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We study the existence of fully-heavy hidden-flavor bcbhc tetraquark states with various

JPC = 0%F,07,1%%, 2%, by using the moment QCD sum rule method augmented by fundamental
inequalities. Using the moment sum rule analyses, our calculation shows that the masses for the S-wave
positive parity bch¢ tetraquark states are about 12.2-12.4 GeV in both [3.],. ® [3c]5: and [6.],. ® [6¢];:
color configuration channels. Except for two 07+ states, such results are below the thresholds 7', ,, /T,

and Tp p , implying that these S-wave positive parity bcbe tetraquark states are probably stable against the

strong interaction. For the P-wave negative parity bcbc tetraquarks, their masses in the [3.],. ® [3c]5:
channel are around 12.9-13.2 GeV, while a bit higher in the [6,],, ® [6]5; channel. They can decay into
the ¢¢ + bb and cb + b¢ final states via the spontaneous dissociation mechanism, including the J/ywY,

n. Y, J/wn,, Bf B channels.

DOI: 10.1103/PhysRevD.104.014003

I. INTRODUCTION

Recently, the LHCb Collaboration announced evidence
for a structure in the di-J/y mass spectrum, in which a
narrow resonance around 6.9 GeV was observed with a
global significance of more than 5S¢ [1]. They measured the
mass and decay width for this X(6900) state as m =
6905 £ 11 £7 MeV and I' = 80 4+ 19 &+ 33 MeV assum-
ing no interference fit, while m = 6886 £ 11 + 11 MeV
and I' =168 £33 + 69 MeV based on an interference
model. In addition, they also observed a broad structure
ranging from 6.2-6.8 GeV. Observed in the di-J/y mass
spectrum, these structures could originate from hadron
states consisting of four charm quarks [1]. In 2017, the
CMS Collaboration had reported their measurement of an
exotic structure in four lepton channels around 18.4 GeV
with a global significance of 3.6¢ [2], which was probably a
fully-bottom tetraquark state. However, such a structure
was not confirmed by the LHCb and latter CMS experi-
ments [3,4].

Before the above experimental observations, there
were already some theoretical studies on the fully-heavy
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tetraquark systems [5—18], which were much less appealing
comparing with the problems of XYZ states [19-24].
However, the research interest on the fully-heavy tetraquark
states has been extremely inspired by the CMS and LHCb
experiments, after which lots of theoretical investigations
have been done based on various methods [25-49]. In the
framework of QCD sum rules [18], we have predicted the
mass spectra of the ccéé and bbbb tetraquark states with
various quantum numbers. Our calculations showed that
the X(6900) can be interpreted as a P-wave ccc¢ tetraquark
state with J¢€ = 0=+ or 1=F, while the broad resonance
structure around 6.2-6.8 GeV can be considered as an
S-wave one with JP€ = 0"+ or 2F. These results were
also supported by our recent investigation on the strong
decays of fully-charm tetraquarks into di-charmonia, in
which we have calculated their relative branching ratios
through the Fierz rearrangement [36].

In this work, we shall further study the hidden-flavor
fully-heavy bcbc tetraquark states in the framework of
moment sum rules. Such bche tetraquark systems have
been investigated in the approach of the chromomagnetic
interaction model [28], in which the authors found that the
bebe tetraquarks might be relatively stable and thus more
favorable than the bbbb and cccé states, which is also
supported by Ref. [50]. In Ref. [25], an upper bound on the
mass of the bchc tetraquark state was predicted as
12.62 GeV in a nonrelativistic effective field theory
framework. Such an upper bound on mass is very close
to the J/yY threshold, indicating that the bché tetraquark
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state is stable against the strong interaction. However, the
existence of the hchc tetraquark state was not supported
by the constituent quark model investigation [51]. More
efforts are still needed to understand these controversial
results.

This paper is organized as follows. In Sec. II, we
construct the local bché tetraquark interpolating currents
with various quantum numbers J7¢ = 0*+, 0=, 1+ 2++,
In Sec. III we briefly introduce the formalism of the QCD
sum rules and moment method. We perform moment sum
rule analyses for all channels and predicted the mass spectra

|

J1 = bl Cyscy(baysCel — byysCel), JPEC =01,
Jy = bl Cy,cp(byy'Cel — byy*Cel JPC =0t
T
T

bl

J3/4 = bZ;CYSCb uyﬂcz'[]; - Ehyﬂcaa + bZCYﬂcb(l;aySCEl]; - Z’bVSCEZ)»

(b )
(b )
(b )
Jay = bECyscy(bay, Ce) — byy, Ceh) — bl Cyey(
Isu = by Crucy(bay,Cel = by, CEl) + bl Cryep(
(b ) (

J6;u/ = bZ;C}’”Cb aVyCEZ - Bb}’DCZ'Z; - bgcyvcb Bayucal]; - Bbyycaz s

b,ysCch — byysCel
b,y,Cel —byy,Cel

for the bcbe tetraquark states in Sec. IV. The last section is
a conclusion and discussion.

II. INTERPOLATING CURRENT
FOR bcbc TETRAQUARK

In this section, we use the S-wave diquark operators
bl Cysc, and bICy,c;, to compose the bche tetraquark
interpolating currents. We consider the following interpo-
lating currents with antisymmetric [3.],, ® [3c];: color
structure and various spin-parity quantum numbers:

JPC — O—+’ ]++’

c )’ JPC :O__7 1+_’
) JPC =071 28(8), 004 (D),
) JPC =177,1"=(A), (1)

where b, ¢ stand for the bottom and charm quark fields, the subscripts a, b are the color indices, C denotes the charge

conjugate operator, and T represents the transpose of the quark fields. For the tensor currents Js,,, and Jg,,,, we list their

JPC

assignments for the traceless symmetric part (S), the antisymmetric part (A), and the trace (7). Similarly, the corresponding

color symmetric [6.],. ® [6.];: tetraquark currents are

Jj1 = bLCyscy(b,ysCel + b,ysCel), JPC =0+,

J2 = bECy,cp(by*Ce) + by Cel), JPC =01,
a
Jay = bECyscy(bay,CEl + byy,Cel) — bl Cy ¢,

(b
(b
Jau = bECyscy (b
(b (
Jsuw = biCrucy(bar,Cep + byy,Cel) + b Cy ey
(b (

In this work, we shall use both the [3.],, ® [3.];. and
[6c]pe ® [6c]5: tetraquark currents to investigate the bebe
systems in QCD sum rules.

be

III. QCD SUM RULE

In this section, we will briefly introduce the formalism of
QCD sum rules, which is an extensively used method to study
the hadron properties in the past several decades [52-54].
As a starting point, the two-point correlation function for the
scalar or pseudoscalar currents can be written as

M(g?) = i/d“xeiq'x(OIT[J(X)JT(O)]|0>- (3)

For the vector or axial-vector current, the two-point corre-
lation function is

1uCe} + by, Cch) + bLCy,cy(baysCe) + byysCel),
baysCej + byysCel,
b,y,Cel + byy,Cel
Jow = biCrucy(bay,Ce) + by, Cel) = bl Cy e, (bay, Ceh + byy,CEL),

JPC — 0=+, 1++,

)7 ‘]PC:O_—71+_7
)’ JPC = ot l‘+,2++(S),O++(T),
) JPC = 177,177 (A). (2)

M (q?) = i / dxe s (0[T(1, (x)75(0)][0)

9.9, 9.9,
=n1<q2>( : —g,w)+no<q2>;—2. )

There are two parts of II,,(¢?) with different Lorentz
structures because J,, is not a conserved current. The invariant
function IT, (¢?) is related to the spin-1 hadron state, while
Iy(g?) is the spin-0 polarization function. The two-point
correlation functions for tensor currents can be written as

M o(q?) =i / e (O[T (1, (x)75(0)]]0)

2
= <’7ﬂ/)’1y(r +77/m"11//) _577/,:1/’7/)6> HZ(qz) +---y (5)
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where

Mw = qﬂigy ~ G (6)
q
and I, (g?) is the tensor current polarization functions related
to the spin-2 intermediate states, and the - - -” represents other
spin-0 and spin-1 states.
We assume the current couples to the physical state X
through

<O|J|X> =fx
(017,1X) = fxex.
(01, 1X) = fxe€iu. (7)
where fx denotes the coupling constant and 6,’5 , eff,, are the

polarization vector and tensor of X(e* - g = 0).
At the hadron level, the two-point correlation function
can be written as

M(g?) = l/‘”wd& (8)

TS, §— g% —ie

in which we have used the form of the dispersion relation,
and s_ denotes the physical threshold. The imaginary part
of the correlation function is defined as the spectral
function, which is usually evaluated at the hadron level
by inserting intermediate hadron states Y, |n)(n]

p(s) = ~Imll(s) = 3 "6(s ~ M2)(Olnln) (nbr'[0)
= f%8(s — m%) + continuum, 9)

where the usual parametrization of the one-pole dominance
for the ground state X and a continuum contribution have
been adopted. The spectral density p(s) can also be
evaluated at the quark-gluon level via the operator product
expansion (OPE). To pick out the contribution of the lowest
lying resonance in (9), we define moments in the Euclidean
region 0*=—-¢*>0

1 d n 0 d
M,(Q5) = p <_d—Q2> (0] g2 g2 :1 %

_ S s (10)
= gyl oG]

in which §,(Q3) contains the contributions of higher states
and continuum. It tends to zero as n goes to infinity. We
consider the following ratio to eliminate fy in (10):

M, (05
r(0.03) = 11 O = (o + 03)

1+6,(03)

—5—. (11
1 +5n+l(Q(2)) ( )

One expects 8,(03) = 8,,,(03) for sufficiently large n to
suppress the contributions of higher states and continuum.
Then, the hadron mass of the lowest lying resonance my
can be extracted as

my =1/ r(n, Q3) — Q3. (12)

Using the OPE method, the two-point function can also be
evaluated at the quark-gluonic level as a function of various
QCD parameters. In the fully-heavy tetraquark systems, we
only need to calculate the perturbative term and the gluon
condensate contributions to the correlation functions. To
evaluate the Wilson coefficients, we adopt the propagator
of heavy quark in momentum space

i i A o(p+my)+(p+my)ot
'Sab — i abGn Y] [¢)
l Q(p) ﬁ_mQ—’_ 9s 2 Hv 12
i5° p*+mop
+ 2 (PCG)my——2, (13)
2 (PP =m3)’

where Q represents the ¢ or b quark. The superscripts a, b
denote the color indices and p = p*y,. In this work, we
will evaluate the perturbative term and gluon condensate
term of the correlation function; the contributions from
higher nonperturbative terms are small enough to be
neglected. We need to emphasize that all the correlation
functions are calculated at the leading order of a,. However,
it is well known that the a; correction of the perturbative
term is considered to give reliable results for the charmo-
nium states [53]. Some recent studies showed that the next-
to-leading order effects are also important for the doubly
heavy and triply heavy baryon systems, which will reduce
the parameter’s dependence and improve the stabilities
of the mass sum rules [55,56]. However, we shall not
include the a, corrections in the present calculations and
retain such investigation in our future work, considering the
calculations will be very difficult and complicated.

IV. NUMERICAL ANALYSIS

In this section we use the following quark masses and
gluon condensate in our numerical analysis [57-59]:

(?GG) = (0.88 £ 0.25) GeV*,
m,(MS) = 4.1873%% GeV,

m.(MS) = 1.277393 GeV. (14)

We consider the renormalization scale dependence of the
charm and bottom quark masses via the leading order
expressions
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melye) = mc( % (1) )/

a,(m,)
my () = i (aas(f;‘D o (15)
where
a,(M,
ay () = Hm( llg(Mzz),ax )=033 (16

is determined by evolution from the 7 mass using the
Particle Data Group values. For the bchc system, we use
the renormalization scale y = w =2.73 GeV in our
sum rule analysis.

As mentioned above, there are two parameters n and Q3
in moment sum rules. To obtain a stable sum rule, one
should choose suitable parameter regions for these two
parameters. In this work, we define & = Q3/m? to perform
sum rule analysis. In principle, the parameters n and & are
interconnected from the following prospects: (a) a large
enough n will decrease the contributions from higher states
and continuum region, but it will lead to a bad OPE
convergence; (b) a large & (or Qg) will also lead to a bad
convergence of §,(Q3), which make it difficult to extract
the parameters of the lowest lying resonance.

In the following, we shall use current J; (x) with J©€ =
0" to illustrate the details of our numerical analysis. We
show the correlation function for current J; and j; as
follows:

(o) 30727r/ /dy/ dzlog (F(mpy,me, Q*)){F(my, me, 0%) (y22mym. (4(x = 1)xy*z* =4(y = 1)(z = 1)z)
—120%*(x = D)x(y = 1)y*(z = 1)2%) + F(my, m., 0*)*(y2*(60* (x — 1)x(y — 1)y*(z = 1)2* — 6mim?)
+yzimym (6Q*(y = 1)(z—=1)z2=60%(x = 1)xy*2?)) + 3F (my, m., Q*)* (x = 1)x(y = 1)y’ (z— 1)2°}

Z—l (x=1)z (x=1)(z=1)((¥ = 1)y’ +3y* =3y +1)0°7*

[ee(07) = 18432ﬂ/ /dy/ H o x }m"m% (y-1)? &

+(( x—1xzy? + (=x2 +x+z—1)y—z+1)z
(x=Dx(y—1)(z—1)

+((x—1)2x2z2y4 (x—1)2x%zy* — (z— 1)%y?

2m2+[(y—1)y22_ X
My

F2Aem 1Py = (=102

e G i

(x— I)X(y— D(z-

cMp

—-1D0*x2%((z=1)3 +(x— 3 2(z—1 2(x—1
+(y )2 zx(fz1)2(i—+1§2 VYS) e } 1Q*F(my,m,, Q%)™ {[— <(yz_1))zy_ (x2 )Z}mcmi
7y? z z 1 z 1 1
”[‘@—1)”(‘(z—n”(y—l)f@—l)z ”x—xf%‘(x—l)zy]mg’"%
607 (x=1)((** = 1)y* +3y* =3y +1)(z = 1)2* 2+[ 2xz _2(y—1)yz3] 3
2O-17 [ [Py ey
120 [_3()(— Daxz?yt 2(x=Dx2’y* 3(x=Dxz?y’ (x=Dxzy’ 3(x—Dxz®y’ 3(y—1)(z—=1)xz
(y=1)? (z=1) (y=1)? (y=1)° (z=1)? (x=1)7
3y-D=-1Dz 3py-D(E-Dz (y=1E-1) O-1D(E-1)
T« am ]Z’"C’"b
+6(y—1)Q2xzz(—(z—1)3—(x 1)3y32%) 2_i_ZF(x—1)(1—1)(()c3—1)y3+3y2—3y+1)zmz
(x=1)*(z=1) e (y—1)° b

+<3(x—l)xz2y4 3(x—1)xzty? 2(x—1)xzy3_3(x—1)xz2y3_(x—1)xz3y3 3(y—1)(z=1)z
(y=1) (z=1) (y=1) (y=1)? (z=1) (x=1)?
+3(y—1)(z—I)Z_3x(y—1)(z—1)Z_2(y—1)(z—1)_2(y—1)(z—1))m -

x (x=1) (x=1)% X’y o

3(y—1xz((z=1°+ (x=1)*y*2%)
(- 2= 1)

+

25677: 0

2] P 02)2 e tog (s, 02)
1 I 1

ngG / dx/ dy dz—log (my,m,, Q%))
0 0
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{F(mb’ me, QZ)

(42(()6 — 1222+ (2= D((2 =x+ Dz —=1) +xy’z(x(=2) +x+z-1) =2y(z = 1) + (z = 1)?)
(x=Dx(y-1)(z-1)

—-60%?2((x—Dxy*’z—yz+y+z— 1))

20%((x = D22 4+ (2= D —x+ Dz = 1) +xp’z(x(=2) +x+z2-1) =2y(z = 1)* + (z = 1)?)

myni,.

(- Dx(y- D~ 1) e
2.2 1 _ Y’z 2N\242.3((+ _ 2, _
+2mym; [(x— T =)= 1)] +3F(my,m., Q*)*y*2’[(x — Dxy*z—yz+y+2z—1]
+ 0P ((x =Dy’ z—yz+y+z - 1)}, (17)

2 2 2 2
where F(m,,m;,, Q%) = Q*+ (%+“:"W+(lrf—;)z+(lmfz))
and the coefficients ¢; = 12,¢, = —1/12 are for color
antisymmetric currents J; while ¢; = 24, ¢, = 1/12 are for
color symmetric currents j;.

For the parameter n, the upper bound can be obtained by
guaranteeing the convergence of the OPE series. We require
that the contribution of the gluon condensate be smaller
than the perturbative term, and obtain the upper bound
Nmax = 43,44,45,46 for £ = 0.2,0.4, 0.6, 0.8, respectively.
In Fig. 1, we show the variation of the extracted mass with
respect to n for a different value of £, and obtain a stable mass
plateau where the dependence of the extracted mass on n and
£ are minimized. We find that this plateau can be obtained by
studying the integral expression of the moments M, (Q3)
which satisfies the Schwarz inequality (as a special case of
Holder inequality) in the following relation:

_ M, (057
Mr(Q%)MZn—r(Q(Z))_ ’

(18)

where r < 2n. We show the ratio R as a function of n and £ in
Fig. 2 where R > 1 in the gray region and R < 1 in the

12.28

FIG. 1. Extracted hadron mass of bch ¢ tetraquark with J* =
0" from J,(x) with respect to n for different &.

yellow region. The demarcation line between these two
regions gives the values of (n,¢) for the plateaus in the
mass curves. We then obtain the plateaus (n,&) =
(30,0.2), (31,0.4), (32,0.6), (33, 0.8) which provide much
stronger constrains for the (n,&) plane than the OPE
convergence. Then the hadron mass from the current
Ji(x) with J® = 0% is extracted as

my = 12281017 GeV, (19)

where the errors come from the uncertainties of £ and n, the
heavy quark masses and the gluon condensate.

By performing the same numerical analyses to the
all interpolating currents from Eqgs. (1) and (2), we
obtain the mass spectra for the bch¢ tetraquark states in
various channels and collect them in Table I. In general, a
diquark-antidiquark tetraquark state should be an admix-
ture of the two color configurations of [6.],. ® [6];. and
[Belpe ® [3e)jz- Such a mixing effect will affect the mass
spectra of the tetraquark states by the couple-channel

" 30

FIG. 2. Ratio R as a function of n and & for J,(x) with
JP =0,
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TABLE 1. The mass spectra of bch ¢ tetraquark states with
various JC.
Current Current
JPC B®3]. Mass [GeV] [6®6]. Mass [GeV]
0+ 7\ 12.28+013 Ji 12.37+015
A 12.461017 J 12.295015
Jsu 12,3550 Jsw 12,3203
Jsu(T) 1245007 jo (1) 1229014
0+ T3 12.99+022 Jau 13.16107%
0— T 12,9802 Jag 13.1750%
1+ T3 12,3003 Jau 12362044
1+ T, 123214012 Ja 12.3450
Jou(A) 123803 jeu(A) 1230701
1= s 13231024 Jsuw 13.1759%
- o 12.914019 Jouw 13.13507%
2+ T 12.30:013 Js 12.35:013

interactions between the diquark and antidiquark fields. For
the interpolating currents with [3.],. ® [3.];. antisymmet-
ric color structure, the masses for positive parity bch states
are about 12.2-12.4 GeV while 12.9-13.2 GeV for the
negative parity bcb¢ states. For the color symmetric
interpolating currents with [6,],. ® [6]z, it is shown that
the masses for positive parity states are almost the same
with those in the color antisymmetric channels, while the
masses for negative parity states are slightly higher than
those in the color antisymmetric channels. Such results are
consistent with the conclusions of Refs. [42,47], in which
the Coulomb interaction plays a important role in the
[010,][0304] systems and leads to the mass splitting
between different color configurations. In Ref. [60], the
couple-channel effect of these two color configurations has
been studied in two nonrelativistic quark models, indicating
that such mixing effects are induced by the hyperfine
interactions between the diquark and antidiquark.

16.0

15.0F

130

o iy -~~~ -~ i -~~~ iy -~ -

120

Mass [GeV]

10.0 . - -
1++ 1+~ 2+t

.
0+t

FIG. 3.

Mass [GeV]

V. CONCLUSION AND DISCUSSION

We have calculated the mass spectra for the bché
tetraquark states in the framework of QCD moment sum
rules. We construct the interpolating tetraquark currents and
calculate their two-point correlation functions containing
perturbative term and gluon condensate term at the leading
order of a;. We have performed the moment sum rule
analyses to find stable sum rules for all currents and
obtained the reliable mass spectra for the bché tetraquark
states. Our results show that the masses for the positive
parity bcbé tetraquark states are around 12.2-12.4 GeV in
both color configurations [3.],. ® [3.];z and [6.],. ®
[6.)5; channels. For the negative parity bche systems,
the masses are about 12.9-13.2 GeV in the [3.,, ®
[3.]5: channel, while a bit higher for the [6.],. ® [6.];:
channel.

In general, the bché tetraquark states can mainly decay
into a charmonium plus a bottomonium final state or two
B_ mesons so long as the kinematics allows. There are thus

two mass thresholds 7', , /Tx, and Tp p_for considering
the strong decays of the bche tetraquarks. In Fig. 3, we
show the mass spectra of bcbc tetraquark states and
compare them with the corresponding 7, ,, /T, thresh-
olds, since these two thresholds are lower than Tp p .

Except for two 07" states in the [3.],. ® [3.];; structure,
one finds that all S-wave positive parity bch¢ states are
below or very close to the T, , and Ty, thresholds,
implying that these states are very difficult to decay into
the two-meson final states by the spontaneous dissociation
mechanism. These positive parity bché tetraquarks are
probably stable against the strong interaction. Comparing
with our predictions for the cccc tetraquark states in
Ref. [18], these bché tetraquarks are more stable and
favorable than the four-charm states, which is consistent
with the results in Refs. [28,50]. For the P-wave negative
parity bché tetraquark states, they lie above the corre-
sponding mass thresholds and thus can decay via a

15.0

Jiphy(1P) F =
Me(6)Xb0(c0) |- = -

120

0-* 0=~ 1=+

Mass spectra for the bebé tetraquark states, comparing with the corresponding two-meson thresholds.
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TABLEIL Possible decay modes of the beb ¢ tetraquark states.

Jre S wave P wave

0+ el e

0" nexpo(1P)s 1o (1P)1y, J/wY
h(1P)Y,J/ywh,(1P)

0; Xt (AP)Y T [y (1P) ne X J/yny

1

1+

1= nexv1(1P)s xe1 (1P)ny, J/wY,B;B!
ho(1P)Y.J /wh,(1P)

1= 2e0(1P)Y, T [y (1P), ne X,y

et (LPYY. T fyizn (1P) BB}

nehy(1P), he(1P)ny,

o+t

spontaneous dissociation mechanism. Considering the
kinematics constraint and conservation of JF¢ quantum
numbers, we list the possible two-meson strong decay

channels for all bché tetraquark states in Table II, including
the S-wave and P-wave decay channels.

Our calculations provide some understanding of the
stability for the bché tetraquark states. If such tetraquark
states exist, the positive parity bche states may be stable
(except for two 0™ states) and can only decay via the
electromagnetic and weak interactions. However, the neg-
ative parity bcbé states can decay into the ¢ + bb and cb +
be final states, including the J/w Y, .Y, J/wn,, BfBZ
channels. These bcb¢ tetraquark states may be observed at
facilities such as LHCb, CMS, and RHIC in the future.
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APPENDIX: CORRELATION FUNCTION FOR INTERPOLATING CURRENTS

The correlation function for current J, and j, is shown as

Hpert(Q2) — 76877:6

x (2F (my,,m., Q%) (x—=1)xy*z°m,m,—2F (m;,,m,,

1 1 1
/ dx / dy / dzeyF(my.me. Q2 2y2log (F(my.m,. 0%))
0 0 0

2)(y_ 1)(1_ l)zmbmc —3Q2(X— l)xyzzzmbmc

+30%(y=1)(z=1)zmpym.—6m3m2+3F (my,m.,0%)*(x—1)x(y—1)y*(z—1)2>

—12F(mb,mC,Q2 Q2()C 1) (y 1) (Z_1>Z3+6Q4(x_

g% GG)

92167:/ /dy/ d

HGG Q2

3Q2(x— Dxy*mym, 2>

Dx(y—1)y*(z—1)2%)

2(x=1)Q*xy’mym.z*  3(x—1)Q*xy’m,m.z3

Xcl{z[ 607 (x=D)x(y—1)y*mzz’

y’msz
(z—1)2

3Q*(x=D)xy*mym2 (y=1)ymymiz> 2ymim

(z=1)*

(z—=1)
6(x—1)(y—1)(z—1)Q*m}z?

(y=1)?
2 3

(y-1)? -
3(y=1)(z=1)Q*xmym.z*

(z—1)?

N _60%x(y=1)(z=1)m;

(z—1

) x?
2

2 3Q°(y=1)(z=1)mpm.2*

(x—1)?
60 (x=1)xy’(z—

(x=1)

1)m3 2>

Q*(x— 1)xy3mhmczz_

(x=1)?

D(z=1)mym.2*

30%(y-

(y=1) (y=1)°
+xmbmgz 2ym§m%z+2m%m%z Zm%,mzz
(x=1) (=1 (x=1)?

6(x—1)(y—1)xz*mzy’

3(x—1)xz*mym.y?

‘ +F<mb,mc,Q2>z(

2(x—1)xzmym,y*

x
3(x—1)xz2m,m y*
(y=1)?

3(x=1)xz2mym.y

6(x—1)(z—1)xzm3y?
(y=1)7

(z—1) (z—1)?

(x=D)xz’mym.y*  6(y=1)(z—1)xzm;

3(y=1D)(z=1)zmpm,

(y—1)? (y—1)?

3(y=1D(z=1)zmym,

(z—1)? (x—1)?
3x(y=1D)(z=Dzmym, 6(x—1)(y—

(x=1)2 x

1)(Z—1)Zml27_2(y—1)(z—1)mbmc_2(y—l)(z—1)mbm

(x—1)? x?

C
x%y

(x=1)%y
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N (y=1)(z=1)Q*mym,z N (y=1D(z=1)Q*mpym.z 2xmim2z 2y*mim2z (x—1)mim.z 2ymim?

(r=1)% xy B e N
—)mdm.  2mim?  2mim? 2(x = 1)(y = 1) Q2xy3m275
_y(Z )mgmc _ mbm2 _ mgmc LOg[F(mb,mc, 2)] + (.X' )(y )Q .X'y mez
(y-1) (x—1)7%  xy (x=1)
(x = 1)Q*xy*mym.2° n 2y*mim2z n 2xmim?z L (x=Vmim.z xmpymdz 2mim’z 2ymim?z
(z=1)? =17 (x=17 X (=17 (=17 (y-17
B Q*(x = Dxy’mym,.z* (v — Dymymiz®  2ymim273 n (x = 1)Q%*xy*mym. 2> B Q*(x — Dxy’mym.z*
(z=1) (z=1) (2—1)2 (y-1)? (y=1)?
2x=1)(z=1D)Qxy’mpz>  2(y = 1)(z = )Q%xmiz®  (y=1)(z=1)@mpm.2*  (y=1)(z=1)Q*mym 2
+ : + - + 3 +
v-1 (x=1) (x—1) x
(=)= Dmym 2 2ymim? 203(x—1)(y = 1)(z = 12
-1y (- 17 e
2m2m2.z z—1)ymim,
_emy +( oo ) 1);; ]Qz (mbvmc»Q2>_1}

- 1287; / /dy/ G T _1)(Z_l)log(F(mb,mc, 2)

X {—zmpm [=y*z(x*(2z = 1) = 2xz+x+z—1) + y(z = 1)(2x%z2 = 2xz+ z+ 1) + (x = )xy*22 =z + 1]
X (ZF(mh’mcv Qz)_Qz) - (x - l)x(y - l)yz(z - 1)Z3(yZ - 1)[_6Q2F(mbvmw QZ) + 3F(mh’mcv Q2)2 + Q4]
+2myme(yz = 1)}. (A1)

The correlation function for current J; and j; is shown as

) 1 1 1 1

70%) = iy | dx [y [ dzeiyz Flmy.me. 02 tog (Flomyme. 02)
{4Q2()C - l)x(y - l)yz(Z - 1>23F(mb’mc’ Q2) + ()C - l)x(y - l)yz(z - 1>Z3F(mb’mc’ Q2)2
+2(x = V)xy*22mym F(my, m., Q%) = 2(y — 1)(z — 1) zmpm F(my, m,, Q*) — dmim?
—40%(x = Dx(y = 1)y*(z = 1)z}

dy | 4
184327:/ /y/ ¢

HGG(QZ

e RN CETETT L T
F(mb,mc, 2) (z—1)2 x? (x—=1)2
ymlz,mzz2 Q*(x—1)xy*(z — 1)m;2)z 3 ymim%z . yzmim% N xm%m% B m%m% 3 ymim2 mlz,m2 0
(z—-1) (y—1)? (=12 (=12 (=12 (=17 (-12  x

6(x=1)(y=DQxy’miz 30°(x = Dxy’mpym.2®  3(x = 1)Q*xy’mym.z*  3(x=1)0%xy*mym 2>
{ (x-1)? (z—1)? (x—1)? (y=1)?
30%(x = Dxy*mym.z® 3(y = Dympymiz®  6(x—1)(z=1)0*xy’miz>  6(y —1)(z —1)Q*xm?z?
B ) C L b1 BN
L300 = D= DQ%xmym 22 3Q%y = D(z = Dmymez? _3Q%(y = 1)(z = Dmym 2> _ dymjmzz’
(x=1)? (x=1)? x (Z—l)
60%(x—1)(y—1)(z—=1)miz> dxmim2z 4y’mim’z 3xmymlz 4dymimiz 4dmim2z  dmim3z
- x? =D =12 T =12 (=) (k= 1) x
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43 (3 (x=DxZmym.y* 2(x=1)(z=Dxzmiy? 2(x—1)(y—1)xz*m?y?
(y=1)? (y=1)? (z=1)
3(x—Dxz*mym.y®  2(x—1)xzm,m.y? B 3(x—1)xz>mym,y? B (x=1)xz>m,m,y?
(z—1)? (y—1)? (y—1)? (z—1)?
2(y—1)(z—1)xzm? +3(y— 1)(z—1)zmym, +3(y— D(z=Dzmpm,  3x(y=1)(z=1)zm,m,
(x=1)2 (x—1)2 x (x—1)2

X— - - I’l’L2 - —1)n,m,. - —1)nm,m,.
_2x=1)0=ie= a2 8(—:)2 pme 20y 1><;y1> b L)F<mb,mc,Q2>Z

C3(x —l)mbmz 4ymb me 3y(z—=1D)mym.  4mgmZ  4mim

)2 G- =Dy

302 )
256;; / /dy/ de Dx = 1)1g(F(mb,mc,Q))
X{=2F (mp,me, @)mpme (y72(x 2(6Z 2)+x(2—82>+32—1)+y2(x2(—6z2+6z—2)+x(6z2—4z+1)

=3z4+2)+ (2x* =4 +3x - 1)y —4y(z—1)> +2(z— 1)}) = (2x* =3x+ 1)y*(z = )m3 ((y —2)z + 1)
+(2x=1)x(y = Dy*zmi((y=2)z+1) =80 (x = Dx(1 = y)y*(z = 1) ((x = )xy*z = yz+y +2~1)]
=20%zmpm,[(x—1)2x*y* 22 +y*(z—=1)> =2y(z—1)* + (z = 1)*| + 2mim2[(x = D)xy*z—yz+y+z—1]
—20%(x = Dx(1=y)y*(z= )2 [(x = Dxy*z = yz+y+z-1]}

17(0%) =5 A Ldx A Ly A "dze\y2F(my,m,, 0% log (F(my,m,. 0%))
x{=3(x=1)x(y=1)y*(z= D)2 F(my, me, Q%) + F (my, me, 0*)(=6(x — 1)xy*22mymc +6(y = 1)(z = 1) zmym,
+200%(x— Dx(y = 1)y*(z=1)23) + 1202 (x = 1)xy*22mym, — 120*(y — 1) (z — 1) zmpm, + 12mIm?
=120 (x= Dx(y=1)y*(z= )2’}

2
)=t |, @ [
Q") =13432:5 Y, 4

e z-xz y(E=1)) 5 1 Rl 1R 113
I{F(mbvmchz)[( (v —1)) b (x—l)xz(y—l)z(z—l)(z« D=1 = 1)y

+3y?=3y+1)z0*+ (y = 1) ((x— Dxzy* + (—x* +x+z— 1)y —z+ 1)xm2)m3)

= 1)2x(y1_ e l)z(zmc((x— D(z=D((x=10x°2y* = (x=1)°x%2p° = (2= 1)’y +2(z = 1)’y

—(z=1)%)z0*+(y = 1)((y = 1)x¥*yz® + (y = 1)yz* = x((2y* =2y + 1)z* =22+ 1) )xmZ)my,)

10(x=1)(y = 1)Q*xy*miz®
(z—1)

+

] g (F(mum.0°) |

1
—m(QZX()’— DZ2(((x=1)°y* +1)2> =322 + 32— 1)’"3)] 0>+ {
~1

N 1 (x=1)Q*xy*mym.z> 70*(x—1)xy’m,m.z* . 3(y—1)ym,m}z3 n dymim?z? n 11(x—1)Q*xy*m,m, 2>
(z=1) (z=1)? (z=1)? (z=1)? (y—1)?
QP (x=Dxy’mym.z> 10(x=1)(z=1)Q*xy’mpz* N 10(y—1)(z=1)Q%xm2z*  4(x—=1)Q*xy’mym.z?
(y—1)? (y—1)? (x—1)? (y—1)?
N Hy-1)(z— 1)Q2mbmcz2+ H(y=1)(z=1)Q@*mym.z* 11Q°x(y=1)(z=1)mymz*
(x—1)? X (x—1)?
B 1002(x=1)(y=1)(z=1)m?z* 4y’mim?z 4dxmim2z 3 _3(x— DxZmymy*  (x—1)xz3mym.y>
x? y-17  (x=1) (y=1) (z=1)?
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3(x = Dxz®mymey®  2(x = Dx(z = Dzmpy®  2(x = Dxzmymey®  2(x = Dx(y = 1)z*mgy’
(y=1)? (y=1)2 (y=1)? (z—1)?
_3bc=Dxtmymey? 2= Dy = Dz = Dzmj 30 = D(z = Dxzmpme 20y = 1)(z = Dmym,
(z—1)? x? (x=1)? (x—=1)%
+2(y - 1)(22— Dmyme  2x(y =1)(z —zl)zmg 3y =D(z- lz)zmbmc 3y = D(z = Dzmym, Fmy.m,. 0%
Xy (x—=1) (x—=1) x
B dmIm?z B dymIm?2z _ dmIm?2z _ 40%(y — 1)(z = D)mym,z B 40%(y = 1)(z = V)mym.z ~ dymim? <y dmIm?2
(x=1? (y-1) x (x—1)% xy (y=1? (x=1)%
+4m127 m2 E L 3(z - l)ymz +3(x— l)zmzm 2 3xmymiz log (F(my, m,. 0%))
x? y (y— x (x=1)?

25671’ / / dy/ dZ )C— 1 _ l)y(Z _ l)log( (mbvmu ))
{zF(my,, m,, Q*)(3mym,(y37(x*(6z — )+x(2—8z) 32— 1)+ Y2 (32(=622 + 67 = 2) + x(622 — 4z + 1)

=3z42)+ (2x* =43 +3x - 1)y* 2?2 —4y(z = 1)2 +2(z—1)?) =3(2x* = 3x+ 1)y*(z = )mi((y = 2)z + 1)

+3(2x = Dx(y = Dy*zmi((y = 2)z + 1) + 807 (x = Dx(1 = y)y*(z = D2 ((x = Dxy’z —yz +y +z- 1))
=20%zmpm,(y*z(x*(62 —2) + x(2 — 8z) + 3z — 1) + y*(x*(—62% + 62 — 2) + x(6z° — 4z + 1) + 2> = 5z + 3)
+(3x* —6x3 + X2 +3x = 1)y*22 —6y(z— 1) +3(z—1)?) —6mim?((x — D)xy’z—yz+y+z—1)

+20%(2x* =3x+ 1)y*(z = D)zmp((y = 2)z+ 1) =20°x(2x = 1) (y = 1)y*22m2((y = 2)z + 1)
20*(x=Dx(1=y)y*(z=D)Z2((x = Dxy*z—yz+y+z—-1)} (A2)

The correlation function for current J, and j, is shown as

1 1 1
" (02 = /d/d/d 2F(my,, m,., Q*)*log (F(m,,, m,, Q*
0 (Q) 102475 0 X ) y ) C1y2 (mh me ) Og( (mb me ))
{(x = Dx(y = 1)y*(z = 1) F(my, m¢, Q%)* + 22F (my, me, Q%) ((x = D)xy*zmpm, — (y = 1)(z = 1)mpm,

+20%(x = D)x(y = 1)y*(z = 1)2%) — 4mpmg — 4Q% (x — 1)x(y — 1)y*(z = 1)2°}
(2GG)
m5e(Q%) = 1843271/ / dy / dz

Xcl{ { QZ(X—1)x(y—1)y3mzz4+(x—1)(y—1)(Z—1)Q2mb2 Q*x(y — 1)(z = 1)m?
F(mb’mc’ 0%) (z—1) X (x=1)?
ympmez®  Q*(x = Dxy*(z = Umpz  ymymgz  y>mpmZ  xmimz  mpmg  ympmg  mpmg]|
G- 17 ) I EEe e U A PO A P T I b
6= 1)y = DOy mEss 303 (x— Dey'mym,s® 3= D@m= 1)@y mym,2
{ (e=17 B (=17 (e=17 (=172
C3Q°(x = Dxy*mymz 3(y = Dymymiz>  dymymiz’  6(x = 1)(z = 1)Q*xy’mjz>
(y—1)? (z—1) (z—1) (y=1)7
L 60 == DQ%mez? 3y = )(z = 1)QPxmym 22 3Q%(y = 1)(z = Dmym.2?
(x=1)? (x=1)? (x = 1)?
30°(y = 1)(z = V)mym,z*  dxmim?z  4y*’mim2z  6Q%(x—1)(y—1)(z—1)miz>  3xmumz
N x =12 (y-1)? 2 (x—1)2
N dymZm?2z N dmim?’z N dmpmiz  3(x—1)mymez  dymyme
-1 (x-17 x X (y=1)?
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43 (3(x— Dxz?mym.y* 2(x=1)(z—Dxzmiy? 2(x—1)(y—1)xz*m2y?
(y=1)? (y=1)? (z=1)?
3(x—Dxz*mym.y?  2(x—1)xzm,m.y? _3(x— 1)xz2mym.y* B (x—=1)xz>mym,y?
(z=1)? (y=1)? (y=1)? (z—1)?
2(y=1)(z=1)xzmZ 3(y—1)(z— l)zmbm6+3(y— D(z=Dzmym, 3x(y=1)(z=1)zm,m,
(x—1)? (x—1)? x (x—1)?
2= D= e 2= e D 2= D)5,

3y(z l)m?7 4mb m?2 4m§

( P =Dy

25677,’ / /dy/ dZ )C 1 y 21) (Z 1)10g( (mb’mu ))
x {=zF(my,m.,0%)(mym.(y3z(x?(6—10z) +6x(2z—1)=3z+1) +y*(2x*(522=5z+1)

+x(=10z24-82—1) +422 =57+2) + (2x* —4x3 +4x% = 3x+ 1)y* 22 —4y(z—1)2 +2(z—1)?)
+ (28 =3x+ 1)y (z=)mp((y=2)z+1) =x(2x = 1) (y = 1)y*zmi((y=2)z+1)

=80 (x=)x(1=-y)y*(z=1)2*((x=1)xy’z—yz+y+z-1))
=2Q%zmym((x=17°x7y* 2 +y*(z=1)*=2y(z= 1)’ +(z~1)?)
+2mim?((x—1)xy*z—yz+y+z—1)
—20%(x=Dx(1=y)y*(z= 1) ((x=1)xy*z—yz+y+z-1)}

(%) = A L /0 Yy A dze 22 F(my,my., 02 og(F(my,m,.0%))
x{=3(x=1)x(y=1)y*(z= 1) F (my.m, Q%)* + F (my,m, Q*) (=6 (x — 1) xy*z*mym,.
+6(y=1)(z=1)zmym,+200%(x—1)x(y—=1)y*(z—1)2%) + 1202 (x = 1)xy* > m,m,
-120*(y—1)(z—)zmpm,.+12mim%—120*(x— 1)x(y—1)y*(z—1)z*}

9% (Q d / d
i 184327:/ / Y],

xc z-xz_ylz 1)mm3— ! x—1)%(z=1)*((x*— 2
| (557 mem =g e S Ve P -0+

1
Ey ey ey
X (z=1)((x=1)2x222y* = (x= 1272y = (2= 1)2y* +2(z=1)?y = (2= 1)*)20> + (y= 1) ((y = 1)x*y2> + (y = 1)y2*

Q*x(y=1Z((x=1)°y’ +1)2° =322 +3z—1)m?

2]1 e(F(mm.0%) )

=3y+1)z0*+ (y=1)((x=1)xzy*+ (=x> +x+2z—1)y—z+ 1) xm?)m2) -

—x((2y? =2y +1)22 =2z+41))xmg )zm my,) — 5 %
(x=1)*(z=1)
10(x=1)(y=1)Q%*xy*m2z°> 11(x=1)Q*xy*m,m.z°> 7Q*(x—1)xy’mym.z* 3(y—1)ym,m’z>
(=17 (=17 R (=17
dymimzz®  110°%x(y=1)(z=1)mym 2> 3(x—1)mimcz_3xmbmgz+4y2mim%z+4xm§m§z
(z=1)? (x=1) X (x=1)> (=17 (x=1)
1 (x=1)Q%xy*mym.z> 110*(x=1)xy*mym 2> 10(x=1)(z—1)Q?xy*m2z> 10(y—1)(z—1)Q*xm27?
(v=1)? - (=12 (v=1)? (x—1)?
4(x=1)0°xy’mym.z* 11(y—1)(z=1)Q*mpym 2> 11(y=1)(z—1)Q*mym.z*> 4dymim?
=17 (v=1)? ! x o1y
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_10Q%x =Dy =Dz = Ymiz® (_ 3(x — Daz?mymeyt | (x = Dxdmymy®  3(x = Dxztmymy®

x? (y—1)? (-1 (z—1)

3(x = Dxz®mpmey®  2(x = Dx(z = Dzmpy®  2(x = Dxzmymey®  2(x = Dx(y = 1)z*my’

(y-1)? (y-1)? (y-1)? (z—1)?

2 =D (y=1)(z=Dzm? 3(y—=1)(z—=Dxzmpym, 2(y—=1)(z=Dmym, 2(>y—1)(z—1)mpm,
200~ D= o 3= Ve sompme 200 06— D 20105~ o,
2x(y = 1)(z=1)zm2 3(y—=1)(z = Dzmym, 3(y —1)(z = 1)zm,m,

_ 2x(y (x)_(zl)2 )zmg  3(y ())Ez_ 1)2)z pme  3(y )(zx )zmy, )F(mb,mc, 2,
B dmim?z B dymim?2z B dmim2z B 40%(y = 1)(z = D)mym,z B 40°(y = 1)(z = V)mym.z ~ dmim?

(x=1?% (y-1) x (x=1)% Xty (x=1)%
dmim?  3(z—1)ymim

¥ | 1og (<m0}

xzy (y—1)

25671 / / dy/ dz (x—1)x _1) (Z_l)log(F(mb,mL, )
{zF (my,, m., 0*)(3mum,(y3z(x*(6 — 10z) + 6x(2z — 1) =3z + 1) + y*(2x*(5z> = 5z + 1)

+x(=10z22 + 8z = 1) +4z2 =57+ 2) + (2x* —4x3 +4x2 = 3x + 1)y*22 —4dy(z = 1)> +2(z = 1)?)

+3(2x* =3x+ 1)y*(z— D)mj((y = 2)z + 1)

=3x(2x = 1)(y = D)y*zmi((y = 2)z + 1) = 8Q*(x = D)x(y = 1)y*(z = )2 ((x = Dxy’z = yz +y +z - 1))
—20%zmym, . (y3z(x?(6 — 10z) + 6x(2z — 1) =3z + 1) + y?(2x*(522 = 5z + 1) + x(=10z%> + 8z — 1) + 5z = 77+ 3)
+(3x* —6x3 +5x2 = 3x+ 1)y*z2 = 6y(z = 1)> +3(z = 1)?) —6mim2((x — )xy’z —yz+y+z—1)

=20%(20% = 3x + 1)y*(z = Dzmj((y = 2)z + 1) +20°(2x = Dx(y = 1)y*2mZ((y = 2)z + 1)

+20%(x = Dx(y = D)y (z = D2 ((x = Dxy*z —yz +y +z- 1)} (A3)

The correlation function for current J5 and js is shown as

1 1 1
ny"(0?) = 10247[64 dXA dy/o dze yz? F(my, m., Q*)* log (F(my, m., Q%))
x {(x = Dx(y = D)y*(z = )2 F(my,, m, Q)% + 22F (my,, m., 0*)((x = Dxy*zmym, = (y = 1)(z = 1)mym,
+20%(x = Dx(y = 1)y*(z = 1)2%) + 30%(x = D)xy*z®mym, — 30*(y — 1)(z = 1)zmm, — 6mymg
+60* (x — x(y = 1)y*(z = 1)2°}
1 1 1
157" (0%) = 30724 J, dx ; dy ; dze,yz* F(my, me, Q*)* log (F (my, m., Q%))
X {3(x = Dx(y = 1)y*(z = 1)@ F(my, m, Q*)* 4 22F (my, m,, Q*)((x = Dxy*zmym = (y = 1)(z = 1)mym,
—60%(x — Dx(y = 1)y*(z = 1)z%) = 3Q0%*(x = D)xy*2®mym, + 30*(y — 1)(z = 1)zmym, — 6m3m?
+60%(x — 1x(y = 1)y*(z = 1)2°}
1 1 1
" (Q?) = 128ﬂ:6/0 dx/o dy/0 dzc,yz*F(my,, m,, 0*)*log (F(m,, m., Q%))

{=(x = Dx(y = 1)y*(z = 1)Z*F(my, m,, 0*)* = 2(x — V)xy*22mym.F (my,, m., Q)
+2(y = 1)(z = V)zmym F(my, m., Q%) + 6mymz + 60*(x — )x(y — 1)y*(z = 1)z}
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1 1 1 1
5 (%) = 6/ dx/ dy/ dz5¢,yz* F(my,m,, Q%)*1og (F(my,m., Q%))
7687 0 0 0

{Gc=Dx(y=1)y* (2= )2 F(mp.m. 0Q*)* +22F (my. mc, Q%) ((x = Dxy*zmpm = (y = 1)(z = 1)mym,
—40%(x=1)x(y—1)y*(z—1)z?) —=60?(x = 1)xy*22mym, +60Q*(y — 1)(z = 1)zm,m, — 6m3m?
+6Q* (x = 1)x(y—1)y*(z=1)2°}

GG 2
15 (07) 122887:/ /dy/ dz

szy(z—l) 1 2 1Y — o3
Cl{F(mb,mc, 2)[( 2 =1y )mcm’3’+(x—1)x2(y—1)2(2—1)(21(()“‘1) (e= DX = 1)y

+3y2=3y+1)z0%+ (y = 1)((x = )xzy* + (—=x* + x4+ z— 1)y —z+ 1)xm?)m?)

+(x_21(>yzzzl_)1)z(((x— 1y} +1)23 =322 +3z-1)
X Q- o (r=D(=D((x=1)272%y* = (x = 1)°x%2y° = (2= 1)2y* +2(z = 1)%y

(x=1)%x(y—1)(z—1)?
—(z2=1)%)z20*+ (y=1)((y = 1)x*yz> + (y = 1)yz> = x((2y* =2y + 1)z* = 2z + 1)) xm2)m;, | Q*

20—y Q*xy’m2’  (x=1)Q%xy’mym 2 (x=1)Q%xy*mym 2 Q*(x—1)xy’mym.2*

" (1) (—17 b1y b-17
_=Dymymz 2ymimiz} 2(x—1)(z=1)Q%xy’mpz®  2(y=1)(z=1)Q%xmi* | (x—1)Q*xy’mym 2>
(z—1)? (z—1)? (y—1)? (x—1) (y—1)?

+ (y - 1)(Z - I)szbmczz (y - 1)(Z - I)ernb’ncz2 _ sz(y - 1)(Z - l)mbch2
(x—1)2 X (x=1)2

xmymlz  2ymimiz 2mimiz 2mimiz  (3(x—1)xz?mym.y* 2(x—1)(z—1)xzmly?
+ 7T 7T 7T ) 2
(k=12 (=1 (x=1) x (y=1) (y=1)

3(x—Dxz*mym.y®  2(x—1)xzmym.y? 3(x—DxZmym.y’  (x=1D)xPmuymy?  2(y—1)(z—1)xzm?

(2—1)2 (y—1)2 - (y_1>2 (z—1)2 (x_1)2
3(y=1)(z=Dzmym.  3(y=1)(z=Dzmym, 3x(y=1)(z=1)zmym, 2(x=1)(y=1)(z=1)zm}
" (x )2 + X (x_1>2 x2
2r=1)(y=Detmdy® 2y=1)(e=Dmyme _2(y=1)(z=Dmym, (= mim,z
A e At 20D i 02)2 -
QZ(y—l (Z—l)mbmcz QZ( —1)(2—1)mbm z 2ymb m2 y(Z—l)mimc

(x—1)%y - Ky y-1?%  (y-1)7?

2mim2  2mim?2 2xmim§z 2y’ mim2z

oDy By =12 (=17 ]log(F(mwmm 2))}

20%(x—=1)(y=1)(z—1)m? 2
_Q&)@J@)WZﬁWG/ /@/ﬁ%m (mp.m...0%)
X 51271'
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><{(4x2—4x—3)y3Z4F(mb,mc,Q2)2+szz3((—4x2+4X+1)y2z+y(4z—5)—4z+4)F(mb,mc, %)
1
(x=Dx(y=1)(z—1)
(x*(62=7)+x(7=62)—z+1)=y(z=1)((6x> —=6x—1)z—1) + (x = 1)xy3 22 =z + 1) F(m},,m., Q%))
223(7—4z2)F(my,m., 0% +4y(z— 1) 22 F(my,m,, 0*)?
1
= Dx—-1)(-1)

—y(z=1)(10x*z=10xz+z+1) = (x=1)xy’z> +z—1) +

+ 0%y ((4x? —4x=3)y* 2+ y(71—42) +4(z— 1)) F (m},.m., 0*) — (2zmpm,(y*z

Q*zmym,(y*z(x*(102=9) +x(9~10z) +z~1)

2mymZ(yz—1)

(x=Dx(y=1)(z—1)

+0*y2 (47 +4x+ 1)y’ 2+ y(4z-5) —4Z+4)}

ngs (o d / d
368647r/ / o

e { { x=D=-D)@xy’miz>  (x=1)Q%xy*mym 2> Q*(x=1)xy*mym.z*
‘fwmmmu ?) (e=1)? (e=1)? (e=1)?
L= =00y @l mm 2= 1)(e= DOy
(z=1)? (y=1)? (y=1)? (y=1)?

L 20=1)(z=1)Q%xmez? +2ymﬁm2Z3 LO=DE=D@mme  (y=1)(=1)Q*mym, 2’
(x=1)? (z—1)? (x=1)? x

_Ox(y=1)(z=Dmym.2* 2ympmzz> 20*(x=1)(y=1)(z=D)myz*  2y*mjmz +2xm%m%z
(17 17 2 O-1F " (e-1)?

(x— l)mhmz xmymiz 2mpmez 2ympmiz  2mpmez  (z— ymim,
x? (k=172 (x=1  (y=1)? x (y=1)

60*(x—1)x(y—1)y*m2z’ 3Q2()c—1)xy3mbmcz5 2mim2z 2mim’z  3(x—1)Q*xy*mym. 2

QZ

i Y G-1F e 17
30 (x=D)xy*mym.2*  (y=1)ymymiz> 2ympmzz>  6(x—1)(y—1)(z=1)Q*mjz’
e @ @1y ¥
3(y=D(z=1)Q%xmym 2> 6Q*x(y=1)(z=D)miz> 3Q°(y=1)(z=Dmym.z2> 60*(x—1)xy*(z—1)mpz*
! (x—1)? B e ) N RS
Q*(x—1)xy’mym.z* 30*(y—1)(z—V)mym 2> xmymlz 2ymim2z 2(x—1)Q%xy’m,m.z*
B x =1 o= 1)? (=17
N (3(x— D)xz?m,m y* +6(x— 1)(z=1)xzm2y? +6(x— D(y—1xz*m2y*  3(x—1)xz*m,m.y?
(y=1)? (y=1)? (z=1)? (z=1)?
2(x=Dxzmpmey®  3(x=1D)x?mymey’  (x=Dxzmymy’  2(y=1)(z=1)mym,
(y-1)? (y-1)? (z=1)? (x=1)%
+6(y— ) (z—=1)xzm2 3(y—1)(z=1)zmpm. 3(y—=1)(z—=1)zmym, 20y=1D)(z=1)mym,
(x—1)? (x—1)? X x%y
2
3x(y 1()x(i 1)lz)zm;,mc _6(x=1)(y xlz)(z l)zmb> Flmy.m,.0%)
n (y=1)(z=1)Q*>mym.z (y—1)(z— 1)szbmcz_2xm,2)m%z_2y2mim%z C(x= l)mimcz_2ymim%
(x=1)% Xy (x=1*  (y=1)? x? (y=1)?
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H?G(Qz

_y(z—l)mf7 2m3m? 2mi

( (-1 xYy

3¢,
5127[ / /dy/ dz — = _1)(Z_1)10g( (my,m., Q%))
{F(my.m,.,0*)(60%(x —1)x(y 1) (z—l) 3(yz— 1) = 2zmym, (—y*z(x*(2z = 1) = 2xz2 + x+ z— 1)

(2 =1)(2°z =2xz+z+ 1)+ (x = 1)xy’2? =2+ 1)) = 3(x = D)x(y = D)y*(z = )2* (yz = D) F (my, m,., 0*)?
+ Q%zmym, (—y*z2(x2(2z = 1) =2xz+x+z2—-1)+y(z = 1)(2x%z = 2xz+z+ 1) + (x = D)xy* 22—z + 1)
+2mim2(yz—1) O (—(x=1))x(y = 1)y*(z = 1) (yz— 1)}

7687r / /dy/ “

} log(F(my.m,.. 0%)))

" { [ - D)(y= 1)@y’ mizt  ymymiz®  (x=1)(z=1)Q%xy’miz  ymimiz
1 F(mb’mcv ) (z—1)? (z—1)? (y—1)? (z—1)?
(y=1)(z=1)Q%*m?2z 3 Q*(x=1)(y—1)(z—=1)mjz  ymim? N mim? 4 mim? B xmjm?2 _y2m§m% 0
(x=1)? X -1 (=12 x (=12 (y-1)7
[(x —- D)@*xy’mym.z>  Q*(x = 1)xy’mym.z* n (y—1)ymm3z3 N 2ymim?z} N (x—1)Q%*xy*mum. 23
(z—1)? (z—1)? (z—1)? (z—1)? (y=1)°
G- etmmd | =)= )@mm (== )@mm g D= Dmn 2
(y—1)? (x=1)? x (x—1)2
N 2y mymiz | 2xmpmgz  xmymz <_3(x - Dx?mymyy*  (x—=1)x>mpmey®  3(x = 1)xz2mum.y?
=1 (=12 (x=1) (y=1)? (z=1)? (y—1)?
C2(x—Dx(z - 1)zm?y? C2(x— 1)xzm,m,y? C2(x—Dx(y —1)z*m2y? C3(x— Dxztmym.y?
(y—1) (y=1) (z—1)? (x—1)?
2= =D(z=Dzmy 30 =Dz = Dxzmpme 20y =1(z= Dmyme 20y = D)(z = Dmym,
X (x=1)? (x=1)% X%y
2x(y=1)(z=1)zm? 3(y—1)(z=Dzmpym. 3(y—1)(z—1)zmym, o (x=D)mim.z
B T Y oy} A x )F(’"b’m“ it

2mym2z  2ymimiz 2mimiz  2ymim%  2mim’  2mimZ  (z—1)ymim

‘(x—1>2 e A O N RV
647z / /dy/ dz3c,log (F(my, m,, Q%))

{yz3((—4x2 +4x+3)y* 2+ y(4z—=7) —dz +4)F(my, m., Q*)?

6x—7)yz z—1 1 1 z
+F(my,m., Q%) 2zmym. ( Wy 42 + +y? 7| —+——
x—1 X x—1 y—1 z-1

“|1og (Flm .. 0%}

120723 (26 = 25— )yz 4 y(3=22)42(z - 1))) _80%y2mym,

Zmbm (yz—1)

S = Dx =1z 1)

=20%Z((x—)xy*z—yz+y+z— 1)}
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Q= 4608 / /dy/ dz

sl [T e N N
1 F(mb,mc’ ?) (z=1)? (z=1) (z=1)
n (y=1Vymymiz*  ymim2z? . (x=DQxy*mym.2  Q*(x=Dxy’mym.z’  (x=1)(z=1)Q°xy’myz°
(z=1) (z=1) (y=1)? (y=1)? (y=1)?
(y-D(E-1)Q%mi?  (y—1)(z=1)@mym.2*  (y—1)(z—1)Q°mym, 2’
+ + +
(x—1)2 (x—1)? x
_Qp =D =Dmymez?_ymimez? QAx—D)(y=1)(z=Umjz®  y'mimiz  xmjmgz
(x—1)? (z—1)? x? =17 (x=1)
(x=D)mymez _xmymiz  mymgz  ymimiz mpmiz  (z=ymjm.|
A (= I Vb
N _AQP(x=Dx(y=1)y’mz 50 (x=1D)xy’mym.2  3(x—=1)Q*xy’mym 2"
(z=1) (z=1) (z=1)
+5(x—1)Q2xy3m;,mcz3_5Q2(x—1)xy4mhmcz3_(y—l)ymhm2z3 2ymim?z3
(y=1)? (y=1)? (z=1) =17
4x—-1)(y —1)(2—1)Q2mb2 5(y=1)(z=1)Q*xmym.z* 4Q%x(y—1)(z—1)m?
+ +
x? (x—1)? (x—1)?
5Q*(y=D(z=)mym.z2> 4Q*(x=1)xy*(z=D)mpz> 20°(x=1)xy’mym, 2*
(x=1)? (y=1) (y=1)?
50°(y=1)(z=D)mym,2*  xmymiz 2ymim’z 2mim’z 2mim’z
- x (k=12 (=12  (x-12  «x
(3 (x=DxZmym.y* 2(x—=1)(z—xzmiy’ 2(x—1)(y—1)xz*m2y +3(x— xztmym.y?
(y—1)? (y=1)? (z=1)? (z=1)?
2(x—Dxzmymey®  3(x—Dxz?mymy*  (x—Dxmymy*  2(y—1)(z=DxzmZ  3(y—1)(z—1)zmym,
e O A =177
+3(y—1)(z—1)zmhmc_3x(y—1)(Z—l)zm,,mc_2(x—1)(y—1)(z—1)zm12,_2(y—1)(z—l)mhmc
x (x—=1)? x? (x—=1)%y
2 2 2.0
20 1)(;))l)mme>F(mb,mc,Q2)z+2(y 1>(<§_32Qy mym.z | 2(y 1)(Zx2;)Q mbch_Z(J;HE,lln)czz

2 2

2y2m%mzz (—l)mzmz 2ymim? y(z—l)m?7 2mym2  2mim?

0- s e st )}
QEGG 5¢,
T 1280 / /dy/ dz= —1)x _1)(2_1)10g( (my,m,, Q%))

{(1=x)x(1=y)y(1=2)73((4x? —4x—3)y 2+ y(7-4z2) +4(z—1))F(my,m., 0*)?

+ F(my,me, Q*)(2zmym, (y*z(x*(62=7) +x(7=62) =2+ 1) = y(z = 1)((6x* =6x— 1)z~ 1)

+ (= Dxy’z2? —z+1) +20%(x = Dx(y = Dy(z = 1)2°
((6x2—6x—5)y*z+y(11=62) +6(z—1))) +20%*zm,m.(y*z(x*(3 —2z) +x(2z=3)
+z=1)+y(z=1)((2x*=2x=1)z=1) = (x=1)xy*22 +z—1) =2mim%(yz— 1)

=20 (x=D)x(y=1)y(z=1)2 ((x® ~x=1)y’z=y(z=2) +z=1)}. (A4)

The correlation function for current Jg and jg is shown as
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W) = s [ ax [y [ dzerszFlmme 0 og(F(mym.02)
X2 (e, Q%) (= (= Dy mym + (3= 1) (2= Dy, =40%(x = Daly = Dy*(e= 1)) + Impn
# = -D-1)2)

(0 = g [ ax [y [ dzenyzFmme 0 og(F(mym.02)

x {zF (my, me, Q%) ((x = D)xy*zmym, = (y = 1)(z = Dmypm, —4Q*(x = 1)x(y = 1)y*(z = 1)2?)
—3Q2(x—1)xy2 “myme +30%(y = 1)(z = Dazmym, = 3mpmz +30* (x = 1)x(y — 1)y*(z = 1)z}

Mi=(0%) = 76871 / / dy / dz

XCq——————
{F(mb’mc’ 2)
[(x—l)(y—l)Q2xy3m2z4 ymymzz?  (x—1)(z=1)Q%xy’mjz  ymimiz  (y—1)(z—1)Q%xmiz

(=17 (z-17 =17 -0 e
Q*(x=1)(y=1)(z=Dmpz  ymymg = mpmz  mymg  xmpmg  y mpme|
i 2 A o e  rey o Oyl
N [(x — 1)y mym 2 4Q%(x=Dx(y=1)y’miz>  Q*(x=1)xy’mymcz* (v = 1)ym,miz®
(z=1)? (x=1) (z=1)? (z=1)?
2ymim;zz | (x=1)Q%xytmym 2 Q*x = Dxy'mym.z’  4(x=1D(y=1)(z=1)Qmjz’
(x=1)? (y-1)? (y—1)? x?
0D @mm (=D DOz 40~ D= miz_0xly= 1)z~ Dmym, 2
(x—1)2 X (x—1)2 (x—1)2
B 40%(x = )xy* (z—=1)miz>  2y’mim2z N 2xmim?z N (x=1)m3m,z _xm,,mf,z B 2m3m2z
(y=1) (=172 (x-1)? X (x=1% (x—1)?
3(x=1)xz2y*  (x=Dxy? 3(x=1)xz2y* 2(x—1)xzy? 3(x=1)xz*y? 3(y—1)(z—1)xz
<‘ e e ) ) N ) N R (x=1)?
_30=D=Dz_3y=D=Dz 206-D@E=1)  2p-1)(z=1)
(x=1)? x (x=1)% X’y
2ym2m2z Zmimzz 2ym%m2 2m3m? 2m§m% (z—1)ymim,
(y -1 (k=12 Xy (y—1)?

/ /dy/ dz3c,log(F(my,,m,., Q%))
647z

1
x {—3yz3 [(2x* = 2x 4+ 1)y*z = 2yz +y +2(z = 1)|F (my, m, Q*)* + F(my, m, Q%) [ZZmbmc ( (m+ 6) ¥z

_|_

)F(mb7mcv 2)’/nb’ncZ

J1og(Fmm..0}

1- 1 27(1—
+ xyz+ - + (y_z(l)(z)izi)> +20%y3((6x* —6x+1)y*z2+y(5—62) +6(z— 1))} —80%y2mym,

2m3m2(y z—l)

T -DGE-1)

—20%3((x=1)xy*z—yz+y+z— 1)}
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Q2 7686/ /dy/ dz

ol e N ) s
l F(mb»mc’ ?) (z=1) (z=1)? (z=1)? (z=1)?
D ()0 Qs )y (=)= DO (5= 1) (e )@
(z=1) (y—1)? (y—1)? (y—1)? (x—1)?
L0=DE=Dmymez?  (y=1)(z=1)Q*mymez?_ Q%x(y—1)(z=1)mym 2> _ymjmez>
(x=1)? x (x=1)? (z=1)
_Qz(x—l)(y—l)(z—l)m%z2 yzm%m§z+xm%m%z (x—l)mimcz_xmbmgz_ml%mgz _yml%m%z_m%mgz
X (=172 (x=1) X (=1 (x=1)* (y=1)* «x
(z—l)ymimc] 5 [_4Q2(x—l)x(y—1)y3m2z5 50°(x—1)xy’mym.z° 3(x—1)Q%xy’mym.z* 2mim2z
’ (y=1)? ot (z—1)? (z—1)? * (z—1)? L
+5(x—1)Q2xy3mbmcz3_5Q2(x—1)xy4mbmcz3_(y—1)ymbmgz 2ymim?z® 4(x—=1)(y—1)(z—1)Q*m3z*
(y=1)? (y=1)? (z=1) (z=1) x?
L S0=DE=1)0%xmym 22 _4Q°x(y=1)(z=1)miz? _5Q*(y=1)(z=1mym2 _4Q(x=xy*(z=1)mjz*
(x=1)? (x=1)? (x=1)? (y=1)?
_2Q2(x—l)xy3mbmcz2_5Q2(y_1)(z—1)mbmcz2 xmymlz  2ymim2z 2mim§z+<3(x—l)xz2y4
(y=1)? x (=12 (y=1* * (x=1) (y=1)?
Jr3(x—1)xz4y3 2(x=1)xzy® 3(x=1)xy? (x=1)xz’y’ 3(y—1)(z—1)z+3(y—1)(z—1)z
(z=1) (y=1)? (y=1)? (z=1) (x—1)? x
3x(y-1(-Dz 2(y-1)(-1) 2(y-1)(z—1) > 2(y=1)(z=1)Q*mym,z
T ) O D )F(mb’mC’Q)mmeH (x=1)%
+2(y—1)(1—1)szbmcz_2xmim3z_2y2m12,m%z_(x—l)mimcz
Xy (x=1)*  (y=1) x?
2ymbm2 y(z—l)mzmc 2mIm2  2mim? 5
o0 oD e sl me. )
el o), dy/ T Ty e e @)
{(3(x=Dx(y=1)y(z= 12 ((2x* =2x+1)y*z=2yz+y+2(z = 1)) F (my,m,, 0*)?
+F(mb,mc,QZ)(2zmbmc(—y2Z(x (62=5)+x(5-62)+2-1)
+y(z=1)(6x?z—6xz+z+1)+ (x—1)xy’z> —z+1)
+20%(1-x)x(y=1)y(z— 1)} ((6x> —6x+5)y*z—6yz+y+6(z—1)))
+20%zmym (y*z(x*(2z—1)=2xz+x+z-1)
—y(z=1)(2x%z=2xz+z+1) = (x= Dxy’2 + 2= 1) = 2mjmz (yz—1)
204 (1-x)x(y—=1)y(z=1)Z((x* —x+1)y*z—yz+z-1)}. (AS)
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