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Abstract In this paper, we focus on the general free scalar–
tensor gravity with three free coupling functions, which in
the near-field region looks like general relativity (GR) plus
a fifth force of Yukawa-type induced by the scalar field. We
show that the fifth force is always attractive in the theory. We
investigate the effects of the attractive fifth force and calcu-
late in detail the fifth force-induced orbital precession rate
δω/ω and the parameterized post-Newtonian parameters γ

and β, all of which depend on the fifth force parameters and
the interaction distance. It turns out that, due to the attractive
fifth force, δω/ω is always greater than zero, γ is always less
than one, β is greater than one at large distances, and addi-
tionally this class of theories is ruled out as an alternative
theory to dark matter. We place stringent constraints on the
fifth force parameters by combining the lunar laser ranging
(LLR), Cassini, and Mercury precession experiments, and
derive the upper bounds on the strength ratio of the fifth force
to gravitational force at different scales from the LLR obser-
vation. We find that the Mercury constraint is not competitive
with the LLR and Cassini constraints and the LLR observa-
tion imposes much more stringent bounds on the strength
ratio on large scales than on small scales. Our results show
that this theory is sufficiently close to GR for a small enough
fifth force strength and can reduce to GR with a minimally
coupled scalar field in the absence of fifth force.

1 Introduction

Although Einstein’s general relativity (GR) has been very
successful at interpreting gravity, it has been plagued by the

a e-mail: zhxing@nwu.edu.cn (corresponding author)

problems of quantization [1,2] as well as dark matter and
dark energy [3,4]. It is commonly believed by scientists that
GR is not the final theory of gravitational interaction. There-
fore, studies of alternative theories of gravity play a crucial
role in testing GR [5,6]. It is now known that GR is the unique
interacting theory of a Lorentz invariant massless spin-2 par-
ticle [7,8]. Based on this, a natural way to extend GR is to
add extra degrees of freedom. Scalar fields are widely used in
the fundamental physics [9] and in cosmology [10–13], and
additionally the discovery of Higgs boson [14] has shown that
scalar particles really exist in nature. Based on these consid-
erations, scalar degrees of freedom are introduced into most
alternative theories of gravity, and the simplest one is the
scalar–tensor gravity [15,16], which can generally generate
a fifth force [17,18] to mediate gravitational interactions.

Scalar–tensor theories of gravity have been extensively
studied on a huge range of scales, from laboratory tests [17–
19], to solar system [20–26] and binary pulsar [27–30] tests,
to galactic [31–34] and cosmological [35–37] tests. How-
ever, the literature cited above only studied the scalar–tensor
gravity with one or two coupling functions, which is not
the most general case. In this paper, we focus on the general
free scalar–tensor gravity, which contains three free coupling
functions, namely a free coupling function controlling the
strength of the interaction, a free scalar field kinetic coupling
function, and a free scalar potential function.

We first consider the simple case of a vanishing scalar
potential. In the case, for a perfect fluid as a matter source, we
derive the 2 post-Newtonian (PN), 3PN and 4PN equations
for the massless tensor and massless scalar fields, respec-
tively, and calculate in detail all ten parameterized post-
Newtonian (PPN) parameters by solving these PN equations.
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We find that in the case, the fifth force of Yukawa-type is
absent, the PPN parameters γ and β are model-dependent
constants, and the remaining eight PPN parameters are all
zero.

In particular, we focus on the theory of a non-vanishing
free scalar potential. In the theory, by solving the 2PN and
4PN equations of the massless tensor and massive scalar
fields for a point-like matter source, we derive the effec-
tive gravitational constant Geff and the PPN parameters γ

and β. We find that in the theory the fifth force of Yukawa-
type appears and the three parameters mentioned above are
no longer constants but depend on the interaction distance
from the test mass to the gravitational source. The fifth force
affects the orbital dynamics of the system, slightly break-
ing the inverse-square law of Newtonian gravity and thus
inducing the perihelion precession of the orbit. We derive
the perihelion precession induced by any deviation from the
inverse-square law by starting from the Lagrangian of the
orbital motion and using perturbation analyses. We obtain
the fifth force-induced perihelion precession by reducing any
deviation to the Yukawa-type fifth force. We find that the cou-
pling strength α and mediator mass m0 of the Yukawa-type
fifth force can be represented as the certain combinations of
three free functions of the theory and can be used to more con-
cisely re-express the PPN parameters γ and β. By analyzing
the functional form of the coupling strength α, we find that
in the theory the fifth force of Yukawa-type is surprisingly
always attractive. This leads to the following interesting con-
clusions for the general free scalar–tensor gravity. First, this
theory (with an attractive Yukawa-type fifth force) is insuf-
ficient to explain the flat rotation curves of galaxies without
the need for dark matter (building on previous works in [38–
41]). Second, the fifth force-induced perihelion precession is
always in the same direction as the orbital motion. Third, the
PPN parameter γ is always less than one, while β is greater
than one at large distances, and they both tend to 1 in the limit
of large distances. In short, although not strictly true, this is
a good physical picture: in the near-field region, the general
free scalar–tensor gravity looks like GR plus an attractive
fifth force of Yukawa-type.

Finally, we place stringent constraints on the fifth force
parameter space (α,m0) by combining the experiments of
lunar laser ranging (LLR) [42], Cassini [43], and Mercury
perihelion precession [44]. We find that all values of the cou-
pling strength are allowed when the mediator mass is greater
than a certain value that is different for different experimen-
tal constraints. The constraint from Mercury precession is
the weakest one of all. As the mediator mass decreases, the
Cassini constraint becomes tighter and tighter and tends to
a constant. For small mediator masses the LLR constraint is
not competitive with the Cassini constraint, but as the medi-
ator mass increases the LLR constraint becomes tighter and
tighter until it reaches the tightest constraint. Furthermore,

from the LLR observation, we derive the upper bounds on the
fifth force to gravitational force strength ratio f5(r) at dif-
ferent scales. It is an interesting result that the upper bounds
on the strength ratio f5(r) become tighter and tighter as the
interaction distance increases.

The organization of this paper is as follows. In Sect. 2,
we display the action and field equations for the general free
scalar–tensor gravity. In Sect. 3, we calculate in detail all ten
PPN parameters for the theory in the simple case of a vanish-
ing scalar potential. In Sect. 4, we focus on the theory with
a non-vanishing free scalar potential and calculate in detail
the effective gravitational constant and the PPN parameters
γ and β for the theory. In Sect. 5, we study the Yukawa-type
fifth force in the theory and derive in detail the fifth force-
induced perihelion precession. In Sect. 6, we discuss some
interesting properties of the general free scalar–tensor grav-
ity. In Sect. 7, we place stringent constraints on the parameter
space of the attractive fifth force by solar system experiments
and derive the upper bounds on the scalar to tensor force
strength ratio at different distances from the LLR observa-
tion. We conclude in Sect. 8.

Throughout this paper, the metric convention is chosen as
(−,+,+,+), Greek indices (μ, ν, · · · ) run over 0, 1, 2, 3,
and the units c = h̄ = 1 are adopted.

2 General free scalar–tensor gravity

A general free scalar–tensor gravity with three free coupling
functions is given by the following action [15,16]:

S = 1

16πG

∫
d4x

√−g
[
F(φ)R − W (φ)(∇φ)2

−V (φ)
] + Sm

(
ψm, gμν

)
, (1)

where G is the bare gravitational constant, g is the deter-
minant of the metric gμν , R is the Ricci scalar, and Sm is
the action of matter fields ψm . F(φ) is the coupling function
that controls the local value of the gravitational coupling con-
stant, W (φ) is the coupling function that describes the scalar
field kinetic interaction, and V (φ) is the scalar field potential
function that endows the scalar field with mass. Here, the
three coupling functions F(φ), W (φ) and V (φ) are all free
functions, and they or their combinations are not constrained
by theoretical considerations.

The variation of the action (1) with respect to the metric
and scalar fields yields the dynamical equations of gμν and
φ:

F
(
Rμν − 1

2
Rgμν

)
+ 1

2
Vgμν + 1

2
(W+2F ′′)(∂φ)2gμν

−(W+F ′′)∂μφ∂νφ−F ′(∇ν∂μφ−gμν�φ)=8πGTμν,

(2)
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(3F ′2 + 2FW )�φ + ((FW )′ + 3F ′F ′′)(∂φ)2

+(2F ′V − FV ′) = 8πGF ′T, (3)

where a prime (′) denotes differentiation with respect to φ,
Tμν ≡ (−2/

√−g)δSm/δgμν is the energy-momentum ten-
sor of matter fields, and T is its the trace.

3 All ten PPN parameters for V = 0

In order to distinguish different theories of gravity and to
compare their predictions with a large number of experi-
ments, the PPN formalism has been developed [44–50]. In
the PPN formalism, the PN metrics for gravity theories are
parameterized by a set of PPN parameters, which have been
measured by various high precision experiments [44].

In this section, we use the PPN formalism to derive in
detail all ten PPN parameters of the general free scalar–tensor
gravity with a vanishing scalar potential for a perfect fluid as
a matter source. In the PPN formalism, the gravitational field
of the matter source is weak (i.e., GM/r � 1) and its typical
velocity v is small (i.e., v2 ∼ GM/r � 1), and thus the PN
metrics can be calculated by expanding the field equations
to O(vn) and solving them. In the weak-field, the tensor and
scalar fields can be expanded around a flat Minkowski met-
ric ημν = diag(−1, 1, 1, 1) and a scalar background φ0 as
follows:

gμν = ημν + hμν, φ = φ0 + ϕ, (4)

where the perturbations hμν and ϕ can be expanded to O(vn)

and are denoted by superscript (n) below.
For a perfect fluid as a matter source, its energy-

momentum tensor is given by [44,50]

Tμν = (ρ + ρ� + p) uμuν + pgμν, (5)

where uμ is the fluid four-velocity, ρ is the rest mass density
of the fluid, p is the fluid pressure, and � is the internal
energy per unit rest mass.

In order to solve the field equations in the PPN formalism,
we use the PN gauge introduced in [44,50],

hμ
ν,μ − 1

2
hμ

μ,ν − 1

2
η0νh00,0 = (F ′F−1)0ϕ,ν. (6)

By using Eqs. (4), (5) and (6) and expanding the dynamical
Eqs. (2) and (3) (set V = 0) to O(v2), we can obtain the 2PN
equations of the fields ϕ, h00 and hi j in the form

∇2(2)
ϕ = −8πρG

(
F ′

3F ′2 + 2FW

)
0

, (7)

∇2
(2)

h 00 = −16πρ
G

F0

(
2F ′2 + FW

3F ′2 + 2FW

)
0

, (8)

∇2
(2)

h i j = −16πρδi j
G

F0

(
F ′2 + FW

3F ′2 + 2FW

)
0

, (9)

where the subscript ‘0’ indicates the value of a quantity at
φ0. These are Poisson’s equations and the solutions are

(2)
ϕ =

(
F ′F

2F ′2 + FW

)
0

GNU, (10)

(2)

h 00 = 2GNU, (11)

(2)

h i j = 2

(
1 − F ′2

2F ′2 + FW

)
0

GNUδi j , (12)

where U is the Newtonian potential (see Eq. (61)). Here, the
quantity

GN = G(4F ′2 + 2FW )

F(3F ′2 + 2FW )

∣∣∣
φ0

(13)

can be interpreted as the Newtonian gravitational constant
and is set to one in the subsequent calculations. From the
above equation, we see that the fifth force mediated by the
scalar field is absent in the general free scalar–tensor gravity
with a vanishing scalar potential.

In the PN gauge (6), expanding up to O(v3), the time-
space component of the metric field equation (2) is expressed
in the form

∇2
(3)

h 0 j + 1

2

(2)

h 00,0 j = 8π

(
2 − F ′2

2F ′2 + FW

)
0

ρv j , (14)

using Eqs. (11) and (68) the solution is

(3)

h 0 j = −1

2

(
7 − 4F ′2

2F ′2 + FW

)
0

Vj − 1

2
Wj , (15)

where Vj and Wj are the metric potentials, defined in
Eq. (61).

Using the PN gauge in Eq. (6) and Tμν in Eq. (5), and
expanding the time component of the metric field Eq. (2) to
O(v4), we obtain the 4PN equations of the field h00,

∇2
(4)

h 00 + (∇(2)

h 00)
2 − (2)

h jk
(2)

h 00, jk

+ (F ′(FW )′ − 2F ′′FW )0

(3F ′2F + 2F2W )0
(∇ (2)

ϕ )2

= −4π

{
2ρ� + 2

(
2 − F ′2

2F ′2 + FW

)
0

ρv2

+6

(
1 − F ′2

2F ′2 + FW

)
0

p

+
[

2FF ′2(2F ′′FW − F ′(FW )′)
(2F ′2 + FW )2(3F ′2 + 2FW )

− 2F ′2

2F ′2 + FW
− 4

]
0

ρU

}
. (16)
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Substituting Eqs. (10), (11) and (12) into the above equation
and using the relations (69) and (70), we obtain the solution
in the form

(4)

h 00 = −2

[
1 + FF ′2(F ′(FW )′ − 2F ′′FW )

4(2F ′2 + FW )2(3F ′2 + 2FW )

]
0

U 2

+2

(
2 − F ′2

2F ′2 + FW

)
0

�1 + 2

[
2 − 3F ′2

2F ′2 + FW

− FF ′2(F ′(FW )′ − 2F ′′FW )

2(2F ′2 + FW )2(3F ′2 + 2FW )

]
0

�2 + 2�3

+6

(
1 − F ′2

2F ′2 + FW

)
0

�4, (17)

where �1, �2, �3 and �4 are the metric potentials, defined
in Eqs. (61).

By comparing the metric perturbations in Eqs. (11), (12),
(15) and (17) with the standard form of the PPN metric in
Eqs. (60), we can identify all ten PPN parameters in the form

γ = 1 − F ′2

2F ′2 + FW

∣∣∣∣
φ0

, (18)

β = 1 + FF ′2(F ′(FW )′ − 2F ′′FW )

4(2F ′2 + FW )2(3F ′2 + 2FW )

∣∣∣∣
φ0

, (19)

ξ = α1 = α2 = α3 = ζ1 = ζ2 = ζ3 = ζ4 = 0, (20)

where the significances of these parameters are given in
Appendix A.

As we can see, in the case of a vanishing scalar potential,
the PPN parameters γ and β are model-dependent constants,
and the remaining PPN parameters are all zero. However,
in the theory with a non-vanishing free scalar potential, due
to the emergence of the Yukawa-type fifth force, these two
parameters γ and β are no longer constants but distance-
dependent, as we will discuss in the next section.

4 Effective gravitational constant and PPN parameters
γ and β for V �= 0

Now let us focus on the general free scalar–tensor gravity
with three free functions in the case of a point mass M
as a matter source, which can be described by the energy-
momentum tensor (5) with ρ = Mδ(r) and vanishing vi , p
and �.

4.1 Effective gravitational constant Geff and PPN
parameter γ

In the PPN formalism, imposing the PN gauge (6) and
expanding the dynamical Eqs. (2) and (3) toO(v2), we obtain

the 2PN equations of the fields ϕ, h00 and hi j in the form

(∇2 − m2
s )

(2)
ϕ = −8πρG

( F ′

3F ′2 + 2FW

)
0
, (21)

∇2
(2)

h 00 −
(
F ′

F

)
0

m2
s

(2)
ϕ = −16πρ

G

F0

(
2F ′2+FW

3F ′2+2FW

)
0

,

(22)

∇2
(2)

h i j +
(
F ′

F

)
0

m2
s

(2)
ϕ δi j =−16πρδi j

G

F0

(
F ′2+FW

3F ′2+2FW

)
0

,

(23)

where the quantityms can be interpreted as the effective mass
of the scalar field, and given by

ms ≡
(

FV ′′

3F ′2 + 2FW

) 1
2

0

. (24)

Here, the first is a screened Poisson equation, and the last two
can be simplified as the Poisson equations by using the first.
By setting ρ = Mδ(r) and the solutions of these equations
are given by

(2)
ϕ =

(
2F ′

3F ′2 + 2FW

)
0

GM

r
e−msr , (25)

(2)

h 00 = 2GM

F0r

(
1 + F ′

0
2

(3F ′2 + 2FW )0
e−msr

)
, (26)

(2)

h i j = 2GM

F0r
δi j

(
1 − F ′

0
2

(3F ′2 + 2FW )0
e−msr

)
. (27)

The effective gravitational constant Geff and the PPN
parameter γ are defined in the form [44],

(2)

h 00 = 2Geff M

r
,

(2)

h i j = γ
2Geff M

r
δi j . (28)

Using these, from Eqs. (26) and (27), we obtain

Geff = G

F0

(
1 + F ′

0
2

(3F ′2 + 2FW )0
e−msr

)
, (29)

γ = 1 − 2F ′
0

2e−msr

(3F ′2 + 2FW )0 + F ′
0

2e−msr
, (30)

whereGeff and γ both are distance-dependent and can reduce
to G/F0 and 1 in the limit of msr → ∞ and to Eqs. (13)
and (18) in the limit of msr → 0. It is clear that the Yukawa
exponential factor has been restored since the scalar field is
massive. This means that the Yukawa-type fifth force appears
in the theory, as we will see in more detail in the next section.
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4.2 PPN parameter β

By imposing the PN gauge (6) and the scalar field equation
(3) is expanded up to O(v4) in the form

(∇2 − m2
s )

(4)
ϕ

=
(
V ′′′
2V ′′ −

A′
A

)
0
m2
s
(2)
ϕ

2

+
(
F ′
F

− A′
2A

)
0
(∇ (2)

ϕ )2 + (2)
h i j

(2)
ϕ ,i j

+(2)
ϕ ,00 + 8πGρ

[(
F ′
A

)
0

(
3p

ρ
−�

)
+

(
A′F ′
A2 − F ′′

A

)
0

(2)
ϕ

]
,(31)

where A = 3F ′2 +2FW . The term
(2)
ϕ ,00 can be dropped for

static solutions. The pressure p and specific internal energy
� can be dropped for a point-like matter source. The term

ρ
(2)
ϕ corresponds to gravitational self-energies and can be

neglected. Using
(2)
ϕ and

(2)

h i j in Eqs. (25) and (27), the solu-
tion of the remaining equation is given by

(4)
ϕ =

(
F ′

A

)2

0

(
2F ′

F
− A′

A

)
0

(
GM

r
e−msr

)2

−3

(
F ′

A

)2

0

(
A′

2A
+ F ′

F
− V ′′′

3V ′′

)
0

msr

(
GM

r
e−msr

)2

×[e3msrEi(−3msr)−emsrEi(−msr)] +2

(
F ′

AF

)
0

msr

×
(
GM

r
e−msr

)2

[e3msrEi(−2msr)−emsr ln(msr)],
(32)

where Ei(x) is the exponential integral function, defined by

Ei(x) ≡ −
∫ ∞

−x

e−t

t
dt . (33)

In the PN gauge (6), expanding the metric field Eq. (2)
to O(v4), we obtain the 4PN equation of the field h00 in the
form

∇2
(4)

h 00 + (∇(2)

h 00)
2 +

(
A′F ′

2AF
− F ′′

F

)
0

(∇ (2)
ϕ )2

−(2)

h jk
(2)

h 00, jk +
(
F ′

F

)
0

m2
s

(2)

h 00
(2)
ϕ −

(
F ′

F

)
0

m2
s

(4)
ϕ

−
(
F ′V ′′′

2FV ′′ + A

F

( F ′

A

)′
+ A

2F2 − F ′2

F2

)
0

m2
s

(2)
ϕ

2

= −8πG

F0

[
2ρv2 +

(
1+ F ′2

A

)
0

ρ� + 3

(
1− F ′2

A

)
0

p

−
(

1+ F ′2

A

)
0

ρ
(2)

h 00 +
(
F

(
F ′2

AF

)′
− F ′

F

)
0

ρ
(2)
ϕ

]
.

(34)

Here, the velocityv, pressure p and specific internal energy�

can be dropped, since the calculation is performed in the rest

frame of the point-like matter source. The terms ρ
(2)

h 00 and

ρ
(2)
ϕ can be neglected, since they correspond to gravitational

self-energies and do not affect the calculation of the PPN

parameter β. Using
(2)
ϕ ,

(2)

h 00,
(2)

h i j and
(4)
ϕ in Eqs. (25), (26),

(27) and (32), the remaining equation is solved by

(4)

h 00 = − 2

F2
0

(
1 + F ′

0
2

A0
e−msr

)2
(
GM

r

)2

− F ′2(A′F ′ − 2AF ′′)
A3F

∣∣∣∣
0

(
GM

r
e−msr

)2

+
(
F ′2

AF2

)
0

(
GM

r
e−msr

)2

msr

[
1 − 2emsr ln(msr)

+2e2msr(emsr+msr)Ei(−2msr)−3

(
FF ′

A

)
0

(
A′

2A

+ F ′

F
− V ′′′

3V ′′

)
0

(e3msrEi(−3msr)−emsrEi(−msr))

]
.

(35)

Using the relationship
(4)

h 00 = −2β(Geff M/r)2 and Geff in
Eq. (29), the PPN parameter β is given by

β = 1 + FF ′2(A′F ′ − 2AF ′′)
2A(Aemsr + F ′2)2

∣∣∣∣
0

− AF ′2

2(Aemsr + F ′2)2

∣∣∣∣
0

msr

[
1 − 2emsr ln(msr)

+2e2msr(emsr+msr)Ei(−2msr)−3

(
FF ′

A

)
0

(
A′

2A

+ F ′

F
− V ′′′

3V ′′

)
0

(e3msrEi(−3msr)−emsrEi(−msr))

]
.

(36)

where this parameter is also distance-dependent and can
reduce to 1 and Eq. (19) in the cases of msr → ∞ and
msr → 0, respectively.

We will see in the next two sections that these parameters
Geff , γ and β in Eqs. (29), (30) and (36) can be expressed
more concisely as functions of the fifth force parameters.

5 Yukawa-type fifth force and fifth force-induced
perihelion precession

In this section we study the Yukawa-type fifth force and the
fifth force-induced perihelion precession in the general free
scalar–tensor gravity.
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5.1 Yukawa-type fifth force

In order to more clearly describe the fifth force in the theory,
by using the combinations of three functions F , W and V ,
we define the following two quantities:

α ≡
(

F ′2

3F ′2 + 2FW

)
0

, (37)

m0 ≡
(
FV ′′

F ′2

) 1
2

0

. (38)

As we will see later, these two quantities are the coupling
strength and mediator mass of the Yukawa-type fifth force.
Here, F0 > 0 is a consequence of the fact that gravity is
attractive (see Eq. (29) or (43)), and V ′′

0 ≥ 0 is the non-
negative mass squared of the scalar field. Additionally, the
effective mass in Eq. (24) is non-negative, i.e., F0V ′′

0 /(3F ′2+
2FW )0 ≥ 0. These above relations imply

α ≥ 0, m0 ≥ 0. (39)

Making use of the definitions of α and m0 in Eqs. (37) and
(38), the effective mass in Eq. (24) is expressed as

ms = α
1
2 m0, (40)

and the effective gravitational constant in Eq. (29) is rewritten
as

Geff = G

F0
(1 + αe−msr ). (41)

Using this, the potential energy describing the gravitational
interaction between two point-like objects with masses m
and M is given by

V (r) = − G

F0

Mm

r
(1 + αe−msr ). (42)

Differentiating this above, the force is

F(r) = − G

F0

Mm

r2 r̂[1 + α(1 + msr)e
−msr ], (43)

where the first term is the gravitational force (tensor force)
and the second term is the Yukawa-type fifth force (scalar
force).

5.2 Fifth force-induced perihelion precession

Because of the presence of the Yukawa-type fifth force, the
net force experienced by a planet does not vary exactly as
inverse-square, which induces the perihelion precession of
the planet orbit in which the major axis of the planet orbit
slowly rotates in the orbital plane.

In the weak-field limit, the Lagrangian describing the
orbital dynamics of two point-like objects with masses m

and M (m << M) in the polar coordinates (r, θ ) is given by

L = 1

2
m(ṙ2 + r2θ̇2) − V (r), (44)

where an overdot denotes differentiation with respect to time.
By varying the Lagrangian and performing the replacement
r = u−1, the equation of motion is

d2u

dθ2 + u = − 1

ml2u2 F(u−1), (45)

where l = r2θ̇ is the (conserved) orbital angular momentum
per unit mass. The force F(r) ≡ −dV (r)/dr can usually be
rewritten in the following form

F(r) = −GNMm

r2 [1 + f (r)], (46)

where f (r) is the sum of various deviations from the inverse-
square law of Newtonian gravity. Substituting the above
equation into Eq. (45) yields

d2u

dθ2 + u = 1

p
[1 + f (u−1)], (47)

where p = l2/(GNM) is the semi-latus rectum of the unper-
turbed orbit and is linked to the the semi-major axis a and
eccentricity e of the unperturbed orbit by p = a(1 − e2).

In the above equation, f (u−1) can be regarded as a small
perturbation, then the solution should lie near the unper-
turbed value. For this reason, expanding the right hand side
of Eq. (47) in Taylor’s series at p−1, we obtain the solution
in the form

u(θ) = u p + ue cos ω(θ − θ0), (48)

with

ω =
[

1 + p
d f (r)

dr

∣∣∣∣
r=p

] 1
2

, (49)

u p = 1

p

[
1 + f (p)

ω2

]
, (50)

where ue = eu p for a quasi-elliptical orbit. From Eq. (48) we
see that the perihelion occurs at ω(θ − θ0) ≡ ωθn = 2πn,
n ∈ Z. Using this, the precession angle per orbit, δθ ≡
(θn+1 − θn) − 2π is given by

δθ

2π
= 1 − ω

ω
≡ δω

ω
. (51)

Substituting Eq. (49) into the above equation and keeping
only the leading order, we obtain the perihelion precession
rate

δθ

2π
= δω

ω
= − p

2

d f (r)

dr

∣∣∣
r=p

. (52)
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Note that the above relationship is also obeyed between each
component of f (r) and its induced precession.

By comparing Eqs. (43) and (46), we obtain the strength
ratio of the fifth force to gravitational force,

f5(r) = α(1 + msr)e
−msr , (53)

and this is also the strength ratio of the scalar to tensor force
in the general free scalar–tensor gravity. Substituting this into
Eq. (52), the fifth force-induced perihelion precession rate is
given by

δθ5

2π
= δω5

ω
= α

2
(ms p)

2e−ms p. (54)

Here, we note that in the presence of the Yukawa-type fifth
force, as m0 → 0 (see Eq. (40)), the induced precession goes
to zero.

6 Properties of general free scalar–tensor gravity

In this section we summarize and discuss some interesting
properties of the general free scalar–tensor gravity.

Making use of the fifth force parameters α and m0 in
Eqs. (37) and (38), the PPN parameter γ in Eq. (30) can
be rewritten as

γ = 1 − αe−msr

1 + αe−msr
, (55)

and when msr > 1 the PPN parameter β in Eq. (36) can be
approximated as

β = 1 + αemsr [1 + 2msr ln(msr)]
2(α + emsr )2 . (56)

We now get the four important Eqs. (53), (54), (55) and (56)
in this paper. Our main results are also summarized in these
equations. According to Eq. (39), the coupling strength α is
always non-negative. Now let us consider the two cases of
α = 0 and α > 0.

In the case of α = 0 (i.e., F ′ = 0), the coupling function
F is a constant, the non-minimal coupling disappears, and
we have the following results:

(i) f5(r) = 0 and δω5/ω = 0, i.e., the Yukawa-type fifth
force and its induced precession are absent;

(ii) the PPN parameters γ = β = 1.

These indicate that the theory in the case reduces to GR with
a minimally coupled scalar field.

In the case of α > 0 (i.e., F ′ �= 0), the presence of the non-
minimal coupling makes the theory non-trivial, and we find
the following interesting results for the general free scalar–
tensor gravity:

(i) f5(r) > 0, i.e., the Yukawa-type fifth force in the theory
is always attractive;

(ii) δω5/ω > 0, i.e., the precession is in the same direction
as the orbital motion;

(iii) γ < 1, and β > 1 for msr > 1.

Note that, according to the previous works, 1 the result (i)
means that the general free scalar–tensor gravity is not suffi-
cient to reproduce the flat rotation curves of galaxies without
the need for dark matter, that is, the theory cannot be used as
an alternative theory to dark matter. The results (ii) and (iii)
show that the experimental constraints on the theory come
only from the upper bound on δω/ω, the lower bound on γ

and the upper bound on β.

7 Solar system constraints

In this section we place constraints on the parameter space of
the attractive fifth force in the theory by solar system exper-
iments involving the LLR measurement [42], the Cassini
satellite [43], and the perihelion precession of Mercury [44].

The perihelion precession is one of the four classic solar
system tests of GR. Bounds on anomalous precession devi-
ating from GR in the solar system provide extremely strin-
gent constraints on the fifth force, in which the most strin-
gent bound comes from the LLR observation [42] search-
ing for the anomalous precession of the Moon. The Moon
moves on an elliptical orbit with a small eccentricity of
0.0549 and a semi-major axis of 0.00257 astronomical unit
(AU  1.496 × 108 km). In the Earth–Moon system, the
characteristic interaction distance is the semi-latus rectum of
the orbit, i.e., 0.00256AU. The observed quantities relevant
to placing constraints are presented in Table 1.

The PPN parameters have been measured accurately by
a large number of experiments [44]. The current most strin-
gent constraints on the PPN parameters γ and β come from
the Cassini measurements of the Shapiro time-delay [43]
and the perihelion precession of Mercury [44], respectively.
These two experiments also provide a characteristic interac-
tion distance, respectively. In the Cassini measurements [43],
the radio signals sent between the Cassini spacecraft and the
Earth were passing by the Sun at a distance of 0.00744AU,
which is the characteristic interaction distance in the experi-
ment. In the perihelion precession of Mercury [44], Mercury
moves on an elliptical orbit with a moderate eccentricity of
0.2056 and a semi-major axis of 0.3871AU, and the char-
acteristic interaction distance is the semi-latus rectum, i.e.,

1 Refs. [38–41] have shown that an almost constant profile of galactic
rotation curve is recovered by adding a repulsive Yukawa-type fifth
force to gravitational force.
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Table 1 Current experimental
constraints on the Moon
perihelion precession rate δω/ω

and the PPN parameters γ and β

Parameters Measured value Interaction distance, di (AU) Experiments

δω/ω (−2.1 ± 7.1)×10−12 0.00256 LLR [42]

γ − 1 (2.1 ± 2.3)×10−5 0.00744 Cassini [43]

β − 1 (−4.1 ± 7.8)×10−5 0.3707 Mercury [44]

Fig. 1 Solar system constraints on the coupling strength α of the fifth
force as a function of its mediator mass m0. The shaded regions are
excluded by various experiments. The dashed and solid lines represent
1σ CL and 2σ CL, respectively

0.3707AU. The measured values of the relevant parameters
are presented in Table 1.

From Table 1, we obtain the upper bounds

δω

ω
≤ 0.5 × 10−11 and

δω

ω
≤ 1.21 × 10−11 (57)

at 1σ and 2σ confidence level (CL), the lower bounds

γ ≥ 0.999998 and γ ≥ 0.999975 (58)

at 1σ and 2σ CL, and the upper bounds

β ≤ 1.000037 and β ≤ 1.000115 (59)

at 1σ and 2σ CL. Using these above bounds and Eqs. (54),
(55) and (56), we derive the observationally allowed range of
the coupling strength α for each value of the mediator mass
m0, shown in Fig. 1. Using Eqs. (53) and (54), the upper
bounds on δω/ω in Eq. (57) can be translated into the upper
bounds on f5(r) for each value of the effective mass ms ,
shown in Fig. 2. Note that, here, the upper bound of γ and
the lower bounds of δω/ω and β cannot be used to constrain
the theory, because of the conclusions (ii) and (iii).

Fig. 2 2σ CL upper bounds from the LLR observation on the strength
ratio f5(r) at different distances as a function of effective mass ms

In Fig. 1, the yellow, cyan and green regions are excluded
by the LLR measurement, the Cassini experiment, and the
Mercury anomalous precession, respectively. The three par-
allel dotted lines from right to left indicate the curvesmsdi =
1 where di = 0.00256AU, 0.00744AU, and 0.3707AU (see
Table 1) are the interaction distances of the LLR, Cassini, and
Mercury experiments, respectively. In the yellow regions, the
dashed and solid lines are obtained by equating the 1σ and
2σ limits of Eqs. (57) with (54), respectively, and plotting the
corresponding contour in the parameter space (α,m0). The
dashed and solid lines of the cyan regions are obtained in a
similar way using Eqs. (58) and (55). In the green regions,
the dashed and solid lines are obtained in a similar way using
Eqs. (59) and (56), and the upper right regions of the dotted
line indicate msdi > 1 (di = 0.3707AU), in which Eq. (56)
holds. Clearly, the Mercury constraint on the parameter space
(α,m0) is the weakest one of all.

Table 2 records several special points in Fig. 1. From
Table 2 we obtain the upper bound of α ≤ 1.25 × 10−5 at
2σ CL for m0 = 0. This upper bound on α can be translated
into the familiar bound ω ≥ 40,000 in massless Brans-Dicke
theory [15,44] by setting F(φ) = φ and W (φ) = ω(φ)/φ

and substituting them into Eq. (37). We can see that at 2σ CL
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Table 2 2σ CL bounds on the
coupling strength α of the fifth
force for different values of its
mediator mass m0

m0(eV) m−1
0 (m) α Experiments

= 0 ∞ [0, 1.25×10−5] Cassini

≤ 10−15.7 ≥ 109.00 [0, 1.25×10−5] Cassini and LLR

≥ 10−9.65 ≤ 102.95 [0,+∞) LLR

≥ 10−13.4 ≤ 106.70 [0,+∞) Cassini

≥ 10−15.4 ≤ 108.70 [0,+∞) Mercury

0 ≤ α ≤ 10−10.4 m0(eV) ∈ [0,+∞) LLR

all values of α are allowed for m0 ≥ 10−9.65eV in the LLR
constraint, for m0 ≥ 10−13.4eV in the Cassini constraint,
and for m0 ≥ 10−15.4eV in the Mercury constraint. At 2σ

CL, the horizontal coordinate of the intersection between
δω5/ω and γ in Eqs. (54) and (55) is m0 = 10−15.70eV.
We can see that in the current precision the range of val-
ues of α for m0 ≤ 10−15.70eV is exactly the same as that
of m0 = 0. In other words, the upper bound on α is no
longer sensitive to values of m0, when m0 ≤ 10−15.70eV or
m−1

0 ≥ 109m, which is comparable to the interaction dis-
tance of 0.00744AU in Table 1.

Figure 2 shows the constraints on the strength ratio f5(r)
of the fifth force to gravitational force from the LLR obser-
vation searching for the anomalous precession of the Moon.
The curves represent the 2σ CL upper bounds on the strength
ratio f5(r) as a function of effective mass ms at differ-
ent distances r/dM = 100(red), 10(orange), 2 (yellow), 1
(green), 0.99 (cyan), 0.9 (blue), 0.2 (purple), and ∈ [0, 0.1]
(grey). Here, the effective mass ms is defined in Eq. (40), and
dM = 0.00256AU is the semi-latus rectum of the Moon’s
orbit (see Table 1). We find that the 2σ CL upper bounds of
f5(r ≤ 0.1dM) are approximately the same as that of f5(0)

(see the grey curve). As the distance r decreases, the excluded
parameter space decreases, and then the constraints on the
strength ratio f5(r) become weak. Therefore, the excluded
parameter space of r = 0 is located entirely in the excluded
parameter space of r > 0. The LLR observation places much
tighter fifth force constraint on large scales than on small
scales.

8 Conclusions

General free scalar–tensor gravity with three free coupling
functions is a natural extension to GR. One of the most impor-
tant consequences of this extension to GR is the emergence
of a Yukawa-type fifth force.

In this paper, we explored the impact of the Yukawa-type
fifth force in the theory on the PN metric and the orbital pre-
cession and derived in detail the PPN parameters γ and β

and the fifth force-induced perihelion precession rate δω/ω,
respectively. These parameters depend not only on the inter-

action distance from the test mass to the gravitational source,
but also on the coupling strength and mediator mass of the
Yukawa-type fifth force. We found that if the fifth force van-
ishes then all these parameters reduce to their values in GR.
Our further analysis showed that the Yukawa-type fifth force
in the theory is surprisingly always attractive, which leads to
δω/ω > 0, γ < 1, and at large distances β > 1. In addition,
this class of theories cannot completely substitute the role of
dark matter in describing galactic dynamics.

Finally, we used solar system experiments (LLR, Cassini,
and Mercury precession) to place stringent constraints on the
parameter space of the attractive fifth force, and derived the
upper bounds on the fifth force to gravitational force (scalar
to tensor force) strength ratio at different scales with the
LLR observation. It turned out that the Mercury constraint is
the weakest one of all, for small mediator masses the LLR
constraint is not competitive with the Cassini constraint, but
as the mediator mass increases the LLR constraint becomes
tighter and tighter until it reaches the tightest constraint. Fur-
thermore, we found that the upper bounds on the scalar to
tensor force strength ratio become tighter as its interaction
distance increases.

In this paper, all coupling functions are free, but the
real physical world is usually governed by symmetry con-
straints. So, in future work, we will study the general unfree
scalar–tensor gravity constrained by theoretical considera-
tions, which gives rise to extremely interesting results.
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A PPN formalism

The PPN formalism was inspired by the earlier work of
Eddington [45], Robertson [46] and Schiff [47]. Nordtvedt
[48] and Will [49] generalized the framework to a system of
gravitating point masses and a perfect fluid, respectively.

In the PPN formalism, the metric for a perfect fluid is
parametrized as follows [44,50]:

g00 = −1 + 2U − 2βU 2 − 2ξ�W

+(2γ + 2 + α3 + ζ1 − 2ξ)�1

+2(3γ − 2β + 1 + ζ2 + ξ)�2

+2(1 + ζ3)�3 + 2(3γ+3ζ4−2ξ)�4 − (ζ1 − 2ξ)A
−(α1 − α2−α3)w

2U−α2w
iw jUi j

+(2α3 − α1)w
i Vi + O(v6),

g0i = −1

2
(4γ + 3 + α1 − α2 + ζ1 − 2ξ)Vi

−1

2
(1 + α2 − ζ1 + 2ξ)Wi − 1

2
(α1 − 2α2)w

iU

−α2w
jUi j + O(v5),

gi j = (1 + 2γU )δi j + O(v4), (60)

where wi is coordinate velocity of the PPN coordinate system
relative to the mean rest-frame of the universe. The coeffi-
cients γ , β, ξ , α1, α2, α3, ζ1, ζ2, ζ3 and ζ4 are the PPN
parameters, whose significances are as follows: γ measures
the amount of space-curvature produced by unit rest mass, β
measures the non-linearity in the superposition law for grav-
ity, ξ measures the violation of local position invariance, α1,
α2 and α3 measure the violation of local Lorentz invariance,
and α3, ζ1, ζ2, ζ3 and ζ4 measure the violation of total energy-
momentum conservation.

The metric potentials U , Ui j , �W , A, �1, �2, �3, �4, Vi
and Wi are constructed as follows [44,50]:

U =
∫

ρ′

|x − x′| d
3x ′,

Ui j =
∫

ρ′(x − x ′)i (x − x ′) j
|x − x′|3 d3x ′,

�W =
∫

ρ′ρ′′(x − x′)
|x − x′|3 ·

(
x′−x′′

|x − x′′| − x − x′′

|x′ − x′′|
)
d3x ′d3x ′′,

A =
∫

ρ′[v′ · (x − x′)]2

|x − x′|3 d3x ′,

�1 =
∫

ρ′v′2

|x − x′| d
3x ′,

�2 =
∫

ρ′U ′

|x − x′| d
3x ′,

�3 =
∫

ρ′�′

|x − x′| d
3x ′,

�4 =
∫

p′

|x − x′| d
3x ′,

Vi =
∫

ρ′v′
i

|x − x′| d
3x ′,

Wi =
∫

ρ′[v′ · (x − x′)](x − x ′)i
|x − x′|3 d3x ′, (61)

where ρ, p and � are respectively the rest mass density,
pressure and specific internal energy of the perfect fluid (see
the energy-momentum tensor of the perfect fluid in Eq. (5)).
The metric potentials satisfy the following simple and useful
relationships [44,50]

∇2U = −4πρ, (62)

∇2�1 = −4πρv2, (63)

∇2�2 = −4πρU, (64)

∇2�3 = −4πρ�, (65)

∇2�4 = −4πp, (66)

∇2Vi = −4πρvi , (67)

∇2(Wi − Vi ) = 2U,0i , (68)

U∇2U = ∇2�2, (69)

(∇U )2 = ∇2(
1

2
U 2 − �2). (70)
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