T Available online at www.sciencedirect.com

et ScienceDirect NUCLEAR[Z]
PHYSICS

ELSEVIER Nuclear Physics B 937 (2018) 394-421 e —
www.elsevier.com/locate/nuclphysb

LSZ-reduction, resonances and non-diagonal
propagators: Fermions and scalars

Adrian Lewandowski

Max-Planck-Institut fiir Gravitationsphysik (Albert-Einstein-Institut), Am Miihlenberg 1, D-14476 Potsdam, Germany

Received 10 October 2018; accepted 26 October 2018
Available online 30 October 2018
Editor: Tommy Ohlsson

Abstract

We analyze in details the effects associated with mixing of fermionic fields. In a system with an arbitrary
number of Majorana or Dirac particles, a simple proof of factorizability of residues of non-diagonal prop-
agators at the complex poles is given, together with a prescription for finding the “square-rooted” residues
to all orders of perturbation theory, in an arbitrary renormalization scheme. Corresponding prescription for
the scalar case is provided as well.
© 2018 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

In all realistic models of particle physics, one has to do with mixing of fields. For example,
in the Standard Model (SM), non-scalar fields are mixed (photon-ZO mixing and Cabibbo-
Kobayashi—-Maskawa mixing), see e.g. [1]. Similarly, mixing of scalars is a common feature
of models with the extended Higgs sector.

While the mixing can be easily removed at the tree level by a rotation in the space of fields,
it reappears at higher orders. The proper way of extracting S-matrix elements is then provided
by the Lehmann—Symanzik—Zimmermann (LSZ) asymptotic approach (see e.g. [2,3]) which ba-
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sically consist of analyzing the pole structure of the relevant two-point functions of the fields
which mix. In this way one can reconstruct the Fock space of the true asymptotic states, as well
as identify unstable particles (resonances).

In the case of mixed Hermitian scalar fields ¢i , the matrix of the two-point Green’s functions
(full propagators) can, in general, be represented in the following way

. a4 ) i ) )
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The factorization of the residues at the (complex) poles in Eq. (1) is a well-known property [4].”
For the mixed Z-photon system of the Standard Model, the analogous factorization was explicitly
demonstrated in [5], while for fermionic systems it was shown in [6,7] (see also [8,9]).3

The coefficients {é‘[e] associated with real poles m%(@) are crucial for obtaining correctly nor-
malized (i.e. consistent with unitarity) transition amplitudes between the states of stable particles.
On account of Cutkosky—Veltman rules, it is well-known [12] that the S-matrix is unitary pro-
vided that (1.) unstable particles appear only as internal lines, and (2.) asymptotic (free) fields
appearing in the LSZ-reduced formula for the S-operator (see e.g. [13] and Eq. (37) below) are
normalized so as to reproduce the behavior of full propagators about the poles associated with sta-
ble particles. Thus, the asymptotic field @/ associated with ¢/ can be written as ¢/ = > 2; s][ 0 ot

where ®¢ is a canonically normalized free scalar field of mass mg), and the summation runs
over indices labeling real poles.

For resonances the external lines, aka the “in” and “out” states, do not really exist. Nonethe-
less, coefficients {é‘m associated with the complex poles are useful in studying properties of
unstable particles [4—7]. In this connection, the problem of finding a convenient prescription
for coefficients {fm parameterizing the residues in Eq. (1) have gained renewed interest in re-
cent years. In Ref. [14] the case of 3-by-3 mixing of scalar particles was analyzed in details.
The factorization property (1) was demonstrated and explicit formulae for the coefficients ¢ §[ n
were given. These results were applied to the neutral Higgs sector of MSSM; it was shown that
cross-sections obtained by neglecting the non-pole part in Eq. (1) agree to good accuracy with
the cross-sections based on full propagators. Analysis of a generic n-by-n mixing in fermionic
systems was given in [15-17].

The purpose of this paper is to generalize and to simplify the available in the literature pro-
cedure of calculating coefficients ¢ for fermions and scalars. Our analysis is closest in spirit to
the one given in [15-17]; there are, however, some differences. First, we follow the philosophy
of keeping the renormalization scheme as general as possible. In particular, we do not impose
any concrete renormalization conditions on the two-point functions. Second, we offer a technical
improvement in comparison with the analyzes of [4,15—17], where the cofactor matrix was used
to get the formulae for ¢. By contrast, the coefficients ¢ in our approach are expressed directly in
terms of properly normalized eigenvectors of certain “mass-squared matrices”, so that the case

2 It is worth noticing that the factorization of residues at real poles follows also from formal manipulations [2,3] that
is, from inserting the complete set of asymptotic states between the field operators in the left hand side of (1). The ¢ IS‘[ Il
factors are then simply equal (0|¢k (0)|p, £), where |0) is the true vacuum of the theory and |p, £) are the states of a single
spin O particles labeled by £.

3 We also mention in this context Ref. [10] where the possibility of imposing on-shell renormalization conditions in
systems with mixed scalar, vector and fermionic fields was studied. For mixed fermions this possibility was re-examined
in [11] with the aid of special parametrization of the propagator.
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of degenerated eigenvalues is naturally covered by our prescription. Thus, the proposed prescrip-
tion for finding ¢ can be considered as a generalization of the standard procedure for finding
tree-level mass eigenstates. The analysis of mixed vector fields along these lines will be given
elsewhere [18].

The formulae presented below are valid in the generic case of mixed unstable Majorana or/and
Dirac fermions (a scalar version is also given). For completeness, the expression for the Landau-
gauge one-loop fermionic self-energy of a general renormalizable model in the MS scheme is
provided below. The paper is therefore intended to cultivate a long tradition by providing generic
formulae that can be easily applied to (almost) any model at hand, especially in the present com-
puter era, see e.g. [19-26].

The remainder is organized as follows. In the next section the notation is specified, together
with basic assumptions. In Sec. 3 the prescription for ¢ matrices is given for massive Majorana
particles (3.A), massive Dirac particles (3.B), generic spin-1/2 fermions (3.C) and scalars (3.D),
together with the generic expression for fermionic one-loop self-energy (3.E). The correctness
of the prescription is proved in Sec. 4 and the last section is reserved for conclusions.

2. Notation and assumptions

In most formulae given below indices are suppressed and matrix multiplication is understood.
The summation convention is used only when an upper index is contracted with a lower one;
whenever ambiguities may arise, sums are explicitly present. The Minkowski metric has the
form

Recall that a Majorana field [31] vais a pair of a Weyl field x4, below referred to as the
left-chiral Weyl field (LW), and its Weyl conjugate %4, alias the right-chiral Weyl field (RW)

~ Xf\
= i, 3
[7‘“‘} )

here a = 1,...,n is a generalized-flavor index, A and A are SL(2,C) indices, while a =
(a, (A, A)).

Take, for instance, (a toy version of) the Standard Model [1] in which all Weyl fields except
for these that describe the electron—positron pair of states have been forgotten. Let 14 be a LW
representing the charged component of the lepton (would-be) SU (2)-doublet and let p4 be a
LW of the charged lepton SU(2)-singlet. In this case n = 2 and the fields with the definite
generalized-flavor (henceforth called flavor) can be chosen as

x'=x, x> =p. )
though nothing (but common sense) prevents a more general choice
x=u A +u%p, 5)

with an arbitrary unitary matrix », which off-diagonalizes the charge generator.
With chiral projections Pr g

PLWZI:())(:|, PRw:[%],
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and the charge conjugation matrix C that expresses the Dirac conjugate of ¥ in terms of i itself
v=vy'C,

the renormalized (in some renormalization scheme) one-particle-irreducible (1PI) two-point
function of Majorana fields can be written in the following form

F(—p.p) = [C| (P2(0D = A P+ (pZr(P®) — AR Pr }L (©)
where

21 R(PH =1+ 0O(h). 7)

Clearly, matrices Pg ;, C and p carry only the SL(2, C) indices, while Z1.r and A, g carry
only the flavor indices; the tensor products ® are not explicitly shown in Eq. (6). (27 r and
M1 g are, essentially, the 1PI functions of different pairs of Weyl fields; Majorana fields are
used here and below only for bookkeeping reasons.)

The full propagator of Majorana fields is given by

s ~ ab . ab

G (p,—p)=i[Fp. ' =i[Zrc!]". ®)
Inverting the two-point function in Eq. (6) one finds

D7 (p) = PLIL(p) + PR IR (D), ©)

where (s = p?)
~ -1
I =[s1-Mi)| 2™ [p+ Ar Zr)7].

~ -1
Ir(p)=[s1 - M) Zr@ [ p+ M) 27, (10)
and

M3 (s) = 27.(5) ' v (s) Zr(s)™" ML),
M%(s) = Zr(s) ™" M1 (s) Z0(5)"" MR (s) . (11)

The antisymmetry of the fermionic two-point function, Eq. (6), yields

Mx(s) = Mx ()T, X =L,R,

Zr(s)=21()", (12)
and thus

Mz ()" = Z(s) M (s) ZL() ™", (13)
what gives

2 (s) = det(sT — M2 (s)) = det(sT — M%(s)), (14)

hence the poles of both chiral parts .@L, r of propagator in Eq. (9) appear at the same points
s = m%a), obeying the condition

X (miy)) =0. (15)
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In this paper three technical assumptions are made about the solutions to Eq. (15) and the
matrices M% (m%a)). First, it is assumed that each generalized eigenvector (see e.g. [27]) of

M% (m%a)) associated with the eigenvalue m% 2 is an (ordinary) eigenvector; in other words, it is

assumed that in the Jordan basis for M% (m(za)) the block corresponding to m%a) is diagonal. This
excludes standard pathologies associated with non-diagonalizable matrices (e.g. second order
poles of gauge-field propagators in covariant non-Feynman gauges caused by pseudoHermiticity
of the Hamiltonian [30]).

Second, it is assumed that each nonzero solution m%a) is nonzero at the tree level, as is usually
the case in the common seesaw models.

Third, it is assumed that, roughly speaking, the quantum corrections do not change the total
number of solutions to Eq. (15). More specifically, suppose that the a label distinguishes different
solutions m%a). Let &q,1, &[ar]» - - - » be a basis of the eigenspace of M7 (m%a)) associated with the
eigenvalue m%a). It is assumed that each element in the sequence

ints -5 8201 -
has the form &[] = 5[(21,] + O(h), where vectors

0 0
Sy 8y e

are of zeroth order in /i and form a basis of C”, with n denoting the total number of LWs.*
The pole masses m%a) are formal power series in /. Thus, if all of the tree-level masses of

fermions are different, then M% (s) is diagonalizable as a formal power series

M2 (s) = W(s) ™" diag(di(5), .., du(s)) W(s),

and

n

I (s) = 1_[ (s —dp(s)> .
p=1

If dy(s) = (m)? + O(h), then Eq. (15) reads

2 2
du(m(a)) =My

and has a unique solution m% 0 = (m?a"’)e)2 + O(h). In particular, the first and the third assumption
are satisfied in this case. In general, assuming non-degeneracy of the tree-level masses is however
not an option as physics is about symmetries. Therefore it is convenient (and desirable from
practical point of view) to distinguish two special situations called below the Majorana case and
the Dirac case.

Let ¢ be the group of exact, linearly realized, internal global symmetries of the tree-level
action that are respected by the renormalization conditions and let Z/(-) be the representation
of ¢ on the left-chiral flavor eigenfields x“. The two-point function (6) obeys the following
conditions

4 The reader should be warned that the a label on pole masses is the same as the index on flavor eigenfields x¢, even
though x“ are not assumed to be the eigenstates of the tree-level (nor the pole) masses. This little abuse of notation will
not lead to any misunderstandings.
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ML) =UQ) ML(HUQG)

Mr(s) =UQ) Mr(s)UG)",

210 =UE) 2L U).

2R =UQY ZrOUG* ., Vg (16)

Consider first a toy model in which fermions form three families, each one consisting of
gluinos of the Minimal Supersymmetric Standard Model [31]. In this case the flavor index is a
pair of an adjoint color index and a family index, and the most general matrices 27, g and .#1, r
consistent with the SU (3) ¢ symmetry have the form

M R(5) = Liwk @ MER(s),

21.R(5) = Lk ® 2R (s) (17)
and thus
M2 (5) = Lgx ® M2M(s) (18)

where 1, (With k = 8) is the identity matrix in the adjoint color space, while .# {a% and &, Lfar;;
are 3 x 3 matrices in the family space. In particular, Mi (m%a)) are diagonalizable if e.g. the

tree-level contribution to M%fam(O) has non-degenerate eigenvalues. A situation in which the
two-point functions have the form (17) with an arbitrary number f of “families”, an arbitrary
k, and with f different and nonvanishing eigenvalues of the tree-level contribution to Mifam(O)
is called below the Majorana case; the total number of flavors equals n = f x k. As far as the
propagator and mixing are concerned, one can in this case restrict attention to a single color.” It
is worth emphasizing that the Majorana case (as well as the Dirac case below) is defined here

by demanding mtﬁf’)e # 0 for all a, in order to make the corresponding prescription in Sec. 3.A

(respectively, 3.B) as simple and practical as possible.’ Vanishing masses require a separate
treatment and they are dealt with in Sec. 3.C devoted to the generic case.

Consider next a more interesting example of three families of down-type quarks in the SM
(clearly, the SU(3)c x U(1)p symmetry of the SM prohibits down-type quarks from mixing
with other SM fermions). Without loss of generality, it can be assumed that the flavor eigenfields
x“ have been chosen so that the anti-Hermitian generator of U (1) is diagonal

ie
— 5 13x3 0
=1 3 .
fQ €x€®|: 0 l3€13x3} ’

UG2) =exp(t o),

where 1,5, (with £ = 3) is the identity matrix in the color space. The most general matrices
Z1 r and .#1 g consistent with Egs. (12) and the SU(3)¢ x U (1) symmetry read

Fi(s)7! 0 :|

ogfL(S):gR(s)Tz]l(xK@[ 0 f,(s)_l

5 A more physical representative of the Majorana case is the type I seesaw mechanism with k =1 and f =343
neutrinos.

6 In light of neutrino oscillations, theories with massless spin-1/2 fermions are no longer so appealing. In fact even in
the pure SM, symmetries exclude not only neutrino masses but also any mixing between, say, the muon—neutrino and
other fermions, and thus allow to restrict the attention to the block of massive fermions.
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’%X (S) x4t ® [H«X (S)T O ’ ’ ’ ( 9)

where g and Z4(s) are arbitrary 3 x 3 matrices and, in addition, .#4(s) are nonsingular.
Thus

M2 (s) 0

M3 (5) = Lex ®[ o e (S)}, (20)
with

ME () = F4 ($)ur(©) I () e (s)"

M2 (s) = I (s)r ()T I4 () L (s). 2D
Using the relation (valid if, e.g. tree-level masses are non-vanishing, so that y¢ (s) is nonsingular)

M2 ()" = pur ()" M2.(s) {er ()7}, (22)
one gets

24 (s) =det(s1 — M2 (5)) = det(s1 — M2 (5)), (23)
hence the determinant in Eq. (14) reads

X ()= 2 (). (24)

It follows from Eq. (23) that complex poles corresponding to the left-chiral flavor eigenfields
with opposite charges are located at the same points s = m%a . A situation in which the two-point
functions have the form (19) with an arbitrary number f of families, an arbitrary ¢, and with f
different and nonvanishing eigenvalues of the tree-level contribution to Mi(O) is called below
the Dirac case (the total number of flavors equals n =2 x f x £). Once again, as far as the
propagator and mixing are concerned, one can in this case restrict attention to a single color, i.e.
one can effectively neglect color factors 1,4 in Egs. (19)—(20).

A simple prescription for the pole part of the propagator (9) is given in the next section for
these two special cases. A generalization to arbitrary M% (m%a)) matrices consistent with three
assumptions stated above is provided as well.

It should be noted, however, that infrared problems (see e.g. [28]) are not discussed in this
paper. In other words, it is assumed that an IR regulator was introduced (if necessary) so that the
propagators do have simple poles at the points obeying Eq. (15).

3. Prescription

3.A. Majorana case. Consider first the Majorana case, Egs. (17). In order not to obscure the
notation it is assumed that k = 1 and ™™ superscripts are omitted; thus the total number of LWs
is n = f. On the assumptions stated in Sec. 2, it is clear that Eq. (15) has, in the sense of formal
power series, n different and non-vanishing solutions

m) = mt(rae)e + O(h), (25)
such that Re(m ) > 0. Define

m:diag(m(l),... ,m(n)). (26)
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It will be shown (in Sec. 4) that the 7% '7(p) matrix in the full propagator of two Majorana fields,
Eq. (8), has the following simple form

PF(p) = [p* —m*) "' [p+m1C T + [non-pole part], @7
where
£ =¢L P+ Cr PR,
¢ =¢, P+ g Pr, (28)

matrices {7, g (as well as m) carry only flavor indices, while columns of ¢;, and {r are given,
respectively, by vectors £1[4] and {g[4] in the flavor space

{x = |:|:§X[1]:| |:§X[n]:|:| , X=L,R,

obtained in the following way. Let &[] be an eigenvector of M% (m%a)), Eq. (11), corresponding
to the eigenvalue m%a)

M (m(,)) Ela) = My Ea) - (29)
and obeying the following normalization condition

Ela) LMy Ela) =Ma) - (30)
then

¢Lia) =N (@) Epay @31)
with a normalizing factor

Na@y={1- L em a2 M2 2 e 32

(a) = - %S[a] L(m(a)) L (m(a))é[a] s (32)
where Mi’(s) = dM% (s)/ds, and
_ 1 , 2 —1% 2
{Rla) = " R(m{y) L(my)) SLia] - (33)
a

(Note that, on the assumptions stated above, Eqs. (29)—(30), determine &[4} uniquely up to a sign;
one could worry that the condition (30) cannot be imposed since e.g. [1, i][1, i]" =0, however
such a pathology is impossible at the tree-level, and thus it is impossible for formal power series.)

Moreover it will be shown that, if Feynman integrals contributing to 27, g( p?) and ., L.R( %)
do not acquire imaginary parts in a left neighborhood %, C R of p* = (m'°¢)?

(@)
?/az{pzeRl (mt(ze)e)z—8<p2§(mt(f)e)2}, e>0,
so that the following reality conditions are satisfied
ZR()=21(8), MR(s)=M(5)", Ve, (34)

then all terms of a formal power series m 4, Eq. (25), are real, and conditions (29)—(33) imply
that g4 is the complex conjugation of &y [4].
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If, in particular, conditions (34) are satisfied for all a = 1, ..., n, then matrices appearing in
Eq. (28) obey ¢g = ¢1* and Eq. (27) has a simple interpretation: the Majorana field v in, e.g.,
the MS scheme of dimensional regularization can be expressed in terms of its on-shell scheme
counterpart {os (see e.g. [10]) as follows

¥ = Yos. (35)

What if only some of the particles are stable? If Im(m ,)) = 0, then one can introduce a free
(interaction picture) Majorana field Was of mass mqg) with canonically normalized propagator
and define (recall that b is the “total” index, cf. Eq. (3))

rNed = Z [E ]bas W, (36)

where the summation runs over all “stable indices”. Clearly, W4 is a free quantum field and
Eq. (27) implies that the chronological propagator of W4 reproduces the behavior of propagator
in Eq. (8) about all poles located on the real axis. Thus, Wyeq is the field that appears in the
LSZ-reduced formula for the S-operator describing the transitions between stable states [13]

S =:exp(X): exp(i W[J]) , 37

J=0

with

Y= / d*x 0 (x) / d*y i, y) ——— i (y) (38)

where I'jz(x, y) is the Fourier transform of (6), normal ordering in Eq. (37) refers to free quantum
fields Wyeq, while the connected generating functional W[J] is related through the Legendre
transform to the (renormalized) 1PI effective action I'[v/]

SWIJ]

_ b
), =V

Tyl=WITV1-TV v,

(in the last three equations, ¥ and W represent not only fermions but also scalars and vectors).
What about unstable particles? Consider, for instance, a theory in which heavy neutrinos de-
scribed in terms of Majorana fields 4, carrying a family index a, interact with a Hermitian

scalar field 4 and massless SM (anti)neutrinos, described in terms of Majorana fields wé; carry-
ing a family index b, through the following Lagrangian density (spinor indices are suppressed)

Lim=—h G (Vo P+ V5 Pr) 0. (39)
The CP-asymmetry

I'(Na — hvy) — T(Na — hi;)
“ab = T(Ng — hvy) + T(Ng — hvy)

(40)

was calculated in [8,6,7,9] by looking at diagrams in which N; is an internal (rather than an
external) line, what leads to the following expression

|VR |2 — YL |2
€5 = R Tl (41)
VE2+ VL
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with
V=V %+ (42)
Vi =Vt 3)
where (g, are ¢ matrices for the wl‘_(, fields, while the ellipsis indicates contributions of cor-

rections to external lines of & and wf fields, as well as loop corrections to the 1PI vertices (for
simplicity it is assumed here that the mixing between light and heavy neutrinos is negligible,
even though the present formalism is capable of describing quantum corrections to the mixing in
the full 66 system).

3.B Dirac case. Consider now the Dirac case, Egs. (19). For simplicity of the notation it is
assumed that £ = 1, thus the total number of LWs is n = 2 f. On the assumptions stated in Sec. 2,
it is clear that Eq. (15), cf. Egs. (23)—(24), has f different and non-vanishing solutions

mg) = mt(ze)e + O(h), (44)
such that Re(m ) > 0. Define

mp =diag(m(1), ,m(f)), (45)
and

~ O mp

fi = [mD ! } . (46)

It will be shown that the 92]:( p) matrix in the full propagator of two Majorana fields, Eq. (8), has
the form

Ir(p) =t 1p* =1 [p + 1 T + [non-pole part], (47)
where
{=t¢L P+ g P, (48)
while the ¢z g matrices have a block-diagonal form
§x=|:§X+ 0 } X=L,R, (49)
0 Ix—

with matrices EXi built out of vectors E X[a+]

Cxs = Hézxni]} [Zx[fﬂﬂ .,  X=L,R,

obtained in the following way. Let &[,4] be arbitrary but fixed eigenvectors of MzjE (m%a)),

Egs. (21), corresponding to the eigenvalue m%a)
2 2 Vg 2 £
M+(m(a)) la+1 = m g Ela+1
20,2 \E 2 £
MZ (m{y)) &la—1 = miy) la—1 » (50)

(eigenspaces of MzjE (m%a)) are one-dimensional on the assumptions stated in Sec. 2), and obeying
the following normalization condition
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Elay LMy Elam) =ma) (51)
Then

CLiat) = (@) N (@) Eaq,

CLta—) = c(@) " N'(@) &gy (52)

and
_ 1 _
CRlat) = —— I (mly) L (my) Sja—
M(a)

- 1 -
ERta— = —— I () 1L (my) Crjasy (53)
(a)

with a normalizing factor
N(a) = 1 - 2 22 v 1TV
(@)=11- mg[a_] ML(m(a)) M+ (m(a))SIaJr] s (54)
a

where M%_’ (s) = dM?Ir (s)/ds, while c(a) € C\ {0} is an arbitrary number which does not affect
the pole part of the propagator.

Moreover it will be shown that, if the reality conditions (34) hold in a left neighborhood
U, C R of p2 = (mt(rae)e)z, then all terms of a formal power series m ), Eq. (44), are real, and
there exists c(a) € C\ {0} such that

ZR[a+] = EL[;.:,_] ) and ER[a—] = EL[*a_] . (55)

With fixed é[ai], conditions (55) determine ¢(a) uniquely up to a phase. Thus, if conditions (34)
are satisfied foralla =1, ..., f, then matrices appearing in Eq. (48) obey ¢g = ¢1*.

3.C. Generic fermionic case. The above prescriptions can be generalized to the case constrained
only by the three conditions discussed below Eq. (15). Recall that these conditions imply that the
number of poles of the full propagator is equal to the total number n of LWs. The a label is as-
sumed to distinguish different solutions m%a) to Eq. (15); indices corresponding to this eigenvalue
are labeled with ay, a», etc.

Let m =m" be an arbitrarily chosen symmetric n x n matrix such that

m? = diag(m%l) s, (56)
and

Mg, =0 Vo, it mg,=0. (57)
Clearly,

[”’72]a,aq = m%a) 5rq .

It will be shown that the @f( p) matrix in the full propagator of two Majorana fields, Eq. (8), has
the following form

Dr(p) =t [p* —m* 1 ' [p+m1¢ " + [non-pole part], (58)
where

£=¢L PL+CR PR,
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matrices ¢z, g (as well as ) carry only flavor indices, while columns of {1 g are given by vectors
CL.Rla,]

§x=|:[§xnl]i| :| X=L,R, (59)

(the order of columns reflects the order of eigenvalues in Eq. (56)) obtained in the following way.

2
1. Nonzero M,

Let &[4, ..., be a basis of the eigenspace
M (m,) Ela,) =My Eiar - (60)
obeying the following normalization conditions
é[aTV] %L(m%a))g[aq] = ’:ﬁa,aq s 61)

(recall that for each pair of nonsingular complex symmetric matrices S there always exists
a nonsingular matrix N such that S} = N'S, N, thus starting with an accidentally chosen basis
of eigenspace one can always find vectors obeying Eq. (61); the non-singularity of the left-hand
side of Eq. (61) is ensured by the assumptions listed below Eq. (15)). Define the following matrix

E(@gr =&, AL(MG)) ME (m3,)) Eay1 (62)

which is symmetric (see Sec. 4) and find a matrix N (a) such that

1 _
mT/\f(a)W(a)/\/(a)T = (m(a) — E(a)) h (63)
(a)
where
(@) rg = Fiaya, - (64)

(Clearly, N'(a) is determined only up to a complex orthogonal matrix.) Then

CLla,] = ZN(a)qr é[aq] s (65)
q
and
1
¢Rla,] = %QPR (M)~ AL (MT) Y CLa (@ - (66)
a q

Moreover it will be shown that, if the 77 matrix is chosen to be diagonal
m= diag(my,...),

with Re(m4)) > 0, and if reality conditions (34) are satisfied in a left neighborhood %, C R

of p? = (mt(f)e)z, then all terms of a formal power series m ) are real and there exists a A (a)

matrix obeying Eq. (63) and such that {rjq,1 = ¢/}, | for all r. With fixed {§j4,1} eigenvectors this
matrix is unique up to a real orthogonal matrix R(a), i.e. N'(a) = No(a)R(a).

. 7. 2
2. Vanishing mi,.
Let &po,], ..., be a basis of the null eigenspace

M (0) &0, =0, (67)
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obeying the following normalization conditions
£ Z1(0)E0,1 =g . (68)

(for p2 = ( reality conditions (34) cannot be violated and thus 27 (0) is a Hermitian and positive
matrix, cf. Egs. (7) and (12)). Define the following matrix

E0)gr = €[gq] 210) M (0) &0, . (69)
which is Hermitian (see Sec. 4) and find a matrix N (0) such that

NON©O) =(1-20)". (70)
Then

o=y NO)% o, (71)

q

and

¢R10,1=¢1]0,1- (72)

It should be stressed that auxiliary normalization conditions (61) and (68) are, in fact, re-
dundant, i.e. prescriptions (63) and (70) for normalizing factors can be easily generalized to the
case when the basis {£[,,]} of eigenspace is completely arbitrary. Nonetheless, Eqs. (61) and (68)
are imposed here, since the resulting equations (63) and (70) show immediately that, if flavor
eigenfields are chosen to be canonically normalized eigenstates of the tree-level mass matrix, as
is usually the case, then the A/ (a) matrix can be chosen as an O(%) perturbation of the identity
matrix, while &4, can be chosen as O(#) perturbations of vectors belonging to the canonical
basis of R* C C".

3.D. Scalar case. Consider a set {¢*} of n scalar fields. Without loss of generality it is assumed
that ¢* are Hermitian. The renormalized 1PI two-point function

Fo(=p.p) = [p?1 = (1™ = £(p?)]

¢
=[r"1- M2<P2>L, , (73)

where M?(s) = M?(s)" is a symmetric matrix, leads to the propagator

~ ] 114

GUp—p =i (PP —m2H) '], (4)
and the gap equation

Zs(miy) =0, (75)
with

Zs(s) = det(s1 — M%(s)). (76)

It is assumed that assumptions listed below Eq. (15) for fermionic solutions m%a) and matrices
M% (m%a)), are satisfied also for their scalar counterparts, m%() and M 2(m%@).

Let m? be a diagonal n x n matrix

m?* = diag(mg, . ...). (77)
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The ¢ label is assumed to distinguish different values m%z); indices corresponding to this value in
Eq. (77) are labeled with €1, £7, etc.
It will be shown that the propagator (74) has the form

G(p,—p)=i t[p>*—m*1"" ¢ T + [non-pole part], (78)

where columns of ¢ are given by vectors ([, |

] -] (79)

(the order of columns reflects the order of eigenvalues in Eq. (77)) obtained in the following way.
Let &[¢,3, ..., be a basis of the eigenspace

M?(my) e, = miy e, (80)
obeying the following normalization conditions
Ed 18160 =rg » (81)

(starting with an arbitrary basis of eigenspace one can always find vectors obeying Eq. (81), just
as in the fermionic case). Define the following matrix

E(O)qr = &) M* () &1e,1. (82)
which is manifestly symmetric, and find a matrix A/(¢) such that
= —1
NON® =(1-Ew®) . (83)
(Clearly, NV (¢) is determined only up to a complex orthogonal matrix.) Then
Gen =Y NW©O% &y, (84)
q

Moreover it will be shown that, if Feynman integrals contributing to M2(p?) do not acquire
tree

imaginary parts in a left neighborhood % C R of p* = (m o )2, so that the following reality
conditions are satisfied

M?(s) = M*(s)*, L (85)

then all terms of a formal power series m%l) are real and there exists a A'(£) matrix obeying
Eq. (83) and such that ¢, = §[gr] for all r. With fixed {§[,,]} eigenvectors this matrix is unique
up to a real orthogonal matrix R(£), i.e. N'(£) = Ny(&)R(£).

3.E. Fermionic one-loop self-energy. It is convenient to supplement the prescription for
fermionic ¢; g matrices by providing generic expressions for one-loop contributions in the MS
scheme with anticommuting )/5 to the two-point functions 27, g and .#}, r in Eq. (6). Consider
an arbitrary renormalizable model, in which Majorana fields ¢ (spinor indices are suppressed
for simplicity) interact with Hermitian scalar fields ¢ (already shifted if necessary, so that
(¢) = 0) and Hermitian gauge fields A7 via the following Lagrangian density

1. - *
Lgﬁe = —|—5 1 AZ '(ﬁ'a )/M (faab Py +fotab PR) wb +

1 _
~5 ¢ U (Yeap PL + Y PR) V. (86)
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Here fyap = —f},,, are matrix elements of ordinary anti-Hermitian gauge-group generators (al-
ready containing the coupling constants), while Yy,p = Y¢p, are matrix elements of symmetric
Yukawa matrices. It is assumed that all fields are chosen to be the eigenfields of the tree-level

mass-squared matrices, so that

1 1
cim g Dby Al o 019+
14

I - . b
51// (Mpap PL + Mgy, PR) V",
where
. 2 2 2
MMy, =diag(mp, mpy, ..., Mmyp,), 87)

(clearly, without loss of generality one could assume that M itself is diagonal; such a choice is
however completely impractical for Dirac particles, as it implies that, for instance, the » matrix,
Eq. (5), in the SM is non-diagonal).

Functions 27, g and .#}, g can be parametrized in the following way

21 r(pH =1+ filR(p% +0mY,

(4m )2

ML (PP = Mp + 1Yol + ——— P (pP) + O,

(47 )2

Mr(PH) = Mp + Y] v + MR (D) + 00, (88)

(4m)?
where vfl) represents the one-loop contribution to the scalar vacuum expectation value (VEV),

while Z; L(l r and ., L( r are produced by one-loop diagrams shown in Fig. 1 (we work in the

Landau gauge). Using the standard, minimally subtracted one-loop functions a® and bo in the
dimensional regularization [3]

2
aR(m)=m2{1n'fl—2—1},
m
1

—Dp*+ (1 —x)m} 5-i0
BM(pz,ml,rm)Ebg(pz,ml,mz):/dxmx(x )+ ( _;)m1+xm2 0
I

0

(here /i is the renormalization scale of the MS scheme, related to the usual ’t Hooft mass unit via
Q= pupAr e VE/?), together with their combinations By, (= b(’f), Bz, Ay and Ay

BZ(P2va,mF) 212[0 (mp) —a®(ms) +

+(m§—m%—P )b(’f(pz,ms,mF)},
2 R[22
Ap(p*,my,mr) =3by (P ,mv,mF>+2,

m% +2m%, — p? akmy)

2 2

_l’_
2p my,

Az(p* my,mp) =
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Fig. 1. One-loop contributions to .#7 g and 27, g in the Landau gauge.

R 2,2 2
a’(mp) p~Amyp—=2my g o
+1- 2 + 27 by (p ,mv,mF)Jr
L (P2 =mE)? bg(p?.my.mp) = b (p?.0.m)
2p2 m%, ’
one gets’

(2 () lac = > Azls., myg. mrs) Fpab Fove +

B.b
+ Z Bz (s, mse, mpp) Y}, Yobe
€b
I
(23" ()ac = > Az(s. myg. mew) Fap Fpe +
B.b
+ " Bz(s. mse, mep) Yeap Yiie -
b
1
A" (ac= D Am(s. mvg. mpp) fhap Mrba Tpac +
B.bd
+ > Bu(s, mse, mep) Yeab Mg Yede
tbd
1
(R ac= Y Am(s. myg. mrp) §pab Mipg Fhae +
B.bd
+ Y Buls, mse, mep) Yy, Mpa Yiy,
tbd

In particular, reality conditions (34) are violated whenever b(lf has a non-vanishing imaginary
part.

Clearly, in the expression for Az, the limits myg — 0 are to be taken for contributions of
massless gauge bosons. On the other hand, the last term in Az, even for spontaneously broken
gauge symmetries, contains contributions of unphysical massless modes; as far as corrections
to the pole masses are concerned, they cancel with similar contributions of would-be Goldstone
bosons, as the gauge symmetry leads to the following relation

symyy Yo =Mpf, —f, Mr, (39)

where Y, is a Yukawa matrix of the (massless) would-be Goldstone boson ¢# associated with a
broken generator f, , while s, = —1 or s,, = +1. By contrast, contributions of unphysical modes

7 Correctness of these results was checked with the aid of FeynCalc [29].
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to the ¢; g matrices do not cancel completely, but Eq. (89) ensures that they do not contain reso-
nant factors (m%, 0= m%- h)_l [8]. Thus, in the CP-asymmetry (41) these contributions cancel with
similar “unphysical” corrections to the 1PI vertices (indicated by the ellipsis in Eqgs. (42)—(43)).

Finally, the one-loop contribution v(j) to the VEV can be obtained from the tadpole cancella-
tion condition in the Landau gauge

h ; 2
0= —V{(v(o) +hvay) + @ny {3 2[7;2]1']' U(JO) |:aR(val) + gm%/a] +

pr aRms)) + Z(Mm Vi + MipcYipaRme) | + 002
bc

Here V is the gauge-invariant tree-level potential of scalar fields, v() represents the tree-level
VEV (i.e. V!(v)) =0), pjjx = Vl./;k (v(0y), while T is the generator of the gauge group on scalar
fields; 7, is normalized in such a way that the covariant derivative reads

(Du(b)J 8/L¢j + Aa [T] (¢ + U(()) +h U(l) +..0).
4. Proof
4.A. Proof of generic fermionic prescription.

The proof is a simple exercise in linear algebra.

0. Generalities. First of all, one has to calculate the following limits (cf. Egs. (10) and (15))

Ap (@)= lim {(s m%a))[s]l—M%’R(s)]il}. (90)

s—)m

It is convenient to start with something simpler

Pa) = lim, {(s m%a))[sll—M%(m%a))]il}. 1)

s—)m

On the assumptions stated in Sec. 2, this limit exists and gives a projection onto the eigenspace
of M% (m%a)) associated with m%a) along the direct sum of remaining generalized eigenspaces of

M% (m%a)). To verify this statement, it is enough to calculate the action of the right-hand side of

Eq. (91) on generalized eigenvectors of M% (m%a)). Introducing the resolvent

R(s) = (s1 - M3 (m(a))> :
one has
R(8)&(a,1 = (s —my)) " Ea

for all eigenvectors &[4, associated with m )- Letdg # m(a) be another eigenvalue of M2 (m (a))
the generalized eigenspace associated w1th 1t is spanned by (in general more than one) Jordan

chain 61, ..., 0, (a subsequence of the Jordan basis for M% (m(za)), see e.g. [27])
Or = (Aol — M7 (m{,)))0r11, r=0,....,p—1, 92)

where 0y = 0, i.e. 6 is an eigenvector. Let Q(s) = (s — Ag)~!, the following identity can be
easily checked by induction
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R0, =Y (=D 0() 0114 (93)
k=1
Thus
P(a) &la) =gyt -  P(@)6, =0, (94)

as was to be shown. In particular
P(a)’ =P(a). (95)
Expanding M% (s) in Eq. (90) about s = m%a) one gets

-1

AL(a) = {]1 — IP’(a)MzL’(m%a))} P(a). (96)
Eq. (13) now yields

Ar(a) = Zr(mi,) " AL(@)" Zr(m7,).

Introducing another family {1S (a)} of projections

P@)= tim {(s —mZ) [s]l - %2]_1 } ,

s—)m(a)
one can decompose the 712 matrix in Eq. (56) as follows

m? = Zm%a) P(a), o7

clearly

Y P@=1. and P@P(b)=84sP).

Now one sees that the formula that needs to be proven, Eq. (58), is equivalent to the following
four sets of conditions (5, = m%a))

(L Pla)gg=Ap@2u(mi,) ™" Va, (98)
tr Pa)t] = Zr(mi) "' AL(a@)", Va, (99)

cL P@ymie] = Ap(a) 20 (o) llr(Ga) Zr(Ga) ™!, Va,
(g Pla)ii¢g = 2RGa) ' AL@) ML Ga) Z1Ga) ™", Va.

Thus, one has to show that there exist matrices {7 g obeying, in addition to Egs. (98)-(99), the
following conditions

¢ P(a)iig) = ¢p Pla) (. tlr(mly) Zrimi,) ™",
tr P@)fi gl =g Pla) ¢f ML(mE,) Z1(m3,) ™"

It is enough to impose, instead of the last two equations, the following two (cf. Eq. (12))

tr i Pla) = Zr(mi,) ' ML (m,) L Pa), (100)
¢ P(a) = 21.(m?,) " Mr(ml,) Cr Pla). (101)

Using the following relation (cf. Eq. (64))
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[P(a)fii P(a)]a,a, = (@) .
together with the identity® P(a) = P(a) i1, which yields in turn
i P(a) = P(a) [P(a) il P()],

one can rewrite Eqgs. (100)—(101) in terms of respective columns of matrices ¢ g in Eq. (59)

> CRla 1 (@) rg = Zr(miy) ™ AML(MT,) CLiay) - (102)
> Craam(@)rg = 2L0m3,) " Mr(mEy) CRia,) - (103)

1. Nonzero m%a). Consider first the case m%a) # 0; then Eq. (102) is nothing more than the
relation (66), since

m(a)® =mg, 1.

In turn, Eq. (66) allows to rewrite Eq. (103) in an equivalent form

Mgy CLiay) = 21y~ MR (M) LR (M) )~ ML (M) L a1 (104)
hence columns ¢y 4], ..., of {;, are eigenvectors of M% (m%a)) corresponding to the eigenvalue

m%a), just as in Eqs. (60) and (65).
Without loss of generality one can thus assume that, for m%a) # 0, {1[q, are linear combina-
tions of linearly independent eigenvectors &[4} obeying the normalization conditions (61), with

(yet unspecified) coefficients A (a)?., as in Eq. (65). It remains to be shown that Egs. (98)—(99)
are equivalent to the condition (63) on the matrix N (a). In fact Eq. (99), being a transposition of
(98), can be skipped. Clearly,

(L Pa)gg = ZCL[aqlfRT[aq] .
q

Employing Eq. (66), and defining

Y(a) = Zf(i)qr E[aq]s[(;,]///L(m%a)), (105)
q,r
with
1(a) = %J\/‘(a) m@)N@)', (106)
M (a)

one can rewrite Eq. (98) as
Y(a)=AL(a),
or, using Eq. (96), as

_1
Y(a) = {]1 — P(a) Mi/(m%a))} P(a). (107)

Eq. (107) can be further rewritten as

8 This identity follows from (p% — M%)~ 1 7 = i (p? — M%) ™!, in the limit p? — m%a).
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P(a) =S(a), (108)

where
-1
S@ =Y@{1+M'0nd, ) Y@] . (109)

Note that the left-hand side of Eq. (108) is a projection, cf. Eq. (95), thus it remains to be shown
that AV (a) can be chosen in such a way that S(a) is a projection operator with the same image
and the same kernel as P(a), cf. Eq. (94). To that end, it is convenient to simplify first the explicit
expression (109) for S(a). Expanding a geometric series and appropriately changing the order of
infinite sum with the summation over ¢ and r appearing in Eq. (105) one ends up with another
geometric series, thus

s@ =Y [e@ "t @]" a0, #1008, (110)
q.,r
where
Qa)=1+1(a) E@), (111)

with the E(a) matrix defined in Eq. (62). The normalization condition for &, eigenvectors,
Eq. (61), gives (cf. Eq. (64))

S(@)&(a,1 =Y _ [Qa) " t(@m(@)]” &, . (112)
q
hence
S(a)* =) _[Q@ 't@m@Q@ 't(@)]" x
q.,r
Xf[aq]é}-[;]j/L(m%a))' (113)

Comparing this with Eq. (110) one sees that S(a) is a projection operator if, for instance, the
following equation is satisfied

t(a)m(a) = Q(a), (114)

this is nothing more than the condition (63). To prove that a matrix N '(a) obeying Eq. (63)
indeed exists, it is necessary to show that the E(a) matrix, defined in Eq. (62), is symmetric. The
following identity

M/ (s) AL (s) — ML) M7 (s) =
= M1 ($)ME(s) =ML () AL (5).
is easy to verify (cf. Eq. (11)); sandwiched between E[Jq] and &[4, | it gives
E(@)rg — E@)gr =0, (115)

since &[4, ] are eigenvectors of Mi (m%a)) corresponding to the same eigenvalue.
Moreover, Eqgs. (112) and (114) show that

S(a)é1a,1 = &[a,1 - (116)
Hence, to complete the proof of the generalized prescription for m(2 2 # 0, one has to show that
the S(a) operator annihilates these generalized eigenvectors of M% (m% a)) which correspond to
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eigenvalues different than m%a), so that S(a) = P(a). Because of Eq. (110) it is enough to prove
the following property: let n be an eigenvector of M% (m%a)) corresponding to the eigenvalue A,
and let 6 be a generalized eigenvector of M% (m%a)) associated with Ay # A;; then 1 and 6 are
M1 (m (zu) )-orthogonal

ML (miy)0 =0. (117)
This fact follows from the identity (cf. Eqs. (11) and (12))
M (m{,) "ty () — M1 () M () =0.
Sandwiched between 7 and 6, i.e. the first element of a Jordan chain (92), it gives
(hy = hg) x 0" ML (m))01 =0,
while sandwiched between " and 6, yields
(g = Ag) X 1AL ()01 = = ML ()6
This proves Eq. (117) by induction.

14. Reality conditions. Suppose now that conditions (34) are satisfied for s € %, C R. Then
Z7.(s) is a Hermitian matrix, cf. Eq. (12), and thus one can parametrize it locally as

216)=UE) A Us),

where U (s) is unitary, while A(s) is diagonal (and positive, cf. Eq. (7)). On the other hand, a
symmetric matrix

i) =[(VA&UE) | A (VASUG)
can be written in the following form

ML (s) =V (5) ju(s) V(s),

where V (s) is unitary, while p(s) is diagonal, real and nonnegative. Hence

Z1.(5) = () w(s), (118)
and

Mi(s) =w(s) n(s)o(s), (119)
where

o(s) = V($)VASU(s). (120)

Eq. (11) now reads
M (s) = () p2 () (s) (121)
where 1?(s) = uu(s)?, and thus (cf. Eq. (14))

2@ =[] (s - nee)?). (122)
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Let {a,} be a set of indices for which pz,4, (s) = mt(raef + O(h). The gap equation (15) reduces
to
WHa,a, (m%a,)) =mg,)- (123)

A formal-power-series solution m g,y = mt(r;)e + O(#) to this equation obviously exists and is real,

since all the derivatives /ngzir (s) at s = (mt(ff)e)2 are real. Let {a,} C {a,} be a set of indices for

which m ) = m,); in other words, a situation in which the degeneracy of the tree-level masses
is lifted by quantum corrections is not excluded here. Let [@ (m%a))’] llas15 - - -» be the columns of

the w(m%a))’1 matrix such that

Haya, (M3y) =Mq) . (124)
clearly

[0(m{) g = 0(m) ™ g, .
Eigenvectors {£[4,]}, cf. Eq. (60), have the form

a = ) C@% o miy) ™ Mia,).
q

where C (a) is a square matrix. The normalization condition (61) reduces to (recall that /7 is now
assumed to be diagonal)

C@'C@=1, (125)
i.e. C(a) is a complex orthogonal matrix. The E(a) matrix, Eq. (62), reads

B(a) =C(a)"O(a)C(a), (126)
where

O@ur =may Ly 11> (MT1)) Liay) = May o g, (M)

since terms with derivatives of w(s) cancel. This shows that ®(a) is real. (Since an accidental
degeneracy of masses is not excluded, it is in principle possible that ®(a) is not proportional to
the identity matrix.)

Egs. (65) and (66) now read

tLia = Y _[C@N @] [0mi,) " 14,1 (127)
q

tRia = Y _ [C@N (@] [oml,) T, (128)
q

thus ¢Rig,1 = ¢ L*[ 4]’ if C(a)N (a) is a real matrix. Finally, with the aid of Eq. (125), the condition
(63) for NV (a) can be rewritten as

-1
[CoN@I[c@N@I={1-—ow] . (129)

1
M (a)
Since the right-hand side of Eq. (129) is a real diagonal and positive (in perturbation theory)
matrix, there always exists a real matrix C(a) N (a) obeying this condition. Clearly, Eq. (129),
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together with the reality condition ¢gjq,] = ¢/}, ;- determine N (a) up to a rotation, as was to be
shown.

2. Vanishing m%a). Consider the case m%a) = (. Reality conditions (34) cannot be violated for
p2 =0, and thus Eqgs. (15) and (11) give

| det (.,.(0)) | =0 = | det (4z(0)) |-

Eqgs. (102)—(103) now show that columns ¢z, g[o,] have to belong to the kernel of .#}, g(0), cf.
Eq. (57), and therefore one can assume that Eq. (72) holds. One needs also the relation

ker M3 (0) = ker ., (0) ,

which follows immediately from the parametrization employed for analysis of reality conditions
in the massive case, see Eqs. (119) and (121). Hence, one can assume that ¢z[o,] are linear com-
binations of linearly independent vectors &jo, ] obeying Eq. (67) and the normalization conditions
(68), with (yet unspecified) coefficients NV'(a)%., as in Eq. (71).

It remains to be shown that Eq. (98) reduces to the condition (70) on the matrix A/(0). This
can be done just as before, by rewriting (98) as P(0) = S(0) with S(0) defined by (109) and
appropriately adjusted matrix Y (0)

Y(0) =) [NONO &o,1 £, 210 (130)
q,r
If Eq. (70) is satisfied, one finds
S0)= >89 &0,1, 21.(0). (131)
q.r

and Eq. (68) gives
imS$(0) D ker M2 (0) = im P(0) .

The existence of matrices AV'(0) obeying Eq. (70) is ensured by the Hermiticity of E(0), which
follows from the identity

M3/(0)" 27.(0)" — 27.(0) M3/ (0) =
= 2/ (0)M3 (0) — M3 (0)" 27 (0)",

sandwiched between S[Sq] and &g, 7.

To complete the proof of P(0) = S(0), one has to show that the generalized eigenvectors 6 of
M% (0) associated with non-vanishing eigenvalues satisfy

E012100=0, V.. (132)

To that end one can employ once again the parametrization from Eqgs. (118)—(121). In particu-
lar, M% (0) is diagonalizable, and both &j¢,] and 6 are linear combinations of (disjoint sets of)
columns of @(0)~!; hence Eq. (132) follows immediately from Eq. (118).

4.B. Proof of Majorana prescription. The prescription for Majorana case follows immediately
from the generalized prescription, since one can take 71 = m, with a diagonal matrix m, Eq. (26).
In particular, the assumed non-degeneracy of the tree-level masses implies that N'(a) isa 1 x 1
matrix and thus the freedom in Eq. (63) reduces to a choice of sign. Hence, regardless of which
sign is chosen, {R[q] = ;“L*[a], if reality conditions (34) are satisfied for s € %, C R.
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4.C. Proof of Dirac prescription. Apart from Eq. (55) for stable particles, the prescription for
the Dirac case can be easily obtained from the generalized prescription. Having eigenvectors

&la+], Eq. (50), it is convenient to choose eigenvectors &[4, (with [a,] = [a+], [a—]), Eq. (60),

as
E 0
and take N (a) in Eq. (65) to be the following 2 x 2 matrix
N(a) = (N (a(;c(a) ./\_/(a)(c)(a)_l ) , (134)

Similarly, a convenient choice of the m matrix in Eq. (56) is given by Egs. (46) and (45). With
these choices, one-particle states corresponding to the columns of {7 g matrices, Egs. (49), carry
the definite charge. The normalization condition (61) now reduces to Eq. (51), while Eq. (63) is
solved by (54).

Suppose that the reality conditions (34) are satisfied for s € %, C R. Using the explicit form
(19) of Z7..r and .#} g matrices as well as the fact that an arbitrary nonsingular complex matrix
[t (s) can be written as

L(s) = V() u(s) V_(s),
where V4 (s) are unitary, while 1 (s) is diagonal and positive, one finds (similarly as in the generic
case) the following local parametrization of p;, and % ! matrices
I(5) " = i) 0ils),
HL(s) = 04 () Tp()o-(5). (135)

where

wx(s) = V()AL (s)Ux(s), (136)

with unitary U4 (s), V4 (s) matrices and positive-diagonal 1 (s), A+ (s) matrices. Hence

M3 (5) = 01 (5) " u? ()i (s), (137)
where ;1% (s) = 11(s)?, and thus (cf. Eq. (23))
256 =[] (s = 1ee?). (138)

tree

Thus, just like before, one sees that the solution m ) = m g + O(h) to the gap equation (15) is

real and that the eigenvectors &[,+] can be chosen as

Elas) = 02 (M) ia - (139)
what ensures that the normalization condition (51) is obeyed. Eq. (54) now yields
- 1
N@) =

2 9
N A

showing that N(a) is real. On the other hand, Egs. (53) give
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CRlax] =N (@) c(@) T (Eas)*

Comparing this with Eqgs. (52) one sees that Egs. (55) hold provided that ¢(a) is, for a particular
choice (139), a phase factor, as was to be proved.

4.D. Proof of scalar prescription. Similarly to the fermionic case one sees that Eq. (78) is
equivalent to the following conditions

cPUO) T =AW, Ve, (140)
where
~ . —1
R0 i [i-niofa-] ']
()

is a diagonal projection, while

A= tim [6—md)[s1 —Mz(s)]_l}

x—)m“)
- {]1 —P(0) M2/(m%g))}7l P(¢), (141)

with P(¢) being the projection onto the eigenspace of M> (m%z)) corresponding to m%z) along the

direct sum of remaining generalized eigenspaces of M2 (m%g)).
Clearly,

¢PWOCT =) bed,- (142)
q

In the scalar case, there is no counterpart of Eq. (104); suppose then that [, are linear combina-
tions of (yet unspecified) linearly independent vectors &[¢,] obeying the normalization condition

(81), with (yet unspecified) coefficients N ()%, as in Eq. (84).
Defining

YO =Y [NONO" &8/, (143)

q.r

one can (similarly to the fermionic case) rewrite Eq. (140) as

P) =S¥), (144)
where

S0 =YO[1+ M miy)vo]

what can be simplified to

S =Y [o®]" &5/ (145)
q,r
where
a(z)z{n FNONOT E(Z)}_IN(E)N(Z)T, (146)

with E(£) defined by Eq. (82).
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The normalization condition for &[¢,] eigenvectors, Eq. (81), gives

SWO&e,1 =Y [o(O]" 85 E12,1- (147)
q,S
hence
S =Y o (O 800" Eu &) (148)
q,s,t,r

Thus, the following condition (equivalent to Eq. (83))

o) =68, (149)
ensures that S(£) is a projection and that the image of S(£) contains the subspace spanned by
{&(¢,1}- Therefore Eq. (144) requires {&¢,} to be a basis of the eigenspace of M? (m%z)) associated
with m%e). To complete the proof of Eq. (144), one still has to show that the kernel of S(£) is equal
to the direct sum of generalized eigenspaces of M 2(m%e)) associated with eigenvalues different
from m%z). This follows from the fact that a generalized eigenvector 6 of M 2(m%e)) associated

with an eigenvalue A is orthogonal to an eigenvector 7 associated with A, # Ag

n"6=0. (150)

Eq. (150) can be proved in an analogous way to its fermionic counterpart, Eq. (117), with the aid
of the relation M2 (s)" = M?(s).

Suppose now that reality conditions (85) are satisfied in a left neighborhood of p? = (mzree)e)z.
A real symmetric matrix M 2(s) can be written as

M2 (s) = w(s) 2 () (s), (151)

where 12 (s) is diagonal and real, while w(s) is a real orthogonal matrix. A similar argument to
the one given below Eq. (122) shows that the pole mass squares are real.

Let [w (m%e))_l][m , ..., be the columns of the a)(m%g))_1 matrix such that
17, g, (M3y) =m(, . (152)

Following the same reasoning as for the fermionic case in Sec. 4.A, one finds that columns
(associated with m%z)) of the ¢ matrix, defined according to Eq. (84), have the form

G =Y [CONOT, [omy) 1, (153)

q
where the C(£)N (£) matrix obeys

-1
[coNoi[coNor={1-00] . (154)
with a real symmetric matrix ®(£)
O)gp =1, w(miy) M* (m(y) o(mgy) e, .

In particular, there exists a matrix C(£) A/ (¢£) which obeys Eq. (154) and is real, what ensures the
reality of {[¢, .
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5. Conclusions

We have analyzed in details the effects associated with mixing of scalar and fermionic fields.
Presented results, together with their counterparts for vector fields [18], can be useful in the study
of extensions of the Standard Model. In particular, the prescription for “square-rooted residues”
¢ is formulated entirely in terms of eigenvectors of certain matrices, and thus it can be efficiently
employed in numerical calculations.
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