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Abstract Inspired by the observation of a resonant state
X (6600) of fully charm tetraquark by the CMS experiment of
LHCb Collaboration in double J/ψ decay channel, we per-
form a systematical study of all configurations of fully heavy
pentaquarks PQ1Q2Q3Q4 Q̄5

(Qi = c, b, i = 1, 2, 3, 4, 5)
in their ground states in unified framework of MIT bag
model. The color-spin wavefunctions of pentaquarks, classi-
fied via Young tableau and presented in terms of the Young–
Yamanouchi bases, are used to compute masses and magnetic
moments of fully heavy pentaquarks via numerical varia-
tional method, predicting a set of masses ranging from 8.229
GeV for the Pccccc̄ to 24.770 GeV for the Pbbbbb̄. Combining
with computed masses of fully heavy mesons and baryons,
we find that masses of fully heavy hadrons(mesons, baryons,
tetraquarks and pentaquarks) with identical flavor rise almost
linearly with the number of valence quarks in hadrons, being
consistent with the heavy quark symmetry in the heavy-quark
limit.

1 Introduction

Possible existence of multiquark hadrons like tetraquarks
(q2q̄2) and pentaquarks (q4q̄) was suggested earlier at the
birth of quark model [1,2]. Later in the 1970s, multiquark
states are studied by Jaffe via the MIT bag model [3,4]. Since
observation of the X (3872) [5] in 2003 by the Belle, many
candidates of tetraquarks have been observed, some of which,
such as the Zc(3900) [6] and the Tcc(3875), are undoubtedly
exotic. In 2020, a first candidate of fully charm tetraquark,
the X (6900)/the X (6600), has been observed by LHCb in
the di-J/ψ invariant mass spectrum and later confirmed by
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CMS and ATLAS of the LHC at CERN [7–9]. For exper-
imental searches of light-flavor pentaquark hadrons, it has
been a long and nontrivial history, with no undisputed can-
didates found in over 50 years. Convincing evidence for
pentaquark-like structures Pc(4450)+ and Pc(4380)+ with
a minimal quark content of uudcc̄ was reported by LHCb in
a study of �0

b → J/ψpK−(J/ψ → μ+μ−) decays [10]
in 2015, for which the former peak(state) Pc(4450)+ was
resolved further into two states Pc(4440)+ and Pc(4457)+
(over 5.4σ ) in 2019. More recently, LHCb collaboration
reported evidences of two new charmonium pentaquarks with
strangeness, Pcs(4459) [11], in the J/ψ� distribution(in
�−

b → J/ψ�K− decays) in 2021 and P�
ψs(4338) [12],

in flavour-untagged B− → J/ψ� p̄ decays in 2022. After
observation and measurement of two Pc states, many theoret-
ical groups explained the Pc(4450)+ and Pc(4380)+ states as
compact pentaquarks with diquarks and triquarks as build-
ing blocks [13–19], except for some few attempts via full
five-body dynamics [20] which lead to states below the low-
est threshold for spontaneous dissociation. On the other hand,
there are molecular picture, proposed [21–24] before the first
LHCb results [10], which interprets these narrow Pc states
in terms of deuteron-like loosely bound states of the baryon
and meson, such as the �c D̄(∗) states. This picture favors
the narrow Pc states, which have measured widths about 6–
10 MeV for Pc(4457)+ as well as Pc(4312)+ and about 21
MeV for Pc(4440)+, while the compact picture attributes
narrow width to spin-orbit interaction (via spatial separa-
tion of c and c̄ quarks). As the observed state Pc(4380)+ is
wider (with width about 205 MeV), the issue of width sup-
pression remains to be explored. Till now, there are different
pictures and approaches employed to analyze the hidden-
charm pentaquarks (Pc and Pcs) [25–42], the hidden-strange
and hidden-bottom pentaquarks [43–46]. One can infer Refs.
[47,48] for the pre-2019 reviews and Refs. [49,50] for
recent reviews. The purpose of this work is to systematically
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study all possible ground-states of fully heavy pentaquarks,
PQ1Q2Q3Q4 Q̄5

(Qi = c, b, i = 1, 2, 3, 4, 5) in unified frame-
work of MIT bag model. For this, we construct all color-spin
wavefunctions of pentaquarks based on SU (2)s × SU (3)c
group, classified via Young tableau and expressed in terms of
the Young–Yamanouchi bases, to compute masses and mag-
netic moments of fully heavy pentaquarks in ground states
and thereby predict their masses. With the help of numerical
variation upon the bag radius, the chromomagnetic mixing
among the color-spin configurations are explored in details.
Computing further spin-independent masses of the mesons,
baryons and tetraquarks all made of identical heavy flavors,
we find a linear dependence of the hadron mass upon the
heavy quark number N in hadrons. This linear rise of hadron
masses is notable for the bottom sector and is demonstrated
analytically via a variational method of bag model, being con-
sistent with heavy quark effective theory (HQET) in heavy
quark limit. After introduction, the wavefunctions of the fully
heavy pentaquarks with various configurations are classified
in Sect. 2 by the Young tableau and expressed in terms of the
Young–Yamanouchi bases. In Sect. 3, we briefly review basic
relations of MIT bag model including magnetic moments for
each spin state, and describe how to apply the variational
method to solve the bag model for the heavy hadrons. In
Sect. 4, we perform numerical analysis of mass and mag-
netic moment for fully heavy pentaquarks. Similar compu-
tation are given to fully heavy mesons and baryons to show
a linear relation for these fully heavy hadrons in Sect. 5. The
paper ends with summary and conclusions in Sect. 6.

2 Wavefunctions of fully heavy pentaquarks

Fully heavy pentaquarks PQ1Q2Q3Q4 Q̄5
may contain two or

more identical particles in the component Q1Q2Q3Q4, for
which the corresponding parts of the wavefunctions have to
be antisymmetric due to Pauli principle and colorlessness of
PQ1Q2Q3Q4 Q̄5

. Consider the pentaquark Pcccbb̄, for instance.
Since the component ccc in Pcccbb̄ are identical in flavor,
the antisymmetry requirement for a fermionic hadron (color
singlet) implies that the wavefunction of Pcccbb̄ has to be
antisymmetric in orbital, color and spin under exchange of
each cc pair among the component ccc. To respect the overall
symmetry of the hadronic wavefunctions mentioned above,
we utilize the Young tableau to represent the irreducible rep-
resentations (bases) of the permutation group and thereby
classify the pentaquark configurations with certain symme-
try. For a given classification, we use the Young–Yamanouchi
basis, which corresponds to the Young tableau, to construct
explicitly the configuration describing the pentaquark we
consider.

First of all, we consider color wavefunctions of the pen-
taquark PQ1Q2Q3Q4 Q̄5

, which are singlets in color space. Uti-

lizing direct product of the fundamental (color) representa-
tions [3]c and [3̄]c, one can classify, in the language of group
theory, the color wavefunctions of a pentaquark as below:

[[3]c ⊗ [3]c ⊗ [3]c ⊗ [3]c] ⊗ [3̄]c
= [(1c ⊕ 8c ⊕ 8c ⊕ 10c) ⊗ 3c] ⊗ 3̄c

→ (1c ⊗ 3c ⊗ 3̄c) ⊕ (8c ⊗ 3c ⊗ 3̄c) ⊕ (8c ⊗ 3c ⊗ 3̄c)

→ (3c ⊗ 3̄c) ⊕ (3c ⊗ 3̄c) ⊕ (3c ⊗ 3̄c), (1)

in which the allowed color singlet is {3c ⊗ 3̄c} only.
One is then forced to consider the color triplet in the

direct product, [[3]c ⊗ [3]c ⊗ [3]c ⊗ [3]c], of the component
Q1Q2Q3Q4, which corresponds to Young tableau [2,1,1]
expressed by

[
(12)6 34

]
3 =

1 2
3
4

,
[
(12)3̄ 34

]
3 =

1 3
2
4

,

[
(123)1 4

]
3 =

1 4
2
3

. (2)

Here, the subscript labels the irreducible representation of
the color group SU (3)c. This yields three color-singlet con-
figurations of PQ1Q2Q3Q4 Q̄5

if one combines each of color-

triplets (3c) listed in Eq. (2) with the antitriplet (3̄c) of the
remaining antiquark Q̄5. We express the Young tableau rep-
resenting the obtained colorless configurations as

1 2
3
4

⊗ 5̄

φP
1

,

1 3
2
4

⊗ 5̄

φP
2

,

1 4
2
3

⊗ 5̄

φP
3

,

(3)

and correspond them to the following color wavefunctions
explicitly:

φP
1 = 1

4
√

3

[
(2bbgr − 2bbrg + gbrb − gbbr + bgrb − bgbr

−rbgb + rbbg − brgb + brbg)b̄ + (2rrbg − 2rrgb

+rgrb − rgbr + grrb − grbr + rbgr − rbrg + brgr

−brrg)r̄ + (2ggrb − 2ggbr − rggb + rgbg − grgb

+grbg + gbgr − gbrg + bggr − bgrg)ḡ
]
, (4)

φP
2 = 1

12

[
(3bgbr − 3gbbr − 3brbg + 3rbbg − rbgb − 2rgbb

+2grbb + brgb + gbrb − bgrb)b̄ + (3grrb − 3rgrb

−3brrg + 3rbrg − rbgr − 2gbrr + 2bgrr − grbr

+rgbr + brgr)r̄ + (3grgb − 3rggb + 3bggr − 3gbgr

−grbg + rgbg + 2rbgg − 2brgg + gbrg − bgrg)ḡ
]
, (5)
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φP
3 = 1

3
√

2

[
(grbb − rgbb + rbgb − brgb + bgrb − gbrb)b̄

+(grbr − rgbr + rbgr − brgr + bgrr − gbrr)r̄

+(grbg − rgbg + rbgg − brgg + bgrg − gbrg)ḡ
]
. (6)

In the spin space, the direct product of five fermions rep-
resented in terms of Young tableau can be written as

S
⊗

S
⊗

S
⊗

S
⊗

S

→
S

⊕
S

⊕
S

. (7)

For the spin J = 5/2, 3/2 and 1/2 of the pentaquarks, the
configurations can be similarly represented in terms of Young
tableau [5],[4,1], and [3,2] of one, four, and five dimensions.
For the pentaquark with J = 5/2, we write the spin wave-
function as,

1 2 3 4 5
χ P

1 .
(8)

In the case of the J = 3/2, the spin wavefunctions become

1 2 3 4
5 χ P

2

,
1 2 3 5
4 χ P

3

,

1 2 4 5
3 χ P

4

,
1 3 4 5
2 χ P

5

,

(9)

while for J = 1/2, they become,

1 2 3
4 5 χ P

6

,
1 2 4
3 5 χ P

7

,
1 3 4
2 5 χ P

8

,

1 2 5
3 4 χ P

9

,
1 3 5
2 4 χ P

10

.

(10)

We see from the above analysis that to describe fully heavy
pentaquarks PQ1Q2Q3Q4 Q̄5

with one antiquark Q̄5 having a
given flavor and color, the antiquark can be temporarily omit-
ted from the spin degrees of freedom. Thus, we shall identify
the spin states shown in Eqs. (8) through (10) via the Young–
Yamanouchi bases associated with the Young tableau [4],
[3,1], and [2,2]. Given that the color and spin states repre-
sented in terms of the Young tableau respect certain symme-
try, one can construct the combined color-spin state of a pen-
taquark which is fully antisymmetric under the exchange of
any pair among the heavy quarks 1 = Q1, 2 = Q2, 3 = Q3,
and 4 = Q4(for short).

We start from the color singlets in Eq. (3), and combine
them with spin states by the outer product of the permutation
group, S4, resulting in the color ⊗ spin states for the quarks
1, 2, 3 and 4. After isolating spin of the antiquark, one can

deduce the outer product between Young tableaus [2,1,1] of
the color singlets and that of the spin states[4], [3,1], [2,2].
For the state expression in terms of the first four quarks (1234)
mentioned above, one can obtain the Young tableau reps. of
color ⊗ spin states and write them as that in Ref. [51] (see
Eq. (17))

According to the method described in Ref. [52], all the
possible Young–Yamanouchi bases (i.e. ψ = φP

2 χ P
1 ) for the

pentaquarks we shall address in this work can be obtained
from the couplings (⊗) of the color and spin degrees of free-
dom. Collectively, we express these color-spin coupled bases,
again, in terms of the Young tableau:

1
2
3
4

: ψ ′
1, ψ1,

1 4
2
3

: ψ∗
2 , ψ ′

2, ψ
′
5, ψ2, ψ5,

1 3
2 4

: ψ ′
4, ψ4,

1 3
2
4

: ψ∗
1 , ψ ′

3, ψ
′
6, ψ3, ψ6.

(11)

in which (for J = 5/2)

ψ∗
1 = φP

2 χ P
1 , ψ∗

2 = φP
3 χ P

1 , (12)

and (for J = 3/2)

ψ ′
1 = 1√

3
φP

1 χ P
5 − 1√

3
φP

2 χ P
4 + 1√

3
φP

3 χ P
3 ,

ψ ′
2 = − 1√

6
φP

1 χ P
5 + 1√

6
φP

2 χ P
4 +

√
2

3
φP

3 χ P
3 ,

ψ ′
3 = 1√

3
φP

1 χ P
5 − 1√

6
φP

2 χ P
3 + 1√

3
φP

2 χ P
4 + 1√

6
φP

3 χ P
4 ,

ψ ′
4 = − 1√

6
φP

1 χ P
5 − 1√

3
φP

2 χ P
3 − 1√

6
φP

2 χ P
4 + 1√

3
φP

3 χ P
4 ,

ψ ′
5 = φP

3 χ P
2 ,

ψ ′
6 = φP

2 χ P
2 . (13)

In the case of J = 1/2, the color ⊗ spin bases in Eq. (11)
are explicitly,

ψ1 = 1√
3
φP

1 χ P
8 − 1√

3
φP

2 χ P
7 + 1√

3
φP

3 χ P
6 ,

ψ2 = − 1√
6
φP

1 χ P
8 + 1√

6
φP

2 χ P
7 +

√
2

3
φP

3 χ P
6 ,

ψ3 = 1√
3
φP

1 χ P
8 − 1√

6
φP

2 χ P
6 + 1√

3
φP

2 χ P
7 + 1√

6
φP

3 χ P
7 ,

ψ4 = − 1√
6
φP

1 χ P
8 − 1√

3
φP

2 χ P
6 − 1√

6
φP

2 χ P
7 + 1√

3
φP

3 χ P
7 ,

ψ5 = 1√
2
φP

1 χ P
10 − 1√

2
φP

2 χ P
9 ,
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Table 1 Color-spin bases of pentaquarks q1q2q3q4q̄5 with J P quantum
number

q1q2q3q4 J P Color-spin bases

bbbb, cccc 3/2− ψ ′
1

1/2− ψ1

bbbc, cccb 5/2− ψ∗
2

3/2− ψ ′
1, ψ ′

2, ψ ′
5

1/2− ψ1, ψ2, ψ5

ccbb 5/2−
√

2
3 ψ∗

1 −
√

1
3 ψ∗

2

3/2− ψ ′
1,

√
2
3 ψ ′

3 −
√

1
3 ψ ′

2, ψ ′
4,

√
2
3 ψ ′

6 −
√

1
3 ψ ′

5

1/2− ψ1,
√

2
3 ψ3 −

√
1
3 ψ2, ψ4,

√
2
3 ψ6 −

√
1
3 ψ5

ψ6 = 1

2
φP

1 χ P
10 + 1

2
φP

2 χ P
9 − 1√

2
φP

3 χ P
9 . (14)

Based on the Young tableau in Eq. (11) and Pauli principle
for each pair of two fermions, we can construct all allowed
color-spin wavefunctions and list them in Table 1 for pen-
taquarks consisting of four heavy quarks and a heavy anti-
quark. Based on similar principle, one can construct the states
involved in chromomagnetic interactions (CMI) (18) with the
help of color and spin factors (19,20) via the color bases (3)
and spin bases (8–10), respectively. Following Ref. [53], we
shall use the scaling ratios of color factors to evaluate the
matrices of the binding energy, as discussed in Sect. 3.

3 MIT bag model and CMI

MIT bag model describes hadron as a sphere bag containing
confined valence quarks. The model also includes perturba-
tive inter-quark interactions via considering the lowest-order
gluon exchange among quarks, which is referred as chromo-
magnetic interaction [54,55]. Mass of hadrons for a bag of
radius R is [54,55],

M (R) =
∑

i

ωi + 4

3
πR3B − Z0

R
+ MBD + MCMI , (15)

ωi =
(

m2
i + x2

i

R2

)1/2

, (16)

where the first term is total sum of the kinematic energy
of relativistic quark i with mass mi , the second is bag
volume energy with B the bag constant, the third is zero
point energy with coefficient Z0, the forth is binding energy
(MBD) between heavy quarks or between heavy and strange
quarks [56,57], and the fifth is chromomagnetic interaction.
In Eq. (15), the bag radius R is bag radius to be determined
variationally, and the quark momentum xi in unit of R−1

satisfies a boundary condition on bag surface,

tan xi = xi

1 − mi R − (
m2

i R
2 + x2

i

)1/2 , (17)

which is to be solved iteratively in this work.
The interaction in this work enters among quarks via

two parts, �M = MBD + MCMI . The first part, the bind-
ing energy MBD = ∑

M<N BMN (M, N = s, c and b),
proposed in Refs. [56,57], rises mainly from short-range
chromoelectric interactions between heavy quarks or within
heavy-strange pairs as they are (relatively) massive and move
nonrelativistically. This part was supported by our previous
work [53], which reconciles bag dynamics of the light and
heavy hadrons. Five binding energies Bcs , Bcc, Bbs , Bbc and
Bbb in the color 3̄c rep., extracted from the bag mass cor-
rections to the baryons when heavy pairs (cs, cc, bs, bc and
bb) involved, can be scaled to the binding energies BMN in
6c reps. via scaling factor ratios between two reps. [53,56].
As there are two reps. (3̄c and 6c) for color wavefunctions
of quark pairs, as discussed in Sect. 2, the binding energies
could be matrices in color-spin space given in Table 1, where
spin bases are orthogonal.

The second part of interaction in Eq. (15) is chromomag-
netic interaction MCMI , which can be due to the short-range
gluon exchange [58]. Similar to the interaction of magnetic
moments of the quark spins, this part has the form of

MCMI = −
∑

i< j

(
λi · λ j

) (
σi · σ j

)
Ci j , (18)

where i and j denote the quark (anti-quark) indices, λ the
Gell-Mann matrices, σ the Pauli matrices, and Ci j the cou-
pling parameters of the CMI.

To compute the color and spin factor in Eq. (18), we
employ the following formula of the matrix element:

〈
λi · λ j

〉
nm =

8∑

α=1

Tr
(
c†
inλ

αcim
)

Tr
(
c†
jnλ

αc jm
)

, (19)

〈
σi · σ j

〉
xy =

3∑

α=1

Tr
(
χ

†
i xσ

αχiy

)
Tr

(
χ

†
j xσ

αχ j y

)
, (20)

where n, m and x , y indicate components of the basis vectors
of color and spin wavefunctions of a hadron, respectively.
The symbols c and χ denote bases of color and spin vectors
associated with a quark, respectively. The matrices of two
factors can be calculated with the help of Eqs. (19)–(20) once
color-spin wavefunctions ψ = ∑

φPχ P were determined.
In the MIT bag model, the CMI parameter Ci j is known

analytically, given by [54]

Ci j = 3
αs (R)

R3 μ̄i μ̄ j Ii j , (21)

123



Eur. Phys. J. C (2023) 83 :727 Page 5 of 13 727

where the reduced magnetic moment μ̄i and the (running)
strong coupling αs are given by

μ̄i = R

6

4αi + 2λi − 3

2αi (αi − 1) + λi
, (22)

αs(R) = 0.296

ln
[
1 + (0.281R)−1] , (23)

and

Ii j = 1 + 2
∫ R

0

dr

r4 μ̄i μ̄ j = 1 + F(xi , x j ). (24)

Here, αi = ωi R and λi = mi R [54]. The function of αs(R)

in Eq. (23) is discussed in Ref. [53]. The function F(xi , x j )
in Eq. (24) is rational in terms of parameters xi and x j ,

F(xi , x j ) =
(
xi sin2xi − 3

2
yi

)−1(
x j sin2x j − 3

2
y j

)−1

×
{
−3

2
yi y j − 2xi x j sin2xi sin2x j

+1

2
xi x j

[
2xiSi(2xi ) + 2x jSi(2x j )

−(xi + x j )Si(2(xi + x j ))

−(xi − x j )Si(2(xi − x j ))
] }

, (25)

where yi = xi − sin(xi )cos(xi ) and

Si(x) =
∫ x

0

sin(t)

t
dt . (26)

From Eq. (22), one can write the magnetic moment μi of
the quark (anti-quark) i as, in bag model,

μi = Qi μ̄i = Qi
R

6

4αi + 2λi − 3

2αi (αi − 1) + λi
, (27)

with electric charge Qi . As a result, the magnetic moment of
a hadron with color-spin wavefunction ψ is,

μ =
〈
ψ

∣∣
∣
∑

i
giμi Siz

∣∣
∣ψ

〉
, (28)

where gi = 2, and Siz is the third component of spin of the
individual quark i [59].

We shall calculate the magnetic moments of the pen-
taquarks in unit of the magnetic moment of the proton μp

and further transform the obtained results into that in unit
of μN with the help of measured proton magnetic moment
μp = 2.79285μN [60,61]. Note that Eq. (28) also holds true
in the case of chromomagnetic mixing, for which one can
expand ψ in terms of the color-spin bases to find magnetic
moment by Eq. (28). For the spin wavefunctions in Sect. 2,
one can derive each diagonal element of magnetic moment.
The results are listed in Table 2 in detail.

For the model parameters, we use the values in our previ-
ous work [53] which reconcile dynamics of the light and
heavy hadrons. These values are Z0, the constant B and
masses of the quarks (the nonstrange quarks n = u, d, the

Table 2 Sum rule of magnetic moments for pentaquarks q1q2q3q4q̄5

Spin basis μ

χ P
1 μ1 + μ2 + μ3 + μ4 + μ5

χ P
2

9
10 (μ1 + μ2 + μ3 + μ4) − 3

5 μ5

χ P
3

5
6 (μ1 + μ2 + μ3) − 1

2 μ4 + μ5

χ P
4

2
3 (μ1 + μ2) − 1

3 μ3 + 5
6 (μ4 + μ5)

χ P
5 μ3 + μ4 + μ5

χ P
6

5
9 (μ1 + μ2 + μ3) − 1

3 (μ4 + μ5)

χ P
7

4
9 (μ1 + μ2) − 2

9 μ3 + 2
3 μ4 − 1

3 μ5

χ P
8

2
3 (μ3 + μ4) − 1

3 μ5

χ P
9 μ5

χ P
10 μ5

strange quark s, the charm quark c and the bottom quark b)
in this work,
⎧
⎨

⎩

Z0 = 1.83, B1/4 = 0.145 GeV,
mn = 0 GeV, ms = 0.279 GeV,

mc = 1.641 GeV, mb = 5.093 GeV.

⎫
⎬

⎭
(29)

Meanwhile, using the binding energies BQQ′ for the quark
pair QQ′ in color antitriplet rep. [53],

3̄c :
⎧
⎨

⎩

Bcs = −0.025 GeV, Bcc = −0.077 GeV,
Bbs = −0.032 GeV, Bbb = −0.128 GeV,
Bbc = −0.101 GeV,

⎫
⎬

⎭
(30)

one can obtain the corresponding values of the binding ener-
gies for color-6c rep., via multiplying the color-factor ratios
(scaling factors). The results of the binding energies between
quark pairs (denoted in subscripts) are:

6c :
⎧
⎨

⎩

Bcs = 0.013 GeV, Bcc = 0.039 GeV,
Bbs = 0.016 GeV, Bbb = 0.064 GeV,
Bbc = 0.051 GeV.

⎫
⎬

⎭
(31)

Given the parameter inputs in Eqs. (29), (30) and (31),
one can apply variational method to Eq. (15) to determine the
bag radius R and the respective momentum xi via Eq. (17)
for a given hadron with color-spin wavefunction ψ , given in
Table 1. It is then straightforward to calculate masses and
magnetic moments of fully heavy pentaquarks we address in
this work, as detailed in Sect. 4.

4 Masses and magnetic moments of fully heavy hadrons

Before discussing fully heavy pentaquarks, we first consider
triply (fully) heavy baryons, the fully heavy binding systems
of three quarks, which include the five baryons �ccc, �ccb,
�∗

ccb, �cbb, �∗
cbb and �bbb, as listed in Table 3. For these

baryons, we apply the same framework of MIT bag model
(15) with the inputs in Eqs. (29), (30) and (31) to compute
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Table 3 Computed masses (MeV) of triply heavy baryons, compared to other works cited. Bag radius R0 is in GeV−1

References �ccc �ccb �∗
ccb �cbb �∗

cbb �bbb

R0 4.22 3.75 3.83 3.18 3.31 2.59

M 4841 8112 8133 11373 11402 14626

[62] 4670±150 7410±130 7450±160 10300± 100 10540±110 13280±100

[63] 4720±120 – 8070±100 – 11350±150 14300±200

[64] 4760 7867 7963 11077 11167 14370

[65] 4760±60 7980±70 7980±70 11190± 80 11190±80 14370±80

[66] 4777 7984 8005 11139 11163 14276

[67] 4796±8±18 8007±9±20 8037±9±20 11195±8±20 11229±8±20 14366±9±20

[68] 4798 8004 8023 11200 11221 14396

[69] 4799 8018 8046 11214 11245 14398

[70] 4803 8018 8025 11280 11287 14569

[71] 4810±100 8020±80 8030±80 11220±80 11230±80 14430±90

[72] 4834 – – – – –

[73] – – – – – 14788

[74] 4897 8262 8273 11546 11589 14688

[75] 4900±250 8150±300 – 11400± 300 – 14700±300

[76] 4930 8010 8030 11090 11120 14230

[77] 4965 8245 8265 11535 11554 14834

[78] 4990±140 8230±130 8230±130 11500± 110 11490±110 14830±100

[79] 5000 8190 – – – 14570

the mass M and the bag radii R0 of the fully heavy baryons,
with other works cited for comparison.

Given the color-spin bases [53] (see Eq. (15)), defined as
φBχ B

1 and φBχ B
2 for J P = 3/2+ and 1/2+, respectively,

the CMI matrices and binding energies are well determined.
When pentaquarks included, the computed results could help
us further understand the general features of fully heavy sys-
tems, as we shall discuss in Sect. 5.

In Table 3, the second and third rows present bag radii R0

and masses of triplet heavy baryons, and the data followed
rows present the masses (in unit of MeV) cited from vari-
ous works. One sees that the predicted masses of the �ccc,
for instance, ranges from 4520 MeV to 5130 MeV for which
various methods including QCD sum rules [62,63,71,78] are
employed. Up to 610 MeV, our prediction is close to the pre-
diction 4810 ± 100 MeV in Ref. [71]. The lattice QCD was
also applied to study the �ccc in Ref. [67], with the predic-
tion of 4796 ± 8 ± 18 MeV. Comparing with the bag model
computation of the doubly heavy baryons and tetraquarks
[53] and the fully charm tetraquarks ccc̄c̄ in Ref. [80], our
results for fully heavy baryons and pentaquarks are reason-
able, considering that the inputs of the parameters are fitted
only from light baryons and heavy mesons.

Using the method described in Sects. 2 and 3, one can
construct a total mass formula (15) for the fully heavy
hadrons containing the CMI and binding energies and cal-
culate masses, magnetic moments and eigenvectors for all

fully heavy systems containing the fully heavy mesons,
baryons and pentaquarks, especially of the ten pentaquarks
Pbbbbb̄, Pbbbbc̄, Pccccb̄, Pccccc̄, Pbbbcb̄, Pbbbcc̄, Pcccbb̄, Pcccbc̄,
Pccbbb̄ and Pccbbc̄, whose color-spin bases have been listed in
Table 1. Among these heavy hadrons, more attention is given
to fully bottom and charm systems, which attracts extensive
attention [81–86].

In Table 4, we present our computed results for the masses
and magnetic moments of the fully bottom system Pbbbbb̄ and
the fully charm system Pccccc̄, compared to other works via
the CMI model [81] and constituent quark model [82], which
adopt the same color-spin wavefunctions, and via the lattice-
QCD inspired model [83] and the chiral quark model [84].
The comparison is also given with the predictions via the
QCD sum rules [85,86]. Agreement of our predictions with
that by the constituent quark model [82] is achieved. Given
the masses of triply heavy baryons computed in Table 3 and
that of the measured heavy mesons [60], one finds that our
predicted masses of fully heavy pentaquarks are all above
the thresholds of the heavy baryons and mesons, as shown in
Fig. 1.

Further more, we examine the respective mass splittings
�M between spin multiplets due to the lowest two quan-
tum numbers J for the fully heavy mesons, tetraquarks and
pentaquarks and show them collectively in Table 5. Here,
J = {0, 1} or J = {1/2, 3/2}. For the fully heavy systems
with identical quarks, it is found that �M are suppressed
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Table 4 Predicted spectra of pentaquarks Pbbbbb̄ and Pccccc̄ with comparisons from various works. Bag radius R0 is in GeV−1. Masses are in GeV.
Magnetic moments μ are in unit of μN

State J P R0 M M [81] M [82] M [83] M [84] M [85] M [86] μ

Pbbbbb̄ 3/2− 3.48 24.761 23.775 24.211 24.035 23.748–23.752 – 21.60+0.73
−0.22 − 0.08

1/2− 3.53 24.770 23.821 24.248 24.035 23.810–23.814 23.91±0.15 – − 0.14

Pccccc̄ 3/2− 4.99 8.229 7.864 8.145 8.095 – – 7.41+0.27
−0.31 0.50

1/2− 5.08 8.262 7.949 8.193 8.045 7.892–7.893 7.93±0.15 – 0.83

Fig. 1 Computed masses (in GeV, short solid lines) of pentaquarks
Pbbbbb̄ and Pccccc̄ for J P = 5/2−, 3/2−, 1/2−, compared to the respec-
tive thresholds plotted as long dotted lines

significantly with the heavy quark number N increasing and
hadron becoming heavier. We see that the mass splittings are
narrower for the bottom sector compared to the charm sector.

For the fully heavy pentaquarks with both bottom and
charm flavors, we list the corresponding results computed via
the MIT bag model in Tables 6, 7, 8, and 9, in comparison
with other similar works cited [81,82]. The obtained masses
are also compared to the respective thresholds and plotted
in Fig. 2. All hadrons computed are above the thresholds
associated with the baryons and mesons, meaning that these
fully heavy pentaquarks are unstable against strong decays
to two-hadron final states.

The instability of pentaquarks can be investigated by ana-
lyzing the eigenvectors obtained in this study. In order to
examine the color-spin wavefunction ψ of pentaquark state,
we utilize the corresponding eigenvectors and bases defined
in Table 1, and express it in the form as shown below:

ψ = c1 (q1q2q3)1c ⊗ (q4q̄3)1c + . . . . (32)

Here, c1 represents the overlap between the wavefunctions of
the pentaquark and the specific baryon ⊗ meson component,
which corresponds to a scattering state. If the pentaquark
state couples strongly to a scattering state, indicating that the
probability |c1|2 of the collapse of ψ into a color-singlet (6)

approaches 1, we can infer that it is unstable against strong
decay with a very broad width.

For the pentaquark states presented in Tables 4 and 6, the
values of |c1|2 are determined to be 1/3. Similarly, in Table 9,
all the calculated values are approximately 1/3. Notably, the
pentaquark states denoted by asterisks in Tables 7 and 8 have
dominant components of scattering states with |c1|2 values
greater than 0.83, while the remaining states range from 0.34
to 0.80. Based on the above discussions, we conclude that the
pentaquark states PbbbbQ̄ , PccccQ̄ , and PccbbQ̄ (Q = c, b) are
likely to possess a compact structure with relatively narrow
widths. On the other hand, the bag radius R0 ranging from
3.48 GeV−1 = 0.7 fm to 5.08 GeV−1 = 1.0 fm, which are in
the order of the typical hadrons in size (about 1 fm), implies
that these compact hadrons of pentaquarks may exist during
hadronization in experiments of LHCb.

5 Mass pattern and linearity upon quark number

To explain the mass pattern obtained in this work, we consider
question as to if the bag radius R leads to the larger volume
energy MV = 4πR3B/3 for the larger heavy quark number
N , so that the hadron masses tend to be of suprathreshold. For
this, we ignore the mass splittings due to the CMI and rewrite
Eq. (15) in the form that hadrons consist of the identical flavor
Q(= c, b). The result is,

M̄ (R, N ) =N

(

m2
Q+ x2

Q

R2

)1/2

+ 4

3
πR3B− Z0

R
+N BQQ,

(33)

where M̄ stands for the spin-independent mass, N the total
number of valence heavy quarks, and BQQ the binding
energy given in Eq. (30).

Owing to the scaling of the color factor, as mentioned in
Sect. 3, the fully heavy hadrons with N identical quarks hap-
pen to have total binding energy of N BQQ . Given Eq. (33),
one can use it to examine each part of the energy for the fully
heavy systems with identical quark number N = 2 ∼ 5. The
numerical results are listed in Table 10. One sees that the vol-
ume energy MV grows quickly while the suppression of zero
point energy MZ = −Z0/R becomes weaker significantly
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Table 5 Calculated masses M (in GeV) of fully heavy mesons [53], tetraquarks [80] and pentaquarks, with their mass splittings �M (in GeV) due
to the lowest two J P quantum numbers

J P(C) State M �M State M �M

0−+ ηc 3.002 0.095 ηb 9.396 0.064

1−− J/ψ 3.097 ϒ 9.460

0++ ccc̄c̄ 6.469 0.050 bbb̄b̄ 19.685 0.015

1+− 6.519 0.053 19.700 0.017

0++ 6.572 19.717

1/2− ccccc̄ 8.262 0.033 bbbbb̄ 24.770 0.009

3/2− 8.229 24.761

Table 6 Predicted spectra of pentaquarks Pbbbbc̄ and Pccccb̄ with comparisons from various works. Bag radius R0 is in GeV−1. Masses are in GeV.
Magnetic moments μ are in unit of μN

State J P R0 M M [81] M [82] μ

Pbbbbc̄ 3/2− 3.89 21.472 20.652 20.975 − 0.65

1/2− 3.96 21.491 20.699 21.026 0.05

Pccccb̄ 3/2− 4.83 11.569 11.130 11.478 1.07

1/2− 4.86 11.582 11.177 11.502 0.63

Table 7 Predicted spectra of pentaquarks Pbbbcb̄ and Pbbbcc̄ with comparisons from various works. Bag radius R0 is in GeV−1. Masses are in GeV.
Magnetic moments μ are in unit of μN . The states denoted by asterisks couple strongly to scattering states

J P Pbbbcb̄ Pbbbcc̄

R0 Eigen vector M M [81] M [82] μ R0 Eigen vector M M [81] M [82] μ

5/2− 3.92 1.00 21.480∗ 20.648 – 0.31 4.28 1.00 18.183∗ 17.407 – − 0.26

3/2− 3.93 (0.92, 0.21, 0.34) 21.484 20.654 21.092 0.13 4.26 (0.98, − 0.04, 0.17) 18.180 17.535 17.891 − 0.27

3.90 (− 0.39, 0.70, 0.60) 21.475 20.644 – 0.35 4.23 (− 0.08, 0.75, 0.65) 18.171 17.406 – 0.05

3.80 (− 0.11, − 0.68, 0.72) 21.451∗ 20.578 – − 0.21 4.16 (− 0.15, − 0.66, 0.74) 18.149∗ 17.291 – − 0.30

1/2− 3.97 (− 0.99, − 0.10, 0.03) 21.493 20.691 21.079 − 0.03 4.32 (− 1.00, − 0.08, 0.07) 18.198 17.578 17.884 0.16

3.89 (0.11, − 0.94, 0.31) 21.472 20.653 – 0.06 4.25 (0.10, − 0.88, 0.46) 18.177 17.523 – 0.16

3.84 (0.00, 0.31, 0.95) 21.461 20.607 – − 0.05 4.18 (0.02, 0.46, 0.89) 18.159 17.399 – − 0.52

Table 8 Predicted spectra of pentaquarks Pcccbb̄ and Pcccbc̄ with comparisons from various works. Bag radius R0 is in GeV−1. Masses are in GeV.
Magnetic moments μ are in unit of μN . The states denoted by asterisks couple strongly to scattering states

J P Pcccbb̄ Pcccbc̄

R0 Eigen vector M M [81] M [82] μ R0 Eigen vector M M [81] M [82] μ

5/2− 4.56 1.00 14.873∗ 14.246 – 1.47 4.78 1.00 11.554∗ 11.124 – 0.90

3/2− 4.58 (− 0.89, 0.33, 0.32) 14.885 14.373 14.687 0.65 4.81 (− 0.42, 0.62, 0.67) 11.564 11.137 11.444 0.62

4.56 (0.46, 0.65, 0.61) 14.873 14.246 – 1.08 4.77 (0.87, 0.49, 0.09) 11.549 11.101 – 0.59

4.52 (0.01, − 0.69, 0.72) 14.862∗ 14.182 – 1.31 4.70 (0.27, − 0.62, 0.74) 11.525∗ 11.038 – 1.03

1/2− 4.61 (0.97, − 0.22, 0.09) 14.895 14.411 14.676 0.27 4.86 (0.97, − 0.19, 0.14) 11.581 11.175 11.438 0.43

4.56 (− 0.20, − 0.58, 0.79) 14.878 14.357 – 0.26 4.81 (− 0.23, − 0.68, 0.69) 11.564 11.137 – 0.17

4.51 (0.11, 0.79, 0.61) 14.862 14.238 – 0.62 4.71 (0.04, 0.70, 0.71) 11.526 11.048 – 0.35
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Table 9 Predicted spectra of pentaquarks Pccbbb̄ and Pccbbc̄ with comparisons from various works. Bag radius R0 is in GeV−1. Masses are in GeV.
Magnetic moments μ are in unit of μN

J P Pccbbb̄ Pccbbc̄

R0 Eigen vector M M [81] M [82] μ R0 Eigen vector M M [81] M [82] μ

5/2− 4.27 1.00 18.182 17.477 – 0.88 4.55 1.00 14.872 14.295 – 0.32

3/2− 4.29 (0.83, 0.36, − 0.13, 0.40) 18.191 17.554 17.785 0.28 4.57 (0.40, 0.63, − 0.26, 0.61) 14.880 14.375 14.579 − 0.01

4.26 (− 0.54, 0.66, − 0.21, 0.47) 18.181 17.479 – 0.65 4.52 (− 0.86, 0.42, − 0.28, 0.01) 14.866 14.298 – 0.17

4.22 (− 0.04, − 0.02, 0.92, 0.40) 18.170 17.457 – 0.65 4.51 (− 0.16, 0.28, 0.93, 0.20) 14.862 14.274 – 0.24

4.20 (− 0.09, − 0.66, − 0.31, 0.68) 18.164 17.416 – 0.54 4.41 (− 0.26, − 0.59, − 0.04, 0.76) 14.828 14.197 – 0.36

1/2− 4.32 (− 0.98, − 0.20, 0.03, 0.07) 18.200 17.576 17.785 0.08 4.61 (− 0.98, − 0.16, 0.01, 0.10) 14.893 14.406 14.566 0.26

4.26 (0.20, − 0.85, 0.01, 0.49) 18.180 17.496 – 0.37 4.55 (0.19, − 0.81, − 0.06, 0.55) 14.875 14.318 – 0.31

4.22 (− 0.03, 0.48, 0.30, 0.82) 18.168 17.437 – 0.41 4.48 (0.01, 0.48, 0.46, 0.75) 14.852 14.253 – 0.31

4.16 (− 0.03, 0.14, − 0.95, 0.27) 18.154 17.405 – − 0.06 4.39 (− 0.02, 0.30, − 0.89, 0.35) 14.821 14.185 – − 0.07

with more valence quarks involved. This implies that fully
heavy hadrons tend to be heavier when N becomes larger
and they are all above thresholds of the decaying final states.

We further examine this mass pattern for fully heavy sys-
tems of the mesons, baryons, tetraquarks and pentaquarks
within the same framework of MIT bag model. Beside the
masses of baryons and pentaquarks which are computed via
the MIT bag model, we cite the results for the mesons and
tetraquarks in Refs. [53] and [80], respectively. The obtained
results are plotted in Fig. 3. For the fully bottom and charm
hadrons one sees that hadron masses rise almost linearly with
N ranging from 2 to 5. It is notable that our mass predic-
tions of the mesons and tetraquark ccc̄c̄ are in good agree-
ments with experimental data, especially, the computed mass
6572 MeV of the fully charm tetraquark ccc̄c̄ agrees well
with the measured mass 6552 ± 10 ± 12 MeV of the newly-
discovered resonance X (6600) [8].

Inspired by Eq. (33) and the numerical results above, we
promote the heavy quark number N to be as large as 20
mathematically, despite that a hadron with 20 valence quarks,
if exist, may result in a very large and thereby unphysical bag
radius R. We apply this procedure to N = 2, 3, 4 and 5 to test
if the linear dependence of the hadron mass holds true as far as
this work is involved. Similar to Fig. 3, we plot the numerical
results in Fig. 4a for the spin-independent masses v.s. quark
number N for fully bottom and charm systems respectively,
with the data from N = 2 ∼ 20. From these results, we find
the following numerical fits for the fully bottom (denoted by
subscript b) and charm (denoted by subscript c) systems (in
GeV, 2 ≤ N ≤ 5):

M̄b (N ) = 5.1004N − 0.7229,

M̄c (N ) = 1.7079N − 0.3241.
(34)

In Fig. 4a, one observes the linear lines numerically, cor-
responding to Eq. (34), but the marching of it with the data
of the spin-independent masses in Table 10 is approximated.

To see this, we apply Eq. (33) to the fully light hadron sys-
tems with binding energy ignored, BQQ = 0, and obtain
the results plotted in Fig. 4b. The linear dependence breaks
slightly when N is small, as it should be for the light hadrons.
Notice that the (solid) line for the bottom sector is nearly lin-
ear in contrast with that for the charm sector, this implies that
linearity of mass dependence holds true at heavy quark limit.

In the following, we show such a mass linearity upon N in
heavy quark limit analytically. We expand the mass formula
(33) in term of the inverse heavy-quark mass m−1

Q ,

M̄ (R, N ) ≈ NmQ

(

1 + x2
Q

2m2
QR2

)

+4

3
πR3B − Z0

R
+ N BQQ, (35)

and minimize the mean mass Eq. (35) to find the bag radius,

∂ M̄ (R, N )

∂R
= 0 ⇒ R = R0. (36)

The solution of Eq. (36) in the large-N limit is R0 ∼ N 1/5.
This gives rise to the following mass formula for fully heavy
hadrons

M̄ (N ) = NmQ + �̄N + x2
QN

3
5

2mQ
, (37)

with �̄N = N BQQ+(4πB/3) N 3/5−Z0N−1/5, by analogy

with the mass relation mHQ = mQ + �̄ + �m2

2mQ
in heavy

quark effective theory (HQET). This explains the linear mass
dependence of fully heavy hadrons with heavy quark flavor
N , as demonstrated in Fig. 3.

6 Conclusions and remarks

In this work, we employ a unified framework of MIT bag
model to perform a systematical study of all ground-state
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Fig. 2 Computed mass spectra (in GeV) of pentaquarks Pbbbbc̄, Pccccb̄ , Pbbbcb̄, Pbbbcc̄, Pcccbb̄ , Pcccbc̄ , Pccbbb̄, and Pccbbc̄ for J P =
5/2−, 3/2−, 1/2−, plotted by short solid lines, with respective threshold energy as blue (labeled right) and red (labeled left) dotted lines

configurations of fully heavy pentaquarks and other fully
heavy hadrons. With the help of the color-spin wavefunc-
tions of pentaquarks, which are classified via Young tableaux
which respect symmetry of the SU (2)s ⊗ SU (3)c group and
present in terms of the Young–Yamanouchi bases, we have
computed the masses and magnetic moments of the fully
charm, bottom and bottom-charm pentaquarks in ground
states via numerical variational method that applies to the
MIT bag model. Our computation predicts a set of masses
of fully heavy pentaquarks, ranging from 8.229 GeV for the

Pccccc̄ to 24.770 GeV for the Pbbbbb̄. Combining with the
similar bag-model computation of masses of fully heavy sys-
tems, we find that the masses of fully heavy hadrons (mesons,
baryons, tetraquarks and pentaquarks) with identical flavors
depend almost linearly upon the number N of the valence
quarks in hadrons, and we demonstrate this linear behavior
of the hadron masses using the MIT bag model, being con-
sistent with the heavy quark symmetry at the heavy-quark
limit. Our results also indicate that the heavier the fully heavy
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Table 10 Numerical results for the mass components (all in GeV), the
kinematic energy ωQ (in GeV), the volume energy MV , zero point
energy MZ and spin-independent mass M̄ of fully heavy systems

(mesons, baryons and pentaquarks) in detail. The parameters of the
bag radius R0 (GeV−1) and xQ are also shown for the heavy quark Q.

System R0 xQ ωQ MV MZ M̄

cc̄ 3.45 2.886 1.842 0.076 −0.530 3.075

ccc 4.14 2.924 1.786 0.132 −0.442 4.818

ccc̄c̄ 4.59 2.943 1.762 0.179 −0.399 6.520

ccccc̄ 4.92 2.955 1.748 0.220 −0.372 8.201

bb̄ 1.75 2.971 5.369 0.010 −1.047 9.445

bbb 2.54 3.022 5.230 0.030 −0.720 14.616

bbb̄b̄ 3.07 3.042 5.188 0.054 −0.596 19.700

bbbbb̄ 3.45 3.053 5.169 0.076 −0.531 24.752

Fig. 3 Masses of fully heavy systems ranging from mesons (N = 2)
to pentaquarks (N = 5) with N the number of quarks and antiquarks,
calculated in the unified framework of MIT bag model. The results of
mesons are quoted from Ref. [53], and that of tetraquarks are from
Ref. [80]

Fig. 4 The calculated spin-independent masses of fully heavy and light
systems by Eq. (33). Quark number N is from 2 up to 20 for mathemat-
ical extrapolation
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hadrons, the narrower the mass splittings of their lowest two
multiplets (in J ).

We remark that with the increase of the heavy quark num-
ber N , the bag radius R0 of the fully heavy hadrons can
rise up as high as 1 fm, and it results in the larger volume
energy MV and the less suppression of zero point energy
MZ , which makes them suprathreshold and unstable against
strong decay. On the other hand, the shorter bag radius of the
compact pentaquarks implies some larger possibilities for
their formation via hadronization in experiments, compared
to the formation of the hadrons containing light degrees of
freedom. We hope that our predictions can help the future
LHCb experiments to search the fully heavy pentaquarks or
baryons addressed in this work.
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