PHYSICAL REVIEW D 108, 054019 (2023)

Doubly heavy tetraquarks: Heavy quark bindings
and chromomagnetically mixings

Xin-Yue Liu,"" Wen-Xuan Zhang,"* and Duojie Jia L2
'Institute of Theoretical Physics, College of Physics and Electronic Engineering,
Northwest Normal University, Lanzhou 730070, China
2Lanzhou Center for Theoretical Physics, Lanzhou University, Lanzhou, 730000, China

® (Received 12 March 2023; accepted 11 August 2023; published 13 September 2023)

We introduce an enhanced binding energy B, between heavy-heavy quarks QQ and a flux-tube
correction into the chromomagnetic interaction model to study nonstrange doubly heavy tetraquarks 7'y
(Q = c, b). Asimple relation in terms of baryon masses is proposed to estimate the binding energies By and
thereby map the flux-tube corrections in doubly heavy tetraquarks 7', T}, and T,.. Our computation via
diagonalization of chromomagnetic interaction predicts the doubly charmed tetraquark 7'.. (in color
3. ®3.)and T, (in6, ® 6,.) with IJ* = 01* to have masses of 3879.2 and 4287.6 MeV, respectively, with
the former being in consistent with the measured mass 3874.7 4= 0.05 MeV of the doubly charmed tetraquark
T..(1*) = ccid discovered by LHCb. Further mass predictions are given of the doubly bottom tetraquarks
T, and the bottom-charmed tetraquarks 7', with J* = 0%, 17,2 and 7 = 0, 1. A chromomagnetic mixing
between the color configurations 3, ® 3, and 6, ® 6, is noted for the bottom-charmed states T, with

1JP = 01* and IJ? = 1(0*, 17).

DOI: 10.1103/PhysRevD.108.054019

I. INTRODUCTION

Multiquarks like tetraquarks (with quark configuration
¢*@*) and pentaquarks (¢*7) had been suggested earlier at the
birth of the quark model [1,2] long before the advent of
quantum chromodynamics (QCD). The multiquarks are
considered to be exotic as they do not fit into conventional
scheme of hadron classification via meson and baryons
whereas they are allowed by QCD in principle. The first
explicit calculation of multiquark states was carried out in the
1970s based on the MIT bag model [3,4]. These and other
early theoretical explorations triggered a lot of experimental
searches with no conclusive results until 2003 when the Belle
collaboration discovered the first exotic hadron X (3872) [5].

Since the discovery of the X(3872), which was con-
firmed by other experiments [6], many tetraquark candi-
dates have been observed later, which include the
charmoniumlike states such as the Z.(3900) [7] and many
others [6]. Recently, the LHCb collaboration reported
a discovery of the first tetraquak with two charm quarks,
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the X(3875) state (IJ¥ =017) [8,9]. This observation
arouses interest of the doubly heavy (DH) tetraquarks
Tpo(Q = c.b) and led to a set of studies on them based
on pictures of hadronic molecular [10-13] and of the
compact tetraquark [14-22]. See Refs. [23-25] for reviews.

The purpose of this work is to introduce a binding energy
B between heavy-heavy quarks to study DH tetraquarks
T o in the framework of chromomagnetic interaction model.
We use a simple relation connecting the measured masses of
baryons to estimate By, and compute the ground-state
masses of the nonstrange DH tetraquarks 7'.., T;;, and
T,. via diagonalization of the chromomagnetic interaction
(CMD). For the masses of the doubly charmed tetraquark we
predict M(T..,17) =3879.2 MeV and M(T:.,1%) =
4287.6 MeV, with the former being in consistent with that
of the LHCb-measured mass 3874.7 £ 0.05 MeV. The
further computation of masses of the DH tetraquarks 7',
and 7', is performed similarly. A discussion is given for the
chromomagnetic mixing among the color-spin states of the
tetraquarks with color configurations 3, ® 3. and 6, ® 6.,
mainly occurred for the bottom-charmed states 7. with
1JP =01" and 1JF = 1(0F, 17).

After introduction, in Sec. II, we describe the CMI model
for the DH tetraquarks and classify wave functions of the
nonstrange DH tetraquarks via their symmetry in color and
spin-flavor spaces. In Sec. III, three sets of the parameters
involved in the CMI model are determined, including the
binding energies. The numerical results are given in details
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for all nonstrange DH tetraquarks 7., Tp,, and Tp, in
Sec. IV. We end with conclusions and remarks in Sec. V.

II. CHROMOMAGNETIC
INTERACTION MODEL

For ground state of a multiquark 7yy = 00qg (Q =
¢, b,q = u, d), the chromomagnetic interaction model is
given by the Sakharov-Zeldovich formula [26,27]

M = Z(m, + E;) + Bgg + (Hemr)s (1)

where m; (i = 1, ...,4) is the effective mass of the ith quark
in hadron which can be the charm (c¢), bottom (b), or the
light nonstrange (¢ = u, d) quark, E; is the effective energy
of color flux attached to the ith quark, By, stands for
enhanced binding energy between two heavy quarks
QQ(=cc, bb,bc), which enters here to account for an
extra binding between QQ compared to that among the
light quarks [28], and Hcyy is the chromomagnetic inter-
action in hadron, given by the Hamiltonian [29]

—le O'O'mAm

i<j J

(2)

Heyy =

Here, A; is the Gell-Mann matrices and o; stand for the
Pauli matrices associated with the ith quark, or the ith
antiquark for which A; should be replaced by —A;. The
averaged matrix (Hcyy) of the CMI in Eq. (1), evaluated in
tetraquark configurations, has been simplified to the
Hamiltonian equation (2) in color-spin space, with
the parameter A;; describing the effective CMI coupling
between the ith (anti)quark and the jth (anti)quark.

As the flux tube energy E; (associated with the quark i)
in our flux-tube model stems from gluon dynamics, it is
believed to be flavor independent in the chiral limit
(m, — 0) and heavy quark limit (my — o0). In the real
world where quarks in hadrons have finite masses, how-
ever, E; (scales with the size of hadrons) acquires its
average value in hadrons that slightly depend on the flavor
content of the hadrons, as the latter are of multiscales in
dynamics and asymmetric in quark configuration. So,
despite that E; and the ensuing tetraquark mass nearly
degenerate, we keep in our approach E; a dynamical
variable rather than a parameter having common value
for different flavor contents of hadrons.

In order to find the spin multiplets and their state mixings
due to the CMI in Eq. (1), one has to exhaust all possible
spin and color wave functions of a tetraquark system and
combine them appropriately with the flavor configurations
so that they satisfy the constraint of the flavor-color-spin
symmetry from Pauli principle. Obtaining the wave func-
tions, one can calculate the matrix elements of Hcyy using
the approach illustrated in Refs. [30,31].

For the spin configuration of the tetraquark QQgg, the
possible wave functions (denoted by y7) are

21 =100102)1(3334)1)2. 23 =1(0102)1(384
25 =100102)1(3334)1)0: x4 =1(0102)1(3334)0)1>
25 =00102)0(3334)1)1- 26 =1(0102)0(@3G4)0)0- (3)

where the subscripts of numbers denote spins of the heavy
diquark, the light antidiquark, and the tetraquark state.

Based on the color SU(3), symmetry, one can obtain two
combinations of color singlets 6, ® 6. and 3, ® 3, for
tetraquarks, which are

T

1 __
— (rrfF + gggg + bbbb)

V6

(rbb¥ + brb¥ + grgr + rggr + ghbg + bgby

o7 =(010,)%(3334)%) =

1
+
2v/6

+ gr7g + rgvg + gbgb+bggh + rbrb + brﬂ;), (4)

P5 = 1(0102)%(3334)%).

1 _ _ _ _
= ——(rbb¥ — brbr — grgr + rggr + gbbg — bgbg

2V/3
+gr7g — rg¥g — gbgb + bggh — rb¥b + brrb).  (5)

For the nonstrange tetraquarks with given heavy pair
Q0, the isovector states QQ{77} , and the isoscalar states
QQ[ni], do not mix since we ignore isospin breaking
effects. So, we are position to combine the flavor, color,
and spin wave functions together provided that the con-
straint from the Pauli principle is imposed. In the diquark-
antidiquark picture, there are 12 possible bases for the
wave function, which are in terms of the notation
|(QQ)C%kr (gg)<olery in diquark-antidiquark picture,

spin spin
Tl = 1(0102)8(8334)5),01,5%.
DT = 1(0102)3(8384)7),5%,85,
DAy =1(0102)§(3384)8),61,0%.
A = 1(2102)3(3334)3),6%,8%,
DTk = 1(0102)3(8384)5)001:5%.
PIrT = 1(2102)3(3334)3)00%,8%
DTk = 1(0102)(8384)5), 61,53,
Pk = 1(0102)1(8384)3),63,5%.
DTrk = 1(0102)8(8334)8),63,5%.
PLrk = 1(0102)3(8384)3),61,5%,
PTat = 1(2102)§(a334)5)00%,6%
PLrl = 1(0102)3(8384)3) 0012 5%. (6)
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where we employ a set of delta notations to reflect the
requirement of the flavor symmetry. The notation &5, = 0
(85, = 0) if two light quarks g3 and g, are symmetric
(antisymmetric) in flavor space, and &, = 0 if two heavy
quarks O = Q, are symmetric in flavor space. In all other
cases, all these delta notations are one: &3, = &, = 1,
8 =8 = 1.

In order for the tetraquarks 7'y in the ground states, we
consider two classes: (i) the isospin / = 0. In flavor space,
light antiquark pair 7272 is antisymmetric (isosinglet), and two
heavy quarks are symmetric if QQ = cc or bb, while they
have no certain symmetry if QQ = bc; and (ii) the isospin
I = 1. In flavor space, light antiquark pair 77 is symmetric
(isovector), and two heavy quark are symmetric if QQ = cc
or bb, and they have no certain symmetry if QQ = bc.

With the corresponding wave functions, we then use
Eq. (2) to evaluate the CMI matrices for all ground-state
configurations. Using notation V;; = A;;/(m;m;), the cal-
culated results of the CMI matrices for the involved color-
spin configurations of the DH tetraquark Q Qi are shown
in Table I in detail.

III. DETERMINATION OF PARAMETERS

As a mass formula for hadrons in ground state, Eq. (1)
should be applicable to the conventional hadrons for which
most measured or empirical data are available and the
numbers of quarks in hadrons become less and some of
them may be antiquarks. Further, the binding energy term
will be absent when the hadron considered contains only
one heavy quark. In this section, we demonstrate that the
measured mass data from the conventional hadrons are
sufficient to determine three parameters in the formulas (1)
and (2): E;, the flux-tube energy, By,, the enhanced
binding energy for the heavy pair QQ in Eq. (1), A;;,
the CMI coupling between the ith quark and the jth quark
in Eq. (2).

We note that the binding energy term By is absent when
Eq. (1) applies to mesons and baryons with only one heavy
quark. With respect to the measured masses of the ground-
state hadrons with one or two heavy quarks, we summarize
their mass expressions, given by Eq. (1), in Table II for the
charmed sector and in Table III for the bottom sector.
There, the masses of the E}. are taken from the estimate

TABLE 1. The CMI matrices for the tetraquarks ccnn, bbin, and bein with respective quantum numbers, color-spin wave functions.
The parameters V;; = A;;/(m;m;).
System 1 Wave function Hewn
cci o1t (P3xs D) SVie =8V, —8V2V,,
( —8V2V,, 4V, —%V,m)
10+ (D215 d1xe) (g( —4V, 4+ V) 86V, )
8V6V,, 4(Vee + Vi)
1 (#3x2) 5( =2Ven + Vi)
12+ (¢2)(1 3 (Vcc + 2Vcn + Vnn)
bbnn 01+ (D5xs dixt SV —8V,, —8V2 V,,,,
( —8V24,, 4V, =3V, )
10+ (Yo (§ (Vi =4V + Vo) 8[ 6V, )
86V, 4V + Vo)
11+ (5T %(Vbb -2V, + V)
12+ (@ax1) S(Vip +2Vin + Vi)
benn 00" ((f)z)((, (]51)(3 —8(Vpe + Voun) 4\/6(Vbn + V)
4\/6(Vbn + Vcn) _%(Vbc + lovbn + 10Vcn + Vnn))
01+ B3xs diad 1) $Vie =8V, =8V = Ven) ~4V2(Viy + Vi)
BV =Var)  =2(Vie + Vi +5Ver + Vi) =292V, = V)
_4\/§(Vbn + Vcn) 20;/_ (Vbn - cn) 4Vbc - Vnn
02+ ¢l)(1 _%(Vbc_svbn_svcn+vnn)
10* (@273 P1x6) ( (Vie =2Vin =2V + Vi) 4V6(V), + vm>)
4\/6(‘/1711 + vcn) 4(vbc + Vnn)
11+ CLVER YN IVEN: S (Ve = Vi =Ver + Vi) =3V2(Vir = Vi) =8(Viy = Vo)
2(Vbn - vcn) _gvbc + % Vrm _4\/§(Vbn + vcn)
=8(Viu = Ven) ~4V2(Vi + V) =3(Vie =3V,)
12+ (bixi FVoe + Vi + Veu + Vo)
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TABLE 1L
m. = 1440 MeV [32]. The masses are in MeV.

Quark model description of the charmed hadrons, in

which m, = m; = m, = 230 MeV,

Hadron JP Mass expression of hadrons Experiment [6]
e 0~ 2(m, + E.) + Bz — 16;};‘;_ 2983.9
J/¥ 1- 2(m, + E,) + B.: + %6% 3096.9
Af 1+ (me+ Ec) +2(m, + E,) — 82 2286.5
Z b (me+ B+ 20m, + E,) =Bt 4 24540
¢ 3+ (me + E.) +2(m, + E,) + 10 Aa 4 8 Au 2518.4
E"'C %+ 2(’/nc + Ec) + (mn + En) + Bcc - z_szé;;;” + %ﬁ 3621.6
Ezc %+ Z(mc + EL) + (mn + En) + B(rc + ?,;:{,:,” + %,:L‘,;,L 3728.1
TABLE 1III. Quark model description of the bottomed hadrons in the groundstate, in which

m, = my = m, = 230 MeV, m;, = 4480 MeV [32]. The masses are in MeV. The data marked with a are from

the lattice data [33].

Hadron Jr Mass expression of hadrons Experiment [6]
1 0~ 2(my + E,) + Byj — 16,2’;:% 9398.7

Y - 2(my + Ep) + By + 1820 9460.3

A 5 (my + Ep) +2(m,, + E,) — 872 2619.6

zb %+ (mb +Eb) +2(ml’l +En) _¥n:i;:l,, +§mf,‘;;'r’t,, S813.1

b 3+ (my + Ep) +2(m, + E,) + 10 4m 4 8 Au 5832.5

Epp L+ 2(my, + Ey) + (m, + E,) + By — F o 4 8 An- 10091.0¢
Ehb 3 2(my, + Ep) + (my + E,) + By + 1020 4 82 10103.0¢

M(E;) =M(E.)+ AM(E..) = 3728.1 MeV, where
AM(E..) =3/4M(D*°,17) = M(D°,07)] = 106.5 MeV
are obtained by the heavy quark-diquark symmetry [34,35].
In Table III, the masses of the doubly bottom baryons,
M(Z,,) = 10091.0 MeV and M (E;,) = 10103.0 MeV are
from the lattice data [33].

A. The coupling paramters A;

We consider first the CMI coupling A;; in Eq. (2) which
is related to the mass splitting between hadrons with same
flavor content but different spin configurations. We evalu-
ate all couplings A;; via the hyperfine spin splittings of the
conventional mesons and baryons provided that these
couplings are approximately same to the CMI couplings
for the DH tetraquarks with color configuration 3, ® 3, in
Eq. (5). For the tetraquark with the 6. ® 6, configuration,
for which chromodynamic is not directly available in the
conventional mesons or baryons associated with the con-
figuration 3, (or 3,), we employ the ratios of the color
factors of the two configurations to scale the CMI coupling
A;; and By, for the configuration 3. ® 3, of the tetra-
quarks to that for configuration 6, ® 6.

Application of Eq. (1) to the charmed and bottom
hadrons of the system cc, bb, cnn, ccn, bnn, and bbn
enables us to rewrite the mass expression of them explicitly.

We list these mass expressions for the charmed hadrons
J/¥, 1., A, 2, 2, B, and B, in Table IT and the bottom
hadrons T, n,, Ay, Zp,, X, Eyp, and ;) in Table III. Using
these mass expressions of the J/¥ and the 7., the E.. and
&%, one can find the mass splitting between them. Same
computation applies to the hadrons Y and #,,, E,;, and Ej,,
Bfand B}, as well as the light nucleon systems of the N
and A. The results for the mass splittings are

64 A
MIJ/P)-M =< 7
w M) =GR )
64 A
M(YT)-M = — 8
() - M) = & 2 )
64 A,
M(BF M(B:T) = d
(52) - M) = S e )
M(E:) - M(E.) = 16-2 (10)
—cc —cc - mcmn’
Abn
M(E:)—-ME,,) =16 , 11
(S0 - ME) = 1622 ()
M(A) = M(N) = 16 (12)
- m,m,’
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where masses of the nucleons have the form, in terms of
Eq. (),

8A
M(N) =3(m, + E,) ——=939.6 MeV,  (13)
mnmn

8A
M(A) =3(m, +E,) + —" =1232.0 MeV.  (14)
m

nmn

Given the measured masses [6] of the hadrons J/P, the
1., the T, n,, and other heavy baryons in Egs. (7)—(12), as
well as the nucleon masses given in Eqgs. (13) and (14),
the M(B:") = 6332.0 MeV in Ref. [39], one can use
Egs. (7)—(12) to determine the CMI coupling parameters
Acer Apps Apes Aens Apns Ay The obtained results for these
couplings are collected in Table I'V. Here, we show how the
parameters A;; are solved via taking A.. and A, for
instance, as example. One can employ Egs. (8) and (9) to
solve them, in which the data for the lhs for these two
equations are provided by the first and second lines of
Tables II and III, respectively, while the quark masses
m, = 1440 MeV and m;, = 4880 MeV on the rhs of the
Egs. (8) and (9) are provided in the captions of the Tables II
and III. As such, one can rewrite Egs. (8) and (9)

64 A
3096.9 MeV —2983.9 MeV = — ——¢¢____
¢ " T3 (1440 MeV)?

64 Ay
9460.3 MeV — 9398.7 MeV = — b
¢ ' T 34880 MeV)?

and solve them. The obtained results are A.. =
0.01099 GeV and A,, = 0.05800 GeV, respectively, as
listed in Table IV. The same procedure applies to solve
the values of the other parameters A;;, using the data listed
also in the Tables II and III, and the data M(B:") =
6332.0 MeV in Ref. [39].

During solving the parameters A;; via Egs. (7)-(12) we
explain briefly why we use the doubly heavy baryons E,
and Ej,, to solve Ay, instead of using the singly heavy
baryons X, and X7, ,. In order to address the doubly heavy
tetraquarks, which are, in framework of our model, more
similar in color dynamics to the doubly heavy baryons than
to the singly heavy baryons, we employ the former in
Egs. (11) and (12) to solve Ay,. Further, we use a unified

mass scheme (m, =220 MeV, m, = 1440 MeV, and
my, = 4880 MeV) for the quark involved since this set
of quark mass inputs are in consistent with Regge phe-
nomenology of excited hadrons (see Appendix A of
Refs. [32,37]), which are close to the values (around
220 MeV for m,) in relativistic models like Ref. [38]
but generally smaller than other inputs (more than
300 MeV for m,,), mostly in nonrelativistic quark models.
We remark that redefining m; + E; as effective mass or
some parameter solely may lead to two different schemes of
quark masses separately for mesons and baryons [28,36]
which are essential to manifest the variation of the flux
energy in two systems.

In Table IV, the CMI couplings A;; describe strength of
the effective color-charge (coupling) of the interaction
between the magnetic moments of quark i and j, which
are normally proportional to lim,_. _o|¥;;(x; —x;)|* =
|¥;;(0)?, the overlap of probability amplitude of quark i at

position x; and j at position x; near the zero distance

x; —x; = 0. This overlap is enhanced (~1072 GeV?) for
the heavy quark pairs ij = cc, bb, and bc as heavy quarks
tend to be closer to each other most of the time while the
overlap is to be suppressed when the pairs ij contain light
quark n (ij = cn, bn, or nn) as n tend to be apart averagely
from other quarks due to its relativistic motion. As a
relativistic corrections to the chromoelectric interaction
(spin-dependent interactions), the CMI interaction in
Eq. (2) should drop rapidly as x; — x; increase.

Though it is small some “muck’ effect may exist for the
charm quark ¢, which smears the locality of the charm
quark and the overlap [¥;;(0)|* is relatively larger for the
pair ij = cn than for the pair ij = bn, where b is nearly
local and the overlap of the quarks is suppressed. In the case
of the pair nn, the CMI coupling A,,, (overlap) is sup-
pressed due to both of the relativistic motion and “brown
muck” effect: n tends to be away averagely from other
light quark.

B. The binding energy B,y (Q=c.b)

To extract the binding energy By, (Q = ¢, b) for two
heavy quarks QQ and B, for a heavy-antiheavy pair QQ
from heavy conventional hadrons (mesons, baryons), we
utilize a set of simple relations relating the measured
masses of the established hadrons. The main idea of the

TABLE IV. The extracted coupling parameters for the CMI and comparison with that in Ref. [36].

Coupling ij=cc ij=cn ij=>bb ij=bn ij=bc ij=nn
Ajj (GeV?) 0.01099 0.00221 0.05800 0.00077 0.01742 0.00097
A;j/mim; (MeV) 5.30 6.66 2.89 0.75 2.70 18.34
%Aij/m,-m_,- (MeV) 14.13 17.76 771 2.00 7.20 48.91
a;; (MeV) [36] 0.04155 0.00658 0.19841 0.00659 0.07333 0.00659
a;;/m;m; (MeV) [36] 14.20 10.60 7.80 3.60 8.50 50.00
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o000  $010803
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FIG. 1. The binding energies By and By, between one heavy
and one antiheavy quarks and between two heavy quarks are
evaluated by the sum of the mean masses of the first and the last
hadrons minus that of others. The black (gray) solid circle stands
for the bottom (charm) quark b(c). The hollow circle stands for
the nonstrange (u, d) quarks.

relations for the By is illustrated in Fig. 1. Take Fig. 1(a)
for instance, it shows that the binding energy (B,z) between
the charm quark ¢ and the anticharm quark ¢ is measured to
be the sum of mean masses of the c¢¢ system (M ;) and the
light (nonstrange) meson ni systems (M ,;), subtracted the
mean mass of the singly charmed mesons (M.;) twice,
which conceals all charm (anticharm) quark masses and
that of the light quarks, left only with binding energy. The
procedures for B,; in Fig. 1(c) and for B,; in Fig. 1(e) are
similar: the pair ¢ and the c7 are replaced by the bb and
the b, or by the pair b¢ and both of the ci and the b,
respectively. In the cases of the binding By, between pair
00, it is measured to be the sum of mean masses of the DH
baryons (M y,) and the light nucleons (M,,,,), subtracted
the mean mass of singly heavy baryons (M,,) twice,
which conceals all heavy quark masses and that of the light
quarks. This relation is shown in Fig. 1(b) for the system
ccn, Fig. 1(d) for the bbn, and Fig. 1(f) for the bcn, where
the black (gray) solid circle stands for the bottom (charm)
quark while the hollow circle stands for the light quarks.
Corresponding to these subfigures, the relations are listed
in Table V collectively.

Given the relations in Table V, one can estimate B,
(and Byp) using the measured (mean) masses [6] of the
observed mesons and baryons involved, with the results
listed in the second column of Table V. One exception is

TABLE V. The binding energies between one heavy quark and
another heavy quark or antiquark and their values computed via
the relations in the first column.

The binding energy Value (MeV)

B =M —2M; +M,; -257.9
By = Myp = 2Mp; + M5 —-562.0
Bpe = My = My = M + M,; —349.1
Bee =Mep = 2M oy + My, —166.8
Bbb = Mbbn - 2Mbnn + Mnnn —418.6
Bbc = Mbcn - Mbrm - Mcnn + Mmm -217.5

By, for which the masses of the baryons =, and Ej_ are
from the lattice computation, M(E,.) = 6943.0 MeV,
M(E;,) = 6985.0 MeV [40]. Notice that in Table V the
notation M with quark subscript represents the mean
masses of the hadrons in the sense that the CMI are
minimized. All mean masses for the hadrons involved
are evaluated from the measured data of the hadrons and
shown in Table VI explicitly, with exception for the pion
mesons with M(z) = 154.0 MeV predicted by the relativ-
istic quark model [41]. We choose the value that is slightly
larger than measured data (140 MeV) for the pion since the
pion is believed to be suppressed in mass normally by chiral
symmetry (the Nambu-Goldstone mechanism) [42]. For
Bpp, our values are in consistent that predicted by
Ref. [36], for instance, our value B.; = —257.9 MeV is
close to the prediction B.; = —258.0 MeV in Ref. [36].

C. The flux energy E;

We assume in this work that the DH baryons and the
singly heavy baryons are similar in static dynamics to the
DH tetraquarks with the same heavy flavor. In this
approximation, one can estimate the flux-tube energy E;
tied to the ith quark in Eq. (1). As hadrons formed via the
QCD force have masses which depend on the flavor
explicitly, one may expect that the flavor-dependence
enters somehow for hadrons to break the flavor symmetry
underlying in hadron dynamics, for instance, one can
expect that it enters mainly via kinematics of (flavored)
quarks and gluons in hadrons. So, the flux tubes formed in
hadrons can acquire different energies (scale like the
lengths of the flux tubes, which depend on the inverse
reduced masses 1/ min|pgeguced)> With prequced the reduced
mass of the subsystems of hadrons) and thereby they vary
with the flavor content of hadrons considered. By the way,
since we have considered the heavy-flavor binding energy
By in Sec. IlIB and the light quark n (forming brown
muck) is of relativistic, each of the light antiquarks 77 in
the DH tetraquark 7', is away from the core system QQ as
one light quark n does in heavy baryons, one can
reasonably apply the flux tube energy E, determined from
heavy baryons to tetraquarks.

Note here that E, differs slightly for the charmed and
bottom hadrons (including the charmed-bottom tetra-
quarks) due to asymmetry of the flux tubes tied to the
heavy quarks Q = b and Q = c¢. We then consider the
three cases:

(i) The doubly charmed baryons E.. = ccn: In this

situation, one can apply Eq. (1) to the E.. and =,
and find the mean mass M., for them to be

8 A
z(mc + Ec) + (mn + En) + Bcc + gi = Mccn'
mem,

(15)
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(i)

(iii)

TABLE VI

The expressions and their values of the mean masses of hadrons in their ground states.

The spin-averaged mass Value (MeV)

The spin-averaged mass Value (MeV)

M.z = [M(n.) +3M(J/¥)]/4 3068.7
M., = [M(D*) + 3M(D**)/4 19732
M, = [M(x) + 3M(p)] /4 620.0
M, = [M(n) +3M(Y)]/4 9444.9
M,; = [M(B) +3M(B*)] /4 5313.4
M = [M(B) +3M(B:)]/4 6317.6

M., = 2M(B,,) + 4M(Z%,)]/6 3692.6
Mo, = 2M(E,) + 4M(Z5)]/6 2496.9
M,y = 2M(N) + 4M(A)]/6 11345

My, = [2M(Ey,) +4M(E},)]/6 10099.0
My, = 2M(Z,) + 4M(X5)]/6 5826.1

Myen = 2M(Ey,) + 4m(E5,)]/6 6971.0

Further, the same method applied to the charmed
baryons X, ¥, and A leads to the relation for M .,,,,,

(mc + Ec) + 2(mn + En) =M np- (16)
With the values M., = 3692.6 MeV and M, =
2444.3 MeV in Table VI, Egs. (15) and (16) allow
one to solve for two parameters E, and E,. The
results are E. = 308.7 MeV, E, = 117.8 MeV.
The doubly bottom baryons E,, = bbn: For this
case, one can apply Eq. (1) to the E,, and =, and
thereby find

2(my + Ep,) 4 (m, + E,) + By, + =
3mbmb

(17)

Similar method applied to the baryons X,, X;, and
A) give

(mh + Eb) + z(mn + En) =My, (18)
Combining M, = 10099.0 MeV and M,,, =
57744 MeV given in Table VI, Egs. (17) and
(18) lead to the solutions: E, = 601.7 MeV,
E, =FE;, =116.3 MeV. Here, the superscript star
is used to denote the flux-tube energy E, in the
singly bottom baryons.
The bottom-charmed baryons Z,. = bcn: In this
case, application of Eq. (1) to the E,, and Z; . leads
to the following relation for M,,.,,

(mh + Eh) + (m + Ec) + (mn + En)

8 Ay,
+Bop + 3 b

= Mbcm (19)

memy,

from which using M., = 6971.0 MeV in Table VI
one can solve E; = 312.7 MeV, E} = 602.8 MeV,
and E, = E;* = 115.8 MeV. Here, the superscript
star in E7 , are used to denote the values of E. j in
the bottom-charmed baryons, and the double star
stands for the values of E, in the bottom-charmed
baryons.

= Mppy-

One sees that the values of the E; in the bottom baryons
(601.7 MeV) and the bottom-charmed baryons (602.8 MeV)
are almost same while the values of the E,. in the charmed
baryons (308.7 MeV) and the bottom-charmed baryons
(312.7 MeV) differ slightly (with uncertainty 4 MeV).
The values of the flux-tube energies E, of the up and
down quarks are nearly identical (E, = 117.8 MeV,
E; =116.3 MeV, and E;* = 115.8 MeV). In this work,
we choose to use the respective values of the flux-tube
energies E. ;, and E,, for the three cases above though they are
close in three cases.

IV. MASSES OF T,, AND OTHER
DH TETRAQUARKS

The binding energies Byy = Bpp[3. ® 3] discussed in
Sec. I1I B correspond to the color configuration 3, ® 3, of
the baryons we consider. According to the ratio —1: 2 of the
color factors for the configurations 6, ® 6, and 3, ® 3.,
the binding energy for the pair QQ in the tetraquarks in
6, ® 6, should be given by B,[6. ® 6,.] = —Byo/2 [30],
as we shall apply in this work.

Since B form a diagonal matrix in Eq. (1), the possible
mixing of the color-spin states stems only from the CMI
Hamiltonian Hcyg in Table 1. Given the values of three
parameters, A;;, Bopp, and E. ;, ,, determined in Sec. III, one
can compute the ground-state masses of the doubly heavy
tetraquarks T,.., Tp,, and T,. via diagonalizing the
Sakharov-Zeldovich Hamiltonian (1) with the CMI (2).
The numerical diagonalization of the matrix Byg + Hewm
are carried out and illustrated explicitly in the Table VII
for the tetraquarks T.., T}, and T,,. with various quan-
tum numbers (/, J¥), with the obtained eigenvalues, eigen-
vectors, and the corresponding masses given by Eq. (1)
shown.

We take the cciiii tetraquark with IJ¥ = 01" as an
example. As shown in Table I, the allowed color-spin basis
are (pTxh, ¢pTxI), and the CMI matrix (in MeV)

o = [V
—8V2V, AV =3V,
_ [132.59 75.35] (20)
7535 3.25
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TABLE VIIL

Computed H matrices of the nonstrange DH tetraquarks 7oy = QQnn (QQ = cc, bb, bc) and

ensuing diagonalization with the mixed weights and tetraquark masses (MeV) obtained. Three sets of E; slightly
different (see text) are employed: E. = 308.7 MeV, E, = 117.8 MeV, E, = 601.7 MeV, E; =116.3 MeV,
E; =31277 MeV, E; = 602.8 MeV, and E* = 115.8 MeV.

Systems  1J” H (MeV) Eigenvalues (MeV) Eigenvectors M (MeV)
cciit 01+ -299.4 -75.4 [-313.8] (=0.98,-0.19) 3879.2
-75.4  80.1 | 946 | (0.19,-0.98) 4287.6

cenit 10+ -174.8 130.5 [221.0 | (0.31,0.95) 4414.0
130.5 178.0 | —217.8 | (-0.95,0.31) 3975.2

1+ -139.3 -139.3 1.00 4053.7

12+ -68.3 -68.3 1.00 4124.7

bbiiii o1+ -557.6 —8.5 [—557.7] [(~1.00,-0.01) ] 10298.3
-85  196.4 | 1965 | | (0.01,-1.00) | 11052.5

bba 10" -370.0 14.7 [-370.3] [ (~1.00,0.02) ] 10485.7
147 2942 | —29435 | | (—0.02,-1.00) | 11150.5

1+ -366.0 -366.0 1.00 10490.0

12+ -358.0 -358.0 1.00 10498.0

bei 00" -385.8 72.6 [—399.6] [ (~0.98,0.19) ] [7127.5]
726 —18.1 | —43 | | (—0.19,-0.98) | 7522.8 |

01+ —357.0 473 —42.0 [—367.87 (099,—013,011) r7159.37

473 303 557 127.7 { (=0.03,0.49,0.87) } 7654.8

419 557 95.1 L 94 | (—0.17,-0.86,0.48) [ 7536.5

02+ 130.1 130.1 1.00 7657.2

beniit 10" -200.9 72.6 [—213.8] (—0.98,0.18) [7313.3]
72.6 1929 | 2059 | (-0.18,-0.98) 7733.0 |

11+ ~118.1 2273 473 r—204.217 (032, —-0.94, —014) [7322.97

23 —1902 —42.0 189.7 {(—0.14, —0.10,0.98)} 7716.8

473 —419 1785 [ -115.3] (0.94,0.34, -0.10) [ 7411.8

12+ -141.6 -141.6 1.00 7385.5

with V;; = A;;/(m;m;). The corresponding matrix of the
binding energy (MeV) is

B.. 0 ~1668 0
0 -B./)2 0 834

for QQ = cc, which leads to a sum of two matrices in
Egs. (20) and (21),

-299.4
=754

-75.4

R I

} . (22)

The diagonalization of the matrix H in Eq. (22) gives rise
to the eigenvalues and the respective eigenvectors,

Biel) = | o0 |
, [(~0.98,-0.19)
Bigv(H), = [ (0.19, —0.98) } (23)

by which one can use Sakharov-Zeldovich formula (1)
where M = 2(m, + E,) + Eig(H) to find the groundstate
masses of the tetraquark 7. with IJ” = 017,

M(T,..017) =38792 MeV,  in3 ®3.(96%), (24)

M(T..,01") = 4287.6 MeV, in 6 ® 6.(96%), (25)
with the chromomagnetic-mixing probability 0.98> = 96%.

The first value of the 7., masses here is quite close to the
D**+D° threshold M(D*+D°) = 3875.1 £0.1 MeV [6],
being in agreement with the observed mass of about
3875.7 £ 0.05 MeV of the J¥ = 17 tetraquark T,.(3875)
[8,9] discovered LHCb at CERN. Notice further that the
LHCb-reported tetraquark T77.(3875) is very narrow
(width = 410 £ 165 keV), one can conclude that the lowest
state of the doubly charmed tetraquark is the J* =1+
tetraquark 77/.(3875) that was observed by LHCb, which
is the resonance state of the tetraquark system ccitd with
main color configuration of the 3. ® 3.. One infers, by
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TABLE VIIL

Our results (M) and other computations for masses of the DH tetraquarks T'y. The lowest threshold (7)) of two heavy

mesons (Qg) for the tetraquarks considered and A = M — T are also given. All in MeV.

System Jr M T A [43] [44] [45] [46] [47]
cchii o1t 3879.2 3875.9(DD*) 33 3978.0 3997.0 3868.7 3877.0
4287.6 4017.2(D*D*) 270.4 4230.8
10" 3975.2 3875.9(DD*) 99.3 4146.0 4163.0 3969.2 3870.0
4414.0 4017.2(D*D*) 396.8 4364.9
I 4053.7 4017.2(D*D*) 36.5 4167.0 4185.0 4053.2 3900.0 4021.0
12* 4124.7 4017.2(D*D*) 107.5 4210.0 4229.0 4123.8 3950.0
bbni o1t 10298.3 10604.2(BB*) -305.9 10482.0 10530.0 10390.9 10353.0
11052.5 10649.4(B*B*) 403.1 10950.3
10" 10485.7 10559.0(BB) =733 10674.0 10726.0 10569.3
11150.5 10649.4(B*B*) 501.1 11054.6
I 10490.0 10604.2(BB*) —114.2 10681.0 10733.0 10584.2 10403.0
12F 10498.0 10649.4(B*B*) —151.4 10695.0 10747.0 10606.8
benn 00" 7127.5 7146.8(BD) -19.3 7229.0 7268.0 7124.6
7522.8 7333.3(B* D) 189.5 7459.0
01" 7159.3 7192.0(B*D) =327 7272.0 7269.0 7158.0
7536.5 7333.3(B*D*) 203.2 7482.4
7654.8 7333.3(B*D*) 3215 7584.9
02+ 7657.2 7333.3(B*D*) 3239 7610.3
10" 7313.3 7288.1(BD*) 252 7461.0 7458.0 7305.6
7733.0 7333.3(B*D*) 399.7 7684.7
1 7322.9 7288.1(BD*) 34.8 7472.0 7469.0 7322.5
7411.8 7333.3(B*D*) 78.5 7478.0 7367.3
7716.8 7333.3(B*D*) 383.5 7665.1
12* 7385.5 7333.3(B*D*) 522 7493.0 7490.0 7396.0
Eq. (25), that there exists a nontrivial color partner  and among three color-spin states for the J© = 17 case,

T/.(ccid, 6. ® 6,) of the tetraquark T¢.(3875), being a
fully new tetraquark ccitd with color configuration 6, ® 6,
and with the same 1J” = 01* but the mass about 4288 MeV.
Differing only in color representation from the 7{.(3875),
we hope that a further experimental search similar to the
LHCb experiment [8] in the some final states (e.g., the
D°D°z+) with invariant mass about 408 MeV higher than
the 71.(3875) can test our prediction. The numerical
diagonalization of the matrix H = By + Hcyy are also
performed for the I = 1 tetraquark T, with J* = 0%, 1%,
and 27, resulting in small color-spin mixing for J* = 0F
state, as illustrated in the Table VII.

Further computations are performed similarly for other
DH tetraquarks T,, and T, with J® =0%,17,2% and
I =0, 1, as shown in Table VII, resulting in a similar mass
order and configurations, except that the inverse mass order
(4414.0,3975.2) MeV for the (T, (3, ® 3,). TZ.(6. ® 6,))
are replaced by the normal order (10485.7, 11150.5) MeV
for the (T}, (3. ® 3.), T},(6. ® 6,)). The I = 1 tetraquark
T, with J® = 1% and that with J© = 2% becomes nearly
degenerated (10490.0 MeV, 10498.0 MeV), in contrast with
the splitted masses (4053.7 MeV, 4124.7 MeV) of the [ = 1
tetraquark 7., with J¥ =17 and 2. In the case of the
bottom-charmed tetraquarks 7., the chromomagnetic
mixing occurs between two color reps, for the J* = 0F

deeply for the 1J¥ = 017. Generally, the chromomagnetic-
mixing enters more or less for the IJ” = 01" and 1JF =
1(0", 17) states of all DH tetraquarks 7'y, for which the
novel 6, ® 6, color state of the tetraquarks occupies the
higher mass levels.

In Table VIII, our results for the DH tetraquark masses
(M) are compared to other computations via the quark
model [43,44], the chromomagnetic models [45] and the
QCD sum rules [46,47]. In the Table VIII, we also list
the lowest thresholds (7') of two heavy mesons (Qg) as
decaying final states of Ty, and the respective mass
difference A =M —T.

V. CONCLUSIONS AND REMARKS

Inspired by recent experimental progress of the tetra-
quarks, we systematically study the nonstrange doubly
heavy tetraquarks T, T}, and T, in the chromomagnetic
interaction model with unified quark masses and the flux-
tube correction incorporated. A binding energy Bgg
between heavy-heavy quarks is introduced and estimated
via a simple relation in terms of the measured masses of
baryons, by which we extract the flux-tube corrections E;
associated with ith quark in doubly heavy tetraquarks 7'y
via matching the model with the (measured or lattice) mass
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data of the heavy hadrons. Using numerical diagonalization
of chromomagnetic interaction we predict that the ground-
state masses of the doubly charmed tetraquark 7. (in color
3. ®3,) with 1JF = 01" is 3879.2 MeV, about 3 MeV
above the D* DY threshold, and that of the T%, (in 6, ® 6,)
with 1J¥ = 017" is about 4287.6 MeV. The former pre-
diction is in consistent with the measured mass 3874.7
0.05 MeV of the doubly charmed tetraquark 7..(17)
discovered by LHCb [8]. The same method is applied to
the systems 7, and T,. to compute of the groundstate
masses of the doubly bottom tetraquarks 7, and the
bottom-charmed tetraquarks T,. with J© =0t 1F,27,
and / =0, 1.

As the observed tetraquark 7'f.(3875) is very narrow and
near threshold, we suggest that the J¥ = 17 tetraquark
T:.(3875) observed by LHCb is the lowest state of the
doubly charmed tetraquark, being a resonance state of
the four-quark system ccitd with color configuration of the
3. ® 3. dominately. Further, there exists a new color
partner T7,(cciid,6, ® 6,.) of the tetraquark T, (3875)
consisting of the cciid with dominate color configuration of
6. ® 6., having the same IJ” = 017 but the mass about
4288 MeV. A further experimental search similar to the
LHCDb experiment [8] around the invariant mass of the final
states about 408 MeV higher than the T.(3875) can test
our prediction.

The chromomagnetic mixing enters generally more or
less for the 1J” = 01" and 1J" = 1(0*, 17) states of all
DH tetraquarks T, for which the novel 6, ® 6, color
state of the tetraquarks occupies the higher mass levels. For
the bottom-charmed tetraquarks 7', with IJ” = 017, the
chromomagnetic coupling are strong enough among three
color-spin states that some of them are mixed substantially
between the color configurations 3, ® 3, and 6, ® 6.

We remark that the heavy quark pair in diquark QQ in 3,
may (when they are very heavy) tend to stay close to each
other to form a compact core due to the strong Coulomb
interaction, while it is also possible (when m, is compa-
rable with 1/Aqcp &3 GeV™!) that Q attracts g to bind
them into a colorless clustering (in 1,) and other pair binds
into another colorless clustering (in 1.), resulting in a
molecular system (Qg)(Q'g’). In the former case, DH
tetraquarks mimic the heliumlike QCD atom, while they
resemble the hydrogenlike QCD molecules in the later
case. The possible molecule configurations of two heavy
mesons or mixture of molecules in the tetraquark systems
are of interest and remains to be explored.
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