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ABSTRACT: We investigate the formulation of Vasiliev’s four-dimensional higher-spin gravity
in operator form, without making reference to one specific ordering. More precisely, we
make use of the one-to-one mapping between operators and symbols thereof for a family of
ordering prescriptions that interpolate between and go beyond Weyl and normal orderings.
This correspondence allows us to perturbatively integrate the Vasiliev system in operator
form and in a variety of gauges. Expanding the master fields in inhomogenous symplectic
group elements, and letting products be controlled only by the group, we specify a family of
factorized gauges in which we are able to integrate the system to all orders, producing exact
solutions, including but not restricted to ones presented previously in the literature; and
then connect, at first order, to a family of rotated Vasiliev gauges in which the solutions
can be represented in terms of Fronsdal fields. The gauge function responsible for the
latter transformation is explicitly constructed at first order. The analysis of the system
in various orderings is facilitated by an analytic continuation of Gaussian symbols, by
means of which one can distinguish and connect the two branches of the metaplectic double
cover and give a rationale to the properties of the inner Klein operators as Gaussian delta
sequences defining analytic delta densities. As an application of some of the techniques here
developed, we evaluate twistor space Wilson line observables on our exact solutions and
show their independence from auxiliary constructs up to the few first subleading orders in
perturbation theory.
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1 Introduction

1.1 Motivations

Recent advances in higher-spin gravity (HSG) have unveiled novel features of the theory
that are unconventional from the point of view of ordinary relativistic field theories involving
particles with spins less than or equal to two. A key feature of the theory is the presence
of non-abelian higher spin symmetries, whose gauging requires infinite towers of tensor
fields of arbitrarily high spin. While this infinite-dimensional symmetry places powerful
constraints on the interactions, it also implies that the standard notion of locality needs
to be replaced by some generalized notion thereof: indeed, the effective formulation of
the theory in terms of perturbatively defined massless higher spin fields on spacetime
backgrounds gives rise to cubic vertices in which the order of derivatives grows linearly
with the spins involved, which implies some degree of non-locality already at this level of
perturbation theory, only to become yet further enhanced at quartic order and beyond.
This departure from relativistic lower-spin theory has not only blurred the (holographic
re)construction of higher-spin vertices in the spacetime bulk but also led to conceptual
problems, since the Noether procedure becomes trivial in the absence of any criteria that
limit non-local field redefinitions [1, 2].

Vasiliev’s equations [3-9] provide a non-perturbative formulation of classical HSG
that embeds highly complicated and spacetime non-local interactions into a compact set
of first-order differential constraints for a set of differential forms, referred to as master
fields, living on a fibered noncommutative extension of the spacetime manifold, sometimes
referred to as correspondence space. The evolution along the additional, noncommutative



directions Z generates the interaction vertices among physical fields, with gauge and field-
redefinition ambiguities encoded into the choice of resolution operator for the 2—dependence
(i.e., an operator that allows to integrate these evolution equations, a formal inverse of
the E—diﬂ"erential). This gives some mathematical tool to control the resulting spacetime
non-locality of the vertices and, possibly, to come up with a generalization of that concept
adapted to HSG, allowing non-localities in some degree inherent to the system, while
restricting the arbitrariness in wildly non-local field redefinitions. It is precisely by studying
the consequences of this choice of resolution operator peculiar to the Vasiliev equations
that progress has been recently made in addressing the problem of non-locality for some
vertices, and in figuring out a proposal for this generalized concept of locality, referred to
as spin-locality, which coincides with spacetime locality at the lowest order only [10-15].

A different but complementary approach, that uses the features of the Vasiliev system
to try and bypass the difficulty associated with spacetime vertices, is to extract as much
physical information as possible already from the equations in correspondence space, i.e., at
the level of master fields, subject to proper boundary conditions, and of the gauge-invariant
observables of the full theory. Technically, this approach is facilitated by the simple form
of Vasiliev’s generating system: as the master fields are subject to zero-curvature and
covariant constancy conditions, to a large extent their spacetime features are stored in their
dependence on fibre coordinates — in a sort of spacetime/fibre duality much akin to a
Penrose transform (see [16] and references therein, see also [17]). This way, non-localities
of the vertices, as well as boundary conditions on spacetime fields, are translated on-shell
into algebraic conditions on their generating functions, selecting specific class of functions
of noncommutative fibre coordinates ¥ and auxiliary base coordinates Z and thereby
making the problem somehow more tractable. While the exact form of such duality, in
general, may be hard to exploit, specific choices of resolution operators make it especially
transparent [19-22]: indeed, a choice of resolution operator that effectively separates Y
and Z variables (hence the corresponding gauges are referred to as factorized gauges) not
only makes it possible to push the perturbative expansion to all orders, thereby reaching to
an exact solution provided certain algebraic conditions are satisfied (that put constraints
on the allowed class of functions of (17, A )) [19, 20, 22, 23]; but also singles out the fibre
representative of the Weyl zero-form master field of the solution, which contains all the
local data of the resulting spacetime curvatures. Extracting the corresponding potentials in
general requires switching on a specific gauge function (that is, a specific finite — possibly
large — gauge parameter) that glues the gauge fields to on-shell curvatures, and in [22]
a scheme was proposed to impose asymptotically anti-de Sitter boundary conditions at
master-field level, by perturbatively adjusting gauge function and fibre representative of
the Weyl zero-form at higher orders. Within this framework, an interacting theory of
Fronsdal gauge fields on AdS is thereby envisaged as a perturbative branch of the Vasiliev
system, reached by subjecting the master fields to specific gauge and boundary conditions
that enable, among other things, to read spacetime fields as coefficient of their power
series expansion in fibre coordinates. The alternative perturbative scheme just described, if
successful, would have the advantage of giving a way of controlling boundary conditions at
the level of master fields, thereby providing some criteria to select allowed class of functions,
allowed field redefinitions, and in general in giving a better understanding of the geometry
behind higher-spin fields.



One thing that these two approaches have in common is that they make use of resolution
operators for the Z—dependence that do not coincide with the simplest one, known to give
rise to non-local vertices [24] and divergent boundary observables [25]. As shown in [12, 22]
a choice of resolution operators within a certain class is equivalent to a choice of ordering
prescription for the noncommutative variables of the system. The extraction of Fronsdal
fields in totally symmetric ordering of the fibre coordinates, coupled with the technical
simplifications due to the real-analyticity in Y and Z of all master fields, determined the
choice of a specific gauge and “entangled” (}A/, Z ) normal-ordering prescription (with respect
to the combinations Y = Z) for the presentation of the original Vasiliev system [5, 6]. On
the other hand, the physical content of a given solution, including boundary correlation
functions, can be read off from classical, gauge-invariant observables of the theory [21, 26—
31], some of which are in fact easier to compute in factorized gauges [22]. Besides, such
classical observables are invariant under both higher spin gauge transformations and local
redefinitions of the operator algebra basis (reorderings) [32] (possibly, up to boundary
terms in ()A/, Z ) space), which we collectively refer to as Kontsevich gauge transformations.
For the reasons collected above, it is therefore interesting to study the Vasiliev system in
ordering-independent language, i.e., in operator form, and to learn to extract its physical
content this way.

1.2 Summary of our main results

In this paper we take the first steps towards this goal, by performing the perturbative
analysis of the four-dimensional Vasiliev equations at first order in operator form, thereby
generalizing and extending the results of [22]. As we shall detail in the following, the main
progresses we achieved are:

1) The integration of the Z dependence at the operator level, and by means of a larger
family of resolution operators.

2) Such greater freedom is exploited by working in a new factorized gauge, which we
shall refer to as axial holomorphic, in which a large space of solutions is first-order
exact in all master fields; this also

2a) simplifies the construction of the gauge function enabling to extract the corre-
sponding Fronsdal fields, as we shall show explicitly; and

2b) simplifies the computation of Wilson line observables, which we push beyond the
first subleading order treated in [22].

3) Moreover, for the first time we frame our analytic continuation of all Gaussian functions
of Y and Z (starting with the inner Klein operator present in the Vasiliev equations),
recognized in previous papers to be required for kinematical as well as physical reasons
(recalled in appendix B.1), within a realization of metaplectic group elements by means
of symbol representatives of operators in any given ordering, as will be explained
below. In particular, the metaplectic double-covering of the symplectic group is in our
analysis extended to the complex case within a holomorphic, non-unitary oscillator
representation.



One of the key technical steps to achieve point 1) above is the construction of a family
of orderings that interpolate between, and in fact go beyond, normal ordering and Weyl
ordering, parametrized by a Gaussian function with real symmetric matrix M (with M =0
corresponding to Weyl, i.e., totally symmetric ordering, and M = R, with R being a
polarization of the identity, corresponding to normal orderings). Every operator in a given
M-ordering can be mapped to a corresponding symbol, a function of commutative variables
Y and Z — with a star product implementing the noncommutative operator product on
the resulting space of functions, and realized via a convolution. Working with symbols
enables to realize Z-commutators as Z-differentials, and thus to write down a concrete form
of resolution operator ¢* that integrates the equations determining the Z-dependence of the
master fields. As the operator-symbol map is one-to-one, one can promote ¢* — ¢*, and thus
integrate the equations in operator form. This procedure results in the definition of a family

G*MEl each singled out by a choice of arbitrary symmetric matrix M

of resolution operator
and vector = that defines the homotopy contraction, thereby interpolating between various
(generalized) gauges. As we shall see in a few concrete examples, such freedom in M and
= survives after one maps the so-obtained solution to a specific ordering, labelled by a
matrix My, thereby encoding the freedom of realizing the source term, that ¢* acts on, and
corresponding potential in different ways within a broad class of functions: in our case,
the latter is built via integral transforms with kernels given by Gaussian (plus linear term)
symbols, and singular limits thereof, encoding distributions.

We shall consider expansions of the local data on SpH (4,C) group elements, where
SpH (4, C) is defined as the semi-direct product of Sp(4, C) and the 4-dimensional Heisenberg
group: that is, exponentials of inhomogeneous quadratic polynomials in oscillators XA/? =
(Yo, ;/y:a) satisfying a Heisenberg algebra, with complex coefficients. One of the motivations
to do so is that specific Gaussian projectors have been found (in Weyl ordering) to encode
some of the most relevant field configurations, appearing as solutions to either the full
field equations or the linearized ones around (A)dS: among these are massless particle
states [20, 22, 33|, bulk-to-boundary propagators [29, 34, 35], black-hole and black-brane-like
solutions [19-22, 35-39], instantons, domain walls and FLRW-like solutions [23, 40, 41]. In
the case of scalar particle and black hole states, we shall show that such projectors are given
by evanescent pieces of Sp(4, C) group algebra elements in singular limits. Moreover, the
Vasiliev generating system contains by construction special Gaussian elements, the so-called
inner Klein operator % and its hermitean conjugate &, which are crucial building blocks of
the source term that triggers all nonlinear corrections to the free Fronsdal equations. As
an operator, 7 factorizes into (—1)Nv(—1)N=, where N is a number operator counting the
number of X oscillators.

Products of all elements of this form are thereby controlled by the SpH group algebra.
As is well known (see for example [42-45] and references therein), exponentials of bilinears
in oscillators with real quadratic form matrices realize the metaplectic representation of
Sp(2n,R), associating to every Sp(2n,R) matrix two operators, distinguished by a sign, and
lifting to a proper, non-projective representation of the double-covering metaplectic group
Mp(2n,R). As we shall show in this paper, the same 1:2 association can be established in the
complex case, by means of a holomorphic, non-unitary oscillator representation of Sp(2n,C)



lifting to a proper representation of the double-covering group,' that we shall denote by
Mp(2n,C), and refer to as the holomorphic metaplectic group or complex metaplectic group
for short.

As the map from operators to symbols involves extracting square roots of the deter-
minant of functions of the corresponding symplectic matrices and the ordering matrix M,
the two branches of the metaplectic double covering can be put in correspondence with the
two sheets of the Riemann surface of the square root. Thus, with the help of a specific
analytic continuation, it is possible to work with symbol representatives of metaplectic
group elements. In this paper, we shall give this analytic continuation only for the case of
M = 0 Weyl-ordering symbols, leaving the generic M-ordering case for future work.?

In any given ordering, generic symplectic matrices are realized as Gaussians in the
oscillators, but there are elements whose symbol degenerates to a delta function: in
particular, such is the symbol of the Kleinian in Weyl ordering. In previous papers in which
we dealt with solving the equations in Weyl ordering by means of expansions of the master
fields over Gaussian elements [19, 20, 22, 23|, it was somehow natural (and consistent with
all its properties) to realize the Kleinian via a Gaussian delta sequence, taking the singular
limit after all star products had been computed. In this paper, we reframe and justify this
procedure as a limit to Weyl ordering from other orderings in which the Kleinian is a regular
Gaussian function (which, as we show explicitly in appendix E, is equivalent to acting
directly on the delta-function source with a reordered resolution operator). Moreover, the
analytic continuation of Gaussian elements which we propose in this paper? provides us with
a natural definition of delta one-forms, projecting onto the Riemann surface Sy of the square
root as delta densities defined along a bundle of lines through the branching point. This
definition generalizes straightforwardly to delta 2n-forms, projecting to higher-dimensional
delta densities §2"(X) defined on the 2n-dimensional generalization of Sy. Within this
framework, it is possible to reconcile the otherwise contrasting properties of the Kleinian
of behaving as a two-dimensional delta function which is however odd under the 7 map
(as required in order to match the corresponding property of the operator (—1)"v, among
other reasons), i.e., 7(6%(y)) = 62(iy) = —6%(y), by interpreting naturally the action of 7 as
relating delta densities defined on different surfaces embedded in S3.

Armed with these tools, we then proceed to analysing perturbatively the Vasiliev
system at first order, in order to retrieve Fronsdal’s equations in operator language. A great
advantage of the unfolded formulation, which lies at the heart of the Vasiliev system, is the
reformulation of gauge field equations for arbitrary spin in terms of first-order differential
constraints for a set of differential forms, allowing for all fields to be treated on equal footing
and without requiring to invert the vielbein [6, 8, 9, 47]. Achieving that involves some

n the literature on unitary representations, it is instead customary to identify Mp(2n,C) and Sp(2n;C),
as it follows from Bargmann’s theorem that any unitary representation of a simply connected group like
Sp(2n; C) is proper, i.e. non-projective.

2The technical reason why it is more complicated to achieve this with M # 0 symbols is the simultaneous
presence of sum and products of matrices in the argument of the determinant under square root: the
extension to the Riemann surface of the square root in that case is subtler, as sums are not well defined for
elements living on different sheets.

3We collect a number of motivations for considering an analytic extension of Gaussian integration formulae
and delta functions in appendix B.1.



amount of redundancy between the spacetime master one-form and zero-form fields. This,
in turn, implies that the embedding of the Fronsdal free equations in the Vasiliev system
expanded at first order around AdS subtly depends on specific (generalized) gauge choices
that enter the solution of the Z dependence of the master fields, and that are encoded in
the choice of resolution operator ¢* [4, 5, 22, 48]. The spacetime zero-form master field ®
naturally encodes the propagating degrees of freedom; according to the choice of ¢* the
local degrees of freedom may then be “dualized” into the spacetime master one-form U via
a dynamical gluing of the two modules by means of a Chevalley-Eilenberg cocycle of the
background isometry algebra. The aforementioned factorized gauges, for instance, facilitate
the dressing of linearized solutions into full ones, but, as we shall recall in section 2.11, fail
to provide the proper cocycle. This can however be achieved in other families of gauges,
referred to as “relaxed Vasiliev gauges” in [22, 35], in which it is possible to identify the
Fronsdal equations within the unfolded framework [5, 6, 8, 9, 22]. The latter result —
together with the generalized Bianchi identities contained in the equation for ® from the
first-order expansion of the Vasiliev system — is known as Central On-Mass-Shell Theorem
(COMST) [4-6] (see also [49]). In a previous paper [22], we showed how, at first order, it is
possible to construct a gauge function H relating solutions obtained in factorized gauges
to solutions in relaxed Vasiliev gauges (equivalently, solutions obtained by means of one
and the same, unshifted, resolution operator in Weyl ordering to solutions obtained in
the above-mentioned entangled normal ordering): such gauge function does not alter the
degrees of freedom, contained in </IS, and provides the Chevalley-Eilenberg cocycle, which
implies that it cannot be regular. Indeed, as discussed above, this gauge transformation
encodes a change of ordering, and, as the master fields are non-polynomial functions of
noncommutative coordinates, ordering changes in this context are far from trivial operations,
and may in general give rise to divergencies that need to be interpreted and handled. What
makes it possible to do that is the fact that such divergencies in Weyl ordering manifest
themselves in the singular (distributional) form of &, which can be dealt with via integral
presentations and delta sequences [22]. The resulting singularities are inherited by the
gauge function, but turn out to give cohomologically trivial contributions to the spacetime
connection, thereby leading to a proper, ?—analytic Fronsdal field generating function.

In this paper, working at the level of operators, we show how it is possible to retrieve
Fronsdal fields in solutions built in a new family of factorized gauges, gluing a gauge field
generating function to the (unmodified) Weyl zero-form o by means of a change in resolution
operator ¢*, we give the interpretation of such change in terms of a change of ordering
prescription, and build the corresponding first order gauge function that provides the gluing.
We perform this analysis for master fields expanded over Heisenberg group elements.

More in detail, we first integrate the Z—Space equations in operator language and in a
family of factorized gauges, called holomorphic gauges because the potential retains the
holomorphicity of the integrated source, specified by resolution operators §*"»¢l: this allows
us to interpolate between the solution with £ = 0 and m proportional to an involutory
matrix, Wh/i\Ch was used in various contexts in [19, 20, 22, 23] and on which the z-Kleinian
52, = (—1)N= is realized as a regular Gaussian (only degenerating into a delta function at
the boundary of the homotopy-integration domain); and the solution with m = 0 and £ = (,
a constant spinor, in which the homotopy integration is performed on a delta function



integrand. As we shall show, the latter, new gauge, referred to as axial holomorphic, proves
to be even more efficient than the former at constructing (formal) exact solution spaces, as
the resulting linearized solution is already exact. Furthermore, its simplicity makes it an
ideal frame to tackle the asymptotically AdS boundary condition problem along the lines
envisaged in [22], which is our ultimate goal. For these reasons, we use it in this paper as
our starting point for the extraction of Fronsdal fields.

Operating within the Heisenberg group expansion, in terms of a momentum A conjugated
to }A/, the appropriate tweak that is sufficient to achieve this is to make the shift vector
momentum-dependent, £ = £(A): this change moves away from factorized gauge and
achieves the gluing of the spacetime one-form module to the degrees of freedom in ® in
operator terms. Choosing {(A) = b\, where b is an invertible 2 x 2 matrix (which may be
even spacetime-dependent), defines a rotated Vasiliev gauge such that, in Weyl order, the
gluing condition takes the form of the usual COMST, and any dependence on b disappears.
Note that the matrix b can be spacetime-dependent, a fact that can be used to give the
local Lorentz symmetry an alternative treatment to the original one [4, 19, 27], as discussed
in section 4.7. As we show in section 4.5, this choice of homotopy is equivalent to using
an unshifted resolution operator in a particular M-ordering in the full (lA/, Z ) oscillator
space: for the simplest choice of constant b,z = — Beag this family of orderings coincides

v

with the one-parameter family considered in [12] (in terms of the parameter § =1 — f3),
that interpolates between the entangled normal ordering (B = 1), Weyl ordering (B =0)
and the limiting spin-local case (/5’ — 00). Finally, we proceed to applying this formalism
to the case of spherically-symmetric higher-spin black holes and massless scalar particle
modes. Starting from the axial holomorphic gauge and moving to the rotated Vasiliev
gauge, we first find the gauge-field generating function for black holes, and show that, as
expected, it is analytic in Y in Weyl order. Then, for the case of a massless scalar particle,
we check that our formalism correctly produces a trivial 1-form connection: in particular,
we explicitly construct the gauge function that removes the singular yet cohomologically
trivial part inherited from the axial holomorphic gauge, improving on the results of [22] in
that building such gauge function does not require the introduction of a spacetime vector
field along which to perform a homotopy contraction.

The axial holomorphic gauge introduced in this paper also allows us to push further
the perturbative computation of certain gauge-invariant quantities, the Wilson line observ-
ables [22, 26-28, 30, 50, 51]. As they are invariant under (large) gauge transformations, it is
convenient to evaluate them on solutions in factorized holomorphic gauges, which simplify
their form. In this context, the axial holomorphic gauge is especially effective, and allows
us to determine their expansion coefficients (in the Weyl zero-form local datum) beyond the
first subleading order that was obtained in [22] using the so-called Gaussian holomorphic
gauge. This is an important test-ground for the solution methods using factorized gauges,
since, while Wilson lines are by construction unaffected by any transformation realized by a
gauge function, it is less obvious that parametric integrals, intermediate-stage regulators
and auxiliary spinors that may enter the concrete form of a solution in such gauges will
not ruin their invariance. By this computation we have verified up to third order the
independence of these coefficients from any of the auxiliary constructs that are used to
write down the solution in axial holomorphic gauge.



While ordering changes in the higher-spin context are non-trivial, due to the fact that
the local symmetry algebra is infinite-dimensional, it may appear not surprising that the
theory is ordering-independent at first order. Nonetheless, already the linearized analysis
performed in this paper in ordering-covariant language reveals some issues that would
otherwise remain hidden, and that may be crucial to address some of the open questions in
the full theory. For instance, the freedom in moving in between M -orderings manifests itself
in a greater freedom in the choice of resolution operator ¢*, which includes the freedom
of realizing the source terms on different functional classes. Moreover, the appearance of
degenerate Gaussian symbols defining delta sequences is not limited to the intermediate
steps of the computations, or to a given resolution scheme: on the contrary, it is very
much tied to interesting physics, as they naturally appear, working in Weyl order on ),
as the configuration that the spherically-symmetric higher-spin black holes approach at
the singularity [19, 20, 36], or that fluctuation master fields take at the singularity of
a BTZ4 black hole [52]. In both cases, the ill behaviour of the individual spin-s Weyl
tensors coalesces into a delta-function behaviour of the corresponding master field at the
singularity. However, as stressed in the above-cited papers, at least some distributions in
noncommutative variables can be considered smooth since they have good star product
properties. In the spirit of the present paper, delta functions of noncommutative variables are
in fact equivalent to bounded functions up to a change in the ordering prescription. Within
this view, the resolution of, e.g., gravitational curvature singularities in HSG would amount
to declaring them artifacts of the ordering choice for the infinite-dimensional symmetry
algebra governing the Vasiliev system. So a better grasp of the role of orderings may prove
crucial in order to properly understand the embedding of gravitational singularities into
HSG — and possible resolutions thereof, already at the classical level, due to the coupling
with the higher-spin tower [19, 20, 52]. More generally, a full assessment of to what extent
and under which conditions the theory is locally ordering-independent would provide us
with crucial means to disentangle the physics from gauge artifacts and with a more powerful
mathematical framework for the formulation of HSG.

Finally, we believe that the tools developed in this paper — in particular the axial
holomorphic gauge, the resolution operators related to M-orderings and their applications
to the AdS massless UIRs — will prove useful for the concrete implementation of the
perturbative scheme proposed in [22] (in which asymptotically AdS boundary conditions
are imposed via perturbative corrections of gauge functions and master fields local data),
which was one of the main motivations driving the present work.

1.3 Outline of the paper

This paper is organized as follows:

Section 2 is devoted to reviewing basic properties of Vasiliev’s four-dimensional bosonic
equations, linearized solution spaces, factorized vs. unfactorized gauges and perturbative
schemes, and introducing the necessary formalism in operator language.

Section 3 introduces the group algebras that will be of relevance for the treatment
of massless particle modes, higher-spin black hole solutions and the Klein operators: it
contains the definition of the inhomogenous complex metaplectic group MpH (2n;C) and
spells out the map between operators and symbols thereof in a given ordering. We introduce



the notion of M-orderings and, finally, provide the main tool for the perturbative analysis
that will follow: the family of resolution operator §*™-=) interpolating between various
(generalized) gauges.

In section 4 we apply this formalism to integrating the Z—space equations with various
choices of ¢*/gauge: holomorphic gauges, which allow to obtain full, not just linearized,
solutions — failing however to activate non-trivial Fronsdal fields; and a rotated Vasiliev
gauge in which we glue, at first order, the Weyl zero-form to the spacetime connection,
thereby obtaining the COMST in operator language. We show how the latter gauge entails a
class of orderings that non-trivially entangle Y and Z variables, and in particular include the
one-parameter family of orderings considered in [12]. We also construct the gauge function
connecting the two types of gauge, at first order, and compute Wilson line observables,
checking their invariance in the sense specified above.

Finally, in section 5, we obtain the regular gauge-field generating function corresponding
to AdS massless particles and higher spin black hole states, which are encoded by projectors
that we show are obtained from rescaled limits of Sp(4,C) elements.

The paper is completed by six appendices. In appendix A we spell out the AdS and
spinor conventions used throughout the paper. Appendix B is especially important, as
it contains the details of the analytic continuation which enables to distinguish symbol
representatives of metaplectic group elements and the definition of delta densities related
to the Klein operators. Appendix C contains a number of details on the properties of
M-ordering symbols of Sp(2n,C), in particular deriving their general form, and showing
how the analytic continuation of appendix B enables to distinguish the two branches of the
metaplectic double cover. In appendix D we give some lemmas that are instrumental for
section 3. In appendix E we show the detailed steps leading to the all-order perturbative
solution in holomorphic Gaussian gauge given in section 4, which also furnishes an example
of how the freedom in M of ¢*™=) can encode the freedom of realizing the integrated source
term on different functional classes. Finally, in appendix F we collect the computations
related to the results on the Wilson line observables collected in section 4.

2 Vasiliev’s higher spin gravity

In this section, we pass from associative higher spin algebras [53], via the COMST [22] for
unfolded Fronsdal fields, and perturbatively defined formal HSG [47, 54], to Vasiliev’s fully
nonlinear formulation of HSG using differential forms on noncommutative spaces.

The classical moduli space of Vasiliev’s theory consists of free differential subalgebras
(FDA) of differential graded associative operators algebras (DGA) of horizontal forms on
fibered manifolds

YxGy—=C—XxZ, (2.1)

where ) is a noncommutative symplectic manifold; X is a commuting manifold embeddable
into the universal classifying space BGy of a group Gy acting on ) via moment maps;
and Z is a noncommutative symplectic manifold equipped with two-forms attached to
conical singularities in codimension two. These two-forms combine with covariantly constant



zero-forms into sources of one-form connections interpretable, in a dual fashion, either as
deformations of the symplectic structure on Y — T,, — {po} x Z positioned at a base
point pg € X, referred to as the unfolding point, or as self-interacting Fronsdal fields in
asymptotic regions X, of X' created by i) switching on gauge functions from X x Z to G
so as to create noncommutative twistor spaces Y — T, — {p} X Z over base points p € X;
and ii) imposing suitable boundary conditions as p approaches X .

The horizontal forms making up the classical moduli spaces are thus quantum mechanical
composite operators that can be represented by symbols given by distributions on 7, thought
of as a classical symplectic manifold, composed by means of twisted convolution formulae
given by integrals over 7,. The functional form of these distributions thus depend not only
on the choice of local coordinates on C but also on the choice of basis for the operator
algebra, that is, on the choice of ordering prescription as operators are sent to classical
symbols. Indeed, the observables of the theory are intrinsically defined functionals of the
horizontal forms obtained by integrating over subspaces of C so as to achieve invariance
under diffeomorphisms of & and isomorphisms of the operator algebra on 7,, that is,
changes of its basis, which thus include re-orderings as well as symplectomorphisms [32].
Thus, just as in ordinary gauge theory, the construction of classical moduli spaces in HSG
consists of first exhibiting the local degrees of freedom residing in gauge functions as well as
ordering schemes, and then examine which of these remain inherent at the level of classical
observables.

Thus, in order to provide a cohesive framework for the sequel of this paper, we shall
present Vasiliev’s theory using an operator language that does not refer to any specific
ordering scheme. Such schemes will then be introduced separately in the following section,
and then studied in more detail in the remainder of the paper.

Finally, our line of presentation will highlight a difference between formal HSG and
Vasiliev’s theory vis a vis going off-shell, as Vasiliev’s formalism lends itself relatively
straightforwardly to the construction of noncommutative AKSZ sigma models with BV
algebras consisting of single-trace functionals, which provide a natural generalization of the
BV algebras of local functionals of a ordinary commutative AKSZ sigma model.

2.1 Higher spin algebras from conformal particles

The basic building block for HSG on AdSi4n is Dirac’s conformal particle on the real
cone with signature (2, N), which provides an irreducible one-sided so(2, N) module S
that remain irreducible under so(1, N).* This module comprises a plethora of s0(2, N)
representations [56], including unirreps that decompose under the maximal compact s0(2) ®
s0(N) subalgebra of s0(2, N) into compact weight spaces D*(3(N — 2); (0)) with energy
bounded from below and above, respectively, by j:%(N — 2), referred to as singletons and
anti-singletons, as their weights occupy single lines in the energy-spin plane.

“Interestingly, S constitutes the internal spin degree of freedom of the Majorana field equation in flat
(N + 1)-dimensional spacetime [55].
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For N > 3, their squares® decompose under so(2, N) into massless particles and
anti-particles in AdSy4n, viz.

®2_ éDi(s + N —2;(s)), (2:2)
s=0

D* (3(N = 2);(0))

as first found by Flato and Fronsdal in four spacetime dimensions [60] and later generalized
to higher N in the context of HSG in [61-63]. Moreover, the direct product of a singleton
and an anti-singleton can be rearranged [33, 64] into a compact weight space with unbounded
energy equipped with a real structure and a positive definite bilinear form [33] whose states
correspond to higher spin generalizations of the Coulomb and Schwarzschild solutions [19, 20].

The conformal particle module is characterized by its annihilator Z[S] (for example,
see [33, 50]), which is the ideal of the unital enveloping algebra® Env[so(2, N)] that vanishes
in S. In the basis

Jap=—Jpa, A Be{0,0,1,.... N}, (2.3)

of s0(2, N) normalized such that

[jA,B7 jC’,D} =i (nADjB,C +ncJap —nacIBp — nBDjA,C> , (2.4)

where nap = diag(—, —, +,- -+ ,+), the annihilator is generated by

Ja%Tpy 0 — N 277AB62 ~0, Vac,p = Japlop =0, (2.5)

N |

Vap =

where Cy[s0(2, N)] := %jA’BjA,B, which can be shown to assume the value Cs[s0(2, N)|S] ~
N2
- &
The conformal particle thus induces the associative algebra

ho(2, N) := Env[so(2, N)|/Z[S], (2.6)
which acts on itself from the left and the right, and through twisted versions
pas (F)a:=a(f)a-08(f), Faebo2N), (27)

of the adjoint action ad = prq 14 labelled by linear so(2, N') automorphisms a and . Such
automorphisms act faithfully on any subspace of Env([so(2, N)] preserved under the adjoint
$0(2, N) action, including the conformal particle annihilator, and hence they lift to (linear)
ho(2, N) automorphisms. It follows that

o () s (2] = s ([ ) o)

SMulti-singleton and multi-anti-singleton extensions yield massive spectra arising naturally within first-
quantized non-compact Wess-Zumino-Witten models with integer spectral flows [57, 58] related to tensionless
extended objects in AdS14+n [50] and corresponding extensions of the Vasiliev system [59].

SFor a mathematical treatise on enveloping algebras of finite-dimensional Lie algebras, see e.g. [65]; we

take their elements to be polynomials in the Lie algebra generators of finite degree.
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A

where [f1, fo] :== ad(f1)fo = fifs — fof1, which assigns the Lie algebra (ho(2,N),ad) a
module 7, 5 := (ho(2,N), pa,g), referred to as the («, B)-twisted ho(2, N)-module. Letting
b denote the maximal subalgebra of so(2, N) stabilized by « and S, it follows that

T8 dou sso2N)= D 720/37 (2.9)

Xoezaﬂ

where ’72‘% denotes a s0(2, N) irrep generated from a finite-dimensional § irrep TXO, ie.
an irreducible h tensor, referred to as the reference state, by means of the («, 5)-twisted

50(2, N) action; for example, 7% can be the smallest bh irrep contained in 7;):05 Thus,
’7':‘% Lad(n)= @XGUXO 7, where 7 denote § irreps; in what follows, we shall take X to be

]
highest weight labels. In particular, under the adjoint action,

f)U( \Lad(so 2,N)) @ T[n " (2'10)

where 717 = ﬂgﬁz] denote the irreducible so0(2, N) tensor of highest weight [n,n], con-
sisting of monomials in J, A5 in degree n projected onto the Young tableaux (A.6). An
alternative decomposition of ho(2, N) can be obtained by splitting JAAVB into ]\/Zab = )\jw,
generating an so(1, V) to be identified as the Lorentz algebra, and transvections P, = )\for,a
with closure relations (A.8). Thus, the Lorentz so(1, N) is stabilized by the automorphism
7 defined by

T (M\ab) = M\ab, T (]3G> = —f’a, (2.11)

which is outer in ho(2, N), but, as we shall see, inner in a suitable non-polynomial extension
of ho(2, N). The corresponding twisted-adjoint action ad := piq r, viz.

ad (f)g=Fa—ar (F) (2.12)

induces a twisted-adjoint ho(2, N) module T = Tid,» with s0(2, N) decomposition

Ti’z;a(ﬁu(ZN)): @T[S’S} ’ (2'13)

s=0

where 715 = Ts ' is the infinite-dimensional 50(2, N) irrep with smallest Lorentz tensor
7(55) of highest Welght (s, ), viz.

%[S’S] iad(so(l,N)): @ Flaths) ) s=0,1,2,..., (2.14)
k=0

where 7(5t%%) are thus Lorentz tensors of highest weights (s + k, s) built from s powers of
M, and k powers of P, projected onto the Young tableaux (A.9) withn — s+kand t — s.
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2.2 Weyl zero-form and Bargmann-Wigner equations

Letting X be a real commuting manifold with charts ¢, the DGAs £(U) := Q(U) @ ho(2, N),
where Q(U) denotes the space of forms on U, decompose under form degree into E(U) =
D, Ep)(U), where E, (U) = Q) (U) @ bo(2, N). A locally AdSn 1 background is an element

Q= —%QABjAB , 0AB ¢ Qm Uy, (2.15)

submitted to the flatness condition

A+ Q~0, (2.16)

viewed as a background equation of motion, which implies the nilpotency of the associated
adjoint and twisted-adjoint covariant derivatives

ﬁf[p] = df[p] +Qf- (_1)pfﬁ7 Bwf[p} = df[p] +Qf- (—1)pﬁp] (Q), (2.17)

of f[p] S S[p] (U) R
Introducing a twisted-adjoint zero-form C' € Ejp)(U), the linear equation

D.C~0, (2.18)

defines a (universally) Cartan integrable system (CIS) together with (2.16), with so(2, N)
decomposition

D.Csl .= qClesl 4 Q Closl — Clslr( Q) =0, s=0,1,..., (2.19)

where Cl5] ¢ QU) ® T15s]. Lorentz decomposing

Q=0+ e, W= —%wab]\/jab, e:= —ie"P,, (2.20)

induces a decomposition of the twisted-adjoint covariant derivative, viz.

~ —

Dy =V+ad@), ad@) =" 450, (2.21)

where V := d + ad(@) is the Lorentz covariant derivative, and

) Qp(U) @ 7R QL (U) @ FlETEELS) (2.22)
which obey
V2+56Ws) 150060 ~0, Ve +5WV 0, (GI)2=~0, (2.23)

as a consequence of (D;)? ~ 0. Thus, expanding

Clesl = 3" 0lsths) - Clthe) € O (U) @ 7(s + k, 5) (2.24)
k=0
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the Cartan integrable spin-s subsystem assumes the manifestly Lorentz covariant form
Ver~0, do+oa+e~0, (2.25)
VCEths) L () Clsthtls) L GHOEH=18) 0 k=0,1,.... (2.26)

If é defines a non-degenerate frame in U, then

Qpy(U) © 7o) = (U) @ vV @ #osth) (1, 1), = (1,...,1) . (2.27)

Lorentz decomposing

P00 o 7 = B ([p):9) (229)
where § are highest so(1, N) weights, the cohomology H (37(5)|Q(u) QT [518]) contains
Hyy) (50| @ T = 709 ((0];5,5) (2.29)

while 76+53)([0]; s + k, s) with & > 0 is in the co-kernel of 4. Thus, using C(s+5:) =

Céjfﬁik’bl_._bsf‘“"'““k’bl"'bs, eq. (2.26) implies that C(515:5) are given by k symmetrized

traceless Lorentz covariant derivatives of CA‘(S’S), which in its turn obeys’

(V2 +2)c09 ~ 0, s=0, (2.30)
veesV =0, v oY 0, s=1, (2.31)
ﬁ[ac,ffgj_)..bs"dc%% ~0, s=2.3,..., (2.32)

i.e. C(00) ig a Klein-Gordon scalar field with mass —2; Cé’lb’l) is a Faraday tensor obeying
(5,8)

) 1 .
Maxwell’s equations; and 110 by b

with s > 2 is a tower of spin-s (traceless) Weyl
tensors obeying the Bargmann-Wigner equations. In this sense, C is referred to as the
Weyl zero-form, and Clss as its spin-s Weyl zero-form components, which thus serve as
generating functionals for (%) and all their derivatives on-shell in regions of U where the

transvection gauge field e® provides a non-degenerate frame.

2.3 Unfolded Fronsdal fields and Central On-Mass-Shell Theorem

The spin-s Weyl zero-form Clss] with s > 1, which thus sits in the twisted-adjoint repre-
sentation, can be glued to an adjoint one-form Wls—1s-1 ¢ Q) ® Tl5=1Ls=1 by means

of a map
So 1 (E(U)) @ EU), (2.33)
that obeys the cocycle condition
Prbteng, oLl vy, (8,0;000) (2.34)
"eq. (2.32), which is not Young-projected, implies the zero-divergence condition @‘ZCC(LZ;?‘I)NCL”CS ~0.
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modulo (2.18) and (2.16), ensuring the Cartan integrability of
DWh=1s=1 4 50 (Q Q; 6*[8’81) ~0. (2.35)

Introducing the generating function

W= wh e gq ), (2.36)
s=1
the Cartan integrable subsystems for s = 1,... can be grouped together as
DW + %1 (9,0;C) ~ 0. (2.37)

Eq. (2.34) determines Sls=Ls=1] modulo a homogenous solution in the image of D that can
be removed by

5?171\/[371,571} _ _f’f[sfl,sfl] 7 5?2[371,371] _ Bf’f[sfl,sfl] 7 (238)

where Tl-Ls—1l ¢ Q) @ Tls=Ls=1 " that is, 251571 is an element in
Hpy (f)]Q(U) ®7'[5*175*1]> represented by a homogeneous tri-linear map, as indicated
in (2.33), which vanishes if C15=15=1 vanishes.

Treating (SA), C [s.s] W[S*Ls*”) as dynamical variables, there are two types of Cartan
gauge symmetries: i) background gauge transformations

5:0= DC. 52@[3,31 _ Gilssly (Z) _£Clss) 521/47[371,371] _ [W[sq,sq]ﬂ ’
(2.39)
with ¢ € Q) (U) ® s0(2, N), under which
522[3—1,3—1] _ [i[s—l,s—l]’q , (2.40)
comprising Killing symmetries obeying 5252 = 0; and ii) abelian gauge transformations

0:0=0, 00l =0, s wltenll = el el (2.41)

with adjoint parameters Es~1s—1 ¢ Qi (U) ® T1s=1s=1 under which

gl =g, (2.42)
Lorentz decomposing
D=V+ad@), ad@)=c"+5), (2.43)
where
e Q) @t Q. U) @ TETHED (2.44)
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it follows from (D)2 ~ 0 that
_ _ _ 2
V24560 45050 ~0,  VeW 15V ~0,  (6W) ~o0. (2.45)

Thus, using the expansions (2.20)—(2.24) and

s—1 s—1

et = 5 e, gt Z g )
t=0 t=0
s—1 s—1

i[s—l,s—l] _ Z i(s—l,t) , :I\*[s—l,s—l] _ ff(s—l,t) ’ (247)
t=0 t=0

where I//[\/(s_l’t),?(s_l’t) € Q) ® r(s=1t)  gls=1) ¢ Q) @ 7(5=L0) apnd SeE-1D ¢
Q) @ (=11 the gluing equation (2.35) and abelian gauge transformations decom-
pose into

TW 10 4 g1+ | GEOTF6-1-1) L S6-10 & (2.48)
and
(%\W(sfl,t) = VEG—LY 4 5(=)gls—1t+1) 4 5(+) gls—1t=1) 7 (2.49)
respectively, while the cocycle condition takes the form
S-10) 4 G141 | GHS-L-1 & (2.50)
with attendant tensorial shift symmetry

5?17{7(571,1&) — _y(s=Lt) 7 5?2(571,0 _ @ﬁ(sfl,t) + eI =141 | G(H)ps—1t-1)
(2.51)

Assuming € to be non-degenerate, which induces the isomorpism

Q) @ D ~ Qo) @ rh-Dr @t (1 1), =(1,...,1),  (252)

p times

and Lorentz decomposing
rr g et = Q)9 (2:53)
g

where § are highest so(1, N) weights, it follows from the cocycle condition (2.50) modulo
the shift symmetry (2.51) that

i[s—l,s—l}eH[z] (3(—) ’Q(Z/{) ® 7’[5—175_1]) (2.54)

~ 76 ([2;s -1, D) @7 D(2is— 1L, ) @7rE(2;s —1,s — 1),  (2.55)
current Weyl
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where the spin-s current cannot® be activated at the linearized level under the assumption
that X(~15=1 is linear in C!**), and the linearized spin-s Weyl tensor [47]

i(s—l,s—l) — €C A ed A 0(575) fal...as_l,bl...bs_l . (256)

cay-+as—1,dby-bs 1

From (2.48) and (2.49), it follows that W =151 decomposes into i) auxiliary gauge fields
in the co-kernel of 5(); ii) shift-symmetry gauge fields in the image of 5(=), which can be
eliminated using the abelian gauge transformations (2.41) with parameters in the co-kernel
of (7); and iii) an algebraically unconstrained gauge field

Ws—10) ¢ Hy (3(*)|Q(u) & T[S’I’S*ﬂ) ~ () ([1);5,0) & 72D ([1); 5,0), (2.57)

that is, a doubly traceless symmetric tensor gauge field of rank s > 1, alias a spin-s Fronsdal
tensor, with equation of motion given by the current projection of (2.48), which is a second-
order differential operator invariant under the residual abelian gauge transformations with
traceless parameter

1) ¢ g (50)]0) & T 1) 2 £ (0] 5,0). (2.58)

In summary, eq. (2.35) with cocycle given by (2.56) constitutes a CIS describing a rank-s
Fronsdal field on-shell; this fact is referred to as the Central On-Mass-Shell Theorem [4-6].

2.4 Classical linearized solution spaces

Subjecting egs. (2.16), (2.18), (2.37) to appropriate boundary conditions on X yields spaces
of linearized Fronsdal fields propagating on locally anti-de Sitter backgrounds? corresponding
to Weyl zero-forms in a non-polynomial extension M 0]{U) of Ejg)(U) arising from “stalks”
M corresponding to adjoint modules A with associative algebra structures to be studied in
section 3 and constructed explicitly in the case of N = 3 for specific boundary conditions in
sections 4 and 5.

Integrating eq. (2.16) starting from a base point z¢ € U yields a gauge function

L:U—Go(SO@2,N)),  Llp=1, (2.59)
in a representation Gy : SO(2, N) — A, such that
Q~ L 'dL; (2.60)
hence, the (nilpotent) covariant derivatives in (2.17) can be written as
Dfy = Adg_, (dAdzfy) | Adzfy =L fiy L1, (2.61)

ﬁﬂf[p] - Avdf—l (d‘&vdif[p]) 7 Aaff[p} =1L J?[p] i (ffl) 7 (2.62)

8There exists a spin-s current that is linear in C°° which can be removed by a higher-spin generalized
Weyl rescaling.

Integration on charts i/ C X yields locally defined linearized solution spaces that can be glued together
into sections over X' using transition functions, which along with the holonomies for ) in Go(SO(2,N))
define linearized solution spaces globally; for examples, see [52].
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for f[p] € &) (U), where Adz acts faithfully on & (U), and A?if in non-polynomial M p(U)
extensions of &y, (U).

Thus, for p = 0, integration of eq. (2.18), subject to boundary and regularity conditions
on X, requires an extension of £ (U) to the SO(2, N)-module

M (MIE; ﬂ) = {Avdz,lé’ | e /\7} . dC' =0, (2.63)
where the integration constant belongs to the twisted-adjoint ho(2, N)-module

v _ D
ML o2 = @M o (2.64)
Ao

with Mo being spaces of operators built from J, A,B, comprising irreducible twisted-adjoint
representations of ho(2, N), making up the spectrum of local degrees of freedom of the
system. The representation M need not be an SO(2, N)-module, which manifests itself in
possible singularities in the unfolded Weyl tensors. Letting T be the space of power-series
expansions in the basis of Young-projected monomials given in eq. (A.9), there exists
a monomorphism p from /{/lv[o} (U'|L; M) into T [0, 81], both viewed as twisted-adjoint
ho(2, N)-modules, with domain

U (L;C") = {ec|Ady,.C" € T}, (2.65)
such that
CAV|L{/(L on =P (AHZ%@/) ; (2.66)

consists of regular Weyl tensors C[S’SHXO; these local data can then be glued together
into globally defined solutions on X exhibiting various types of distinct singularities and
asymptotic boundary conditions depending on €’ and the holonomies in L [33, 35, 52, 82].

An example, spelled out in more detail in section 5, is obtained by taking X = S x §3,
and imposing C |$1x{se} = 0 at conformal infinity St x {550 }; particle and anti-particle
modes in D¥(s + N — 2, (s)) then arise from operators C’ € ./K/lv[o] (x0) such that C is in the
domain of p in all of X', while black-hole modes arise from operators in Mg (xo) such that
C belongs to the domain of p only in a subset X of X, and coalesce to distributions given
by Gaussian delta sequences as © — xo where xg € X' \ X’ are the points where the Weyl
tensors of these modes have classical singularities [19]; the analyticity properties of these
solutions are studied in section 3 and appendix B. In what follows, we shall most often
suppress the map p.

Finally, the Cartan integration of eq. (2.37) using the formalism developed in [22, 23],
yields the generating function W of the unfolded Fronsdal fields in terms of a construct
built from the vacuum gauge function f), the zero-form integration C’ and a linearized
gauge function. This integration, which is algebraically more involved than that of (2.18)
due to the presence of the cocycle and the need to tune the linearized gauge function such
that W € Eny(U), will be explored in further detail below for particle and black-hole modes.
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2.5 Formal higher spin gravity

Higher spin gravities with gauge algebra ho(2, N) and vacuum solution (AZ, can be described
perturbatively by a CIS of the form

o~

Omdﬁ\/ﬁ-ﬁ\/w—%ZQﬂ (W,W,é) + Yoo (W,W;é,é) + -, (2.67)

0~ dC+W C~C7(W)+%i, (W;C,C - (2.68)

+
Y
=
E)
D
D
D
+

where ¥,., are multi-linear maps that
i) preserves manifest Lorentz-covariance; and

ii) obeys perturbatively defined cocycle conditions'® that ensure Cartan integrability for
C € &pU) and W € &y)(U) order-by-order in C, which implies invariance under the
Cartan gauge transformations

SW = de+ [W, & + 2%, (W,& 5) +2X29 (W,a C, 6) T (2.69)
6:C = —eC + C7 (6) = 12 (6C,C) = 3 (6C,C.C) + -+ (2.70)

If the deformations are real-analytic functions of the coupling constant g in a perturbative

expansion
I//[\/:SAZ—I—gI//T\/(l)—i-O(gz) ) 6’:95’(1)+O(g2) ) gER, (2.71)
around a background Q obeying
AQ+00~0,  Qe&y), (2.72)
then it follows on general grounds that the linearized approximation
dWD £ QWD 4 W Q4 5y, (Q Q é“)) ~0, (2.73)
460+ 0 80 - A0 7 () ~ o, (2.74)
form a CIS together with (2.72); in particular, for Q € QA[H U) §50(2, N), the linearized
system reduces to (2.18), (2.37); henceforth, we shall let C' and W stand for the full fields

and CM and W) denote their linearized approximations.
The formal treatment can be streamlined [54] by extending the £(U) as a DGA to

T(U) = EU) @ Gr[yh] @ C[Zsk], (2.75)

where I) the outer Klein operator k has degree 0 and obeys

My = Myk,  kP,=-Pk, kk=1, (2.76)

Under the assumption that the perturbative scheme can be executed with master fields in £(Uf), the
higher cocycles are generated by the Chevalley-Eilenberg cohomology of ho(2, N).
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which stabilizes Z[S], whereby the adjoint and twisted-adjoint ho(2, N) modules are embed-
ded into the adjoint representation of ho(2, N) @ C[Zy[k]]; and II) Gr[¢] is the Grassmann
algebra generated by an outer nilpotent closed variable i of degree 1, which thus anti-
commutes to odd forms and d using Koszul sign conventions with total degree given by

form degree and 1-degree. The Quillen superconnection
X eTyW), (2.77)

of total degree one, has an expansion in (7, 12:) that comprises ® and W together with an
adjoint zero-form and twisted-adjoint one-form, such that (2.67)—(2.68) can be embedded into

d)?+)?2+23()?,)?,)?)+24<5(,)?,5(,)?)+---:uo, (2.78)

using multi-linear maps ¥, : (Tp)(U))®"™ — Yo (U) of intrinsic degree 2 — n compatible
with Lorentz-covariance and Cartan integrability.

As shown in [54], the existence of {¥,} is equivalent to a deformation of ho(2, N) ®
ClZ, [l%] as an associative algebra along a Hochschild cohomology element, which is a
noncommutative counterpart of a Poisson structure on a commuting manifold. The resulting

formal HSG present conceptual challenges:

a) Classical perturbation theory: representing ho(2, N') using symbols, the deformations
Y., are non-local functionals on the fiber space so(2, N) whose evaluation on linearized
solutions obeying physically desirable boundary conditions on X resulting in non-
polynomial symbols is non-trivial;

b) Variational principle: the fiber non-locality blurs what criteria controls the class of
functionals making up the Batalin-Vilkovisky bracket algebra required for constructing
master actions and observables in an off-shell formulation.

c¢) Classical moduli space: the Hochschild cohomology obeying (ii) contains an infinite set
of elements, of which only a finite-dimensional subset obeys (i), that may eventually
have to be included into a partition function with a suitable path integral measure.

One possible way to address the above issues is to employ the Frobenius-Chern-Simons (FCS)
off-shell extension of Vasiliev’s HSG theory [74], as will be outlined further in section 2.9.

In what follows, we shall outline Vasiliev’s four-dimensional minimal bosonic HSG
model, which provides a setting that is non-trivial (with local degrees of freedom) yet
accessible to exact treatments.

2.6 Twistorial fiber algebra in four dimensions

From the Lie algebra isomorphism s0(2, 3) = sp(4; R) and the fact that Cs[so(2, N)|S] equals
the quadratic Casimir of the metaplectic representation of sp(4;R), it follows that ho(2,3)
is isomorphic to the space of even polynomials in an Sp(4;R)-quartet ?g, a=1,...,4,
obeying the Heisenberg commutation rules

[f@, f@] = 2cag, (2.79)
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coordinatizing a noncommutative holomorphic symplectic manifold ); for our spinorial
notation, see appendix A. Thus, ho(2,3) is spanned by even totally symmetric monomials

~ ~

Ty ay, = Yia, n=0,1,2,..., (2.80)

'Yﬂz(s—n) ’

and from [Z(él), 2(52)} = U ([t1, o)), where 0(4,) := —%?ﬂ? for bi-spinors £, 2, it follows
using eq. (A.12) that the normalized s0(2, 3) generators

~ 1~ ~

Jan=¥TanY . (2.81)

The twisted-adjoint Weyl zero-form C = Dy Clss) where

o0
s=0: COU=3"Cfapaymay SO o005 (2.82)
k=0
> o~ . . ~ . .
sz 1: C[&S] = Z (Ca1~~~a2s+kd1-~~dk D +Ca1~~-akéc1~~~dzs+k Jalmak7alma25+k) ’
k=0
(2.83)

and the adjoint one-form W = hDpait W11 where

s—1

. i7[s—1,s—1] __ Toq...005—1 1. Og—1—

s>1 0 WEET =57 (Woan gy J 0 e
t=0

jal..‘a5717t,d1~~~d571+t) , (284)

+WO¢1--~as—1—t0'41-“ds—1+t

obey the integer-spin projection'!

Caim)an) = Ca(m)a(n)Om+n,0 mod2 , Waim)an) = Wa(m)a(n)Om+n,0 mod2 s (2.85)

referred to as the bosonic projection, ensuring perturbative expansions around (locally)
AdSy backgrounds in terms of Lorentz tensorial gauge fields. These can be made real by

imposing
(Coc(m)d(n)> = (=)"Cam)am) » (Wa(m)d(n)) = —Wan)a(m) - (2.86)
The model can be truncated further to even Lorentz spins by imposing
Ca(m)d(n) - Ca(m)d(n) Om—n mod4,0 » Wa(m)d(n) = Wa(m)d(n) Omtn mod4,0 » (287)

referred to as the minimal bosonic projection.
The twisting map (2.11) admits two chiral spinorial realisations, viz.

#(r(m9)=r(-539), #(r(5:9)=1(5-9). (2.88)
which are involutive automorphisms of the oscillator algebra, such that
7 (é) -C, #r (W) W, (2.89)

for bosonic master fields.

"The component fields are assumed to be Grassmann even.
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The chiral twisting maps (2.88) are inner, viz.
FFO)) =r () R R =Rt (D) R @90)

using Klein operators &, and ﬁg, which are holomorphic oscillator representations of elements
in Sp(4; C) (not in Sp(4;R)), obeying

~ =2 ~ o~ ~ PR ~ =~

ﬁg Ky =1, {Ry, Ua} = [H@, ya} =0, [fiy, yd} = {fig, yd} =0. (2.91)

These operators can be used to define chiral adjoint Weyl zero-forms [33, 36, 50, 66]

O.=Cr,, U:i=Chy, (2.92)
related via ¥ = ‘i’ E Thus, at the linearized level,
~ ~ o~ ~ =~(1) ~ ~1(1) ~
VO~ 'O L v ~L'Y L, (2.93)

where L is the vacuum gauge function and the chiral zero-form integration constants

VO =W, W =R, (2.94)
belong to the adjoint SO(2, N)-module
A= M=, = Mk, (2.95)

where M is the stalk defined in (2.64). As shown in [16, 17] (see also [38]), the induced
relation between ¥/() and C() provides an unfolded version of the Penrose transform; the
nonlinear completion of Penrose’s transform is one of the main features of Vasiliev’s system,
to which we turn next.

2.7 Four-dimensional fully nonlinear field equations

Vasiliev’s method [4-6] for generating solutions to the deformation problem in section 2.5,
uses fibrations 7 with generic fiber ) over a holomorphic symplectic twistor space Z
coordinatized by a Sp(4;R) quartet

Zo=(%=2a) |2 Zg] = ~2i€ap,  |Va Zg| =0; (2.96)

T is in its turn fibered over X, as described on-shell by a flat horizontal superconnection
generating an on-shell FDA forming a subspace of an operator DGA with finite observables,
alias a noncommutative fibration.!?

Viewing the total space as a fibration over U, the corresponding superconnection

comprises a one-form U and zero-forms ® and Sa = (84, —S4), subject to

12The noncommutative fibration admits semi-classical descriptions in terms of symbols that may degenerate
viewed as bundles with fibre ho(2,3), defined using eq. (2.65), which provides a natural mechanism for
resolving various classical singularities in gauge theory and gravity formulated using tensor fields; for
examples, see [19, 52].
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i) integer-spin projection conditions

77 (A) — A, @ (@) -, an (Sg) = -38,, (2.97)

suitable for a non-linear bosonic HSG model consisting perturbatively of Fronsdal
tensor gauge fields, where the chiral involutive automorphisms

#(5.5.2.2) = (-5.9,-%.%) , #(fg)=7(f) 7@, (2.98)
7 (5.5.2.2) = (5.-9.2-%) , #(fg)=7(f) 7@, (2.99)

are inner by means of the chiral Klein operators on ) and dittos on Z, viz.

R2=1, {R., 2.} =0, [ﬁz,%} =0, R:=RyR:, 7 (f (17, 2)) ::Rf(?, 2) z,
(2.100)
Rt [Raia)=0, [fnz]=0 Rimmgrs F(F(7.2))i=R1(7.2) %
(2.101)
ii) flatness conditions on U, viz.
AU+0U =0, d§>+ﬁ§>—A%<(7):O, (2.102)
d§a+[7§a—§a[7:0, d§d+ﬁ§d—§d(7:0; (2.103)
iii) algebraic zero-form constraints on the total space, viz.
[a §a} =0, [ 85] + 2icas (1 - € 7) =0,
(84, 8] +2ieq; (1- @ 5) =0, (2.104)
8 +®7(3) =0, Sud+87(5)=0, (2.105)

where 6 is a real parameter.

Eqgs. (2.104) and (2.105) ensure the integrability of egs. (2.102) and (2.103) on U, and
imply that S, and Sy are two mutually commuting Sp(2; C)-quartets deformed & la Wigner
by ® [67-69).

The purpose of eqs. (2.103)-(2.105) is to solve for the Z dependence of all fields in
terms of Z—independent, projected fields

o~

wW.=pPWU, C:=P9%. (2.106)

These fields obey deformed equations (2.67) and (2.68) with non-trivial cocycles X,
obtained by projecting the equations in (2.102). The non-triviality of the latter cocycles
results from the non-triviality of Wigner’s deformation. The projectors can be built
perturbatively following the procedure reviewed in section 2.10.
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Vasiliev’s original formulation relied on symbol calculus referring to a specific normal-
ordering scheme; in what follows, we shall instead proceed using the operator formulation
which is manifestly ordering independent with the aim of examining to what extent this
property can be retained at the level of classical moduli spaces.

Introducing auxiliary line-elements dZ< obeying

dze dz8 = —dzE dz2, dZ® fi) = (~1)P fiy d22, (2.107)
where p denotes the total form degree, and corresponding differentials
if : = %dzg Za, 1] A:=d+q, (2.108)

with prefactor chosen for later convenience, the deformed oscillators assemble into a one-form
master field
S :=dZ%S5,, (2.109)

whose adjoint action is a covariantization of g. Thus, upon defining connections
. i . N P
V::idZQ(Sg—Zg) : A:=U+7V; (2.110)
extending the chiral twisting automorphisms by declaring

7(dze) = —dze,  7(dZ4) =dZs,  7(dza) =dze,  7(dZg) = —dZa;
(2.111)
and assembling the Klein operators into a two-form
)

J = - (ewﬁy R, dz%dze + e 5y ks dgddgd) ) (2.112)

which is thus a closed and twisted-central two-form on Z, viz.

~

AT =0, jA:?T(f)J, (2.113)

for any form fobeying 77 ( A) = f; egs. (2.102)—(2.103) acquire the form
AA+AA+DT=0, (2.114)
AD+A%-37(4) =0, (2.115)

defining a CIS on U x Z with a closed and twisted-central element. The system is invariant
under Cartan gauge transformations

6:A=Ag+ [A, ’g] . 6b=-3d+d7(g), (2.116)
where 77(§) = g, whose finite form reads

A5G TAG+GTAG, &G 7 (), (2.117)
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for maps G:U X Z — G obeying 7?7?(@), where G is a group of similarity transformations
of the fibration generated by polynomials in Y, containing Gy as a subgroup.

The bosonic HSG model can be truncated by means of (anti-)linear and
(anti-)automorphisms preserving eqs. (2.114), (2.115): using the hermitean conjugation

operation
@522 =322, A(F) = (B (Fa=rle=igl (),
(2.118)
reality of the Lorentz tensorial component fields is ensured by imposing
At=—A4, ot =7 (3), Gt=G". (2.119)
Using the linear anti-automorphism
#(5.0.2.2)=f (i, —i7 i), 7A=A7, 7(Fg)=(-)* "7 (5 7(f),
(2.120)
the even-spin projection (2.87) generalizes to
F(A) = -4, 7(0) =7(®), #G) =G, (2.121)

defining the (non-linear) minimal bosonic HSG model.

2.8 Observables and gauge functions

Letting Tr denote a trace operation on the undeformed oscillator algebra, the quantities [22,
27, 50, 51]

~

1 2 \" a i ar ~p =
Tnp(M) := )2 Tr ((CI) KJ) Pexp </L(M) dZAa) exp (iMfZg) RP f<cp> . (2.122)

where n =0,1,..., p=0,1, and L(M) is a straight line' in Z, are invariant under Cartan
gauge transformations (2.117) and closed on X on-shell (which means that they can be
evaluated at any point in X'). In strictly positive form degrees on X, charges 5, J are given
by integrals over topologically non-trivial surfaces ¥ C X of on-shell (de Rham) closed
forms J = Tr J that are invariant under a proper subgroup of the group of Cartan gauge
transformations defining the transition functions of the HSG geometry, analogous to the
group of locally defined Lorentz transformations in ordinary gravity [27, 31].
The Vasiliev system can be integrated on U by taking

~

U=G1dG, =CG"'¥7(G)., 8=G'5,G, S.=G"5,7(q),

13The open Wilson line is equivalent to a closed Wilson loop with path given by the straight line followed
by the reversed straight line; inserting transition functions on Z at the cusps, the resulting holonomy, and
hence associated the Wilson Line observable, is the same as for the open line [22].
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where the primed fields are zero-form integration constants on U, annihilated by d, obeying
the Wigner system in eqs. (2.104), (2.105) on Z, which in its turn can be solved using
operator methods. The resulting classical HSG solution spaces are thus coordinatized
by the moduli for the Wigner system and the gauge function G modulo the subgroup of
proper gauge transformations that preserve the various charges introduced above. The
identification of the resulting space of large gauge transformations is a non-trivial issue of
which some aspects will be discussed in section 4.7.

2.9 Constraints on interactions from noncommutative geometry

The classical moduli spaces of Vasiliev’s four-dimensional HSG are quasi-free subalgebras
O(M) of horizontal DGAs Qo (M) arising as cosets inside spaces (M) of forms on fibered
noncommutative differential Poisson manifolds M, given locally by Cartesian products of a
commutative manifolds X and fibered noncommutative complex four-manifolds

V=T = Z, (2.124)

alias twistor spaces, where )V and Z are coordinatized by Y, and Z,, respectively. The
algebra O(M) is generated by a horizontal one-form A = — Af and a zero-form B = ®k = Bf
obeying

AA+AA+F(B)I-F(B)I~0, AB+AB-Bixo0, (2.125)
constituting a CIS, where the juxtaposition denotes an associative noncommutative defor-
mation of the wedge product; A denotes a compatible differential, that we shall assume
is given by the undeformed differential in eq. (2.108); F and F := (F)' are composite
operators encoding on-shell interaction ambiguities; and I:=kj=-ITisa special central
cohomologically non-trivial holomorphic horizontal two-form on 7. Requiring manifest
Lorentz covariance and parity invariance implies F = Band e {0, 7}, referred to as the
Type A and B models [61], respectively. These models have perturbative expansions in
asymptotically locally AdS, (ALAdS,) regions consisting of one real Fronsdal field for each
even Lorentz spin, with the spin-two field identified, via its minimal Lorentz couplings, as
the graviton, and the scalar field having parity +1 or —1 in the Type A and B models,
respectively.

The moduli space admits subspaces in which O(M) is represented by symbols given by
classical horizontal forms on M composed using a twisted convolution product, also known
as star product, representing the operator product. This space contains different subspaces
arising by imposing various boundary conditions on the symbols, whereby the projections
of A and B onto X , respectively, define a connection W= E| x whose holonomies belong to
spaces of BTZ-like higher spin vacua, and a Weyl zero-form §| x whose integration constant
B belongs to operator algebras on ) on which the holonomies act faithfully, containing
different types of local degrees of freedom on X.

The linearized Weyl zero-form on X can be constructed by taking the vacuum gauge
function L to be defined modulo a group I' C Go(SO(2,3)) of (metaplectic) holonomies
acting on the left and a structure subgroup H C Gp(SO(2,3)) acting on the right, and
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expanding B’ over adjoint and twisted-adjoint Go(SO(2,3)) modules that are invariant
under I' and on which H acts tensorially, that is, without any indecomposable module
substructure. Taking H = Stab(k) = Go(SO(1,3)) and X to contain homotopy cylinders
X = x5 [0,1] on which

Ly = LOE (2.126)

where L) are three-dimensional gauge functions of conformal geometries on X3(€) (defined

modulo holonomies and using an SO(1,2) structure group) and b© are radial gauge
functions on [0, 1, and assuming the parallel transport of B to degenerate on X?Eg) x {0} in
the sense that

§|X§§>X{0} ~0, (2.127)
which thus constrains L as well as B’ , the linearized configuration describes a set of defects
surrounded by ALAdS geometries glued together into a global geometry, which need not
obey the metricity condition away from the defects.

While the noncommutativity does not affect the essence of Cartan integration, it
constrains the spaces boundary conditions, as the symbols must belong to special classes of
distributions in order for the star product algeba to close; for a review on the construction
of HSG moduli spaces containing massless particles, massive Type D modes, domain walls
and boundary-to-bulk propagators, using Cartan integration, see for instance [35].

More precisely, the closed and central element T is built from a holomorphic (finite)
volume form on Z and a holomorphic Klein operator on ) induced by the discrete Weil
map [69, 70] exchanging symbols with their chiral Fourier transforms, or, equivalently, traces
with supertraces. As a result, the Vasiliev system induces a duality between deformations of,
on the one hand, the noncommutative symplectic structure on 7, and, on the other hand, the
BT?Z-like higher spin vacuum on &', with deformation parameter C’ expanded in dual bases
appropriated, respectively, by the operator algebra in twistor space and the holonomies on
X'; for example, operator algebras on 7 obtained from singleton representations of Dirac’s
conformal particle are dualized into massless particle and generalized Petrov Type D modes
carried by Fronsdal fields on ALAdS, regions of X.

It is worth stressing that, thought of as an extension of gravity, Vasiliev’s HSG exhibits
two remarkable feaures: firstly, being based on DGAs rather than Riemannian structures,
the latter arise on-shell only locally on X in the neighbourhood of defects where the vacuum
gauge function L blows up in accordance with eq. (2.127). Second, an observable of a
CIS is an integral of an on-shell closed globally defined element in the corresponding
FDA. Remarkably, the Vasiliev system admits infinitely many charges given by integrals of
top-forms on Z as in eq. (2.122) with a dual interpretation as on-shell closed zero-forms on
X. In ALAJS regions, these “zero-form charges” are given by strongly coupled expansions
in derivatives of the Weyl tensors C'(%) regularized by the twistor space map so as to
provide observables that are non-local on X" serving as extensive variables [26]; for example,
computed on multi-body solutions in HSG, they “count” the number of bodies making up
these solutions, and when evaluated on boundary-to-bulk propagators, their perturbative
expansions yield semi-classical HS amplitudes [28, 29, 50].
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The fact that the (regularized) zero-form charges remain finite (and constant) even
as the separate Weyl tensors fall off the asymptotic limit, suggests that HSG holds clues
to physically desirable infra-red modifications of ordinary gravity governed by requiring
the existence of zero-form charges built from the spin-two Weyl zero-form C[22 referred
to as strong Cartan integrability, which one may think of as an analog of the existence of
Lax-pairs for lower-dimensional field theories.

In summary so far, the classical moduli spaces of Vasiliev’s HSG thus consists of
noncommutative geometries, and exhibit the following key features:

i) Background covariance: the classical moduli, taken from cohomological elements,
holonomies and transition functions, parametrize noncommutative twistor spaces
fibered over BTZ-like higher spin vacua on X, whereby the deformations merge with
the background into a single dynamical entity (given by a Quillen superconnection)
akin to how gravitons merge with the background metric to form a dynamical metric;

ii) Semi-classical topologies: the solutions are built on top of semi-classical (fibered)
manifolds M of distinct topologies, which facilitates the incorporation of various
topologies beyond that of global AdSy [52];

iii) Differential graded algebra operations: the moduli spaces are FDA shells inside DGAs
equipped with classical observables constructed using no other operations than the
noncommutative wedge products, compatible differentials and trace operations of the
background geometry.

Subjecting HSG to Hamilton’s variational principle, property (iii) facilitates the embedding
of the Vasiliev system into noncommutative topological AKSZ sigma models of FCS type,
in which the fundamental fields are horizontal differential forms on fibered noncommutative
differential Poisson manifolds, serving as backgrounds, and all BV functionals are constructed
using the basic operations of the underlying DGA, that is, the trace, product and compatible
deformation of the de Rham differential. The resulting definition of BV algebra serves
as a noncommutative counterpart to that of local BV algebra used in commuting AKSZ
sigma models,'* providing HSG with a natural substitute for the notion of locality in
ordinary gravity coupled to matter, based on Riemannian structures, referred to as DGA
locality, which is suitable for a path integral formalism distinct from that of the Fronsdal
program [73, 74]. Finally, the FCS model contains a dynamical two-form whose background
values may provide the moduli parameters of the Hochschild cohomology of formal higher
spin gravity, thus providing a natural inclusion of these degrees of freedom into a partition
function, thereby resolving issue (c) in section 2.5.

In what follows, we shall explore the above framework mainly at the classical and
semi-classical level by examining perturbative expansions of classical field configurations
and a select set of zero-form charges.

14Beyond the semi-classical level, the BV algebra faces potential perturbative anomalies due to infra-
red-ultra-violet mixing [71], though the cancellation of topological anomalies of even and odd forms [72]
are encouraging.
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2.10 Perturbation theory

Locally AdSy spacetimes are given by field configurations of the form

00 —q, 30—, SO =7, (2.128)

where Q is built from a vacuum gauge function L asin eq. (2.60). Expanding the master
fields around (2.128), viz.

+o0 oo oo
U=0+> 0", v=>vm, o=>" oM, (2.129)
n=1 n=1 n=1

where the suffices refers to the order in the linearized Weyl zero-form C, the fluctuations obey

C,
q(I)”)+ZV”k)<I> +Z<1> (Vi) =0 (2.130)
W) =0

k=1
SO ) 4 Z 3*) 7 ( (2.131)
k
R n—1 N N =R
Z]\V(n) + Z v (k) 7 (n—Fk) + o T = 0, (2.132)
k=1
n—1 n—1
Gu™ + DV 4 3" g h g L 3™ ek gk — o (2.133)
k=1 k=1
A~ A~ nil A~ A~
DU™ + 3 U™ gk =, (2.134)
k=1

using the background covariant differentials D and D on U defined in (2.17). Eq. (2.130)
implies that oM ig covariantly constant and Z—independent, that is, it can be identified
with 5’(1), and we will make no distinction between @) and C() in the rest of the paper.
It follows that the perturbative expansions of the zero-form charges (2.122) start with

~

(M) = (271T) Tr (8 7)" exp (5M2Z,) 77 7). (2.135)

n7p

The dependence on Z of the remaining fluctuations can be obtained by repeatedly integrating
equations of the form

if =3, 43 =0, (2.136)

using sources ¢ built from lower-order fluctuations. Solutions to eq. (2.136) are provided by
resolution operators ¢* such that

P=1-3G-qq, (2.137)

projects onto the cohomology of § on Z treated as a topologically trivial space.'® In other
words, ¢* provides a resolution of the identity, viz.

1=3G+dqi" +P. (2.138)

5Treating Z as a topologically non-trivial noncommutative space, the cohomology contains the twisted-
central one-form J as well as elements in degree one [40].
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If g in addition obeys 73§ =0, then eq. (2.138) implies that ¢*g is a particular solution to
eq. (2.136), viz.

779 =9— - Pg= (2.139)

Thus, applying the resolution of the identity to a general solution fto eq. (2.136), yields

f=@g+qh+e, (2.140)
where the gauge function
h=qf, (2.141)
and the integration constant
¢=Pf. (2.142)

It follows that if (A*[’]) L, are two different resolution operators, then
i=1,

f=qgMg+ qh[ll 4+ ¢l
— ( 15+ gg°! 73[2]) g + ghlt) 4 &l
3pt] = ¢G5 + gpl? + e (2.143)

are two equivalent expressions for the general solution to eq. (2.136), where

~

B Rl 4 Rl 2 Uy PRIy (2.144)

The freedom in choosing ¢™ and 1 when integrating perturbatively, is equivalent to the
that in choosing C" and H in the following rewriting of (2.123):

A=(¢@) " A(LE)+(CA) v[e] (LA).
AC'=0, (2.145)
where the one-form
ple) =3 v (e, P [o &) = ot D0 @] (2.146)
is a particular solution to
v|c+v|e|v[c]+c T=0, av|[C']=o0. (2.147)
Given a solution up to a given order n — 1 in perturbations around the background

c'O=o, HO=1, (2.148)
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the n' order of (2.145) reads

B = M 4 L1 ) 7 (E) 7 (2.149)
o =™ L 11 p [af(n)] L+gd™, (2.150)
om =g 4+ D™ (2.151)

where (ﬁ;l(no), 1(0), Ul(o)) is a particular solution constructed from the moduli of orders

n' < n. Thus:

i) Eq. (2.131) restricts the integration constant that appears when solving (2.130) to
the form (2.149);

n)

ii) Solving eq. (2.132) brings in a gauge function H ™ modulo a piece ﬁé that commutes

with 2;

iii) Working locally on U, whose de Rham cohomology is trivial, the integration constant
of eq. (2.133) is given by ﬁf[én) in order to comply with (2.134).

2.11 Holomorphic and factorized gauges

A special form of the particular solution V [6” } can be obtained with the help of a resolution

operator §*¥) with simple properties: firstly, it is factorised, in the sense that it satisfies
" (fvg)=falg, dg'!Fg = g*1"dg, (2.152)
for any g and for any g-closed fy. Second, it is holomorphic, that is
zg=0 = [zq"g] =0, 23 =0 = [5 a1 =o0. (2.153)

Using the definition (2.94) of the chiral zero-form integration constants, eq. (2.147) can be
solved to first order in C’ by

v [ = 0ol + L0,

SF] g [F) o

up = et R, dz%dz,, 5[1F] =1 _Zefk[F]ﬂ dz%dzg . (2.154)

Assuming that A defined in (2.95) is a non-unital associative algebra, a perturbatively exact
solution can then be built recursively as

P®) — G 5 A[F] n 3" ;[F]
" _ N (F) [F] S e 71 517
=3 gl (@ ﬁk—f) ;== g ( ) (2.155)
=1 =1

for k =1,2,3..., relying on the integer-spin projection (2.97), which translates into

—~, =~/ ~ [~ ~
TV =0, 7 (o) =27, 7 (o) =5, (2.156)
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as well as the lemmas

~ ~ ~ =/ ~, ~ =N
e e [, 5] = {qf : @,EF]} =0, |¥, fﬁf]} = [\If oy | =0.

(2.157)

The solution (2.145), (2.146), (2.155) is said to be in holomorphic gauge if L H =1, and in

factorised L-gauge if H=1.

(’f[F}

While the factorized resolution operator enables the perturbative construction of

® and V to all orders, it does not dress the one-form U [22], since the Z-independence of the

gauge function L and the z- and ?—independenee of ﬁ,EF], 5@, implies that the particular
solution
LW [ee] L= ¥ Laf i 8 L = o T, (2asy)
with chiral zero-forms ¥ and ¥ defined in (2.93), obeys
D (@’f RN ELF]> = (D¥*) o7 + (f)\ik> G (2.159)

as DU =0 = ﬁ\i’ Thus, DV = 0 in eq. (2.133), which implies that UM is independent
of ® (in this gauge), hence removable on U by means of a gauge transformation. This
conclusion extends iteratively to higher orders as well [22]. In other words, in the factorized
gauge, no nontrivial cocycle ¥o.1 is activated in eq. (2.37), whereby the zero-form module,
which does receive non-trivial corrections, is not glued to the spacetime one-form module.

However, any solution is equivalent to a factorized solution by means of a large gauge
transformation (affecting charges in strictly positive form degree). Thus, the zero-form
charge (2.122) of any solution written in the form (2.145) can be computed in holomorphic
gauge. Assuming that the trace can be factorized as Tr = Try TroTrs, these observables read

00 1
> N~p =P
Lnp(M) = > anpvp Trp (\IJ’NI{ mg) , (2.160)
N=n P=0
npNP = D, Blprnymod 2.N-n—k Ppi (2.161)
0< k<slant N—n
k=P—p mod2
1 (9,)" < D) -
Bpik i= 27T( k') Tro (Pexp (/L dz“ Zzﬂ ULF]}) exp (%u z) Kfz)) , (2.162)
: (w) j=1 Vo0
_ 1 (9-)F L N~
Bk = 27T( ];") Tr~ (Pexp (/L(_) dz® Zlﬂ ’U([f;]) exp (%ﬂ 2) /{Z) (2.163)
: =1 7=0

We shall return to the perturbative schemes formulated above in section 4 (including
perturbative corrections to the twistor space Wilson line observables for N —n =0,1,2,3
given in eqs. (4.35)—(4.39)), armed with resolution operators built algebraic tools to be
introduced next.
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3 Symbol calculus

Classical HSG geometries containing AL AdS regions connected via bulk regions filled with
particle modes and extended objects, are thus described by horizontal forms on

M =Upex Ty, (3.1)

where J — T, — {p} x Z are noncommutative twistor spaces, and X is a commutative
manifold embedded into the base manifold B of a universal Gy-bundle, viz.

Gy — BGy - B+ X. (3.2)

On charts & C &X', vacuum gauge functions L: Xe x Z — Gg induce isomorphisms 7, é Tpos
for p, po € X¢, where T, gives rise to an operator algebra Qpor(7p,) (capturing the quantum
mechanics of the underlying conformal particle). Letting Prp : Z — O denote a projection to
a base point O € Z (which has the effect of setting Z = Z(O) in symbols), the fiber algebra

A= (Pro)"QY) C UTp) , (3-3)

contains the locally-defined Weyl zero-form integration constant \f’, which is a composite
operator on ) encoding local HSG degrees of freedom. HSG geometries containing particle
and black-hole modes arise by taking .4 to be the orbit of the algebra End(F') of operators
in a Fock space F, generated by the group algebra of the Zs subgroup of a complexified
version of Gp generated by inner Klein operators &, ; taking U e End(F") yields black-hole
modes, while U e End(F)&, yields massless particle modes, as spelled out in section 5,
and, originally, in [20]. For a parallel construction using different Fock spaces leading to
bulk-to-boundary propagators and boundary Green’s functions, see [35].

In this section, we review operator algebras A[C?"] arising by quantizing the holomorphic
symplectic C?", that are themselves (infinite-dimensional) complex manifolds, suitable for
constructing physically desirable HSG geometries, including those mentioned above. As
we shall see, these operator algebras arise within the group algebra of the holomorphic
inhomogenous metaplectic group MpH (2n; C), including analytic delta function sequences,
which contains the unitary projective metaplectic representation of Sp(2n;R) (with cocycle
factors in Zy = {£1}). The complex metaplectic group Mp(2n;C) arises from non-unitary
representations of Sp(2n; C) using holomorphic oscillators, giving rise maps from Sp(2n; C)
to A[C?"], viewed as complex manifolds, that we propose are holomorphic in a sense to be
made precise below, and that we will corroborate in a number of ways.

3.1 Holomorphic Heisenberg group

Weyl algebra. Quantizing the holomorphic symplectic C** with canonical two-form
w = %dXI ANdX70r;, T =1,...,2n, with constant 67, deforms the algebra of holomorphic
polynomials into a unital associative algebra P[C?"], referred as the holomorphic Weyl
algebra, generated by operators XTI obeying the Heisenberg commutation relations

[X’f, )Z“’} =207, 01K, =5t (3.4)
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equipped with a chiral supertrace operation STr : P[C2"] — C defined by
STr | XUt ... X0 =6,,, pe{0,1,...}, (3.5)

which is graded with respect to the monomial degree p.
The holomorphic Weyl algebra can be equipped with a number of hermitean conjugation
operations, that is, anti-linear anti-automorphisms f; for example,

(x! )T =X (3.6)

Alternatively, by first tensoring P[C?"] by an anti-holomorphic copy 73[@2”] generated by
X!, I=1,...,2n, obeying
%1% wel, e _el )

and [%I , X1] = 0, the product P[C2"] ®P[@2n] can be equipped by a hermitean conjugation
maps T¢; for example,

()?f)“C — Xl = ()?I)T . fof=Id. (3.8)
In what follows, we shall work mainly at the level of the holomorphic algebra.

Symbols. The holomorphic Weyl algebra P[C2"] can be extended to associative algebras
A[C?"] equipped with complex linear maps'®

[]: AC™] - D [C R (3.9)

referred to as Wigner maps, where D[C?"|R?"] are spaces of classical distributions, referred
to as symbols, on spaces of test functions defined on R?" sub-spaces of C?", such that

75 =[]« [7] 510)

where % is a composition rule for symbols, referred to as a star product, which thus represents
the operator product by letting the symbols act on themselves. Conversely, a quantization
scheme, or Weyl map, is a complex linear map

Op: D [C™R*"] - A[C™] (3.11)
such that
Op (] = 7. (3.12)

'5In general, an associative algebra A can be topologically non-trivial in the sense that its symbolization
requires several charts glued together via fusion rules, viz. A = @5 A with product rule A¢A, =
®C Nen®Ac where Ne,¢ € {0,1} represent a finite-dimensional associative algebra with generators eg
obeying egce, = @< Ne.,Sec; for example, a matrix fusion rule yields A = mat, (Ao) where Ag is the
associative algebra associated to the identity matrix.
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for all f € A[C?"], or, equivalently,
Op1f]] = 7, (3.13)

for all f € D[C?"|R?"]. The symbols can furthermore be used to equip A[C?"] with
chiral (super)trace operations and A[C?"] or A[C*"] ® A[@Qn] with hermitean conjugation
operations.

The algebra P[C?"] can be viewed as an infinite-dimensional manifold coordinatized by
the Wigner maps; this manifold has a complex structure that is respected by the operator
product. We shall assume that this holomorphic structure extends to A[C?"]. This requires
the star products, which are integrals over R?" planes in C?*, to respect the complex
analyticity of symbols, which is non-trivial, since if f: Q x @ — C is analytic on Q ¢ CV
and ' ¢ R’ is non-compact, then the integral I (u) == |

ey dV'v f(u,v) need not depend

analytically on u; one method to achieve a holomorphic operator algebra is to compactify
the integral over €' and possibly go to multiple covers of €2, such as the double covers that
will be introduced below in order to define the metaplectic representation of the symplectic
groups over C.

Group algebra. We assume that A[C?"] is an irreducible module for the group algebra
C[H2,41(C)] of the holomorphic Heisenberg group, spanned by the set C?"*! = C?" x C
with product rule

(Ky; k1) (Ka; ko) = (Ky + Kok + k1 + ¢(K4, K?)), (3.14)
where ¢ : C?" @ C?>" — C obeys the commutation rule
(K, Ky) — e(Ky, K1) =2K1 Ky, (3.15)
and the cocycle condition
(K1, Ko) + c(Ky + Ko, K3) — (K1, Ko+ K3) — ¢(K2,K3) =0. (3.16)
Denoting the representation map by
E:C[Hons1] » A[C™] (3.17)
we furthermore assume that the central elements are realised as

E[0;k] : = €% | E[K;k] = ¢*E[K;0], E[K;;0] E[Ky;0] = eV R + K5:0] .
(3.18)

Expanding the distributions over plane waves Ex : R — C : X — Ex(X) := 85X we

define our quantization map through the aforementioned representation of C[Hap41(C)] as
Op [Ex] := BIK; 0], (3.19)

thereby inducing its action on D[C?"|R?"] [75-77]

f:/d2”X oA, Awx)=0p[5] . (3.20)
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where {63} xcp2n is a complete set of Dirac delta densities!” given by

(X = / el e X B (X) (3.21)
X R2n (27)%" ' '

Weyl quantization. The Weyl ordering scheme amounts to representing the Heisenberg
group algebra elements projectively using Weyl-Heisenberg translation operators

Eo[K; 0] := eiFX | (3.22)
whose product rule is dictated by the Baker-Campbell-Hausdorff formula as
Eo[K1;0]Eo[Ky; 0] = €152 Eg[K, + Ka; 0], (3.23)
that is co(K1, K2) = K1 Ks. Thus, in this scheme,
F= [Ex A0 B0, o= [ B e B, e

where [ﬂo is referred to as the Weyl-ordering symbol of f; in a slight abuse of notation,
Taylor expansion of Ey[K;0] in wave numbers yields

Op, [Xfl..-Xfp] =X X pefo1,...}, (3.25)

that is, classical monomials are mapped under Weyl quantization to totally symmetric
operator monomials.'®

Weyl transform. In Quantum Mechanics (see, e.g., chapter 4 in [85]), the mapping (3.24)
between symbols and operators is known as the Weyl transform, which can be presented as
a map f ~ W/ that sends a phase-space function f to an integral operator Wy acting on
wave functions in the position basis viz.

W) [ (25

where () := (z]¢)) and the completeness relation 1 = [ d"a’|2’) (2’| is assumed. Eq. (3.26)
in its turn can be identified as the transformed wave function, in position basis,

, p) (i) Py (o) (3.26)

(We)(x) = (2l fl$) = /d”w’<fc|f|$’)w(w’) : (3.27)

via the operator f with Weyl-ordering symbol | f]o = f. To show the equivalence be-
tween (3.24) and (3.26), one splits the symplectic coordinates into positions and momenta,
say X! =+/2(2',p,...,2" p"), and rewrites (3.24) as

f: / Az dn:;i”y dq {ﬂo (z,p) o2ia- (T2 ) —2iy-(p—p) , (3.28)

YIf ¢ : R®™ — C is bounded and continuous at X, then Jron "X 5H(X)P(X") = $(X).

8The operator EO(X ) squares to a constant, which serves as a defining property of Weyl order [18].
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where a - b = a'b/§;;. Plugging eq. (3.23), 22y 672@-562@-262@-(1’ into

eq. (3.28) gives

-~ [dlzd'pd'ydiq [ iq-a+2i YD 20T
I e e (3.29)
T

Thus, the matrix element of an operator f between two position eigenstates can be
written as

(1fie) = [ TETLEVTA g () e-tiamsdv oo 2o (o2t (3.30)

7-[-2n

which, after inserting 1 = [ d"p/|p')(p/|, and using (2'|p') = (2r)~"/2e"% | yields

(|f]2) :/g:];n [ﬂo (Z;Z/’p> el =2 (3.31)

A

Inserting (3.31) into (3.27) gives (3.26). Thus, provided that one identifies [f]o = f, the
action of fon a state vector [¢) can be represented in position basis as the integral operator
Wy defined in (3.26).

Anticipating section 3.3, we note that the metaplectic group elements are often real-
ized [43, 44, 46] in terms of integral operators of the above type. However, by means of the
Weyl transform, these group elements can equally well be represented in terms of symbols,
which is the realization that we will exploit in this paper. In appendix C.3 we provide an
example of the relation between the two realizations in the familiar case of the evolution

operator of the harmonic oscillator.

M-ordering schemes. In higher spin geometries, where thus 7, are fibers over points
p € X, it is natural to employ locally defined Weyl maps to describe Vasiliev’s master fields
in different regions of X'. Requiring these maps to preserve the operator identity

0
OKT

Xr=—iz—7e" ¥k, (3.32)

that is, the corresponding Wigner maps to obey

0 e
X;=—i sz] X ‘ 3.33
1= =i | )| (3.33)
it is natural to consider
{eiKX} D= e_%KMKEK, Opy [Ex] = eiKX+%KMK, (3.34)
M

parametrized by symmetric complex matrices M, that is, M;; = Mj; € C, which we refer
to as the M-ordering schemes. These schemes are tantamount to changes of parametrization
for the representation (3.22)

~

EnlK;0] : = e35ME By 0] enr(Ki1, Ko) = Ki(1 — M)Ks. (3.35)
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In this scheme,

~ — " d"K ex—
Ap(X) :=Opy {53(} - / (2r)2n e X Opyy [EK]
"KL igxt kMK
/ ok EolK;0], (3.36)

in terms of which f € A[C?"] can be expanded as
F=[dmx (7], C0Mux), (3.37)

using distributions [A] M € Dy[C?*|R?"], referred to as the M-ordering symbol of f;
conversely, an f € Dj/[C?"|R?"] is sent to

Opulf] = [ X 1) By (). (3.38)

in A[C?"]. For simplicity, we assume throughout the paper that M is real. The M-ordering
scheme reduces to the Weyl-ordering scheme for M = 0, and normal ordering schemes for
M given by square roots of the unit, as explained in appendix C.2.

3.2 Traces and star products

Trace operation. The embedded Heisenberg group algebra can be equipped with the
linear map

Tr [Bo[K; 0] : = (2m)20*(K), (3.39)

which is indeed cyclic, viz. Tr [Eg[Ky;0] Ep[Ky;0]] = Tr [Eo[Ka; 0] Eo[K1;0]]. 1t fol-
lows that

Tr [Ap(X)] =1, (3.40)

for all X € R2"; hence, if f € A[C?"], then

q on e
Tr [f] _/d x [f], 0. (3.41)
The M-ordering symbol of an operator ]? can be retrieved by means of the generalization
= dn X’ i N1 / ~ ~
X :/ “g(X=XOMTE=X) y EA L (XD F ], det M #£0,
1, ()" /det iM) [ B(x)7] ot M #
(3.42)
of the standard Wigner map
7], () =T [Ao(X)f] . (3.43)
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which sends an operator to its Weyl-ordering symbol. Composition of the generalized
Wigner map (3.42) with its supposed inverse (3.37) using formula (D.3) yields the transition
function between the symbols of a given operator in two different M-ordering schemes, viz.

r _ d*" X, — L (Xo—X1)(Mo—M1) = (Xo—X1) [ 7
e (Xo>—/ o= 7], (X
(3.44)

Taking M; — M using the analytic delta sequence (B.53), one obtains a tautology which

shows that the maps in eq. (3.37) and eq. (3.42) are indeed each other’s inverses. The trace
operation induces the operator Fourier transform

2n ~
fe) = e [FRE-K0] T [ G5 TR FK) BolK;0]. (3.45)

1
(2m)"
Supertrace operation. The linear map STr : A[C?"] — C defined by

STr [Eo[K;0]] =1, (3.46)
enjoys the graded cyclicity property
STr | Eg[K1;0] Eo[Ky; 0)] = STr [Eg[Ka; 0] Eo[K130]] (3.47)
and defines a non-degenerate bilinear form on A[C?"]. If M is invertible, then
1
(2m)my/det (1 M)

as can be seen using eq. (B.9), from which it follows that

STr [Ap(X)] = exp (§XM7IX) (3.48)

N om 61XM*1X .
STr[f] = / éw)Xn 2det e [f}M(X). (3.49)

Taking M — 0 using the delta sequence (B.53) yields
STr [Ro(X)] = 0™(X),  STa(f) = [f], (0), (3.50)

justifying the notation as it induces the supertrace (3.5) of the Weyl algebra. As we shall
see below, the trace and supertrace operations are interchanged upon insertions of the inner
Klein operator defined in (3.79).

Twisted convolution formula. Combining the Weyl and Wigner maps in egs. (3.37)
and (3.42), respectively, and using the lemma (D.4), yields the following integral formula
for the star-product (3.10) in M-ordering:

([71], *m[fe] ) )= [fife] |, (X)

_/d6n X07X17X2 e 4(X Xo)M ™ (X—Xq)
det (M)

Tr {AM<X0)AM(X1)BM(X2)} [fl] M(X1) [J?z} M(X2)

d2nX/ d2nX/ —i X (M41)TrX, o -
/ @n) e [fl}M (X+X1) [fz}M (X+X>), (3.51)
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which reduces in the limit M — 0 to

([, * [7],) 00 = [ FAEe o ] x4 x0) ], (5 + X0

(3.52)

Provided that the symbols are real-analytic at the origin, the auxiliary integration can be
converted into auxiliary differentiation operators, referred to as Bopp shifts, viz.

([7],«[R],,) 0 =[A] (X —itd = 1)ox,) [R] (X +x) \XFO (3.53)
= [R],(x —ir+vox ) [A] (x+x) | @350
and even further into the exponential form
([A], > [7],) @0 = eatmon [f] (x4 x0) 7] (x4 x0) [ -
(3.55)

The star product simplifies in normal ordering schemes where M = R with R given by a
root of the unit, for which

([l [2]) 0
_ / d"X1,_rd"Xs 4R e~ 5X1 X2 in

ﬂ-’I’L

A] (X + X)) [fo] (X +Xoir) . (3.56)

where the integration variables X; _ and X5 | r are projected as in eq. (C.9).

3.3 Metaplectic groups and inner Klein operators

The complex symplectic group Sp(2n;C) consists of the matrices U € matsg,(C) obeying
Ul Uy Opp =01, & UU'=-1  where (Ut>u =Uyr.  (3.57)

Its Lie algebra sp(2n; C) = Sym,,, (C), equipped with the NW-SE matrix commutator, and
oscillator realization

G: Geop(2n:C) > G(G) = —i')?c;)?, [G(G1), 6(@)] =G ((Cr. Gal) . (358)

As is well known, in the real case the oscillators provide a proper unitary representation
of sp(2n;R) but only a projective unitary representation'® of Sp(2n;R), referred to as

9Tn a four-dimensional HSG characterized by admitting a maximally symmetric spacetime vacuum with
background isometry group SO(t,s), where ¢ + s = 5, the finite-dimensional spinor is the fundamental
representation of the spin group Spin(¢, s), which is given by a corresponding real form of Sp(4; C); for example,
Spin(1,4) = USp(2,2) and Spin(2,3) = Sp(4;R). These symplectic groups also admit infinite-dimensional
projective representations in terms of even functions of oscillators, which lift to proper representations of
corresponding metaplectic groups. Thus, it is important to distinguish between the signs appearing under
symplectic rotations of canonical coordinates, thought of as spinors, corresponding to 27 rotations in SO(t, s),
and those arising in the multiplication of operators furnishing projective representations of symplectic group
elements; this distinction is of importance in explaining the sign ambiguities observed in [17].
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metaplectic representation, or the Segal-Shale-Weil representation [43-45]. In the following,
we shall introduce a parallel construction of a projective representation map

U : Sp(2n; CO)eus — A [C?] (3.59)

where the domain denotes an Sp(2n; C) equipped with a branch cut, which is holomorphic?
and not unitary,?’ and which lifts to a proper representation

R : Mp(2n;C) — A[C*"] | (3.60)
of the holomorphic metaplectic double cover
Zy — Mp(2n;C) 25 Sp(2n;C) (3.61)
of Sp(2n; C), with projection map defined by
Sl (Bt L wJ I
R(9)X' (R(9)) = X'(Pr(9))s", g€ Mp(2n;C). (3.62)

To construct these maps, we first apply the Wigner map [-],, to the representation

Ule¢) = exp (—20(G)) = exp ($XGX) | (3.63)

of a symplectic group element e~ 2“ in the image of the exponentiation map, which yields
(cf. appendix C.1)

1 i 1 -1
- V/det (cosh G — M sinh G) P (2X ((tanh G- M) X) ’
(3.64)

@), =

using a specific branch for the square-root function. Eq. (3.64) defines a single-valued
map from sp(2n; C)|cyy to D[C?*|R?*"]. While the exponentiation map exp : sp(2n;C) —
Sp(2n; C) is not surjective, the M-ordering star product formula can be used to extend
[LA{}M analytically from exp(sp(2n;C)) (which is thus a proper subset of Sp(2n;C)) to a
single-valued function

Ul Sp(2n;C)|ews — D |CR™ (3.65)
4, o]

20The holomorphicity refers to the holomorphic structure on A[C?"] defined by the Wigner map [],,, and

M>
not to the dependence of the symbols on X?, which will degenerate to delta functions on submanifolds on
Sp(2n; C) determined by the choice of M.

2! According to Bargmann’s theorem, a unitary representation of a group G with trivial w1 (G) can be
de-projectivized. Thus, as 71 (Sp(2n;C)) = {e}, it follows that any unitary representation of Sp(2n;C)
is non-projective; for example, U u (U, 0)(2/7 (U™1,0))¢ is a unitary non-projective representation of
Sp(2n;C) in A[C*"] ® A[@Qn}. Conversely, the restriction of R to the real metaplectic group

Zy — Mp(2n;R) 25 Sp(2n; R)

yields the unitary projective metaplectic representation of Sp(2n;R), which cannot be de-projectivized as
m1(Sp(2n; R)) = Z; indeed, the restriction of U to the topological S* C Sp(2n;R) is double-valued.
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given by

] ()

y L )) exp (;X (}jg - Mf1 X) : (3.66)

— \/det (1+U—]\2/[(1—U

for the case of n = 1 and M = 0, see appendix C.3. Composing [LAI}M with the Weyl
map yields
U = Opyy o [L?}M , (3.67)

that is hence single-valued on Sp(2n; C)|cyt discontinuity at the cut, and furnishes a projective
representation, viz.

UL UU2) = DU, o= Sp(20;C)leus X SP(203 C)leu — (0,7},
(3.68)
where ¢, which thus depends on the choice of the cut, obeys the cocycle condition
(U1, Us) + @(UrUs, U3) — p(Ur, UaUs) — (U2, Usz) = 0. (3.69)
The function [ﬁ] M can be continued analytically to a single-valued function
[Rlgs)] (X)=+[U[Pr(g=)]], (X), ge€Mp(emC),  (3.70)
defined on two copies of Sp(2n; C)|cut glued together into
M, \[ top
Mp(2n;C) = Mp(2n;C)+ U Mp(2n;C)_, Mp(2n;C)+ = Sp(2n; C)|cut ,

(3.71)
such that R := 65M o [ﬁ] M s intrinsically defined, i.e. independently of the choice of
Wigner map [-]ps and branch cut, and holomorphic upon viewing Mp(2n;C) and A[C?"] as
two complex manifolds. Since U(Pr(g)) cannot vanish, it follows that Mp(2n;C) indeed
covers Sp(2n; C) twice.

In other words, the two patches of the metaplectic group corresponds to the two sheets
of the Riemann surface of the square root function in the prefactor of (3.66). Therefore, the

choice of arg(\/ det (W)) determines the sign distinguishing the two patches of

Mp(2n; C), i.e., the two metaplectic operators corresponding to a given Sp(2n;C) element.
Thus, this argument plays a role analogous to that of the Maslov index of operators in
Mp(2n;R); for the general definition and references, see [46], and for details in the case of
n=1and M = 0, see appendix C.3.

Finally, let us remark on two different types of limits that can be taken inside Mp(2n;C):
firstly, the symbol [R(g)]a(X) € D[C2"|R?"], with ¢ € Mp(2n;C), coordinatizing the
operator ﬁ(g) € A[C?"], approaches analytic delta sequences on surfaces where 1+ Pr(g) —
M(1 — Pr(g)) degenerates; for example, if g+ € Mp(2n;C)y, and U := Pr(g+) does not
have any unit eigenvalue, then

{ﬁ(gi)] 1 (2im)”

y (X) =+ [U0)] oy (X)), [UV]] sy (X) = === 0""(X),

& 0 (i)

+

-

(3.72)
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as spelled out for M = 0 in appendix B. Secondly, the space Mp(2n;C) can be extended to
a compact space Mp(2n; C) by adding points p, at infinity where

R Ipl] ,, (X) =0 (3.73)

these points correspond to projectors
2 o] = i R .74
Plpw) = lim N(g)RIg), (3.74)

where N : Mp(2n;C) — C diverge at ps so as to cancel the evanescent prefactor in
{L{ [Pr(g)]}M (X) leaving a unique normalization constant. Thus, one may view these

projectors as ramification points of Mp(2n;C) as they are not doubly replicated, and one
can replace (3.74) by
Plowl = Jim N'@)Hlgl,  N(g) = N'(Pr(g)). (3.75)

which defines a compactification Sp(2n;C) of Sp(2n; C). As we shall see in section 5, scalar
and spinor singleton state projectors, on which AdS massless particle solutions are based,
are special examples of such limits in Sp(2n; C).

In practice, instead of working with two distinct patches for Mp(2n; C), we analytically
continue eq. (3.66) from one patch to the entire metaplectic group, so as to obtain a
projective holomorphic representation map

~

Q:Sp(2n;C) —» AC™|, QU] = {u[v],-U[U]} . (3.76)

In what follows, we shall work with the analytically continued, hence double-valued, symbol

-~

[U]pr, thus in a slight abuse of notation.

Inner Klein operators. The center of Sp(2n;C) is the Zy generated by —I. Letting
R be the root of the unity as in eq. (C.11) and eq. (C.12), such that ¢/GN+NmR — _1
for N € Z, the branch prescribed in appendix B amounts to cutting Sp(2n;C) open. In
particular, we choose the cut such that

Ul-1)=U "] = (<"t 7] ; (3.77)
in Weyl order,
u [eﬂﬂRHO (X) = £(2mi)"52" (X)), (3.78)

as computed in appendix C.2. Thus, the metaplectic group algebra contains the operators

—~

K = (=" U [m] (3.79)

which hence obey

P

XTK=-KX", (K)?=1, [K}O (X) = (2m)"62"(X). (3.80)
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3.4 Inhomogeneous metaplectic group

The inhomogeneous metaplectic group
MpH (2n;C) = Mp(2n;C) x Hoy,4+1(C), (3.81)
with product rule
(915 K15 k1) (92; Ko3 k2) = (91923 K1 + Pr(g2)Ka; k1 + k2 + c(K1, K3)), (3.82)

and projection (g; K; k) — (Pr(g), K) € I1S5p(2n;C); the latter is cut open and represented
projectively in A by

UU, K] := Eo[K;0]U[U] , (3.83)
with M-ordered symbol
o, K|, (X)
= ([Boliso] o [ 0], ) 00
1 - . -
) \/det (1+U_A2/[(1—U)> o %X (% B M) | t QZK% (% - M) 1 X)
X exp (;K (}jg - () 1_1U) K) (3.84)

as can be seen using the formula (3.51) for the *j/-product. The reverse product

(@], [Bolxi0l],, ) 0

1

B \/det <1+U—]\2/[(17U)> P (éX (% - M>

. -1
X exp (2K (gg -y (Y - ) 1_UU) K) (3.85)
= U, UK]}M : (3.86)
whose combination with egs. (3.23) and (3.68) yields the projective closure rule
U UL, K7\U [Us, Ko = U BetieUnUf (17U, Ky + U1 K] | (3.87)

where ¢ is the cocycle factor in (3.68), which was derived in [29] using the Weyl-ordering
order symbol

7 1 v 1=U ; U i o 1=U
U0 K| (X) = ——=exp (3XFEX + 2K 5 X + K FTK) . (3.88)

/det (157
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The formula for the inverse, viz.
dw, K7 =u v, -~ K| =d [, ~KU| (3.89)
yields the adjoint action
UU, K] UV, LU U, K] (3.90)
_ KU 4V L-iKUT VUK {U*VU, UL+ (1- U‘1VU)K} '
In particular, the adjoint Sp(2n;C) action reads
dlu, o] dv, LU, o) =u [u-vu, Lu| (3.91)
and the action of the Heisenberg group on itself is
Eo[K; 0] Eg[L; 0] Eo[K; 0] = Eo[L; 0] exp (2iLK) . (3.92)

Thus, if f = f ()2 ) is expandable over plane waves, then

dfw, o' f(X) Ulw,0)=f(UX),  EolK;0)7'f(X) Eo[k;0] = f (X +2K) .
(3.93)
The trace (3.41) of an I.Sp(2n; C) group element reads
T U[U, K] = _ @ (sKEEK) (3.94)
det (%)

which due to the phase assignment (3.77) applies directly to U = —I. The operator Fourier
transform (3.45) of U [U, K] is given by
~ 1 ~
UL, Ky = 5 T (@[, K] K'))
s

1

ziexp( (K - K (K - K') +iKK') . (3.95)
det (%)
Since each operator is unambiguously defined by its Fourier transform, it follows that the
delta operators (3.36) are related to Sp(2n) operators, viz.

A _ (=9)" GM—1 1 i
AulX) = G e U M i X e ($X A5 X) (3.96)
The Fourier representation also facilitates the identification of limits of delta sequences,
such as
lim 724[ LK = @im)"a*"(K), (3.97)
-0+ €2

where we note that the r.h.s. is a constant with respect to the oscillators X 7- In Weyl order,
one can see that the sign is indeed the same as in (3.78).
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The inner Klein operator (3.79) can be used to twist the trace operation

T [f K| = (=" T [FU[-1, 0] = ST [f] , (3.98)

where the identification with the supertrace comes from the result of its application to
MpH (2n,C)

~ 21\ )
ST U [U, K] = S G40 . (3K155K) . (3.99)

det (152 o

3.5 Differentials

Equipping C?" with a trivial differential Poisson structure, the quantization of Q(C?")
in the presence of boundary conditions, yields a DGA Q[C?"] with (inner) differential Q
given by

Of = [—;dXX, f] . feq (cc%) , (3.100)

where dX! are anti-commuting elements commuting to X! , which defines a linear map
Q: Q) [C*"] = Q,411[C?"] obeying the graded Leibniz rule. From (3.53), it follows that

Q[f] =|@f],, =ax"ox [F] (3.101)

where @ is thus the de Rham differential on C2". Assuming that U[MpH (2n;C)] C
Q) [C2"], the action of ) on the operator representatives of MpH (2n;C) can be computed
from (3.32), viz.

QU[U, K] = —%dX@L (@, B, K] -du, K]d [, L))

L=0
1 1-U 1+U
—oax (Lo —i
2 ( TR

K) UlU, K] . (3.102)

Letting X be a commuting manifold, the quantization of Q(X x C*") = Q(X) ® Q(C?") in
the presence of the boundary conditions on C?" yields the DGA Q[X x C?"] = Q(X)®Q[C?"]
with total differential

d:=d+Q, (3.103)

where d is the de Rham differential on X, and the signs are controlled using Koszul signs
governed by the total degree. Thus, letting f* € Q(X) and f; € ©(C?"), one has

(d+@Q) X =3 ((ar) it (1™ 1 (QF)) - (3.104)

2

Introducing a Wigner map []as : Q[& x C?"] — Q(X x C?"), where M is a function on X,
it follows that

dus [ﬂM = [df]M = (dx“ s — ;@XdMax) [ﬂM : (3.105)
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which is indeed compatible with the *p/-product (3.55). Applying eq. (3.105) to
eq. (3.84) yields

di U, K] = (dKaK + -~ (0 —iK) UL (O — z’K)) U, KJ . (3.106)

U

The total differential d can be covariantized by means of a connection A that transforms as

~

A 5 AQ.=GdG + GAG. (3.107)
Assuming that A is flat and starting from the gauge where A= 0, an Mp(2n;C) gauge

transformation yields

AV =g, o tdu [u, K]‘Kio

1 1-— ~
( (0 — iK) dU S (9 —iK) + deUUaK) an, KU]‘

K=0
= —i)?UfldU)? + %dX(l ~ U)X, (3.108)
where the last step was performed using eq. (3.32). The corresponding flat adjoint covariant
derivative
dVF:=d v, 0 d (U, o fu v, 0] U [U, 0] = df + [AD), f] , (3.109)

is represented in M-order by
dY) = a+ XU 'dvox — %ax (aM + [U~tdu, M)) ox + dXUodx . (3.110)

3.6 Homotopy integration

Using symbol calculus, the system
Qf =7, QJ=0, (3.111)

which serves as a model for eq. (2.136), can be integrated using homotopy contraction
methods from commutative geometry. In M-order, the equation reads

Qlf, =17, (3.112)

M

where @ is the de Rham differential on the holomorphic symplectic C?*. A particular
solution to this equation is given by the standard homotopy trick

7] =@ ([, (x.ax) ) = 01 dt o1 a(d(ifl) 7] (tx,tdx) . (3.113)

Obviously, any solution to eq. (3.112) will also solve the same equations in terms of shifted
variable XI¥l := X — Z. Conversely, one can get a solution to eq. (3.112) by using the
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homotopy trick on the shifted variables XE after converting X to X & 4+ =. This defines a
shifted resolution

Q"= (mM(X’ dX) ) - /01 %(X[ B El)a(d(i(f) V]M(tX A-0E th) '
(3.114)

As explained in section 2.10, that it indeed provides a solution is a consequence of the fact
that the object

fiME = 1 — 9*IMEG — §OIME) (3.115)
projects on H (@) Indeed, one can compute in M-order:
(00 + 03"0) [7] (x# +=.0x)

_ /1 di [dXGX =, XE 0(5)()] [ﬂ M(tX[E] +E,th)

- / L ( ) [Elax[5]> [ﬂM(tX[El + 2, tdX)

— /01 dt, d m M(tX[E] +E,th)

t dt
= 7], (x5 +2.4x) - [f], (5.0) - (3.116)
This proves
7 -y 7], = (7], (=) aarn

which generalizes the unshifted case [48].
Using the M-ordering symbol (3.84), one can derive the lemma

QM= (j(ax) U v, K))

Loat ; . N

= [ g (30 (14U~ (LU + 4K (LU = L+ U)M) = B) 5ri(X)
det (1 — Ut) i 14U i 14U, N

% mexp (inK_ﬁKtl Uth)u[Uta Kt]a (3 118)

with
t21-U 12 —t_ — U,
T K= (7K 2 11
U= i o= (e ) T )

whose parameters M and = will be used to construct a number resolution operators in
what follows.
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4 Orderings, perturbative solutions and Fronsdal fields

In this section, we shall apply the formalism above developed to integrating the E—Space
equations with various choices of homotopy: first, homotopies enconding two types of
holomorphic gauges, which simplify the perturbative integration to the point that it will be
possible to obtain full, not just linearized, solutions — failing however to activate non-trivial
Fronsdal fields (section 4.2); then, with a homotopy that no longer factorizes the dependence
on Y and Z and corresponding to a rotated Vasiliev gauge (section 4.4). With the latter
homotopy we shall show how it is possible to glue, at first order, the Weyl zero-form to
the spacetime connection, thereby activating spacetime gauge fields, independently of the
ordering, i.e., in operator language. The so-obtained gluing equation is then presented in
Weyl ordering for Y oscillators, to show that it is identical to the usual formulation of the
COMST (2.37), (2.56), encoding the Fronsdal equations in unfolded form.

For convenience, we shall start from an expansion of the adjoint integration constant
N (}A/) on Heisenberg group elements. The symbol calculus adapted to Y and Z is described
in section 4.1 and in sections 4.2, respectively, while in section 4.5 we show the choice
of homotopy corresponding to the rotated Vasiliev gauge entails a class of orderings that
non-trivially entangle Y and Z variables, and in particular include the one-parameter family
of orderings considered in [12], which interpolates between the entangled normal ordering
in which the Vasiliev equations are usually formulated, Weyl ordering, and the limiting
spin-local case. In addition to the formulation in terms of operators of the aforementioned
well-known results, the originality of the present approach resides in the presence of a family
of gauges, generalizing Vasiliev’s gauge, labelled by spacetime-depedent matrices. Section 4.7
shows the relation between this newly found freedom and the local Lorentz symmetry of the
free higher-spin equations, and contains a discussion about possible procedures to identify
the deformed higher-spin transformation (2.69), (2.70) inside the larger gauge group (2.117).

In section 4.2 we construct in particular two families of exact solutions to the operator
equations (2.114), (2.115): the gaussian holomorphic gauge dicussed in [19, 20, 22|, and a
new one, the axial holomorphic gauge, in which the linearized moduli take a form which
we expect to facilitate the future analysis of interactions preserving a given set of physical
constraints, such as boundary conditions [22]. The gauge function connecting the latter
to the rotated Vasiliev gauge at first order is built in section 4.6. Finally, in section 4.3
we make use of the simplicity of the axial holomorphic gauge to compute Wilson line
observables, checking their independence from any twistor-space auxiliary construct of the
solutions up to the third order in the integration constant U’. This generalises the first order
result of [22].

4.1 Fiber symbols

The formalism of section 3 can be used to describe )4 by replacing

X[—)l?g, KI—)AQ, @[J-)G%, (4.1)
and defining
Uy [L, A]: =UIL, Al o =exp (zA?) exp (%}?ﬂ?) , L:=e %, (4.2)
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As explained in section 2.6, the fluctuations fields are expanded over totally symmetric

monomials

N ) o o . .

P —_ 571 ... ,LAY e DY

ng"g?(sfl) = (=) HAL OANZ2(s—1) € Ao - Y(% YQQ(s—m) : (4'3)
Hence they read in Weyl ordering

N o o 4

P _— 871 DY ZAY e ...
[‘]21"@2(571)]0 - ( ) HAL OANL2(s—1) € A0 - Ygl Yg2(571) ) (4'4)

Hence, expanding over the totally symmetric generators is equivalent to Taylor-expanding
in Weyl order around Y = 0. This means the tensorial interpretation (2.84), (2.82) of w
and C requires their Weyl ordered symbols to be analytic in Y.

The perturbative expansion starts with the vacuum (2.15), and in particular with its
gauge function (2.59) that can be encoded in a symmetric matrix L,z as

L:=Uy[L, 0], 00 =L dL = -V L7"dLY . (4.5)

For the stereographic coordinates (A.23)

~ o 2h i _
[L}O = exp, (4i€zx*P,) = T n &P (— T hy:vy) . (4.6)

The starting point of the perturbative expansion (2.130)-(2.134) around the back-
ground (2.128) is the first order equations for the zero-form field

g =0, DM =0. (4.7)

The solution is a covariantly constant construct of EA/, that is given by (2.92) in terms of an
adjoint intial datum ¥ that we expand for convenience as

~ d*A ~
V= / (277)2 Wp Uy [1’ A] 5 Dp¥y = (d + AL_ldLaA) VA =0. (48)

Assuming appropriate fall-off conditions, such that boundary terms arising via integration
by parts on A vanish, the latter condition on ¥, translates the covariant constancy of oW,
The above expansion for ¥ follows from an identical expansion of the integration constant
in (2.93),

U d*A 177 /

via an application of (3.91), with U = L, followed by a change of integration variable,
thereby identifying

Uy =0, =), (4.10)
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Let us recall that in addition to its explicit equation, the Fourier transform W, should be
such that

d>\ N

[@(1)}0 _ [@ ay -1, 0]} _ / (d4A Wa Uy [-1, Ny Uy [1, /_\}0 =/ 5 =Y, €

2m)?
(4.11)

is analytic in Y. This is the initial datum in terms of which one solves the z-dependent
equations.

This expansion for ¥ will induce an expansion of the other linearised fields on which
the adjoint covariant derivative defined in (2.17) will act as

d*A d*A
D(/ (oA f) /(2 2 Duf (4.12)

by virtue of (4.8). Note that the operator D, defined by this equation is still nilpotent and
compatible with the operator product, in particular

Dally [1, A] =0, D(/ (341; Wy Uy [1, Al f> /(241; Wy Uy [1, Al (DAf) :
(4.13)

4.2 Holomorphic gauges

The integration tools of section 3.6 can be used in the noncommutative holomorphic base
space Z2 to build holomorphic solutions (2.155). Because of the sign in the commutation
relations (2.96) there is a sign subtlety to take care of in the identifications

X]—>2a, K]—>,U,a, @]J—)—Gaﬁ, (4.14)
X' 2%, Kj— —pa, (4.15)

as well as a sign convention in
U. [6—297 M} - u[€_2g>/ﬁ”)?l_>ga7)?f—>—?a = exp(iuz) exp (—%/z\g,?) . (4.16)

Unlike the generator grj, the reference matrix R;; of appendix C.2 is mapped in the
following way:

Rij — Dug, Ri7 — —Daﬁ , RIJ — —D%, R — DB (4.17)
This fact ensures that the sign is preserved in the classical relations

/dQ,z exp (%ZDZ) =2r, lim ! exp ( zDz) = 216%(2) , (4.18)

e—0 €

respectively analogous to eqs. (B.40) and (B.46) (with S = 1, and 6?(z) = 62(2)). These in
turn allow to choose the reference Kleinian as in egs. (3.77), (C.21):

U [-1,0]: = lim U, [P, 0] , R.=—ill.[-1,0]. (4.19)
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This convention induces the following analogous to egs. (3.94), (3.97)

Tr (ﬁz [u, u]) = (2im)" exp ( 2ui+gu> , (4.20)
det (177“)
ll_I)I(l) 2 Z/l [ fu} = 2im6% (1) . (4.21)

Now, given spacetime independent spinor ¢ and matrix m, the homotopy (3.118)

§m<l (j(dz) U [u, )

Ldt ¢, . B
= - — (%0, (1 — (1 — 1 1—u—(1 (td
/0t4 (300 (Lt u = (= wpm) + Ju (L= u= L+ upm) +C) 5miltd2)
det (1 - Ut) 14u i 1y —~
* meXF’( sttt gt ) U fu, ) | (4.22)
with
1 14w 1—¢2
2w — 2 m—1 (1 2u 1t)1ut
R ! =T = ¢ : 4.23
t t%%— ;2t2m+1 ‘ t"1—u t Quy ( )

indeed obeys (2.152), (2.153) and can hence be used to build solutions in holomorphic
gauges. The first step in building such solutions is (2.154)

0
alml .= %@*[m (e[-1,0] d="dz,) (4.24)

:(ie Olfztdz(i 2 13—;“8,,;#{) det(

5 t i )exp (2/% = Pt) U [uz, pi)

pt=—1T_ttC 1;?
The problem with this solution is that it is not bosonic in the sense of (2.156) . It still can
be used to build the following bosonic solution

] 1/ Jma—
2

To promote this to an exact solution of Vasiliev’s equations, one needs to find a way to

systematize the products that appear in (2.155). While this can be hard in general, let us

address two particular cases.

Gaussian holomorphic gauge. First, let us consider the case of a non-trivially ordered

g*m0 In order to unambiguously define the prefactors, let us specialize

unshifted homotopy ¢
to the case where m = aD, where a > 0 and where D is the metric chosen in eq. (4.17).
As proven in appendix E, the exact holomorphic solution (2.155) will be in this case,
independently of a,

plaP0] — da/ 4. [P, Lo+s—1-sD)]| | (4.26)

p=0
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in terms of a parametric function

et? 2n)! et? 1 et
fn(s) = —2(n!)§(n)+ 0 (8 log <32>> ; (4.27)

and of the abelian subgroup

1+s%  1—4
{Uy’) = ;‘SS + QSSD\se[—l, 0) U (0, 1]}, (4.28)

of Sp(2, R). Note that the conventional overall sign in the definition (4.19) was chosen so
that it is the principal square root that appear in the result (4.26) and in the following
application of the lemma (3.88).

This solution was previously built and studied in Weyl order [19, 20, 22|, in which
it reads

: (4.29)

L ds
~aD,0]] _ D
[U" }0_ dzﬁp/_11+8f (5) exp (QHSZ z—|—1+5pz> 0

and, together with the projectors and twisted projectors (5.13), (5.33) on which ¥ was
expanded, represented the basic building block of the spherically symmetric higher spin
black-hole exact solutions [19], as well as of the black-hole plus massless scalar exact solution
in Gaussian holomorphic gauge [20].

Axial holomorphic gauge. The other case of interest is the shifted Weyl-ordered
homotopy, yielding, according to (4.24),

L dt ~ 10 400 R
a0l _ (dzg)/ U [, 1] = € (dzg)/ du i, [~1, u(] . (4.30)
0
The corresponding bosonic solution (4.25) reads
2064 _ Lga gy _ ¢ o 7
oot = 2 (o9 o) = e g)/oo du (0(u) — 0(—u)) U [~1, u¢] . (4.31)

in terms of the Heaviside theta function. As it is proportional to a constant one form, this
first order solution is already exact (as well as its bosonized version). The corresponding
exact solutions (2.145), (2.146) are said to be in azial holomorphic gauge if L H = 1 or
in axial factorised gauge if H=1. Despite the Gaussian holomorphic gauge being more
studied in the literature, the simplicity of the associated subgroup

{0l o2, plor = +1, 03 = +1, pe C?} (4.32)

makes the axial holomorphic gauge a useful choice.
To the contraction §*¢] used to build this solution is associated a projector (3.117)

plocly— |7
POF= ] | e - (4.33)
In section 4.6, we will make use of the following particular case:

PO, [—1, p) = 2im6?(n+€) . (4.34)
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4.3 Wilson line observables in holomorphic gauge

As previously mentioned, an advantage of building solutions in holomorphic gauge, rather
than directly in a gauge where the integration constants obey egs. (2.68), (2.67), is the
form (2.160) that the gauge invariant observables take. Furthermore, the axial holomorphic
gauge (4.31) allows to determine coefficients a, .y, p that go higher in perturbation theory
than the first subleading ones (F.10), (F.11) that were computed in [22] using the Gaussian
holomorphic gauge (E.6).

By plugging the coefficients 3, and Bp,iq computed in appendix F into the defini-
tion (2.161), one finds that the non-trivial oy, p.n, p coefficients are given by:

a2m,1:2M,1 = Om, M , 02m,0:2M,1 = Om1,M » (4.35)
Qomi1 120421 = €90 01, Comi1.02M421 = € S nr s (4.36)
O2m+1,02M+1,0 = Bo.2(M—m) - Q2m+1,12M+1,1 = Bo2(M—m) » (4.37)
Qam02M+1,0 = € Boa(v—m) » aomoeM+11 =€ Boa—my,  (4.38)

M—m B
Qom0200 = Y Boam—m—eBo2e, (4.39)

=0
where 3y 2, and 5_0725 vanish by definition when £ = —1, are

Boo = 86 () , Boo = 8m6*(1n) , (4.40)

when ¢ = 0 and read

iei? 20 - -
Bo2e = 27 | — 5 /d% 17‘/d2£ Ly

201
X exp (—i Z (—1)iui (Z(—l)jTj — Z(—l)jn — %) (MC)) , (4.41)

i=1 j<i j>i

(and analogously its complex conjugate) otherwise. The latter integral is defined in terms
of the measures:

/d%_l’f D= /01 drop ”./072 dri o (% — Z(—l)’ﬁ) , (4.42)

/d%’lu = ﬁ (/W du; (O(u;) — 9(—uj>)) 5 (Z(—l)iui> | (4.43)

j=1 W= i

Its result is 0 for £ = 1 and remains unknown for higher ¢. This means that the 2—space
contribution to the Wilson Line observables is presently known up to the third non-trivial
order N (i.e. for all N < n + 3) in the expansion (2.160).

While the observables are constructed to be invariant under all transformations of
the form (2.117), one may suspect that the involved parametric integrals be non-trivially
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intertwined with the twistor space operations, so as to compromise that invariance. However,
all the computations that were done so far tend to confirm their gauge independence. At
leading order, the result (F.3), (F.4) was known already [30] to be gauge invariant in full
generality. The gauge independence of the first subleading contribution (F.10), (F.11)
computed in [m, (, +] gauge generalizes their independence from m when they are com-
puted [22] in [m, 0] gauge. Finally, an additional evidence is given by the independence of
the coefficients (4.35)—(4.35) from the shift ¢.

4.4 Rotated Vasiliev gauge and Central On-Mass-Shell Theorem

As discussed in section 2.11, factorised solutions have trivial spacetime connection. One way
to unfactorise the homotopy §*(¢) in such a way as to solve the field content of D as gauge
field curvatures is to start from the expansion (4.8) and replace the constant shift ¢ with a
momentum-dependent shift £(A). For a reason that will be explained in section 4.5, the
solution obtained from this construction is said to be in rotated Vasiliev gauge. With the
initial datum (4.8), the holomorphic contribution to the first order equation (2.132) reads

) eie N d4A R .
v = dendz, | Gy a tr [1A) G [-1,0] (4.44)
or in other words
~ d*A — e ~
A / oz Uy (1, A] By, Qi = ds"dzg Ua -1, 0] (4.45)

We take the solution “[1 A ¢ defined by eq. (4.30). After integration, the obtained connection
corresponds to an operator shift

S (D)[0,6(—2ad(V))] d*A £(A
A 2 _ / e YA Uy [1, A] %O (4.46)

rather than to a constant one.

The next step is to find the spacetime connection at first order from (2.133), through
the application of D to (4.46), or more precisely of Dy that is defined in eq. (4.8). In
fact, since the spacetime and momentum dependence is completely encoded in the shifting
spinor &, the latter derivative acts like a de Rham differential in the two-dimensional space
coordinatized by £. Using this and (3.106), one shows that the relevant component

. d*A 0,£
g _ / 52 Ty (1, A] a% (4.47)

of the spacetime connection

(7(1)[0,575] —. W(l)[o,aé] 4 @(1)[0’5] n @51)[015] 7 aVAVu)[o,g,g‘] —0, (4.48)
satisfies

. _ Ldt _ B

% = Dl = 0 [ e e e(pag oD [0, ] (aao)
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One can solve the latter equation with the same homotopy and get

1 d ~
allel = —62 ; t2t (DAE + &(DAE 9)),, 1 (dza U [_17 %4)
6 1 d 1 d
—-5 [ [ 5 €01 (45t + )¢
_ e 1@(1_7) (ED O U [—1 1——75] (4.50)
2 Jo 73 A : T ' '

Finally, using (4.50) in (2.134), the cohomological 1-form

ned _, / (6217:)\ Ty [1, A] @0 (4.51)

is hence submitted to the equation

D% = —Dyal%) —he.

19 1 ~
=5 [ S0-1) (D Dr9) + (DAeODAEONE. [-1, 5] e

_ % 01 :z;(l —7) (DAEDAE) (14 5(600)) U |1, 157¢] — hc.
- 6’;9(DA€ Dy§) /01 dr (17;; _ (1;2)2&) U. [—1, 1;5} —he.
ew (DAg DA&) hm <( 57 2)2 az {—1, %f}) —h.c., (4_52)

where the third line comes from a two-dimensional Fierz identity. Due to the consistency of
the Vasiliev equations, the right hand side has to be independent of Z, which is indeed the
case because of the sequence (4.21). Hence the equation on (4.51) becomes

ime? d*A ~
DWed = 7| Gy 52(€) (DAE DAE) o Uy [1, A] — hec. (4.53)
Choosing
E(A) = b\ =: —\b', (4.54)
in terms of an invertible 2 x 2 matrix b, one has
DAE = =\ (db" +wb') = Ae'd! = (db— bw)A —beX,  L7'dL = < ‘f) . (4.55)
et
and the equation becomes, in Weyl order,
- 10 2Y -
ned] _ e /CM ¢ iz _
[DW ]0 1305 | 2 (Nefd'bed) woy €™ —hc,
- 10
Le t ) _
= Ide i )(8 e b bedy) {tb }O\yzo h.c.
ieie =
= (8gete(9g) {@ } ly=0 — h.c.. (4.56)
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This is indeed equivalent to egs. (2.37), (2.56), i.e., we retrieve the COMST. Let us
emphasise the fact that, while we did interpret the final equation in the Weyl-ordered
basis for the ¥ Weyl algebra (2.79) in order to present it in the standard basis in which
Fronsdal fields are extracted, no choice of ordering for the z variables was required to
achieve the gluing (4.53) of the Weyl zero-form local datum (4.8) to the gauge field module.
Only the group algebra properties of the elements (4.16) were used. In particular, the
Heisenberg group expansion (4.8) of the initial datum allows to keep their contribution
formally factorised, as would be done for example by presenting the result in total Weyl
ordering on Y and Z.

4.5 Normal-ordered homotopies

While the procedure of section 4.4 properly gives rise to Fronsdal fields as linearised
configurations, there seems to be no natural reason to contract sources that are Fourier-
expanded in Y (as induced from the expansion (4.8) of the adjoint free field) along vectors
of the form (Z2 4 AZ(B)32)dz0 as

PN (3(d2) Uy (1, A) Uz [U, M)

_ (Tk[Q—ABt] (j(dZ) Z]Y [1, A az U, M])

9
8(dZ)

:_/1‘”(;aM(1+U)+§M(1—U)—ABt)a j(tdZ)

o tt

det (1 =T, . ) ~ ~
VAt U (~SMEEYM + MG M) Dy (1, A] 2y [V, M) |

det (1 —"0)
(4.57)
with
(1+U)-t*(1-0) (1 20  1—t t)l—Ut
Uy : = = - AB 4.58
T a+0)+2a-0)" M Mot 2U; (4.58)

of which §*[%A ig a particular case. In fact, those shifts have an alternative interpretation
in a symbol calculus that involves both kinds of twistor variables together:

Y i}ﬁ 1 «a a 6% 0
X - <2a> , K — (A2 M2 015 — ( . %) , (4.59)
I (f@ _Zg) : K — ( jj\\‘/"l ) : (4.60)

Indeed, one may use the map (3.84) to represent eq. (4.57) in an ordering

0 (Bt)aﬂ 0 Bga
] (Bag 0 Bgé 0 ’ ( )

where eq. (3.84) allows to write the source as

Uy [1,A) Uy [U, M]}M(Y, z) =ty 1,0 Uz U, M]}O(Y, Z-BA) ; (4.62)
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and notice that contracting as (3.113) along the vector Zggzg in this M-ordering corresponds
to contracting along (Z2 + AZ(B?) 59)5Zg in Weyl order. In other words, the shift used
in eqs. (4.46), (4.50), (4.54) corresponds to a standard, unshifted resolution (3.113) in the
particular case of the ordering (4.61) where the matrix B is block diagonal.

Let us turn our attention to the more specific cases where the matrix B is scalar:

Bas = —Beqas, BeR. (4.63)

In this case the star product reads

fa],v.2) (4.64)
_ _ L (VU-VT+BVU-BVD)
AUV 17 ], (Y+0, 2+0) @y, (Y 4V, 247)

_/ (27T)8 (1—32)4 é

and the (anti-)holomorphic Kleinians

~ 1 i =1 1 § ——

[H]B = ? exp (Eyz) , [m}é = @ exp (—Eyz) ) (4.65)
Usually, the Vasiliev equations are presented (and the homotopies performed) in normal
order, corresponding to the limit 3 — 1, or equivalently [12] to 3 := (1 — 3) — 0, where the
star product (4.64) becomes

[fg}l(xZ):/wml(Y+U, Z+U)[G, (Y +V, Z—V)exp (iVU) .

(4.66)

An advantage of working specifically in that ordering is that the linearised version of the
r.h.s. of eq. (2.132) is guaranteed by the lemma

{t/ﬁ(l) R] = [Cf)(l)} ’ exp (1yz) , (4.67)

1 0ly——z

to be analytic in Y and Z. This propagates to the Z-dependent part of all linearized master
fields [4]. This property however still requires extra assumptions in order to be extended
beyond the result (4.56) (which, as can be seen from section 4.4, does not require resorting
to it), as it:

i) says nothing about the analyticity in Y of the integration constant W (Y'), which has
to be separately assumed;

ii) is not preserved by star products, hence irrelevant at higher order in pertur-
bation theory.

In section 4.4, we have shown not only that the ordering in which the fields are presented
is irrelevant, but also that this result is reached with a wider family of contractions that
includes the one in this normal order. The gauge obtained with the normal ordered
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contractions {(A) = —A is usually called the Vasiliev gauge, and hence we refer to the
solution obtained through §*[%* as being in rotated Vasiliev gauge. Notice that since the
same shifted homotopy is used to solve for VD and U(l), this is not the same as the relazed
Vasiliev gauge condition proposed in [22] that allows for the V connection to carry an extra
piece which do not contribute to the field equations if UM is still built using g*%. In
fact, one can relax the rotated Vasiliev gauge condition by adding to VII0:bAl o piece that
is O(Z?%) in (- B)-ordering.

The linear analysis of section 4.4 admits three degenerate limiting cases. The first one
is the Weyl ordering (3 = 0), where the star product (4.64) is well defined but where the
Kleinians (4.65) are delta functions. As mentioned in section 4.2, this implies that the
linearized connection (4.45) is ill defined in that limit. In the other two cases, B — o0,
the algebra itself is not defined, as the Kleinians (4.65) and also all star products (4.64)
vanish. One can however imagine to work with finite values of ,5’ and taking the limit to one
of those special values once all symol calculus operations have been performed. In fact, the
B — 400 limit (combined with field-dependent shifts) was useful in figuring out a proposal
for a generalized notion of locality of interaction vertices, referred to as spin-locality [12—-15].
It would be interesting to understand what effect the limit to Weyl order may have on

interactions.

4.6 Linearised gauge function

By virtue of eq. (2.145), any solution to the linearized field equations can be written in
the form

~

in terms of the bosonic axial factorised gauge solution (4.31). The purpose of this section is
to find the form of a gauge function HOWDOLA] that allows to identify inside AM a connection
WO that carries unfolded Fronsdal fields in the sense that it

(i) formally satisfies the propagating equation (2.18), (2.37);
(ii) is analytic in Y in Weyl order, so as to allow for an expansion of the form (2.84).

Given an invertible matrix b (and its complex conjugate l_)), we know from the procedure of
section 4.4 that if the auxiliary connection V() is in the rotated Vasiliev gauge characterized
by & = bX (and & = bA), then WD0EE = PO AW _ 1 ¢ will satisfy the first of those
requirement. We hence require that the auxiliary part of AM be in such a gauge, or in
other words that it can be decomposed as

4w —pood , 500 po) (4:69)
where in particular
f/z(l)[oaf} - @(1)[074#1 + aﬁ(l)[O,QH ) (4.70)
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The gauge function HWIO.CH can hence be determined up to a part ﬁél)[o’c’ﬂ

with Z by using eq. (2.144) as

that commutes

N dA A ~ ~
(W[0.¢+ — / 33y VA U (LA (AR + RIT) + BT (4.71)
~ . Lds 1 dt B .
= qaal = Tieo) 1 [N B [0, e+ 15
ett +oo +oo =R
_ ?(gg)/ dr/ dv (1 +v) U [~1, (14 0)ré + (], (4.72)
0 0
F(DI0.C+ d'A el | 7le—¢
ARG _ / S U U 1A (Pl + hein ) (4.73)
where hgi’ AC] are scalar functions of spacetime coordinates. The first term contributes to
the connection UM as (2.151),
DAE[&C]
+o0o +<><>
[ [ a1 (DA Q)+ DN (1, (0

e +oo +o0 -
:7/0 dr/o dv (140) [(DAE C)+(DAEC)(E8e) — (DAEE)(CO) U [1, (1+v)rE+uC]

= 629 /;Oo d?“/0+oo dv (1+v) {(DA§C)(1+T8T)—(DA§§) (T(1+v)8v—r28r>]

XU, [-1, (14v)ré+u] (4.74)

where a Schouten identity was used in the second line. The corresponding term in the space-
time gauge field is extracted in rotated Vasiliev gauge as (2.142) using the projection (4.34)

ws\l)[&d _ ﬁ[o,g]DAﬁ[fAd

— ime® /0 " /0 (14 v) (DAEO +7,) — (DAEE) (r(1 + )2, —170,)]
x 62 ((1+r+ 7)€ + ()

— ime®(DAE Q) /0+oo dv (14 ) [7"52 (1+r +rv)§+UC)r:Z

— ime’(Dy&€) /;OO drr [(1+ 0202 (1 7+ ro)+00)]

+ ime® (DAL €) /+OO dv (1 +v) {7“252 (I+r+rv)+ UC)TFOO
0 r=0

= —ine?(DpE &) /0 " re? (ré 4+ ¢) +ime’(DpE €) /O " re? (1+7)¢)
+oo

+mei9(DA§§)/0 dv (1 +0)5% (1 + v)¢)

= ine?(DpE Q) /0+OO dw 62 (&€ +w() . (4.75)
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The last two terms were eliminated despite their logarithmically divergent prefactor. In
fact, it is worth to note that this apparent indetermination is the same that appears when
applying Pl%¢! on the expression (4.50), where it can be resolved as

li_)rré(DAﬁg) /O+OO drré® (z + 7€) = — li_r}r}g_(DAg z) /OJFOO dré? (z +r€)

dr
(147)2

~(Drge) ) [ —0,  (476)

as assumed in the procedure of section 2.10. When combined back with the Fourier-
transformed initial datum (4.8), the expression (4.75) contributes to the Weyl-ordered
generating function for gauge connections as

[W(l)[@d}
0
o [ dA e o
— el / S5 W Uy 1, Ay (DAQ) /0 dw 62(€ + w() (4.77)
ie’ oo t\—1/ g7t ¢ 2 iw((bt)~1
_ — . B (1) - —1, =\ Jiw( () ly
=t {wg(b) (db' + wb )c+ngeay} [cb M wh C,y) e .

(4.78)

This expression may diverge if the Weyl zero-form does not fall off appropriately. In this
case, given that its curvature (4.56) is regular in Y, the irregular part may be eliminated by
a suitable choice of h([)éf/C\]- If a regular potential in known in the form (4.47), where D acts
as a de Rham differential for the rotated momentum &, the relevant gauge transformation
may be found by applying the homotopy trick (3.113) in the variable £. As will be shown
in section 5.3, it is not always guaranteed to work that way. The improvement that this
section brings with respect to its counterpart in [22] is that it does not require to introduce

a spacetime vector along which to contract.

4.7 Sp(4) gauge transformations

As mentioned in section 2.7, identifying the gauge transformations (2.70), (2.69) inside
the larger group (2.117) is a non-trivial task to be adressed when making the higher order
perturbative scheme more precise. The most intuitive way to do so would be to define a
gauge-invariant resolution scheme for the perturbatively defined equations (2.130)—(2.134),
and a perturbative deformation of the parameters that would preserve said scheme. This
is similar in spirit?? to the Seiberg-Witten map [78] used in noncommutative field theory.
An alternative approach would be to keep the definition of the gauge parameters as the
Z independent ones, and to define a covariantization of the scheme with respect to those
transformations. The advantage of the former approach is that the observables (2.122)
are automatically physically gauge invariant. The advantage of the latter is that setting
it up would also enable one to define perturbation theory around arbitrary backgrounds
that are flat in the sense of eq. (2.102). At the level of the first order in the perturbative

22The main differences is that here the noncommutative space is auxiliary, and hence the gauge equivalence
need not be preserved by the map outside the physical slice.
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expansion, to which this paper is dedicated, this question can be asked only for Sp(4,C)
transformations. We will discuss it in both approaches introduced above.

Deformation approach. Let us restrict our study of this approach to the Lorentz
subalgebra s((2, C) @ sl(2, C) under which the COMST (4.56) is invariant.
It is useful to examine another definition of the Lorentz transformations as the ones

N 1 1 ~ 0 9 \p
Fe= )\ 5.5 — — |24 2, > 1.8 .
o aF = A (41‘ {ya Y8 F} 4i [Za “p> F} T3 (dzo‘ pazp T4 8dzo‘> F)

—of 1l [~ o~ o~ 1~ ~ = 1 0 0 ~
MNP Nyays F| — = |Zazg F| 4 = (dzg—— +dzs—— | F ) ,
+ (42’ [yayﬂ’ } i [Z “p }+2< ot Zﬁadza> )
(4.79)

that act on all the spinor indices appearing in Vasiliev’s equations (2.104), (2.105), (2.103).
The equations can be written [4, 19, 27] in a manifestly covariant form under these
transformations modulo the introduction of the deformed generators

ﬁ)\’;\ =)\ (412@@ Us — %304 Zg + %S\a §5> + h.c., (4.80)
that, as can be seen from the vacuum solution (2.128), are indeed a dynamical deformation
of Y bilinears.

Whether these transformations corresponds to Lorentz transformations of the cohomo-
logical fields (2.106) is a non-trivial question in general. It is true in the original perturbative
scheme [5, 6, 79] where the normal-ordered contraction "=} is used to solve all equations
of the form (2.136), and hence where the physical slice is defined as the Z = 0 surface in
the normal order (4.66). It is not known at the moment whether this is still the case when
other homotopies are used.

Covariantization approach. This approach is simple to address in the Sp(4,C) case,
where the consequence of the rotation formula (4.10) for the generic solution (2.140) to
eq. (2.136) is

[atadiy (£, 0] (7705 + gh -+ 2) dy [1, A2k (L, 0
- / A (§OPNG + GhD 1+ o)ty (1, A] (4.81)

where L € Sp(4;C). As this relation respects the decomposition as a sum of the particular
solution, the gauge function and the cohomological element, it is clear that the transformation
of the cohomological part stays undeformed if the matrix B defining the shift undergoes
a transformation B — BL. In particular, decomposing the master field U as (4.48),
this means the appropriate transformation of B draws the correspondence between a
transformation (2.117) with G = Uy [L, 0] and a background gauge transformation (2.39)
of the cohomological part WO4€, Within this approach, the resolution scheme should be
encoded in an adjoint master field

B® = B*¥Y;, (4.82)
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that would transform under background gauge transformations as
B~ Uy [L, 017" B2Uy [L, 0] = BLL2Y, (4.83)

via the prescription that all equations of the form (2.136) be resolved with the homotopy

1 o~
contraction Ef[o’g(*iad(Bm _

General higher-spin backgrounds would then be obtained
through general adjoint transformations of the field B. Of course, if the resolution scheme
entails using different contractions of the above form, such a B should be introduced for
each of them.

Independently of the question of non-auxiliary gauge transformations addressed in this
section, the formula (4.81) can be used in the context of the vacuum gauge dressing (4.5),
where it allows to map resolution operators between the space-time dependent and indepen-
dent gauges. Concretely, if one knows what are the resolution operators corresponding to
certain boundary conditions, one can directly apply the appropriately rotated operators to
the spacetime-independent local data (2.94) to obtain a solution respecting those boundary
conditions.

5 Massless particle and black-hole-like local data

In this section, we apply the method of section 4 for computing the generating function W for
unfolded Fronsdal fields to two especially relevant types of local data: AdS massless particles
and higher spin black hole states [19, 20, 22, 35], respectively encoded into singleton state
projectors and dittos twisted by &,. First, it will be shown that the singleton projectors are
(rescaled) limits of Sp(4, C) elements, in the sense described in section 3.3. Then, starting
from the axial holomorphic gauge, where W vanishes, we use eq. (4.78) to compute W in
rotated Vasiliev gauge for black holes, and show that, as expected, it is analytic in Y in
Weyl order. After that, we show that when applied to the case of a massless scalar particle,
this method correctly produces a trivial W; in particular, we explicitly construct the gauge
function h([fl’f\] that removes the singular yet cohomologically trivial part inherited from the
axial holomorphic gauge. Our treatment here of the latter case constitutes an improvement
of the result of [22] in that it does not require the introduction of a spacetime vector field
along which to perform the homotopy contraction in (3.113).

We leave for future work the construction of W for spin s > 0 massless particle
modes using the above method. To this end, the remaining non-trivial step would be the

construction of the residual gauge function h{i’fx}.

5.1 Projectors as limits of group sequences

Massless particle states can be encoded in projectors on singleton states, realized as Gaussian
elements in Y that have definite eigenvalue under the action of the energy generator E and
one spin, e.g. M\lg [20, 22, 33]. The simplest particle states are the ones corresponding to
rotationally-invariant scalar modes, encoded into purely E-dependent projectors. Spherically
symmetric black hole states can be obtained by twisting such projectors by means of a
product with the Klein operator [19, 20, 22].
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In order to show how the latter correspond to limits of group sequences, let us begin
from recalling the matrix representation (A.12) of the AdS, energy operator:

1
E = MO/O = 51—‘0/0 . (51)

It generates a one-parameter subgroup of Sp(4, C),

(5.2)

exp (—20E) = exp (—iflyg) = ( cosh(6) isinh(@)a())

isinh(@)oy cosh(6)
The associated M-ordering symbols read (see (3.64))
1

A -1
Uy {e_QeE, O} v exp (;Y (i(tanh%)_lFO/O—M) Y) )
\/det (COSh g —iMT yosinh g)
(5.3)
and in particular, in Weyl order,
—20F _ 1 0 )
Uy [6 ; 0}0 = (cosh %)2 exp ( 5 tanh YT OY) . (5.4)

Clearly, multiplying two matrices of the form (5.2) is equivalent to adding their corresponding
angles, viz.

U e M E 0| U e, 0] =U [e=2O402E o] | (5.5)

It is interesting to note that the limiting cases § = £oo of the matrices (5.2) behave
as projectors, and that their mutual product is ill-defined. This conclusion is less straight-
forward in the context of the oscillator realisation, where their symbols (5.3) in general
Gaussian orderings vanish.?3 One can however define the finite algebra elements

D, . T +6057 —20E
Peri= lim Uy [e ,0}. (5.6)

The Weyl ordering symbol of these objects is

eie

[ﬁﬂ} )=, lim BT (:F% tanh ¢ Yroloy) — dexp (;4 [E}O) : (5.7)
2

which shows that they are exactly the projectors studied in [19, 20, 22, 33]. The normalisation
that ensure their finiteness is in fact responsible for the eigenvalue of E that they carry:

73E ij {6—29}5}7 0} = .3_6973e = Z/Aly {e‘zeE, 0} 736, (5.8)
or infinitesimally
BB~ SP.~P. B, (5.9)

#3This is also the case in the critical order (3.72

function without compensating the vanishing one.

~

where the diverging prefactor contributes to the delta
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where ¢ = £1. In other words, P, behaves as the scalar (anti-)singleton ground state
projector, which at the same time, from the point of view of the twisted-adjoint action of
the sp(4,R) algebra, corresponds to an enveloping algebra realisation of the ground state of
a massless AdS4 (anti-)scalar with Neumann boundary conditions [20, 22, 33]. Adding an
appropriate prefactor and taking the limit gives

Pe, P, = lim el12)0P_ (5.10)

0—e€100

which shows that
o P, are indeed projectors;
e Their mutual product 73173,1 is infinite.

One way to regularise the latter product, thereby achieving orthogonality between
singleton and anti-singleton states, is with the help of the following family of complex group
elements [19, 20, 22, 33],

. 2 26

_ 1+n?  2ip D L)
U, = exp (2log (1) E) = — Too= | 47 17 : 5.11
K p( g(1+n) ) 1—n2 1—12 0’0 1%2250 iz; (5.11)

to represent the projectors as
~ d77 1 ~

7362—26% U Uy 0], 5.12
C(e) 2mi (1 — €)? (U 0 (5:12)

where the countour C(e€) encircles € anticlockwise in complex plane. The ground-state
projectors P, are in fact embedded into a family labelled by non-zero positive integers n

S n dn (n+e)" ! -
Pon = 2¢(—) ]2 Bt s Uy [U,, 0] , (5.13)

corresponding to rank-n rotationally-invariant combination of projectors onto energy level

< (anti-)supersingleton states, or, from the twisted-adjoint point of view, to energy level en

rotationally-invariant massless scalar (anti-)particle modes [20, 22, 33]. The multiplication
of two such group elements gives

log G;Zi) + log G;Zi) = log G;Zi) , N3 1= 177:_—;173722 ) (5.14)
The contour integral presentation is not a simple expansion of the projectors, but rather
the integral itself is influenced by the product of its integrand. When multiplying two
projectors one assumes that one of the parameters, w.l.o.g. 72, is much closer to its base
point than the other. Then one changes variable from 72 to n3, which will also run a small
contour around the same base point according to the previous assumption. The change of
variable gives

(13 + €2)" ! (1 — €)™
(13 — e2)m2 L () + e2)2

(m2 + e2)™27 !
(2 — eg)m2tl

dny — (—1)"d (5.15)
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which allows in particular to rebuild 7362712 out of the ns integral. With the help of the

following consequence of the residue theorem

d ol 1 fa—1 —1
f dp e 1 fa-1) e} 5 aez,
C(e) 2mi (m — €)oF 2¢ \ a a
one can perform the 7; integral and find the projector algebra [19]

7)517117)62712 - 6616267117127)61711 .

5.2 Black-hole-like solution

(5.16)

(5.17)

The twisted-adjoint initial datum @{)h for spherically symmetric higher spin black-hole-like

solutions [19, 20, 22, 36] was shown in [19] to correspond to twisted rotationally-invariant

supersingleton projectors ﬁenﬁy. Equivalently,

“+oo
-, N
Wi = Z Z VenPen -
e=*1ln=1
Fourier transforming as in (3.95), one obtains

400 d n
Vi =2 8 S0 i () e (HTood).

e=1+1n=1 C(e) 27”77 Y

This can be recast in the more compact form

1
Wy ph = 2 O Vsn? exp (—ﬁAFO/oA) :

O flenm =Y 3 0 f ot () e,

€1,7) o oy Cle) 2™\ — €
so the spacetime-dependent adjoint zero-form in L-gauge, by using (4.10), reads

Uyn = O 20y exp (~ LAL Ty LA) .

€,1,M

In terms of stereographic gauge function (4.6), one has

1 1 00T — TOg Oy — TOYT sl ol
—L Lol = 2\ 50 — 7507 5 - =\ 5L oL -
1—2% \og— Togx oo — TOy v

Note the properties

2 2
(%L) = (%L) =72, vl = plol = (1 +r ) ,
sl = —ylzl olack = —5lph
L _ L _ .2
det >3 = det ap = T
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where we recall that, as in the rest of the paper, the products and squares are taken
according to the NW-SE contraction rule and where r is the radial coordinate of the global
AdSy spherical chart

2/ (x0)? + 22
=05 - 5.27
r=r (527
The resulting Weyl tensor generating function (via (4.11)) is thus
@) 21 1 1 -1 . L -1 L- n~{(=L -1 _
{(I)bh} . E(zmvmexp( Ly (o) wtay () vty - 49 () (5.28)

(of course coinciding with the one found in [19] without using the plane-wave expansion in
A). A corresponding gauge connection is obtained by plugging this expression into (4.78).
This involve computing an incomplete Gaussian integral, for which we use the lemma

/OO dw(ow + B) exp (—’yw2 + 5w)
0

a 2
+4\§< B+ )exp (i’y) <1+erf <2\f>> (5.29)

that is valid for () > 0. Hence the relevant part of the connection is

[W(l)[s,d}
0

if o C(db—warbeﬁL(%L)_l)b_lg
= “graees Qe (47 (=) ) | - CON TG T

db — bw + bev™ (%L)l) b-1¢
¢t ()G

Lol (5 L) 1p—1 ?
s ™ - , () () m¢)
2¢ (b)Y (5L) T h-1¢ 270N ) i

+1i | Cbe (%L>_1 y— (y%L + zﬁL) (%L>_1 b_lCC (

x (1 —erf (z\/— T (y%L + ng) (%L)_l b1§>> . (5.30)

To obtain this result, we need to assume the negativity of the real part of the spinor
contraction %C (1)1 (5%)~1b~1¢. In the absence of concurrent constraints, this condition
can be reached by controlling locally the phase of b, which we recall has no influence on the
result (4.56). One may argue that the integral in (4.78) is purely formal, and in fact its
convergence has no incidence on it being a potential for the cocycle S built from the Weyl
zero-form (5.28), as the terms regularised to zero obviously do not contribute to this check.
One could also consider analytically continue that lemma, in a similar fashion to what is
done in appendix B, but the embedding of half-lines in the square root Riemann surface is
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not trivial to define unambiguously. In any case, it would be puzzling that an incompatible
regularisation be needed higher in perturbation theory.

The result is clearly analytic in Y, hence allowing for an expansion of the form (2.84).
Note also that, the error function being odd, the symmetrization (4.31) will cause this
connection to be bosonic.

5.3 Scalar particle modes

Within Sp(4, C) (identifying X with V) the holomorphic Kleinian Ky is realized as

_ I
R, = —iU[K, 0], K:(O g) (5.31)

Recalling the group element (5.11) used to build regularised projectors (5.13), clearly the

_ Lt 2in o
o 1—n2 1— 2
e T (5.32)

1—n? 1-n2

group element

is instrumental to obtaining the twisted regularised projector [20, 22]
dn (n+e)" !
Pop = 2e(—)" ?{ LUy [Uy, 0
n = 2e() C(e) 2mi (n — €)1 (U, O] Ry

. dn (n+e)n !
= 2ie(— ”+1f Sl S K, 0]. .
ie(—) o) i (g — O — Uy [U,K, 0] (5.33)

Clearly
KUK =U_,, (5.34)
hence, with an appropriate change of variable in (5.13)
RyPenfy = Pcn, (5.35)

and the generalized projectors (5.13), (5.33) satisfy the algebra [20]

~

ﬁqnlﬁegnz = 661625n1n2ﬁ61n1 ) ﬁ P62n2 = 551625711"27)61711 ’ (536)
ﬁﬁlnlﬁﬁznz = 661,*625n1n27561n1 ) 73 Pﬁznz = 561,*6257117127361711 . (5'37)

The massless scalar particle initial datum is

Vo=Y Z DenPen = —2i (27 Vo= Uy [U,K, 0] , (5.38)

e=t+1n=1

where we have used the notation (5.21). Since the matrix (5.32) squares to 1 (independently
of the value of ), the Fourier transform (3.95) is a limiting case. In terms of a 2-dimensional
symmetric matrix D, one can define

—eP o
K. .= , K=1lmK.,. (5.39)
0 1 e—0
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Hence the previous group matrix is the € — 0 limit of

1+n? eD 2in
o - 7€ 1— 200
UnKE_( e . (5.40)
- op€ 2
1-n2 1—n

Using the sequence (B.53), the plane wave representation (3.95) of the limit element (5.39) is
UlUu, K, 0], = g%u Uy K-, 0],
1= 1 2
—;gr(l) n? det (e D) (1+O(€ ))
X exp (é ()\ + %5\50) D! ()\ — %00/_\) +nAogA + O (8))
1—
n

Hence, the spacetime-independent momentum-space initial datum is

2
= —ir—y 5 (A - %005\) . (5.41)
1 .
\II/Apt =27 697 I/E”n—Q52 ()\ — 500)\) , (5.42)

and the spacetime-dependent adjoint zero-form is

1— a2

— > 2 (Y — i = i=
ape =27 O v iz (AAN) . Ni= (1= o) (7 - fo0)
(5.43)
A simple integration (4.11) gives the Weyl zero-form
2
O ~ 1—xz e
[(I)pt }0 N e,(T?n Ven1— 2inzo + n’a? exp (iyNg) (544)

which indeed coincides with the expression found in [20, 22] without using the Fourier
expansion. Because of the vanishing difference between the powers in y and ¥, the encoded
configuration consists in a scalar field and its tower of derivatives, but no curvature
that would contribute to the right hand side of the free equation (4.56). This means
that the associated connection (4.78) can be trivialized via a 2—independent linear gauge

Avled

transformation (2.116). This gauge function must be non-trivial as in this case the

Weyl-ordered connection

(W]
0

- O3 1o /d4A [Au, A]L]é? (X—AN) (DASC)/0+OOdw62(§+wC)

eny M1 — 2inxo + 7721‘2

(5.45)

1. 1m0t Ne) ¢
detb enn 1 — 2inwo + na? (con™"(w+ Nﬂ))2

(5.46)

is itself non-trivial, and it is not even analytic in Y, thereby blurring the identification (2.84)
of the gauge fields.
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Since on the momentum integral in (4.77) the effective covariant derivative D, act
according to the following particular form of (4.13)

4 4
D(/ (‘;7:; Uy Uy [1, A] f(&)) z/(;l;; Wy Uy [1, A] (DAE Be) f(E), (5.47)

one is tempted to use a resolution operator (3.114) in the spinorial variable £ to integrate
the connection. However, in this case, the integrability condition in the counterpart
to eq. (2.139)

DD*[“] { Wl d}o _ (1 _ D;k\[#]ﬁ _ ﬁ[ll]) {W(l)[&d}o ’ (5.48)

is blurred by the momentum dependence of &:

DZ[M] ( [ ( €S C]} ) OCD*[M] (/d4 1 Aﬂ 52 (;\_AN) (DAf DAf)(Sz(f))
:2/d4A . Al 5 (A-aN) /Oldtt((g—m D)8 (te+(1—t)p)
2

=——pu (db—bw—i—beNt) b_l,u/1 altE exp (iﬁ,ub_l(y—l-Ng))
detb 0 3 t

_ 2 o (db—bw-+beN) b1y
detb  (ub=1(y+Ny))?

£0. (5.49)

To find a proper potential for [171\/(1)[5’4]] , one needs a homotopy contraction that is
compatible with the vanishing of that integral, i.e. that does not interfere with the variable
A. One solution is to notice that after performing the replacement £ = b\ =: BA, the whole
spacetime dependence is encoded in the matrix b and Dj still acts as an exterior differential,
now on the 8-dimensional variable Bg, viz.

Dy f(ABt) — A2 <dBﬁa+ (L_ldL> 1B° > NG f( )

_ (dBﬁﬂ+ (L‘ldL)gl Bﬂl) mgm f (ABt) — DBﬁaagm f (ABt) .
(5.50)

Hence the relevant component of the connection (2.20) can be annihilated by the following
residual gauge fixing:

£,¢,C *[C]  [€,¢
h[IOA I= DA[ ]ng}

= ime” ¢ ((b—c) A= g)) /Oldt/0+oodw52 (tb+ (1 =t)e) A+ (1= 1) gh+u()
(5.51)

in terms of a shift Co3 = (cap; gaﬁ-) and of the partial inverse DZ[C] that it defines for the
differential (4.8). Note that, in order for this homotopy contractor to actually provide a
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solution to the equation DAh[l%’f\’C} = —w[ﬁd, the shift C,p is assumed to:

e not vanish, since, because of the aforementioned condition, the homotopy has to be
well defined on the object (D& Dp€)6%(€) (which is of order 0 in B);

o be covariantly constant in the sense of (5.50), in particular it has a non-vanishing
9ap part.

Modulo those assumptions, one finds back Bﬁél)[g’c’c] =-w® [€<) hence the connection
is trivial as expected.

Note that, because of the triviality of their gauge part, scalar solutions satisfy (4.56) in
significantly many more gauges with respect to generic solutions. However, the purpose of
this section is to test the resolution scheme based on the axial holomorphic gauge (4.30)
and rotated Vasiliev gauge (4.46), (4.50) on simple solutions, which we believe will be
particularly useful to perturbatively imposing asymptotically AdS boundary conditions
following the scheme presented in [22] (see also [35]). Ultimately, the idea will thus be to
impose the rotated gauge condition on more general solutions where scalar particles will
appear as one term among others in the expansion of the initial datum.

6 Conclusions

Thinking of Vasiliev’s equations as describing a family of noncommutative twistor spaces
fibered over a spacetime manifold, and using properties of the inhomogenous metaplectic
groups over the complex as well as real numbers, we integrate the system in operator form
and in a variety of gauges without making reference to one specific ordering. More precisely,
we have used a family of orderings in which the contraction of twistor space coordinates
above a given spacetime point is given by a constant matrix (with fixed anti-symmetric
part), which can be used to interpolate between normal, Weyl and other orderings. This
method allows us to construct a number of interesting exact solutions, to compute Wilson
lines in twistor space and to set up a scheme for switching on a gauge function that
activates Fronsdal fields in ALAdS regions order by order in perturbation theory, as we
have demonstrated explicitly at first order.

The methods developed here may facilitate the further investigation of a number of
interesting problems in the theory, such as the computation of holographic multi-point
functions by perturbative expansion of the second Chern class around various ALAdS
backgrounds [22]. In particular, it would be interesting to examine the mixing of black-hole
states and particle states in correlation functions, thereby extending the work of [17].
Another interesting problem concerns the activation of the Wigner deformation parameter
in the four-dimensional context by giving an adjoint vacuum expectation value to B , thereby
breaking Mp(4;R) down to Mp(2;R) x Mp(2;R) such that the full master fields, valued
in the full enveloping algebra, describe fractional spin fluctuations around domain walls,
providing a natural generalization of [80].

Finally, recasting the Vasiliev system in operator form may make analogies with the
underlying quantum mechanical conformal particle system more manifest, allowing for some
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transfer of techniques as well as facilitating the embedding of Vasiliev’s theory into the
multi-parton gauge theory [50, 58, 59] that has been proposed to describe the tensionless
limit of string theory in anti-de Sitter spacetime.
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A Conventions

In this section we spell out some of the conventions that are used throughout the paper. Most
of the equation written in this paper involve operator-valued differential forms. Operators,
thought of as elements of a non-abelian algebra, are denoted with hats. Whenever a product
of differential forms appear, it is meant to involve at least an exterior product, although it
is typically accompanied with an operator product.

We use two types of indices: spinorial and vectorial. On the one hand, we use
spinor indices:

e Sp(2) (anti-)holomorphic indices denoted by (dotted) greek letters from the beginning
of the alphabet;

o Sp(4) indices denoted by underlined greek letters from the beginning of the alphabet;
e Sp(2n) indices denoted by upper-case letters from the middle of the alphabet.

Of course all these cases are included in the last one, to which we turn our attention. The
invariant antisymmetric tensors 617 and 6;; are chosen with the convention

01075 =67 . (A1)

They are implictly used to raise, lower and contract indices following the so-called Northwest-
southeast rule:

vi=e¢"vy, Vi =Vv7et, VW =vViw, = -wv. (A.2)
This also works for spin-tensors, a more involved contraction reading

VABW = VIAXB LWy . (A.3)
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The rules also apply to the symplectic antisymmetric tensor itself, in particular
0150 Lop, =017 0, =6/ = -0/, (A.4)

Because of the latter relation, the indices of a scalar tensor af;; (a € C) will often be
omitted by assimilating it with the scalar a. The particular cases of relevant for the
four-dimensional Vasiliev system make use of the same convention, except for the fact that
the components of the symplectic invariant matrix are written e,g for Sp(4) and e, (resp.
€,4) for (anti-)holomorphic two-dimensional spinors. -

On the other hand, tensor indices associated to a N + 1-dimension]?* tangent space are
indicated by:

e Lower-case letters from the beginning of the alphabet for Lorentz indices, that
transform under SO(1, N);

e Upper-case letters from the beginning of the alphabet for ambient indices, that
transform under SO(2, N).

The latter take value in the set {0',0,--- ,3} and are raised, lowered and contracted by the
constant metric of components 14p5. The infinitesimal generators of the orthogonal group
who operates on them verify the commutation relations

[jA,B, jC,D} =1 (nADjB,C +npcdap —nacdp,p — nBDjA,C) = 4i77[D[AjB]7C] . (A5)

Tensors that transform irreducibly under this algebra are characterized by Young diagrams,
among which we are interested in the two-row rectangular ones

Al | A | ... | A,
o (A.6)

By | By|...| By

Here we use the symmetric basis for tensors of the orthogonal groups, that is to say
that projecting on the symmetries of a given tableau is done by removing all traces, anti-
symmetrizing over columns, symmetrizing over rows and, finally, normalizing so that this
operation constitutes a projection. We use a notation in which commas separate symmetrized
and traceless sets of vector indices appearing on a given tensor, and subindexed indices
from the same letter of the alphabet appearing on different tensors are symmetrized. The
covariance of such tensors can be reduced to be manifest only under Lorentz transformations,
by highlighting a subspace with a constant metric 7, of signature (—, +,--- ,+). One defines

]/\Zab = ja,ba ﬁa = j\O’,av (A7)

in terms of which the AdSy; isometry algebra becomes

[Mabv ﬁcd] = 4i7][d|[aﬂbﬂc} ) [ﬁaba ﬁc] = Qinc[bﬁa} ) []3(17 ﬁb] = iﬂab . (AS)

241n particular, for the four-dimensional case to which this paper is dedicated, one needs to set N = 3.
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The tableau (A.6) branches into

aq a9 e at |41 - - (07%%

(A.9)

by | b2 | ... | b

fort=0,---,n.

Assuming from now on that the spacetime dimension is equal to 4, vector and tensor
indices are related by special sets of matrices. In the case of the ambient vectors, the
Howe duality s0(2,3) ~ sp(4) can be realised in terms of five 4 x 4 antisymmetric matrices
(T'4) a=07 0, 3 that generate a Clifford algebra

(T4)aX(T8), 2 + (T8)a X(Ta)y 2 = 2145 05 (A.10)

From them one builds the spin matrices

(Can)ag = 5 ((T)y 2(Ts)ys — (o), 2 (Ta),s) (A1)

and the related matrix representation of the commutators (A.5)

i
MAB .= §FAB . (A12)
A field ¢4, ...4,, B,--B, transforming in the representation (A.6) is now equivalent to a totally
symmetric spin-tensor ¢4 ..q, . The analogous to the Lorentz subalgebra on the spinorial
side is the su(2) @ su(2) algebra of purely (anti-)holomorphic generators, a relation that is
realised on the components v® of a Lorentz vectors as

1 .
Vas = V"(00)as = Vaa » V4 = ——(0%)0av™, (A.13)

2

where the Van der Waerden symbols, with components (04)aq = (74)aa, have the following

properties
Ta0p = Nab + Tab » Oab i= %(aac?b — 0p0q) , (A.14)
Ta0b = Tab + Tab Oab 1= %(%% — 0b04) , (A.15)
(0")aa(0a) g5 = —2€ap€sp - (A.16)

Now the data of the Lorentz tensor (A.9) is equivalent to the one of a spin-tensor
Dary-anye,inim, and of its dual Ga;...ap,_,a1--6mpe> POth symmetric under the exchange
of 2 (anti-)holomorphic indices. The associated block decomposition of the Clifford ele-
ments (A.10) is

1 0 0 104 0 —oq, oap O
Ty = T, = , Toa=| _ , Tw= (""" ). (Ax7
’ (0 —i) ’ (—iaa 0) ’ <—0a 0 ) ’ (0 aab> (A.17)
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The Cartan connection of AdS, is the pull-back of a Maureer-Cartan form, that is to
say it is an algebra-value 1-form field

Q= —gQABjA7B = —4 (e“f’a + %wabﬁab) , (A.18)
satisfying
dQ + %[ﬁ, Q=0. (A.19)
The Lorentz components of this equation read
dw® + ww?® + e =0, de® + wh%e’ =0, (A.20)

thereby allowing to identify e® and w® respectively as the vierbein and spin connection of
AdSy, in units where the cosmological constant is equal to -3. The (1-form valued) matrix
components of the curvatures, defined by the realisation (A.12), satisfy the assocative
version of eq. (A.19):

00" + 0220, =0, (A.21)
that can be solved by means of a gauge function L as
Q.2 = (LY 2dL,”. (A.22)

In most cases in which we need to make the spacetime dependence explicit, we choose
to do it with the help of stereographic coordinates, that can be written in Lorentz covariant
fashion

4
(1 — 22)2
This vectorial form allows to define associated matrix coordinates

% € R, 2?2 #1, ds* = dz? . (A.23)

Tag = Qfa(Ua)ad = Taa - (A.24)

Two useful definitions are

1 1—-nh
h:= m, &= !x2\72 tanh ! ( ) . (A.25)

1+h

The block form of the vacuum gauge function (A.22) corresponding to stereographic
coordinates and of its inverse are then given by [83]

1 {1z 4 11 —x
I == Lt == . A2
h(:nl)’ h<—x 1) (A.26)

We also refer to the global spherical coordinates (t,7,6,¢), in which the metric reads

ds? = = (1+r?) d* + 412 (d0? + sin? 0dg?) | (A.27)

_ar
1+r2
and which provide a single cover of AdS, for t € [0,27), r € [0,00), § € [0, 7] and ¢ € [0, 27).
The radial coordinate r can be related to the stereographic coordinates via

2/ (x0)? + 2
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B Analytic continuation of Gaussian integrals and delta functions

As we have recalled in the paper, notable solutions to the Vasiliev equations — both
at linearized and full level, such as massless particles, bulk-to-boundary propagators,
higher-spin generalizations of black holes and black branes, FLRW backgrounds, etc. —
have local data ® (or ¥') expanded over Gaussians and plane waves in oscillators [19-
23, 29, 34-38, 40, 41]. Their symbols in various orderings, as well as star products involving
them, generally bring on square roots of (generally) complex determinants. Preserving the
characteristic metaplectic 4m-periodicity of operators at the level of symbols, imposing reality
conditions and other physical constraints on relevant master field configurations [19, 20],
together with demanding a consistent action of 7 on Weyl-ordering symbols and that
multi-dimensional integration be unambiguous, force us to analytically continue the square
root of all determinants to complex values, preserving their phases rather than extracting
the principal square root. The same applies to degenerate Gaussian symbols defining
delta sequences: the latter are, in fact, far from exotic objects of little physical interest,
considering that they naturally appear, working in Weyl order on ), as the configuration
that the spherically-symmetric higher-spin black holes approach at the origin [19, 20, 36],
and that basic linearized solutions like massless particles and bulk-to-boundary propagators
are obtained from the corresponding local data by considering analytic extensions of the
delta function preserving the phase of their argument [20, 22, 35], in a sense to be made
precise in the following.

In this appendix we shall therefore first recall some of the reasons for our analytic
continuation of Gaussian integration and delta functions to the complex plane, and then
explain the details of this continuation, thereby giving a more precise interpretation to
such manipulations with symbols. As we shall only refer to Weyl-ordering symbols, for
notational simplicity we shall drop the label 0 both from symbols and star product unless
otherwise specified.

B.1 Some motivations

Reality conditions ®'T = 7(®’) on the higher-spin black hole Weyl zero-form can be imposed
at the level of the corresponding local datum

drp, = Z Z UnPr * iy = Z Z Un P (B.1)

e=f1ln=1 e=fln=1

(where P,, are the projectors (5.13) presented in Weyl order), implying that the deformation
parameters v, = i"u, where u, € R. Passing to the resulting z-dependent master fields
gives the Weyl tensor generating function (5.28), where the i in the prefactor comes from
continuing (det »%)~1/2 = (—2)~1/2 [19]. Without that prefactor, the scalar field extracted
from (5.28) would be imaginary, i.e., reality of the scalar field requires that the Gaussian
determinant be extracted with its complex phase.

Considering the realization of the Klein operators (3.79) as Gaussian delta sequences
in Weyl order, namely

[K]o = lim B D (—3xM1x), (B.2)

W20 /et (1)
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in accordance with (3.66), the above requirement of phase preservation should also apply
to ky and K, that are therefore to be treated as analytic continuations of the Dirac delta
function. This is in accordance with (and further motivated by) the physical interpretation
of the twisted projectors (5.33) as local data for AdS massless particle states [20, 22, 33],
and of similar Gaussian elements as local data for bulk-to-boundary propagators (see [35]
for their relation). In such sectors — that, following the terminology of [35], we refer to as
regular — the Weyl zero-form in Weyl ordering reads

o0
Dl (z,Y) = Zvn L Puxm(L) = 3N 5P xry, (B.3)
e=t1n=1 e=t1n=1
with
en) 2m \n —1

where A and B are matrices depending on x and 7. Analytic continuation of the delta

PL = dn(—)" e, 72( )’7, (“) 52 (Ay + By) | (B.4)

function suggests to identify

6*(Ay + By) = m52(y + Ny), (B.5)

where N := A~!'B. Ultimately, as seen explicitly for the scalar particle in (5.44),

o) (2,Y) =

reg

& ﬂenﬁ exp (iyNy) . (B.6)
Thus, the scalar field is entirely encoded in (det A)~!, and the above analytic continuation of
the delta function is crucial to encode the proper phases, corresponding, for the particle case,
to the energy eigenvalues. This way, for instance, the Breitenlohner-Freedman scalar with
Neumann boundary conditions is correctly reproduced from (5.44) forn=1aty=0=1y
as [20, 22, 35]

efzt

(o) = —V— B.7
¢1,(0) m ( )
in AdS global spherical coordinates.
Another simple motivation is the analytic structure of the two-point function
-1
(#©=e ) =5 (B.8)

of the scalar composite operator built from a free conformal scalar field ¢(&) in Minkowski
spacetime corresponding to ¢ expanded on boundary-to-bulk propagators; for the three-
dimensional Green’s functions, see for example eq. (16) in [84]. Indeed, the above two-
point function, with its analytical structure, is reproduced by the zero-form charges of
HSG computed using the analytical continuation of Gaussian integrals to be spelled out
below [26, 28, 30].

We therefore analytically continue, when necessary, all expressions, including star
products and re-ordering formulas such as (3.64). This implies taking square roots of
products of complex numbers, so without a specific prescription the analytic continuation is
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only defined up to a sign. This ambiguity at the level of symbols can be put in correspondence
with the one inherent to the projectivity of the metaplectic representation. Thus, with
the help of a specific prescription to extract phases from the square root, it is possible to
distinguish the two symbol representatives of a given Sp(2n,C) element: in other words,
by virtue of the map (3.64), the two branches of the double covering Mp(2n,C) can be
put in correspondence with the two sheets of the Riemann surface Sy of the square root.
Besides, without a specific phase assignment, integration over oscillator symbols may not be
well-defined: for instance, the order of integration on different variables in multi-dimensional
integrals in Y or Z cannot be interchanged, in general, as that may result in a sign
discrepancy due to the assignment of complex determinants to one or another Riemann
sheet at intermediate steps of the calculation. Similarly, when acting with the 7-map (2.120)
on Gaussian functions f(Y), g(Y) of the oscillator with no prescription on how to extract
phases from square roots may result in a sign ambiguity, 7(f x g) = £7(g) * 7(f).

In this paper, we will only give an analytic continuation prescription suitable for
Weyl-ordering symbols — which means, by virtue of (3.64), and recalling that Weyl order
corresponds to M = 0, symbols involving the determinant of a single matrix under square
root — leaving the general problem for future work. For the same reason, it remains to
be studied whether this prescription is compatible with associativity of the star products
of generic symbols, as the resulting integration will in general give rise to determinants of
sums and products of matrices under square root, whose treatment go beyond the scope of
the present paper.

One way to analytically continue Gaussian integrals involving elements of type (3.64)
for M = 0, which will be instrumental in section B.3 to distinguish K from —K and which
overcomes the ambiguities above described, proceeds as follows: in order to establish the
correspondence between the metaplectic double cover and Sa, given an sp(2n,C) element
A, we first establish exp (%X 1AX ) as a reference Gaussian element, and prescribe that the
eigenvalues of the matrix 1A are to be taken in the first Riemann sheet; then, we prescribe
that the integral

/ ﬂ)i exp (inAX> = (det wiA)71/2 =exp [—l (2nLog w+Log i\ +...+Log z)\n)]
r2n (27) 2 2

(B.9)
where \; are the eigenvalues of the complex 2n x 2n matrix A, w is a complex factor, and
Log denotes the principal logarithm (i.e., the logarithm whose imaginary part belongs to
the interval (—m,7]). This means, in particular, that we interpret the determinant on the
(2n-dimensional generalization of the) Riemann surface of the square root, projecting the
result to the principal branch only at the end of the computation, after all square roots
have been evaluated (see appendices B.2 and B.3).

For instance, the ambiguity in applying the 7-map on Gaussian function is also resolved
by the prescription (B.9): indeed, in view of its action on the oscillators, 7 effectively adds
7 to the phase of every eigenvalue, hence, operating on the reference Gaussian element,
T (exp (%XAX)) = exp (—%XAX), and

(det (—iA))_1/2 = exp {—% (2nLog (—1) + Log A1 + ...+ Log z)\n)} . (B.10)
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The prescription described above is consistent with assigning the Weyl ordering symbol
Ky to [(=1)Nv]o, where we use the shorthand notation N, := Opr[Ng(Y)] = —igTy (see
eq. (C.17), with X! — ), and with the analytic continuation of the delta function first
mentioned in section 3.3 (analogous considerations apply to k, with the obvious identification
X1 — ). Indeed, (—1)A7y = Ny i distinguished by the properties that [33]

~

()M ()M =1, (B.11)
and that, as a consequence, it is odd under T,

(%) = (DT T ey oS Bay)

Eq. (B.11) determines the identification of [(—1)J\Afy]0 with ky, as? Ky * ry, = 7(1) = 1.

Consistently, interpreting the holomorphic Kleinian as an analytic continuation of
the delta function in the sense already anticipated with (B.5), the action of 7 on the
Weyl-ordering symbol gives

T(ky) = T(210%(y)) = 2162 (iy) = —ry . (B.13)

In turn, the latter equation is consistent with the above-described prescription to extract
phases from the Gaussian determinants, in view of the Gaussian delta-sequence correspond-
ing to s, in Weyl ordering (B.2). Indeed, the star product of two delta-sequences with
generic sign o at the exponent, lim,_,y+ %efgwy, where w, = yty~ = —%yRy, and R is a
two-dimensional matrix squaring to the unit matrix (see (C.11)), gives (taking the limits
after the star product and using (B.10) in the last step)

io 1 i’ 1 1
lim —e” «“x lim —e &% = = exp (—Log o — Log o’
e—0t € -0+ € V/det (ioR) /det (ic’R) p(~Log 5')
(B.14)
which in particular gives —1 when o = —o¢’. In this sense, representing £, = lim, o+ % e Wy,
we can interpret
1
T(ky) = lim —e<™v = —k B.15
() = lim - - (5.15)
as ky xT(ky) = —1 from (B.14), consistently with (B.13). Note also that, in the light of this
identification, the direction of the limit € — 0 defining , is immaterial, as lim - % e Wy =
—lim,_,o+ %eéwy = —7(ky) = Ky. Hence, we can simply refer to the delta sequence
Ky = lim E e (B.16)
Y e—0 € ' '

Thus, the phase prescription we propose, while not strictly relevant for the linear analysis
that we carry on in the body of the paper, is consistent with a number of physical and
mathematical requirements, as shown above.

Z5Note that, instead, defining 1%@, = a)o[NR(Y)] =ity +yyh), (-1)v(-1)"v = —1, since, as

can be seen from eq. (C.17), iy = ./\A/'y + 1, hence (—1)"v = i(—1)No.
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Figure 1. The closed contour used in eq. (B.20).

Summarizing, working within the framework of the Vasiliev equations in various
orderings and in operator form, it is natural to consider complex Gaussian symbols in Y
and Z, and to analytically continue Gaussian integrals and delta functions in such a way as
to preserve the phases of any complex scaling of their arguments. The prescription here
proposed for such analytic extension — preserving algebraic properties of operators at the
level of their symbols in different orderings, and coherent with the physical interpretation
of notable Gaussian solutions to the Vasiliev equations — involves considering Gaussian
determinants as defined on the 2n-dimensional generalization of the Riemann surface of the
square root S5, as in (B.9), projecting to the first branch only after all square roots have
been taken.

Let us now turn to examining the details of this analytic continuation of Gaussian
integrals and delta sequences, beginning with the one-dimensional case. As we shall see, a
natural framework within which to interpret the above proposed extension of delta functions
to complex variable is given by a one-parameter family d,(z) of delta densities defined on a
bundle of lines through the origin of Ss.

B.2 One-dimensional complex Gaussian integrals and analytic delta one-forms

The standard one-dimensional Gaussian integral

+oo 2
Iy = / dx exp (—%a:2> = —W, a>0, (B.17)

NS a

can be deformed to the contour integral

2w
- a2\ _ Tz
I, '_/ew/ZRdZ exp( 2z ) =/ r pe(-%,%), Re(a)>0, (B.18)

along the tilted real axis

eiﬂﬁ/QR — {Z — eisﬁ/Qx ‘ = (—OO,+OO)} , (Blg)
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as follows from Cauchy’s theorem applied to the closed contour integral
7{ dz exp (—%zz) =l,+ 1., — Iy + 1., =0, (B.20)
C

where the integrals along the arcs ¢; and ¢y (see figure 1) vanish in the limit of infinite
radius, as long as ¢ € (=%, 5) and Re(a) > 0. Likewise,

N 2 P
for N € Z. Adding a linear term to the exponent of the integrand in (B.18) and completing
the square, it follows that

27T 2
_a,? _(_1\N &t b2
/ewﬂRdZ exp( 52 +bz) =(=1)"4/ . exp(Qa) , beC, (B.22)

for p —2Nm € (=3, %) and Re(a) > 0.
For the reasons collected in appendix B.1, we define the analytic delta one-form

0 € Q0 (S2), where Sy is the two-sheeted Riemann surface of the square-root function, by

[0 =10), er, (B.23)
eiP/2R

where f : Sy — C is a Fourier transformable test function on e*#/2R, that is, if 1, R = &
embeds the oriented real line R into Sy as ¢*?/2R, then

150 = dz6,(2), / dz8,(2)f(2) = £(0). (B.24)
el?/2R
The analytic properties of the delta one-form thus amounts to that the delta densities are
related by
dz 0,(2)| ,—pivr2y = d2' 6 ()| _piv /2, » (B.25)
that is,
Sy (ei“"/%) = e_i(“o_“’/)mé(px (ew/ﬂaz) , o, ¢ €R, (B.26)

while the reflection of the argument of ¢, with respect to the origin of ¢?/?2R, which is
simply a reparametrization of ¢“?/2R, yields

Sp(—2) =6, (2) . (B.27)

It follows that
Oy (ei¢/2x> = e /250 (x), (B.28)

where dg is thus the delta measure on R; in particular,
0o () = Gar (—) = 0o (€72) = 775y () = —d0 () , (B.29)

which is the one-dimensional counterpart of the property (B.13) of the inner Klein operator
of the Weyl algebra.
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As it is evident from (B.22) setting a = % and taking the limit e — 0T, in the regions
of convergence of the Gaussian integral the delta density d,(z) can thus be represented by
the delta sequences

(=D~ 2
5@(2)‘2661‘/’/2]1% = 61_1}(%_ \/ﬁ exp (_iz ) |z€ei¢/2R

exp (fiewa?) loer (B.30)

for p —2Nm € (=%, 5); in particular

T 1 1,2
do(x) = 61_1%1+ Nz exp (—%ZL‘ ) loeRr (B.31)
and
dor(z) = lim ! exp <—1 (emzf) leer = —d0 (T) |zer (B.32)
I Pareret /7271'6 %€ TEe zeR - .

Due to property (B.26), in fact, the direction of the limit e — 0 is actually immaterial, and
we may analytically continue the delta sequences, which yields

1

exp(-%22),  €cC\{0}. (B.33)

Conversely, viewing eq. (B.33) as a definition, property (B.26) follows upon absorbing
phases into the complex dummy parameters, viz.
1

2 T

. E 1 i(p—¢') 12
05(2)| y—giv/2, = lim exp (—?e (p=¢", >|z’:ei¢’//2m

e—0+/2me

— lim e~ H¥—¢")/2
€—0 vV 2me

1.2 _ —i(e—¢")/2 /
eXp (_Tg/z >|z/:ei¢//2x_€ (50 (P)/ 54/7/(2 )|z/:ei¢//2x7

(B.34)

where 2 € R and ¢ = ee~“¢~¢). We note that while I, does not admit any unambigous
analytic continuation from its disjoint regions of convergence to R, the delta one-form ¢ is
analytic on Sy (rather than C) as can be seen from eq. (B.28), from which it follows that

150 =10, o —¢ €anZ, (B.35)

that is, d|,is/2p are distinct on the real lines /2R with ¢ € [0,47) passing through the
origin, which sweep through the square-root Riemann surface S with ramification point
at the origin. More precisely, viewing S as consisting of two Riemann sheets in which
z = |z|e'® with ¢ € (—m,7] in the first sheet and ¢ € (7, 37] in the second, the lines e*#/?R
sweep out the entire Sy as follows: lines with ¢ € [0,27) sweep the first sheet; lines with
¢ € [2m,4m) stretch between the two sheets; and lines with ¢ € [47, 67) sweep the second
sheet; and so on.
Centering the delta form on a specific point 2/ = e™/2z’ of ¢'?/?R, we define

/EW/QR dzd,(2 — 2) f(2) = f(¢). (B.36)
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Setting instead a = € in (B.22), again taking the limit ¢ — 0 and using (B.33), one obtains
the (generalized) Fourier representation of any dg(k), k = €/?kq, ko € R:

/ei¢/2]R dz exp (ikz) = ll_l’}l(l) . dz exp <ikz - 222> = 11_1% 2% exp (—%) = 27og(k),

(B.37)

for any line e™/2R. Tt is important to note that, here and in the body of the paper, we are

defining the Fourier representation of this complex generalization of the delta function via

the above Gaussian dressing, and, as above, we analytically extend the result to any phase

angle . With this definition, the Fourier representation respects the specific properties
that characterize the family d,: for instance, given k = ¢/2ky and K = e¥'/2ky,

0o (k) :/ dz exp(ikz) :/ dz exp (z’ei(e*a/)ﬂk'z)

iw/2R 2T i0/2R 2T
; / d ! - /
= ¢H0-07/2 / Z exp(ik'2) = e=10=0/25,, (k') | (B.38)
etv’ /2R 2T
where 2/ = ¢*'/2g, o = “DJFG*Q,, and the result follows from the independence of the Fourier

2
representation of dg(k) from the integration line.

B.3 Multi-dimensional complex Gaussian integrals and analytic delta forms

Armed with the framework of delta forms on Sy described above, it is easy to extend the
definition of the corresponding delta sequences in the 2n-dimensional case. Starting from
the standard multi-dimensional Gaussian integral,

2
Vdet (A)’

where A is a positive-definite symmetric real matrix, an immediate generalization of

. d"X exp (~3 X7 A1, X7) = (B.39)

the one-dimensional results above which is of relevance in the body of the paper is the
generalized multi-dimensional Fresnel integral (where we use the implicit indices matrix
notation (A.2)—(A.3))

(2m)"

d*"X exp (%XRX) = T

1
, = (2m)" exp ~3 (nLog i + nLog (—i))| = (2m)",
R2n

(B.40)

in terms of a 2n-dimensional real matrix R that is a square root of the identity in the sense
of (C.11). Again, (B.9) was used, with ¢R chosen as “reference matrix”. Eq. (B.40) is a
particular case of the more general Fresnel-type integral

. 2n iyl J

Iow= [, d"X exp( iXTQrX ) : (B.41)

where () is a symmetric real matrix. The evaluation of this integral starting from our

one-dimensional results can be carried out by diagonalizing (J;; via a special orthogonal
o141

matrix to Qgiag = , o = {1,—1}, ¢& € RT, and by applying the results

02nq2n
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of appendix B.2 to each of the resulting one-dimensional Gaussian integral factors, thereby
obtaining

2n +oo 1w
I — / AX'K e~ Q(UKqK (X’
o=l I

1 & . (2m)™ ,
= (27)" exp [—2 Z Log (UquK)] = JTaotal exp (—%sgn(@)) , (B.42)

K=1

where sgn(Q) is the signature of @, using the prescription (B.9) for extracting the square
root.?8

Then, we can implement in a 2n-dimensional set-up the same generalization of the
Gaussian integration (B.18), by rotating the integration variables with a GL(2n,C) trans-
formation, and performing the Gaussian integral on the resulting 2n-(real)dimensional
surface

SR = {SX, X eR™},  §€GL(2n,C), (B.43)

which, extending the one-dimensional case treated above, we view as embedded in the
multi-dimensional square-root Riemann surface S3*. Thus, the generalization of (B.18)
applied to our reference integral (B.40) is

/ X exp <;X'RX’) —detS [ d*™Xexp (—XStRSX>
SR27

R2n

Completing the square at the exponent,

2n 3/ 1 / !y s 1\ _ (271')” (Z -1 )_ n (Z -1 >
/SR%d X exp(2X RX'+iKX ) —7mexp 2KR K )=(2m)"exp 2KR (K ;
B.45

and, rescaling R with % and taking the limit ¢ — 0 along any direction one finds that
the sequence

1 .
lim — exp (£X'RX") = (2m)"5%"(X") (B.46)
defines a 2n-dimensional generalization of the delta density d,(z) on the slice SR?". Analo-
gously, integrating it on R?" gives
1 .
lim— [ d*"Xexp (£ X'RX'+iKX) = lim~ [ @ Xexp (—;XStRSX +z’KX)

e—0 €™ Jr2n e—0 € Jr2n

(2m)" € 1\ p-1a-1
detslgnexp( 21((5 )R S K)
_(271')

~ detS

(B.47)

26Indeed, the prescription (B.9) is the one usually employed when evaluating generalized Fresnel integrals
(see for instance [44]).
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which means that the relation between 5%” and 02", the delta function on R?" is

1
det S

OF(X') = 6% (SX) = (X)), (B.48)
which is the 2n-dimensional analogue of the property (B.28). In other words, (B.46) defines
a family of delta densities which generalizes the family ¢, of the one-dimensional case and
which, together, extend the notion of delta function to the 2n-dimensional complex case —
more precisely to be thought of as living on S3". It is in terms of delta 2n-forms on S3"
and corresponding delta densities that the properties of the Kleinians x, and ., discussed
in appendix B.1 and first introduced in [19], can be naturally understood: in particular, the
preservation of the phase of the argument of the Kleinian &, seen, e.g., in (B.5) and (B.13)
(idem for x, and their complex conjugates), acquires a natural explanation when thinking
of the Kleinians as the extension of the delta function to the 2-dimensional complex case
defined by the family 0% described above, related to each other via (B.48).
We can thus think of §3"(X’) as the delta function with respect to [qpon d*" X,

[ X X = Xg) F(X) = F(XG). (B.49)

Like in the one-dimensional case (see eqs. (B.26)—(B.27)), property (B.48) relating the delta
functions living on different complex slices SR?” should be distinguished from rotations
and reflections within a given slice, which leave 5%" invariant,

1
| det O]

63"(0X') = 63 (X') = 05M(X"), (B.50)
for any real orthogonal matrix O acting on X'.

The Fourier representation instead arises in the opposite limit of eq. (B.45), rescaling

R by a vanishing parameter e. More precisely, for any K’ = SK, by inserting a Gaussian

factor in the integrand and computing the complex Gaussian integral as above one obtains

/ d** X' exp (iK'X') = lim X" exp (iK'X' + jeX'RX')
SR2n e—0 JgRr2n
2 n
= lim 7( 7r)‘
=0 +/det e R

= (27r)”5?§”(K’) , (B.51)

exp (;EK/R—IK’)

where R = R™! (see (C.11)) was used. In other words, one can expand this analytic delta
function in plane waves along any slice of S5%. We stress again that, technically, the
above complex generalization of the Fourier representation of the delta function rests on its
definition via the above Gaussian dressing. As a consequence, like in the one-dimensional
case, the Fourier representation is compatible with property (B.48) of this family of delta
functions, e.g,.

d2n X 1

1

0 (SK) = / i —iKStX) = anx’ KX') = (K.

5" (SK) r2n (27)" exp( IS ) det S Jgr2n “Xp (Z ) det S 1K)
(B.52)
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Thus, throughout the paper, we use the Gaussian integration formula (B.9) and the
associated delta-sequence

o1 ; (2m)" o
lim — LXAX ) = ——=—06"(X B.
lim o exp (3 XAX) = 2250 (X) (B.53)

where we note that we frequently omit the label S of the slice SR?" letting it be inferred
by the space that the argument belongs to.

To summarize, it is natural to consider a complex analytic continuation of the delta
function to represent the Kleinians £y and &, (as well as their complex conjugates) in Weyl
ordering — both for continuity with infinitesimally close ordering prescriptions, in which
the Kleinians are represented by regular Gaussians, and for consistency with algebraic

N on the y or z space as well as with reality conditions

properties of the operators (—1)
on solutions of the Vasiliev equations expanded over Gaussians. The resulting complex
extension of the delta function admits a natural formulation in terms of analytic delta
2n-forms projecting to delta densities defined on S5, which can be represented via Gaussian

delta sequences as well as via generalized Fourier transform.

C One-parameter symplectic subgroups

In this appendix we describe how the subgroup of Sp(2n,R) generated by an element of
its infinitesimal algebra is described in the context of symbol calculus. The purpose of
appendix C.1 is to prove the general formula (3.64) for a one-dimensional group defined as
the exponential of a symplectic operator. In appendix C.2, we discuss some of its properties
in the cases of a non-degenerate matrix G. In appendix C.3, we give an explicit example to
illustrate the projectivity of the metaplectic representation (3.83).

C.1 M-ordered Gaussians

This subsection is dedicated to deriving the expression of the M-ordered symbol of an
operator exponential exp <%X GX ), where £ is a complex number. Singling out the scalar
prefactor £ in the exponent allows to write the equation

9 i € Tav) —
<a§ - 2XGX> exp ($XGX) =0. (C.1)

In the language of the star-product (3.53), one gets the differential equation

0— (a_i(XHaX(MH))G(X—i(M—l)aX)) e ($XGX)]

o 2
‘ ) 1 € 3oz
=<8—ZGX(M+1)G(M—1)0X—XG(M_1)0X_ZXGX_Tr(M+1)G)[e2XGX} ,
9 2 2 2 "
(C.2)
to be solved with the initial condition
a0)=1, B(0)=0. (C.3)
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One can make the following ansatz
{exp (%XGX)}M = a(§) exp (%XB({)X) , (C4)

where «(&) is a number and B(&) is a matrix. The part of the resulting equation that is
bilinear in X gives an equation for B:

9:B = (1+B(M +1))G(1+ (M —1)B). (C.5)

A solution that works for any generator G (i.e. excluding possible projectors that may
preserve the equation for some particular G) is

B(&) = ((tanh¢G) ™' = M) . (C.6)
This can then be plugged in the remaining equation that becomes

dea=3Tr (M+1)G(1+(M-1)B))«

=17y

/-\

(M + 1)G (cosh(£G) — sinh(£G)) (cosh(€G) — Msinh(fG))_l) a

[\

%Tr( (M cosh(¢G) — sinh(£G)) G (cosh(¢G) — Msinh(gc;))*l) a

= —3 Tr (9¢ log (cosh(G) — M sinh(¢G))) a, (C.7)

whose solution compatible with the initial condition finally gives

N 1 4 -1
EXGX)| = <1Xt h(¢G)™ — M X).
[exp ( 2 )]M V/det (cosh(EG) — M sinh(£QG)) P2 ( anh(¢G) )
(C.8)
This concludes the proof of eq. (3.64).
C.2 Number operators
The symplectic coordinates X! can be split into canonical coordinates
~ ~ 1
Xer = P.rX, Pr:= 5 (1 + 6R> €==+1, (Cg)
obeying
(X! Xp| = 2i¢5_oPl,  RXep=ecXen, (C.10)

using a complete pair of orthogonal projectors Pipr formed out of a symmetric square root
R of the unit, viz.
Riy= Ry, Ri7R;% = oK. (C.11)

From Tr R := R;! = 0 it follows that R has eigenvalues 1 with multiplicity n, and hence

det R = (—1)". (C.12)
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From the Baker-Campbell-Hausdorff lemma (3.23), it follows that the quantization map
Opp, given by (3.34) with M = R, obeys

Opple™] = ezK)?Jr%KRK _ eiK)?+ReiK)?_R7 (C.13)
such that (3.37) implies

Opglfs (X4r)f-(X_r)] = Opglf+(X1r)OpgLf-(X_R)] = Opo|f+(X4R)]Opolf- (X_R)],

C.14
that is, R-ordering is a normal ordering. The associated Hamiltonian function | )
Ng = %XRX = —%XIRX_RJ, (C.15)

generates the similarity transformations
exp (710(/)50[/\/3]) Xpexp (—2‘0(/)50[/\/3]) — exp (ief) Xer (C.16)

as can be seen from

OpoWWr] = ;XRX,  OppWWal = —3X{pX_r1,  OpolNa] = OpplN] + 3 .
(C.17)
which implies
[650[-/\/13]7 XER} = E)?GR . (018)

As is well known (see for instance [42, 45] for more details), exp (i@@o V) R]) generates a
U(1) subgroup (of the double-covering Mp(2n,R) of Sp(2n,R)) with noteworthy properties:
at 0 = 7, it exchanges coordinates and momenta (as it appears from (C.16)), thereby
corresponding (up to a phase) to a Fourier transform; at § = 7 it changes sign to X via
adjoint action; and, as it appears from the shift in the third equation in (C.17), for § = 27
the operator exp (27?1'650 [/\/R]> = (—1)"exp <2m'(/)5R [NR]), giving rise to the distinctive
sign of the metaplectic representation in its action on a Fock space.
Its M-ordering symbol is

ex —% 7 cotan g R+ M 71X
{exp(i@@o[/\/}g])} = p< ( () ) >, (C.19)

Mo \/det (cos (§) —isin (§) MR)

in accordance with eq. (3.64), and the prescription we choose to extract the square root of

complex Gaussian symbols as discussed in appendix B.1 and exhibited in eq. (B.9), is such
as to preserve the characteristic behaviour of the corresponding operator as a 2m-periodic
or 2m-anti-periodic function of @ for n even or odd, respectively.?” Note that, because of

2TFor reasons mentioned in section 3.3 and explained in detail in appendix B, to avoid ambiguities we
extract square roots of Gaussian determinants as in eq. (B.9), projecting the result to the principal branch
only at the end of the computation. With this prescription, for 0 = 27 (C.19) gives (detcosm) /2 =
((—1)?")"Y2 = ¢~ = (—1)". Note that a generic different choice, such as, for instance, extracting the

principal square root, would not preserve this sign.
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the singularity that appears when plugging U = —1 into eq. (3.66), there is no canonical
sign associated with the group element U [—1, 0]. By convention, we decide to choose the
representative

U[-1,0]:= limU [ewR, O} = exp (—iﬂ(/)EO[NR]) . (C.20)
0—m
From the considerations above it follows in particular that,
Kp := exp (—inOpg[Nz]) = (=i)" exp (—imOpg[Na]) = (=i)" U[-1,0], (C.21)
is an inner Klein operator, viz.
=~ - _ -~ _ 2
XKp=-KnX, (Kg) =1. (C.22)

Clearly, —f(\R also satisfies these defining properties. The M-ordering symbol of the
Kleinian Kpg is

o~ ~ 1 )

[KR}M = (=i [Ul-1,0)] = —————exp (- XM X)) (C.23)

M et (i)

independent of the polarization. In particular, its Weyl-ordering symbol is
[I?R]O = (=" [dl-1, oﬂo = (2m)"6*(X), (C.24)
where the analytical delta function is defined in appendix B. Choosing
(Rig)*=0oRpy,  o==1, (C.25)

gives rise to compact and non-compact real forms in which

~ P o~ _ ¥ _
<XER) = AogeR (Opo [NRD = —UOPO [NR] ’ (026)
and
SO(2) cSp(2n,R) foro=—1and § € R,

00D, [Nz]) € . (Ca27
exp (i90py [Ar)) {So(l,l)csp(gn,mg) for 0 = +1 and 0 € iR, (€20

C.3 The two-dimensional metaplectic groups

For n = 1, and working with Weyl-ordering symbols, it follows from
det(14+U)=24+trU, (C.28)

that the assignment of patches for Mp(2;C) and its Mp(2;R) restriction is controlled by
the choice of argument of 2 + tr Pr(g), where g € Mp(2;C). For example, in the image of
the exponential map it follows from

g

—

sinhw

] €sp(2;C), exp(—2G) = coshw—2G , w? =—4det G,
w
(C.29)

Glanfi) = [‘“
Y
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that %tr e 2¢ = cosh w; hence,

N 2 sinhw 1 XGX
—2G _
{ {e ”0 (X) = \/ 1+ coshw P ( w 1+ coshw) ' (C.30)

Restricting to Sp(2;R), one has $tr 6_2G|Sp(2;R) > —1.

In particular, the U(1) subgroup elements

¢ —26(0,-0/2,0/2) _ C0§9 sin 0 : w? = —2, (C.31)
—sinf cos6

are represented by the Weyl-ordering symbol

a0 [ sin@iXG(0,-0/2,0/2)X
2G(0,—0/2,0/2) _
[Z/{ [e HO(X)_ 1+c0s96Xp( 0 1+ cosé )
. 2 isin @ 1\ 2 0\ 2
B \/1+cos€eXp(2(1+0089) ((X> +(X) )>  (C:32)

which can be extended across Mp(2;R) by using the real-analytic extension of v/1 + cos 6
defined by

A +cos€’

=V2(-1)V, i\/1—1-(:os¢9

N
9=27N a0 (=17, NeZ,
(C.33)
that is, by choosing the square-root branch such that /1 + cos8 = /2 cos(g). Thus, letting
n = m — 6, such that v/1+cos@ = n/v/2 + O(n?) and sinf = n + O(n?), and using the

analytic delta sequence (B.31) (taking into account also (B.33)), it follows that

1
o—(eN-1)r V2

o [ 0020 )= 28 (20

O—m 0 n—0"

) 1 Xl 2 X2 2
= lim £e ™ (G)+()%) _ 2midy (X1) 60 (X2) , (C:34)
in accordance with (3.78). Likewise, letting ' := m+6, such that /1 + cos 8 = n/v/2+0(n®)
and sin @ = —n’ + O(n?), it follows that

lim [¢f [e=2C¢0O—0/20/2]] (X) = lim 2~ ((XH7H(x)?)
0——m 0 =0 "

g i ()

= —27Ti(50 (X1> 50 (XQ) N
(C.35)

also in accordance with (3.78).
The Sp(2;C) group element —I5 can also be approached along the SO(1,1) C Sp(2;R)
consisting of the elements

_ L
U(a):_bezG(a/z,om:[ 0 1 (C.36)

0 —e™@
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with 2 + tr U(«) < 0; close to —Io, these elements are represented by

AU@]o(X) = ——=e (1 +0(a)). (c31)
with limit R
lim [U(U(a)]o(X) = £2midy (x*) 6 (x2) (C.38)

depending on the choice of branch for the square root.
Thus, the Weyl-ordering representation map can be extended real-analytically from
U(1) uSO(1,1) into
Mp(2;R) = Mp(2;R)+ U Mp(%R)_, (C.39)

by using the two patches defined by

arg(Q + tr(Pr(g)))‘geMp@;R).;_ € {07 77} ) arg(2 + tr(Pr(g»)‘geMp(Z;R)_ € {27T7 377} )

(C.40)
and then complex-analytically from Mp(2;R) into
Mp(2;C) = Mp(2;C)4 U Mp(2;C)-, (C.41)
by using the two patches defined by
arg(2 + tr(Pr(9)))lgenmp(2c), € (=7, 7, arg(2 + tr(Pr(9)))lgenmpc)_ € (7T,3(7T}, |
C.42

where Pr: Mp(2,C) — Sp(2,C).

Finally, as shown in section 3.1 via the Weyl transform, the real-analytic extension
of metaplectic group elements in terms of symbols of operators is analogous to the one
more commonly used in the literature, in which elements of Mp(2n;R) are realized as
Gaussian integral operators on functions ¥ (x) € L?(R"). For example, letting z = X'/v/2,
p=X2/Vv2 and t = —0, the lift of the Sp(2; R) matrix (C.31) into Mp(2;R) is the integral
operator

T[22 y(a) = [ G nalst) (o) da (C43)

where G(z,2';t) is the quantum-mechanical evolution kernel for the harmonic oscillator
H = 1(p* + 2?), viz.

G, a'st) = (e |y =

1 i
Norry exp {QSint ((:L'2 + (:U/)Q) cost — 21‘1")} ,
(C.44)
viewed as a real-analytic function of ¢ € R valued in a space of distributions in = and z’.
Indeed, (C.43) is precisely the integral operator Wy, (—im¢) as defined in (3.26) for n =1, as
it is easy to check directly by recalling (from (C.32) or from the general expression (3.64))
that the Weyl-ordered symbol of the evolution operator of the harmonic oscillator is

[e"HH)o(2,p) = % exp (—itan(t/2)(x? + p?)), which gives
L dp [e*iﬁt]o <$+$/ p> et=2p — 1 exp [ ! ((:c2+($')2> cost—2x:c’)} .
21 J—x 2 V2misint 2sint

(C.45)
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The phase can be extracted by fixing a branch, thus rewriting [46]

G(x,a';t) = e 1 exp [ ! ((3}2 + (x')Q) cost — Qxx')] t#nm, (C.46)
T V2] sint| 2sint ’ ’ '

where [¢] denotes the integer part of £ € R. The real-analyticity in ¢ is manifest for
t € nZ, and

lim G(z,2';5t) =i""6 (x — (—1)"2') , (C.A4T)
t—nmt
independently of whether the limit is taken from below or above. The integer n = —[t/7] is

referred to as the Maslov index of the operator I[e_2G(0’t/2’_t/2)]; in general, this index is a
topological invariant assigned to Hamiltonian flows along paths in Sp(2n; R) whereby to each
symplectic matrix are associated two Maslov indices modulo 4, n and n + 2, determining
the sign of the two corresponding operators in Mp(2n;R) associated to it. This is analogous
to the choice of arg(det(1 + U)) = arg(2 + tr(Pr(g))), assigning the metaplectic patch to a
symbol of an operator.

D Star-product details

The repeated application of the Baker-Campbell-Hausdorff formula (3.23) allows to compute
the product of an arbitrary number of delta operators (3.36):

I R dgn([_H)K ' I I-1 1 I R
12 (Xi):/wn(ﬂ_l)exp DY KM i) S KK iy K (X - X)
=1 0

i=0 i=0 j=i i=
J2n+1) i ; I 1 ] ! ~
:/(277)2”([+1) exp EZZKZ (5Z]M]+(9U)KJ+ZZKZ (X*XZ) .
=0 j=0 i=0

(D.1)

Tracing this object using (3.39) will produce a Dirac delta distribution that will allow to
integrate out Xy. The remaining 2n/-dimensional Gaussian integration (B.40) yields

I
Tr (H A, <Xi>> D)
1=0
1 1
- exp | 2 Xi—X0) (83 M;+0;+Mo) ™ (X;—Xo) | ,
(%)M\/det(i(5iij+9¢j+Mo)) p<2§jzo( o) i+ Mo)™( 0))
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where we used the abusive notation (A;;)~! := (471);;. The following 2 particular cases
are useful in section 3:

Tr (A, (Xo)Apr, (X1)) (D.3)

(2m)™y/det (i( : (i(My + My)) exp (%(XO — X1)(Mo + M) H(Xo — Xl)) )

Tr(An (Xo) A (X1) A (X2)) (D.4)
1 M M M
= i Xo—— X+ iXo——— Xo + iXo— X,
(2m)2n/det (1 4 3M2)) T (Z Y Ve R ey Ve R ey °>
y < o 1M 14+ M 1+ M >
X [R— — —_— — — e —
R U IEE Y R e IHEY V- R s Y VR

E Gaussian holomorphic gauge

The purpose of this appendix is to prove that the solution (2.145), (2.146), (2.155) in
the holomorphic gauge (4.26) is the one that is obtained by solving all equations of the
form (2.136) with the help of the specific homotopy g*1PO " This solution is based on a
family of real symplectic matrices

1452 1—42
u® . —
8 2s + 25

that interpolate between the identity matrix 1 = UI(D) and its opposite —1 = Uﬁ’i). Note

D, (E.1)

that this interpolation in the group is not continuous as the s = 0 element is not defined.
They have the following properties:

_77(D) 2

1-Us7 _ (1-5) <1— 1+SD> : (E.2)
U§D) 2s 1—s

1+s 1+s 1+ s 4s

that are useful in derive the bahaviour of (the z space Hodge dual of) the operators (E.1)
under the relevant homotopy contractor. Indeed, using them after applying the homotopy
formula (4.24) and proceeding to the change of variables

1+s 3
=+a t ds

t= dt=—tr— s E.4
5 +a 2ta(1-9)2 (54

enables one to prove the property

p=0 ,
(E.5)

g*leP0) (dzdzﬁz [Ué@) D = 2z dz@ /1 dS lsp(l—l—S—(l—S)D)}

where the square root that appears is the principal one (i.e. defined for this range of values
by v—1 = i), meaning in particular that one cannot group the factors inside the square
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root. The s = —1 case allows to specialize the linear auxiliary connection (4.24) to the case
of interest, viz.

o PO = —iea’*(am) (dzdztt. [UF), 0])

dza / U U§D>, Lo(l+s—(1- S)D)} (E.6)

p=0

Using the previous equation as a base case for the recursive proof of the result (4.26),
let us assume that there is an order N up to which the one-form fields v[afN] are all of

the form

1 ~
glaD0) _ dza / P 1) U [UP), o1+ 5 - (1-5)D)] (E.7)

p=0
To compute the product of two such elements, one must notice that the family of ele-

ments (E.1) forms in fact a group

uiPuly =i (E8)

§182 7

and that, because it consists in two continuous branches respectively connected to 1 and
to —1, its oscillator realisation (3.68) comes with a sign

81827

1 0 1
NG [Us(1D)7 ]TQ [s(zp)’o}:\/ﬁ

The product of interest reads

u\uih), o] . (E.9)

(aD 0) (aD 0)

d81 1 dSQ

dzap1 dz0p2/ fm( 1) ffnz( 2)

Xuz {U(;D),le(l_{_sl_( —51) ):|Z/{ |:U(2D),482p2(1—|—52—(1—82)p)}

p1=p2=0

1% 5,D0 )uz UR), u]

1 1—
:——dzdz dslfm 81/ dSan2 82) +515 ( ! 5152

(s 32)3/2 21+8182 =0
(E.10)
Defining a new variable s := s182, one can use the lemma (3.106) applied to its one-

dimensional differential to convert the momentum derivatives into a parametric one. This
change of variable is performed via the introduction of 1 = [ dsd(s — s1s9). In this
context, it is useful to define the functional operation

1 1
fur o foas) 1= [ s, / dsa fuy(51) Fun(s2)3(s = s152). (B.11)

Note that the parametric integrals are treated as intrinsically real. In particular, a change
of sign is treated as a transformation of the real segment itself rather than a global phase
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rotation of it. The product becomes

; 1
5@D0)5@D0) — _ * l+s /. 1=sd\= 1.(p
R 32dzdz /_1 45 for © fina(5) §3/2 (1 2 1+sds U [Us ’ 0} ’

(E.12)

Plugging the result of this product and the resolution (E.5) into the formula (2.155) gives

@LaD,O] _ _q»k[aD,O} (

k
— 1+s 1-sd \/E
7dza/ ds(Z n—k © fr(s ))Sg/z(l_2 1—|—5d8>1—8

1 ds -~ () 1
, 2p(1+S+(1-8)D
\/§ Ug 45( ( ) ):|P:0
1 n—1 1+s \/g 1—-sd
—1—6d28,,/ ds 2 1fn ko Ji( )> $3/2 1_3<_2 1—|—8d$)
1 ds ~ (D) 1
3 , ep(l+S+(1-9)D
\/§ {S = ( ) )}p=0

dz@ / Hds (an ko fils ) L[U®), Lp(1+5 - (1-5)D)] (B.13)

p=0

This converts the operator recursion (2.155) with its base case (E.6) into a parametric
recursion

n—1
ols) = = X o0 ls) fils) = -5 (E.14)

The homogeneity of the first equation, related to the one of the pertubative expansion (2.146)
it comes from, allows to rewrite it as

1 on
— 43 Cos <4 fl(s)) , (E.15)
where C,, are the Catalan numbers:
- (2n)!
Co:=1, Cht1:= Z CrCri s C, = (E.16)
= (n+1)

The o-power can be established recursively to be

S L
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Indeed

<—if1(3)>°n o <_411f1(8)) _ G i 5 (f)nﬂ /11 dsy 1 d525 (s — s1892) (10g (%))k—l

i n+1
T (& _1 1)! (6;> (log (s%))k : (E.18)

concluding the proof.

Limit to Weyl order. In Weyl order, the linearised solution (E.6) built in this appendix
corresponds to identifying

qo[a’DO]((SQ( )dzdz) — 20, / e (21+SZDZ+ 1+sz)

(E.20)
p=0
This result is to be contrasted with the fact that the straight application of the standard
homotopy ¢, 00146 a delta-function source is ill-defined [22]. In this respect, the fact that the
r.hs. of (E.20) is independent from the parameter a can be interpreted as a regularization
of the latter resolution, i.e.,

[qg[o,o] (52(z)dzdz)} = lim qfﬁ[“D’O] (52(2)d2d2) ’ (E.21)

q—reg a—0

x[aD,0]

obtained by flowing to qS[O’O] from the resolution operator g, corresponding to the

Gaussian holomorphic gauge. What is interesting to observe is that the solution so obtained

*[0,0]

is identical to the one obtained in [22] by sticking to ¢, and regularizing the delta-function

source as a Gaussian delta sequence,

[qS[O’O] (52 (2) dzdz)]6_reg = ili% q*[0 0 (2 [Rz) dzdz) , (E.22)
i.e.,
«[aD,0 . ox00 (1 <
cltli%q [a.0] (52( )dzdz) = CIL% qo[ ) (27r (Rl dzdz) . (E.23)

In other words, we find here a correspondence between two regularizations: one that entails
regularizing the source itself and one that consists in acting directly on the singular source
with a reordered homotopy. This is one explicit example that shows how the freedom in
choosing M in (3.118) can encode the freedom of realizing the source term on different
functional classes. It would be interesting to understand whether this principle can be
extended to solve more general equations involving singular sources.
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Of course, the D-dependence of the obtained solution shows that the limit to Weyl
order may not be uniquely defined. However, the results collected in [22] and in section 4.3
(via the computations in appendix F) show that the Wilson line observables are in fact
independent from D or similar spinor constructs used to define the regularizations, at least
in the first few perturbative orders.

F Observable computations in holomorphic gauge

In this appendix, we compute the coefficients in eqgs. (2.162) and (2.163) that are relevant
for establishing the results of section 4.3.
F.1 Background terms and protection

Their leading-order contribution only depends on the background, viz.

Bpo = (;;)p Tz (U [(-1)7, 34)) (F.1)

that is, using the lemma (4.20),
Boo = 876 (n) , Boo = 86> (1) , Bro=Po=1. (F.2)
Plugging this into eq. (2.161), one sees that the non-trivial leading coefficients (2.161) read
Q2m.0:2m:0 = (8m)20H(M), 02m,1:2m;1 = 1, (F.3)
Qom11,02m+150 = 807 ([1) , Qom11,12m 151 = 807 (1) , (F.4)

consistently with the literature [28, 30]. As shown in [22], half of the coefficients 3, and
Bp,k are protected, namely (3 ; and ﬂ_l,k, that is to say the ones that are well defined at
i = 0. Indeed, they can then be expanded in powers of u as

L
1(ay)k+ool i o [~ »oo S IF
Bk = I ;:0 il STr; SLA K QZZ;VJ ULJ] . (F.5)
= ji=
v=0

The vanishing of the ¢ # 0 terms is ensured by the graded cyclicity of the supertrace (3.46)
and by the bosonic projection (2.156). This in turn gives

B1k = 0k, Bir =010 (F.6)

F.2 Linear terms in [m,(, +| gauge

To compute the subleading terms, one needs to evaluate the potential 1% along the line, which
is done using the formula (3.93). The first subleading contribution to the coefficient (2.162)
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is given in [m, (] gauge by

oa = 0 e ([ ar e A1, g 9590 11, 5l (-1 4]

—Zp i0 L dt 2
= /d’]’/ ,/dt 1 “t Z ttzltfta —i—C)exp( ptf'zzpt)

x Trs (L{ {(—1)107 % }U [ut, Pt])

_ 1-t 1—uyg
pPt=— 2t C uy

i—PT1eib L dt det(l - Ut) i 2 1
[ (35, + )

2 \/ det (1 ut)

xexp (i (1= (=1") permmyatimma it — (0= 7+ (1P 7) =y 1)

x exp (§ (1 =7+ (=1 7)° pr=i p) Lt 1o (F.7)
ug
In the first case, the expression can be evaluated directly as
Boa = wj Olg (ué‘ — %tumu) exp ( $uC + élt’zt?umu)
= ¢ {exp (—%IT ¢+ ¢ 5 t2 ,um,uﬂ1 o = ¢l (F.8)
where we used the lemma
lim echmt = 0, (F.9)

e—0

which follows from the delta sequence 6(u) = lim¢ g %ei’”’”‘ (see section 3.3 and ap-
pendix B). The observable vanishes in the other case due to the protection argument (F.6).
Plugging these results and the ones from appendix F.1 into the defintion (2.161) reproduces
the results [22]

Aom+1,1;2m+2,1 = €i9 y A2m4-1,0;2m+2,1 = e—iO ) (F.l())
Qam,02m 1.0 = 875 (fi) , Qom 02m 1,1 = 8me” V6% (). (F.11)
F.3 Higher orders in [0, ¢, +] gauge

In the gauge (4.30), the residual gauge invariance of the observables (i.e. their independence
from the spinor parameter ¢) can be shown to all orders in perturbation theory. At order n,
the holomorphic contribution reads

ﬁp,

)
=
D[ =
Iil
N——

</ dry -- / dnH nO U (1, 3] 00U (1, ~ 5]
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When applying the product formula (3.87), the sign is the one
U (-1, 0" = (-plala [~ o] | (F.13)
that can be deduced from the projectivity of the metaplectic representation. One finds

/Bp,n =

Cir (f@ ] e /dnuTrA(

X exp (—zz (Z (17— (~ 1)+ S )(,@) (F.14)

7<i 7>

where the theta functions present in (4.31) are implicitly encoded in the measure. In the
case where n + p is odd, one can apply the lemma (4.20), then integrate all the homotopy
variables u; and get

g (-1 ( ) /T o
(n+1 mod2),n — \— : ENOE
i= 12j<z T] Zj>i(_1)] Ti + %
(F.15)

which is manifestly {-independent. When n is odd, one combination of the 7 parameters
can be naturally integrated out to give

Boaer1 = € B1o0 = €5 . (F.16)

On the other hand, examining (F.14) when n + p is even gives

B(pznmod2),n :27T,L~2p—n ( IUC > /dn /dnu 52 ( N Z UZC‘FTML)) exp(. . )
=1
(F.17)

A change of variable allows to convert this twistor delta function to a parametric one, modulo
taking the jacobian (u(). Because of the analytic continuation discussed in appendix B, it
does not come under an absolute value. One finds

B(pzn mod2),n

= 272 <€2> (uQ)"™™ 1/d" /d"ué( —1)%u ) ) <(21)n Z(l)’n) exp(...)
:27ri2p—n (e;> (MC)n 1/dn lT/dn lu

n—1
X exp ( i (—1) (Z(—1)J‘Tj ~ ST (-1 + Hgl) (Mg)) , (F.18)

i=1 j<i J>i

While the exact boundaries of the u integrals are quite involved in this latest expression,
they are still defined only in terms of each other, 0 and co. This means that one can rescale

— 99 —



those n — 1 integrals by a factor of (u¢) to make the dependence on the latter completely
disappear. While the general evaluation of this integral is left for future work, the n =2
case is more straightforward:

1
1T 2i0 2 +oo . T 20 1
Bop = —e” /0 dT/_oo duexp (—%u) =% (—5) —0. (F.19)
Hence, among the coefficients (2.162), the ones that remain unknown are [, o0 for £ > 2.
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