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1 Introduction

One of the studies with a long history in general relativity is the study of the collapse of
small perturbations. We need more information on how these oscillations decay to under-
stand better the gravity concept, use gravitational wave data, and study and investigate
the valuable features of general relativity. One of the signs of the failure of determinism
in general relativity can be the emergence of an interesting phenomenon known as Cauchy
horizons that appear in the astrophysical solutions of Einstein’s equations. These horizons
are such that it is impossible to specify the history of the future of an observer that passes
through such horizons using Einstein’s equations and initial data. With these descriptions
in the black holes’ space-time background, it is an expected possibility that the perturba-
tions of the outer region are infinitely amplified by a mechanism known as the blue shift.
They lead to a singularity boundary beyond the Cauchy horizon in the interior of black
holes, where field equations cease to make sense. The Penrose strong cosmic censorship
(SCC) confirms such an expectation. Of course, another point is that astrophysical black
holes are stable due to a special mechanism called the perturbation-damping mechanism,
which is applied in the outer region. Therefore, considering whether SCC retains real
hinges or not depends on the very subtle competition between the collapse of perturba-
tions in the outer region and their amplification (blue shift) in the inner space-time of
black holes. In general, the fate of Cauchy horizons is related to the collapse of small
perturbations outside the event horizon. Hence, the validity of SCC is tied to the extent
of external damps fluctuation. In connection with various structures and conditions, SCC
and its satisfaction and violation have been investigated in various theories. The violation
of this conjecture near the extremal region studied in the investigation of higher curvature
gravity [1]. Also, this conjecture has been challenged in investigating many charged black
holes. In [2, 3], this conjecture was checked for a charged AdS black hole. It was shown
that for a specific interval for the parameter (β), this conjecture is satisfied and violated in
other areas as well. The strong cosmic censorship conjecture has also been investigated in
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two dimensions. There have been interesting outcomes regarding the violation of this con-
jecture near the extremal region at specific points [4]. The study of this conjecture in the
structure of three-dimensional black strings has also carried interesting results, which you
can see [5] for a deeper study. Also, you can see [6–9] for further study. The effectiveness
of mass-inflation systems, which are involved in the transformations of the inner Cauchy
horizon associated with the space-time of black holes that are approximately flat, which
is pathological in the estimation of SCC, into a series of hypersurfaces which is singular
non-extendable. Those that are in an indivisible form are related to two different types
of physical mechanisms [10–16]. First, the events in the exterior space-time regions of dy-
namic black holes formed viz the collapse of the remnant perturbation fields and second
amplification of exponential blue shift related to the fields falling into the inside of black
holes. We can manage these two introduced different systems through parameters such as
(g) and (k−). It can be stated that the dimensionless physical ratio with the help of these
two parameters can determine the fate of the inner Cauchy horizons inside such space-times
of non-asymptotic flat black holes [8, 17, 18],

β ≡ g

k−
.

Of course, a certain range of parameters of black holes, such as mass and charge, etc., as
indicated in [8, 17, 18],

β >
1
2 .

So, space-time of the corresponding black holes can be physically expanded beyond their
Cauchy horizon which includes a pathological fact and a sign of algebraic failure or a
violation of the Penrose SCC in classical general relativity. For the dynamics of Einstein’s
equations as well as the destiny of the observers, the explosive structure of the curvature
that is related to (β < 1) does not have per se much physical significance: it indicates
two theorems, not the failure of the field equations mentioned in [19] and of course not
the destruction of macroscopic observers which is discussed in [13]. Therefore, the physical
and mathematical formulation of the conjecture of a SCC in such conditions leads to
ignoring physical phenomena such as impulsive gravitational waves or the formation of
shocks in relativistic fluids. Due to the aforementioned reasons, the modern form of the
SCC conjecture was introduced that requires a stronger constraint (β < 1

2) and many works
have been done to fit such constraints. In [8], it was found that when there are neutral
scalar fields in the presence of the R-N dS black hole, it leads to the violation of SCC. But in
continuation, Hod has shown in [34] that the presence of charged massive scalar fields near
charged black holes is inevitable. By considering charged scalar fields near a charged black
hole and using WKB techniques, he has shown that the SCC will be meted. In this article,
by using an analytical method and WKB approximation, we show that charged scalar
fields play an essential role in satisfying the SCC in light of WGC for charged black holes.
Therefore, we find that the numerical results presented in [8] have no physical relevance to
the question of the (in) validity of the SCC in charged black-hole spacetimes. In particular,
the SCC conjecture in the context of charged black hole spacetimes must be tested in the
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presence of charged matter fields, whereas the numerical results presented in [8] are based
only on the presence of neutral scalar fields in the charged black hole spacetime. Therefore,
in this article, we are going to study different structure of this conjecture. According to
the above description, we consider the general configuration of charged black holes in the
presence of massive charged scalar fields. Then, using the weak gravity conjecture, we will
prove that SCC is valid for specific values for all charged black holes. We will use the weak
gravity conjecture to prove a general relation with respect to SCC for all charged black
holes. According to the above explanations, we organize the article in the following form.

In section 2, we will give basic explanations about the weak gravity conjecture and
also the motivation to use it. In section 3, we introduce charged black holes in dS space,
and then we show the quasinormal resonant frequency spectrum in section 4. We check
the conditions of compatibility and violation of (SCC) with respect to (WGC) for RN-dS
charged black holes. Finally, we describe the results in section 5.

2 Weak gravity conjecture

As it is known in the literature, a new idea has been put forward as a swampland program
to check theories coupled to gravity, the consistency of quantum gravity and finally, a proof
for string theory. Recently, ones have done lots of work on this field [20–30]. Due to the
special conditions of string theory and the fact that its testing and experimental inves-
tigations seem a bit difficult, this idea has been proposed to test and investigate various
concepts of cosmology. The swampland program is challenged from two sides. From an
up-bottom view for introducing principles and limitations to introduce conjectures, as well
as mathematical formulations to examine cosmological concepts. A second look from the
bottom-up in order to test each of these conjectures with various concepts of cosmology
including inflation and matching with observable data, which is both a proof for this new
idea and a proof for string theory. So far, many conjectures have been proposed from
this theory, and now, according to the structure and further investigations, new conjec-
tures will be added to this program. Some of these conjectures face challenges and as
a result, corrections are made to the conjectures. We face some limitations in quantum
gravity (QG). At the point when gravity is considered at the quantum level, the hypoth-
esis will be incompatible. Generally having a reliable quantum hypothesis of gravity isn’t
really straightforward and can in any case hold many surprises and can be interesting for
physical science at low energies. The objective of the swampland program is to decide the
limitations that an effective field theory (EFT) should fulfill to be viable with the con-
sideration of ultraviolet completion (UV) in QG. They are called swampland limitations,
and different suggestions are figured out as far as swampland conjectures (SC). The ob-
jective is to recognize these limitations, accumulate proof to demonstrate or refute them
inside the structure of QG, give reasoning to make sense of them in a model-free man-
ner, and comprehend their phenomenological suggestions for low-energy EFTs. Albeit the
swampland idea isn’t restricted to string theory on a fundamental level, SC are frequently
examined by string theory backdrops. Without a doubt, the string theory gives an ideal
structure to thorough quantitative testing of conjectures and works on how we might in-
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terpret potential compressions of string theory. Strangely, it has as of late been uncovered
that a large number of these conjectures are to be sure related, recommending that they
may essentially be various countenances of some yet-to-be-found crucial standard of QG.
As far as possible have significant ramifications for cosmology and particle physics. They
can give new core values to building conjectures past the standard models in high-energy
physics. They may likewise prompt UV/IR blending, which breaks the assumption for
scale detachment and possibly gives new bits of knowledge into the regular issues seen in
our universe. Consequently, the presence of swampland is extraordinary information for
phenomenology. For a total rundown of references connected with swampland that might
be valuable, we allude in [20] the swampland program (SP) has likewise been surveyed and
presented. The shortfall of global symmetry (GS) and the completeness of charge spectra
are at the center of the SP. Nonetheless, they need phenomenological suggestions except if
we can restrict the global symmetries [21, 22] and whether there is any limitations point on
the mass of charged states. In any case, they just bound the complete hypothesis but not
the low-energy EFTs. Specifically, it is phenomenologically important whether all charged
particles can be really super heavy and even compare to black holes(BHs), or whether there
is some thought of completeness of the range that gets by at low energies. A large portion
of the SCs examined address exactly these inquiries. They want to profoundly explore
these assertions and measure them so we can draw nearer to the recuperation of a few
global symmetries. For instance, we can deduce recuperate a global symmetry (GS) U(1)
by sending the gauge coupling(GC) to nothing, which ought not to be permitted in QG.
Attempting to comprehend string theory for the study of this issue, it might turn out that
if one somehow managed to try to do such work, can give data about the imperatives that
an EFT can fulfill to be viable with QG. Likewise, WGC forbids this cycle by flagging the
presence of new charged states that denies the depiction of the EFTs. Thusly, it gives an
upper bound on the mass of these charged states. The WGC comprises of some parts: the
electric and the magnetic electric-WGC: As indicated by a quantum hypothesis, we have
the following condition [20–30],

Q

m
≥ Q
M
|ext = O(1), (2.1)

and

Q = gq, (2.2)

where, g and q are the gauge coupling and the quantized charge. The electric-WGC needs
the presence of an electrically charged condition of a higher charge-to-mass proportion
than extremal BH in that hypothesis, which is regularly a variable of the order one. One
more understanding of this conjecture is that the limitations region shows that scale force
determines stronger than the gravity on this mode — so subsequently is called WGC. This
is an identical equation since it expects that electromagnetic force is stronger gravitational
force [20–30],

FGrav ≤ FEM (2.3)
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It implies that the charge is more prominent than the mass, so we get a similar condition
as above. This is as of now false within the sight of massless scalar fields. The motivations
of WGC are twofold. To begin with, it makes a QG boundary to reestablish the GS of
U(1) by sending g → 0. If a GC goes to zero as indicated by WGC, this conducts new light
particles and the cutoff the hypothesis arrives at nothing and nullifies the EFT. Because
of the littleness of the scale coupling, it relies upon how much energy the interaction with
which you need to portray the viable EFT. The smallness of the cycle energy leads to the
smallness of the scale coupling. On the other hand, if you need to keep the EFT substantial
up to an extremely high cut-off, the GC can’t be excessively small. This is an illustration
of swampland limitations that becomes more grounded for higher energies. Obviously, a
hypothesis with disappearing measure coupling i.e., GS is incompatible because the cutoff
of the viable EFT is likewise zero. One more fundamental inspiration for WGC is that a
kinematic prerequisite permits extremality BH to have decomposed. Charged BHs should
fulfill an extremality breaking point to stay away from the presence of exposed singularities,
as shown by the weak cosmic censorship (WCC). For a given charge Q, this super bound
shows that the this super bound shows that the mass M of the BHs should be more
noteworthy than the charge [20–30],

M ≥ Q (2.4)

For the BHs to have a regular horizon. Here, we set the extremal factor O(1) to one
for simplicity. The primary condition for starting the decay to the small black hole and
particle is the existence of the extremal BHs (M = Q). So, one can consider the decay of
an extremal BHs which one of the rot items has a charge more modest than its mass as far
as possible, so M1 ≥ Q1. Then the rot item can never again have a charge more modest
than the mass, that is m2 ≤ Q2. It is just a kinematic necessity. Since the second rot
item violates the WCC, it can’t be a BH, so it should be a particle. The above kinematic
necessity can be acquired by applying preservation of mass/energy and protection of charge
as follows. The initial mass of the BH should be more prominent than the amount of the
mass of the rot items Mi and the charge of the initial BH.

3 Charged black holes in dS space

The metric of charged black hole in spherical symmetric space is defined as follows,

dS2 = f(r)dt2 − f−1(r)dr2 − r2dΩ2, dΩ2 = (dθ2 + sin2(θ)dϕ2). (3.1)

Here, we consider f(r) = H(M,Q)− Λr2

3 in general; where Q, M, Λ > 0 are electric charge,
the mass of the black hole and the cosmological constant respectively. In this case, we can
obtain its event horizons as follows,

f(r?) = 0 → ? ∈ (−,+, ..., c). (3.2)

Considering the metric in general terms, we have different event horizons, where (r−) is
the Cauchy horizon, (r+) is the outer event horizon, and (rc) is the cosmological horizons.

– 5 –



J
H
E
P
0
2
(
2
0
2
3
)
2
3
6

Using Klein-Gordon’s differential equation, we can determine the dynamics of a massive
charged particle near a charged black hole [31–34],

1√
−g

∂µ(gµν
√
−g∂νΦ)− 2iqgµνAµ∂νΦ− q2gµνAµAνΦ−m2Φ = 0, (3.3)

where m and q are the mass and charge of the particle, respectively also, Aµ =
(
Q
r , 0, 0, 0

)
.

We can define the scalar field Φ according to relation (3.3) as follows [36],

Φ(t, r, θ, φ) =
∑
m

∑
`

e−iωtY`m(θ, ϕ)Φ(r). (3.4)

The integer parameters ` and m are the spherical and the azimuthal harmonic indices of
the resonant eigenmodes which characterize the charged massive scalar fields in the charged
black-hole spacetime. By putting eq. (3.4) in eq. (3.3) and using dx = dr

f(r) , we get the
Schrödinger-like differential equation ,

d2φ(r)
dx2 + V (r)φ(r) = 0. (3.5)

The effective radial potential due to a massive charged particle near a charged black hole
is defined as [8],

V (r) = qm

r2

[
q

m
α(r)− m

q
β(r)

]
, (3.6)

where

α(r) = Q2
(

1− ωr

qQ

)2
, β(r) = r2f(r)H(r), H(r) =

(
`(`+ 1)
m2r2 + f ′(r)

m2r
+ 1

)
. (3.7)

Also, we can consider the boundary conditions for the special radial function near the
outer event horizon as an incoming wave and at the largest event horizon as an outgoing
wave [34, 35]:

φ(x) ∼

 e
−i(ω− qQ

r+
)x
, for r → r+ (x→ −∞);

e−i(ω−
qQ
rc

)x, for r → rc (x→∞).
(3.8)

According to the above boundary conditions, we can obtain the discrete spectrum of ω,
defined as the resonance frequency of the imaginary quasi-normal state.

4 The quasinormal resonant frequency spectrum

In this section, we need to obtain the imaginary part of the resonance frequency to in-
vestigate the linear dynamics of a massive charged particle near a general charged black
hole. Also, we need to do this in a dimensionless regime to do this analytically. Since,
the q2

~ '
1

137 relationship exists in our universe, we can consider it for black holes, even
slightly charged, and get qQ� 1. In addition, the mechanism of the Schwinger-type pair-
production in space-time of charged black hole creates a limit to the black hole electric
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field with the Q
r2

+
� m2

q relationship [37–40]. Therefore, according to the above statement,
we can consider SCC and define our constraint regime following ansans,

m2r2
+ � `(`+ 1) and m2r2

+ � 2k+r+, (4.1)

where k+ = f ′(r+)/2 is the gravitational acceleration of the black hole at the outer event
horizon. In this area, we try to obtain the imaginary part of the resonance frequency in
the background of the general charged black hole near the event horizon. Now, we use
radial potential (3.6) to determine the linear dynamics of the massive charged particle
near the event horizon of the black hole. We can consider this potential in region (4.1)
as an effective potential and obtain the quasinormal resonance modes analytically using
standard WKB techniques [41, 42]. In this region, we consider the maximum effective
potential near the event horizon of the black hole at point r = r0. In the following, we
use the relationship (3.6), (3.7), and V ′(r0) = 0 to obtain the point where the effective
potential is maximum as follows,

r0 = q2Q2

qQω −m2r2
+k+

(4.2)

According to the Schrödinger-like differential equation (3.5) and [41–43], we use the WKB

method to obtain the quasinormal mode frequencies through the following,

iK −
(
n+ 1

2

)
− Λ(n) = Ω(n) (4.3)

where

K = V0√
2V (2)

0

Λ(n) = 1√
2V (2)

0


(
α2 + 1

4

)
8

V
(4)

0

V
(2)

0
−
(
60α2 + 7

)
288

(
V

(3)
0

V
(2)

0

)2

Ω(n) =
n+ 1

2

2V (2)
0

5
(
188α2 + 77

)
6912

(
V

(3)
0

V
(2)

0

)4

−
(
100α2 + 51

)
384

(
V

(3)
0

)2
V

(4)
0(

V
(2)

0

)3



+
n+ 1

2

2V (2)
0

(68α2+ 67
)

2304

(
V

(4)
0

V
(2)

0

)2

+
(
28α2+ 19

)
288

(
V

(3)
0 V

(5)
0

)
(
V

(2)
0

)2 −
(
4α2+ 5

)
288

V
(6)

0

V
(2)

0



(4.4)

Here, V (k)
0 ≡ dkV

dxk |r=r0 is the spatial derivative of the effective potential of equation (3.6),
and its scattering peak is evaluated at the point r = r0. Using relations (3.6), (3.7), (4.2)
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and (4.4), we will have the following relation in the region of (4.1),

K '
k2

+m
4r4

+qQ

2f0
(
k+m2r2

+ − qQω
)2

Λ(n) '
k2

+m
4
[
17− 60

(
n+ 1

2

)2
]
r4

+ + 2k+m
2
[
36
(
n+ 1

2

)2
− 7

]
qQr2

+ω

16qQ
(
qQω − 3k+m2r2

+
)2 × f0

A = 15k4
+m

8
[
148

(
n+ 1

2

)2
− 41

]
r8

+ + 12k3
+m

6
[
121− 420

(
n+ 1

2

)2
]
qQr6

+ω

B = 64q5Q5
(
k+m

2r2
+ − qQω

)4

Ω(n) ' −
(
n+ 1

2

)
q3Q3f2

0 ×
A
B

(4.5)

where f0 = f(r0). In the next step, to determine the study of SCC, we need to obtain
the minimum value of the fundamental imaginary resonance mode of the system. For this
purpose, using equations (4.3) and (4.5), we can calculate the Im(ω0),

ω ' qQ

r+
−

2k+m
2r2

+
qQ

[
1− 14400

11644

((n+ 1/2)f0
qQ

)4]

− i
{

4f0k+(n+ 1
2)
m2r2

+
q2Q2

[
1− 34qQf4

0
11664

]
+O(f2

0 )
} (4.6)

Since we consider r0 near the event horizon (r+), we have f0 � 1. For investigation the
SCC, it is necessary to find the minimum value of the resonance mode and evaluate its
ratio to the surface gravity of the event horizon,

β = −Im(ω0)
k+

' 2f0
m2r2

+
q2Q2

[
1− 34qQf4

0
11664

]
. (4.7)

Since it is f0 � 1, it is sufficient to have the conditions q2Q2 > m2r2
+ in the relation above

concepts so that −Im(ω0)
k+

< 1
2 is established. Therefore, we have the following condition for

the study of SCC,
q

m
≥ r+

Q
. (4.8)

from equation (4.8) determine that when r+ ≥ Q, we have the weak gravity conjecture
condition. We know that k− > k+, so the relationship of (4.7) and (4.8) is also established
for β = −Im(ω0)

k−
< 1

2 . Also, according to relation (4.7), when qQ < 2
√
f0mr+, SCC can

be violated. Since qQ � 1 and f0 � 1, the mass of the scalar field and the radius of the
event horizon must be very massive and very large respectively. In the following, we obtain
the extremality state of the RN-dS black hole. We will have the following relation for the
RN-dS black hole with respect to equation (3.1),

f(r) = 1− 2M
r

+ Q2

r2 −
Λr2

3 . (4.9)
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When k+ = k− = 0, we can obtain the black hole extremality state,

Qexe = r+

√
1− Λr2

+, Mexe = r+

(
1− 2

3Λr2
+

)
. (4.10)

We substitute eq. (4.10) in eq. (4.7) to obtain β in the extremality state of the RN
black hole,

β ' 2f0
m2

q2(1− Λr2
+)

1−
34qf4

0

√
1− Λr2

+r+

11664

 (4.11)

According the above relationship, when the condition q
m ≥

1
1−Λr2

+
is satisfied, the SCC

will definitely be preserved, and since Λr2
+ < 1, the weak gravity conjecture will also be

satisfied. On the other hand, when Λr2
+ � 1, we will have the SCC condition in light of

the WGC,
q

m
≥ 1 + Λr2

+, (4.12)

from the above relation WGC is clearly obtained. In relation (4.11) when Λr2
+ = 1, we

have β → ∞ and the SCC is violated. Also, these result and conditions are completely
compatible with [44, 45].

5 Discussion and result

One of the indications of the failure of determinism GR can be the rise of a fascinating
peculiarity known as the Cauchy horizon that shows up in the astrophysical solutions of
Einstein’s equations. These horizons are such that it is difficult to indicate the history of
the future of an observer that passes come of such horizons utilizing Einstein’s conditions
and initial information. With these descriptions in the black holes’ background space-time,
it is a predicted possibility that the perturbations of the external area are infinitely en-
hanced by a system known as the blue shift. They lead to a singularity beyond the Cauchy
horizon the inside of BHs, where field conditions fail to seem good. The Penrose cosmic
censorship conjecture (SCC) affirms such an assumption. Obviously, another point is that
astrophysical BHs are stable because of an exceptional component called the perturbation-
damping system, which is applied in the outer region. Also, the SCC resolves the issue
of the idea of the singularities tracked down in many answers to Einstein’s gravitational
field equations: Are such singularities conventionally described by unbounded curvature?
Is the presence of a Cauchy horizon, an unsteady characteristic element of answers of
Einstein’s equations? Recently researchers, remarking on the historical backdrop of the
SCC conjecture, overview a portion of the headway made in research coordinated either
toward satisfying SCC or toward revealing a portion of its shortcomings. They specifically
around model adaptations of SCC which have been demonstrated for constrained groups
of spacetimes viz the Gowdy spacetimes and the role played by the conventional presence
of Asymptotically speed term dominated conduct in these answers. Also additionally note
some work on spacetimes containing weak null singularities, and their importance for the
SCC [44, 45, 47]. SCC conjecture has been one of the main acts of pure confidence with
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regard to GR, confirming the deterministic idea of the related field relations. However,
it holds well for asymptotically level spacetimes, an expected disappointment of the SCC
conjecture could emerge for spacetimes acquiring Cauchy horizon alongside a positive cos-
mological constant viz its potential failure about this issue. Researchers have unequivocally
exhibited that infringement of the restriction SCC turns out as expected within the sight of
a Maxwell field even with the presence of higher spacetime aspects. Specifically, for higher
dimensions of the RN black holes, the infringement of SCC is at a bigger scope compared
with the 4D case, for specific of the cosmological constant. Then again, for a brane world
BH, the impact of an additional dimension is to make the infringement of cosmic censorship
weaker. For rotating BHs, intriguingly, the SCC is constantly holding even in the presence
of higher dimensions. A comparable situation is likewise noticed for rotating BHs on the
brane [47]. In this paper, we investigated dynamically formed charged black holes. Also,
to satisfy the SCC, the inner Cauchy horizons of the black hole must be unstable. Here, to
check the SCC, it is necessary to get two −Im(ω0) and k− parameters to demonstrate the
decay rate of the remaining perturbation fields in the outer regions of the black hole and
the blue-shift growth rate of the in-falling fields of the black hole, respectively. Therefore, if
β = −Im(ω0)

k−
< 1/2, SCC will be maintained. We found that for the dS charged black hole

with respect to r+ ≥ Q in light of the WGC, viz q/m ≥ 1, SCC will definitely be satisfied.
We also found that there will be a possibility of violation of SCC for the massive scalar field
as well as when the radius of the event horizon of the charged black hole is very large. We
also found SCC will be violated in the extremality state for the charged RN-dS black hole
when Λr2

+ = 1 which is also mentioned in [44, 45]. Also, these results and conditions are
completely compatible with [44, 45]. On the other hand, in [8, 46], when the scalar field is
uncharged, the SCC is violated, which is consistent with (4.7) in this paper. Because can
be obtained β > 1/2 if assume the charge of the scalar field is zero viz q = 0. The above
study also raises some questions as follows.

Is the relationship researched in this article also valid for black holes in higher dimen-
sions? Do other black holes in different frames satisfy the SCC and WGC simultaneously?
Is it possible to consider the SCC relation with WGC monitoring for all black holes? Is
it may such a structure also be established for black holes on the brane? We leave these
questions for future work.
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