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The partons model reveals the dynamical structure of nucleons (protons and neutrons). Studies related to
thermodynamic quantities of nucleons present interesting and topical questions. In this work, for the first
time we apply Page’s theory of the studies of black holes to investigate the entropy of a proton system.
Inspired by the quantum entanglement entropy in black hole information theories, we establish the proton
entanglement with the similar way. Based our calculations, the proton entanglement entropy has the
approximate form S ¼ lnm − 1=2, wherem represents the partons density of proton (mainly gluon and sea
quark contributions) at small Bjorken x. Our calculations using Page’s theory are well in agreement with the
recent deep inelastic scattering measurements from the H1 Collaboration.
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I. INTRODUCTION

Hadrons make up the great majority of matter in the
entire world. A large number of high-energy hadron
collision experiments have led to more information about
the internal structure of hadrons. QCD provides a powerful
tool for studying strong interactions, but the annoying color
confinement effect has never allowed a fascinating glimpse
into the details of strong interactions in the infrared region.
There may be a deep connection between infrared behavior
of strong interaction and gravity. An excellent example is
the AdS/CFT correspondence that has been developed in
recent decades [1]. One always separates the scales of the
studied objects to accommodate the physical laws. For
example, the macroscopic scale of gravity and the micro-
scopic scale of quantum theory. Such views are scientific
and rigorous, although one is more interested in thinking
about microscopic properties at large scales as well as
quantum properties.
A striking recent example of a specific link between

gravity and QCD is the so-called Bern-Carrasco-Johansson

double copy, where the perturbative gravity amplitude
consists of the QCD amplitude and an additional kinematic
factor [2]. In a recent work, the authors have classicalized
and unitarized the objects of QCD and gravity theories: the
CGC-black-hole correspondence [3,4]. The remarkable
link between the descriptions of black holes as highly
occupied condensates of N weakly interacting gravitons
and that of color glass condensates (CGCs) as highly
occupied gluon states have been fully discussed. The
authors of Ref. [4] also give the entropy of CGCs and
black hole that are equal to the area measured in units of
the Goldstone constant corresponding to the spontaneous
breaking of Poincaré symmetry by the corresponding
graviton or gluon condensate. The link between black hole
and collisions of nucleus is well-founded, and the above
discussion provides a window to investigate the similarity
between gravity and strong interaction.
In this work, we focus our research on the proton system.

Since the establishment of the partons model [5–10], it has
been used in various research areas of high energy collision.
In consequence, the evolution of the partons density leads
to differences in the proton structure functions with differ-
ent experimental inputs. The dynamical quantities in the
deep inelastic scattering (DIS) process are defined as the
Bjorken scale x and the photon virtualityQ2. In DIS, virtual
photon is used as a probe to interact with proton target to
detect the proton structure, and the partons model provides
good agreements with DIS data well. Experimental mea-
surements with high statistical data also provide the
important evidences for understanding the hadron structure.
Both the structure of the partons density inside the proton
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and the multiparticle scenario of the final state of the DIS
process are closely related to statistical physics [11–15]. In
these contexts, theoretical or experimental aspects of high-
energy collision processes regarding entanglement entropy
come into the limelight.
Recently, Kharzeev and Levin proposed the entangle-

ment entropy as an observable in DIS [16], and suggested a
relation between the entanglement entropy and partons
distribution. In this view, the proton in its rest frame is
described by a pure quantum state that corresponds to a
zero von Neumann entropy. However, on one hand, in the
partons model, if one does not consider the coherence
between quasifree partons, the nonzero entropy provided
by the partons in proton is emerged [16]. On the other hand,
in DIS case, one should think that the photon probe only a
part of whole proton wave function denoted region A. The
DIS probes the spatial region A localized within a tube of
radius ∼1=Q and length ∼1=ðmpxÞ [17,18], where mp is
the proton mass. The inclusive DIS processes sum over the
unobserved final state information—the unprobed region of
proton wave function denoted region B. Therefore only
the reduced density matrix of proton ρ̂A ¼ trBρ̂ should be
considered. Hence, the von Neumann entropy arising from
the quantum entanglement between regions A and B
[16,19]. To deal with the entanglement entropy of protons,
one can refer a lot of works that have given several helpful
answers and discussions [19–26]. In particularly, the
authors in Ref. [24] represented the DIS process as a local
quench in Lipatov’s spin chain [27] and studied the time
evolution of the produced entanglement entropy, which
suggested that the DIS process can be efficiently simulated
on quantum computers.
From the different perspective, we introduce the defi-

nition of the proton entanglement entropy inspired by the
QCD-gravity theory correspondence [4]. We borrow the
description of the black hole entanglement entropy to
establish another one—the proton system. In order to
construct the entanglement entropy formalism, one can
refer to Page’s conjecture of the entanglement entropy
between subsystems of quantum states [28,29] and con-
sider the proton as a pure quantum state composed of two
subsystems, which is similar to the black hole application
by Page’s work [29]. We apply Page’s entanglement
entropy formula to the proton quantum system for the first
time and find that the entanglement entropy of the proton is
consistent with recent DIS measurements by the H1
Collaboration [30]. Based on our calculation, it seems to
be a successful application of the treatment of black hole-
related problems to the study of proton structure. The
organization of the paper is as follows. The Page’s con-
jecture and the construction of proton partons distribution
are reviewed in Sec. II. The results we obtained by using
Page entropy and compared with experiments are shown in
Sec. III. At the end, some discussions and a summaries are
given in Sec. IV.

II. PAGE’S CURVE AND PROTON PARTONS
DISTRIBUTION FUNCTIONS

A. Page’s black hole entropy description

We begin with the description of an application of
Page’s entanglement entropy of quantum state system.
About 50 years ago, Hawking calculated and found that
the classical black hole thermal radiation would lead to the
final complete disappearance of the black hole; i.e., the
information about the black hole would evaporate com-
pletely [31–34]. For reviews of the problem, one can
see Refs. [35–39] and references therein. In 1993, Page
proposed that the evaporation process of a black hole can
be described by an Smatrix [28,29], thus avoiding the loss
of information during the process from the initial pure
state black hole to the final pure state. The famous Page’s
curve and Page’s formula are presented from these works.
We need to emphasize that Page’s description of black
holes originates from the entanglement entropy of quan-
tum state subsystems. In order to obtain the entropy of a
quantum system, the best way is to divide the system into
subsystems and ignoring their correlations [28]. For
example, consider the Hilbert space H of a generic
quantum bipartite system, H ¼ Hm

A ⊗ Hn
B, where m

and n indicate the dimension of region A and B respec-
tively. The total dimension is N ¼ mn, and the corre-
sponding definitions such as quantum states and density
matrices can be found in [28] for details. From these
concepts, one should express the average entanglement
entropy of on subsystem as Page conjectured and proven
by Sen [40],

S ¼
�P

N
k¼nþ1

1
k −

m−1
2n ; for m ≤ nP

N
k¼mþ1

1
k −

n−1
2m ; for m ≥ n

: ð1Þ

We need to emphasize that the first and second expres-
sions in Eq. (1) are symmetric with respect to m ↔ n. If
one estimates that for 1 ≪ m ≤ n, Eq. (1) has the general
and compact form [28]

Sm;n ≃ lnm −
m
2n

: ð2Þ

Figure 1 shows that, for a fixed dimension of the observable
subsystem,m, SA is bigger for bigger N, hence bigger n, the
unobservable degree of freedom Page suggested that when
the dimensions m and n of both subsystems A and B are
large, and when the joint system (the black hole) is in a
random pure state, the system has the maximal entropy [28].
Based on above discussions, one can also directly make a

similar treatment of the proton system in DIS process.
Precisely because in DIS the proton also conforms to the
bisystem characteristics [16]. According to Refs. [16,19,21],
the condition 1 ≪ m ≤ n is satisfied at low x in DIS. In this
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case, the proton partons density increase with energy but has
not yet reached saturation [25]. At small x all microstates of
the system are equally probable and the von Neumann
entropy is maximal [21] because of the proton pure quantum
state. Thus, Page’s entropy of the proton version is con-
structed at low x region (x ∼ 10−3). Under this condition, we
consider that the mean logarithm of the multiplicity distri-
bution of the final-state hadrons measured by DIS should
correspond to the maximum entanglement entropy [19,21].
The Page’s curve corresponds to Eq. (1) and Fig. 1, which
gives the information, thus one can consider that Page’s
entanglement entropy becomes maximal withm¼ n¼ ffiffiffiffi

N
p

.
Now Eq. (2) reduces approximately to

Sm;n ≃ lnm −
1

2
: ð3Þ

Equation (3) is the main claim of this work and represents
the entanglement entropy of the system depending on the
degrees of freedom of only one of the two subsystemsA and
B. It can be seen that the first term of Eq. (3) is similar to the
classical Boltzmann entropy formulation, and the second
term that appears on this basis comes from the entanglement
entropy formula proposed by Page [28], which includes the
entanglement betweenA andB. Based on this claim, one can
easily correspond this degree of freedom m to the partons
density of the protons that are described in next subsection.

B. Parton distribution functions
from evolution equation

A good deal of studies related to the dynamics of
entanglement entropy have been described in detail in
Refs. [4,41–49]. In order to obtain the experimental
correspondence of proton entanglement entropy, one can
consider the physical significances of the two subsystems
of protons. The maximal entanglement state is satisfied that
the entanglement of region A with B is equivalent to the

entanglement of region B with A, i.e., SA ¼ SB [21]. The
latter quantity can be reconstructed from final-state hadrons
multiplicity distribution in DIS with the “local parton-
hadron duality” [50] and the “parton liberation” picture
[51], which was measured by the H1 Collaboration in DIS
[30]. For comparing with the experiment, we first assume
that partons density equals to the degrees of freedom of the
observed region within proton through [25]

m ¼ hnðx;QÞi ¼ xGðx;QÞ þ xΣðx;QÞ; ð4Þ

where xGðx;QÞ and xΣðx;QÞ denote the gluon and sea
quark distribution function that describe the microstates of
the observed proton region. We emphasize that hni in
Eq. (4) is from the definition in [25] and is not the degree of
freedom of the subsystem mentioned earlier. A large
number of microstates are requirements for the approxi-
mation of Eq. (2) to be valid, i.e., the small x region in the
DIS language.
Let us now describe the entanglement entropy of a

proton in terms of Eq. (3). In order to obtain the gluon
distribution at the small x region, there are many schemes to
be selected. Both the QCD evolution equation and the
partons database can give the gluon structure functions one
requires. We focus on the dynamical behavior of the gluon
distribution in the small x region, thus we choose the
Balitsky-Kovchegov (BK) equation [52–56] as an input to
obtain the unintegrated gluon distribution F ðx; k2Þ [57]

F ðx; k2Þ ¼ NcR2
p

αsπ

�
1 − k2

d
dk2

�
2

k2N ðk; xÞ; ð5Þ

where N ðk; xÞ encodes the forward dipole-proton scatter-
ing amplitude and is independent on impact parameter. The
strong coupling constant αs is set to 0.2 [58]. Rp denotes
the proton radius which is treated as the charge radius [59].
To reconstruct the gluon distribution, one should get the
dipole-proton scattering amplitude N , which denotes the
solution to BK equation [52–56]. We choose the previous
work [58] on the analytical solution to the BK equation as
an input to the gluon distribution, which has a good
description with the vector mesons photoproductions and
proton structure functions measurements [60,61]. In this
approach, the BK equation can be approximated as a partial
differential equation—the Fisher-Kolmogorov-Petrovsky-
Piscounov equation [62–64]. The analytical solution is
given by homogeneous balance method [58,65]. In this
work, the parameters of BK solution are given from [58]
with the global fits (see Ref. [58] for details). In addition,
the usual integrated gluon parton distribution function
(PDF) can be calculated from the unintegrated gluon
distribution,

1 10 210 310
m

0

1

2

3

Pa
ge

S

N = 500

N = 1000

FIG. 1. Example of two Page’s curves from Eq. (1) with total
numbers of degrees of freedom 500 and 1000.
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xGðx;Q2Þ ¼
Z

Q2 dk2

k2
F ðx; k2Þ: ð6Þ

To obtain the quark PDF generated by BK or BFKL
(Balitsky-Fadin-Kuraev-Lipatov) schemes, one can apply
the Catani-Hautmann procedure [25,26,66] but these dis-
cussions are not included in the present work. We discuss in
the next section the PDFs we used to calculate the entangle-
ment entropy, which includes the pure gluon contribution as
well as the total contribution after adding the sea quark.

III. RESULTS AND DISCUSSIONS

To calculate entropy for the H1 Q2 bins, we employ the
following averaging procedure from [25]

S̄ðxÞQ2
2
;Q2

1
¼

�
ln

RQ2
2

Q2
1

dQ2½xgðx;Q2Þ þ xΣðx;Q2Þ�
Q2

2 −Q2
1

�
−
1

2
;

ð7Þ

where the last term comes from Eq. (3). Our results are
shown in Fig. 2.
Based on results, we find the calculated entanglement

entropies have great agreements with H1 data and the
results from Ref. [25]. We need to state that our results are
all calculated under the leading-order (LO) approximation.
It can be inferred that gluons contribution are dominant at
the low x region in DIS [16]. Sea quarks only account for
about 5% of the total contribution. The depression behavior
of the small x region can also be shown in Fig. 2 to weaken
as the scaleQ2 increases. Our choices for the PDF schemes
are not the focus of this work. From a formal point of view,
the definition in Eq. (4) and its identification with the
measured hadronic entropy has the obvious shortcoming
that it relates an unphysical object, i.e., scheme dependent
PDFs, to an observable, i.e., hadronic entropy. For exam-
ple, it is well known that the convergence of the gluon
distribution is rather poor in the low x region; differences
between the LO and NLO (next-to-leading-order) gluon
amount up to 100% in the low x region [25]. However, as
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FIG. 2. Partonic entropy (colored lines) and hadronic entropy (black points) versus Bjorken x. The colored lines come from the BK
evolution equation and partons distribution global fitting [67–71]. The solid lines represent pure gluon contribution and dashed lines
represent total gluon and sea quark contribution. The results of the BK scheme (red lines) include only pure gluon contribution.
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one of the few schemes currently linked to experimental
data, we propose for the first time to connect black hole and
proton entanglement entropy and partly explain the para-
dox that the proton entropy originally given by H1, which
is relatively large [30]. We argue that the “partonic” entropy
should only be consistent with the entropy calculated from
the measured final-state hadron multiplet distribution in
DIS at the maximal entanglement state, which requires
the condition of Eq. (3) to hold. This is the region where
the extreme value of the Page’s curve is located [29]
(see Fig. 1).
Our idea proceeds from the quantum entangled state

itself, and Eqs. (1)–(3) themselves are not model depen-
dent. However, the source of the choice of gluon distribu-
tion that we use, the BK equation, and its analytical
solutions are subjected to some approximations. These
approximations introduce amount of uncertainties, for
example, our choice of fixed strong coupling constants
leads to differences in the results of gluon density for
various scales [58]. We could not reproduce the description
that is based on the collinear next-to-next-to-leading-order
(NNLO) sea quark distribution from the work [19].
However, this work was one of the motivations for our
research and is an inspiration for our approach. We need to
emphasize that the condition for the use of Eq. (2) is
1 ≪ m ≤ n; i.e., a great number of partons yields a larger
subsystem degree of freedom.
The studies and discussions related to the information

entropy of black hole have made great theoretical progress
in recent decades, and in Refs. [3,4] the properties of black
hole have been corresponded to the high occupied number
system—CGCs. We are inspired by this to extend the
analogy of black hole systems to proton systems at small x.
We make the assumption of formalism describing the
entanglement entropy of quantum system and black hole
and extend it to the measurement of the DIS process. On
one hand, our first attempts seem to have been successful in
terms of results. There are precedents for scaling down the
investigation of the properties of macroscopic objects to the
microscopic world. On the other hand, the difference
between the choice of the source of the partons distribution
of the proton has no effect on the main physics and the
proton entanglement entropy can be constructed as long as
the small x condition is satisfied. The differences in the
values of the same set of colored lines in Fig. 2 depend only
on the source of the PDFs we chosen. Based on the original
polynomial definition (1), the complete quantum pure state
entanglement entropy should be determined jointly by the
degrees of freedom of the two subsystems. However, as
suggested by Page, it is possible to give an approximation if
the subsystem degrees of freedom are sufficiently great

[28]. Information on the multiplicity distribution of
final-state hadrons measured by DIS as a complement to
the information on the proton wave function detected by the
photon probe. The latter is one of the commonly used DIS
observable-structure functions or PDFs.

IV. SUMMARY AND OUTLOOK

In this work, we extend for the first time the theory
related to the entanglement entropy of quantum system
and black hole, as formulated by Page, to describe the
entanglement entropy of protons. We interpret the degrees
of freedom of quantum pure state subsystems as part of the
proton information probed by photons in DIS measure-
ments, and it is this component that emerges the nonzero
von Neumann entropy. We argue that the proton entan-
glement entropy can be expressed as S ¼ lnm − 1=2 with
the sum of proton gluon and sea quark distribution
m ¼ xGþ xΣ, because a proton can be divided into
two entangled quantum systems in the DIS process
[16]. This holds approximately in the small x region
where the gluon and sea quark contributions are
significant. The recent DIS measurements of the H1
Collaboration [30] are well described by our proposal.
The investigation of the partons behavior of proton at the
small x region will provide a more convenient tool for
hardon entanglement entropy. There are in fact many
relevant studies that partially explain these phenomena
with small-x QCD evolutions [16,19–25].
Last but not least, just as the BFKL and BK equations

describe proton gluon structure, a more exact gluon
evolution at small x regions may give more accurate picture
of entanglement entropy, such as Jalilian-Marian-Iancu-
McLerran-Weigert-Leonidov-Kovner equation [72–75].
The direct correspondence between the gravitational theory
of black hole and strong interactions is also a worthwhile
subject. The entanglement entropy description of proton
system is only the beginning. We argue that theoretical as
well as experimental studies of CGC theory may provide a
window corresponding to black hole and gravity studies.
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