
Eur. Phys. J. C (2020) 80:696
https://doi.org/10.1140/epjc/s10052-020-8270-6

Regular Article - Theoretical Physics

DSR-GUP Black Hole based on COW experiment
and Einstein–Bohr’s photon box

Nasrin Farahani1, Hassan Hassanabadi1,2,a, Jan Kříž2, Won Sang Chung3, Saber Zarrinkamar4
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Abstract In this paper, by studying the COW experiment
and the Einstein Bohr’s photon box, we investigate the asso-
ciated modified phase shift and Hawking temperature. Next,
we comment on the effective Newton constant suggested by
the doubly special relativity based on the generalized uncer-
tainty principle.

1 Introduction

Recently, it has been proposed that the quantum gravity effect
might modify the ordinary Heisenberg uncertainty principle
(HUP). It means that HUP in the quantum gravity changes
to the generalized uncertainty principle (GUP) [1,2]. The
GUP can be derived from String theory [3], Gedanken exper-
iment, and non-commutative geometry [4,5]. Also, we know
that GUP has a minimal uncertainty in the position at Planck
length order [6]. There are many articles discussing the mod-
ified Unruh temperature in the presence of GUP and its
Heisenberg algebra in the (Anti)-Snyder models [7]. Some
models introduce doubly special relativity based on gen-
eralized uncertainty principle (DSR-GUP). In addition to,
the Planck dimensions are partial the invariancy [8]. Vari-
ous generalizations of HUP are introduced in DSR [9,10].
The experiment by Colella, Overhauser, and Werner (COW)
[11], shows how gravity appears in the realm of quantum
theory [12]. This phenomenon which is studied in a series
of experiments could show the quantum interference caused
by gravity incorporates the gravitational interference pattern
of thermal neutrons. When two beams in a gravitational field
come together in different path, they have a different phase
called the phase shift. We intend to obtain the modified phase
shift based on DSR-GUP [13]. As argued in the following,
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we can derive the modified Hawking temperature [14] for
the DSR-GUP based on Einstein–Bohr’s photon box [15,16].
In the second section, by introducing DSR-GUP, we would
calculate the wave-particle duality based on modified HUP.
Furthermore, we obtain the modified phase shift for DSR-
GUP based on the COW experiment. In the third section, we
calculate the modified Hawking temperature, mass, specific
heat, and entropy based on Einstein Bohr’s photon box for
DSR-GUP black hole. In conclusions, we discuss and com-
pare the mass and thermodynamics properties at different
temperatures.

2 COW experiment based on DSR-GUP

2.1 Modified wave-particle duality based on DSR-GUP

In the Planck dimension, the HUP is modified to GUP which
includes a new parameter β of order Planck length [17].The
generalized uncertainty principle, corresponds to generalized
commutation relations [18].
[
X̂ , P̂

]
= ih̄(1 + β2 P̂2). (1)

In DSR-GUP formalism, Planck dimensions are invariant
[8,19].

[
X̂ , P̂

]
= ih̄

⎛
⎝1 −

∣∣∣P̂
∣∣∣

κ

⎞
⎠

2

, (2)

where κ denotes the Planck momentum [8].
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The representations X̂ and P̂ in Eq. (2) are defined as

X̂ = x̂, P̂ = p̂

1 + | p̂|
κ

. (4)

Also, the representation p̂ based on P̂ is defined as following
with |P|

κ
≤ 1

p̂ = P̂

1 −
∣∣∣P̂

∣∣∣
κ

. (5)

Which will be considered in this paper and the commutation
relations are not necessarily the same as Eq. (2). Furthermore,
we assume a general commutator as [20]
[
X̂ , P̂

]
= ih̄ϑ, (6)

where ϑ = ϑ(P̂) is a function of momentum. The average
value of ϑ , should have a lower bound as

�X ≥ ϑ

�P
≥ 1

κ
. (7)

Considering the relation between the wave-particle duality
and HUP, let us obtain the modified de-Broglie formula from
the DSR-GUP commutator Eq. (6) [21,22].
The modified de-Broglie formula based on DSR-GUP is
given by [20,23,24]

λ = 2π h̄(
P̂

1− |P̂|
κ

) . (8)

Considering the previous equation, we obtain

d

dP̂

(
2π

λ

)
= h̄−1 d

dP̂

⎛
⎝ P̂

1 − |P̂|
κ

⎞
⎠

= h̄−1 1(
1 −

∣∣∣P̂
∣∣∣

κ

)2 = h̄−1ϑ−1. (9)

As we know k̂ = k(P̂). We now introduce a commutation
relation of the form

[x̂, k̂] = i, [X̂ , P̂] = [x̂, k̂]dP̂

dk̂
= i

dP̂

dk̂
. (10)

Comparing Eq. (6) with (10), we have [20]

dk̂

dP̂
= h̄−1ϑ−1,

or

k(P̂) = h̄−1
∫

ϑ−1dP̂. (11)

Fig. 1 COW experiment

in the next section, we use this formula to find a modified
phase shift based on DSR-GUP.

2.2 Modified phase shift in DSR-GUP formalism

The experiment of Colella, Overhauser, and Werner (COW
experiments for short), COW experiments on neutron inter-
ference in a gravitational field, was the first experiment in
which both gravitational and quantum effects where incor-
porated [25]. In 1975 the first observation of gravitationally-
induced quantum interference was made in a neutron inter-
ferometer experiment [26]. This experiment was based on
the phase shift induced by a gravitational field in the field of
quantum interference of two neutron beams in different direc-
tions. As shown in Fig. 1, two neutron beams in two paths
ABC and ADC influenced by gravitational field by consider-
ing DSR-GUP have a phase shift that depends on DSR-GUP
[13]. Therefore, we investigate the quantum mechanical the-
ory describing the COW experiment with the assumption
“DSR-GUP” background described by Eq. (2). We intend to
investigate the effects of DSR-GUP formulation of the COW
experiment [27]. The phase shift formula previously reported
in experiments is [20]

�ϕ = mgA

h̄v
. (12)

Now, by considering the phase shift of Ref. [20], we have

�ϕ′ = 2π

(
L

λ2
− L

λ1

)
= L�k = L

�k

�P
�P, (13)

where �P is the difference in momentum between two hor-
izontal beams in Fig. 1. Since �P is a small quantity, by
considering Eqs. (11) and (13), we have

�ϕ′ ≈ L
dk

dP
�P = h̄−1ϑ−1L�P. (14)

The neutron beams obey the energy conservation law and by
assumption v = (P1 + P2)/2m, we obtain

mgQ = P2
2 − P2

1

2m
= v�P. (15)
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By inserting Eq. (15) into (14), we have

�ϕ′ = mgQL

ϑ h̄v
= mgQL(

1 − |P|
κ

)2
h̄v

= mg′A
h̄v

. (16)

We obtained the modified phase shift from DSR-GUP, where
g′ = g/ϑ, A = QL . When ϑ = 1, Eq. (16) reduces to the
ordinary form of Eq. (12).
In the special case, we suppose that the deformed parameter,
for the i th case is κi and the modified phase shift is �ϕi , and
for the j th case, we have κ j and �ϕ j , therefore, we have

�ϕ j − �ϕi = mg′
j A

h̄ν
− mg′

i A

h̄ν
, (17)

or equally

δϕ = mAδg′

h̄ν
, (18)

where δϕ = �ϕ j−�ϕi and δg′ = g′
j−g′

i . Thus, the intensity
in the interference region as a function of g′ represents a
periodic behavior. We call δg′ the difference in g′ needed to
produce successive maxima.
We can easily show that

mAδg′

h̄ν
= π �⇒ δg′ = h̄νπ

mA
or

mA

h̄νπ
= υ j − υi

g
. (19)

Then, we obtain

mgA

h̄νπ
=

⎛
⎝ 1

(1 − |P|
κ j

)2
− 1

(1 − |P|
κi

)2

⎞
⎠ , (20)

where κi and κ j are the deformed parameters.

3 Modified Hawking temperature based on DSR-GUP

Einstein suggested assuming a box with perfectly reflecting
walls containing photons. Inside of the box, a clock mech-
anism could open and close a shutter at a predetermined
moment t for a time interval �t short enough to let just one
photon irradiate [20]. Therefore, when �t tends to zero, the
photon emission time can be exactly known. Before and after
emission, we are to weigh the box and from the difference
in the weight we could accurately determine the energy E of
the photon. Thus, as Einstein mentioned, the photon emitted
violated the Heisenberg relation (HUP) [28,29].

On the other hand, Bohr believed that the problem orig-
inates from the nature of time since time is not a quantum
mechanical observable and we could not use it from HUP.

We know that the gravitational force (g�m) related to the
mass, acting a time t yields the momentum change

�P = g�mt. (21)

By substituting �P into HUP we have

�X ≥ h̄

�mgt
. (22)

We know that for the clock in the box the period time is given
by [20]

�t = g�X

c2 t. (23)

By inserting Eqs. (23) into (22) we have

�t ≥ h̄

�mc2 . (24)

Using Eq. (24) and replacing into �E�t ≥ h̄ we obtain

�E ≥ h̄c2

gt�X
. (25)

Now, we simply find

�Pmin

t
= ϑ h̄

t�X
≤ g�m, �Pmin = ϑ h̄

�X
. (26)

ϑ h̄ = �X�Pmin ≤ �m(g�X)t, (27)

By replacing Eq. (23) into the previous equation we have

ϑ h̄ ≤ c2�m�t = �E�t. (28)

Then, we have

�EDSR−GU P ≥ ϑ h̄c2

g�Xt
= h̄c2

g′�Xt
, (29)

where g′ = g/ϑ . The time uncertainty becomes

�t ′ = g′�X

c2 t, �t ′ = �t/ϑ, (30)

where G ′ = G/ϑ is just the one proposed in Refs. [20,27].
Meanwhile, we obtain the modified Schwarzschild metric
and modified Newton constant inspired by DSR-GUP as

ds2 = −
(

1 − 2G ′M
c2r

)
c2dt2 +

(
1 − 2G ′M

c2r

)−1

dr2

+r2dθ2 + r2sin2θdφ2. (31)

Now we consider a DSR-GUP black hole described by (31),
with ϑ = (1 − |P|

κ
)2. Let T denotes the black hole tem-

perature, and the characteristic momentum being defined as
kBT/c [20], then the mass becomes

M̃ = M

(1 −
∣∣∣ kβT

c

∣∣∣ /κ)2
. (32)
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Fig. 2 Plot of the modified
temperature-Hawking
temperature relation for the
T DSR−GU P
H with κ = 0.15, 0.25

and 0.35 where we set
h̄ = c = kB = G = 8π = 1.

Fig. 3 Plot of the modified
mass-temperature relation for
the MDSR−GU P with
κ = 0.15, 0.25 and 0.35 where
we set
h̄ = c = kB = G = 8π = 1.

The horizon is determined by rT = 2GM̃/c2. Also, for mod-
ified temperature based on DSR-GUP from Hawking temper-
ature becomes

T DSR−GU P
H = h̄c3

8πGkB M̃
= TH

(
1 + k2

βT
2

κ2c2 − 2

κ
|kβT

c
|
)

.

(33)

In Fig. 2, we see that the modified Hawking temperature vs.
temperature first tends to zero and next becomes increasing.
Also, for decreasing κ , the minimum tends to zero.
As depicted in Fig. 2 that T DSR−GU P

H approaches to a min-
imum value at

T ≥ T0 = cκ

kB
. (34)

By solving Eq. (33) as a quadratic equation, we obtain the
modified mass for DSR-GUP in the form

MDSR−GU P = h̄c3

8πGkB

(
1

T
+ k2

BT

κ2c2 − 2kB
κc

)
. (35)

Figure 3 shows that the modified mass vs. temperature is
first decreasing and then increasing. For increasing κ , the
minimum point shifts to higher temperatures.
Thus, the specific heat for the DSR-GUP black hole can be
defined as

CDSR−GU P = c2 dM
DSR−GU P

dT

= h̄c5

8πGkB

(
− 1

T 2 + k2
B

κ2c2

)
. (36)

It is worth noting that the specific heat at temperature of Eq.
(34) vanishes [30]. Figure 4 shows that the modified specific
heat vs. temperature is increasing and tends to saturation
point which is higher for smaller κ .
The entropy for the DSR-GUP black hole is finally obtained
as

SDSR−GU P =
∫

CDSR−GU P

T
dT

= h̄c5

8πGkB
(

1

2T 2 + k2
B

κ2c2 Ln(T )). (37)
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Fig. 4 Plot of the modified
specific heat-temperature
relation for the CDSR−GU P with
κ = 0.15, 0.25 and 0.35 where
we set
h̄ = c = kB = G = 8π = 1.

Fig. 5 Plot of the modified
entropy-temperature relation for
the SDSR−GU P with
κ = 0.15, 0.25 and 0.35 where
we set
h̄ = c = kB = G = 8π = 1.

Figure 5, modified entropy vs. temperature, represents a min-
imum and then tends to zero for large enough temperatures.
In addition, Eqs. (33), (35) and (37) it is deduced that the
minima of Hawking temperature, modified mass and mass
and modified entropy all occur at T0 that it shows in Eq.
(34).

S(T0) = h̄kBc3

16πGκ2

(
1 + 2Ln(

κ

c
kB)

)
. (38)

4 Conclusions

In this paper, we investigated the modified phase shift based
on the COW experiment for DSR-GUP. Also, by studying the
Einstein Bohr’s photon box, we obtained modified Hawking
temperature for DSR-GUP and some black hole properties
including mass, specific heat, and entropy. We demonstrated
that the COW experiment and Einstein Bohr’s photon box
due to the modified effective gravitational field and related
to DSR-GUP. Notably, black hole properties depend on the
temperature, that’s why we have plotted them versus tem-
perature. We have seen that the modified Hawking tempera-

ture versus temperature first tends to zero and next becomes
increasing. Also, for decreasing κ , the minimum tends to
zero. Then, we have plotted the modified mass versus tem-
perature which is first decreasing and then increasing. For
increasing κ , the minimum point shifts to higher tempera-
tures. After that, we have plotted the modified specific heat
versus temperature which is increasing and tends to a satu-
ration point which is higher for smaller κ . Finally, we have
plotted the modified entropy versus temperature, which rep-
resents a minimum, and next tends to zero for large enough
temperatures. In addition, it is seen Eqs. (33), (35), and (37)
that the minima of modified Hawking temperature, modified
mass, and modified entropy all occur at characteristic tem-
perature T0.
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