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Abstract

The AdS/CFT correspondence is useful primarily when the number of colours, Nc, characterising the 
boundary field theory, is “large”, and when the mass of the bulk black hole that is usually present is “large” 
relative to the bulk Planck mass. But this prompts two questions: first, can these large numbers be estimated, 
even very approximately, in a given application? Second: if these quantities are themselves computed holo-
graphically from physical data constraining the field theory, is this computation self-consistent, in the sense 
that it actually produces large numbers — an outcome which is far from obvious? Here we consider these 
questions in the case of the application of holographic techniques to the study of the quark-gluon plasma. 
We find that holography in this case is able to generate estimates of the dimensionless numbers in question, 
and, very remarkably, they are indeed large, despite the fact that the dimensionless input data are of order 
unity.
© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. The central role of large numbers in applied holography

The “holographic dictionary” [1–3] is at the heart of the AdS/CFT correspondence and its ap-
plications. It allows us to translate the language of bulk physics into that of the four-dimensional 
boundary field theory, as follows:

�3
P = π

2
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N2
c
, �4
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λ
, (1)
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where Nc is the number of colours in the boundary field theory, λ is the ’t Hooft coupling in that 
theory, p is a certain pure number determined by the normalization of the gauge algebra basis,1

�s is the string length scale, �P is the bulk Planck length, and L is the asymptotic AdS5 curvature 
length scale.2

We have written these equations in this form to emphasise their structure: on the left one has 
some physical parameter in the bulk, while the right side takes the form “universal pure number, 
times a dimensionally appropriate power of L, times (some function of) a quantity characterising 
the boundary field theory”.

Written in this way, the dictionary shows the fundamental role of L, as the quantity that 
mediates between bulk and boundary parameters; note in this connection that L may be regarded 
as inhabiting both the bulk and the boundary (that is, it influences both geometries, a fact that 
is particularly clear when the bulk contains a black hole with a topologically spherical event 
horizon). Note too that L can in principle (of course, not in practice) be determined directly by 
measuring lengths and angles in the asymptotic bulk; it is not freely disposable.

The duality is useful primarily when the bulk geometry can be treated (semi-)classically and 
when strings propagating there can be treated approximately as point particles. A necessary con-
dition for the first requirement is that the asymptotic geometric parameter L should in some 
sense be large relative to �P. The first entry in (1) then allows us to interpret this demand as 
the well-known condition that Nc should be “large”. The second requirement, that it should be 
possible to approximate bulk physics by a theory of point particles, means that L must be large 
relative to �s; this leads to the condition that λ must be “large”, so that the boundary theory must 
be strongly coupled. Conversely, we stress (because it will be relevant, below) that holographic 
models treating strings as point particles are not applicable to situations where the boundary field 
theory becomes sufficiently weakly coupled.

In most applications, there is actually a third member of the holographic dictionary. This arises 
when the boundary theory is thermal: in that case, there must be a semi-classical black hole in 
the bulk, with a Hawking temperature dual to the temperature of the boundary matter. In practice, 
computations using this black hole rely in a crucial way on the details of the classical geometry, 
so it is essential that quantum-gravitational effects in this geometry should be suppressed; this 
evidently does not follow from the requirement, discussed above, that the asymptotic region 
should have an approximately classical geometry. That is, if mP = 1/�P is the AdS5 Planck 
mass, we must ensure that M/mP, where M is the physical mass of the black hole, is a (very) 
large number. The relevant entry in the dictionary will be derived below: expressing M/mP as 
M/mP = M�P (we will do this henceforth), it has the form, for a singly-rotating AdS5-Kerr 
black hole,

M�P

M

[
1 − (a/L)2]2

3 − (a/L)2 =
( π

16

) 1
3 × L−2 × N

4/3
c , (2)

where M and a are certain parameters, to be defined below, describing the black hole geometry. 
(Note that M has units of length squared, that is, despite the notation, it is not a mass.) From this 
we see that (unless Nc is extremely large, or a is very close to L, neither of which turns out to be 
the case) the requirement that the black hole be effectively classical means that the dimensionless 
combination M/L2 should be very large — despite the fact that L itself is large.

1 In the conventions of [2], p = 1; other conventions are possible, but of course p is always of that order.
2 Throughout this work, we use natural units, with either the electron volt or the femtometre (1 fm ≈ (197.3 MeV)−1) 

as the base; we never use Planck units.
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One often speaks as if the word “large” in these statements meant “arbitrarily large”, but 
of course this is not so: in particular,3 the finiteness of Nc plays an important role in several 
applications.

For example, asymptotically AdS black holes are claimed to be “fast scramblers” [4]; this is 
connected with chaotic behaviour in the boundary theory [5,6]. However, the scrambling time 
is an increasing function of some measure of the number of degrees of freedom describing the 
system, and in this case that number is related to Nc; thus, in order to understand the scram-
bling time more precisely, one needs some information regarding the (necessarily finite) value of 
Nc.

Again, the “1/Nc corrections”, arising when Nc is taken to be large but not so large that 1/Nc

is altogether negligible, are very important: to take one example of many, it has been suggested 
that these corrections may explain certain phenomena connected with energy-momentum trans-
port in strongly coupled fluids [7,8]. Here, too, it seems quite possible that it would be very 
helpful if one could be more specific: how large counts as “large” Nc? Even a very approximate 
or semi-quantitative answer to this basic question could be useful, particularly since 1/Nc cor-
rections correspond to string loop (that is, quantum-gravitational) effects in the bulk, and so it is 
very difficult to perform explicit calculations.

It is worth mentioning in this connection that, in lattice gauge theory, where of course large 
numbers of colours are often considered, “large” N typically means up to about 20 [9]; recent 
advances have allowed consideration of values in the hundreds [10], but not larger. This gives 
another perspective on the meaning of “large” Nc in holography.

In summary, then: in a given application of holography, Nc has a large but finite value. One 
would like to know something about that value.

Now, in applications, the properties of the bulk and boundary physics are constrained by 
the physics of the system that the boundary field theory approximates. For example, a black 
hole in the bulk has a certain entropy, and this is related holographically to the entropy density 
of the boundary field theory; and this in turn should be related to the entropy density of the 
physical system being approximated by the field theory. The simple but crucial observation we 
make here is this: with sufficient data from the physics we hope to study holographically, one 
might be able to use holography itself to compute or at least constrain some of the parameters 
in the bulk/boundary system, including perhaps L and Nc. We will show that this can indeed be 
done.

This is interesting in itself. But, in addition, it presents the entire programme with a funda-
mental challenge. For it is by no means clear that the numbers resulting from such a calculation 
will be in any sense “large”: on the contrary, as we will show, the dimensionless input parame-
ters are often of order unity, and one consequently has no reason to expect large numbers in the 
output.

For example, we stressed earlier that it is essential that the black hole mass M should be such 
as to put the bulk geometry firmly in the classical domain: that is, we need M/L2, which can 
be computed holographically given sufficient boundary data, to be a very large number. There is 
little hope that such a large number can arise from input which involves no such quantities. There 
appears to be a real risk of internal inconsistency here.

3 In this work, we will consider only the magnitudes of Nc and M�P . Different techniques are required to answer 
analogous questions regarding λ.
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In this work we consider these questions in a specific context: the regime [2] in which the 
boundary field theory in the AdS/CFT correspondence bears some resemblance to the Quark-
Gluon Plasmas (QGP) produced in heavy-ion collisions [11]. We stress that our results apply 
only to this concrete example; but one can hope that the lessons learned in this case may be 
useful more generally.

We obtain explicit order-of-magnitude estimates of Nc and M�P. We find, against all odds, 
that the equations of the holographic model of the thermal QGP do in fact have numerically 
“large” solutions: for example, even with dimensionless input data of order unity, the computed 
value for M�P (using data from central heavy ion collisions at 27 GeV per pair) is of order 1019, 
so that the use of a semi-classical black hole geometry for the bulk is consistent.

The argument runs as follows.

2. A strategy for computing the large numbers

In the case of peripheral heavy-ion collisions, it is well known that the plasma often acquires 
a substantial angular momentum density; this effect has actually been (indirectly) observed by 
the STAR collaboration at the RHIC facility [12–16]. The dual system is then a five-dimensional 
rotating black hole with a non-zero angular momentum to mass ratio A. This quantity is dual to 
the ratio of the angular momentum density of the plasma to its energy density, quantities which 
can be estimated in phenomenological models such as those described in [17,18].

In [13], this plasma vorticity [19] is quantified by stating the plasma “angular velocity”, 9 ±
1 × 1021 · s−1. Of course, the plasma is not a rigid body with a definite angular velocity: the 
vorticity is generated as small vortices in one part of the plasma, which propagate through a 
given plasma sample in an extremely complex manner. The quoted figure represents instead the 
average angular velocity of such vortices, over the volume of the plasma, over the time during 
which the plasma persists, and even over the full range of impact energies at which data were 
taken, ranging from very small values up to 200 GeV per pair. In the holographic picture, the 
rotation of the bulk black hole corresponds to a rotating sphere at conformal infinity, and the 
angular velocity of this sphere is taken to represent such an average; it is not intended to provide 
a description of the detailed internal motion of the plasma. Thus, in this case, the holographic 
correspondence works at a less literal level than usual.

With this understanding, we proceed to make use of this particular instance of holography to 
shed some light on the “large numbers”.

In the study of such black holes, and in particular when the question of Cosmic Censorship is 
considered [20,21], one finds4 that A satisfies a very remarkable inequality: we have

A < L, (3)

where L is the asymptotic AdS5 length scale, as above. This restriction is at first sight very 
surprising, since it implies a strong link between the immediate vicinity of the black hole, where 
A provides the dominant length scale, and the asymptotic region, where the geometry is primarily 
controlled by L. It can be partially understood from the fact that, unlike asymptotically flat 
rotating black holes, asymptotically AdS black holes give rise to a frame-dragging effect which 

4 To be precise, we do not have a proof of this statement valid in all cases. But in [21] it is shown that it is valid for 
AdS5 black holes with parameters such that the boundary field theory has the same temperature, energy density, and so 
on, as the actual QGP; and these are the black holes with which we are concerned in this work.
4
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does not decay to zero with distance from the black hole. In this way, A still makes its presence 
felt in the asymptotic region.

The fact that A is bounded by (a multiple of) L is explained by string theory [20]: it turns out 
that, in that context, A and L compete to determine the sign of the asymptotic action of certain 
branes, with A tending to force it to be unbounded below. Thus, the system becomes severely 
unstable if A is too large relative to L. (The statement that the coefficient of L on the right side 
of (3) is precisely unity has to be established by further argument: see [21].)

The statement that A is bounded above by L is relevant to us here, because it can be rein-
terpreted as the statement that L is bounded below by A, and, as explained above, holographic 
duality allows us to give a rough approximate value for the latter by referring to experimental 
data; so we can use such data, for RHIC experiments producing plasmas with maximal angular 
momenta, to put a lower bound on L in this specific application. In fact, with more data, we 
can do better: we can actually estimate L for RHIC plasmas using the holographic model of the 
vortical QGP. Crucially, we will see that this can be done without knowing either Nc or �P.

Having an actual, if admittedly very approximate, value for L in this concrete example, has 
two advantages. First, it allows us to determine whether L is “large”, not just in the abstract 
context of a discussion of the status of the holographic dictionary — though of course that is 
vitally important for the method to be internally consistent — but also in the sense of being 
large relative to the actual physical length scales describing the QGP. The RHIC plasmas [12]
are characterised by length scales defined, for example, by their temperature, baryonic chemical 
potential, and so on. Typically these are on the order of a femtometre, and so “large”, in this 
specific case, means that the value we compute for L should be significantly larger than length 
scales of that order. This gives us a second consistency check.

Secondly, and more importantly, having a definite value for L allows us to estimate Nc, as 
follows.

The holographic model described above uses the uncharged singly-rotating AdS5-Kerr black 
hole geometry, so [1] it does not account for the baryonic chemical potential of the QGP. There-
fore, it only applies directly to relatively high impact energies, such that the resulting plasma 
has a negligible baryonic chemical potential relative to the temperature; that is, particles and an-
tiparticles are produced in approximately equal numbers. At lower impact energies, the baryonic 
chemical potential is not negligible compared to the temperature, so we need to endow the black 
hole with charge. For this purpose, we simplify matters by focusing on central collisions, so that 
now the angular momentum can be neglected. This means that we reduce the angular momentum 
of the bulk black hole to a negligible value, and then increase the electric charge from zero up 
to the required value.5 The black hole is then of the AdS5-Reissner-Nordström variety (with a 
spherical, not planar, event horizon).

We will see that the holographic dictionary extends to this case: the new entry relates bulk 
parameters (including the electric charge parameter in the black hole metric) to boundary param-
eters, including the baryonic chemical potential, but also including Nc. Again using phenomeno-
logical models of the RHIC plasmas produced in central collisions (together with the value of L
computed earlier) we can therefore use the dictionary to estimate the value of Nc appropriate to 
a holographic model of this specific system (plasmas produced in central collisions at relatively 
low impact energies).

5 This clumsy procedure is imposed on us by the fact that the metrics of asymptotically AdS5 black holes endowed 
with both angular momentum and charge — that is, AdS5-Kerr-Newman black holes — are not currently known [22].
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Here we will carry out a basic version of this programme. The objective at this point is not 
to evaluate L or Nc precisely, but rather to determine whether these fundamental parameters are 
in fact “large”. We will refine this a little: if indeed they are large, are they merely “moderately 
large” or instead “extremely large”? For definiteness, we will take “moderately large” to mean, 
in the case of Nc, roughly one to two orders of magnitude larger than 3, the QCD value; for L
we will take it to mean roughly one to two orders of magnitude larger than the characteristic 
length scale defined by QCD, that is, about a femtometre (corresponding to the QCD energy 
scale, around 200 MeV). Even this simple and admittedly somewhat arbitrary distinction could 
be important: it could tell us, for example, whether the 1/Nc corrections are in fact likely to be 
totally negligible in all applications of holographic duality to QGP physics, and perhaps even 
whether there is any realistic hope of ultimately connecting large-Nc theories with QCD. The 
point is simply that Nc = 30 and Nc = 3000 are both “large”, but their consequences could be 
very different in some cases.

We begin with a brief review of the main results of [21], which involve the holography of 
(singly-rotating) AdS5-Kerr black holes, and use them to compute an approximate value for L in 
this case. In the subsequent Section we use this value to estimate Nc.

3. Using AdS5-Kerr black holes to estimate L

The singly-rotating6 AdS5-Kerr metric [23–25], expressed in terms of Hopf coordinates on 
the three-sphere, is

g
(

AdSK(a,0)
5

)
= − �r

ρ2

[
dt − a

�
sin2θ dφ

]2 + ρ2

�r

dr2 + ρ2

�θ

dθ2 (4)

+ sin2θ �θ

ρ2

[
a dt − r2 + a2

�
dφ

]2

+ r2 cos2 θ dψ2,

where

ρ2 = r2 + a2 cos2 θ,

�r =
(
r2 + a2

)(
1 + r2

L2

)
− 2M,

�θ = 1 − a2

L2 cos2 θ,

� = 1 − a2

L2 . (5)

Here M is a geometric parameter (with units of squared length) which is related but not equal to 
the physical mass of the black hole, M: the latter is

M = πM (2 + �)

4�3
P �2

. (6)

Using the holographic dictionary, one can express this more usefully as

M�P =
( π

16

) 1
3 2 + �

�2 N
4/3
c

M

L2 , (7)

6 In general, an AdS5-Kerr metric is described by two rotation parameters, (a, b) [23]. Here we set b = 0, hence the 
notation (a, 0).
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and this, with some rearrangement, is the third entry in the holographic dictionary, equation (2)
above.

Similarly, a is a geometric parameter (with units of length) which ranges between zero and √
3L (excluding L itself), which is not equal to the (physical) angular momentum per (physical) 

mass A; but, together with L, it does determine that quantity through the relation [25]

A = 2a

2 + �
= 2a

3 − (
a2/L2

) . (8)

Note that A/L < 1 if and only if a/L < 1; note also, however, that A has a very different range to 
that of a, and can, in fact, be arbitrarily large (without necessarily violating Cosmic Censorship, 
see [20]).

The product of the black hole specific entropy S (entropy per unit physical mass) with the 
Hawking temperature, TH, is a very useful7 dimensionless quantity, given in this case by

STH = 2 |�|
2 + �

r2
H

(
1

r2
H + a2

+ 1

r2
H + L2

)
. (9)

We will also find it useful to consider the dimensionless (in natural units) quantity ATH , which 
takes the form

ATH = arH

π (2 + �)

⎛
⎝ 1 + r2

H
L2

r2
H + a2

+ 1

L2

⎞
⎠ . (10)

In both these equations, rH is the horizon “radius”; its dimensionless version, rH/L, is given as a 
function of the dimensionless parameters M/L2 and a/L by solving the equation(

r2
H

L2 + a2

L2

)(
1 + r2

H

L2

)
− 2

M

L2 = 0. (11)

We mention in passing that the derivations of (9) and (10) do not depend on assuming a < L; 
it is possible in some cases for (11) to have real solutions, which can be inserted into (9) and 
(10) (that is, for classical Censorship to hold), when this condition is not satisfied (see [20,21]
for extensive discussions of this point). However, in the present work, a/L (and therefore A/L) 
is always smaller than unity.

Given experimental (in practice, phenomenological) values for the temperature, and for the an-
gular momentum, energy, and entropy densities of the QGP produced in heavy-ion collisions at a 
given impact energy and centrality, holography fixes the left sides of (9) and (10) in a straightfor-
ward way (for example, S is dual to the ratio of the entropy and energy densities of the boundary 
matter); and so one can solve those equations, with (11), for the three unknowns a/L, M/L2, 
and rH/L.

It is important to note, however, that this holographic model is adequate only to the extent that 
the baryonic chemical potential μB is negligible compared to the temperature, since the black 
hole must have electric charge in order to represent non-zero μB [1], and these black holes are 
electrically neutral. In this section, therefore, we consider only plasmas produced in the highest 

7 STH and ATH are useful because they have no explicit dependence on �P , and they depend on L only through the 
dimensionless combinations a/L, M/L2, and rH/L.
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impact energy collisions at the RHIC facility,8 that is, 200 GeV per pair; the baryonic chemical 
potential, about 27 MeV [27], is indeed small compared with the temperature in this case (around 
190 MeV). We also focus on the centrality (about 17%) that maximizes the angular momentum 
density.

Using the phenomenological models described in [17,18], one finds [28,29] that, for collisions 
at 

√
sNN = 200 GeV and centrality 17%, the ratio of the angular momentum density to the energy 

density, which corresponds holographically to A, is about 77 femtometres. It follows from the 
inequality (3) that L must be at least this large; this in fact already means that L is “large” relative 
to the obvious length scales associated with this system (for example, the inverse temperature is 
just over one femtometre).

In fact, we can do better than this, by using additional data from [17]. There we find, for 
example, that the ratio of the entropy density to the energy density for plasmas produced in 200 
GeV collisions is about 6.5 ×10−3 MeV−1, and the temperature is about 190 MeV. As above, the 
maximal value of A, the ratio of the angular momentum and energy densities, is around 77 fm 
(or 0.39 MeV−1). As discussed earlier, holography now allows us to use these data to compute 
the left sides of equations (9) and (10); combining the resulting equations with equation (11), we 
can now determine a/L and M/L2. We find that a/L ≈ 0.322 in this case. Using equation (8), 
we now obtain A/L ≈ 0.222, and so A ≈ 77 fm gives us finally L ≈ 350 fm.

We see that L, in this specific application, is considerably larger than the inequality (3) re-
quires; and it is even larger relative to the usual length scales of QGP physics. We conclude that 
there is no internal inconsistency in applying holographic methods to this system: L is in fact 
what we agreed to call “moderately large”.

Next, we consider the value of M/L2 that emerges from this calculation. It is, in view of the 
modest input values (and the rather simple equations involved), rather startling: we find M/L2 ≈
6.06 × 1011. In the next section, we will show that Nc is roughly 30 in these simple models: 
inserting this and a/L ≈ 0.322 into (7), we find that M�P ≈ 1.18 × 1014. This suffices to ensure 
that the classical approximation for this black hole is reasonably good.

In summary: our use of classical black hole geometry in the bulk is fully consistent: hologra-
phy itself gives rise to the requisite very large number.

We note in passing that L ≈ 350 fm means that the volume of the spatial sections at infinity 
(with a suitable choice of the conformal factor) is several tens of millions of cubic femtometres, 
vastly larger than the actual initial volume of the plasma produced in a heavy-ion collision (about 
100 fm3); so the spatial sections are effectively flat.

We are now in a position to estimate Nc.

4. Using AdS5-Reissner-Nordström black holes to estimate Nc

As explained earlier, we now consider central collisions at lower impact energies. This means 
that we can set the angular momentum of the bulk black hole to zero, but now we must take its 

8 We have not used data from the heavy-ion collisions at the LHC; for it appears that holographic methods are less 
reliable in this case than in the case of RHIC plasmas. To see the point, note that the ratio of the shear viscosity to 
entropy density, η/s, for the 200 GeV collisions studied at the RHIC, is not far above the well-known holographic bound, 
1/4π ; but, for the plasmas produced in 2.76 TeV collisions at the LHC, the value of η/s may be up to 60% larger [26]. 
This suggests that, while a hydrodynamic description of the post-collision system is still appropriate at LHC collision 
energies, the holographic implementation of that description may be significantly less reliable in this case. Possibly this 
is due to the plasma being less strongly coupled in the LHC case (see our discussion of the role of strong coupling in 
applied holography, above).
8
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charge to be non-zero, so as to model the non-negligible baryonic chemical potential arising in 
the corresponding plasmas. That is, we need to consider AdS5-Reissner-Nordström black holes.

An AdS5-Reissner-Nordström black hole metric takes the form (for a spherical event hori-
zon)

g(RNAdS5) = −
(

r2

L2 + 1 − 2M

r2 + Q2

4πr4

)
dt2 + dr2

r2

L2 + 1 − 2M
r2 + Q2

4πr4

(12)

+ r2
(

dθ2 + sin2 θ dφ2 + cos2 θ dψ2
)

.

Here the angular coordinates are as in the preceding Section. The parameters M and Q, which 
both have units of squared length, are connected with the physical mass and charge of the black 
hole, M and Q, through the relations

M = 3πM

4�3
P

, Q =
√

3πQ

2�
3/2
P

√
k5

, (13)

where �P is the AdS5 Planck length, as above, and where k5 is the five-dimensional Coulomb 
constant. Using the holographic dictionary (or setting a = 0 in (7)), one also has

M�P = 3
( π

16

) 1
3

N
4/3
c

M

L2 . (14)

Let us digress briefly to discuss the parameter9 k5. Our convention in this work is that five-
dimensional electric charge is dimensionless in natural units, as is the case in four dimensions. 
From the five-dimensional Coulomb law, which of course relates electric force to the inverse 
cube of the radial coordinate, this means that k5, unlike its four-dimensional counterpart, has 
dimensions of length. Now in five dimensions, the electrostatic energy between two unit charges 
is (up to a fixed constant factor) equal to k5 divided by the square of the radial separation, so if 
the separation is δr = k5, then that energy is just a fixed multiple of 1/k5.

Now, from the holographic point of view, the most essential role of k5 is to make it possible 
to represent the baryonic chemical potential of the dual system: without k5, the baryonic chem-
ical potential is necessarily zero (see equation (19) below). That is appropriate in some cases 
(extremely high temperatures and energy densities) but not in one of the applications we will be 
studying here, the quark-gluon plasma produced in heavy ion collisions at moderate impact en-
ergies. As we have just seen, 1/k5 is an energy scale naturally associated with the gauge theory 
in the bulk; holographically, therefore, it should be the energy scale of the field theory defined on 
the boundary. As we ultimately hope to model the quark-gluon plasma, that energy scale is the 
QCD scale, usually taken to be around 200 MeV; that is, we tentatively estimate k5 at about one 
femtometre. When we interpret 1/k5 as a boundary energy scale in this holographic manner, we 
will denote it by EQCD.

The Hawking temperature of the AdS5-Reissner-Nordström black hole is

4πTH = 8M

r3
H

− 2

rH
− 3Q2

2πr5
H

, (15)

9 See [30], Section 2, for a different discussion of the fact that, in effect, an additional length scale enters holography 
at this point.
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where rH corresponds to the outer event horizon; it can be regarded as a function of M , Q, and 
L by means of the equation

r2
H

L2 + 1 − 2M

r2
H

+ Q2

4πr4
H

= 0. (16)

The black hole entropy per unit physical mass, S , is

S = 2πr3
H

3M
; (17)

notice that it does not depend on �P.
The electromagnetic potential form is

A =
√

3Q
√

k5

8π�
3/2
P

(
1

r2 − 1

r2
H

)
dt; (18)

notice that the coefficient of dt has the correct units, inverse length or energy. (The expression 
involves the square root of k5 because the electric charge on the black hole is not Q, but rather 
Q: see above.)

As in the preceding Section, holography identifies TH with the temperature of the boundary 
matter, and S with s/ε (where s is the entropy density, and ε the energy density). Finally μB, 
the baryonic chemical potential of the boundary matter, is dual [31] to −3 times the asymptotic 
value of the coefficient of dt in A, that is,

μB = 3
√

3Q
√

k5

8πr2
H�

3/2
P

. (19)

Eliminating �P from this relation by means of the holographic dictionary (1), we have a fourth 
entry in that dictionary:

Q

r2
H

= 4
√

2π3/2

3
√

3
× L3/2 × μB

Nc

√
EQCD. (20)

Here the quantities on the left are, as in (1), bulk parameters, linked to boundary theory parame-
ters by a power of L, which we now know. (As explained above, we interpret 1/k5 holographi-
cally as a characteristic energy scale for the boundary matter, EQCD, so this too is known.)

Using again the phenomenological values for temperature, entropy density, and energy density 
from [17], and the observed baryonic chemical potential from [27], we can fix TH, S , and μB

in equations (15), (16), (17), and (20), and, using also L ≈ 350 fm, solve them for the four 
unknowns, M , Q, rH, and, in particular, Nc.

We need to do this for an impact energy which, on the one hand, is not so low that it is 
questionable whether a QGP is formed at all, but which, on the other, is not so large that μB is 
negligible. We will therefore consider RHIC impact energy 

√
sNN = 27 GeV per pair, and use the 

corresponding data from [17] and [27], as above. The initial temperature in this case is around 
172 MeV, the ratio of entropy and energy densities, S , is around 6.8 × 10−3 MeV−1, and μB

is about 160 MeV. Other RHIC impact energies in this intermediate range (such as 19.6 and 39 
GeV) lead to results which differ somewhat from those obtained below; but they are of the same 
respective orders of magnitude.

Solving the equations with these input data, one finds that Nc ≈ 30 (“moderately large”), 
while M/L2 ≈ 6.8 × 1016. Inserting these numbers into equation (14), we find that the ratio of 
the black hole mass to the bulk Planck mass is M�P ≈ 1.14 × 1019.
10
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Clearly, the apparently simple set of equations (15), (16), (17), (20) has some unusual mathe-
matical properties, and we hope to return to this elsewhere. In the meantime, we can summarize 
as follows:

• Bearing in mind that this is no more than an order-of-magnitude estimate, Nc takes a value 
here that is [a] similar to the values for N often used in large-N lattice computations, [b] arguably 
large enough to justify the application of holographic methods in this case, but [c] not so large 
that the 1/Nc corrections [7,8] are completely negligible under all circumstances.

• The black hole mass M in this case exceeds the bulk Planck mass by a factor which ensures 
that the black hole can indeed be consistently treated approximately classically.

5. Conclusion

It is a familiar limitation [32] of “applied holography” that the method works best when certain 
numbers are “large”. It is natural to ask: how large is “large”? In this work, we have attempted to 
provide a preliminary, order-of-magnitude answer to such questions, in the context of a concrete, 
explicit example. We do not claim that our results are valid across the entirety of the AdS/CFT 
enterprise, or even for other applications. Nevertheless, we feel that at least some of our con-
clusions are likely to have a general relevance. For example, we have found in this specific case 
that Nc is probably large enough to justify neglecting 1/Nc corrections in most cases, but not in 
all.

The argument prompts another observation: there was no reason to expect the outcomes of 
such calculations to be “large”. On the contrary, there is every reason to expect holography to 
fail this consistency test. For example, in the case of central heavy-ion collisions at 27 GeV per 
pair, the dimensionless parameters STH ≈ 1.17 and μB/TH ≈ 0.93 generated by the data are 
close to unity: how then can we expect numbers several (or many) orders of magnitude larger to 
emerge from such a simple holographic model as the one we are using here?

Yet they do: the model does predict large numbers where they are needed. This in itself gives 
some reassurance that those numbers are reliable; so they can then be used to assess the whole 
project. For example, one might begin to construct arguments in favour of the claim that, while 
Nc ≈ 30 is far from QCD, it is still near enough to offer hope that holography might in future 
draw nearer to a more realistic account of the QGP.
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