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Abstract: In the standard model effective field theory, operators involving the top quark are generally difficult to
probe and can generate sizable loop contributions to electroweak precision observables measured by past and future
lepton colliders. Could the high precision of electroweak measurements compensate for loop suppression and
provide competitive reaches on these operators? Would the inclusion of these contributions introduce too many addi-
tional parameters for a meaningful global electroweak analysis to be performed? In this paper, we perform a detailed
phenomenological study to address these two important questions. Focusing on eight dimension-6 operators that
generate anomalous couplings between electroweak gauge bosons and third-generation quarks, we calculate their
one loop contributions to e*e™ — ff processes, both on and off the Z-pole, and the e"e* — WW process. A global
analysis is performed with these eight operators and those that contribute to the above processes at tree level using
measurements at the LEP, SLC, and several low energy experiments. We find that although current electroweak pre-
cision measurements are sensitive to the one-loop effects of top-quark operators, it is difficult to separate them from
the operators that contribute at tree level, making a global analysis rather challenging. Under further assumptions
(for instance, new physics contributes to only third generation quark operators and the S and 7T parameters), compet-
itive reaches may be obtained in a global fit. Another important finding of our study is that the two operators that
generate the dipole interactions of the bottom quark have a significant impact on the Z-pole measurements and
should not be omitted. We also discuss the implications of the recently reported W-boson mass measurement at the
CDF for our results. Finally, we estimate the reaches of future lepton colliders in probing top-quark operators with
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precision electroweak measurements.
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I. INTRODUCTION

The standard model (SM), despite its enormous suc-
cess, is generally considered an effective theory with a
cutoff that can be as low as a few TeVs. Considerable ef-
fort is being devoted to constructing and studying exten-
sions of the SM that predict new particles with masses of
approximately the TeV scale. To date, direct searches for
such new particles at colliders have been unsuccessful. A
complementary approach to direct searches is indirect

searches, where precise measurements of SM processes
are compared with SM predictions, and an observed devi-
ation from the latter is a strong indication that the pro-
cess may receive virtual contributions of heavy new
particles. A powerful model-independent framework to
identify, constrain, and parametrize potential deviations
with respect to SM predictions is the standard model ef-
fective field theory (SMEFT) [1-5]. Assuming elec-
troweak symmetry breaking is linearly realized as in the
SM, and the new physics scale (usually denoted as A) is
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significantly larger than the electroweak scale, the SM
Lagrangian is augmented by a series of higher dimension-
al operators suppressed by powers of 1/A. Here, we fo-
cus on the effects of the leading operators (denoted as Q;)
that preserve baryon and lepton numbers, which are of di-
mension Six.

¢;i0;

s @

Lsmerr = Lsm + Z
7

where A is the energy scale of new physics, and ¢; are the
dimensionless Wilson coefficients. Q; spans the entire
space of dimension-6 operators [6—8]. If experiments de-
tect significant deviations from SM predictions, the
SMEFT could help characterize their possible origin and
guide direct searches for new physics. In the absence of
any significant deviation, the SMEFT can be used to sys-
tematically constrain the scales of different BSM physics
scenarios.

Many dimension-6 operators have been extensively
studied in various experiments. Among them, operators
that modify electroweak processes are stringently con-
strained by the precision measurements of the Z and W
bosons at lepton colliders. Global analyses have been per-
formed for these operators at both current and future col-
liders [9—11]. Although similar analyses have also been
conducted for the Higgs and top sectors (and their com-
binations with the EW sector) [12—28], several corres-
ponding operators are not well constrained for a number
of reasons. A well-known example is the operator
(H'H)?, which modifies the trilinear Higgs coupling.
Even at the high luminosity LHC, its coefficient is only
probed at the order-one level with the measurement of the
double-Higgs process [29]. Interestingly, the measure-
ment of single-Higgs processes, where the (H'H)? oper-
ator contributes at the one-loop order, offers competitive
reaches on it due to their better measurement precision (in
particular, the Higgsstrahlung process at future lepton
colliders) [30—33]. Similarly, operators that generate an-
omalous gauge couplings of the top quark are generally
less-well constrained at the tree level and contribute to
many Higgs and electroweak processes at the one-loop
order [16, 25, 34]. Some of these contributions are also
enhanced by the large top mass. From the UV point of
view, sizable contributions to top-quark operators are
generated in many plausible new physics models. A typ-
ical example is the composite Higgs model with partial
compositeness [35]. A large mixing between the top
quark and strong sector is required to generate a large top
mass, which also tends to generate large contributions to
3rd-generation quark operators. Strong constraints from
flavor observables can be avoided by imposing approxim-
ate U(2)’ symmetry on the first two generation quarks
[36], which can also be naturally embedded in composite

Higgs models [37]. Therefore, with the high precision of
electroweak measurements, it is entirely possible that
one-loop effects from top-quark operators are non-negli-
gible, despite loop suppression, and should be included in
the electroweak analysis. This calls for two important
questions: First, are the one-loop contributions of these
top-quark operators sufficiently sizable for the elec-
troweak measurements to have a sensitivity that is com-
parable to, or even better than, that from the LHC, which
probes them directly? Second, by introducing additional
degrees of freedom to the electroweak analysis, are we
still able to obtain meaningful bounds in a global frame-
work? In other words, is it possible to separate the ef-
fects of top-quark operators from those of tree-level elec-
troweak ones?

In this paper, we perform a comprehensive global
analysis with current precision electroweak data to an-
swer these two questions. We focus on the effects of eight
dimension-6 operators that generate anomalous coup-
lings between electroweak gauge bosons and third-gener-
ation quarks. These include four operators that modify the
SM gauge couplings of top and bottom quarks, and four
operators that introduce dipole interactions. We include
Z-pole measurements from the LEP and SLD, the meas-
urements of the ete™ — WW process at LEP2, and meas-
urements of several low energy scattering processes that
are also sensitive to 4-fermion operators [38]. We per-
form global analyses with the eight operators above and
other tree-level operators that contribute to these pro-
cesses. For the latter, we impose the flavor universality
condition to reduce the size of the parameter space. Inter-
estingly, we also find that the tree level effects of the bot-
tom dipole operators, although suppressed by the bottom
mass, may be even larger than the one-loop contributions
of the other operators, and these tree level effects must be
included for consistency. As a first step toward a more
complete global analysis, we do not consider the effects
of any top-quark-related four-fermion operators in our
study. These operators introduce additional degrees of
freedom and, in many cases, are notoriously difficult to
separate from other top operators [15, 20, 28]. Recent
studies also showed that they have a significant impact on
Higgs processes [39].

The remainder of this paper is organized as follows:
In Sec. II, we lay out the theoretical framework of our
study, including the operators we consider, the corres-
ponding tree-level and one-loop contributions to the elec-
troweak processes, and details of the Monte Carlo simula-
tion we use to obtain some of the results. In Sec. III, we
provide a detailed description of the experimental inputs
used in our analysis. Our results are presented in Sec. IV.
We consider both the general framework and a more re-
strictive "semi-universal" scenario. Results with the new
CDF-II W mass measurement [40] are presented, and its
implication is also discussed. Our projections for future
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lepton colliders are provided in Sec. V. Finally, we draw
conclusion in Sec. VI. More details of our analysis and
additional results are presented in Appendix A.

II. THEORY FRAMEWORK

A. SMEFT framework

We work in a global SMEFT framework and con-
sider all dimension-6 operators that contribute to current
electroweak measurements (listed in Sec. III). Our stand-
point is that third generation quarks are special. Operat-
ors involving third generation quarks are thus separated
from the other dimension-6 operators, and their one-loop
contributions are considered in addition to possible tree-
level contributions. For the other operators, we consider

only the tree-level contributions’ and impose U(2), X
U2).QU2),QUBHQUB), flavor symmetry. This
setup allows us to investigate the impact of third-genera-
tion-quark operators while maintaining a relatively small
parameter space. As mentioned earlier, four-fermion op-
erators involving the top quark are not included in our
study. We leave a more general analysis with four-fermi-
on top-quark operators and fewer flavor assumptions to
future studies.

Under the above assumptions, the dimension-6 oper-
ators involved in our study are summarized in Table 1,
where the Warsaw basis is used [7]. These operators are
divided into two classes. The first class involves third
generation quarks, which are

prlé s Qi(;é > Qtpl s Q&pb s QtW > Ql‘B s QbW ’ QbB s (2)

where, instead of presenting the flavor indices ij = 33, we
make the replacements ¢ —» Q, u —t, and d — b. Here,
0, t, b denote the SU(2) doublet (z, b); and the singlets
trand bg, respectively. The corresponding Wilson coeffi-
cients c;/A” follow the same notation. The four operators

Q;lé, Q(;é, Oy, and Qg modify the SM gauge couplings
between 3rd generation quarks and the W and Z bosons.
There is another operator, Qg =i(@' D,p)(#y"bj), which
generates a right-handed Wrb coupling. It contributes
only to the W-boson self energy, and this contribution is
strongly suppressed by the bottom mass. For this reason,
we do not include it in our analysis. The remaining four
operators Q;w, O:p, Opw, and Qpp generate dipole inter-
actions between 3rd generation quarks and the gauge bo-
sons. Owing to their different helicities, a fermion mass
insertion is required to generate an interference term with

Table 1. Operators in the Warsaw basis [8] that are used in our study. The indices i, j, and p, r, s, ¢ label the fermion generation.
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1) Strictly speaking, this partial-loop-contribution framework we implement is not basis-independent, as the coefficients of the third-generation-quark operators
could become a linear combination involving other operator coefficients under a basis transformation. However, we find the impacts of such effects numerically irrelev-

ant as long as the other operators already contribute at the tree level.
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the SM amplitude. For the top quark, this contribution
may be sizable and should be included in the analysis.
The impact of the bottom-quark dipole operators is more
subtle — while their contributions to the Zbb vertex are
suppressed by the small (but non-negligible) bottom
mass, these are tree level contributions, which turn out to
be comparable to, or even larger than, the one-loop con-
tributions of top operators. As such, they are also in-
cluded in our analysis. For all eight operators, their lead-
ing contributions are included into all the observables in a
consistent manner. That is, if an operator already contrib-
utes to a process at the tree level (such as the bottom-
quark operators to e*e~ — bb), we shall only consider its
tree-level contribution; otherwise, its one-loop contribu-
tion is included.

The second class contains all other operators that con-
tribute to the ete™ — ff and e*e™ — WW processes at the
tree level, including those that modify the propagators of
Z and W bosons, their couplings to fermions (excluding
3rd generation quarks), and triple gauge couplings,

(1) (3) (6] (3)
Qgpq ’ Q‘pq > Qtpu ’ Qtpd > le > Q¢[ s Qtpe ’
Q. Qup. Quws, Ow, 3

as well as 4-fermion operators that directly contribute to
e"e” — ff processes and several low energy scattering
processes,

1 3
Qqe 5 Qeu s Qed 5 Q;q) 5 ng) 5 Qlu 5 Qld s

Qll > Qee > Qle s (4)

where the flavor indices are omitted due to the flavor
symmetries we impose. Note that we distinguish
Q)= Qlll221 (which contributes to the u decay) from
Ou=Q,'"" (which contributes to e*e” —I*I7), even
though they are not independent in the universal flavor
case. This is because many new physics models that con-
tribute to the latter (such as a flavor-diagonal Z’ boson)
do not contribute to the former. In addition, we include
the 4-fermion operators in the e*e™ — bb process to the
second class and only consider their tree-level effects.
They are

Q;ga Q§3Q)’ le > QeQ > er > (5)

where we again make the replacements ¢ —» Q, u — ¢, and
d — b instead of presenting the 3rd generation flavor in-
dices. For convenience, we also use the following com-
binations of operators instead of the original ones for 3rd

generation quarks:
(+) — H(D) (3) (+) — H(D (3)
Qpo=Cpo+ 00> Qi =CQip+ 0>

D=0 _o® o =oh_o?®
Qe =90~ 0> o =% Y- ©)

and their Wilson coefficients follow the same labeling
system. Q;é) contributes only to a contact e*e™#f interac-
tion and is not considered in our analysis. In total, 33
Wilson coefficients are included in our analysis, and we
consider their leading contributions for each observable,
which are at the one-loop level if there is no tree level
contribution.

It is well known that in the Warsaw basis, the operat-
or coefficients that contribute to Z-pole observables at the
tree level exhibit flat directions such that a global SMEFT
fit with only the Z-pole observables (and the W mass
measurement) cannot be closed. These flat directions are
lifted by the measurement of the e*e™ — WW process
(see, for example, [9]). However, because the measure-
ment precision of ete™ — WW at the LEP is significantly
worse than that of the Z-pole,l) large correlations remain
among many operator coefficients. This may obscure the
impact of the 3rd-generation-quark operators investig-
ated in this study. To resolve this issue, in most parts of
our analysis, we use a slightly different basis obtained by
replacing the operators Q,p and Q,wg with

Opew =iDy¢T0_aDv¢Waﬂv s

Opyp =iDu¢' D,pB" (7)

which do not contribute to the Z-pole observables. The
translation to the Warsaw basis is given by

QD@B i gZQth + % Zw: Yl,bQSLZ + gZij
+8 Oup — §Q¢WB,
g g 2
Ovow = 5 3000+ 5 (30,0 +8100, - 4153 (4°9)')
F

+ % (yiej (Qe‘/’),‘j + y?’j (thp)ij + y;‘tj (Qmp)ij + h.C.)

- ngWWB - §Q¢W . (8)

We use the following input parameters in our analys-
is [42]:

1) This is partially due to the fact that the measurements of the W-decay angles are not available in the final report [41], so we could only use the production polar

angle distribution in our analysis. See Sec. III for more details.
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1
T 127.9°

Gr =1.166379%x 107 GeV,

mz =91.1876 GeV,

my =47 GeV, m, =172.5 GeV. )

B. Loop contributions

The tree level contributions of the SMEFT dimen-
sion-6 operators to the ete™ — ff and ete” — WW pro-
cesses have been well studied in the past [9—11, 43—46],
and we follow these references in our analysis. Here we
focus on the one-loop contributions of the 3rd-generation-
quark operators in Eq. (2). First, they generate universal
contributions to the gauge boson self-energies, as shown
in Fig. 1. They have both direct and indirect effects. The
indirect effects are the contributions to the measurements
of the three input parameters o, m%, and Gp. As with the
tree level dimension-6 contributions, they change the "in-
ferred SM values" of these parameters. Their effects can
be parameterized as

= ap(1+11,(0)),
m% = m%o + sz(m%),

HWW(O)]
> ,

my,

Gr =Gp0(1— (10)

where a, m7, and G take the values in Eq. (9), ao, m%,,
and Gpo are the renormalized SM parameters, which are
entered into the calculations of EW observables, and
Hg?y(qz) parameterizes the one-loop corrections to the
gauge boson self-energies [47], for which we only con-
sider the contributions from the operators in Eq. (2).
Their definitions are shown in Sec. A.3. A renormalized

52, = sin” @y can be defined as

1 f drap

2

Swo == 1- 1-—F
2[ \/szom%O]

2 2
2 Cw wa(O) HZZ(mz)))
= 1—— II
g2 lmo )
(11)

_ 4na
\/szm%
ergies also directly enter the observables. The contribu-
tions to e*e™ — ff as well as the W and Z decay rates can
be characterized by the tree-level neutral and charged

1
where s, = 3 [1 - . The W and Z self-en-

1) The Zbb anomalous couplings are also recently studied in Refs. [49-52].

t,b
Fig. 1. Gauge boson self-energy correction caused by the
operators in Eq. (2). The black dot is the dimension-6 vertex.

current interactions. At tree level, they are given by (as-
suming no tree-level contributions from dimension-6 op-
erators)

2

zQQ

e , ’
Myc = e~ s - sWOQ> (I3 = 5300,
q SyoCho —my,
2
e 1
Mcc = 201+ 1>
Swo 4"~ Myo (12)

where Ig)and Q") are the SU(2) and electric charges of
the external fermions, respectively, I,,I_ are the isospin-
raising and isospin-lowering matrices, respectively, and
@o, m,, Gro, and s}, are the renormalized SM para-
meters in Egs. (10) and (11). With the direct contribu-
tions from the W and Z self-energies, Eq. (12) is modi-
fied to

00 & Zr ,

MIIVC—GZ > ﬁ(13—s%‘/‘Q)ﬁ(l3—S‘2,‘pQ),
q Sw-Cyp q-—my.

2

e, Zw«
Mio=—1,-"2 1,

253, > —mi,
(13)

where m3,, (¢, m3,(q%), Zw(q"), Zz.(q%), s3,.(¢%), and
e2(¢*) generally depend on ¢* of the propagators, and
their expressions are also listed in Sec. A.3 [48]. In addi-
tion to the W and Z self-energies, the 3rd- generatlon—
quark operators also directly modify the Zbb vertex ,

shown in Fig. 2, thus generating non-universal effects. F1—
nally, they also contribute to the processes ete™ - WW
and e*e” — e*e”. The calculation of these effects are
rather complicated, and we rely on Monte Carlo integra-
tion with MadGraph5 aMC@NLO [53]. The method of
reweighting [54] is used to generate weighted events. The
SM input parameters used in Monte Carlo are the same as
those in Eq. (9). We also check that the statistical uncer-
tainties due to simulation sample size are sufficiently
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Fig. 2. Diagram of top loop modification to bb production.

small and can be neglected. The numerical results of our
calculation can be found in the GitHub repositoryl) .

The one-loop contributions to EW observables from
dimension-6 operators were also recently studied in Refs.
[55, 56]. In Ref. [55], the one-loop order QCD and elec-
troweak corrections to the Z and W pole observables are
computed under the flavor universality assumption. In
contrast, our study focuses on 3rd generation quarks. By
also computing the one-loop contributions of the first two
generations of quarks and then imposing the flavor uni-
versality assumption, we manage to reproduce the results
in Ref. [55] on the contributions of O, O,w, and Oz to
the Z — bb decay width. For 0;3, our result turns out to
be approximately four times larger than that in Ref. [55],
which is likely due to the different choice of cutoff en-
ergy. In Ref. [56], the one-loop corrections of flavor non-
universal 4-fermion interactions were investigated, which
complements our study.

III. EXPERIMENT

The data used in this study are mainly from the LEP
experiment. Data from low energy experiments, such as
CHARM [57], CDHS [58], CCFR [59], NuTeV [60],
APV [61], QWEAK [62], and PVDIS [63] are also in-
cluded. These can be divided into the following categor-
ies:

e Precision electroweak measurement: We use the Z-
pole measurement from the LEP experiment, W mass
measurement taken from the combined results of the
PDG Group and branching ratio (BR) information from
the LEP.

® ¢"¢” — ff: Measurements of electron collision to
quark and lepton pairs from the LEP experiment are col-
lected. Several observables measured by TRISTAN at 58
GeV are also included.

® ¢c'em > WYW~ — 4f: The total cross-section and

differential cross-section measurements of ete” —

1) https://github.com/yuhao-wang-nju/electroweak-data-collection

W*W~ — 4f from the LEP experiment are included in
this study.

e Low energy measurement: The neutral-current
parameters for v-hadron and v — e processes measured us-
ing deep inelastic scattering (DIS) experiments, includ-
ing CDHS and CHARM in CERN, and CCFR and
NuTeV in FermiLab. The parameters for electron scatter-
ing are measured using the Cs atomic parity violation
(APV) experiment, electron-deuteron DIS (eDIS) experi-
ment PVDIS, and Qweak, which measures the weak
charge of protons. Additionally, the cross-section meas-
urement of trident production (v,y* — v,u*u~) over its
SM prediction by CHARM and CDHS is included.

For the data mentioned above, we take the center val-
ues, uncertainties, and correlations. The correlations
between different categories and experiments are taken as
zero. For those with unidentifiable correlations, we make
the assumption that they are not correlated with each oth-
er. Table 2 shows the varieties of observables included in
this study and their references.

Table Al in the appendix lists the type-I operators
that have an impact on the above observables. Besides

these, five operators (Quws, Qf{ji, O¢p, Q;}(S), and Qi?(S) )
have an impact on all the obersvables because they affect
the electroweak parameters g, g, and v. In the following
part, details about several of the categories involved in
the experiments will be discussed. These details also af-
fect the generation of Monte Carlo events. Additionally,
the uncertainties on SM calculation and experimental

measurement will be discussed.

A. Z, Wpole observables and low energy couplings

The theoretical predictions of Z pole and W pole ob-
servables are taken from Table 10.5 of [42] and Table 2
of [11]. The theoretical errors on the Z and W pole ob-
servables and low energy couplings, except for my, are
ignored (the theoretical prediction error om my is 0.004
GeV [42, 68)).

B. Fermion-pair production

The main Feynman diagram of e*e™ — ff contains an
s-channel photon and Z annihilation (Fig. 3(a)). However,
there is an additional #-channel photon and Z exchange in
the e*e™ — e*e™ process (Fig. 3(b)), which have a small
contribution at the Z-pole. We make the assumption of
zero electron and muon mass in our model. As a result,
there is only a negligible difference between the contribu-
tion of new operators to the observables of the ete™ —
e*e” and e*e” — utu~ processes, and we take the result
of ete™ — uu~ as that of ete™ — eTe™ at the Z-pole. At
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Table 2. Observables used in this study.

Experiment

Observables Reference

CHARM/CDHS/CCFR/NuTeV/

Low ener
& APV/QWEAK/PVDIS

Effective couplings [42, 64]

Z-pole LEP/SLC

Total decay width 'z
Hadronic cross-section op,q
Ratio of decay width Ry [10]
Forward-Backward asymmetry A]j:‘B

Polarized asymmetry Ay

W-pole LHC/Tevatron/LEP/SLC

Total decay width I'y
W branching ratios Br(W — lv;) [10,42]

Mass of W boson My

ee > qq LEP/TRISTAN

Hadronic cross-section opaq

Ratio of cross-section Ry [65, 66, 67]
Forward-Backward asymmetry for b/ cAéB

ee — 1l LEP

Cross-section o ¢
Forward-Backward asymmetry AﬁB [65]

Differential cross-section do ¢ /dcos6

ee - WW LEP

Cross-section oy
. . . [65]
Differential cross-section doyw /dcost

v/Z
v/Z

e e € €

(a) s-channel ee—ff

Fig. 3.
Born level.

(b) t-channel ee—ee

Feynman diagrams for the e*e™ — ff process at the

other energies, both z-channel and s-channel production
of efe™ — e*e™ are considered.

For quark pair production, the decay of quarks is not
considered. Additional observables in the low energy re-
gion for b and ¢ quark production are included, which
helps us obtain a better constraint on the 3rd-generation-
quark operators.

For fermion-pair production, especially at energies
above Z resonance, the QED radiative corrections are
very large. This is caused by the initial-state radiation of
photons, which lowers the center-of-mass energy, +/s, to
a value of Vs'. In the LEP experiment, the measurement
is performed using events with a small amount of initial
state radiation, that is, large +/s/s’. Therefore, in Monte
Carlo integration, initial-state radiation is not considered.

e In the ete™ — ff(f = u,7,q) processes, the experi-
mental values of cross-sections (in pb) and forward-back-
ward asymmetries are reported in Table 3.4 of [65]. The
theoretical prediction uncertainties on o(¢g),o(u*u~), and

o(t*17) and leptonic forward-backward asymmetries are
0.26%, 0.4%, 0.4%, and 0.4%, respectively [65, 69].
Their theoretical prediction uncertainties can be neg-
lected because their experimental uncertainties are at least
four times larger.

® The experimental and theoretical values of the
ete” > utu~and ete” — rtr differential cross-sections
are reported in Tables 3.8 and 3.9 of [65]. In the pro-
cesses ete” - utu~ and e*e” — 17, we assume that the
theoretical uncertainty on the differential distribution is
0.4%, which can be neglected compared with experiment-
al values.

e The experimental and theoretical values of the
ete” — ete” differential cross-section are reported in
Tables 3.11 and 3.12 of [65]. The theoretical uncertainty
on large-angle Bhabha scattering for +/s ranging from
189 to 207 GeV is approximately 0.5% [69, 70]. The the-
oretical uncertainty on the differential distribution is also
taken as 0.5%.

e For the process e*e™ — gg at /s = 58 GeV, Table 8
in [71] show the experimental values for R, and R.,
which are the bottom and charm quark pair production
cross-section ratios to the total hadronic cross-section. In
[72], their theoretical uncertainties are estimated as 1%
and can be ignored.

e For the process ete™ — gg at +/s ranging from 189
to 207 GeV, Tables 8.9 and 8.10 in [66] show the experi-
mental values for R, and R, without theoretical uncer-
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tainties. We assume the theoretical uncertainties are neg-
ligible.

C. Boson-pair production

Boson-pair production is also very important in LEP
experiments. In our study, the e*e™ — W*W~ process is
included. There are three main Feynman diagrams for this
process, shown in Fig. 4, which are known as CCO03
(Charged Current).

The W boson will decay into a quark-antiquark pair or
lepton-neutrino pair. The BR of hadronic decay is ap-
proximately 67%, and that of leptonic decay is approxim-
ately 33%. WW events are classified into fully hadronic,
semi-leptonic, and fully leptonic events. In the Monte
Carlo simulation of the total cross-section of WW pro-
duction, we ignore the decay of W bosons and only pro-
duce events that take the W pair as the final state for con-
venience. The angular distribution of WW events
(doww/dcosBy-) is also included in this study, where 6y-
is the polar angle between W~ and the e~ beam direction.
In the differential cross-section measurement, the decay
of WW is selected as ggev and qguv because these two
types of leptonic decays provide the charge tag and a
clean background compared with the 7 channel. There is a
constraint on the experiment that the charged lepton
should be 20° from the beam, |;| > 20°. This angular cut
brings about a 93% cut efficiency in the experiment, [65]
which matches our Monte Carlo simulation with the SM

et W+ et

e~ W= e

model. This angular requirement corresponds to the ex-
perimental acceptance of the four LEP experiments and
also greatly reduces the difference between the full 4f
cross-section and the CCO3 cross-section by reducing the
contribution of t-channel diagrams in the ggev final state.
(As stated in the LEP result, the difference of the 4f and
CCO03 cross-sections decreased from 24.0% to approxim-
ately 3.5% with the angular cut.) However, its effect is no
longer the same for the contribution from new physics.
Based on our simulation, the angular cut efficiency of
some operators is shown in Fig. 5. The cut efficiency of
operators that contribute to the differential cross-section
at different energies can be found in the appendix. As a
result, the decay of W cannot be ignored in the simula-
tion of W angular distribution. Taking the four fermions
as the final state, the process e*e™ —» W*W~ — gglv
would be a subset of the process e*e™ — gglv. If we simu-
late the process ete™ - W*W~ — ¢glv and allow the W
boson to be off-shell, the gauge invariance would be
broken. However, simulating the process e*e™ — gglv
would bring about an additional Feynman diagram. Fi-
nally, we decided to simulate the process e*e” —
W*W~ — gglv using MadSpin [73] to place W on shell
decay to guarantee gauge invariance.

In [74, 75], the theoretical uncertainties on the W~ an-
gular distribution are approximately 0.5% when +/s
ranges from 180 to 210 GeV. Because the experimental
precision of W~ differential angular cross-section are at

W+ et W+

W= e™ w-

Fig. 4. Main Feynman diagrams for e*e™ — W*W~ at the Born level.
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Fig. 5.
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(color online) Impact of the 20 degree angular cut on the operators c,p and c,. at 183 GeV. The red line shows the differen-

tial cross-section of the operators before the angular cut, and the blue line shows the differential cross-section after the cut. The overall
cut efficiency is given by the total cross-section after the cut divided by that before the cut.
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least seven times larger than the theoretical ones, we can
neglect the theoretical prediction uncertainties on W~ dif-
ferential angular cross-section. Although the theoretical
uncertainties on the total cross-section of W pair produc-
tion are also approximately 0.5% for +/s ranging from
180 to 210 GeV, they are non-negligible because the ex-
perimental uncertainties are comparable with the theoret-
ical values.

IV. FIT RESULT

A. Methodology

The SMEFT Wilson coefficients are estimated using
the least squares method under the assumption of Gaussi-
an errors. The y? function is constructed as

X' =G-ATVI(3-AD), (14)
where ¥ is the vector of the difference between the exper-
imental result and SM prediction of the observables, A4 is
the contribution matrix (A;; is the i-th operator contribu-
tion to j-th observables), ¢ is the vector of the Wilson
coefficient, and V is the covariance matrix of the observ-
ables.

By letting Vy? =0, we can obtain the least square es-
timator ¢ that minimizes x? and its covariance matrix U,

= ATV 1A 'ATV 'y = By, (15)

U=BVBT = ATv'A)7". (16)

The element of the covariance matrix, U;;, represents the

covariance of the estimators ¢ and ¢;. The one-sigma
bound of ¢; can be obtained from the diagonal element of
this matrix.

B. Global analysis

We apply the aforementioned fit strategy to obtain the
constraints of the EFT operator coefficients. Two types of
bounds are shown. The first is the marginalized bound,
derived allowing all operator coefficients to float. When
conducting this type of fit, the correlations between the
coefficients also contain useful information. The second
is the individual bound, which is obtained by considering
only one operator coefficient at a time while fixing all
others to zero. In the following results, all the bounds are
given in the 68% confidence level (CL). The new phys-

ics scale A of the Wilson coefficients % is fixed to be 1

TeV throughout this section.
We consider a total of 33 operators listed in Section
II, which are constrained by the measurements in Sec. III.

As mentioned in Sec. II, we trade %Qw and
wQ wg in the Warsaw basis for CD—‘FBiD”cpTDchB
A2 CD‘PW A2 Hy
and —‘giDﬂtpTO'atpW;}V to disentangle several large cor-
relations, whereas the other operators in the Warsaw basis
remain unchanged. Our main results are presented in
Fig. 6 in terms of the one-sigma (corresponding to a 68%
confidence level (CL)) bounds of the Wilson coefficients.
To understand the impact of the 3rd generation quark op-
erators, we also consider two additional scenarios for
comparison: The first considers only tree-level contribu-
tions from dimension-6 operators, whereas the second
also includes the loop contributions of the bottom-quark

10°

= [ Tree Only
= ] b Loop considered
- [ t&b Loop considered
102 =r I ndividual Bound
10 =91

[ TTTTII

[T

1073

Fig. 6.
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(color online) 68% CL bounds of operator coefficients in the modified Warsaw basis for three different scenarios. (blue) Tree-

level contribution only. (green) Tree-level contribution and loop contributions from the bottom-quark operators. (red) Tree-level contri-
bution and the loop contributions of all third-generation-quark operators listed in Sec. II. The dark red bar is the individual bound in
this scenario. See Table A2 in the appendix for the best-fitted central values. The value of A is set to 1 TeV for all coefficients.
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Fig. 7.

(color online) Correlation matrix between operator Wilson coefficients
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(color online) Correlation matrix between operator Wilson coefficients in the
loop contributions are considered in addition to the tree-level contribution.
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operators (that is, excluding pr_Q), Qgi, Ow, and Qsp).
The correlations between the coefficients are shown in
Fig. 7 for the tree-level-only scenario and Fig. 8 for the
full scenario. The numerical results can be found in
Table A2 of the appendix, along with the Fisher informa-
tion matrix for the full scenario.

Overall, our results demonstrate the relevance of 3rd
generation quarks in electroweak measurements. The
coefficients of the four top operators pr_é, Qgi, Quw, and
Q.p are constrained in the range of 0.1 to 1 for the indi-
vidual fit, despite the fact that their contributions only
enter at the one-loop order. Assuming an order-one coup-
ling, this corresponds to a new physics scale of a few
TeVs. After comparing these results with those in Ref.
[25], which uses LHC data to probe these four top operat-
ors, it is found that the electroweak data have greater con-
straining power on Qf;é and Q., whose advantage is es-
timated to be of the order of 10. Conversely, for Q. and
O, the LHC data are more powerful. Their 95% CL in-
dividual bounds are listed in Table 3 for comparison.

In a global fit, however, the marginalized bounds of
the top-quark operator coefficients become significantly
looser, and some of them possibly exceed the range of
EFT validity. This is not surprising because the introduc-
tion of additional degrees of freedom tends to bring addi-
tional flat directions, making the fit difficult to converge.
This can also be verified by comparing the correlations in
Fig. 7 and Fig. 8; the increase in correlation is visible in
the latter. The inclusion of top operators also signific-
antly degrades the reaches of several other operator coef-
ficients. Among them, the most notable are the leptonic
operators cje, Cee, CSZ) , Cgl, and ¢y, (as well as c(;q)), which
were previously well constrained and are thus most sens-
itive to additional degrees of freedom. Note that ¢, and
c.. contribute directly to 4-lepton processes, and their
contributions can be distinguished from those with a
gauge boson propagator by measuring the processes at
several different energies. On the other hand, when only
the loop contributions of the bottom-quark operators are
included (green bar), the overall reach of the global fit is
not significantly degraded compared with that of the tree-
level fit, and the reach on some of the operator coeffi-
cients are even improved. This is because these operators
already contribute at the tree level; hence, the number of

Table 3.
coefficients using different sets of observables.The elec-

95% CL individual bounds of top quark operator

troweak results are from this study, whereas the LHC data are
the results in [26].

&)

Cot ) Crw CiB
Electroweak 0.286 0.336 0.822 0.592
LHC data 2.275 1.22 0.06 0.145

operators is not increased, whereas their dependence on
the observables changes with the inclusion of loop ef-
fects.

It should be noted that, as pointed out in Section II,
the effects of the two bottom-quark dipole operators Qpw
and Q,p are non-negligible and should be included in the
fit. Even at the tree level, this introduces large flat direc-
tions with the operators Q(;Q) and Q,;because the four op-
erators are mainly constrained by only two observables,
R, and A, (AlF’B). Among them, we observe particular
strong correlations among Qpw, Qpp, and Q;J'Q) (>0.98),
whereas their correlations with Q,, are relatively smaller
(< 0.9). This is because the former three operators mainly
contribute to Ry, while Q,, modifies the Zbgbg coupling
and is more sensitive to asymmetry (see, for example,
Ref. [76]).

Additional results are also provided in Table A2 in
the appendix, which shows both the marginalized bound
with central values and individual bounds. Figure Al
shows the impact of different sets of measurements on the
Wilson coefficients, which is given by Fisher informa-
tion.

C. STtb scenario

In addition to the general global-fitting framework,
we also consider a special case denoted here as the
"S Ttb" scenario, where we assume that all new physics
effects, apart from those in Eq. (2), can be parameterized
by the two oblique parameters S and 7' [47]. This scen-
ario is motivated by a large class of models with top/bot-
tom partners, which generally mixes with 3rd generation
quarks and can also contribute to oblique parameters at
the one-loop order. For convenience, we work with the
modified parameters § and 7' [77], which are related to
the original parameters via

[0 N

SA:—S, T:aT 17
452, {an

Sand T are defined based on [78]. The measurements
considered are still the same as in Sec. [V.B.

For comparison, we first consider the two-parameter
fit of § and 7. Their 68% CL preferred region and correl-
ation are shown in Fig. 9. The numerical results of the in-
dividual and marginalized bound are

o —4

; - ((22-78+i]2-95) )xxll()q . (individual bound), (18)
and

o —4

; _ E;L(S) :_C 2?3 i 1874 (marginalized bound), (19)
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Fig. 9. (color online) 68% CL preferred region of § and 7.

with the correlation

corr(8,7)=0.93. (20)
These results are comparable with those in Ref. [79],
which uses the same set of measurements as we do.

With the inclusion of the 3rd-generation quark operat-
ors, we perform a 10-parameter fit, and the results are
presented in Fig. 10. It should be noted that part of the
loop contributions of the 3rd-generation quark operators
is universal and can be absorbed in the original definition
of the S and T parameters. Here, by S,7, we simply de-
note the contributions of the corresponding tree-level op-
erators. From Fig. 10, we observe a significantly better
reach on the top quark operators compared with the gen-
eral case in Sec. IV.B. However, the constraining power
to the § and 7 parameters with the electroweak data is
significantly reduced from the 2-parameter case, as ex-

pected.

One could also consider a more general set of univer-
sal corrections [78] (in addtion to the 3rd generation
quark operators), which also requires additional measure-
ments. For instance, the W and Y parameters are strongly
constrained by the high energy Drell-Yan measurement at
the LHC [80]. A detailed analysis in this direction is left
for future studies.

D. Impact of the new W-mass measurement at the CDF

The CDF experiment recently announced their new W
mass measurement [40], which deviated from the SM
prediction by seven standard deviations. This measure-
ment will greatly affect the fit results. Therefore, in this
section, the fit results with this new measured /" mass are
shown in contrast with those using the previously meas-
ured value. Fig. 11 shows the individual bound changes
with the new measurement.

With the new CDF W-mass measurement, the results
of the § -7 two-parameter fit are

§ = (— -4

70 oon oo (individualbound), (21
and

¢ — —4

2 Eig%fjgiig_‘t (marginalized bound).  (22)

For the "S Ttb" scenario, Fig. 12 shows the marginal-
ized bound with the new ¥ mass measurement. The im-
pact of the shifted W mass value is greatly absorbed by
the 3rd-generation-quark operators.

There are several papers [81-90] that also study the
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Fig. 10. (color online) Fit results ((left) 68% CL marginalized bound, (right) correlation matrix) of the § and 7 parameters and the

eight operator coefficients in Eq. (2).
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cients in the modified Warsaw basis with the previous (blue)
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quark operators are considered.
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impact of the new my measurement on new physics scen-
arios, especially the SMEFT fit and oblique parameters.
These results are generally in good agreement with our
results.

V. FUTURE COLLIDER

Recently, there have been several proposals on the
construction of future colliders that can reach higher Iu-
minosities and energies and will thus significantly in-
crease the precision of electroweak measurements. It is
interesting to see how the improvement of measurement
affects the constraints on these EFT operators. As a res-
ult, the projections of electroweak observables from
FCC-ee and CEPC are collected to conduct a chi-square
fit. For the other two future collider proposals, the ILC
and CLIC, because their Giga-Z proposals are still under
discussion and currently there is little information on
their expected performance for electroweak observables,
they are not included in this study.

In Table 4, we show a comparison of the current pre-
cision of electroweak observables and the projections for
the CEPC and FCC. Because both experiments are de-
signed to be tera-Z factories, the projections of observ-
ables at the Z-pole are taken as a common value. For the
CEPC, the projections of luminosity at the WW threshold
and 240 GeV are taken from Ref. [91]. For the FCC-ee,
the predictions are taken from Ref. [92]. The projections
of the constraints on the EFT operators involved in this
study are shown in Fig. 13. In general, the future collider
will greatly improve the constraining power on these EFT
operators; most of the coefficients will obtain at least 10
times better constraints, both on individual and marginal-
ized bounds. Though 3rd-generation quark operators can
only be probed at loop level in current projections, they
still have significantly better constraints. For several op-
erators, such as Qw and Q.,, their constraints experience
relatively small improvement because their constraints
mainly originate from the e*e™ — W*W~ process or low
energy coupling measurements, which lack the projec-
tion of their precision for future colliders. However, it is
believed that they can also benefit from the high preci-
sion measurements of future colliders. Finally, a high-en-
ergy lepton collider running at and above the top
threshold will be able to measure the e*e™ — #f process to
an unprecedented precision, providing the ultimate probe
for 3rd-generation quark operators [15, 20, 25]. The inter-
play between the top, Higgs, and EW measurements in
probing 3rd-generation quark operators is an important
topic for future collider studies; however, this is beyond
the scope of our current study.

VI. CONCLUSION

Precision measurements of electroweak processes of-
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Table 4. Comparison of the projections of electroweak observables for the CEPC [91] and FCC-ee [92].

Observables SM Current precision CEPC FCC-ee
Iz 2.4942 GeV 2.3 MeV 0.1 MeV 0.1 MeV
O had 41.481 nb 0.037 nb 0.004 nb 0.004 nb
R, 20.737 0.05 0.001 0.001
R, 20.737 0.033 0.001 0.001
R, 20.782 0.045 0.001 0.001
Ry, 0.21582 0.00066 0.00006 0.00006
R, 0.17221 0.003 0.00026 0.00026
AgB 0.103 0.0003 0.0003 0.0003
Ar 0.1472 0.00216 0.0002 0.0002
My 80.379 GeV 12 MeV 1 MeV 0.5MeV
T'w 2.085 GeV 42 MeV 2.8 MeV 1.2 MeV
o160 GeV _ _ OsM OsM
ceff 2.6ab™! 12ab!
240 GeV _ _ OsM SM
ceff 5.6ab"! Sab™!
F240GeV ) _ _ OsM OsM
ee—spp/trdifferential 5 6ab-! Sab-

fer important probes for physics beyond the SM. Many
SMEFT analyses of electroweak measurements focus on
the tree-level contributions of dimension-6 operators.
However, given the outstanding precision of these meas-
urements (especially at future lepton colliders), they
could be sensitive to many important loop contributions
of new physics, which are not captured by simple tree-
level treatment. In this paper, we attempt to extend the
tree-level framework by including the one-loop contribu-
tions of operators involving third generation quarks and
study their impact in a global analysis of electroweak
measurements. This is motivated by many new physics
scenarios in which 3rd generation quarks play a special
role. We include the measurements of the ete™ — ff pro-
cesses around the Z-pole and at several other energies, the
measurements of ete” —» WW at LEP2, and a collection
of low energy scattering processes. We find that the 3rd-
generation quark operators, and especially top quark
ones, offer significant contributions to electroweak pro-
cesses. In individual fits, where only one operator coeffi-
cient is considered at a time, we obtain competitive
reaches on these operators, which are all constrained to
be at least approximately 1 TeV, with the order-one coup-
ling assumption. On the other hand, in a global frame-
work, where all tree-level operator contributions are also
included, the reaches on the operator coefficients become
significantly worse because it is difficult to separate the
loop effects of the 3rd-generation quark operators from
other tree-level effects. However, one should not con-
clude that the considerations of these loop contributions
are meaningless in the SMEFT framework. One import-
ant goal of the SMEFT is to provide a bridge between the

experimental constraints and the parameters in the UV
model, and the likelihood from the SMEFT global analys-
is could be directly translated to the bounds on the UV
model, even if the fit in the SMEFT is not close. In a par-
ticular UV model, we usually expect a significantly smal-
ler parameter space, and a global fit with loop effects be-
comes much more feasible. As a demonstration, we per-
form a fit in a more constrained scenario, where the only
tree level contributions are parameterized by the two ob-
lique parameters S and 7. In this case, better constraints
are obtained. We also apply our analysis to the elec-
troweak measurements at future lepton colliders. Anoth-
er important finding of our study is that the tree-level
contributions of the bottom dipole operators to the elec-
troweak processes are non-negligible, and their effects
are generally difficult to separate from the modifications
of Zbb couplings.

Our study is one of the many first steps toward a more
complete loop-level SMEFT global analysis, for which
many improvements are still required. Throughout our
study, the loop effects of 4-fermion operators involving
3rd generation quarks are not considered. These contribu-
tions could be comparable to those considered in our
study and should, in principle, also be included.
However, they would introduce more degrees of freedom,
and additional measurements would be required to dis-
criminate their effects. Similarly, it is also desirable to re-
move the flavor assumptions imposed on our study,
which also significantly increases the size of the paramet-
er space and requires additional measurements [93]. It is
also important to study the complementarity between the
direct probes of the top quark operators, either at hadron
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Fig. 13.

colliders or a future lepton collider with higher center-of-
mass energies, and the indirect probes studied here. Third
generation quark operators also enter Higgs processes,
and a combined Higgs and electroweak analysis is partic-
ularly relevant for future lepton colliders in this frame-
work. Previously, an optimal-observable analysis of
ete” > WW with information on W decay angles was
shown to be useful in probing the corresponding tree-
level operators [19, 94], which could be extended to in-
clude loop effects. However, this requires additional ef-
fort in calculating the one-loop contributions to the full
differential cross section. We leave these many possible
extensions of our current analysis to future studies.

Table Al.
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(color online) Comparison of the current precision of EW observables and the projections for CEPC and FCC-ee.
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APPENDIX A

A.1. List of operator contributions to observables

List of the corresponding coefficients of type I operators that contribute to different observables. Besides these coeffi-

cients, there are also four Wilson coefficients that contribute to all observables: cg),c;l,c¢p,c¢wg.

Processes Observables Wilson Coefficient
. 1
Neutrino DIS and APV 818 C‘(p,), Cge,Cll>Cle
eu ed
8av +25’Adv DB D
e _ e 5 s CousCod s
ngV &y $q°"9q ol
e ed {1 (3
2gv —8ya CoesCry 5Cly sClusCld > Cqe>CeusCed
ee ()]
8ya Cot »CpesCeesCll
vupsSM v v SM vy
iy sy +sfy 08y 0
(et lee™) ot et i
(1) 3) (1) (+)
Z-pole Iz €yt > CerCaqCaqs Cous CodCpys Cibs ChBs ChW
(1) 3) (1) (+)
O had ol *CeerCoq>Coqr Cous Cpds C s Cob> ChB> CoW
(1) 3) (1) (+)
R, C‘p[ aCtpe,cqaq,Cgpq,capu’cgade(PQ,CapbvcthchW
(1) 3) (1) (+)
Ry €yt > CierCgq g Cous Cod Copys Cipbs CoBs bW
() 3) (D) (+)
R; Cot »CoerCoq>Coq > Cous Cods C s Cob> ChB> CoW
o,e (1)
A¥p Cyl »Cpe
o (¢))]
AF B C ol Cye
o1 (1)
Arp Cyl »Cpe

Continued on next page
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Table Al-continued from previous page

Processes Observables Wilson coefficient
3) (D (
Ry Coq>CoqsCous Cods wQ’Czpb,CbBaCbW
R D D e Cob>ChB>C
c ©q>Coq>CousCods € WQ’ wb>CbB>COW
(D (+)
AL, Col »Ces s Cobs CoB>ChW
c (¢Y] (D 3
AFB cnpl »CopesCoqsCoqs Cous
(l)
A, Col +Cpe
KOOI
A}i [’¢l »Cope
(1
A Col »Coe
(+)
Ap €y Cobs CbBs CoW
@1 (3
Ac Cpq2Coq>Cou
. (l) (3)
s Ceq+Ceq-Cod
W-pole My
Br(W — ev,) Br(W — uv,) (3)
“ Coq

Br(W — tv)I'y

ee > qq Teeqq
ee — bB T eebb
ee — cc O eecc
ee — /J+'Lf Teepu
ee = 1tHr™ Teert
ee > ete” T eeee
ee > WHW~ Teeww

M (3) () (1 3
Col =‘¢f"wq=‘qu‘wu»‘wd 3Cp0>CebsCiy 5Cly s

o
Clu>Cld>C, 10 sClb>CqesCeusCed sCeQsCebs CbBs COW
(1) (+) (+)
C(ﬁ/ »Cpes CLPQ’ Cgpb»C[Q 5ClbsCeQ>Ceb>ChB> CbW

D 1 ) (1
Cot 2CpesCoqsCoq>CousCry Cl >Clu>Cqe>Ceu

(1

CW 5Cype >Cll5Cle sCee
KCO R e o
Col »CpesCllCle>Cee
C(l) C, Cj1,C,

ol *Cwe> 115ClesCee

b
CW 5CpeCW

A.2. Additional fit results

The Fisher information of set i on coefficient c; is
calculated using

fi= =4 (A1)

where y? indicates the chi-squared calculated with only
the data of set i, and x?, indicates the chi-squared calcu-
lated with all sets of measurements.

A.3. Definition of renormalized parameters
(@) = (1= Zw)? + Zu( o + Tow (@), (A2)

m.(¢%) = (1 - Zy)g? +zz(m§0 + sz<q2>), (A3)
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Ay w(q?
Zy =1+ L)) (A4)
dg?>  lg=mi
dIlzz(q%)
ZZ =1+ d—qzlqzzmi, (AS)
dyw(q®)
Zw-(q*) =1+ ol I,,(4°) - —Hyz<q2>
(A6)
dIlzz(¢%) ,
Z(@) =14 =25 e = T ()
q
2 2
‘w S w2
- , A7
Swew yz(q ) (A7)
Sw (@) = sio = swewll 4(q), (A8)
e} (q*) = e+ 0, (g, (A9)
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Table A2. Numerical fit results of the operator coefficients in the modified Warsaw basis for three different scenarios. The error

bound is given in the 68% CL.

Operators Marginalized, Marginali-zed, Marginaliz-ed, Individua}l,
tree-only b loop considered t/b loop considered t/b loop considered
cp - - 3035 -0.13+0.18
Cle 0.0019+0.018 0.0014+0.018 0.036.+0.036 -0.0015+0.016
Cee ~0.019+0.014 ~0.019+0.014 ~0.0082+0.018 ~0.012+0.012
< ~0.023+0.023 ~0.027+0.018 ~0.42+2 ~0.0036 +0.0033
) ~0.079+0.07 ~0.11+0.074 ~0.47+2 0.0025 +0.0076
cw ~7.9+5.1 ~1.8+3.7 —45+45 0.41+0.37
CDyB ~13+10 ~79+11 —12+17 -02+1.9
CDpW 35+21 12£17 23420 0.82+1.1
cyl 0.024+0.013 0.021+0.013 ~0.26+0.67 0.0014 +0.0042
Cpe 0.0051+0.014 ~2.5¢-05+0.013 ~057+13 ~0.0018 =0.0054
Ceq -0.04220.13 -0.053+0.14 0.085+0.28 ~0.015+0.014
Cou 0.086+0.17 0.11+0.17 049091 ~0.011+0.021
< ~0.043+0.03 ~0.055+0.029 ~0.069 = 0.094 0.0035+0.0051
cu 0.054+0.033 0.066+0.031 0.1+0.093 0.0037+0.011
ew - - 4227 ~03+0.22
Ceb ~0.3420.62 —0.27+0.63 —12+14 ~0.17+0.11
coB 10£15 92+14 12£18 0.25+0.23
cow 16+27 9.74+25 17£32 0.1+0.13
< 3554 ~23%5 ~6.1%5.5 0.01720.02
oy -15+2.1 -2+24 ~4.7+5.5 ~0.048+0.042
ci 12+23 14£25 ~12+5.9 0.0074 +£0.23
Ceg 0.64+1.8 0.56+1.8 ~15+48 0.035+0.11
Ceb 3.6+5 5156 11+12 ~0.1%0.1
< - - 31+2.7e+02 ~0.043+0.14
Cor - - 3.8+19¢+02 0.011+0.12
Ced -0.70.8 ~0.92+0.86 ~0.69+0.99 ~0.038+0.028
;) 2312 27412 26+1.2 0.014+0.014
oy 0.74+0.43 0.88+0.43 0.84+0.44 0.029+0.018
Ciu ~1.1£083 ~1320.82 ~13+083 0.017+0.026
Cld -48+24 -5.8+24 -52+24 0.042+0.03
Ceq 2616 3+1.6 28+1.6 ~0.019+0.014
Ceu 2211 —26+1.1 2411 ~0.039+0.023
Ced —3.6+2.1 —42+2 —4.122.1 -0.022+0.029
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Fig. Al. (color online) Impact of different sets of measurements on the Wilson coefficients in the Warsaw basis, measured using
Fisher information. The larger the number is, the bigger impact of the set have on the constraints of Wilson coefficients.

(Txy(g?) — Hxy(0))

Myy(q) = " : (A10)
Txy(g?) = ) el (g, (A1)
i
ol
) 82"212122 2, 2 9 o Lo 2.2 2y 2, 2 3 )
Iy, = _N“HF Eq —Z(m, +my) | E—q~by(m;,my,q°) + E(mbbl(m,,mb,q )+m;by(my,m;,q )) s (A12)
1) 82 1 V(1 . 2 > 1 5 2 of (V2 .5 2.2 2
HZZ:_NCM@E g(l—sm Ow)q _Z(m’ +my)|E—q E—gsm Ow |ba(m;,m;,q°)
1 1. 1
+ (5 -3 sin’ GW) bz(mlz,,mlz,,qz)) +4_l (mtzbo(mtz’mtz’qz) + mibo(mi,mi,qZ))], (A13)
) = o, (A14)
sinfy 1 V2 [1 . 2 1
M) = -N.g” “osOn @E[EE— §bz(m;“,m,z,qz) - gbz(m,i,m,%,(f)]qz, (A15)
.ol
My =0, (A16)
2 82 1 v L, 1, 1,5 5 o 2.5 2 2 2
HZZ =Ncmmp - th —Zmb+ ﬁq sin“ Oy |E —q E—gSln Ow bz(m,,m,,q)
1 1. 1
- (5 -3 sin’ ew)bz(mg,mg,qz)) 7 (m7bo(mi,m7,q*) ~ mibo(mg,mg,qz))], (A17)
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2
e (A18)
@ asinfy 1 v [ 1 2
iz =Nes” st 82 a2 | 187 3 3batmi. g+ bz(mb,mb,q )4 (A19)
° Qii
3
=0 (A20)
2 2
3 g 1 v 1 1 ) 1
H(ZZ) :Nccoszew @F[(Z’"tz‘ngsmzew)E —(—mtbo(m,,m,,q ) —q sin” by (m?, m?,q%) (A21)
3
e (A22)
infy 1 v (1
H(S):NC 5 S1n W__ 2E—p 2 2 9 ) .
72 cosBy 1272 A2\ 6 2(mz,mi.q7)|q°, (A23)
° Q?;i
4
H(W)W ~ (A24)
o = g2 1 2 | 2p 12b22212'2b222
= COSzHW 471-2 A2 th__Sq Sln W E + 4mb O(mlnmlnq )_gq sin 9W Z(mbamb7q) ) (A25)
4
e (A26)
Ow 1 V(1
Y = N E —by(my,my,q° A27
vz cos By 2472 A2\ 6 2(mb mb q)|q ( )
¢ Qwud
®) , 1
My = —Neg’~— Az”ﬂzmb (E - bo(m}.m}. ). s
5
=t (A29)
5
e (A30)
et (A31)
* Qi
6 V2 vm, (1
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H(Z62) - —Ncggvl\_ng (% - g sin’ GW) (E —bo(m,z’mtz’qz)) 7
) = —Ncgg%;—l sin’ Oy (E—bo(m?,mtz’qz))qz’
* O
ng, = —Ncgg%b (%E —bl(m?,m}‘;qz)) e
e
n) = —Ncgg%% sin Oy (E — bo(my, my. q7))
* O
=0
NS = Mgty o St (5= s o ) (o)
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=0
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) _
ne) =,

S AL

\/Evmbl 2
4 3

— — Zsin? aw) (E - bo(mp,m}, ")), (A47)

. . 2 . .
where 0y is the weak angle, N. = 3 is the number of colors, E = a7 In4r, and the functions b; are given by

U (1= x)m? + xm2 — x(1 - x)g?
bo(mi,m3,4%) = fo S #; =97, (A48)
1 1 — x)m? + xm2 — x(1 — x)g*
bi(m3,m2,q%) = f ol L20 = (1~ dx, (A49)
0 H
1 1 = x)m? + xm2 — x(1 — x)q*
bz(mf,mg,qZ)zf 21—yl =™ 2 d=07,. (AS0)
0 H
where u is the 't Hooft mass. They have the following analytical expressions:
2_ 2
mymy Mmy—m m 1
bo(mi,m3,q°) = =2 +log :12 2+ 1q2 2lo (m—;) ta \/I(m1 +mp)? = ll(my — m2)? = g\ f (3, m3, q), (AS1)
where
log \/(ml +mp)? —q* - \/(ml -mp)? —¢? qz <(m _m2)2
Vi +my)? — 2+ Ny —mp)? - ¢? -
2 e — )2
f(m%,mﬁ,qz) =4 2arctan % (my —my)? < ¢* < (my +my)* > (A52)
1+mp) —
2 (=02 + a2 — (s +1m0)2
o VG = (my —mp)? + /g2 — (my +my) 7 > (my +mo)?
VG2 = (my —ma)? = \g? = (my +my)?
and
1[m? ;) 2 2 | m2—m2 + g
bl(m%,mg,qz) - 3 [q_zl [log ﬂ_zl - 1) - q_22 log ﬂ_zz -1+ 5%bo(ml,mz,q),
2092 2_ 2 2 20,0 2_ 2 2
by ) _L+l my(2my =2m; —q-~) o my m;(2m5 —2my —q-~) o my
S TR e 51 @7 * e
2 2
1 m2 —m?> 1 m2 —m?> m2+m2+q2
—5[ 1q2 2) —5[2[ lqz 2) -1 q; bo(m1,ma, q). (A53)
A.4. Examples of tree and loop level contributions
According to [48], we can calculate the loop contribution of the following observables:
1. The decay width of Z — e*e™, I'z... The numerical expressions are
oTye,, = (10.7¢) = 1.15¢55) = 2.96¢,p — 9.40¢,, — 2.08¢,wp +5.93¢,) X 107, (A54)
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ST = (=124¢S ) +3.24¢0) + 140cy; — 4.56Cg, — 2.1 1cgrp + 123, + 1.33cpw +17.6¢,5 + 4.45¢5) X 107, (A55)
2. The decay width of W — Iy, T'w_,p,.

ST,y = (—1.77¢) = 1.45¢,p = 3.21cpwp +2.23¢;) X 1072, (A56)

ST = (=537l ) +126¢0%) + 629, = 34.3¢g — 12.8¢, — 64.Tcow +8.53cow +245¢,5 +41.5¢4) X 107, (A57)

3. The coupling between the axial-vector current and Z boson and the coupling between the vector current and Z bo-
son in the v, —e scattering process at low energy, gy, g4 [95]-

08 iree = (—283¢)) +5.32¢5) +2.13¢,p — 3.03¢4 +9.63¢wn — 3.03¢i, — 6.06¢; —4.27¢;) X 1072, (A58)
08 riree = (1.51cup +3.03¢4e +3.03¢s, — 6.06¢ — 3.03¢;) X 1072 (A59)
38 1o0p = (B145) +6.73¢00 —896¢,, + 213y +15.2¢4 = T15eqw + 11 cpy = T4Tcp = 170,5) X 107, (A60)
081 toop = (B47¢50 +87.1¢01) = 729¢: = 5.5072¢ + 10.8¢415) X 10°°. (A61)

AS. etee > W'W and ete > WW™ — lviud

The W pair production cross-section and W~ angular
distribution are measured at LEP-II. However, Mad-
Graph cannot calculate the change in space phase in-
duced by émZ,(m,), Smy, and 6T'y. 6Ty is the third-gen-
eration quark loop and tree level contribution to the de-
cay width of W and 'y, respectively. Therefore, the cal-
culation of the effect induced by om3,(m,), émy, and
éTy 1is performed with Feyncalc [96, 97] and Feynarts
[98]. The remaining contributions from dimension-6 op-
erators to the ¥ pair production cross-section and W~ an-
gular distribution can be calculated with MadGraph.
Next, we demonstrate how to calculate these contribu-
tions with Feynarts and Feyncalc in detail.

6T on—shell: 0T on—shent is the contribution of oms,(m3,)
and mw tO Oon—shell- Ton—shenl 1S the W pair production
cross-section in the process ete™ — W*W~ at the SM tree
level.

Smi,(m,)

+5mw). (A62)
2mW

00 on—shell = amwo-on—shell(

d'60 o ff—shell . d'60 o ff—shell
dcosf dcos@

d'oofr—s
Smw, and 6Ty to Tof—shell
S ~ dcosé dcos6
lar distribution (@ is the polar angle between the W~ and

e~ beams) in the ith bin at the SM tree level in the pro-

is the contribution of 6m3,(m32,),

d'ooff—shell .
=" is the W~ angu-

cess ete” —» WHW~ — hvud.

We can use the phase space recursion relation and
narrow width approximation [99] to calculate
dio'off—shell

dcosf )
ation from the total cross-section).

(this approximation will have only a 1% devi-

d'Tofr—shell N d'oon-shett T'w—iv, Twoua
dcos8 dcos¢ Ty TIw °’

(A63)

where T'w_u4 is' the decay width of W — ud at the SM

d'Ton—shell

tree level, and is the W~ angular distribution in

the ith bin at (t:ﬁf: SM tree level in the process
1
ete” —» W*W~. Then, d'00on—shen is
dcos8
diéo—off—shel] _diéo-on—shell l—‘W—>lv, I'woua
dcosd ~ dcosd I'w T'w
doon—shell 6FW—>[V, I'woua
dcosé T'w I'w
doon—shell FWHZV, Ol'woud
dcosd Ty T'w
_ doon—shell FW—»lv, I'woua (SF_W
dcosé FW FW FW ’
(A64)

where 6T'w_p, and 6Tw_. are the émi,(m3,) and omy
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contributions to Tw_pand Tw_,.., respectively. bution in the ith bin including complete O(a) elec-
di(SO' hell dia—oNl%O%hell
— -~ on—shell 2 (m2 ibuti troweak correction. Because ———— changes ver
doosd is the omy,(my,) and émy contributions to dcosd g y
d'oofi—shell  d'Oofr—shel is the W~ angular distribution in slowly in every certain bin (cos6; = (i—1)x0.2), it can be
dcosg ~ dcost . . doNLO
the ith bin in the process e*e™ — W*W~ at the SM tree regarded as —oi=shell coscosd,, - The reweighting
level. dcosf leoso= ——F—
. disgNLO
Howev.er, the complete O(a) electroweak cs)rre.ctlons method is applied to calculate off—shell .o
cannot be ignored. We must calculate the contribution of - NLO dcost
. . . . [ [ 1
dimension-6 operators including complete O(a) elec- d'60 ofr—shel  d'00 off—shell d'60 " et are the contri-
troweak corrections. dcos dcos6 dcosf
. d'O o fi—shell
butions of ém2,(m2), dmy, and 6Ty to ———— and
A.5.1.  Contribution of m3,(m3,),6my to oh-°, 4 W dcost
Ao e
olr—she :
In the process ete” — WTW~, our observables are “deosd , respectively.
oNLO 1 at different 5. oN-O s the total cross-sec-
tion of W pair production including complete O(a) elec- i NLO
troweak correction in the process e*e™ — W*W~. The as- i< NLO _ _offzshell -
L , - d'60 S hen dcosf  d'60ofi—shell
sumption is made that the operators' contribution to Tcosd =~ 7 Toosd (A66)
. . cos : cos
oNLO | can be calculated in the following way: & Toft—shell
dcosf
O_NLOh .
SO~ O_Oniéo-on_sheu (A65)  The numerical result of d'soNi©,  when /s is 182.66
on—shell
GeV.
where 6oN-0,  is the contribution of ém3,(m3,) and omy L NLO o )
to oNLO_ d' 60N Open =(~114.082¢0 ) +27.4928¢) +132.446c,,
—S
~3615.79¢%) - 361.279¢) —7.22494c,,
dio-NLO 4
Contribution of 5m?,(m2,), Smy, and 6Ty to % ~2.66921 ¢y —5.95838cw +2.23408 ¢y
cos
+51.7414¢,p +8.73857cpp — 3260.26¢,p
In the process ete™ — WTW~ — lvud, the observ- —7201.74c,wp + 1446.62¢;) x 107°.
i ?NLO i NLO (A6T)
ables are —°fi—shell oftshell i the W~ angular distri-
dcos6 dcos6 &
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