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We study the complexity growth by using “complexity ¼ action” (CA) proposal in the minimal massive
3D gravity (MMG) model which is proposed for resolving the bulk-boundary clash problem of topologically
massive gravity (TMG). We observe that the rate of the complexity growth for Banados-Teitelboim-Zanelli
(BTZ) black hole saturates the proposed bound by physical mass of the BTZ black hole in the MMG model,
when the angular momentum parameter and the inner horizon of black hole goes to zero.

DOI: 10.1103/PhysRevD.97.026006

I. INTRODUCTION

One of the holographic conjectures about the inside of
black hole is that its growth is dual to the growth of
quantum complexity [1,2]. Complexity of a quantum state
is defined by the minimum number of simple gates which
are needed to build a quantum circuit that constructs them
from a reference state.
In the context of AdS/CFT duality, One conjecture is

“complexity ¼ volume” (CV), the conjecture is an exam-
ple of the proposed connection between the tensor network
and the geometry of space-time [3–5]. The volume of a
maximal spacelike slice into the black hole interior, is
proportional to the computational complexity of the dual
conformal field theory state [6],

Complexity ∼
V

GNlAdS
; ð1:1Þ

where V is the volume of the Einstein-Rosen bridge (ERB),
lAdS is AdS radius, and GN is Newton’s gravitational
constant.
The other conjecture is “complexity ¼ action” (CA), the

quantum computational complexity of a holographic state
is given by the on-shell action on the “Wheeler De-Witt”
patch [2,7],

CðΣÞ ¼ SWDW

πℏ
; ð1:2Þ

where Σ is the time slice which is the intersection of any
Cauchy surface in the bulk and the asymptotic boundary. It

is conjectured that there is an upper bound on the rate of the
complexity growth [7]

dC
dt

≤
2M
πℏ

; ð1:3Þ

where M is the mass of black hole. For uncharged black
hole the bound is saturated. The above bound is equal to
Lloyd’s bound which its origin is in quantum computation,
if we consider the mass of black hole as the energy of the
system. The Aharonov-Anandan-Bohm bound involves the
standard deviation of the energy [8,9]

orthogonality time ≥
πℏ
2ΔE

; ð1:4Þ

note that the above inequality is similar to Heisenberg’s
uncertainty of time-energy principle. The above bound is
saturated by a two-state quantum system

jψðtÞi ¼ 1ffiffiffi
2

p ðj0i þ eiEtjEiÞ → jhψðtÞjψð0Þi ¼ cos

�
Et
2ℏ

�
:

ð1:5Þ
To generalize and make precise Lloyd’s notion of

“operations per second,” in [7] authors considered how
complexity builds up in an isolated unitary evolving
quantum system in a general quantum state. They proposed
a similar bound on the complexity growth rate based on the
works of Aharonov-Anandan-Bohm, Margolus-Levitin and
Lloyd [8–13]. Informally this is the growth rate of the
number of simple gates which are needed to construct the
state of the computer from a reference state,

dðnumber of gatesÞ
dt

≤
2E
πℏ

: ð1:6Þ

In this paper we study the complexity growth by using
“complexity ¼ action” (CA) conjecture in minimal mas-
sive 3D gravity (MMG) model [14], which is proposed for
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resolving the bulk-boundary clash problem of topologically
massive gravity (TMG) [15], in some regions of parameter
space of the model. The method is adding a new consistent
term to the action of the TMG model in the vielbein
formalism.
In Sec. II we review shortly the MMG model. In Sec. III

we consider the BTZ black hole in MMG model, we
introduce the components of vielbein and calculate the
nonvanishing components of spin-connection and the
auxiliary field of this space-time by solving the equations
of motion of MMG model in the vielbein formalism, by
plugging the rotating BTZ black hole ansatz. In Sec. IV we
consider the well-defined variational principle for MMG
model and we find the Gibbons-Hawking term for BTZ
black hole solution case.
In Sec. V we calculate the rate of complexity growth by

using the “complexity ¼ action” (CA) conjecture in the
MMGmodel and we observe that the rate of the complexity
growth for BTZ black hole saturates the proposed bound by
physical mass of the BTZ black hole in the MMG model,
when the angular momentum parameter and the inner
horizon of black hole goes to zero. Finally we consider
the TMG limit of the model and we observe that the rate of
the complexity growth saturates the proposed bound by
physical mass of the BTZ black hole in the TMG model,
when the inner horizon of black hole goes to zero.
Section VI is devoted to summary.

II. MINIMAL MASSIVE 3D GRAVITY

The minimal massive 3D gravity (MMG) [14] is a
proposed model for resolving the bulk-boundary clash
problem in the topologically massive gravity (TMG)[15],
in some region of parameter space of themodel. Themethod
is adding a new consistent term to the action of TMG in the
vielbein formalism [14]. Note that the bulk-boundary clash
problemmeans that; in TMGwe have not positive energy of
graviton and unitary dual 2D conformal field theory or
positive central charges on the boundary at the same time
[14,16]. The Lagrangian 3-form of the minimal massive 3D
gravity in the vielbein formalism is [14]

LMMG ¼ −σe:Rþ Λ0

6
e:e × eþ h:TðωÞ

þ 1

2μ

�
ω:dωþ 1

3
ω:ω × ω

�
þ α

2
e:h × h; ð2:1Þ

where e, is the vielbein,ω is the spin-connection and h is the
Lagrange multiplier or the auxiliary field. Note that the dot
and the cross mean the internal and the external product
respectively, the dot implies contraction of the Lorenz
indices of two fields with each other and the cross means
contraction of the Lorenz indices of two fields with two
indices of the Levi-Civita tensor. And also it is worth noting
that the linearized equations of motion of MMG is similar
with the linearized equations of motion of TMG by making

use a redefinition of topological mass parameter [17–19].
Therefor the model has a single local degree of freedom that
is realized as a massive graviton in linearization which is
similar to TMG.
Note that the action of MMG is only in the vielbein

formalism. Because for finding the action in the metric
formalism we have to use the equation of motion which is
obtained by varying the action with respect to the vielbein
field. Therefore we must use the dynamics of the metric for
obtaining the action in the metric formalism. Clearly it is
not true, because we have to vary the action to find the
equations of motion in the metric formalism. Therefore
there is the action of MMG only in the vielbein formalism.
Then we have to work in the vielbein formalism for
calculations in the context of action.
The equations of motion derived from the action of

MMG Eq. (2.1) are [14]

TðωÞ−αe×h¼0; RðωÞþμe×hþσμTðωÞ¼0; ð2:2Þ
and

−σRðωÞ þ Λ0

2
e × eþDðωÞhþ α

2
h × h ¼ 0: ð2:3Þ

The curvature and the torsion 2-forms are defined as
follows:

RðωÞ ¼ dωþ 1

2
ω × ω; TðωÞ ¼ deþ ω × e: ð2:4Þ

To proceed we note that although for generic α ≠ 0 the
torsion, TðωÞ is nonzero, one may define a new torsion free
spin-connection, Ω ¼ ωþ αh by which the Lagrangian 3-
form reads [19]:

LMMGðe;Ω;hÞ¼−σe ·RðΩÞþΛ0

6
e ·e×eþh ·TðΩÞ

þ 1

2μ

�
Ω ·dΩþ1

3
Ω ·Ω×Ω

�

−
1

2μ

�
2αh ·RðΩÞ−α2h ·Dhþα3

3
h ·h×h

�

þσαe ·Dh−
α

2
ð1þσαÞe ·h×h: ð2:5Þ

In this notation, assuming to have a well-defined
variation principle, by varying the above action with
respect to the three fields, ðe;Ω; hÞ we obtain the corre-
sponding equations of motion as follows,

TðΩÞ¼ 0; RðΩÞþαΛ0

2
e×eþμð1þσαÞ2e×h¼ 0;

DðΩÞh−α

2
h×hþσμð1þσαÞe×hþΛ0

2
e×e¼ 0:

ð2:6Þ
Here the covariant derivative is defined by DðΩÞA ¼

dAþ Ω × A, where the spin-connection, Ω is obtained
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from first equation of motion, TðΩÞ ¼ deþ Ω × e ¼ 0, or
in other words the torsion-free condition.

III. BTZ BLACK HOLE

The metric of the rotating BTZ black hole is given
by [20],

ds2 ¼ −
ðr2 − r2þÞðr2 − r2−Þ

l2r2
dt2 þ l2r2

ðr2 − r2þÞðr2 − r2−Þ
dr2

þ r2
�
dφ −

rþr−
lr2

dt

�
2

: ð3:1Þ

The mass and the angular momentum parameter of the
BTZ black hole, in terms of inner and outer horizons of the
black hole and AdS radius, respectively are

M ¼ r2þ þ r2−
8Gl2

; J ¼ rþr−
4Gl

: ð3:2Þ

The nonvanishing components of the vielbein of the
rotating BTZ black hole are

et0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr2 − r2þÞðr2 − r2−Þ

p
lr

; et2 ¼ −
rþr−
lr

;

er1 ¼
lrffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðr2 − r2þÞðr2 − r2−Þ
p ; eφ2 ¼ r: ð3:3Þ

Note that the relation between the metric and the vielbein
field is gμν ¼ ηabeμaeνb, where ηab, is the local Minkowski
metric.
By the first equation of motion, Eq. (2.6) which is the

torsion free condition, one can find the nonvanishing
components of the spin-connection from the vielbein field
Eq. (3.3) as follows,

Ωt
2¼−

r
l
; Ωr

1 ¼−
rþr−

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr2− r2þÞðr2− r2−Þ

p ;

Ωφ
0¼−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr2− r2þÞðr2−r2−Þ

p
rl

; Ωφ
2 ¼ rþr−

lr
: ð3:4Þ

In following we can find the auxiliary field “hμa,” from
the second equation of motion, Eq. (2.6), we can rewrite the
equation in this form:

RðΩÞþe×h0 ¼ 0; h0 ¼ αΛ0

2
eþμð1þσαÞ2h; ð3:5Þ

from the above equation we can find the “h0μa” [21],

h0μa ¼ −detðeÞ−1ϵλρσ
�
eλaeμb −

1

2
eμaeλb

�
Rρσ

b; ð3:6Þ

therefore one can find auxiliary field “hμa” as follows

hμa ¼ −
1

μð1þ σαÞ2
�
detðeÞ−1ϵλρσ

�
eλaeμb −

1

2
eμaeλb

�
Rρσ

b

þ αΛ0

2
eμa

�
: ð3:7Þ

We find the non vanishing components of hμa, by replacing
the vielbein and spin-connection fields in the above relation
Eq. (3.7), as follows:

ht0 ¼
1 − αl2Λ0

2μl2ð1þ σαÞ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr2 − r2þÞðr2 − r2−Þ

p
lr

;

ht2 ¼ −
1 − αl2Λ0

2μl2ð1þ σαÞ2
rþr−
lr

;

hr1 ¼
1 − αl2Λ0

2μl2ð1þ σαÞ2
lrffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðr2 − r2þÞðr2 − r2−Þ
p ;

hφ2 ¼
1 − αl2Λ0

2μl2ð1þ σαÞ2 r: ð3:8Þ

One can see easily for the BTZ black hole we have,

hμa ¼
�

1 − αl2Λ0

2μl2ð1þ σαÞ2
�
eμa: ð3:9Þ

We can use this relation for finding the Gibbons-Hawking
term in the BTZ black hole case, by a well-defined
variational principle in the Dirichlet boundary condition.

IV. VARIATIONAL PRINCIPLE

The equations of motion, Eq. (2.6) rely on the fact that
the model admits a well-imposed variational principle. This
procedure requires the proper Gibbons-Hawking term to
make sure that all boundary terms can be consistently
removed. In this section we would like to reexamine the
well-defined variation of the action leading to the corre-
sponding equations of motion.
To proceed let us consider the action of the MMG model

Eq (2.5) whose variation with respect to the fields e, Ω, and
h are given by [19];

δeLðe;Ω;hÞ¼Ee ·δe−DðΩÞðh ·δeÞ;
δΩLðe;Ω;hÞ¼EΩ ·δΩ

þDðΩÞ
�
σe ·δΩ−

1

2μ
ðΩ ·δΩ−2αh ·δΩÞ

�
;

δhLðe;Ω;hÞ¼Eh ·δh

þDðΩÞ
�
−σαe ·δh−

1

2μ
ðα2h ·δh−2αΩ ·δhÞ

�
:

ð4:1Þ
Using the Stokes’ theorem the corresponding boundary

terms appearing in the above variation may be recast to the
following form
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δSjboundary¼
1

8πG

Z
∂M
d2xϵij

�
hiaδeaj þ

�
σe−

1

2μ
Ωþα

μ
h

�
ia
δΩa

j

þ
�
−ασeþα

μ
Ω−

α2

2μ
h

�
ia
δhaj

�
: ð4:2Þ

For a well-defined variational principle, we need a
Gibbons-Hawking term to cancel the boundary terms in
the Dirichlet boundary condition. In general finding the
Gibbons-Hawking term is difficult for this model, but in the
case of BTZ black hole solution, the “hμa” field is
proportional with the vielbein field, “eμa”, Eq. (3.9) there-
fore the variation of the auxiliary field “hμa” is as follows:

δhμa ¼
�

1 − αl2Λ0

2μl2ð1þ σαÞ2
�
δeμa; ð4:3Þ

then the third term of variation of action on the boundary
Eq. (4.2) is canceled by the Dirichlet boundary condition
therefore the Gibbons-Hawking term in this case is

SGH ¼−
1

8πG

Z
∂M

d2xϵijðσ ~eþα

μ
~hÞia ~Ωa

j

¼−
1

8πG

�
σþα

�
1−αl2Λ0

2μ2l2ð1þσαÞ2
��Z

∂M
d2xϵij ~eia ~Ωa

j ;

ð4:4Þ

where ~e, ~Ω, and ~h are the boundary vielbein, the boundary
spin-connection, and the boundary auxiliary field,
respectively.

V. COMPUTATION OF COMPLEXITY GROWTH
IN MINIMAL MASSIVE 3D GRAVITY

In the proposal known as “complexity ¼ action” (CA)
the quantum computational complexity of a holographic
state is given by the on-shell action evaluated on a bulk
region known as the “Wheeler-De Witt” patch [2,7]

CðΣÞ ¼ SWDW

πℏ
; ð5:1Þ

it is conjectured that there is an upper bound on the rate of
the complexity growth [7]

dC
dt

≤
2M
πℏ

; ð5:2Þ

where M is the mass of black hole. For uncharged black
hole the bound is saturated. Note that here we use the
complexity ¼ action (CA) conjecture, because the bound
on complexity growth rate in complexity ¼ action (CA) is
exactly the Lloyd’s bound. And also it is worth noting
that, however the first proposal was complexity ¼ volume
(CV), but community have paid more attention to the
complexity ¼ action (CA) conjecture and people have
done more work in this context.
The corresponding action of minimal massive 3D gravity

containing the Gibbons-Hawking term is given by

S ¼ SM þ S∂M

¼ 1

16πG

Z
M

d3xϵλμν½LMMGðe;Ω; hÞ�λμν

−
1

8πG

�
σ þ α

�
1 − αl2Λ0

2μ2l2ð1þ σαÞ2
��Z

∂M
d2xϵij ~eia ~Ωa

j ;

ð5:3Þ

where ½LMMGðe;Ω; hÞ�λμν is the Lagrangian 3-form of
MMG which is defined in Sec. II by Eq. (2.5).
To compute the rate of the complexity growth, we should

calculate the difference between the on-shell actions which
are evaluated over two nearby WDW patches [22]. In the
present case by BTZ solution at the late time, only the
region between the inner and outer horizons contributes to
this difference. Therefore we find;

δSM ¼ SM½WDWjtþδt� − SM½WDWjt� ¼
1

16πG

Z
tþδt

t

Z
rþ

r−

Z
2π

0

ϵλμν½LMMGðe;Ω; hÞ�λμνdtdrdφ

¼ −
2πδt
16πG

�
σ þ α

�
1 − αl2Λ0

2μ2l2ð1þ σαÞ2
��Z

rþ

r−

4r
l2

¼ −
�
σ þ α

�
1 − αl2Λ0

2μ2l2ð1þ σαÞ2
���

r2þ − r2−
4Gl2

�
δt: ð5:4Þ

In following the contribution of the Gibbons-Hawking term Eq. (4.4) is given by

δS∂M ¼ −
1

8πG

�
σ þ α

�
1 − αl2Λ0

2μ2l2ð1þ σαÞ2
��Z

∂M
d2xϵij ~eia ~Ωa

j

¼ 1

8πG

�
σ þ α

�
1 − αl2Λ0

2μ2l2ð1þ σαÞ2
���Z

tþδt

t

Z
2π

0

1

l2
ð2r2 − r2þ − r2−Þdtdφjrþ −

Z
tþδt

t

Z
2π

0

1

l2
ð2r2 − r2þ − r2−Þdtdφjr−

�

¼
�
σ þ α

�
1 − αl2Λ0

2μ2l2ð1þ σαÞ2
���

r2þ − r2−
2Gl2

�
δt: ð5:5Þ

MOHAMMAD M. QAEMMAQAMI PHYS. REV. D 97, 026006 (2018)

026006-4



Therefore, we find the rate of the complexity growth by
Eq. (5.1)

_C ¼ 1

πℏ
dS
dt

≡ 1

πℏ

�
dSM
dt

þ dS∂M
dt

�

¼ 1

πℏ

�
σ þ α

�
1 − αl2Λ0

2μ2l2ð1þ σαÞ2
��

r2þ − r2−
4Gl2

: ð5:6Þ

We know the mass of BTZ black hole in MMG
theory [23–25]

MMMG ¼
�
σþα

�
1−αl2Λ0

2μ2l2ð1þσαÞ2
���

r2þþ r2−
8Gl2

�
þ rþr−
4Gμl3

;

ð5:7Þ
one can see for r− ¼ 0, which is the nonrotating BTZ black
hole case in 3D Einstein Gravity (the angular momentum
parameter is zero), we have

_C ¼ 1

πℏ
dS
dt

¼ 2MMMG

πℏ
; ð5:8Þ

it is interesting, one can see the rate of the complexity
growth saturates the proposed bound [7] by the physical
mass of the BTZ black hole in the minimal massive 3D
gravity model.
Finally let us consider the TMG limit of the model when

α ¼ 0,

_C¼ 1

πℏ
dS
dt

≡ 1

πℏ

�
dSM
dt

þdS∂M
dt

�
¼ σ

πℏ

�
r2þ−r2−
4Gl2

�
: ð5:9Þ

We know the mass of BTZ black hole in TMG theory
[23,26],

MTMG ¼ σ

�
r2þ þ r2−
8Gl2

�
þ rþr−
4Gμl3

; ð5:10Þ

one can see for r− ¼ 0, we have

_C ¼ 1

πℏ
dS
dt

¼ 2MTMG

πℏ
; ð5:11Þ

clearly the rate of the complexity growth saturates the
proposed bound [7] by the physical mass of the BTZ black
hole in the topologically massive gravity model.

VI. SUMMARY

In this work we study the complexity growth by using
the complexity ¼ action (CA) conjecture in minimal mas-
sive 3D gravity (MMG) model which is proposed for
resolving the bulk-boundary clash problem of topologically
massive gravity (TMG). We observe that the rate of the
complexity growth for BTZ black hole saturates the
proposed bound by physical mass of the BTZ black hole
in the MMG model, when the angular momentum param-
eter and the inner horizon of black hole goes to zero. We
can say it is another evidence for the hypothesis that black
holes are the fastest computers in Nature [2], as they are the
fastest scramblers [27].
Recently some work have been done on quantum com-

plexity in context of holography and black holes [22,28–45],
and also it needs more investigations and calculations in the
other Gravity models as higher derivative Gravity models
and more black hole solutions, in addition it seems interest-
ing to study the connection between holographic complexity
and tensor networks or butterfly effect in different context
and models to achieve deeper understanding of these
important and interesting phenomenon of the nature.
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