − v(ϕ)eμ

(ϕ)

)
,

eμ

0(r) = eμ

(r) ,

eμ

0(y) = eμ

(y) ,

eμ

0(ϕ) = γ
(
−v(ϕ)eμ

(t) + eμ

(ϕ)

)
, (38)

where v(ϕ) is the azimuthal velocity of disk particles relative
to the ZAMO frame, and γ = √

1 − v(ϕ)2 is the Lorentz
factor. Note that eμ

(t) = uμ
e = ṫ(1, 0, 0,�) is the 4-velocity

of the particles undergoing circular motions, where � =
ϕ̇/ṫ is the angular frequency of the accreting particles. Since
the emission is coming from these particles, we include a
subscript “e”.

By eliminating eμ

(ϕ) from Eqs. (37) and (38), one gets

eμ

0(t) + v(ϕ)eμ

0(ϕ) = 1

γ
eμ

(t) = 1

γ
ṫ (1, 0, 0,�)

= 1

α

(
1, 0, 0, ω + αv(ϕ)/ω̃

)
. (39)

Then, one can also obtain the following formulas

ṫ = γ

α
, v(ϕ) = ω̃

α
(� − ω) . (40)

The redshift factor g is defined by the ratio between
the energy measured by an observer with 4-velocity uμ

o =
(1, 0, 0, 0) and that measured by the local frame of the accret-
ing particles:

g ≡ −uμ
o kμ

−uν
ekν

= Eo

Ee
. (41)

In the above expression, we define Ee ≡ −uν
ekν where

kμ = (−Eo, 0, 0, Lzo) is the 4-momentum of photons, in
which Eo and Lzo are conserved energy and azimuthal angu-
lar momentum of photons. Then, using Eq. (39), we have

− Ee

γ
= 1

α
(−Eo + Lzo�) . (42)

Finally, the redshift g-factor can be written as

g = α

γ (1 − λo�)
= 1

ṫ (1 − λo�)
, (43)

where λo ≡ Lzo/Eo is the specific angular momentum of
the emitted photons and ṫ is defined by Eq. (17).

Fig. 5 This density contour plot shows the g-factor measured by a
face-on observer (λo=0), depicted on the (a, |ε|) plane. The emission is
assumed to be from the accreting particles on the ISCO. The solid black
and the dashed gray curves represent the contours of constant ISCO
for Kerr-like and the Kerr black holes, respectively. On the ISCO, the
constant-|yc| contours are shown by the dashed red curves. The magenta
curve shows the critical value given by Eq. (16). The blue solid (purple
dashed) curve indicates the parameter space where ISCO is located on
the naked singularity (ergosurface)

In Fig. 5, we consider an observer plane parallel to the
plane of circular motions, namely, a face-on observer. The
redshift g-factor is calculated by assuming that the photons
are emitted from the accreting particles orbiting at the ISCO.
For photons emitted from the accretion disk and reaching
the face-on observer, their specific angular momentum λo is
zero. The meaning of the dashed red, purple, and gray curves,
as well as the solid blue, black, and magenta curves can be
read off from the caption of Fig. 3. One can immediately
see from Fig. 5 that the g-factor vanishes both at the horizon
and the naked singularity. According to the definition of the
g-factor in Eq. (33), a vanishing g-factor indicates that the
gravitational redshift z is infinite.

As can be seen from Fig. 5, the prograde ISCO of a black
hole with a high spin but a small |ε| can give the same g-factor
as that of a black hole with a smaller spin but larger |ε|. For
example, the g-factor emitted from the ISCO of a Kerr black
hole with a/M = 0.99 is g ≈ 0.164. The same g-factor
can be obtained from the ISCO of a Kerr-like black hole
with a/M = 0.85 and |ε| = 17.37. A direct consequence is
that the black hole spin measurement based on the redshift
g-factor, assuming the Kerr hypothesis, could overestimate
the true spin value if the black hole is actually described by
a Kerr-like metric with a large |ε|. In the above example,
the black hole spin could be overestimated by ∼ 16.4%, a
non-negligible effect if |ε| is large. Of course, for a large
|ε|, the spacetime would suffer from the existence of naked
singularities somewhere. However, as long as one does not

123



307 Page 12 of 14 Eur. Phys. J. C (2022) 82 :307

consider the parameter space inside the gray shaded region,
the naked singularity is always inside ISCO and the whole
accretion disk can be completely well-defined. In fact, signif-
icant effects on the radiative efficiency and the redshifts may
still appear even if one strictly excludes any possible exis-
tence of naked singularity and focuses only on |ε| ≤ 2. For
example, the radiative efficiency η for a Kerr-like black hole
with a/M = 0.9982 and |ε| = 2 is enhanced compared with
its Kerr counterpart with the same spin by 6.6%. In addition,
the redshift z calculated on the prograde ISCO for a Kerr-like
black hole with a/M = 0.9982 and |ε| = 2 is z ∼ 14.83,
which is larger than its Kerr counterpart with the same spin
(z ∼ 10.2) by 45%.

5 Conclusions

In this paper, we adopt a theory-agnostic approach and con-
sider a class of Kerr-like spacetime, which was recently pro-
posed in Ref. [56], to model a black hole without equato-
rial reflection symmetry. After requiring that the spacetime
reduces to Kerr metric at spatial infinity and that the metric
satisfies the Solar System constraints, the Kerr-like metric
only contains a deviation function ε̃(y), which can generi-
cally break the reflection symmetry of the spacetime. Rotat-
ing black hole solutions without Z2 symmetry naturally arise
in effective theories containing parity-violating interactions,
and the asymmetry is essentially induced by the spin of the
black hole. The Kerr-like metric considered here is relatively
simple in that its geodesic equations are designed to be com-
pletely separable. Therefore, the metric can be a good approx-
imation of those complicated solutions in effective theories
and can be very useful in studying the astrophysical implica-
tions of reflection asymmetry in a phenomenological manner.

We investigate the properties of accretion disk around the
Kerr-like black hole. We start with the geodesic equations
and focus on the circular orbits of massive particles in the
spacetime. Due to the reflection asymmetry, the accretion
disk, which is composed of all circular orbits collected from
the ISCO to some large radius, is generically a curved surface,
rather than a flat disk confined on the standard equatorial
plane y = 0. In fact, it has been shown in Ref. [88] that in
the absence of equatorial reflection symmetry, circular orbits
confined on the equatorial plane do not exist. Their result is
consistent with ours because in our model, the circular orbit
with radius rc is in general associated with a polar angle
yc 
= 0, namely, it is confined on a plane parallel to, but
different from, the equatorial plane. The orbit with a large
radius gradually approaches the equatorial plane, i.e., yc → 0
when rc → ∞. This is a manifestation of asymptotic flatness
of the spacetime (Fig. 2).

We explore the astrophysical implications of Z2 asymme-
try on the accretion disk properties around a Kerr-like black

hole. In particular, we find that, in a toy model with a specific
choice of the deviation function, the parameter ε that con-
trols Z2 asymmetry would shrink the radius of the prograde
ISCO. Assuming that the inner edge of the disk is defined
by the ISCO, this then means that the materials whirling on
the prograde disk can get closer to the central black hole,
as compared to the Kerr case. Therefore, the radiative effi-
ciency of the accretion disk η, defined as the fraction of rest-
mass energy converted into radiation, can be enhanced in
the absence of reflection symmetry (Fig. 4). Although the
above analysis is done under a specific choice of the devia-
tion function, in Sect. 3.3, we show that in the presence of
only small reflection asymmetry, the shrinking of prograde
ISCOs is actually quite generic in our model, independent
of the choice of the deviation function. On the other hand,
the asymmetry would stretch the retrograde ISCOs, but the
effects are largely suppressed and could be unmeasurably
small.

We finally investigate the gravitational redshift effect and
compute the g-factor associated with the emission coming
from the ISCO in the Kerr-like spacetime. The most impor-
tant result is that the spin measurements based on the redshift
g-factor observations should be analyzed with great care.
Assuming the Kerr hypothesis, such measurements could
overestimate the true spin value of the black hole if the
black hole is actually the Kerr-like one with a large devi-
ation parameter |ε| (at a level of ∼ 16% if |ε| ∼ 17).

There are other important observables of the accretion
disk that we have not explored in this study, such as the disk
temperature and luminosity. In the cases in which the space-
time possesses equatorial reflection symmetry, one can adopt
the thin-disk model and the calculations of these observables
can be quite straightforward [80]. However, in the absence of
reflection symmetry, the disk is a curved surface and one has
to rebuild the corresponding curved thin-disk model. This is
beyond the scope of the present paper. In addition, it will
be interesting to investigate the detailed motions of particles
after they cross the ISCO and enter the plunging phase. All
the above explorations would give further insights into the
fundamental differences between Kerr and Kerr-like black
holes, and possibly their observable signatures. We will leave
these interesting topics to future works.
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