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1 Introduction

The Weak Gravity Conjecture (WGC) postulates that, when a consistent theory of quantum
gravity includes a gauge group with coupling g, there is a particle carrying gauge charge
q with a mass below the scale qgMPl [1]. More recently, it has been appreciated that
a stronger statement holds in all well-understood theories: an infinite tower of charged
particles exists, beginning at or below the scale gMPl. This condition has been formalized
in the Sublattice Weak Gravity Conjecture (sLWGC) [2–4] and the Tower Weak Gravity
Conjecture (TWGC) [5, 6]. We will refer to the original WGC as the “mild WGC,” to
distinguish it from the stronger T/sLWGC.1 The towers of charged particles predicted by
the T/sLWGC can take on distinct forms in different theories. In Kaluza-Klein theories,
they are simply KK modes of the light particles in the theory. Local quantum field theory
continues to apply well above the scale gMPl when g is small; it just becomes local QFT in
a larger number of dimensions. Local QFT must break down by the higher-dimensional
Planck scale, but this can scale as grMPl where r < 1. By contrast, in some cases the tower
of states consists of excitations of a low-tension string. The charged modes include high-spin

1We will assume that the mild WGC holds for q an O(1) number, and similarly that the sublattice
index in the sLWGC case or sparseness in the TWGC case are O(1). These assumptions hold in all known
examples, though they do go beyond the strict statements of the conjectures.
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states, and local QFT with a finite number of fields is no longer valid. Indeed, it has been
proposed that these two options — the presence of extra dimensions as in Kaluza-Klein
theory, or of low-tension strings — are the only possibilities for realizing a small-g gauge
theory in quantum gravity [7], a claim (called the Emergent String Conjecture) supported
by many studies of well-understood corners of the string landscape [8–21]. (These studies
relate the WGC to the more general Distance Conjecture regarding infinite-distance limits
in quantum gravity [22–25].)

It is important, both for conceptual questions about quantum gravity and for possible
phenomenological applications, to know which type of tower of charged states (and related
ultraviolet cutoff) arises in a given application. The purpose of this note is to provide a
simple, bottom-up argument based on the mild WGC that in a large class of 4d theories
containing gauge fields coupled to a light axion field θ through a Chern-Simons coupling
θF ∧ F , the WGC tower is a stringy one. In particular, there is a tower of charged modes
that arise as excitations of an axion string. By axion string, we mean an object around
which the periodic variable θ has nontrivial winding. The argument that we present relies
on assumptions that do not apply universally. In particular, it does not apply to Kaluza-
Klein theory. We will review how Kaluza-Klein theories fail to satisfy the premises of the
argument and show that in some cases a modified argument can still identify a stringy scale
in Kaluza-Klein theory.

This argument fits nicely not only with the Emergent String Conjecture of [7], but also
with the Distant Axionic String Conjecture of [18, 20]. The latter postulates that infinite
distance limits in 4d N = 1 supersymmetric theories of quantum gravity can be viewed as
RG flows into the core of an axion string. Our arguments do not assume supersymmetry,
but they do assume that axionic couplings exist. To understand the relationship between
the earlier conjectures, notice that the Emergent String Conjecture focuses on the tower
of states that becomes light most quickly, which may be a Kaluza-Klein tower even when
there is also a string becoming tensionless (at a slower rate). In such cases, [20] conjectured
that the mass scale of the tower always relates to the axion string tension as m2 ∝ Tw,
with w ∈ Z>0. We will discuss such an example below.

Before discussing the argument, we will review some useful concepts, particularly in
cases with recently-introduced terminology that may not be familiar to readers. We will
make use of the distinction between a fundamental axion and an ordinary pseudo-Goldstone
boson, in language introduced in [26]. For an ordinary pseudo-Goldstone boson, axion strings
are well-understood semiclassical objects. The core of the string is described within the
low-energy EFT. For instance, θ may be the phase of a complex field Φ(x) = 1√

2r(x)eiθ(x),
and if Φ(x) has a canonical kinetic term, then the point r(x) = 0 lies at finite distance in field
space and is realized in the string core. By contrast, for a fundamental axion, the analogous
point lies at infinite distance. This occurs, for instance, in some string-theoretic examples
where the axion is the imaginary part of a complex modulus field T (x) = t(x) + iθ(x)
and the kinetic term takes the form 1

(T+T †)2∂µT
†∂µT . In this case, the core of the string

probes a region at infinite distance in field space. It cannot be described purely within the
low-energy EFT, and requires an ultraviolet completion of the theory. One source of such
fundamental axions is from fundamental, higher-dimensional p-form gauge fields (p ≥ 1),
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with θ =
∫

Σp
Cp arising from the integral of the gauge field over a p-cycle. In this case,

the θF ∧ F coupling in four dimensions can originate from the dimensional reduction of a
Chern-Simons term Cp ∧ F ∧ F in the higher-dimensional theory. In examples of this type,
the axion strings turn out to be fundamental objects like the F-strings or D-strings of string
theory. The arguments that we discuss in this paper, at least in their strongest form, will
apply to gauge theories interacting with fundamental axions.

Another useful concept is that of a Chern-Weil symmetry [27]. Chern-Weil global
symmetries are a particular class of global symmetries in quantum field theory whose
Noether currents are given by wedge products of gauge field strengths, such as F ∧H and
tr(F ∧ F ), and their conservation dJ = 0 follows from Bianchi identities. In quantum
gravity, it has been argued convincingly that exact global symmetries do not exist [28, 29],
which means that these Chern-Weil global symmetries must be either gauged or broken
when the quantum field theory is coupled to gravity. Many familiar phenomena in string
theory can be understood as consequences of this gauging/breaking [27].

A Noether current of degree k generates a (d − k − 1)-form global symmetry in d

dimensions, so in particular a 4-form current like tr(F ∧ F ) or F ∧H generates a (d− 5)-
form Chern-Weil global symmetry. Such a symmetry is clearly sensible in d ≥ 5 dimensions,
but in d = 4 dimensions the current generates a “(−1)-form global symmetry” [27, 30–
32]. At face value, “(−1)-form symmetry” is ill-defined, as a 4-form current J is trivially
conserved in 4d. However, there is a sense in which such a symmetry exists and defines a
conserved charge q =

∮
spacetime J , which is a topological invariant of the theory [27].2 In

quantum gravity, we expect that a (−1)-form global symmetry should be broken or gauged,
the latter of which is accomplished by coupling the Noether current to a 0-form gauge field,
namely, an axion θ. It is not surprising, therefore, that axion couplings such as θ tr(F ∧ F )
and θF ∧H are ubiquitous in known 4d string vacua: such couplings play the necessary
role of eliminating (−1)-form Chern-Weil global symmetries by gauging them. And as
noted above and explained in more detail below, these couplings are closely tied to our key
question of when the WGC tower is a stringy one.

In section 2, we present our argument and emphasize the underlying assumptions and
their possible weak points. Our argument relies crucially on anomaly inflow for axion
strings; for the convenience of readers unfamiliar with the details, we provide a review in
appendix B. In section 3, we focus on Kaluza-Klein theory as a source of examples that
do not satisfy the assumptions, and explain how additional ingredients (supersymmetry or
winding number symmetry) allow the argument, in a suitably modified form, to nonetheless
be applied. Section 4 explains how 5d supergravity theories exemplify our arguments.
Finally, section 5 offers some remarks on directions for future research.

2 The argument and its premises

We consider gauge theories with a θF ∧ F coupling (in the abelian case) or θ tr(F ∧ F ) (in
the nonabelian case). We keep track of factors of 2π carefully, but not of other order-one

2For J = tr(F ∧ F ), this topological invariant is simply instanton number.
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factors appearing in the WGC (which can depend on details of couplings to scalar moduli
fields). We consider the axion to have periodicity θ ∼= θ + 2π, and take the action

S =
∫ [
− 1

2g2F ∧ ?F −
1
2f

2
θ dθ ∧ ?dθ + 1

8π2 θF ∧ F
]
. (2.1)

In the nonabelian case, we should send F ∧ ?F → 2 tr(F ∧ ?F ), and F ∧ F → tr(F ∧ F ).
As a first step, we consider the axion (0-form) WGC, which tells us that the axion

couples to instantons with action bounded by

Sinst .
MPl
fθ

. (2.2)

The usual BPST gauge theory instantons, for non-abelian gauge groups, have action
Sinst = 8π2/g2. Remarkably, the same scaling holds for abelian instantons arising from
monopole loops [33], as a consequence of the Witten effect [34].3 We now assume that the
instantons that obey the bound (2.2) are such gauge theory instantons, and comment below
on why this is often a reasonable assumption. This assumption tells us that

fθ .
g2

8π2MPl. (2.3)

This is already an interesting statement. Using the GUT coupling estimate αGUT =
g2/(4π) ≈ 1/25, it gives fθ . 1.5× 1016 GeV for an axion coupling to the Standard Model
gauge groups. This claim is interesting, independent of the rest of the argument. It has
been observed before that the axion WGC could lead to such a conclusion, but some of the
premises now appear stronger in light of the viewpoint that axions exist to avoid unbroken
global Chern-Weil symmetries.

In the next step, we apply the magnetic axion WGC, i.e., we apply the WGC to the
2-form B-field dual to θ. This field has a dimensionful coupling constant eB = 2πfθ, with
the relative factor of 2π being the standard one from Dirac quantization. The WGC applied
to the B-field implies the existence of a string with tension obeying the inequality

T . eBMPl .
g2

4πM
2
Pl. (2.4)

Recalling that the tension of a string scales as T = 1
2πM

2
str, this translates into the mass

scale for string excitations:
Mstr =

√
2πT . gMPl. (2.5)

In this way, we recover the WGC scale for our original gauge field solely from the WGCs
for θ and B, together with the assumed form of the instanton action. (In particular, all of
the 2π factors have canceled.)

How does this relate to the WGC itself? The string necessarily admits charged zero
mode excitations, due to anomaly inflow [35]. For readers who are unfamiliar with this

3This statement holds only when the monopole core radius is sufficiently large relative to the scale of
axion screening near the monopole; however, we show in appendix A that our conclusions hold in the
opposite limit as well, this time using the mild form of the WGC for magnetic monopoles.
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argument, we have presented a self-contained review in appendix B. The existence of charged
modes on the string means that there are charged particles at the scale Mstr, in the form of
closed loops of string with circulating charge. By (2.5), these charged particles satisfy the
mild WGC (up to an O(1) prefactor). Hence, the mild WGC for our 1-form gauge field
follows from the mild WGCs for 0-form and 2-form gauge fields and our assumption about
the instanton action.

If we assume that θ is a fundamental axion, we can make a much stronger statement.
In particular, the axion strings are now fundamental objects, i.e., the string core probes
ultraviolet physics. The string therefore admits a tower of excitations involving new
fundamental degrees of freedom. Among these excitations are those involving many quanta
of the charged worldsheet modes circulating around a closed loop of string. These yield
a tower of charged particle resonances with increasing mass and charge, from which we
recover not only the mild WGC but a version of the T/sLWGC as well! (Likewise, the
excitations include arbitrarily high spins, and signal the breakdown of local QFT near the
string scale.)

How does this differ from non-fundamental axion strings associated to ordinary pseudo-
Goldstone bosons? The latter have finite size related to the symmetry breaking scale and
have ordinary local physics in their core. For such pseudo-Goldstone strings, the charged
excitations living along the string do not lead to new degrees of freedom relative to those
that are visible in the bulk; instead, the anomaly inflow argument merely allows us to deduce
the presence of WGC-satisfying bulk charged fields from which these excitations arise.

Thus, the consequences of our argument are far more profound when θ is a fundamental
axion. If so there must be fundamental stringlike objects at or below the WGC scale,
providing a concrete realization of the tower promised by the T/sLWGC (up to undetermined
O(1) prefactors), and signaling the transition from local QFT to quantum gravity.

2.1 Summary of assumptions

It is useful to highlight the various assumptions that have gone into this argument. Some
of them are expected to hold quite generally in theories of quantum gravity, while others
may be more limited. We attempt to order them from what we perceive to be the least
general to the most general:

1. An axion interacting with the gauge fields via a θF ∧ F term. Such an interaction
is not always present. However, it is very common, for example, for gauge theories
realized in intersecting D-brane models [36]. As we discuss below, in some cases where
it does not hold, a related statement nonetheless holds and allows a similar argument.
In any case, for certain phenomenological applications one might wish to focus on
gauge groups with such a coupling.

2. Gauge-theory instanton dominance. We have assumed that the instantons that should
obey the axion WGC are gauge theory instantons, so that we can use the known
formula for their action, Sinst = 8π2/g2. In general, there could be other instantons
with smaller action coupled to the same axion, which would weaken our argument.
In QFT, there would be no restriction on this possibility. However, if we have two
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qualitatively different kinds of instantons coupled to the same axion, the axion only
gauges one linear combination of two (−1)-form symmetries (counting the independent
instanton numbers). In quantum gravity, we expect that the other linear combination
must be either gauged, in which case there is a second axion and we should modify
the argument, or explicitly broken. Breaking of the two (−1)-form symmetries to
the diagonal entails a continuous process of deforming one kind of instanton into the
other. In known examples, such as GUTs or the connection between small instantons
and D-branes, we expect the actions of the different instantons to be related to
each other. Thus, the Chern-Weil perspective of [27] makes this assumption much
more plausible than it might otherwise have been. The existence of instantons for
abelian gauge theory, in the form of monopole loops with dyonic winding [33], with
parametrically the same instanton action also makes this step more general than one
might have suspected.

The computation of Sinst depends on the scale at which the running coupling g is
evaluated. In asymptotically free gauge theories, g can become large in the infrared
and the dilute instanton gas approximation can break down. However, we believe
that the correct formulation of the axion WGC should apply at an ultraviolet scale
such as fθ, where the coupling g is small. Because small couplings run very slowly,
the conclusion is not especially sensitive to the precise choice of ultraviolet scale.

3. A fundamental axion. In order for the axion strings to lead to interesting conclusions
about fundamental high-spin states and a low UV cutoff, we must assume they are
fundamental objects, not solitonic strings describable within low-energy effective field
theory. Again, the Chern-Weil perspective adds credibility to this assumption. It is
clear that a fundamental axion can gauge a (−1)-form symmetry; indeed, in examples
it generally descends from a gauge field in higher dimensions. It is less clear that this
is true of an ordinary pseudo-Goldstone boson. We expect that global symmetries in
quantum gravity are at best approximate, and that symmetry-violating operators are
present in the effective action. Such operators add terms to the right-hand side of the
equation ∂µjµPQ = 1

8π2 tr(F ∧ F ) + · · · , indicating that the current tr(F ∧ F ) is not
exact and hence not gauged. In other words, a traditional Peccei-Quinn axion that is
not fundamental could leave behind a true global (−1)-form symmetry.

4. The (mild) WGC for 0-form and 2-form gauge fields. Some of the original arguments
for the WGC apply to p-form gauge fields where 1 ≤ p < d− 2, but not to the cases
that we have relied on. Nonetheless, in some theories the 0-form WGC follows from
more established cases, e.g., via T-duality [37] or dimensional reduction [2]. In some
theories there is a notion of “extremal instanton” that is quite closely analogous to
that of extremal black holes [38, 39], further motivating the extension of the WGC
to axions. It is possible to reformulate the axion WGC in a manner that makes
sense when instanton actions are small [40]. Subtleties related to 4d strings with
large decay constants are also discussed in [41, 42]. The 2-form WGC has also been
directly argued for in terms of black hole physics [43, 44], as a necessity for eliminating
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the multiplicity of axionic black hole states with a nontrivial integral of B2 over the
horizon [45]. Thus, the mild 0-form and 2-form WGCs are widely accepted, and are
perhaps the least controversial of our four major assumptions.

Notice that many of these assumptions may be required by phenomenological aspects of
the model, for instance, if we are interested in a model where an axion couples to gauge fields
and its potential is dominated by gauge theory instantons. We also see that breakdowns in
these assumptions are closely related to alternative mechanisms of eliminating Chern-Weil
symmetries. This highlights the importance of further studies of the fate of Chern-Weil
symmetries, and especially of (−1)-form symmetries, in quantum gravity.

Although simple examples of stringy states obeying the WGC actually feature towers
that asymptotically saturate the WGC bound (e.g., [1–3]), this is not always the case. For
example, for gauge fields on D-branes wrapping internal cycles in Type II string theories,
axion strings are D-branes wrapping intersecting cycles. When the gauge field cycle is small
but the overall volume is large, the strings have tension parametrically below (2.4). Because
charged black holes can (by definition) saturate the WGC bound, it would be interesting to
understand how states of large charge interpolate between axion strings and black holes in
such examples.

3 Kaluza-Klein theory and axion couplings

3.1 Abelian Kaluza-Klein theory and supersymmetry

The simplest example of a gauge theory, in a gravitational context, that lacks a θH ∧H
term is abelian Kaluza-Klein theory (arising from a circle compactification). (We use the
notation H = dB for the Kaluza-Klein gauge field strength, because in this section we will
reserve F for the field strength of a different gauge field, to be introduced shortly.) One
way to understand the absence of such a coupling is via the Kaluza-Klein monopole [46, 47].
This monopole cannot be boosted to obtain electric Kaluza-Klein charge, so it has no dyonic
degree of freedom. On the other hand, any time an abelian gauge theory admits a θH ∧H
term, its magnetic monopoles must have a dyonic collective coordinate for consistency with
the Witten effect [34].

At first glance, this might seem puzzling in a supersymmetric context. The gauge
coupling in Kaluza-Klein theory is determined by 1/e2

KK = 1
2R

2M2
Pl. The radius R of the

compactification is a modulus. In a supersymmetric theory, the coefficients of H ∧ ?H and
H ∧H in the action are related, coming from the real and imaginary part of a holomorphic
gauge coupling function. If the gauge coupling appearing in front of H ∧ ?H is a modulus,
then the coupling in front of H ∧H must also be a modulus. How could this be, if there is
no θ term?

This puzzle can be resolved by examining the structure of the 4d N = 2 SUSY theory
arising from compactifying minimal 5d supergravity. This theory contains not just the
Kaluza-Klein gauge field B, but another gauge field A descending directly from the 5d
graviphoton field A(5), as well as a 4d axion field θ that arises from the integral of the 5d
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graviphoton around the circle:

ds2
5 = eλ/2ds2

4 + e−λ(dy +RB)2, A(5) = A+ θ

2π

(dy
R

+B

)
. (3.1)

The structure of the gauge theory is not a simple product, but instead has a higher-group
structure incorporating the axion θ. In particular, the gauge field A transforms under a 2π
shift of the axion:

θ 7→ θ + 2π ⇒ A 7→ A−B, (3.2)

and likewise for the field-strength F = dA, which thereby fails to be gauge invariant. Rather,
the gauge invariant field strength is

F̃ = F + θ

2πH, (3.3)

with the modified Bianchi identity dF̃ = 1
2πH ∧ dθ.

The monodromy (3.2) is crucial for making sense of the Chern-Simons terms in the
theory. The 5d Chern-Simons term

k

6(2π)2

∫
A(5) ∧ dA(5) ∧ dA(5) , k ∈ Z (3.4)

gives rise to 4d terms of the form4

k

8π2

∫ [
(π + θ)F ∧ F +

(
−π3 + θ2

2π

)
H ∧ F + θ3

3(2π)2H ∧H
]
. (3.5)

We see that the coefficient of H ∧H is dependent on a modulus — but it scales as θ3, rather
than θ itself! In isolation, this would conflict with the 2π shift symmetry of θ. However,
the monodromy (3.2) and the constant shifts of the F ∧ F and H ∧ F theta terms ensure
the consistency of the whole structure.

By supersymmetry, the related θ-terms in (3.5) are tied up with related moduli-
dependence of the gauge couplings themselves. In particular, the gauge coupling of A is
given by

1
e2 =

( √
3k

4πeKK

)2/3

. (3.6)

Because there is an ordinary θF ∧ F coupling, the argument that we gave in section 2
applies directly to A, implying the existence of axion strings carrying A charge, at or below
a mass scale

eMPl =
(4πeKK√

3k

)1/3
MPl. (3.7)

4Being total derivatives, the constant shifts in the coefficients of the F ∧ F and H ∧ F terms are not
easily determined using classical dimensional reduction. Nonetheless, their presence is required to ensure
invariance under large gauge transformations, which is how we have determined their values. In fact, there
are multiple distinct solutions consistent with large gauge transformations: −π/3 can be replaced with 5π/3,
and any constant shift can be added to H ∧H term. A more complete treatment involving anomalies and
other subtleties (analogous to, e.g., [48]) would determine these shifts unambiguously. We leave this as an
interesting direction for future research.
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This scale, at which high-spin states must appear, is nothing other than the 5d Planck
scale; indeed, this one-third scaling has appeared in past arguments relating WGC towers
to emergence [3, 49]. It is also an example of [20]’s m2 ∝ Tw scaling with w = 3. The axion
strings of θ are simply the magnetic monopoles of the graviphoton in 5d, which can carry
electric charge via the (5d version of the) Witten effect associated with the Chern-Simons
coupling (3.4).

The fact that the axion strings are magnetic objects in 5d may seem surprising at first
glance, since the WGC allows magnetically charged objects to have tension at or above the
Planck scale. However, at small eKK, the 4d Planck scale is much larger than the 5d Planck
scale, so the 5d magnetically charged strings can still have tension below the 4d Planck
scale. For instance, in the case of minimal 5d supergravity, strings charged magnetically
under the graviphoton have tension at the 5d Planck scale, and after compactification, they
become 4d axion strings with tension at the scale (eMPl)2, which is indeed subplanckian.

3.2 Kaluza-Klein and winding U(1)s

Another case in which the Kaluza-Klein U(1) appears in concert with an additional U(1) is
in circle compactifications of string theory, which have a U(1) winding number symmetry.
We will continue to denote the field strength of the KK U(1) as H , and denote the winding
number field strength as G. Then these compactifications have a θH ∧G term, where θ
descends from the dual of the string theory B-field. Kaluza-Klein monopoles admit winding
number charge, and vice versa [50, 51].

This case serves as both an interesting example and an interesting counterexample
to our earlier arguments. First, let us explain how it aligns with our earlier arguments.
We can form instantons for θ via a KK monopole with winding-dyon excitations, or via a
winding monopole with KK excitations. The formalism of [33] generalizes to such cases: we
expect that the instanton action is

S = 2πmM
m∆

, (3.8)

where m2
∆/mM is the energy splitting between the dyons and the monopole. As in [33, 52],

we estimate this by integrating the electric field outside the monopole down to the radius
of the monopole core — but now, this electric field is a winding field when the monopole
has magnetic KK charge, and vice versa. The calculation leads to the conclusion

S ∼ 4π2

eKKeW
. (3.9)

With this estimate, we repeat our previous arguments, predicting the existence of axion
strings at a mass scale

Mstr .
√
eKKeWMPl. (3.10)

For Kaluza-Klein and winding modes, this does, in fact, parametrically match the string
scale, as eKK ∼ 1/(RMPl) and eW ∼M2

strR/MPl.
However, our argument in section 2 went a step further, and claimed that anomaly inflow

leads us to expect charged modes at the string scale. Here, this is false: for compactifications
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on a large circle, the winding modes have mass parametrically larger than Mstr, at the scale
M2

strR. What went wrong with the earlier argument?
The answer is that in this case, anomaly inflow on the axion string (which is simply an

F-string) is satisfied by a mix of left- and right-moving modes,5 and the combination of
these modes with winding charge cannot be excited at the string scale. This plays out in a
familiar manner, with left-moving charge pL = qKK/R+ qWR/α

′ and right-moving charge
pR = qKK/R− qWR/α

′ (see, e.g., chapter 8 of [53]). The operator with minimal winding
charge, qW = 1, can only be excited at large values of pL and pR. Thus, we conclude that
in theories with mixed θF1 ∧ F2 terms, axion strings can identify a fundamental cutoff
at √e1e2MPl, but we can no longer assume that the WGC towers for both gauge groups
arise at the same scale. However, we expect that at least one of the towers will arise at or
below the string scale. This is because, as in the case of momentum and winding, there are
duality constraints that relate the periods of different worldsheet charged fields, ensuring
that one of them can be excited at small energy cost. We discuss these constraints further
in appendix B.

3.3 Nonabelian Kaluza-Klein gauge groups

Nonabelian Kaluza-Klein theories also have a tower of charged Kaluza-Klein modes at
the Kaluza-Klein scale gMPl, which for small g is well below the higher-dimensional
Planck scale. Like abelian Kaluza-Klein gauge theories, they lack axion couplings, so the
argument of section 2 does not apply to these theories. Unfortunately, we do not know of
modified arguments for nonabelian Kaluza-Klein theories analogous to those in section 3.1
or section 3.2 that point to the existence of a tower of string modes.

The absence of an axion coupling raises the question of what prevents nonabelian
Kaluza-Klein theories from having a global (−1)-form Chern-Weil symmetry generated by
tr(F ∧ F ). Unfortunately, we lack a general answer. The simplest examples of nonabelian
Kaluza-Klein theories are SO(n + 1) gauge theories arising from compactifications on
Sn and PSU(n + 1) gauge theories arising from compactifications on CPn. These are
manifolds of positive curvature, by necessity: compact manifolds with negative-definite
Ricci tensor have no Killing vectors (see page 3 of [54] for a short proof), while the
continuous isometries of Ricci-flat manifolds are abelian. Thus, nonabelian Kaluza-Klein
theories involve compactifications on manifolds that have positive curvature (at least in
some directions). The simplest examples are the Freund-Rubin compactifications [55], which
balance the curvature of the internal manifold against the flux of a higher-form gauge field
over the internal manifold. As discussed in [27], the fate of the Chern-Weil symmetry
generated by tr(F ∧ F ) in some such cases may be understood via a coupling to a heavy
axion that obtains a mass above the Kaluza-Klein scale by coupling to a 4-form flux [56].
This suggests that it may be fruitful to explore how such a large axion mass might modify
the WGC for the axion or its dual B-field, or undermine our assumption that the instanton
action relevant for the axion WGC is the standard Yang-Mills instanton action.

5Indeed, if we only had left-moving modes carrying KK and winding charge, we would necessarily have
θH ∧H and θG ∧G terms as well, by anomaly inflow, and likewise if we only had right-moving modes. To
obtain only the mixed θH ∧G term requires a cancellation between the left and right movers.
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Another salient feature of Freund-Rubin compactifications is that they have no separa-
tion of scales between the AdS curvature radius and the size of the internal dimensions, and
so they do not resemble four-dimensional flat space. Thus, they have little phenomenological
relevance, and might be less interesting as exceptions to our general picture of axion string
towers. On the other hand, there is no obvious obstruction within effective field theory to
obtaining a 4d theory with small internal dimensions and nonabelian Kaluza-Klein gauge
fields; for example, one could fine-tune terms arising from a higher-dimensional cosmological
constant, curvature, and flux to construct a vacuum with zero 4d cosmological constant.
Thus, it is unclear whether the absence of a flat-space limit might have any relevance for
how we should understand the fate of the Chern-Weil symmetry. At some level, we expect
that because the 4d gauge fields in these examples arise directly from higher-dimensional
gravity, there should be no new global symmetries that were not already present in the
gravitational theory. This would be an interesting topic to explore further; for example,
can we find geometries that are higher-dimensional uplifts of Yang-Mills instantons?

Because our understanding of how nonabelian Kaluza-Klein gauge theories fit into our
larger picture is so unclear, this area provides an important target for further study.

4 An analog in 5d supergravity

So far, we have focused our attention on 4-dimensional axion gauge theories. In that context,
we have seen that in the presence of a coupling θF ∧ F , the axion WGC and the 2-form
WGC together imply the existence of a tower of light states charged under the gauge field
F , in accordance with the Tower and Sublattice WGC.

In higher dimensions, a similar story plays out. In five dimensions, for instance, we
may consider a theory of two 1-form gauge fields A and B, with a Chern-Simons coupling
of the form B ∧F ∧F , F = dA. This coupling leads to anomaly inflow on the worldsheet of
a fundamental string charged magnetically under B, producing a tower of particles charged
under A.

As in the 4-dimensional case, we would like to say that this tower of light charged
particles satisfies the WGC, at least parametrically. However, this relies on a particular
scaling T ∼ g2

A of the fundamental string tension T with the gauge coupling gA of A, which
followed in 4d from Assumption 2 in section 2.1. It is not clear that this scaling will hold
in 5d in general, but in what follows, we will see that it does hold in any 5d supergravity
theory containing exactly two gauge fields A, B coupled to each other by a Chern-Simons
term B ∧ F ∧ F .

We begin with a review of relevant aspects of 5d supergravity, following the conventions
of [57]. At a generic point on the Coulomb branch, the action for the bosonic fields in a
gauge theory with n vector multiplets is given by

S = 1
2κ2

5

∫
d5x
√
−g

(
R− 1

2gij(φ)∂φi · ∂φj
)
− 1

2g2
5

∫
aIJ(φ)F I ∧ ?F J

+ 1
6(2π)2

∫
CIJKA

I ∧ F J ∧ FK , (4.1)
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where I = 0, . . . , n, i = 1, . . . , n, and g2
5 = (2π)4/3(2κ2

5)1/3. The scalar metric gij(φ), the
gauge kinetic matrix aIJ (φ), and the Chern-Simons couplings CIJK are all determined by a
cubic prepotential F [Y ], which is a cubic in Y I . The Coulomb branch corresponds to the
slice F = 1.

Defining FI := ∂IF , FIJ := ∂I∂JF and FIJK := ∂I∂J∂KF , the Chern-Simons coupling
is given by CIJK = FIJK , and the gauge kinetic matrix is given by

aIJ(φ) = FIFJ −FIJ . (4.2)

It is useful to work in homogenous coordinates, in which we drop the constraint F = 1, and
instead set

aIJ = FIFJ
F4/3 −

FIJ
F1/3 . (4.3)

We are interested in the behavior of the gauge kinetic matrix aIJ in an infinite distance
limit. As shown in [19] and as we will see explicitly in the examples below, such a limit
necessarily has a vanishing gauge coupling gA → 0. This limit also has a diverging gauge
coupling gB → ∞, which by the 2-form WGC implies the existence of a magnetic string
with tension T ∝ g−1

B → 0 [57, 58]. This string necessarily saturates a BPS bound [58].
For simplicity, we concentrate on the case with n = 2 gauge fields, as arises from

M-theory compactified to 5d on a Calabi-Yau threefold with h1,1 = 2. Consider a point
Y I
∗ on the Coulomb branch, which lies at infinite distance in moduli space, and a path

approaching this point which is linear in homogenous coordinates, i.e., Y I = Y I
∗ + tY I

(1).
By appropriate linear transformations of the coordinates, we may set Y I

∗ = (1, 0) and
Y I

(1) = (0, 1). The infinite distance limit in question corresponds to t→ 0.
As discussed in [57], the prepotential F must vanish in the infinite distance limit, hence

it takes the general form

F = β(Y 0)2Y 1 + γY 0(Y 1)2 + λ(Y 1)3 . (4.4)

There are two cases of interest to us: (a) β = 0 and (b) β 6= 0. In case (a), we redefine
Y 0 → γ−1Y 0 − λY 1 to set γ = 1 and λ = 0, leaving F = Y 0(Y 1)2. The gauge kinetic
matrix is exactly6

aIJ =
(
t4/3 0
0 2t−2/3

)
. (4.5)

Therefore, identifying B = A0 and A = A1, we read off gB = t−2/3g5 and gA = t1/3g5/
√

2.
We thus have gB ∼ g3

5/g
2
A, so by the 2-form WGC we expect a tensionless string of

tension T ∼ 2π
gB
M

3/2
Pl;5, with string scale Ms ∼

√
2πT ∼ gAM3/2

Pl;5 coinciding with the WGC
scale for A.7

Next, let us consider case (b), in which β 6= 0. In this case, we can set β = 1 by
redefining Y 1 → β−1Y 1 and then γ = 0 by shifting Y 0 → Y 0 − 1

2γY
1. We then have

6Note that the charge lattice need not be integral following the redefinition Y 0 → γ−1Y 0 − λY 1.
Nonetheless, it remains rational, and its exact form will have no impact on our arguments.

7Here we carefully track 2π’s but not other O(1) factors, as before. Note that g3
5 ∼ (2π)2/M

3/2
Pl;5.
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F = (Y 0)2Y 1 + λ(Y 1)3. At leading order in t, the gauge kinetic matrix is

aIJ =
(

2t2/3 4λt5/3

4λt5/3 t−4/3

)
. (4.6)

Thus, when λ 6= 0, there is kinetic mixing between A0 and A1. However, this mixing
is suppressed in the t → 0 infinite-distance limit. In this limit, identifying B = A0 and
A = A1 as before, we obtain gB = t−1/3g5/

√
2 and gA = t2/3g5, hence gB ∼ g

3/2
5 /g

1/2
A .

Thus, by the 2-form WGC we expect a tensionless string of tension T ∼ 2π
gB
M

3/2
Pl;5, with

string scale Ms ∼
√

2πT ∼
√

2πg1/4
A M

9/8
Pl;5. This one-quarter scaling with the gauge coupling

has previously appeared in discussions of WGC towers and emergence [3, 49]; it is the 5d
analog of the one-third scaling in 4d that we saw above in (3.7).

What is the salient difference between case (a) and case (b)? In case (a), from the form
of the prepotential F = Y 0(Y 1)2, we have C011 6= 0, and hence there is a Chern-Simons
coupling of the form B ∧ F ∧ F . As in 4d, anomaly inflow implies the existence of a tower
of charged states on the B string worldsheet, which have string scale mass Ms ∼ gAM3/2

Pl;5.
In case (b), on the other hand, the structure of the prepotential gives C011 = 0, so

the Chern-Simons term B ∧ F ∧ F is absent. Instead, there is a B ∧ F ∧H Chern-Simons
coupling.8 By anomaly inflow, this produces both left and right-moving modes on the
B-string carrying both A and B charge in a manner very much like the momentum/winding
examples discussed in section 3.2. As before, this permits the A-charged “momentum”
modes to be excited at a scale gAM3/2

Pl;5 far below the string scale, whereas the B-charged
“winding” modes first appear at a scale gBM3/2

Pl;5 far above the string scale; indeed, a quick
calculation confirms that Ms ∼

√
gAgBM

3/2
Pl;5, exactly as expected for momentum and

winding modes.
More generally, the Emergent String Conjecture [7, 14] suggests that the tensionless

string in case (a) should correspond to a type II/heterotic string in some dual frame, whereas
case (b) corresponds to a decompactification limit. In this case, the gauge coupling gA
should be identified with the KK gauge coupling eKK, the string scale Ms ∼ g

1/4
A M

9/8
Pl;5

is simply the 6-dimensional Planck scale, and the modes discussed above are precisely
momentum and winding modes of the string on the compact circle.

5 Points for further study

We have given a straightforward argument, for a single axion coupled to a single gauge
field, that there should be axion strings with charged excitations at the WGC scale. As
the example of Kaluza-Klein and winding U(1) symmetries in section 3.2 shows, these
arguments can be more subtle in the presence of multiple gauge fields. Nonetheless, one of
the two towers lies below the string scale. We expect that this generalizes, due to duality
constraints on worldsheet fields, as discussed in appendix B. This raises the question of
whether there is a suitable generalization of our arguments to theories with arbitrarily
many axions and gauge fields, together with general Chern-Simons terms. This would

8There is also a A∧F ∧F coupling when λ 6= 0, but this has no effect on anomaly inflow on the B-string.

– 13 –



J
H
E
P
1
1
(
2
0
2
1
)
0
0
4

be analogous to the Convex Hull Condition for the ordinary WGC [59], but because the
Chern-Simons terms link axion symmetries and ordinary gauge symmetries into a higher
group structure, there could be novel complications. Notice that the existence of different
axion strings for independent gauge groups does not automatically imply the T/sLWGC,
because if the strings cannot form bound states, then there will not be single-particle states
occupying the sites in the charge lattice carrying both gauge charges.

Another natural generalization is to higher dimensions. The results of section 4
suggest that our argument can be adapted away from 4d. However, the abelian instanton
calculation of [33] is not so easily translated to different numbers of dimensions, since the
higher-dimensional monopole worldvolume may not give rise to a well-defined semiclassical
expansion as in the worldline case.

Kaluza-Klein theory has often been discussed as a paradigmatic example of core
Swampland conjectures: there is a tower of charged modes obeying the WGC, their masses
become exponentially light as a function of the canonically normalized radion field as the
Distance Conjecture requires, and the gauge coupling vanishes in the infinite-distance limit.
However, the perspective of this paper suggests that in some ways Kaluza-Klein theory may
be an exception to the rule, with theories of low-tension strings providing the more generic
example of a weak-coupling limit. Our work has obvious connections to the Emergent
String Conjecture of [7] and the Distant Axionic String Conjecture of [18, 20]. It would be
worthwhile to explore these connections further.

An important question for particle physics is when consistency of the theory requires
the existence of a light axion with a θF ∧ F coupling. This question is potentially relevant
for the Strong CP problem, the nature of dark matter, and the dynamics of inflation. We
have now seen that it is also relevant for understanding the nature of the ultraviolet cutoff
of a weakly coupled gauge theory. Theories lacking θF ∧ F terms exist. Aside from the
Kaluza-Klein theories we discussed in section 3, other examples arise from compactifications
on rigid Calabi-Yau 3-folds (with h2,1 = 0) [60]. However, these also have gauge couplings
frozen to particular values, rather than determined by a light modulus, and so they cannot
be tuned to arbitrarily weak coupling. Are Kaluza-Klein theories the only ones with tunably
small couplings and no light axion? Are there any examples of quantum gravities containing
weakly coupled gauge fields with chiral matter, but without θF ∧ F couplings?

In the theories to which our argument applies, the WGC scale gMPl is a scale at which
local QFT irrevocably breaks down and a theory including higher-spin states is necessary.
For phenomenological theories with small g, this can provide much more stringent constraints
than would arise from the g1/3MPl bound discussed in [3, 49]. For example, given that
experimental constraints imply that a massless B − L gauge boson must have coupling
g . 10−24 [61, 62], a gravitational cutoff at g1/3MPl is perfectly compatible with data,
whereas a gravitational cutoff at gMPl . keV is ruled out. However, this more stringent
bound only applies under the assumption that a fundamental axion coupling to the gauge
field exists. If the only quantum gravities allowing extremely weakly coupled gauge theories
without axion couplings are Kaluza-Klein theories, this would exclude the possibility of
a massless B − L gauge boson (because chiral Standard Model fermions carry B − L

charge, an impossibility for Kaluza-Klein gauge theories). This provides one example of
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the phenomenological importance of understanding the space of consistent gauge theories
without fundamental axion couplings in quantum gravity. We will leave further exploration
of phenomenological applications for future work.

A major emerging theme in recent work has been the importance of higher-group
symmetries, which link p-form gauge theories of different p into a larger structure via
Chern-Simons terms. We should think of the Weak Gravity Conjecture, in its fullest form,
as constraining these higher-group gauge symmetries. The consistency among different
points of view is noteworthy: by invoking the WGC for the axion and its dual 2-form,
and assuming that the relevant instantons are standard gauge theory instantons, we have
derived the WGC for a 1-form gauge field (up to an order-one prefactor) as an output.

This work is largely an application of the ideas about Chern-Weil symmetries introduced
in [27]. It reinforces the importance of answering questions raised there: how does quantum
gravity ensure that all Chern-Weil symmetries are gauged or broken? In particular, when
do axions exist to gauge (−1)-form instanton number symmetries, and how can these
symmetries be broken in the absence of axions? How are they broken in nonabelian Kaluza-
Klein theories? Is it possible to consistently gauge an instanton number symmetry with
chiral fermions, rather than a fundamental axion? How should we interpret the axion WGC
in the presence of axion couplings to 4-form fluxes (as in axion monodromy [56, 63–65])?

There is a rich, emerging story linking the Weak Gravity Conjecture, the physics of
axions (which is of enormous phenomenological interest), and higher-group symmetries. We
are eager to follow it wherever it may lead us.
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A Further comments on abelian instantons

In the main text, we have asserted that the action of abelian gauge theory “instantons,”
in the form of monopole loops with winding, scales parametrically as ∼ 8π2/e2. In fact,
what was computed in [33], following the calculation of the dyon energy in [52], was that
S ∼ (4π2/e2)

√
max(rc, r0)/rc. Here rc ≡ π/(e2mM) is the classical radius of the magnetic

monopole (of mass mM) and r0 = e/(8π2fθ) is the screening length of the axion near
the monopole. Implicitly, then, we have assumed that rc & r0. What happens in the
opposite limit?

Suppose that r0 > rc. By assumption, then, we have

fθ <
e3mM
8π3 . (A.1)
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Combining this with the WGC for magnetic monopoles, mM . 2π
e MPl, we learn that

fθ .
e2MPl

4π2 . (A.2)

This is essentially the same bound as we had previously derived using the mild axion WGC
(up to an unimportant factor of 2). Thus, even in the limit where the instanton action is
parametrically different from our assumption, we recover the same conclusion, again using
the mild WGC (but this time for magnetic monopoles). This shows that our argument is
robust against the subtlety in the calculation in [33].

B Anomaly inflow mini-review

In this appendix, we will give a self-contained review of the physics of anomaly inflow and
the existence of localized, charge-carrying degrees of freedom on the worldsheets of axion
strings. For early work on this topic, see [35, 66]; for a more extensive review, see [67].

B.1 Axion electrodynamics and magnetic field strengths

Consider a single axion θ with field strength G = dθ and a set of U(1) gauge fields AI with
field strengths F I = dAI , with action

S =
∫ [
−1

2f
2
θG ∧ ?G−

1
2KIJF

I ∧ ?F J + 1
8π2kIJθF

I ∧ F J
]
. (B.1)

Here kIJ is a symmetric matrix of integer Chern-Simons levels, and KIJ is a symmetric
kinetic matrix determining the strength of the gauge interactions. We work in conventions
where the quantization of fluxes is

1
2π

∮
F J ,

1
2π

∮
G, KIJ

∮
?F J , f2

θ

∮
?G ∈ Z, (B.2)

where
∮
always denotes an integral over a closed manifold of the appropriate dimension.

The action (B.1) leads to equations of motion

KIJd ? F J = 1
4π2kIJG ∧ F

J ,

f2
θ d ? G = − 1

8π2kIJF
I ∧ F J , (B.3)

which may be viewed as modified Bianchi identities for magnetic dual gauge field strengths.
We define the dual gauge field strengths (2-forms F̃I and a 3-form H̃):

1
2π F̃I = KIJ ? F

J ,
1

2πH̃ = f2
θ ? G. (B.4)

We introduce 1-form magnetic gauge fields ÃI and a 2-form magnetic gauge field B̃ to
reproduce the modified Bianchi identities inferred from (B.4) and (B.3):

F̃I = dÃI + 1
2πkIJθF

J + (localized),

H̃ = dB̃ − 1
4πkIJA

I ∧ F J + (localized). (B.5)
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Here “localized” stands in for terms living on the worldvolumes of magnetically charged
objects, which will become necessary if we wish to discuss magnetic monopoles and axion
strings simultaneously. For our purposes, however, we can focus on axion strings which are
electrically charged under B̃ (magnetically charged under θ). The terms proportional to
Chern-Simons levels kIJ encode the familiar physics of modified Bianchi identities and the
Witten effect. In particular, the field strengths in (B.5) are gauge invariant because the
magnetic gauge fields transform under ordinary electric gauge transformations:

B̃ 7→ B̃ + 1
4πkIJλ

IF J when AI 7→ AI + dλI ,

ÃI 7→ ÃI − kIJAJ when θ 7→ θ + 2π. (B.6)

From this, it immediately follows that we cannot simply define couplings on an axion string
worldvolume Σ or a magnetic monopole worldline ΓI of the form

∫
Σ B̃ or

∫
ΓI ÃI . These

are not, on their own, gauge invariant. This is the essence of anomaly inflow: it requires
the presence of localized terms on the worldvolume of magnetically charged objects, which
restore gauge invariance in the presence of the modified transformation laws (B.6) induced
by Chern-Simons terms. Another way to state the anomaly inflow requirement is to notice
that the equations of motion (B.3) derived from (B.1) are inconsistent in the presence
of magnetic sources, because when dG 6= 0 and dF I 6= 0 we find that d(dF̃I) 6= 0 and
d(dH̃) 6= 0. We will now see how to resolve this difficulty in the case of axion strings. In
the case of magnetic monopoles, an analogous argument points to the existence of the dyon
collective coordinate that implements the Witten effect.

B.2 Localized modes on axion strings

Axion strings carry charge under B̃, so the best starting point is an action defined in terms
of the AI and B̃:

S =
∫ [
−1

2KIJF
I ∧ ?F J − 1

2e2
B

H̃ ∧ ?H̃
]
, (B.7)

with H̃ defined as in (B.5). For the remainder of this discussion, then, we can think of the
axion field strength as a derived quantity, 1

2πG = 1
e2B
? H̃. The bulk equations of motion

derived from (B.7) are equivalent to those derived from (B.1).
In the presence of an axion string with worldsheet Σ, one way to see the need for

localized degrees of freedom is to note that we have a contradiction when taking the exterior
derivative of the gauge field equation of motion:

0 = 1
2πd(dF̃I) = KIJd(d ? F J) ?= 1

4π2kIJdG ∧ F J = 1
2πkIJδ(Σ) ∧ F J 6= 0. (B.8)

We can resolve this problem if the F̃I Bianchi identity includes localized degrees of freedom.
Start with the ansatz

1
2πdF̃I = 1

4π2kIJG ∧ F
J + ξI ∧ δ(Σ). (B.9)

This is consistent provided that

dξI = − 1
2πkIJF

J ⇒ ξI = − 1
2πkIJA

J + dηI . (B.10)
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Here ηI is some worldsheet operator which carries gauge charge; in particular, ηI 7→
ηI + 1

2πkIJλ
J when AI 7→ AI + dλI . There are potentially different consistent worldsheet

theories in which these charged degrees of freedom take different forms.
Rather than discussing the most general possibility, we will attempt to construct a

minimal example of a consistent worldsheet theory. We introduce worldsheet-localized
periodic scalar fields σI ∼= σI + 2π (one for each gauge field), which shift under a gauge
transformation of AI :

ξI = − 1
2πkIJ(AJ + dσJ) ≡ − 1

2πkIJdAσJ . (B.11)

With this definition, we have a Bianchi identity

d(dAσI) = d(dσI +AI) = F I . (B.12)

Combined with the earlier (B.6), we now have the gauge transformation structure

AI 7→ AI + dλI , σI 7→ σI − λI , B̃ 7→ B̃ + 1
4πkIJλ

IF J . (B.13)

The next task is to exploit this structure to build a consistent coupling of the B̃ field to the
axion string. A worldvolume theory of the form∫

Σ

[
−B̃ − 1

4πkIJσ
IF J − 1

4βIJdAσI ∧ ?dAσJ
]

(B.14)

suffices. The negative sign of the B̃ term follows from the convention dG = 2πδ(Σ) that we
have chosen. The last term parametrizes the kinetic term for the localized scalar fields; the
? acting on dAσJ should be understood as the worldsheet Hodge star. The factor of 1/4
(rather than 1/2) in front of the kinetic term is chosen because, as we will see momentarily,
this is really a pseudo-action that we will supplement with duality constraints, rather than
a proper action.

Varying with respect to σ and using (B.12), we find

1
2βIJd ? dAσJ = 1

4πkIJF
J = 1

4πkIJd(dAσJ). (B.15)

This equation allows us to consistently impose a self-duality constraint,

βIJ ? dAσJ = 1
2πkIJdAσJ . (B.16)

We impose this constraint because we seek a minimal way to match the anomaly, introducing
the smallest number of new degrees of freedom. The constraint does not follow from
the variation of (B.14), but is an additional equation that supplements the equations
of motion. This indicates that (B.14) is a democratic pseudo-action.9 The self-duality
constraint makes sense when kIJ is a unimodular matrix: βIJ ? dAσJ and 1

2πdAσI are both
integrally quantized.10

9See [68] for early work on such democratic formulations, and appendix A of [69] for a recent review.
10Naively, the invariance of eiS under large gauge transformations for the action (B.14) seems to imply a

stronger constraint: the bilinear form kIJ should be even. However, there are ways to avoid this constraint,
e.g., using the Green-Schwarz mechanism, so it does not apply universally.
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As a consistency check, we can compute the equation of motion of the gauge field by
varying the combined bulk action (B.7) and string pseudo-action (B.14):11

KIJd ? F J = 1
4π2kIJG ∧ F

J − 1
4πkIJA

J ∧ δ(Σ) +
[
− 1

4πkIJdσJ − 1
2βIJ ? dAσJ

]
∧ δ(Σ)

= 1
4π2kIJG ∧ F

J −
[ 1

4πkIJdAσJ + 1
2βIJ ? dAσJ

]
∧ δ(Σ). (B.17)

This reproduces our ansatz for the Bianchi identity (B.9), after invoking (B.16).
Let us comment on two special cases:
First, if we have a single gauge field and k = 1, then we introduce a single scalar σ

obeying the constraint β ? dAσ = 1
2πdAσ. From this, it follows that β = 1

2π , so we have no
freedom to tune the energy associated with excitations of σ. This case corresponds to the
chiral boson, which is related by bosonization to a charged chiral fermion.12 This is the
familiar minimal case of anomaly inflow, with a massless chiral charged mode that can be
excited to produce a charged state with string-scale mass.

Second, if we have two gauge fields with k =
(

0 1
1 0

)
, then we introduce two fields σ1

and σ2. Let us further assume that the matrix β is diagonal, β =
(
β1 0
0 β2

)
. In this case,

the duality constraint implies that β1β2 = 1
4π2 . We can think of one of the two scalars as

an “electric” field and the other as a “magnetic” field, and their couplings are inversely
related via Dirac quantization. This is precisely the case that arises for Kaluza-Klein and
winding symmetries. Ordinarily, we work in terms of a field X =

√
β1σ

1 or its T -dual
coordinate X ′ =

√
β2σ

2; here, we have instead constructed a democratic formulation with
both fields appearing in a single pseudo-action. Because the coefficients of the kinetic terms
are inversely related, one set of charged modes (conventionally, the Kaluza-Klein modes)
can be excited at energy well below the string scale while the other (conventionally, the
winding modes) have energy well above the string scale.

These special cases illustrate the general pattern: we cannot claim that there are
charged modes below the string scale for any gauge group interacting with an axion, since
winding number is a counterexample. However, in such cases the self-duality constraints
will dictate that there are other charged modes below the string scale, and the relative mass
scales of the different charged states will be related via the duality constraints.13

11The first two terms on the right-hand side of the first line of (B.17) come from the variation of the
H̃ ∧ ?H̃ term in the bulk action. In particular, this gives rise to a localized term on Σ because δH̃ contains a
d(δAI ∧AJ ) term, and ?H̃ ∼ G, so we obtain a term ∼

∫
[d(δAI ∧AJ )∧G] ∼ −

∫
Σ δA

I ∧AJ in the variation
of the bulk action after integrating by parts and applying the nontrivial Bianchi identity for G. The terms
in brackets on the right-hand side of the first line come from varying the string pseudo-action (B.14). Notice
that the localized contributions from both the bulk and string actions are necessary to arrange the final
result in terms of the manifestly gauge-invariant quantity dAσ

J , as on the second line.
12The original work on bosonization is [70, 71]; see [72] for a recent discussion.
13A different argument for the necessity of light charged modes below the scale of an axion string’s tension

is in [73].
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