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In this paper, exclusive decays Bc → J=ψKKS and Bc → ψð2SÞKKS are analyzed. It is shown that
contributions of the excited ρmesons should be taken into account to describe these decays. It is also shown
that, unlike the corresponding τ lepton decays, peaks in mKKS

distributions caused by these resonances are
clearly seen and can be easily separated. Theoretical predictions for the branching fractions of the reactions
and mψK distributions are also presented.
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I. INTRODUCTION

The lightest vector hadron, i.e., the ρð770Þ meson, has
been studied in detail. One cannot say the same, however,
about its excited partners, ρð1450Þ, ρð1570Þ, and ρð1700Þ.
For these mesons, only neutral states were observed,
mainly in the ee and ππ channels. Their decays into the
KK pair are hard to detect.
One of the reactions that can be used to observeKK decay

of the charged excited ρ meson is the τ lepton decay
τ → ντKKS. This process was first studied experimentally
by the CLEO Collaboration in 1996 [1]. Recently a more
detailed result, obtained by the BABAR Collaboration,
appeared in [2,3]. According to Ref. [4], CEO data can be
explained theoretically using Flatte formalism [5] and taking
into account contributions of three ρ mesons. It should be
interesting to check this approach on new BABAR data.
There is, however, a fundamental problem with using τ

lepton decays to analyze contributions of the excited ρ
mesons. It is evident that in this reaction the available energy
is limited by the mass of τ lepton, mτ ¼ 1.77 GeV, and, for
example, ρð1570Þ can hardly be observed. It is clear, on the
other hand, that a larger energy range is available in the
decays of the heavier particles, e.g., theBc meson. In a series
of papers (see, for example, [6–11]), it was shown how the
QCD factorization theorem can be used to connect differ-
ential branching fraction of light mesons’ production in
exclusive τ lepton and Bc meson decays. Predictions pre-
sented in this article are in good agreementwith experimental
results [12–16]. It couldbe interesting to try such an approach
for Bc → J=ψKKS and Bc → ψð2SÞKKS decays.

The rest of the paper is organized as follows. In the next
section, we use data on τ → ντKK decay obtained by the
CLEO Collaboration to determine the coupling constants of
the excited ρmesons decays intoKKS pair. In Sec. III, these
results are used to make theoretical predictions for the
branching fractions of Bc → ψ ð0ÞKKS decays and distribu-
tions over different kinematical variables. A short discus-
sion is presented in the last section. In the Appendix, a brief
description of the spectral function formalism is given.

II. τ → ντKKS DECAYS

Let us first consider KKS pair production in τ lepton
decay. The Feynman diagram describing this process is
shown in Fig. 1, and the corresponding amplitude can be
written in the form

Mτ ¼
GFffiffiffi
2

p ūνðkÞγμð1þ γ5ÞuτðPÞFðq2Þðp1−p2Þμ; ð1Þ

where P, k, p1;2 are the momenta of the initial lepton, τ
neutrino, and final K mesons, respectively (in the following
we will neglect the difference in K and KS masses), q ¼
p1 þ p2 is the momentum of the virtual W boson, and
Fðq2Þ is the form factor of W → KKS transition. It is clear

FIG. 1. Feynman diagram for τ → ντKKS decay.
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that the quantum numbers of the final KKS pair should be
equal to IGðJPÞ ¼ 1þð1−Þ, so this transition should be
saturated by contributions of the charged ρ meson and its
excitations. It is convenient to use the Flatte parametriza-
tion of the form factor [5] and write it in the form

FðsÞ ¼
X
i

cKi BWiðsÞ; ð2Þ

where the summation is performed over the intermediate ρ
mesons: ρð770Þ, ρ0 ¼ ρð1450Þ, and ρ00 ¼ ρð1700Þ, cKi are
the coupling constants,

BWiðsÞ ¼
m2

i

m2
i − s − i

ffiffiffi
s

p
ΓiðsÞ

; ð3Þ

mi is the mass of the corresponding particle, and ΓiðρÞ is
the energy-dependent width of ρ → 2π decay. Since final π
mesons in these decays are in P wave state, the latter width
can be calculated as

ΓiðsÞ ¼
m2

i

s

�
1 − 4m2

π=s
1 − 4m2

π=m2
i

�
3=2

Γi; ð4Þ

where Γi ¼ Γiðm2
i Þ is the decay widths of the correspond-

ing meson on its mass shell.
The model parameters mi, Γi, and cKi can be determined

from analysis of the experimental data, especially q-
distributions. If we are such distributions only, we can
use the spectral functions formalism, described briefly in
the Appendix. In this framework, the differential width of
τ → ντKKS decay can be written as

dΓðτ → ντKKSÞ
d

ffiffiffiffiffi
q2

p
¼ 2

ffiffiffiffiffi
q2

q
G2

F

16πmτ

ðm2
τ − q2Þ2
m3

τ
ðm2

τ þ 2q2ÞρTðq2Þ; ð5Þ

where

ρTðq2Þ ¼
�
1 −

4m2
K

q2

�
3=2 jFðq2Þj2

48π2
ð6Þ

is the transversal spectral function of W → KKS transition.
Experimental analysis of the considered decay was per-
formed, for example, by the CLEO [1] and BABAR [2,3]
Collaborations. In paper [4] obtained by the CLEO
Collaboration, results were used to determine the values
of the model parameters mi, Γi, and cKi . According to this
paper, the following values of the parameters should be
used in order to describe CLEO results

mρ ¼ 775MeV; Γρ¼ 150MeV; cKρ ¼ 1.195�0.009;

ð7Þ

mρ0 ¼1465MeV; Γρ0 ¼400MeV; cKρ0 ¼−0.112�0.010;

ð8Þ

mρ00 ¼1720MeV; Γρ00 ¼250MeV; cKρ00 ¼−0.083�0.019:

ð9Þ
In the left panel of Fig. 2, we show the resulting q

dependence of the differential width in comparison with
experimental data obtained by the CLEO and BABAR
Collaborations. It is clear that the agreement with these
results is pretty good. The contributions of the exited ρ
mesons (especially ρ00 one), however, can hardly be seen
since these mesons lie almost on the upper limit of the
allowed phase space. Indeed, the relation (5) is universal
and only the spectral function depends on the final hadronic
state, so this relation can be rewritten in the form

dΓðτ → ντKKSÞ
d

ffiffiffiffiffi
q2

p ¼ dΓðτ → ντμνμÞ
d

ffiffiffiffiffi
q2

p ρTðq2Þ
ρμνT ðq2Þ ; ð10Þ

where the transverse spectral function of the leptonic pair is
ρμνT ðq2Þ ¼ 1=ð6π2Þ. Transferred momentum distribution of
the semileptonic τ decay is shown in Fig. 2, and it is clearly
seen that in the region of excited ρ mesons is strongly
suppressed. That is why it could be interesting to study

(a) (b) (c)

FIG. 2. Transferred momentum distribution of τ → ντKKS decay (a), τ → ντμν̄μ decay (b), and ρKKS
T spectral function (c).
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production of KKS pair in some other experiments. In the
next section, we will perform the calculation of Bc →
ψ ð0ÞKKS decays and show that in this case the contributions
of the excited states are much more clear.

III. Bc → ψð0ÞKKS DECAYS

The decay Bc → ψ ð0ÞKKS is described as shown in the
Fig. 3 Feynman diagram. The corresponding matrix
element can be written as

MðBc → ψ ð0ÞKKSÞ ¼
GFVcbffiffiffi

2
p a1hV − AiμFðq2Þðp1 − p2Þμ;

ð11Þ

where a1 is the Wilson coefficient describes the effect
of soft gluon interaction [17], and the matrix element of
Bc → ψ ð0ÞW can be parametrized as

hV − Aiμ ¼
�
2MψA0ðq2Þ

qμqν

q2
þ ðMBc

−MψÞA1ðq2Þ
�
gμν −

qμqν

q2

�

− A2ðq2Þqν
�
Pμ þ kμ −

M2
Bc

−M2
ψ

q2
qμ
�
− 2i

Vðq2Þ
MBc

þMψ
eμναβPαkβ

�
ϵν: ð12Þ

In this expression, P, k, p1;2 are the momenta of the Bc
meson, final vector charmonium, and K mesons, respec-
tively, ϵμ is the polarization vector of ψ ð0Þ, q ¼ P − k is the
momentum of virtual weak boson, MBc

and Mψ are the
masses of the corresponding particles, and Vðq2Þ,
A0;1;2ðq2Þ are dimensionless form factors, whose numerical
values will be discussed later. It should be noted, however,

that since we neglect the mass difference betweenK andKS
mesons, we have qμðp1 − p2Þμ ¼ 0 and the form factor
A0ðq2Þ does not contribute.
If we are interested in q distribution only, we can use the

formalism of the spectral functions and the corresponding
decay width is equal to

dΓðBc→ψ ð0ÞKKSÞ
dq2

¼ G2
FV

2
cba

2
1ρTðq2Þ

128πMBc
M2

ψðMBc
þMψÞ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

ðMψ þqÞ2
M2

Bc

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

ðMψ −qÞ2
M2

Bc

s

× ½Δ4
1ðΔ4

1A
2
2ðq2Þþ8M2

ψq2V2ðq2ÞÞþΔ4
2ðMBc

þMψÞ4A2
1ðq2Þ−2Δ6

3ðMBc
þMψ Þ2A1ðq2ÞA2ðq2Þ�; ð13Þ

where

Δ4
1 ¼ M4

Bc
− 2M2

Bc
ðM2

ψ þ q2Þ þ ðM2
ψ − q2Þ2; ð14Þ

Δ4
2¼M4

Bc
−2M2

Bc
ðM2

ψ þq2ÞþM4
ψ þ10M2

ψq2þq4; ð15Þ

Δ6
3¼M6

Bc
−3M4

Bc
ðM2

ψ þq2ÞþM2
Bc
ð3M4

ψ þ2M2
ψq2þ3q4Þ

− ðM2
ψ −q2Þ2ðM2

ψ þq2Þ: ð16Þ

Let us discuss the parametrizations of the Bc → J=ψKKS
decay first. It is clear that the corresponding form factors are
essentially nonperturbative, so some other methods such as
QCD sum rules of Potential Models should be used for their
calculation. This topic is widely discussed in the literature. In
the following, wewill use the results presented in works [18]
(QCD sum rules were used in this work, in the following we
will refer to it as SR) and [19] (in this case the author use
potential model, PM in the following). It is clear that A0ðq2Þ
form factor does not give contributions to the process under
consideration. Transferred momentum dependence of all
other form factors for models used in our work is shown in
Fig. 4. Using these values it is easy to see that the branching
fractions of the decay in different form factors models are
equal to

BrSRðBc → J=ψKKSÞ ¼ ð6.9� 0.1Þ × 10−5; ð17ÞFIG. 3. Feynman diagram for Bc → KKS decay.
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BrPMðBc → J=ψKKSÞ ¼ ð3.1� 0.05Þ × 10−5; ð18Þ

where the uncertainty is caused by the experimental error in
τ → ντKKS branching fractions [2,3]. The correspondingffiffiffiffiffi
q2

p
distributions are shown in Fig. 5(a). One can see that,

unlike τ → ντKKS decay, the contributions of the excited ρ
mesons are clearly seen and can be easily separated. This is
because in the case ofBc meson decay the branching fraction
of the semileptonic reaction Bc → J=ψμν is not suppressed
in q ∼mρ0 region [see Fig. 5(b)]. It is also interesting to note
that form of the distributions produced by different form

factor sets is almost the same with the only difference in
overall normalization. The reason is that, as can be seen from
the left panel of Fig. 4, in the energy region that is significant
for our task, SR and PM form factors are almost proportional
to each other.
The distribution of the considered branching fraction

over the invariant mass of the J=ψK pair can be also
observed experimentally. It is clear that this distribution
cannot be obtained using spectral function formalism, so
we need to calculate the corresponding squared matrix
element. As a result, we have

d2ΓðBc → ψ ð0ÞKKSÞ
dq2dm2

ψ1

¼ G2
FV

2
cba

2
1jFðq2Þj2

2048π3M3
Bc
M2

ψðMBc
þMψÞ2

f−2ðMBc
þMψÞ2ðm2

ψ1 −m2
ψ2Þ2A1A2ðM2

Bc
−M2

ψ − q2Þ

− 4M2
ψV2ðM4

Bc
ð4m2

K − q2Þ − 2M2
Bc
ð4m2

K − q2ÞðM2
ψ þ q2Þ

þ 4m2
KðM2

ψ − q2Þ2 þ q2ðm4
ψ1 − 2m2

ψ1m
2
ψ2 þm4

ψ2 − ðM2
ψ − q2Þ2ÞÞ

þ ðm2
ψ1 −m2

ψ2Þ2A2
2ðM4

Bc
− 2M2

Bc
ðM2

ψ þ q2Þ þ ðM2
ψ − q2Þ2Þ

þ ðMBc
þMψÞ4A2

1ð−ð16m2
KM

2
ψ − ðm2

ψ1 −m2
ψ2Þ2 − 4M2

ψq2ÞÞg; ð19Þ

where m2
ψ1;2 ¼ ðkþ p1;2Þ2 are the corresponding Dalitz

variables (according to momentum conservation
q2 þm2

ψ1 þm2
ψ2 ¼ M2

Bc
þM2

ψ þ 2m2
K). The correspond-

ing distribution is shown in Fig. 5(c). It should be noted
that two peaks in these distributions do not correspond to

any resonances, but come from the form of Bc → ψ ð0Þμν
matrix element.
The form factors of the Bc → ψð2SÞW transition were

also studied, for example, in papers [18,19] and we show
them in Fig. 6. Using these form factors, it is easy to

FIG. 4. Bc → J=ψW form factors. Solid blue and dashed red lined correspond to SR and PM form factor sets, respectively.

(a) (b) (c)

FIG. 5. Bc → J=ψμν and Bc → J=ψKKS distributions. Solid blue and dashed red lines correspond to SR and PM form factor sets,
respectively. Vertical dashed lines show the position of excited ρ resonances.
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calculate the branching fractions of Bc → ψð2SÞKKS
decay in different models:

BrSRðBc → J=ψKKSÞ ¼ ð2.6� 0.04Þ × 10−6; ð20Þ

BrPMðBc → ψð2SÞKKSÞ ¼ ð1.7� 0.03Þ × 10−6: ð21Þ

The distributions over KKS and ψð2SÞK invariant masses
are shown in Fig. 7. Note that in this case the forms of q
distributions for different form factor sets are quite different
from each other.

IV. CONCLUSION

In this article, production of the KKS pair in exclusive τ
and Bc decays is discussed. It is clear that this final state can
be produced only from the decay of the virtual vector
charged particle, i.e., the ρ meson and its excitations. As a
result, experimental investigation of the decays can give us
additional information about masses and widths of these
particles and the coupling constants of ρð0Þ → KKS decays.
The decay τ → KKSντ was studied experimentally, for

example, in the recent BABAR papers [2,3]. According to
analysis presented in [4], these results can be explained by
taking into account contributions of the ρð770Þ meson and
its two excitations, ρð1450Þ and ρð1700Þ. It is clear,
however, that the τ lepton’s mass is not very large, so
the peak caused by the last resonance peak cannot be seen
in mKKS

distribution. For this reason, it could be interesting
to studyKKS pair production in decays of a heavier particle,
e.g., the Bc meson.

In our paper, we perform such an analysis and give
theoretical description of Bc → J=ψKKS and Bc →
ψð2SÞKKS decays. It is clear that the form factors of Bc →
ψ ð0Þ transitions are required for calculations, and in our
work we used two different sets of these form factors,
obtained using QCD sum rules and Potential models.
According to our results, peaks caused both by ρð1450Þ
and ρð1700Þ resonances are clearly seen in mKKS

distri-
butions and can be easily separated. The branching frac-
tions of the considered decays are also calculated.
Since the final KS meson will be detected in KS → ππ

decay, the observed state of the considered here decays will
be ψ ð0ÞKππ. According to [11] the same final state can be
produced also in the decay chain Bc → ψ ð0ÞK1 →
ψ ð0ÞKρ → ψ ð0ÞKππ and the branching fractions of these
reactions are significantly larger than the branching frac-
tions of the decays considered in our article. It should be
noted, however, that the same can also be said about the
corresponding τ lepton decays, but both decays modes were
observed.
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APPENDIX: SPECTRAL FUNCTION
FORMALISM

Let us describe briefly the formalism of the spectral
functions [20] used in our paper. The amplitudes of the

FIG. 6. Bc → ψð2SÞW form factors. Notations are the same as in Fig. 4.

(a) (b) (c)

FIG. 7. Bc → ψð2SÞμν and Bc → ψð2SÞKKS distributions. Notations are the same as in Fig. 5.
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decay A → BWðqÞ → BR can be written in the factorized
form,

MðA → BRÞ ¼ HμðA → BWÞϵRμ ; ðA1Þ

where R stands for KKS or μν pairs, while A, B are τ, ντ in
the case of the semileptonic decay and Bc, ψ ð0Þ for Bc →
ψ ð0ÞR process. In the above expression, Hμ is the vertex of
A → BW transition and ϵRμ is the effective polarization
vector of virtual W boson. The corresponding decay width
equals

dΓ ¼ 1

2JA þ 1

1

2MA
dΦnþ1ðPA → PBk1…knÞ

X
pol

jMj2;

ðA2Þ

where PA, PB are the momenta of the corresponding
particles, n is the number of particles in the system R,
and ki are the momenta of these particles. Used in this
expression, the Lorentz-invariant phase space dΦn is
defined as

dΦnþ1ðPA → PBk1…knÞ

¼ ð2πÞ4δ4
�
PA − PB −

X
i

ki

�
d3PB

ð2πÞ32EB

Y
i

d3ki
ð2πÞ32Ei

ðA3Þ

and satisfies the following recurrence relation:

dΦnþ1ðPA → PBk1…knÞ

¼ dq2

2π
dΦ2ðPA → PBqÞdΦnðq → k1…knÞ

¼ dq2

2π

λðq2Þ
8π

dΦnðq → k1…knÞ; ðA4Þ

where q ¼ PA − PB and

λðq2Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

ðMB þ
ffiffiffiffiffi
q2

p
Þ2

M2
A

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

ðMB −
ffiffiffiffiffi
q2

p
Þ2

M2
A

s
ðA5Þ

is the velocity of the particle B. Using these relations, one
can rewrite the expression (A2) in the form

dΓ
dq2

¼ 1

2MAð2JAþ1Þ
λðq2Þ
8π

½H2
Tðq2ÞρRTðq2þH2

Lðq2ρRLðq2ÞÞ�;

ðA6Þ

where

H2
Lðq2Þ ¼ qμqνHμH�

ν; H2
T ¼ ðqμqν − q2gμνÞHμH�

ν

ðA7Þ

and spectral functions ρRL;Tðq2Þ are defined as

Z
dΦnðq → k1…knÞ

2π
ϵRμ ϵ

�R
ν

¼ qμqνρRLðq2Þ þ ðqμqν − q2gμνÞρRTðq2Þ: ðA8Þ

It is easy to check that both for R ¼ KKS and μν the
effective polarization vector is transversal, i.e., ϵRμqμ ¼ 0.
As a result, the longitudinal spectral function vanishes and
for the transverse one we have the relation

ρRTðq2Þ ¼ −
gμν

3q2

Z
dΦn

2π
ϵRμ ϵ

�R
ν : ðA9Þ

It is important to note that in the relation (A6) only the
spectral functions ρRL;T depend on the final system R. Since
only transverse spectral functions contribute, all other
factors in (A6) cancel, and we have the relation

dΓðA → BR1Þ=dq2
dΓðA → BR1Þ=dq2

¼ ρR1

T ðq2Þ
ρR2

T ðq2Þ
ðA10Þ

that is Eq. (10).
With the help of the above expressions, it is easy to

calculate the spectral functions of KKS and μν pairs. In the
first case, for example, we have

ϵKKS
μ ¼ Fðq2Þðp1 − p2Þμ;

ρTðq2Þ ¼
�
1 −

4m2
K

q2

�
3=2 jFðq2Þj2

48π2
; ðA11Þ

that is Eq. (6). In the case of semileptonic decay, on the
other hand,

ϵμνα ¼ ūðkμÞγαvðkνÞ; ρμνT ðq2Þ ¼ 1

6π2
: ðA12Þ
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