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1 Introduction

The study of integrable structure of conformal field theory began with the seminal series
of papers of Bazhanov, Lukyanov and Zamolodchikov [1-3] devoted to study of quantum
KdV integrable system. In particular, the set of generating functions for local and non-
local Integrals of Motion has been explicitly constructed. Unfortunately the construction
of [1-3] does not known to provide by itself any equations for the spectrum of the Integrals
of Motion.

New ideas appear since the discovery of Ordinary Differential Equation/Integrable
Model (ODE/IM) correspondence [4-6]. Using this approach and bunch of analytic intu-
ition, the authors of [7] were able to express the spectrum of the local IM’s in terms of
solutions of certain algebraic system of equations. These equations appear in [7] as condi-
tions of absence of monodromy at apparent singularities of certain second order differential
operator, which is governed by the so called Duistermaat-Griinbaum theorem [8]. In [9] the
relation between the Duistermaat-Griinbaum theorem and the Virasoro algebra has been
made more precise. Similar algebraic equations were generalized for some other integrable



structures, such as Fateev models or quantum AKNS model (see [10] for the list of all
known cases). Despite the obvious success of BLZ program, it is still unclear where the
algebraic equations of [7] come from, and whether they can be easily generalized for other
models of CFT.

Recently it becomes clear that there is parallel approach based on the affine Yangian
symmetry. The advantage of this approach is that it fits in general framework of the
quantum inverse scattering method and provides Bethe ansatz equations for the spectrum.
Being originally formulated geometrically [11-13], it can be rephrased entirely algebraically
in CFT terms.! In [14], using this algebraic approach, we studied the integrable structures
in CFT related to Y(gA [(1)), the affine Yangian of gl(1) [15]. These integrable structures ap-
pear in W —algebras of A, type and its super-algebra generalizations and can be viewed as
twist deformations of the quantum Gelfand-Dikii hierarchies (quantum ILW type integrable
systems). We used RLL formulation of Y(g[(l)), where R stands for the Maulik-Okounkov
R—matrix [13], explicitly constructed off-shell Bethe vectors and have shown that on Bethe
ansatz equations these vectors diagonalize both KZ and local Integrals of Motion.

In current notes we generalize the results and the methods of [14] to the W-algebras of
BCD type. The key new ingredient, which appears in this case is the analog of Sklyanin’s
K —matrix [16], introduced by him for studying of spin chains with boundary. The “bound-
ary” in the current context corresponds to the endpoints of the affine Dynkin diagram for
a given integrable system. This fact has been already noticed and studied in trigonometric
case in [17]. Here we restrict ourselves to the conformal case, but consider the problem of
diagonalization of Integrals of Motion. Similar to the A case [14], it is convenient to diag-
onalize KZ Integrals of Motion (called reflection operators in [10]) rather that local ones.
We explicitly construct the off-shell Bethe vector, which depends on auxiliary parameters
Z1,...,xnN, where N is the level, and show that the KZ operator acts diagonally on this
vector provided that z;’s satisfy Bethe ansatz equations. These equations (formula (4.13))
together with the explicit form of off-shell Bethe vector (formula (4.10)) constitute the
main results of our paper.

This paper is organized as follows. In section 2 we introduce integrable systems of
BCD type, as a commutant of affine system of screening operators. We also provide an
explicit form of first non-trivial local Integral of Motion. In section 3 we review the Maulik-
Okounkov R—matrix, introduce the notion of the Sklyanin K —matrix in this context and
review basic facts about affine Yangian of 5[(1). Section 4 is devoted to explicit construc-
tion of off-shell Bethe vectors. In section 5 we explicitly diagonalize KZ Integral of Motion.
In section 6 we give some concluding remarks, in particular we give the conjecture for eigen-
values of local Integrals of Motion. We also provide some details on integrable systems of
low rank, in particular for Bullough-Dodd model. In appendices we provide supplementing
calculations and useful formulae.

'For the modern review of the geometric approach and more advanced topics see Andrei Okounkov’s
summer lecture course sites.google.com/view/andrei-okounkov-lecture-course/home.


https://sites.google.com/view/andrei-okounkov-lecture-course/home

2 Integrable systems of BCD type in CFT
The integrable systems studied in this paper can be realized by the n—component bosonic
free field ¢ = (¢1,...,¢n). Local Integrals of Motion have the following general form
1 2 _ 1 2 _
IS = % 0 G5+1(Z)dz, IS = % 0 GS+1(5)d5, (21)

where G4, 1(2) and Gsi1(Z) are the local densities with the spins s belonging to some
set, which is a characteristic property of a particular integrable system. The important
property of local IM’s is that they form the commutative set

[IT7IS] =0. (22)

The best way to describe our integrable systems goes through affine Toda QFT

1 n
S= [ (—(0atp - 04 A b<ar'¢>>d2 . 2.3
[ (5x0m0 - tup) £ 23 : 2.3)
where the vectors (a, a1, . . ., ;) have the Gram matrix corresponding to one of the affine

Dynkin diagrams of BCD type:

D, >>—w 40_< Cp  O3=0—0— s+ —O—0=c0
B, >—w ces —O0—03=0 CY  oe0—0— +++ —0—0=0
BY >—<k ces —O0—0=0 BC, o0m=0—0— v+ —O—0=t0

and b is the coupling constant. Using the standard parametrization for the roots one can
express the scalar products in the exponents in (2.3) as

—¥1 Pn
(o) = ¢ —2¢1 (arp) =pr—pr1 for 0<r<n, (arp)=12p,
—P1 — P2 Pn—1+¢n

(2.4)

That is each of the affine diagrams can be interpreted as non-affine A, _; diagram with

two boundary conditions which can be of three types B, C or D corresponding to the short
root, the long root or the root of the length v/2 correspondingly.

The theories (2.3) are known to be integrable both classically and quantum mechani-

cally. They share an interesting property of the duality (see e.g. [18]). Namely, both f)n

and Eﬁn theories are self-dual with respect to the substitution b — b~!, while ]§n and EX



as well as én and (Aj)l/ are mapped to each other. The quantum integrability implies that
the theory admits the set of local Integrals of Motion whose short distance limit coincides
with I, and I, from (2.1).

The integrals I, and I, by themselves can be defined up to a total factor from the
equation (and similar antiholomorphic equation)

1 ]{ eb(%"“’(f))Gsﬂ(z)dg = 0V, (2), (2.5)
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where V;(z) is some local field (and similar formula for G5, 1). Using (2.5) one can construct

first few local IM’s explicitly. It is convenient to write them in Nekrasov epsilon notations?

€2 — €1 def
b= —_—, b 1 = — and €3 :e —€1] — €2. (27)
€1 €2

The first non-trivial local Integral of Motion is I3 and the corresponding Wick ordered
density has the form

1 o+ L
Ga(z) = (D¢ - 64,0)2 —3 (Qn - 66365) Z (atpk)4+
k=1

4 e e
+ 23" 0y (Z (-1+ 632636 0% =Y (n—i+ 6326365)82%) +

j<k >k

(o A= DE D) (e 2t s 20)) (o o
3e1€9 3e1€2€3
4

g (z’—1+63_6a> (n—j+63_66)(2—517')32%32%7
€1€2 i<j 263 263
(2.8)
where each of the indexes a and 3 takes the values 1, 2 and 3, corresponding to either B,
C or D boundary conditions.

We stress that in general the solution to the commutativity equation (2.5) should be
searched in terms of analytically regularized densities rather that Wick ordered ones. In
the case of the density of spin 4 these two differ by an amount which is by itself an Integral
of Motion. In general this is not the case and starting from the spin 6 one expects to
have corrections to the Wick ordered density, which formally correspond to lower spins

(see section 6 for the example).

3 Maulik-Okounkov R-matrix, K-matrix

The Maulik-Okounkov R—matrix is related to the Liouville reflection operator [19] as

Rij = R[0pi — Oyp;j]. (3.1)

2The answer will depends only on the ratio %7 so without loss of generality we may assume e1e2 = 1
and thus 1

b= e, b '=¢ and Q=b+; = (2.6)



We will use both notations (3.1) interchangeably. Sometimes it may also be convenient to
use the notation R; ;j(u; —u;) in order to emphasise the value of the zero mode (see (3.3)).
This reflection operator can be defined up to a normalisation factor from the condition

(@=922)
R[0pi — 0p;)(Q0 — 0pi)(QD — Opj) = (Q0 — ;) (QD — D) R[Dp; — Dypj],  (3.2)

where @y, is the free bosonic field

L Ug k) —inx i i1 —
Opr(z) = —1 +3Y alkemine, Ay, @] = M, —ndi ;. 3.3
ula) = i+ 5 by = b B (3)

In order to introduce the K-operator, we consider rank two W algebras of BCD type.

They can be defined as commutants of screening operators (here b = 252)

[ e?2dz for B,
Si = / ter=e2)gy Sy ={ [z for C, (3.4)
[ etlerte2)dy for D.

The corresponding holomorphic currents Ws and Wy have the explicit form

9201 + S (5200 + 82¢1) (3.5)

2€e3
W = (901)? + (9p2)? + —
2 = (0p1)” + (0p2) o =

and

((01)20 2 + (Dp2)*0%p1) —

2e3 €3 — €q
Wi = (0p1)*(0p2)? + ——=0p10¢020*
4 (901)(902)+\/@s01s02 ot
_ €3¢€a (82901 24 Ma%ﬂy@z _ (€1 — €a)(€2 —
€1€2 €1€2 2€1 €9

i (390183901 + 3@283@2) —~

€3(€3 — €q) 3 3 €3 cales —€a) €& 1\ 4
— ———— (0p10°¢1 — D10 — -=-]0
162 ( P10~ p1 P1 cPz) + B 9e16s s 3 P1

(3.6)

where oo = 1,2, 3 correspond to B, C and D W algebras correspondingly.
Each screening operator (3.4) generates the reflection operator according to the rule

Ri12Ws = Ws| Ry, KoWs = W

PLirp2

KCa, (3.7)

p2—>—P2

for s = 2,4. We have R 2 = R[0¢1 — 2], while s is also equal to the reflection operator
of the re-scaled argument

K37 = R[V?20 for B seri 3.8
2 [\f 902] 1Bercasea V3 or B series ( )
K2 =R[V20 for C seri 3.9

2 [V20p)] ser VB er/Een or C series (3.9)
IC;’ =1d for D series (3.10)



Note that 3 = Id is the simplest among the operators, as it does not depend on spectral
parameter and has very simple action on bosons.

Now, similar to the argument of Maulik and Okounkov, the K-operator obeys Sklyanin’s
KRKR equation?

R[@gpl — 8(,02]/C?R[8901 + &pg] 8 = K%R[a(pl + 8@2]/(:?72[8@1 — acpg]. (3.12)

It is interesting to note that ', K? and K? seem to exhaust all solutions to KRKR equa-
tion (3.12) which preserve the grading operator [Wadz. This is an unproven statement,
confirmed by explicit calculations on lower levels.

3.1 KZ integrals of motion

Having defined R— and K —operators, one can define the important family of IOM’s con-
structed from two solutions of KRKR equation — the so called KZ Integrals of Motion.
Let us introduce the following operators:

7" = Rz RiakiRin - Rijit1, (3.13)
T =Rit--RiistKiRy;... Ry_y 3, (3.14)
I =T T" (3.15)
where we defined the conjugation operator D;
Dif(p) = f() D;, (3.16)
Pi—r—Pi
R;; = D;jRi;D; = R[0p; + d¢p;], (3.17)
R;; = DiRi;Di = R[-0p; — Dpj], (3.18)

Using KRKR equation (3.12), it is straightforward to check that
75, ;%] = 0. (3.19)

It is also possible to prove the commutativity of KZ Integrals of Motion and local ones.
Indeed, any screening operator S, acts non-trivially only in two (or one at the endpoints)
spaces. In order to point it out we will equip it with the label 7, such that S,, acts in
the space of two bosons F; @ Fiy1 for ¢ # 0,n, while S,, and S,, acts only on first and
the last boson correspondingly (see (2.4)). Now, from the very definition of the reflection
operators (3.7) any operator O; which commutes with S,, has a nice intertwining property
with the reflection operators

Rii+10; = O;

Riitl, i=1...n—1 (3.20)

PisrPit1

K:0; = O;

Ki, i =0,n. (3.21)
Pi—Pi

3Let us note that there is more convenient form of KRKR, equation used by Sklyanin [16]:
Riz2(ur — U2)’€1(U1)R2,1(U2 + U1)’€2(U2) = ICQ(UQ)RLQ('UJ + Uz)lal(u1)R2,1(U1 — u2). (3.11)

These two equations actually differ by the redefinition of K —operator and overall conjugation by the

reflection of bosonic modes al? — —ab?, n # 0.



As local IM’s commute with all screening operators, they nicely intertwine with both 7~
and T+

7;+IS =1, (3.22)

(3
Pi—r—P;

which proves the commutativity [Is, ZX%] = 0.

3.2 Review of the Affine Yangian Y(gl,)

Let us remind the basic properties of RLL algebra and its equivalent description in terms
of generating currents h, e and f (for more details see [14]).

The Maulik-Okounkov R-matrix defines the Yang-Baxter algebra (YB(gl(1))) in the
standard way

Rij(u - v)ﬁz(u)ﬁj(v) = Ej (U)[:z(u)'Rz] (u — U). (3.23)

Here £;(u) is treated as an operator in some quantum space, a tensor product of n Fock
spaces in our case, and as a matrix in the auxiliary Fock space F,. The algebra (3.23)
becomes an infinite set of quadratic relations between the matrix elements labeled by two
partitions

Ly, (u) def (ulaxL(u)a_y|u)y where a_plu) =a_ya_p, ... |u). (3.24)

Let us introduce three basic currents of degree 0, 1 and —1

def

h(u) = ['z,g(u), e(u) = def

hil(u) Lon(u) and  f(u) = Log(u) - hil(u), (3.25)

as well as an auxiliary current (as we will see (3.28a) it also belongs to the Cartan subalgebra
of YB(gl(1)))

def

Y(u) = (ED,D(U +e3)— Lop(u+ 63)h_1(u +e3)Lag(u+ 63)>h_1(u + €3) (3.26)

As follows from definition of the R-matrix these currents admit large u expansion

h h
hu) =1+ 2+ 2 e(w) =2 g
f(u):@—i-ﬁ—k... w(u)zl—i-@—i-ﬂ—i—...
u o u? ’ u o u?

Using the definition (3.25) and (3.26) and explicit expression for the R-matrix on first
three levels one can prove [14] the following relations

(3.28a)
(3.28b)

u—v)h(u)f(v)—es3f(u)h(u), (3.28¢)
) , (3.28d)



as well as ee, ff relations

o= o)etweqe)- =AY _eolt)

uU—v-+e€ U—v+ € U— v+ €3

— §(u— ) [e(v)e(u)- em(u) g enlw . (3:280)

u—v—e€ U—v—e€ U —7v—€3

folv) S50 fp(v) ]

U—V—€ U—V—€ U—V— €]

Jeo(w) gt fs(u) }

g(u = v)[f(u) f(v)~

= g(u =) [f0)f ()~ T — ] mash
Ye, Y f relations .
9(u —v)Y(u)e(v) = g(u —v)e(v)y(u) + locals, (3.282)

=
IS
|
S
=
4
S~—
=
£
Il
QI

(u—v)(u) f(v) + locals,

and Serre relations

Z (Ugy —2Ugy Uy )e(Ugy )e(Ugy )€(Uey )+ Z e(Uq, ), eem u@)—l—e@(u@)—l—e@(u@)] =0,

oES3 oES3
Z (Ugy —2Ugy +Ugy) f (o) f(Uoy) f(Uoy)+ Z (Ugy ), fom u@)—l—f@(u@)—l—f@(ugz)] =0.
oE€S3 oESs3
(3.28h)
In the relations above we have used the following notations
def _ def
g(@) = (z+e)(z+e)(z+e), )= (z—e)lr—e)lr—e). (3.29)

We note that the terms shown by blue in (3.28b)—(3.28g) depend only on one parameter
either w or v (in (3.28g) these terms are so complicated, that we do no write them explicitly)
and in (3.28f) they depend only on two parameters instead of one. We call such terms local,
the main idea is that they always can be omitted in actual computations, as only interested
in relations between modes of currents they always will stand inside some contour integral,
and the integration contour always can be chosen in a way to exclude local terms.

Now let us describe the inverse map from the Borel sub-algebra of RLL algebra to the
currents. We introduce the modes U, of W) (z) current

@lLw) a2y = Y 1o (u12> : n>0 (3.30)
(21a® £(u)|2) = U;” +0 (;) , n>0 (3.31)
It is clear from the RLL relation that the R—matrix commutes with the W) current:
(a!? + U Row = Rop(a¥ + U,) (3.32)
Taking the matrix element over the auxiliary space (& ... |u) for positive n we will get:
[Lyo(w), Un] = Lypin,z(u), (3.33)
where (u+n| = &t (p|an.



It is also clear, that U, for n > 0 belongs to the subalgebra n™. Indeed, explicit
calculation of the large u limit of R(u) (see [14] for the details) shows that:

U1 = f() U_1 = €, (334)
Uk+1 = —k[fl, Uk] U1 = _k[elv Uk] (3'35)
Then we get:
Ur — %...fgk(z)f(zl)...f(zk)dz with
(3.36)
gr+1(z) = —k?(Zlgk(Z% ooy Zhg1) — Gnl21, . aZk)Zk+1)7
and

ge(z) = (D k= DT (C-0iciz), (3.37)

where C? are the binomial coefficients.
Finally using (3.33) we may express Ly z(u) as a multiple commutator of Lg o(u) =
h(u) and modes of f(z) currents, or equivalently as contour integral

Las(u) = @;M 7( . .JJFA(z\u) hu) (o). Fle)der . dzy (3.38)

with some explicit function Fy(z|u).

3.3 Antipode
As we will see there is an important operation: the reflection of the boson p(z) — —¢(x).

Using it we define the antipode of L-operator:

(Lpu (W) E Ly (1) = (—1)1OHO) L(—ap), (3.39)

L)L) ¥ L(v)L(u). (3.40)

Here [(p) is the number of rows in Young diagram p.*
It is convenient to write the conjugated L operator as follows:

Frolu) = (Q;M f - -fFA(z\u) Fmes— 2 - f(—es — m)h(—u)dzy ... dzy (3.41)

4 Off-shell Bethe vector

In order to construct the off-shell Bethe vector we consider the tensor product of n + N
Fock spaces

quantum space auxiliary space

)
“Note that if we thing of the diagram as of the bosonic state: |[\) = [] a—x,;|@), then multiplication by
i=1
(—1))‘ is nothing but the reflection of the bosons a—, = —a—_n.



generated from the vacuum state
D) @ |D)e = [un) @+ @ |u1) @ |21) @ -+ @ |2N). (4.2)

In order not to confuse between the auxiliary and quantum Fock spaces, we will label Fock

space not by it’s index, but by it’s spectral parameter. So that the R-matrix between two

Fock spaces will read as Ry, »; while the R-matrix between two auxiliary spaces as Ry, x; -
As usual let us introduce £;(u;) operators:

Li(w;)) =Ru; 2 = Rujzr - Rugans Loy = Ly(up)...L1(up). (4.3)

It is also convenient to define opposite £ operators:

Ez(uz) = Rufhw = Rdi,ﬂcN e Rdi75517 ,Cu = [,_1 (ul) e Cn(un) (4.4)

4.1 K operators

In the previous section we have defined the K-matrix acting on the single Fock space (3.7).
It is useful to extend its action to the tensor product of quantum and auxiliary Fock spaces.

Let us define
Kuy & Ry Ry, (4.5)
where

Ruy=Runy-- - Rury, Ruae=Roay- - Rom (4.6)

and ICy is the operator defined in (3.7). The definition (4.5) is the direct analog of L-
operator to the boundary case. This definition can be conveniently illustrated with the
following picture

e < Huun

Un  Up_1 uz  ug  uj

We note that /Cy,, still enjoys KRKR equation (3.12)
R:thglcu\lexh;fz]Cu\xg = ICu'IQRIl,i’QIC’U/'IlRl’l,IQ' (47)

Now let us extend the action of our K-operator to the full auxiliary space F,. The most
convenient way to do it is by recurrent formula

/Cu|y7m = ICu‘ng,wICy. (4.8)

Here Iy,
acts on a tensor product of Fy, ® Fy. The last formula can be illustrated by the following

is the operator defined in (4.5) acting on a tensor product Fy, ® F;, while Ky

picture (here we consider for simplicity the case of N = 3).

~10 -



/N\

/N\

lCu|a: =

/N

un  up_1 uz  ug Ul

Figure 1. Explicitly this IC operator reads as Ky|zy,00,21 = Kujos Ris o5 Kujeo Ray 25 Ry 22 Kz, -

Finally our definition of &, |, may be summarised in two operations which increase the

number of quantum and auxiliary Fock spaces:

Aq(l(:u\w) = ’Cv,u|:c = Zvlcumﬁvv Aa(’Cu\w) = ’Cu|y,w = ICu|mR§,mICy' (4'9)

Using the Yang-Baxter equation and KRKR relation, one can show that two operators
actually commute AY(A%(KCy|5)) = AY(AY(Ky|z)). This property may be illustrated by the
following picture

Ty

1

2

©3

z3

3

I
ANRVANIVAN

un Up_1 ug ug ul up up_1 ug up up

4.2 Off-shell Bethe vector

Now we are ready to introduce the off-shell Bethe vector

’B(m» :I<®‘EUIC:BL'U‘®>U‘X>$ :w<®‘lcv|w ‘®>v ’X>a: (4‘10)

here |x), is a special state in auxiliary Fock space: |x), € Fg. It has grading N with
respect to the standard grading operator. The vector |B(x)) can be represented by the

- 11 -



following picture’

s o © 2 2 o @ o

z1

2 X e

z3

|9)

Un Up—1 uz uz uj (4.11)

We will introduce the explicit form of |x), in the next section (5.21), for now let us just
announce the main property of Bethe vector.

4.3 Bethe Ansatz equations, eigenvalues of KZ IOMs

We note that the Yang-Baxter and KRKR relation (3.12) provide the nice intertwining
property of the off-shell Bethe vector with the 7, operator (3.15)

T, |B(z)) = |B(x))

(4.12)
Pir—Pi

In the next section we will prove that under the Bethe ansatz equations
ro‘(mi)rﬁ(xi)A(xi)A_l(—a:i) H G(z; — xj)G_l(—aci —xj) =1,
J#i
(r—e1)(z — e2)(x — €3)
(x4 e)(z+e)(z+e3)

L —up 4+ G N T+ €42
A(z) = Hixfukf%*’ r (x):_ixfea/?
(4.13)
the off-shell Bethe vector with shifted x parameters |B(x — %)) becomes an eigenvector of
KZ IOMs ZXZ (3.15):

G(x) =
k=1

K7 €3\, BAE(z)=1 1y (u; + 9)?2 — 22 €3

™

Equations (4.13) and (4.14) together with the explicit form of off-shell Bethe vector (4.10)
are the main results of our paper.

®This formula differs from the one provided by Sklyanin [16] in s[(2) case. In his approach Ky, operator
is a product of single space operators H Kujz;- It can be shown, that for s[(2) case these two approaches

i
coincide. For example on level 3 we have:

|B($)> —z <Jr~L~L "Cu\zg,zg,zl| TTT>9¢ & ‘ \lr>u —zx <~H/\L |’Cu|z3Riz,x3’Cu\zgRi1,ngil,mgKle| TTT>$ ® | ~L>u

In the case of s[(2), R-matrices between the auxiliary spaces may be omitted, and we reproduce Sklyanin’s
formula:

|B(x))

for sl(2)

T <\L\L\L ‘K:u\ach:u\xQK:u\xJ TTT)I ® | J/>u = <\I/ ‘K:u\xg,| T><\L |K:u\x2| T><\L |Ku|:t1| T>| J/>’U«
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5 Diagonalization of KZ integral

Let us revise the formula for the off-shell Bethe vector (4.10). One observes that the
definition of (4.10) (as especially seen from the picture (4.11)) suggests that |B(x)) can
be interpreted as a product of some L—operators £(uy,) ... £(u1) sandwiched between bra

and ket states (K| and ‘g>
x

e o o ©° o o o o
z1
o X>:c
3
|B(a)) =
- |19)
z3
un Up_1 uz Uy uy
. X
(Kel L(uz) ‘®>T

This observation can be formalized as follows. Let us define £(u) operator by the picture

I
Far
= Fas

Llu)a, =
Fr
- I,
Ty

A

By definition it acts in the tensor product of Fock module and it’s dual 75 ® F and equals
to the infinite sum

Lu)au = Z L(u)x,p ® E_(u)p# (5.1)
P
It is though clear that £(u)-operators, still enjoys RLL algebra
R(up — u2)L(ug)L(uz) = L(ug)L(ur)R(u1 — ug) (5.2)
Using this equation we may define the currents in complete analogy with A case with

exactly the same commutation relations (3.28):

def

h(u) = Loo(u),  e(u) =

def

hfl(u),ﬂgyg(u) and f(u) = Eg,g(u)f)fl(u). (5.3)

~13 -



Exploiting this picture further, we can consider K —operator K as a bra vector (K|
acting from F, ® F; to C. We will denote vectors from F, ® F by a two rows objects

A
‘ >, where A € Fp, p € F}. It allows to rewrite Bethe vector (4.10) as follows:
I

|BYY(2)) =(@|L1 ... LKL .. L1]X)0]@)u = &(K*[Ln ... 21\;>$y@>u. (5.4)

The benefit of this approach is that the structure of the Bethe vector may be analysed by
the representation theory of the Affine Yangian in F, ® F;. We call the corresponding
representation the strange module.

5.1 Strange module

Our goal is to describe the action of ¢, f, h and ¢ currents on this strange module. The
first obvious remark is that while there is no highest weight vector, nevertheless Cartan
currents h(u) and ¢ (u) still can be diagonalized. Let us consider the first component of
tensor product Fp ® F;. We already know [14] that the eigenbasis is numerated by the
collection of Young diagrams X= {)\(1), cees AW )} with the eigenvalues:

A (w—co) 5 X (u—co—€) v (u—z +e€3)
h(u)|A) = — 7 |\, wIX) = X,
(u)|A) []];[X(U_CD_63)| ) WA EDI;IX(U_CD+GQ)’E (=) A)

(5.5)

where by definition the content of the cell with coordinates (7, ) in Young diagram A g
co=xr— (i—1)eg — (7 — 1)ea. (5.6)

Now, both h and 3 act by a triangle matrices in the tensor product of two eigenbases.
Indeed, according to (5.1):

h(u) = h(u) ® h(—u) + Z Lo p(u) @ Ly z(w), (5.7)

and hence the eigenbasis of h(u), ¥ (u) in Fp ® Fj is enumerated by the collection of 2N
Young diagrams

—

h(u)’l)_» _ H ( (u — CD) (u(; C_DC;)E?,) ’2’>’ (5.8)

)\ 3 —co— U —co + €q bo(u—xp + € u+x A
‘;> H(Hu 0 )H( 0+ )H k+3) (u+ xy) ‘§>,

u—cD+6a)Deﬁ(u—cD—ea P! (u—=zr) (u+zK+e3)lfi
(5.9)
with the contents
co=x— (i—1)e1 — (j — 1)eg, for Fock modules, (5.10)
co=—es—ar+ (1 —1)er + (5 — Dea, for dual Fock modules. (5.11)

— 14 —



Moreover from the ¢, h commutation relation

b(u)e()A) = = e@ha()lA) — o Lop@)A), (5.12)
it follows that e(u) acts on the eigenvectors ‘§> with the known poles:

X Q:AZD)MD E@:ﬁfD) X
Q(U)‘ﬁ> } DEad%ﬂe(X) voe | A )* Derem;vabmm R ‘ﬁ "o
who oy Cjkum)‘x:mw 5 F(;:ﬁim)’qx \

e B0 eaddaben YT @ ATD

(5.13)

We have a freedom to change the coefficients F, E by re-scaling the eigenvectors, however
their product is fixed by the ef commutation relation (3.28d):

X X
X D DY _((u)]
E(A:D%{QF({\’%A:D):Resuzcm< ’_) _)‘N> (5.14)
Cor G
Al
and . .
Y L% Ao X Clpe]2)
A A A A
E<ﬁ+D : ﬁ,)F(ﬁ : ﬁ—i—D) = Resu=c, a a (5.15)

G
il i
The choice of coefficients E and F consistent with (5.14)—(5.15) is equivalent to the

choice of normalisation for eigenvectors. It is convenient to use the following one

n

E(A%)nLD) ez [ S5 'co—co) [] St [] (co—xk+es) (co+ag)

b= [ eSen Ocq i (co—zk)  (cotzptes)
(5.16)
XA “r(co—xptes)  (cotay)
F R . = S(CD/—CD S CI:I’ ) ,
(,u — [L—I-D) Ell’_e[X D’g—i—D kl;Il (CD—xk) (C|]+$k+63)
(5.17)
E(é - A ) 6162 H S CD*CD/) H S(CDfCD/), (518)
B— [ L
Orex O'ep-0
F(i\ - A ) H S(eoy—en) H S—1 (coy — (5.19)
i— [ /
O’eX-0 O'ep
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with
(I + 61)($ + 62)

x(x — €3)

S(z) =

Let us now define the vector |y), announced in definitions of off-shell Bethe vec-

(5.20)

tor (4.10), (5.4). The idea is to choose the vector which will maximally simplify the
computation of Bethe vector. The most natural definition is:

‘;>x - ‘D’ ‘é”D>m. (5.21)

Alternatively, this vector may be defined (up to proportionality constant) as an eigenvector
of h(z) with the most natural eigenvalue:

o), = T2 (5.22)

The main advantage of this choice is that it provides an understandable structure of the
off-shell Bethe function (5.35), (5.45). Namely the matrix elements

n n X
{0 ) J1 (") - B(u2) f1)i(57) - b)) JE D) L[S (523)
— — —
A AP A
involved in (5.45) may have poles only at points z; = x; or z; = —x; — e3. Then one may

compute them explicitly either from formulas (5.17), (5.19), (5.32), or by analysis of bf, ff
commutation relations (3.28a), (3.28f) and (K|f relation (5.28). This logic will be explained
in section (5.3).

5.2 Calculation of K-operator

Our K —operator K, provides the pairing in the space F ® Fj. Our goal for this section
is the calculation of the matrix elements:

(1) = (1] Y
In order to do so, we use the reflection equation:
Ko L(u)KL(u) = L(u)KeL(u) K, (5.24)
Being rewritten in terms of £(u), equation (5.24) takes the form:
(KIL(w)axn = (KIL(uw)kcapu (5.25)
Two immediate consequences of these relations are:

(K[h(u) = (Kb(~u), (5.26)
(Kl€o,s(u) = —K(u)(K|€o,6(—u), (5.27)
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where K|O) = k(u)|0). The last equation can be equivalently rewritten in terms of the
reflection relation for the f current:

(Klf(u) = r(u)(Klf(—e3 — u), (5.28)
with

2u+ €3+ ezk(u)
2uk(u)

r(u) = (5.29)

This equation immediately follows from (5.26), (5.27) after substitution £ 5 (u) = f(u)h(u)
and the following chain of relations

(KIf(u)b(u) = —r(u)(KIf(—u)b(—u) = —r(u) (K]h(—u)f(—u—e3) =

= () I —u—es) = ~ S )~ 2 )
Finally we have
k(u) =1, r(u—e3/2) = —u+€3g for the D case, (5.30)
u— €3
k(u) = M , r(u—e3/2) = —Z j_L Zg for the BC case, (5.31)

where in the last line {i,7} = {1,2} corresponds to the B case and {i,j} = {2,1} corre-
sponds to the C case.

Relations (5.26) and (5.30)—(5.31) completely define the matrix elements (5.24). First
of all from (5.26) it follows that K acts diagonally in the eigenbasis of § i.e. X = fi. Then
one can find

<1Cm‘§> = Ffl( A - /S)reszcm<iCm‘f(—e3 - Z)‘X_XD> =

X-0—= X
=) (52 e (e ) 2 ) = (5.32)
_ X X X X-0O -0
G LA O SN € S e [ ey

5.3 Off-shell Bethe function, diagonalization of KZ integral

Motivated by the formulas (5.30) and (5.31), it is convenient to shift = variables: x — z—%,

as well as redefine the operators f: f(z) — f(z — §).
Let us consider the following Bethe vectors:

1B°*(@)) =o(@ L1 ... LaK3Lon .- £1]D)ulx)e Za(K|Sn .. £1])u] ) (5.33)
1BPU(2)) =B\ Lo . L1KCELY .. Lon| D) Ve = (KCP] L .. 'En‘@"@m’ (5.34)

where o = 1, 2, 3 labels possible K —operators.
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It is also useful to introduce their matrix elements the so called off-shell Bethe functions:

ef /3| pa,u o
w, 5 (@) (X B () :m<ICx\£A<1)7®(u1)...2)\(”)7®(un)‘;> , (5.35)

- def /31 5 a a X
@ 5(@lw) E (XIB (@) =aK7 L300 g (un) - Sy ()|} ) . (5.36)

The off-shell Bethe vectors and hence the off-shell functions have nice intertwining relations
with R-matrix and K-operators:

Rii1|B*"(x)) = Piita| BV (), (5.37)
Riir1|B7*(x)) = Pii1| BY" (), (5.38)
K31B**(x)) = Dy| B** (), (5.39)
K} D1| B (x)) = |B (). (5.40)

It implies in particular, the simple action of KZ operators:

77 |BY"(x)) = Di|B*" (), (5.41)
T, Dil B**(x)) = |B™"(a)). (5.42)

Our goal for this section is to prove that under the Bethe ansatz equations (4.13) two
Bethe vectors are proportional to each other:

BAE U — Tg — 2
BYY(x BYY (g -0 2 (), 5.43
) P B [T =g @ (543
for some c(x). Combining this equation and relations (5.41)—(5.42) one can immediately
conclude that on-shell Bethe vector is indeed an eigenvector of KZ operator (5.63).
Let us proceed to the proof. It is enough to check (5.43) for any matrix element, or,
which is the same, to establish similar relation for off-shell functions (5.49). In order to

compute the later, let us remind (3.38) that £  is generated by the h(u) and §(z) currents:

1 €
£0(0) = G ?é N ]& P (z - 23|u> B(Wi(zpp) - f(1)dzr . dznp,  (5.44)

where each contour Cp goes clockwise around oo and u — €3, so that it doesn’t pick the
poles of function Fy. Using (5.44) the weight function (5.35) can be rewritten as

1
waj(m]u) (2mi)N
< P (2= ) alic o) JEE)
N ST (5.45)
() ) - bl fe i) | D) dz,
|)\(2)| |)‘(1)|
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where

H <k>( . |A<k)||uk) (5.46)

The contour integral (5.45) can be computed by residues. In order to do so let us
analyse possible poles in z variables. As we already explained any f(z) operator either
removes one box from the upper Young diagram x or add a box to the lover Young diagram
with a pole e_gual to the content of the corresponding cell. We also proved that the matrix

element <IC‘§> is nonzero only if X= fi. Thus we conclude that the only possible poles of
o

the contour integral (5.45) are
Zi = Tg() OF 2 = —Tg(s), (5.47)

where o is some permutation. It is convenient to consider the group spanned by the
elements s, which is generated by permutations of all indices Sy and Zs reflection of each
index ¢ — ¢ with the convention x; = —x;. The weight function itself is given by the sum
over residues as:

s(xlu) = Zla . (5.48)

We are going to prove the proportionality of two weight functions under the Bethe equa-

tions:
BAE(xz)=1 _
wa’x(w\u) = c(w)wﬁ’x(w\u). (5.49)

Actually, we will prove a stronger statement of proportionality of the corresponding residues:

o BAE(z)=1 -
Sy = @I (5.50)

Using the fact that the integral (5.44) defined to avoid the poles of Fy, we have explicitly:

Ti,0(@) = Py (5(2) = D) Resemry oK () JEDHEE) -
A

(5.51)

) D) ) f)iEE) | )

— N— — x

@] A
and
1:( (@) = F5 (s(m) 2|u) Resz,=z,
P F(—2)F(=287) (=) f(— ) (= 25) b (—ug) .

A®)] A2 (5.52)
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Taking into account formulas (5.16)—(5.19) and (5.32), it is straightforward to compute
matrix elements and check (5.50) with

H S(x; + xj) Hr (5.53)

1<j

One can also provide a simpler proof without reference to the explicit formulas for
matrix elements, but using the fb, ff commutation relation (3.28a), (3.28f) and (K|f rela-
tion (5.28). The direct consequence of this relations is the formula for the matrix elements:

Ress,—o; o(K°].f(zis))i(z0). | ) =
=GN @is1—25) Reszma, 2 (KO- f(20)f(2i41) ... ; ) (5.54)

Ress—, o(K°[f(z0)0(u)...| ) = uwﬁzReszz o (KO B@f(=0) | Y) L (5.55)

uU—1x;

Ress,—s; o(K°[f(=28). L) =r(=aw) Ressms, o (KIfn). | }) . (5.56)

Note that in the first two relations we additionally used the fact that Bethe roots x; are
not in resonance with each other as well as with evaluation parameters ug. It allow us to
omit local (blue) terms in (3.28¢), (3.28f). These three relations are completely define the
residues up to a constant.

We immediately observe that both matrix elements (5.51), (5.52) share the same trans-
formation properties under the permutation of x; variables. At the first glance the trans-
formation under reflection of x; variables is different. Indeed the reflection of xn in the
first matrix element (5.51) produce a simple factor r*(zy), while in the opposite matrix
element (5.52) we have to move corresponding operator f(—zy) to the left boundary and
back which produce the product of many terms:

x2 — )
P (—zn) gV _E i B I[ ¢ 'y —2)G (N + ;). (5.57)
k TN 2 J#EN

Two factors coincide under the Bethe equations (4.13). This proves the proportionality
of corresponding residues (5.51), (5.52). The proportionality constant (5.53) may be com-
puted along the same lines.

It may be useful to note that the identities (5.54)—(5.56) may be summarized in the
following rules for computation of the residues:

It v =F (o hQH [ “= %+2HS (5.58)

i=[Ag| 1 PR T T i<j
I...,z i+1,.. (P’i,i+1m)7 (559)
If".,N(w) =17 () r(zN). (5.60)

IN——ITN
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Finally, let us compute the action of KZ integral of motion ZK? = 7;_’77r on Bethe
vector:

BAE(z)=1 = Ui+To+ 5 Uj— Ty — S
T T B (@) =T, Di| B (x)) M= 7 py o () M L0 T2 [T BT 2 (g
Ui+Tq— ]75 auz_wa‘i‘%
(5.61)
— ROoLU RO,U BAE() a,u $a+2 uj— xa+2 -1
T Di| B**(x)) = | B**(x)) B (@) 211 ),
u; —xa——#m i—Ta— %
(5.62)
which finally proves
BAE(w u; + 2)?% — 22
TR o () PR ) (i ) T (5.63)
(u’b_ 3) — Ty

6 Concluding remarks

In this paper we discovered Bethe ansatz equations for the spectrum of Integrals of Motion
in CFT with the W —symmetry of BCD type. There many open questions, which we list
in random order.

T-operator. We have avoided the construction of the boundary transfer matrix similar to
Sklyanin [16]. The reason is that this object is not well defined for Y(gl(1)). Its construction
requires the corresponding R-matrix to satisfy the property known as crossing unitarity.
One can easily show that MO R-matrix satisfies two basic properties of

Unitarity : R[0p; — 0¢;|R[0¢; — Op;] =1, (6.1)
T-symmetry : R'0p; — 0pj] = R[0p; — Oyp;], (6.2)

which follow immediately from the defining relations (3.2). Both (6.1) and (6.2) hold level
by level and can be easily verified by explicit calculations for lower levels. However, the
crossing unitarity property

R'[0; — 09| R"[0p; — 0;) = 1. (6.3)

is more subtle, as it mixes different levels and involves infinite sums of matrix elements. It
is questionable if one can make it any sense. Even if we believe that (6.3) holds and try to
make a step further, we may conjecture the following formula for the generating function
of integrals of motion (for the D case)

T(’U,) = TI"‘O (R(_),l N R(‘)mRO,n .. -RO,I) (6.4)

This formula requires more accurate definition as it involves divergent summation over
infinite dimensional Fock space. In the A case this divergence has been regularised by an
introduction of the twist parameter which preserved the integrability. It is unclear whether
such a twist can be introduced in the present case as well. This certainly remains as open
interesting question.
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Eigenvalues of local Integrals of Motion. Our construction is specially adapted to
diagonalization of KZ integral. Diagonalization of local IM’s is a separate issue. We note
that in the A case [14] we provided explicit construction for diagonalization of the simplest
non-trivial local IM I5. In principle, it can be generalized for I, with s > 2. Despite the
fact that direct diagonalization of local IM’s is still lacking, it is rather natural to expect
that their eigenvalues are some symmetric polynomials in Bethe roots. In the present case,
we conjecture the following formula for the integral I3 = % J G4(x)dzx corresponding to
the local density G4 given by (2.8). Namely, on level N one has an eigenvalue

2, 2 . 4 N N
Igac <4N 42 uk 61+€2 (2?1— 64_65)) N+ — (271— ¢ +6'B> Zl’%, (65)

6162 3€1€9 €3 €1€2 €3 =

where z1’s satisfy Bethe ansatz equations

@ (2;)rP) () A(z) A (=) [ G(= i — ) =1, (6.6)
J#i
with
@) = _F 7% gy TT A 6.7
() e () gm_Uk_% (6.7)

We have confirmed (6.5) by explicit diagonalization on lower levels and it is interesting to
find a proof.

Bullough-Dodd model. Integrable systems studied in this paper are already non-trivial
for n = 1. Let us consider BC;y system, which is known also as Bullough-Dodd model, or
Zhiber-Shabat model. This is the theory of one bosonic field ¢ with the action

S = / < 2 A+ e—b@)) . (6.8)

According to Zamolodchikov [20], this theory can be interpreted as @i integrable per-
turbation of CFT (or equivalently as ®;5 perturbation). The corresponding conformal
integrable system has been studied within BLZ approach in [21]. However, as far as we
concerned, a system of algebraic equations for the spectrum similar to [7] has not been
derived yet.6

From the general formula (2.8) we see that I3 identically vanishes for BD model. It
implies the following identity for the Bethe roots

i %=f(4u —IN-Q). (6.9)

5We note that algebraic equations for quantum KdV system, proposed by Bazhanov, Lukyanov and
Zamolodchikov [7], were given in [9] improved explanation with precise connection to Virasoro symmetry.
It will be interesting if the approach considered in [9] will provided new equations for the spectrum of
conformal Bullough-Dodd system, which is related to Virasoro algebra as well. It is also worth to mention,
that as proposed in the recent paper of Lukyanov and Kotousov [10], the desired algebraic equations for
BD model should be searched in the Boussinesq integrable system rather than KdV one.
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The first non-trivial integral is I which has the form

1
o

n=y [ [(awﬁ — 2(00) = 20— )@ + )PP+

17Q%* 8

45302+ 1) ((0%)2(8@2 _ 112(a2¢)2> + (3@4 T 3> (3%)21 dr. (6.10)

Here all densities are Wick ordered. We note that our integral (6.10) differs from the
analytically regularized integral by addition of I} and a constant. Bethe Ansatz equations
follows the general rules (6.6) with « =1, 8 = 2 and n = 1. We found that the eigenvalues
of Is — I}*¢ are given by

63Q* 63 N
N ( SQ + (451\7—2) Q2+80N2—95N+27> —5N(9Q*+24N —19)u’ +60Nu* —270 ) ~ ;.
k=1
(6.11)

Colored Fock spaces and more general integrable systems. One may wonder
that despite affine Yangian commutation relations (3.28) are symmetric with respect to
permutations of all €,, Bethe Ansatz equations (4.13) are not symmetric in all €, because

of the source term
n

T —u,+ S
Alz) =] ——2. (6.12)
kl;[lfU—Uk— G

In fact, there exist three types of Fock modules F¢ (see [22-24]), introducing them into a
game provides us with more general integrable systems. In fact, we associate an integrable
system to the chain of colored Fock spaces with two colored boundaries 5y, ’fla 'QF5? - ®

(034
Fon

Br , i, Br,r =1,2,3. We present the details in appendix A, here we just mention a

particular interesting model given as: 1’]—"11 QFy @ Fay_ 1 ® fgn’?). This model provides
a UV limit for the (dual of) O(2n + 1) sigma model considered in [25]. Similarly
3‘.7-"{’ ®F; - ® f§n+1‘3 provides the UV limit of O(2n) sigma model.

K-matrices. We have mentioned in the main text that there are only three solutions of
Sklyanin reflection equation (3.12), which commute with the level. In such a case one can
always set the vacuum eigenvalue of I operator to 1. Then, if we denote

Ka_1|u) = f(u)a-1|u), (6.13)
the reflection relation (3.12) on level 1 is equivalent to the functional relation
(w0 ((0) = F0) = (w= ) T@F0) = 1) = fu) =0 (614)

where £ is an arbitrary parameter. The reflection relation on level 2 is more restrictive.
It is not just fixes the matrix of the K-operator on level 2, but also demands that the
parameter £ takes one of three values

£=0, 5:—(b+21b) or £=—(2+g>7 (6.15)
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corresponding to three solutions 123, In principle, one might go to higher levels and
check that there are only three solutions. It would be interesting to prove this statement

in general.
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A Restoring the symmetry between ¢,

One may note that affine Yangian commutation relations (3.28) are symmetric with respect
to permutations of all €,. Nevertheless Bethe Ansatz equations (4.13) are not symmetric in
z—uk—i-%

n
all €4, because of the source term A(x) = [] pr—— We are now in a position to restore
— —Ug—5

the symmetry, which will help us to build more general integrable systems. The resolution
of the paradox is the following: there actually exists three types of Fock modules Fg. In
order to describe Integrable systems, we have to define an R-matrix acting between different
Fock spaces F2 ® F5,. In the following we will use the results of [23, 24] and also [17]
where various integrable systems of this type considered in details for the g-deformed case.
To the Fock module FS' we assign a free bosonic field (3.3):

0p(x) = —i——+ 3 ane ™, [t an] = M, (A1)

here (o, 8,7) = perm(1,2,3). To the tensor product of two Fock modules we have to assign
a W-algebra and an R-matrix. If the both Fock modules are of the same type Fg ® Fp,
then we assign to them two Screening currents:

5\
St = }{ () e@an,, (A.2)

where («, 3,7v) = perm(1,2,3). The W-algebra which commutes with these Screenings
consists of two currents of spin 1 and 2

Wi = 0p1(2) + Dpa(v) (A3)
WE = 5001(0) = 0pa(2))” + —E=(@P1(@) ~ Pae) (A4)

defines the R-matrix in the usual way:
Ri2(p1 — p2leas €5, 64) Wiy = Wﬁz‘ Ri2(p1 — palea, €, €4). (A.5)
PLp2

Here R{% (1 — p2les; €4, €a) is our old Maulik-Okounkov R-matrix (3.2).
Now to Fock modules of different types: Fp ® ]:fz we assign a single “fermionic”

()= | Loo(z
Sfﬁzfe\/:@l() \/:m( )dfr. (A.6)

screening charge
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This screening called “fermionic” because it is a zero mode of a free fermion:

Lo B o (x —. /2 pi(x B o
_ Ea® /2l ) i) e JEa @ Eam AT

T(y) = A
V) = S +re (A.8)
Sty =0 (A.9)
Corresponding W —algebra which commutes with screening charges consists of two currents

of spin 1, 2:

W ! 0p1(z) + ! 02 () (A.10)

;1= —F—0¢1 ——=0p2 .

Vea NG

Wra = (99(2))® + 0°®(x), (A.11)
where ®(x) = /6—“901 ,/ <p2 ) and also an auxiliary current of spin 3. Again the

R-matrix can be found from the cond1t10n:
RYY Wraa = Pra(Wpa2) RTY, (A12)

here P 5 is a permutation operator Py o : FS ® F& — FP ® FS . Note that now we have
to permute not only the bosonic field ¢; <> ¢, but also have to exchange e, <+ €g (we use
(a, B,7) = perm(1, 2, 3)).

Fermionic R-matrix has very similar form in terms of free fermions:

1

R = e [5 [ vl @) log @) 0(a) - da]. (A13

Boundaries and K-matrices. We already seen (3.8)—(3.10) that there is three types
of boundaries, which produce three types of K-matrices. First let us consider the case of
the right boundary. We will use the following notation Fi"* @ F5? --- @ Fan ‘6 r for n Fock
spaces and the right boundary. The case of a left boundary is completely similar and can
be obtained by the following isomorphism

(5L:5R)‘J:gn®f% L @FM ~D...D, (ff‘1®f§2---®f3n

Br),  (A14)

where D; is the operator of reflection of the bosonic fields p; — —¢;.
For the Fock module of type a and the boundary of type 5: }"ﬁ" £ we assign two
screenings charges:

QEB i% =
Siyt = j{e( “ ) Vaen( )dac, (A.15)

where (a, 8,7) = perm(1,2,3). The corresponding K-matrix is equal to:

Kol = (\fson\f V2e,, \/5 7 —Vae,) (A.16)

If the Fock module and the boundary are of the same color, then the K-matrix is equal to
the identity matrix:
Kajo = Id. (A.17)
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Additional screening charges depend not only on the last Fock module F , but on the

previous one F2 . For F¢_; ® F%|a we have
GB i% GH i%
ot = j{e(w) (rshen@)  gx %e(w) (Gor@on@) (A18)

And for F_, ®]—"6‘ﬁ we have:

6*Oén—x_efﬁniv — 6*Oén—x'i‘efﬁniv
Syzj[e\ﬁ“" 1) \/:w)dx, szj[e\ﬁ“" e e (A1)

Equivalently corresponding W-algebra may be found from the condition of symmetry under
reflection of the last boson ¢, — —,. These rules may be summarised by the following

picture:

Finally we may assign an integrable system to the chain of colored Fock spaces with
two colored boundaries BL‘]:IO” ® Fp? - @ Fyn
matrices. We may construct KZ Integrals of Motion (3.15) and off-shell Bethe vectors (4.10)
in precisely the same way s described in the main text. We may also find local Integrals of

Br, using the corresponding R— and K-

Motion as commutant of screenings charges. The corresponding Bethe equations read as:

P (2) PR (1) A(4) —x; HG z; — 2;)G " (—a; — ;) = 1, (A.20)
J#i
2) = (x —€1)(x — e2)(x — €3) o —u + (e :_ac—i—ea/Q
0= ere e T el te) ,Elx_uk_%w @)=

(A.21)

Open Access. This article is distributed under the terms of the Creative Commons
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