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ARTICLE INFO ABSTRACT

Quasi-elastic (QEL) scattering measurements have been performed using a 28Si projectile off a %0zr
target at energies around the Coulomb barrier. A Bayesian analysis within the framework of coupled
channels (CC) calculations is performed in a large parameter space of quadrupole and hexadecapole
deformations (B, and B4) of 28Si. Our results unambiguously show that 23Si is an oblate shaped nucleus
with 7=-0.38 £ 0.01 which is in excellent agreement with results from electromagnetic probes. The
sign and magnitude of quadrupole deformation along with a precise value of hexadecapole deformation
(B4=+0.03 £ 0.01) of 28Sj have been determined for the first time using QEL scattering. A remarkable
agreement is obtained between the experimental and calculated B4 values of 28Si based on Skyrme-
Hartree-Fock method. The present results demonstrate the strong sensitivity of the quasi-elastic scattering
to the sign and magnitude to the ground state deformation parameters, thus affirming its suitability to
be used for rare exotic nuclei using low intensity RIBs.
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Nuclear deformation presents a fascinating example of a deli-
cate balance between liquid drop nature and quantum many body
aspects of the strongly interacting nucleons [1]. In the vicinity of
the B-stability line, the nuclei close to the major shell closures
exhibit spherical ground state shapes. While moving away from
the shell closures, the shell structure of valence nucleons primar-
ily governs the ground state shapes [2-4]. With the advent of
RIB factories along with the associated development of more so-
phisticated experimental techniques and parallel advancement in
modern theoretical frameworks, the shell structure evolution in
the regions of extreme isospin, far from the valley of S-stability,
is among the primary foci of current nuclear physics research [5].

Dominantly, the shell structure of valence nucleons leads to the
axially symmetric deformations with reflection symmetry, namely
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the quadrupole and the hexadecapole [3]. The quadrupole defor-
mation (B;) is most commonly experienced as either elongated
(prolate) or prostrated (oblate) shape. The value of 8, is now be-
ing determined for many of the unstable nuclei [6], but, the higher
order hexadecapole deformation (4) is not precisely known even
for a majority of the stable deformed nuclei [7-10].

An island of deformed nuclei is known to exist in the sd shell
region for the past several decades [11]. In this mass region, the
sign of quadrupole deformation (prolate versus oblate) is ambigu-
ous for many of the nuclei and the knowledge of the hexadecapole
deformation is practically non-existent. In recent times, in con-
nection with the N=28 shell quenching [12,13], a variety of cal-
culations have been performed for nuclear deformation and its
causes in the wide isotopic chains of Mg, Si, S, and Ar (sd and
fp shells), employing different formalisms and density functionals
[14-16]. These calculations predict a broad potential energy curve
as a function of B, for the sd shell nuclei including the stables
ones [17-21]. It is crucial to learn about the ground state shapes

0370-2693/© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by

SCOAP3.


https://doi.org/10.1016/j.physletb.2023.138120
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/physletb
http://crossmark.crossref.org/dialog/?doi=10.1016/j.physletb.2023.138120&domain=pdf
http://creativecommons.org/licenses/by/4.0/
mailto:ykgupta@barc.gov.in
https://doi.org/10.1016/j.physletb.2023.138120
http://creativecommons.org/licenses/by/4.0/

YK. Gupta, V.B. Katariya, G.K. Prajapati et al.

T
900 - 149.9°
ko)
< 600 - .
S
300 - .
r 4§ (@)
0 ,
900 |- 159.8°
I
< 600 - .
8
300 - .
I (b)
0 ; : ;
r B 70 MeV 170.0°
o 200 78 MeV .
= 7186 MeV
3 600 92 MeV - ]
300 - 98 MeV L o]
I . .
0
0 10 15 20 25 30 35

Scattered Energy (MeV)

Fig. 1. Typical energy spectra of backward angle scattering at three laboratory an-
gles and five typical beam energies. The filled curves in each panel beyond 15 MeV
scattered energy, represent the QEL events. The events below 10 MeV are mostly
due to the evaporated Light Charged Particles (LCPs).

in the stable region to examine the predictive power of modern
theories for exotic nuclei being investigated at RIB factories, where
beam intensity is a serious concern.

In case of the sd shell nucleus 28Si, it has often been debated
whether it is prolate- or oblate-shaped in its ground state. In sev-
eral experiments, such as the inelastic scattering of neutrons [22],
protons [23], deuterons [24]), and « particles [25], the scattering
data have been explained by considering 28Si as a prolate shaped
nucleus. On the other hand, electromagnetic probes-electron scat-
tering [26] and Coulomb excitation [27]-show it to be an oblate
nucleus. There are also studies using the aforementioned men-
tioned inelastic scattering measurements which favor an oblate
shape of 28Si [28-30]. On the theoretical front as well, differ-
ent theories predict conflicting quadrupole shapes, varying from
oblate to prolate, with generally no predictions about the hexade-
capole deformation [15,18,19]. Given this situation, it is crucially
important to unambiguously determine whether 28Si is oblate- or
prolate-shaped in its ground state. In addition, its 84 value deter-
mined so far also varies over a quite large range.

During the heavy-ion fusion, the coupling of internal degrees
of freedom of the fusing nuclei, such as vibrational (spherical),
rotational (deformed), and particle transfer, gives an opportunity
to gain insight about the nuclear structure [31,32] from the mea-
sured Fusion Barrier Distributions (FBDs). The backward-angle QEL
scattering provides an alternate route to get a good representation
of FBD with some additional advantages [33]. Following the above
idea, the sensitivity of the Quasi-elastic (QEL) scattering measure-
ments to the ground state deformations including the higher order
hexadecapole was demonstrated earlier in the heavy mass region
(rare earths) [34]. Recently, it has been extended to the lighter
mass region (sd shell region) [7]. A very precise value of hex-
adecapole deformation was obtained for 24Mg which is a well
established prolate-shaped nucleus [7]. It was pointed out that
backward-angle QEL scattering could be used for unstable exotic
nuclei.

Incidentally, most deformed nuclei happen to be prolate and
only a few nuclei in the entire chart of stable nuclei are oblate
in their ground states. The origin of the dominance of prolate over
oblate shape is not fully understood, however. Therefore, before ex-
tending the QEL probe to short-lived exotic nuclei, we believe it is
absolutely necessary to demonstrate that this probe is highly sen-
sitive to the sign of quadrupole deformation (prolate versus oblate)
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Fig. 2. Quasi-elastic excitation function (panel (a)) and extracted barrier distribu-
tion (panel (b)) at four backward angles for 28Si + 90Zr reaction. The dash-dotted
and solid lines represent CCFULL calculations without including any coupling (un-
coupled) and with including vibrational couplings of *°Zr (2%, 37), respectively.

in the lighter mass region where channel couplings are relatively
weak. With this primary objective, we have measured backward
angle QEL scattering of 28Si off a %0Zr target. In the present Letter,
results obtained on ground state 8, and B4 values for 28Si nucleus
are presented. The present work unambiguously shows that 28Si is
an oblate nucleus in its ground state, with precise values of 8, and
B4 obtained by performing Bayesian analysis in a large parameter
space (from oblate to prolate). Thus, the present results affirm the
suitability of backward angle QEL scattering as a potential probe
for shorter-lived exotic nuclei using low intensity RIBs.

Quasi-elastic measurements were carried out using 28Si DC
beam from BARC-TIFR 14 MV Pelletron accelerator facility. Highly
enriched (>95%) %°Zr (150 pg/cm?) deposited in oxide form on 12C
(40 pg/cm?) was used as the target. It was prepared by the Cen-
ter for Accelerator Target Science (CATS) at the Argonne National
Laboratory. Quasi-elastic events were detected using thin Silicon
Surface Barrier (SSB) detectors. Two SSB detectors (each of 15 pm)
were placed at 170.0° on either side of the beam direction. One
each SSB detector was placed at 140.0°(25 pm), 149.9° (25 pm),
and 159.8°(15 pm) with respect to the beam direction. The angu-
lar opening of each detector was restricted to close to +1°. Two
more SSB detectors (1 mm), were mounted at 20.0° in the reac-
tion plane on either side of the beam direction for the purpose
of Rutherford normalization. Each of these monitor detectors had
a collimator of 1 mm diameter. Rutherford scattering peak of %0Zr
was well separated from that of the '2C (backing) and 60 (target
is Zr0O;) at forward angles (420°).

Beam energies were used in the range of 70 to 102 MeV in
steps of 2-MeV. At every change of beam-energy, the transmis-
sion of the beam was maximized through a collimator of 5 mm
diameter, enabling a halo-free beam. The solid-angle ratios of mon-
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itor to back-angle thin detectors were experimentally determined
from Rutherford scattering of 28Si projectile off 197 Au (150 pg/cm?)
target at 70 and 72 MeV beam energies. The quasi-elastic events
consist of elastic and inelastic scattering from projectile and/or
target excitations and to some extent from transfer events. The
QEL events stopped within the thin SSB detectors placed at the
backward angles. Owing to high negative Q -values in 28Si+%0Zr re-
action, the contribute from transfer channels in QEL events must
be very negligible. In any case, all the QEL events dominantly
comprise Projectile Like Fragments (PLFs), stopped within the thin
SSBs, were clearly separated from evaporated Light Charged Par-
ticles (LCPs) from pulse height analysis. Typical energy spectra of
backward angle scatterings are shown in the Fig. 1 at laboratory
angles of 149.9°, 159.8°, and 170.0° for five typical beam energies.
In each panel of the Fig. 1, the filled curves beyond 15 MeV scat-
tered energy, represent the QEL events. The events below 10 MeV
are mostly due to the evaporated LCPs. The two-body kinemat-
ics did not allow to have any contribution to the QEL events from
12¢ and 160, present in the target. Among quasi-elastic events, the
elastic events were dominant. All the SSB detectors were energy
calibrated using elastic peaks of different beam energies. Succes-
sive changes in the kinetic energies of elastic events with varying
beam energy, as seen in the Fig. 1 are observed to be in agreement
with two-body kinematics at all the angles in going from 140° to
170°, which further benchmarked the identification of quasi-elastic
events. The beam energies were corrected for energy loss in the
half-thickness of the target.

Differential cross section for quasi-elastic events at each beam
energy was normalized with Rutherford scattering cross section.
The center-of-mass energy (E.m.) was corrected for centrifugal ef-
fects at each angle as follows [33,35,36]:

Eeff = 2Eem (1)
(1 + cosec(Bc.m./2))

where 6. . is the center-of-mass angle. The quasi-elastic excitation
function for the 28Si + 90Zr reaction is shown in the Fig. 2(a) at the
four backward angles. It is seen that the quasi-elastic excitation
functions at multiple laboratory angles join quite smoothly. Quasi-
elastic barrier distribution Dgel (Eefr) from quasi-elastic excitation
function was determined using the relation [33,35]:

do,
_%< d qel)’ 2)
eff OR

where doge and dog are the differential cross sections for the
quasi-elastic and Rutherford scatterings, respectively. A point dif-
ference formula is used to evaluate the barrier distribution, with
the energy step of 2 MeV in the laboratory frame of reference.
Similar to the excitation functions, the barrier distributions deter-
mined from excitation functions at multiple laboratory angles joins
quite smoothly as shown in the Fig. 2(b). The smooth joining of
the data in excitation function as well as the derived barrier dis-
tribution, ensures correct identification of the quasi-elastic events.
It is to be noted that unlike that in '®0 and 2*Mg [7], a prominent
“shoulder” is observed in the higher energy region of the barrier
distribution (see Fig. 2(b)) in case of 28Si scattering off the same
target, 20Zr. The origin of this “shoulder” is discussed later in the
text.

Coupled channels (CC) calculations were carried out using a
modified version of CCFULL code [37] for quasi-elastic scattering
(see Ref. [7] for details). The CC calculations were carried out at
first without including any channel coupling. These uncoupled CC
calculations are represented by the dash-dotted lines in Figs. 2(a)
and (b). It is clearly seen that uncoupled calculations cannot re-
produce the experimental data. The CC calculations were then
extended to include the vibrational couplings of the target, 2O7Zr,

qul(Eeff) =
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Fig. 3. A x? distribution in the two dimensional space of 84 and B, of 28Si, deter-
mined by comparing experimental QEL excitation function with CC calculations (see
text).
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Fig. 4. Schematic shapes: top row for prolate (8,>0) and bottom row for oblate
(B2<0) quadrupole deformation with positive and negative values of hexadecapole
deformation (B4).

while the projectile nucleus, 28Si was assumed to be inert. The vi-
brational quadrupole (21) state at 2.19 MeV and the octupole (37)
state at 2.75 MeV of %9Zr, were taken into account. The coupling
strengths, 3 and By for the above 2+ and 3~ states of %0Zr
were used as 0.089 and 0.211, respectively, as determined earlier
[7]. It is clearly seen that the CC calculation only with the vibra-
tional couplings of %°Zr deviates significantly from experimental
data, pointing to the need to include other degrees of freedom of
either projectile or the target within the CCFULL framework.

285 shows a rotational band built on the ground state [38] with
a non-zero quadrupole moment, Q (2%) [39]. These features sug-
gest the importance of including the rotational couplings of 28Si
within the CC calculations in order to reproduce the quasi-elastic
excitation function and the barrier distribution for 28Si + 90Zr re-
action. Along with quadrupole deformation, the hexadecapole de-
formation in the ground state of 28Si was also included in the CC
calculations. Rigid rotor model was used for this purpose. In order
to reproduce the experimental data and determine precise values
of B> and B4, the CC calculations were carried out in a large pa-
rameter space of quadrupole and hexadecapole deformations. The
parameters B, and B4 were varied in the range of —0.5 (oblate)
to +0.5 (prolate) and —0.4 to +0.4, respectively with a step size
of 0.01 for both. Coulomb and nuclear parts for both quadrupole
and hexadecapole deformations were kept at same values. The first
three rotational states of 28Si, namely, 0", 2+, and 4%, were in-
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Fig. 5. Two-dimensional probability distributions of 8 and B4 for 23Si, resulting
from the MCMC simulation [7] from the experimental data (see text). Plus- and
minus-uncertainties are shown.

cluded in the CCFULL calculations; the coupling to the 67 state is
found to give a negligible contribution. Large number of CC cal-
culations were performed using the “ANUPAM” supercomputer of
Bhabha Atomic Research Centre.

The prominent “shoulder” as shown in the Fig. 2(b) originates
primarily from vibrational couplings in °°Zr. The couplings be-
comes stronger with increasing charge product of the projectile
and the target nuclei. In case of 160, the coupling is not strong
enough, and the shoulder originating only from the %0Zr excita-
tions is not resolved in the barrier distribution. On the other hand,
for 24Mg, one can see a less pronounced “shoulder” at around 67
MeV of Eef in the Fig. 3 of the Ref. [7]. In addition to the vi-
brational couplings of 2°Zr, the asymmetric barrier distribution is
obtained due to the reorientation term for the rotational couplings
in the projectile, viz. the coupling from the first 2F state to the
same 21 state of the deformed projectile. The effect of the reori-
entation term on the shape of the barrier distribution depends on
various factors such as the excitation energy of the 2% state, the
charge product of the projectile and target nuclei, and relative sign
of B, and B4 as discussed in detail in Ref. [40].

Further, a x? was calculated between the experimental QEL
scattering excitation function and CC calculations including vibra-
tional couplings of %°Zr and rotational couplings of 28Si for each
combination of 8, and B4 using following equation;

N Yi . i 2
[ f(/zz Ba)] 3)

X (B2 Ba) =

i=1 9
where Y; represents the experimental value of the excitation func-
tion at the i" energy point, o; is the uncertainty in the data, and
f (B2, Ba) represents corresponding CCFULL calculation for a par-
ticular combination of 8, and B4. In Eq. (3), the summation runs
over all the data points (N) in the effective energy (Eqf) range
of 64 to 75 MeV. The x2-distribution thus obtained in the two-
dimensional space of 84 and B, is shown in Fig. 3. It shows two
minima, one corresponding to oblate (left contour) and the other
to prolate shape (right contour). The x2-value corresponding to
the oblate shape is approximately four times smaller than that
for prolate shape as can be seen from the Fig. 3. Thus, the x2
distribution reveals an oblate ground state shape of 28Si with a
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Table 1

Quadrupole and hexadecapole deformation of 28Si using different
experimental probes. Results of theoretical calculations based on
Skyrme-Hartree-Fock (SHF) methods [41] are also shown.

Experiment B Ba

Present work —0.38+0.01 +0.03+0.01
(CE") [27] —0.39

(e, e ) [26] —0.39 +0.10

(n, n' ) [28] —0.39

(n, n" ) [42] —0.48 0.15

(n, 0 ) [42] —0.42 +0.02 +0.20 + 0.05
(n, n" ) [22] +0.41

(p, p’ ) [29] —0.34 +0.25

(p, p’ ) [43] —0.55 +0.33

(p, 0’ ) [23] +0.41

(d, d" ) [24] +0.45

(cr, @’ ) [25] +0.36

(o, @' ) [30] —0.32 £+ .01 +0.08+0.01
(180, 160" ) [44] —0.34

Theory

SHF-SV-min [45] —-0.327 +0.035
SHF-SV-bas [46] —0.334 +0.041
SHF-SLy4 [47] —0.333 +0.047

1 Coulomb Excitation.

certain non-zero value of the hexadecapole deformation. In order
to visualize oblate and prolate shapes with positive and negative
hexadecapole deformations, schematic shapes were generated, as
shown in Fig. 4, using the following expression [8] for nuclear ra-
dius in a “PYTHON" script;

R, @) = Ro |1+ B30, ) + VS0, 9)). (4)

where, YS and Yg are the spherical harmonics for L=2 and 4, re-
spectively. The radius parameter R, is varied in such a way that
the volumes of the prolate and oblate shapes remain the same as
that of the spherical nucleus. One can notice from Fig. (4), a dra-
matic change in the shape of a nucleus with changing signs of 3,
and B4.

In order to obtain the quantitative values of B, and B4 for
285j and their associated uncertainties from present data of quasi-
elastic excitation function, a Bayesian analysis with a Markov-Chain
Monte Carlo (MCMC) framework was carried out in the parameter
range of —0.5 to 0 and —0.4 to +0.4 for B, and B4, respectively,
which correspond to the global minimum. The aforementioned
%2 distribution simultaneously constrains the likelihood function,
which is defined as [7].

P(YIB2. B) = exp (—x%/2). (5)

The likelihood function is a conditional probability density of a
dataset, Y, given some values for the model parameters S, B4. In
turn, the inverse conditional probability, P(ﬂz,ﬂ4|17) yields infor-
mation on the distribution of 8 and B4 given a set of data. The
connection between these two probability distributions is encap-
sulated within Bayes’ Theorem:

P(Y|Ba, Ba) P (B2, a)
P(Y)

P(B2, BalY) = (6)

where, P(S?) and P(B;, Ba) are, respectively, the so-called prior
distributions of Y and (B2, 84) which were merely taken to be
uniform distributions over the parameter space (see Ref. [7] for
further details).

Probability distributions obtained from the Bayesian analy-
sis corresponding to the global minimum (oblate) in the x2-
distribution are shown in Fig. 5. The 8, and B4 are moderately
correlated with a correlation of ~ +0.138, which is evidenced
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Fig. 6. Quasi-elastic excitation function (panel (a)) and derived barrier distribution
(panel (b)) for 28Si + 99Zr reaction. The dash-dotted (blue) and solid lines (red) show
CC calculations for the two parameter sets, corresponding to prolate and oblate
shapes, respectively. Vibrational couplings of %°Zr (2, 37) were included (see text).

graphically within the two-dimensional probability distribution
shown in Fig. 5. Examination of the projections of the probabil-
ity density onto the parameter axes yields extracted values of
B2 = —0.38 £ 0.01 and B4 = +0.03 £ 0.01, with approximately
symmetric distributions centered at the medians. The Bayesian
analysis is repeated in the parameter space, S;= 0 to +0.5 and
Ba=-0.4 to +0.4 which correspond to the shallow minimum in
the prolate region of the x2-distribution (see Fig. 3); it yields
B2 =+0.43 £0.01 and B4 =—0.11+0.01.

Experimental data for quasi-elastic excitation function and de-
rived barrier distribution are compared with CC calculations using
the B, and B4 parameters of 28Si, determined using the Bayesian
analysis corresponding to oblate as well as prolate regions and the
results are presented in Fig. 6. The quasi-elastic excitation function
(Fig. 6 (a)) does not show a huge difference between the prolate
and oblate shapes. However, the derived barrier distribution, which
provides a finger-print of the structure of fusing partners, exhibits
an enlarged sensitivity with the two parameter sets, as depicted in
the Fig. 6(b). One can see that the agreement between CC calcu-
lations with the oblate shape of 28Si and the experimental data
is excellent, whereas the calculations corresponding to the pro-
late shape deviate from the data quite significantly. Thus, Bayesian
analysis carried out in the present work for QEL scattering data
shows that 23Si is uniquely an oblate shaped in its ground state
having 8, = —0.38 £ 0.01. Moreover, it also yields a precise value
of hexadecapole deformation, 84 = +0.03 +0.01.

The B, and p4 values of 28Si have been reported in literature
from the measurements of inelastic scattering off electron, proton,
neutron, deuteron, &, 160, and Coulomb excitation (CE). These val-
ues are listed in the Table 1. One can see that previously reported
ground state 8, values of 28Si vary in a quite wide range alongwith
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its sign from prolate (+ve) to oblate (-ve). However, the electro-
magnetic probes, Coulomb excitation and electron scattering have
been the primary tools to estimate the nuclear size and shapes.
The B, value and its sign for 28Si determined in present work show
excellent agreement with those determined using electromagnetic
probes (see Table 1). Apparently, Coulomb excitation and electron
scattering do not show a good sensitivity to hexadecapole defor-
mation. The B4 of 28Si reported earlier varies quite significantly
from +0.08 to +0.33. It is the first time that 84 of 28Si has been de-
termined precisely to be +0.03£0.01 along with a precise 8, value
and its sign having good overlap with those determined using elec-
tromagnetic probes (see Table 1).

Table 1 also shows the calculation results of the Axial Hartree-
Fock + BCS code SkyAx for three different parameter sets, SLy4
[47], SV-min [45], and SV-bas [46]. The deformation parameters
B2 and B4 are evaluated with the calculated Q» and Q4 moments
by taking into account the non-linear terms of the deformation
parameters. Even though the absolute values of 8, are somewhat
smaller than the value obtained in this analysis, it is remarkable
that the sign and the value of B4 are consistent with the present
results.

In summary, quasi-elastic measurements have been carried out
in the 28Si+%0Zr reaction at multiple laboratory angles. Quasi-
elastic excitation functions and barrier distributions derived there-
from have been compared with the Coupled Channels (CC) cal-
culations using CCFULL code. Considering 28Si as an inert nu-
cleus, and taking into account only vibrational couplings of 0Zr,
the calculations deviate significantly from the experimental data.
In further CC calculations including rotational couplings of 28Si,
the quadrupole deformation was varied in a large parameter
range from oblate to prolate (8, from —0.5 to +0.5). Along with
quadrupole, the hexadecapole deformation was varied in a wide
range (B4 from —0.4 to +0.4). A Bayesian analysis was carried
out to determine the best choice of ground state B, and B4
values for 28Si. Following all these analyses, 28Si is determined
to be an oblate-shaped nucleus with rather precise values of
B2 = —0.38 £ 0.01 and B4 = +0.03 &+ 0.01, respectively. The B,
value for 28Si, and its sign, obtained in the present work is in
excellent agreement with the previously reported values from elec-
tromagnetic probes-electron-scattering and Coulomb excitation.
Unambiguous determination of the sign and precise values for the
quadrupole and hexadecapole deformations for this sd-shell nu-
cleus, has been achieved for the first time using QEL scattering.
The sign and value of the experimental 84 show a remarkable
agreement with those calculated using the Skyrme-Hartree-Fock
methods. Thus, the present results affirm quasi-elastic scattering
as a potential route to investigate the ground state structure of
exotic nuclei using RIBs where beam intensity is of primary con-
cern. We point out here that among all the probes to determine
the ground state deformation of a short lived exotic nucleus, quasi-
elastic scattering and Coulomb excitations are the ones where the
exotic nuclei can be used in the form of a beam bombarding an
appropriate stable target. However, the ease of performing “sin-
gles” measurements in quasi-elastic scattering, makes it somewhat
superior to the Coulomb excitation.
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