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We study the existence of fully-heavy hidden-flavor bcb̄c̄ tetraquark states with various
JPC ¼ 0�þ; 0−−; 1��; 2þþ, by using the moment QCD sum rule method augmented by fundamental
inequalities. Using the moment sum rule analyses, our calculation shows that the masses for the S-wave
positive parity bcb̄c̄ tetraquark states are about 12.2–12.4 GeV in both ½3̄c�bc ⊗ ½3c�b̄c̄ and ½6c�bc ⊗ ½6̄c�b̄c̄
color configuration channels. Except for two 0þþ states, such results are below the thresholds Tηcηb=Tϒψ

and TBcBc
, implying that these S-wave positive parity bcb̄c̄ tetraquark states are probably stable against the

strong interaction. For the P-wave negative parity bcb̄c̄ tetraquarks, their masses in the ½3̄c�bc ⊗ ½3c�b̄c̄
channel are around 12.9–13.2 GeV, while a bit higher in the ½6c�bc ⊗ ½6̄c�b̄c̄ channel. They can decay into
the cc̄þ bb̄ and cb̄þ bc̄ final states via the spontaneous dissociation mechanism, including the J=ψϒ,
ηcϒ, J=ψηb, Bþ

c B−
c channels.

DOI: 10.1103/PhysRevD.104.014003

I. INTRODUCTION

Recently, the LHCb Collaboration announced evidence
for a structure in the di-J=ψ mass spectrum, in which a
narrow resonance around 6.9 GeV was observed with a
global significance of more than 5σ [1]. They measured the
mass and decay width for this Xð6900Þ state as m ¼
6905� 11� 7 MeV and Γ ¼ 80� 19� 33 MeV assum-
ing no interference fit, while m ¼ 6886� 11� 11 MeV
and Γ ¼ 168� 33� 69 MeV based on an interference
model. In addition, they also observed a broad structure
ranging from 6.2–6.8 GeV. Observed in the di-J=ψ mass
spectrum, these structures could originate from hadron
states consisting of four charm quarks [1]. In 2017, the
CMS Collaboration had reported their measurement of an
exotic structure in four lepton channels around 18.4 GeV
with a global significance of 3.6σ [2], which was probably a
fully-bottom tetraquark state. However, such a structure
was not confirmed by the LHCb and latter CMS experi-
ments [3,4].
Before the above experimental observations, there

were already some theoretical studies on the fully-heavy

tetraquark systems [5–18], which were much less appealing
comparing with the problems of XYZ states [19–24].
However, the research interest on the fully-heavy tetraquark
states has been extremely inspired by the CMS and LHCb
experiments, after which lots of theoretical investigations
have been done based on various methods [25–49]. In the
framework of QCD sum rules [18], we have predicted the
mass spectra of the ccc̄c̄ and bbb̄b̄ tetraquark states with
various quantum numbers. Our calculations showed that
the Xð6900Þ can be interpreted as a P-wave ccc̄c̄ tetraquark
state with JPC ¼ 0−þ or 1−þ, while the broad resonance
structure around 6.2–6.8 GeV can be considered as an
S-wave one with JPC ¼ 0þþ or 2þþ. These results were
also supported by our recent investigation on the strong
decays of fully-charm tetraquarks into di-charmonia, in
which we have calculated their relative branching ratios
through the Fierz rearrangement [36].
In this work, we shall further study the hidden-flavor

fully-heavy bcb̄c̄ tetraquark states in the framework of
moment sum rules. Such bcb̄c̄ tetraquark systems have
been investigated in the approach of the chromomagnetic
interaction model [28], in which the authors found that the
bcb̄c̄ tetraquarks might be relatively stable and thus more
favorable than the bbb̄b̄ and ccc̄c̄ states, which is also
supported by Ref. [50]. In Ref. [25], an upper bound on the
mass of the bcb̄c̄ tetraquark state was predicted as
12.62 GeV in a nonrelativistic effective field theory
framework. Such an upper bound on mass is very close
to the J=ψϒ threshold, indicating that the bcb̄c̄ tetraquark
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state is stable against the strong interaction. However, the
existence of the bcb̄c̄ tetraquark state was not supported
by the constituent quark model investigation [51]. More
efforts are still needed to understand these controversial
results.
This paper is organized as follows. In Sec. II, we

construct the local bcb̄c̄ tetraquark interpolating currents
with various quantum numbers JPC ¼ 0�þ; 0−−; 1��; 2þþ.
In Sec. III we briefly introduce the formalism of the QCD
sum rules and moment method. We perform moment sum
rule analyses for all channels and predicted the mass spectra

for the bcb̄c̄ tetraquark states in Sec. IV. The last section is
a conclusion and discussion.

II. INTERPOLATING CURRENT
FOR bcb̄c̄ TETRAQUARK

In this section, we use the S-wave diquark operators
bTaCγ5cb and bTaCγμcb to compose the bcb̄c̄ tetraquark
interpolating currents. We consider the following interpo-
lating currents with antisymmetric ½3̄c�bc ⊗ ½3c�b̄c̄ color
structure and various spin-parity quantum numbers:

J1 ¼ bTaCγ5cbðb̄aγ5Cc̄Tb − b̄bγ5Cc̄TaÞ; JPC ¼ 0þþ;

J2 ¼ bTaCγμcbðb̄aγμCc̄Tb − b̄bγμCc̄TaÞ; JPC ¼ 0þþ;

J3μ ¼ bTaCγ5cbðb̄aγμCc̄Tb − b̄bγμCc̄TaÞ þ bTaCγμcbðb̄aγ5Cc̄Tb − b̄bγ5Cc̄TaÞ; JPC ¼ 0−þ; 1þþ;

J4μ ¼ bTaCγ5cbðb̄aγμCc̄Tb − b̄bγμCc̄TaÞ − bTaCγμcbðb̄aγ5Cc̄Tb − b̄bγ5Cc̄TaÞ; JPC ¼ 0−−; 1þ−;

J5μν ¼ bTaCγμcbðb̄aγνCc̄Tb − b̄bγνCc̄TaÞ þ bTaCγνcbðb̄aγμCc̄Tb − b̄bγμCc̄TaÞ; JPC ¼ 0þþ; 1−þ; 2þþðSÞ; 0þþðTÞ;
J6μν ¼ bTaCγμcbðb̄aγνCc̄Tb − b̄bγνCc̄TaÞ − bTaCγνcbðb̄aγμCc̄Tb − b̄bγμCc̄TaÞ; JPC ¼ 1−−; 1þ−ðAÞ; ð1Þ

where b, c stand for the bottom and charm quark fields, the subscripts a, b are the color indices, C denotes the charge
conjugate operator, and T represents the transpose of the quark fields. For the tensor currents J5μν and J6μν, we list their JPC

assignments for the traceless symmetric part (S), the antisymmetric part (A), and the trace (T). Similarly, the corresponding
color symmetric ½6c�bc ⊗ ½6̄c�b̄c̄ tetraquark currents are

j1 ¼ bTaCγ5cbðb̄aγ5Cc̄Tb þ b̄bγ5Cc̄TaÞ; JPC ¼ 0þþ;

j2 ¼ bTaCγμcbðb̄aγμCc̄Tb þ b̄bγμCc̄TaÞ; JPC ¼ 0þþ;

j3μ ¼ bTaCγ5cbðb̄aγμCc̄Tb þ b̄bγμCc̄TaÞ þ bTaCγμcbðb̄aγ5Cc̄Tb þ b̄bγ5Cc̄TaÞ; JPC ¼ 0−þ; 1þþ;

j4μ ¼ bTaCγ5cbðb̄aγμCc̄Tb þ b̄bγμCc̄TaÞ − bTaCγμcbðb̄aγ5Cc̄Tb þ b̄bγ5Cc̄TaÞ; JPC ¼ 0−−; 1þ−;

j5μν ¼ bTaCγμcbðb̄aγνCc̄Tb þ b̄bγνCc̄TaÞ þ bTaCγνcbðb̄aγμCc̄Tb þ b̄bγμCc̄TaÞ; JPC ¼ 0þþ; 1−þ; 2þþðSÞ; 0þþðTÞ;
j6μν ¼ bTaCγμcbðb̄aγνCc̄Tb þ b̄bγνCc̄TaÞ − bTaCγνcbðb̄aγμCc̄Tb þ b̄bγμCc̄TaÞ; JPC ¼ 1−−; 1þ−ðAÞ: ð2Þ

In this work, we shall use both the ½3̄c�bc ⊗ ½3c�b̄c̄ and
½6c�bc ⊗ ½6̄c�b̄c̄ tetraquark currents to investigate the bcb̄c̄
systems in QCD sum rules.

III. QCD SUM RULE

In this section, we will briefly introduce the formalism of
QCDsum rules, which is an extensively usedmethod to study
the hadron properties in the past several decades [52–54].
As a starting point, the two-point correlation function for the
scalar or pseudoscalar currents can be written as

Πðq2Þ ¼ i
Z

d4xeiq·xh0jT½JðxÞJ†ð0Þ�j0i: ð3Þ

For the vector or axial-vector current, the two-point corre-
lation function is

Πμνðq2Þ ¼ i
Z

d4xeiq·xh0jT½JμðxÞJ†νð0Þ�j0i

¼ Π1ðq2Þ
�
qμqν
q2

− gμν

�
þ Π0ðq2Þ

qμqν
q2

: ð4Þ

There are two parts of Πμνðq2Þ with different Lorentz
structures because Jμ is not a conserved current. The invariant
function Π1ðq2Þ is related to the spin-1 hadron state, while
Π0ðq2Þ is the spin-0 polarization function. The two-point
correlation functions for tensor currents can be written as

Πμν;ρσðq2Þ¼ i
Z

d4xeiq·xh0jT½JμνðxÞJ†ρσð0Þ�j0i

¼
�
ημρηνσþημσηνρ−

2

3
ημνηρσ

�
Π2ðq2Þþ���; ð5Þ
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where

ημν ¼
qμqν
q2

− gμν; ð6Þ

andΠ2ðq2Þ is the tensor current polarization functions related
to the spin-2 intermediate states, and the “� � �” represents other
spin-0 and spin-1 states.
We assume the current couples to the physical state X

through

h0jJjXi ¼ fX;

h0jJμjXi ¼ fXϵXμ ;

h0jJμνjXi ¼ fXϵXμν; ð7Þ

where fX denotes the coupling constant and ϵXμ ; ϵXμν are the
polarization vector and tensor of XðϵX · q ¼ 0Þ.
At the hadron level, the two-point correlation function

can be written as

Πðq2Þ ¼ 1

π

Z
∞

s<

ImΠðsÞ
s − q2 − iϵ

ds; ð8Þ

in which we have used the form of the dispersion relation,
and s< denotes the physical threshold. The imaginary part
of the correlation function is defined as the spectral
function, which is usually evaluated at the hadron level
by inserting intermediate hadron states

P
n jnihnj

ρðsÞ≡ 1

π
ImΠðsÞ ¼

X
n

δðs −M2
nÞh0jηjnihnjη†j0i

¼ f2Xδðs −m2
XÞ þ continuum; ð9Þ

where the usual parametrization of the one-pole dominance
for the ground state X and a continuum contribution have
been adopted. The spectral density ρðsÞ can also be
evaluated at the quark-gluon level via the operator product
expansion (OPE). To pick out the contribution of the lowest
lying resonance in (9), we define moments in the Euclidean
region Q2 ¼ −q2 ≥ 0

MnðQ2
0Þ ¼

1

n!

�
−

d
dQ2

�
n
ΠðQ2ÞjQ2¼Q2

0
¼

Z
∞

s<

ρðsÞds
ðsþQ2

0Þnþ1

¼ f2X
ðm2

X þQ2
0Þnþ1

½1þ δnðQ2
0Þ�; ð10Þ

in which δnðQ2
0Þ contains the contributions of higher states

and continuum. It tends to zero as n goes to infinity. We
consider the following ratio to eliminate fX in (10):

rðn;Q2
0Þ≡ MnðQ2

0Þ
Mnþ1ðQ2

0Þ
¼ ðm2

X þQ2
0Þ

1þ δnðQ2
0Þ

1þ δnþ1ðQ2
0Þ
: ð11Þ

One expects δnðQ2
0Þ ≅ δnþ1ðQ2

0Þ for sufficiently large n to
suppress the contributions of higher states and continuum.
Then, the hadron mass of the lowest lying resonance mX
can be extracted as

mX ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rðn;Q2

0Þ −Q2
0

q
: ð12Þ

Using the OPE method, the two-point function can also be
evaluated at the quark-gluonic level as a function of various
QCD parameters. In the fully-heavy tetraquark systems, we
only need to calculate the perturbative term and the gluon
condensate contributions to the correlation functions. To
evaluate the Wilson coefficients, we adopt the propagator
of heavy quark in momentum space

iSabQ ðpÞ¼ iδab

p̂−mQ
þ i
4
gs
λnab
2
Gn

μν
σμνðp̂þmQÞþðp̂þmQÞσμν

12

þ iδab

12
hg2sGGimQ

p2þmQp̂

ðp2−m2
QÞ4

; ð13Þ

where Q represents the c or b quark. The superscripts a, b
denote the color indices and p̂ ¼ pμγμ. In this work, we
will evaluate the perturbative term and gluon condensate
term of the correlation function; the contributions from
higher nonperturbative terms are small enough to be
neglected. We need to emphasize that all the correlation
functions are calculated at the leading order of αs. However,
it is well known that the αs correction of the perturbative
term is considered to give reliable results for the charmo-
nium states [53]. Some recent studies showed that the next-
to-leading order effects are also important for the doubly
heavy and triply heavy baryon systems, which will reduce
the parameter’s dependence and improve the stabilities
of the mass sum rules [55,56]. However, we shall not
include the αs corrections in the present calculations and
retain such investigation in our future work, considering the
calculations will be very difficult and complicated.

IV. NUMERICAL ANALYSIS

In this section we use the following quark masses and
gluon condensate in our numerical analysis [57–59]:

hg2sGGi ¼ ð0.88� 0.25Þ GeV4;

mbðMSÞ ¼ 4.18þ0.04
−0.03 GeV;

mcðMSÞ ¼ 1.27þ0.03
−0.04 GeV: ð14Þ

We consider the renormalization scale dependence of the
charm and bottom quark masses via the leading order
expressions
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mcðμÞ ¼ m̄c

�
αsðμÞ
αsðm̄cÞ

�
12=25

;

mbðμÞ ¼ m̄b

�
αsðμÞ
αsðm̄bÞ

�
12=23

; ð15Þ

where

αsðμÞ ¼
αsðMτÞ

1þ 25αsðMτÞ
12π logð μ2M2

τ
Þ
; αsðMτÞ ¼ 0.33 ð16Þ

is determined by evolution from the τ mass using the
Particle Data Group values. For the bcb̄c̄ system, we use
the renormalization scale μ ¼ m̄cþm̄b

2
¼ 2.73 GeV in our

sum rule analysis.

As mentioned above, there are two parameters n and Q2
0

in moment sum rules. To obtain a stable sum rule, one
should choose suitable parameter regions for these two
parameters. In this work, we define ξ ¼ Q2

0=m
2
b to perform

sum rule analysis. In principle, the parameters n and ξ are
interconnected from the following prospects: (a) a large
enough n will decrease the contributions from higher states
and continuum region, but it will lead to a bad OPE
convergence; (b) a large ξ (or Q2

0) will also lead to a bad
convergence of δnðQ2

0Þ, which make it difficult to extract
the parameters of the lowest lying resonance.
In the following, we shall use current J1ðxÞ with JPC ¼

0þþ to illustrate the details of our numerical analysis. We
show the correlation function for current J1 and j1 as
follows:

ΠpertðQ2Þ ¼ c1
3072π6

Z
1

0

dx
Z

1

0

dy
Z

1

0

dz logðFðmb;mc;Q2ÞÞfFðmb;mc;Q2Þ3ðyz2mbmcð4ðx−1Þxy2z2−4ðy−1Þðz−1ÞzÞ

−12Q2ðx−1Þxðy−1Þy3ðz−1Þz5ÞþFðmb;mc;Q2Þ2ðyz2ð6Q4ðx−1Þxðy−1Þy2ðz−1Þz3−6m2
bm

2
cÞ

þyz2mbmcð6Q2ðy−1Þðz−1Þz−6Q2ðx−1Þxy2z2ÞÞþ3Fðmb;mc;Q2Þ4ðx−1Þxðy−1Þy3ðz−1Þz5g

ΠGGðQ2Þ ¼ hg2sGGi
18432π6

Z
1

0

dx
Z

1

0

dy
Z

1

0

dz

��ðz−1Þy
ðy−1Þ2þ

ðx−1Þz
x2

�
mcm3

bþ
ðx−1Þðz−1Þððx3−1Þy3þ3y2−3yþ1ÞQ2z2

x2ðy−1Þ2 m2
b

þððx−1Þxzy2þð−x2þxþ z−1Þy− zþ1Þz
ðx−1Þxðy−1Þðz−1Þ m2

cm2
bþ

�ðy−1Þyz2
ðz−1Þ2 −

x
ðx−1Þ2

�
zm3

cmb

þððx−1Þ2x2z2y4− ðx−1Þ2x2zy3− ðz−1Þ2y2þ2ðz−1Þ2y− ðz−1Þ2ÞQ2z2

ðx−1Þxðy−1Þðz−1Þ mcmb

þðy−1ÞQ2xz2ððz−1Þ3þðx−1Þ3y3z3Þ
ðx−1Þ2ðz−1Þ2 m2

c

�
c1Q2Fðmb;mc;Q2Þ−1þ

��
−
2ðz−1Þy
ðy−1Þ2 −

2ðx−1Þz
x2

�
mcm3

b

þ2

�
−

zy2

ðy−1Þ2þ
�
−

z3

ðz−1Þ2þ
z

ðy−1Þ2−
1

ðy−1Þ2
�
yþ z

x−x2
−

1

x2y
−

1

ðx−1Þ2y
�
m2

cm2
b

−
6Q2ðx−1Þððx3−1Þy3þ3y2−3yþ1Þðz−1Þz2

x2ðy−1Þ2 m2
bþ

�
2xz

ðx−1Þ2−
2ðy−1Þyz3
ðz−1Þ2

�
m3

cmb

þ2Q2

�
−
3ðx−1Þxz2y4

ðy−1Þ2 þ2ðx−1Þxz3y3
ðz−1Þ2 þ3ðx−1Þxz2y3

ðy−1Þ2 −
ðx−1Þxzy3
ðy−1Þ2 −

3ðx−1Þxz4y3
ðz−1Þ2 þ3ðy−1Þðz−1Þxz

ðx−1Þ2

−
3ðy−1Þðz−1Þz

ðx−1Þ2 −
3ðy−1Þðz−1Þz

x
þðy−1Þðz−1Þ

ðx−1Þ2y þðy−1Þðz−1Þ
x2y

�
zmcmb

þ6ðy−1ÞQ2xz2ð−ðz−1Þ3− ðx−1Þ3y3z3Þ
ðx−1Þ2ðz−1Þ2 m2

cþ2

�
3ðx−1Þðz−1Þððx3−1Þy3þ3y2−3yþ1Þz

x2ðy−1Þ2 m2
b

þ
�
3ðx−1Þxz2y4

ðy−1Þ2 þ3ðx−1Þxz4y3
ðz−1Þ2 þ2ðx−1Þxzy3

ðy−1Þ2 −
3ðx−1Þxz2y3

ðy−1Þ2 −
ðx−1Þxz3y3
ðz−1Þ2 þ3ðy−1Þðz−1Þz

ðx−1Þ2

þ3ðy−1Þðz−1Þz
x

−
3xðy−1Þðz−1Þz

ðx−1Þ2 −
2ðy−1Þðz−1Þ

ðx−1Þ2y −
2ðy−1Þðz−1Þ

x2y

�
mcmb

þ3ðy−1Þxzððz−1Þ3þðx−1Þ3y3z3Þ
ðx−1Þ2ðz−1Þ2 m2

c

�
Fðmb;mc;Q2Þz

�
c1 logðFðmb;mc;Q2ÞÞ

−
hg2sGGi
256π6

Z
1

0

dx
Z

1

0

dy
Z

1

0

dz
3c2
y

logðFðmb;mc;Q2ÞÞ
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�
Fðmb;mc;Q2Þ

�
4zððx − 1Þ2x2y4z2 þ y2ðz − 1Þððx2 − xþ 1Þz − 1Þ þ xy3zðxð−zÞ þ xþ z − 1Þ − 2yðz − 1Þ2 þ ðz − 1Þ2Þ

ðx − 1Þxðy − 1Þðz − 1Þ mbmc

− 6Q2y2z3ððx − 1Þxy2z − yzþ yþ z − 1Þ
�

−
2Q2zððx − 1Þ2x2y4z2 þ y2ðz − 1Þððx2 − xþ 1Þz − 1Þ þ xy3zðxð−zÞ þ xþ z − 1Þ − 2yðz − 1Þ2 þ ðz − 1Þ2Þ

ðx − 1Þxðy − 1Þðz − 1Þ mbmc

þ2m2
bm

2
c

�
1

ðx − 1Þx −
y2z

ðy − 1Þðz − 1Þ
�
þ 3Fðmb;mc;Q2Þ2y2z3½ðx − 1Þxy2z − yzþ yþ z − 1�

þQ4y2z3ððx − 1Þxy2z − yzþ yþ z − 1Þ
�
; ð17Þ

where Fðmc;mb;Q2Þ ¼Q2 þ ðm2
b

xyzþ m2
c

ð1−xÞyzþ
m2

b
ð1−yÞzþ m2

c
ð1−zÞÞ

and the coefficients c1 ¼ 12; c2 ¼ −1=12 are for color
antisymmetric currents Ji while c1 ¼ 24; c2 ¼ 1=12 are for
color symmetric currents ji.
For the parameter n, the upper bound can be obtained by

guaranteeing the convergence of the OPE series. We require
that the contribution of the gluon condensate be smaller
than the perturbative term, and obtain the upper bound
nmax ¼ 43, 44, 45, 46 for ξ ¼ 0.2, 0.4, 0.6, 0.8, respectively.
In Fig. 1, we show the variation of the extracted mass with
respect ton for a different value of ξ, and obtain a stablemass
plateauwhere the dependence of the extractedmass onn and
ξ areminimized.We find that this plateau can be obtained by
studying the integral expression of the moments MnðQ2

0Þ
which satisfies the Schwarz inequality (as a special case of
Hölder inequality) in the following relation:

R ¼ MnðQ2
0Þ2

MrðQ2
0ÞM2n−rðQ2

0Þ
≤ 1; ð18Þ

where r < 2n.We show the ratioR as a function ofn and ξ in
Fig. 2 where R > 1 in the gray region and R < 1 in the

yellow region. The demarcation line between these two
regions gives the values of ðn; ξÞ for the plateaus in the
mass curves. We then obtain the plateaus ðn; ξÞ ¼
ð30; 0.2Þ; ð31; 0.4Þ; ð32; 0.6Þ; ð33; 0.8Þwhich provide much
stronger constrains for the ðn; ξÞ plane than the OPE
convergence. Then the hadron mass from the current
J1ðxÞ with JP ¼ 0þþ is extracted as

mJ1 ¼ 12.28þ0.15
−0.14 GeV; ð19Þ

where the errors come from the uncertainties of ξ and n, the
heavy quark masses and the gluon condensate.
By performing the same numerical analyses to the

all interpolating currents from Eqs. (1) and (2), we
obtain the mass spectra for the bcb̄c̄ tetraquark states in
various channels and collect them in Table I. In general, a
diquark-antidiquark tetraquark state should be an admix-
ture of the two color configurations of ½6c�bc ⊗ ½6̄c�b̄c̄ and
½3̄c�bc ⊗ ½3c�b̄c̄. Such a mixing effect will affect the mass
spectra of the tetraquark states by the couple-channel

FIG. 1. Extracted hadron mass of bcb̄ c̄ tetraquark with JP ¼
0þþ from J1ðxÞ with respect to n for different ξ.

0.5
1.0

1.5

0.0

0.5

1.0

34

32

30

R

n

FIG. 2. Ratio R as a function of n and ξ for J1ðxÞ with
JP ¼ 0þþ.
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interactions between the diquark and antidiquark fields. For
the interpolating currents with ½3̄c�bc ⊗ ½3c�b̄c̄ antisymmet-
ric color structure, the masses for positive parity bcb̄c̄ states
are about 12.2–12.4 GeV while 12.9–13.2 GeV for the
negative parity bcb̄c̄ states. For the color symmetric
interpolating currents with ½6c�bc ⊗ ½6̄c�b̄c̄, it is shown that
the masses for positive parity states are almost the same
with those in the color antisymmetric channels, while the
masses for negative parity states are slightly higher than
those in the color antisymmetric channels. Such results are
consistent with the conclusions of Refs. [42,47], in which
the Coulomb interaction plays a important role in the
½Q1Q2�½Q̄3Q̄4� systems and leads to the mass splitting
between different color configurations. In Ref. [60], the
couple-channel effect of these two color configurations has
been studied in two nonrelativistic quark models, indicating
that such mixing effects are induced by the hyperfine
interactions between the diquark and antidiquark.

V. CONCLUSION AND DISCUSSION

We have calculated the mass spectra for the bcb̄c̄
tetraquark states in the framework of QCD moment sum
rules. We construct the interpolating tetraquark currents and
calculate their two-point correlation functions containing
perturbative term and gluon condensate term at the leading
order of αs. We have performed the moment sum rule
analyses to find stable sum rules for all currents and
obtained the reliable mass spectra for the bcb̄c̄ tetraquark
states. Our results show that the masses for the positive
parity bcb̄c̄ tetraquark states are around 12.2–12.4 GeV in
both color configurations ½3̄c�bc ⊗ ½3c�b̄c̄ and ½6c�bc ⊗
½6̄c�b̄c̄ channels. For the negative parity bcb̄c̄ systems,
the masses are about 12.9–13.2 GeV in the ½3̄c�bc ⊗
½3c�b̄c̄ channel, while a bit higher for the ½6c�bc ⊗ ½6̄c�b̄c̄
channel.
In general, the bcb̄c̄ tetraquark states can mainly decay

into a charmonium plus a bottomonium final state or two
Bc mesons so long as the kinematics allows. There are thus
two mass thresholds Tηcηb=Tϒψ and TBcBc

for considering
the strong decays of the bcb̄c̄ tetraquarks. In Fig. 3, we
show the mass spectra of bcb̄c̄ tetraquark states and
compare them with the corresponding Tηcηb=Tϒψ thresh-
olds, since these two thresholds are lower than TBcBc

.
Except for two 0þþ states in the ½3̄c�bc ⊗ ½3c�b̄c̄ structure,
one finds that all S-wave positive parity bcb̄c̄ states are
below or very close to the Tηcηb and Tϒψ thresholds,
implying that these states are very difficult to decay into
the two-meson final states by the spontaneous dissociation
mechanism. These positive parity bcb̄c̄ tetraquarks are
probably stable against the strong interaction. Comparing
with our predictions for the ccc̄c̄ tetraquark states in
Ref. [18], these bcb̄c̄ tetraquarks are more stable and
favorable than the four-charm states, which is consistent
with the results in Refs. [28,50]. For the P-wave negative
parity bcb̄c̄ tetraquark states, they lie above the corre-
sponding mass thresholds and thus can decay via a

TABLE I. The mass spectra of bcb̄ c̄ tetraquark states with
various JPC.

JPC
Current

Mass [GeV]
Current

Mass [GeV]½3̄ ⊗ 3�c ½6 ⊗ 6̄�c
0þþ J1 12.28þ0.15

−0.14 j1 12.37þ0.15
−0.14

J2 12.46þ0.17
−0.15 j2 12.29þ0.15

−0.12
J5μν 12.35þ0.14

−0.12 j5μν 12.32þ0.15
−0.12

J5μνðTÞ 12.45þ0.17
−0.15 j5μνðTÞ 12.29þ0.14

−0.12
0−þ J3μ 12.99þ0.22

−0.18 j3μ 13.16þ0.23
−0.20

0−− J4μ 12.98þ0.22
−0.18 j4μ 13.17þ0.23

−0.19
1þþ J3μ 12.30þ0.15

−0.14 j3μ 12.36þ0.16
−0.14

1þ− J4μ 12.32þ0.15
−0.13 j4μ 12.34þ0.15

−0.14
J6μνðAÞ 12.38þ0.13

−0.12 j6μνðAÞ 12.30þ0.14
−0.12

1−þ J5μν 13.23þ0.24
−0.20 j5μν 13.17þ0.23

−0.20
1−− J6μν 12.91þ0.19

−0.16 j6μν 13.13þ0.22
−0.19

2þþ J5μν 12.30þ0.15
−0.14 j5μν 12.35þ0.15

−0.14

b0 c0

FIG. 3. Mass spectra for the bcb̄c̄ tetraquark states, comparing with the corresponding two-meson thresholds.
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spontaneous dissociation mechanism. Considering the
kinematics constraint and conservation of JPC quantum
numbers, we list the possible two-meson strong decay

channels for all bcb̄c̄ tetraquark states in Table II, including
the S-wave and P-wave decay channels.
Our calculations provide some understanding of the

stability for the bcb̄c̄ tetraquark states. If such tetraquark
states exist, the positive parity bcb̄c̄ states may be stable
(except for two 0þþ states) and can only decay via the
electromagnetic and weak interactions. However, the neg-
ative parity bcb̄c̄ states can decay into the cc̄þ bb̄ and cb̄þ
bc̄ final states, including the J=ψϒ, ηcϒ, J=ψηb, Bþ

c B−
c

channels. These bcb̄c̄ tetraquark states may be observed at
facilities such as LHCb, CMS, and RHIC in the future.
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APPENDIX: CORRELATION FUNCTION FOR INTERPOLATING CURRENTS

The correlation function for current J2 and j2 is shown as

ΠpertðQ2Þ¼ 1

768π6
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dx
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�
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x2
−
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ðx−1Þ2y −
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�

TABLE II. Possible decay modes of the bcb̄ c̄ tetraquark states.

JPC S wave P wave

0þþ ηcηb � � �
0−þ ηcχb0ð1PÞ; χc0ð1PÞηb, J=ψϒ

hcð1PÞϒ; J=ψhbð1PÞ
0−− χc1ð1PÞϒ; J=ψχb1ð1PÞ ηcϒ; J=ψηb
1þþ � � � � � �
1þ− � � � � � �
1−þ ηcχb1ð1PÞ; χc1ð1PÞηb, J=ψϒ; B−

c Bþ
c

hcð1PÞϒ; J=ψhbð1PÞ
1−− χc0ð1PÞϒ; J=ψχb0ð1PÞ, ηcϒ; J=ψηb,

χc1ð1PÞϒ; J=ψχb1ð1PÞ B−
c Bþ

c
ηchbð1PÞ; hcð1PÞηb

2þþ � � � � � �
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The correlation function for current J3 and j3 is shown as
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2xðy−1Þz2ðððx−1Þ3y3þ1Þz3−3z2þ3z−1Þm2

cÞ
�
Q2þ

�
10ðx−1Þðy−1ÞQ2xy3m2

cz5

ðz−1Þ2

þ11ðx−1ÞQ2xy3mbmcz5

ðz−1Þ2 −
7Q2ðx−1Þxy3mbmcz4

ðz−1Þ2 þ3ðy−1Þymbm3
cz3

ðz−1Þ2 þ4ym2
bm

2
cz3

ðz−1Þ2 þ11ðx−1ÞQ2xy4mbmcz3

ðy−1Þ2

−
11Q2ðx−1Þxy3mbmcz3

ðy−1Þ2 þ10ðx−1Þðz−1ÞQ2xy3m2
bz

2

ðy−1Þ2 þ10ðy−1Þðz−1ÞQ2xm2
cz2

ðx−1Þ2 þ4ðx−1ÞQ2xy3mbmcz2

ðy−1Þ2

þ11ðy−1Þðz−1ÞQ2mbmcz2

ðx−1Þ2 þ11ðy−1Þðz−1ÞQ2mbmcz2

x
−
11Q2xðy−1Þðz−1Þmbmcz2

ðx−1Þ2

−
10Q2ðx−1Þðy−1Þðz−1Þm2

bz
2

x2
þ4y2m2

bm
2
cz

ðy−1Þ2 þ4xm2
bm

2
cz

ðx−1Þ2 þ3

�
−
3ðx−1Þxz2mbmcy4

ðy−1Þ2 þðx−1Þxz3mbmcy3

ðz−1Þ2
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þ 3ðx − 1Þxz2mbmcy3

ðy − 1Þ2 −
2ðx − 1Þxðz − 1Þzm2

by
3

ðy − 1Þ2 −
2ðx − 1Þxzmbmcy3

ðy − 1Þ2 −
2ðx − 1Þxðy − 1Þz4m2

cy3

ðz − 1Þ2

−
3ðx − 1Þxz4mbmcy3

ðz − 1Þ2 þ 2ðx − 1Þðy − 1Þðz − 1Þzm2
b

x2
þ 3ðy − 1Þðz − 1Þxzmbmc

ðx − 1Þ2 þ 2ðy − 1Þðz − 1Þmbmc

ðx − 1Þ2y

þ 2ðy − 1Þðz − 1Þmbmc

x2y
−
2xðy − 1Þðz − 1Þzm2

c

ðx − 1Þ2 −
3ðy − 1Þðz − 1Þzmbmc

ðx − 1Þ2 −
3ðy − 1Þðz − 1Þzmbmc

x

�
Fðmb;mc;Q2Þz

−
4m2

bm
2
cz

ðx − 1Þ2 −
4ym2

bm
2
cz

ðy − 1Þ2 −
4m2

bm
2
cz

x
−
4Q2ðy − 1Þðz − 1Þmbmcz

ðx − 1Þ2y −
4Q2ðy − 1Þðz − 1Þmbmcz

x2y
þ 4ym2

bm
2
c

ðy − 1Þ2 þ
4m2

bm
2
c

ðx − 1Þ2y

þ 4m2
bm

2
c

x2y
þ 3ðz − 1Þym3

bmc

ðy − 1Þ2 þ 3ðx − 1Þm3
bmcz

x2
−
3xmbm3

cz
ðx − 1Þ2

�
log ðFðmb;mc;Q2ÞÞ

�

þ hg2sGGi
256π6

Z
1

0

dx
Z

1

0

dy
Z

1

0

dz
c2

ðx − 1Þxðy − 1Þyðz − 1Þ log ðFðmb;mc;Q2ÞÞ

fzFðmb;mc;Q2Þð3mbmcðy3zðx2ð6z − 2Þ þ xð2 − 8zÞ þ 3z − 1Þ þ y2ðx2ð−6z2 þ 6z − 2Þ þ xð6z2 − 4zþ 1Þ
−3zþ 2Þ þ ð2x4 − 4x3 þ 3x − 1Þy4z2 − 4yðz − 1Þ2 þ 2ðz − 1Þ2Þ − 3ð2x2 − 3xþ 1Þy2ðz − 1Þm2

bððy − 2Þzþ 1Þ
þ3ð2x − 1Þxðy − 1Þy2zm2

cððy − 2Þzþ 1Þ þ 8Q2ðx − 1Þxð1 − yÞy2ðz − 1Þz2ððx − 1Þxy2z − yzþ yþ z − 1ÞÞ
− 2Q2zmbmcðy3zðx2ð6z − 2Þ þ xð2 − 8zÞ þ 3z − 1Þ þ y2ðx2ð−6z2 þ 6z − 2Þ þ xð6z2 − 4zþ 1Þ þ z2 − 5zþ 3Þ
þð3x4 − 6x3 þ x2 þ 3x − 1Þy4z2 − 6yðz − 1Þ2 þ 3ðz − 1Þ2Þ − 6m2

bm
2
cððx − 1Þxy2z − yzþ yþ z − 1Þ

þ 2Q2ð2x2 − 3xþ 1Þy2ðz − 1Þzm2
bððy − 2Þzþ 1Þ − 2Q2xð2x − 1Þðy − 1Þy2z2m2

cððy − 2Þzþ 1Þ
−2Q4ðx − 1Þxð1 − yÞy2ðz − 1Þz3ððx − 1Þxy2z − yzþ yþ z − 1Þg: ðA2Þ

The correlation function for current J4 and j4 is shown as

Πpert
0 ðQ2Þ ¼ 1

1024π6

Z
1

0

dx
Z

1

0

dy
Z

1

0

dzc1yz2Fðmb;mc;Q2Þ2 log ðFðmb;mc;Q2ÞÞ

fðx − 1Þxðy − 1Þy2ðz − 1Þz3Fðmb;mc;Q2Þ2 þ 2zFðmb;mc;Q2Þððx − 1Þxy2zmbmc − ðy − 1Þðz − 1Þmbmc

þ2Q2ðx − 1Þxðy − 1Þy2ðz − 1Þz2Þ − 4m2
bm

2
c − 4Q4ðx − 1Þxðy − 1Þy2ðz − 1Þz3g

ΠGG
0 ðQ2Þ ¼ hg2sGGi

18432π6

Z
1

0

dx
Z

1

0

dy
Z

1

0

dz

× c1

�
2z

Fðmb;mc;Q2Þ
�
−
Q2ðx − 1Þxðy − 1Þy3m2

cz4

ðz − 1Þ2 þ ðx − 1Þðy − 1Þðz − 1ÞQ2m2
bz

x2
−
Q2xðy − 1Þðz − 1Þm2

cz
ðx − 1Þ2

þ ym2
bm

2
cz2

ðz − 1Þ2 −
Q2ðx − 1Þxy3ðz − 1Þm2

bz
ðy − 1Þ2 −

ym2
bm

2
cz

ðz − 1Þ2 þ
y2m2

bm
2
c

ðy − 1Þ2 þ
xm2

bm
2
c

ðx − 1Þ2 −
m2

bm
2
c

ðx − 1Þ2 −
ym2

bm
2
c

ðy − 1Þ2 −
m2

bm
2
c

x

�
Q2

þ
�
6ðx − 1Þðy − 1ÞQ2xy3m2

cz5

ðz − 1Þ2 −
3Q2ðx − 1Þxy3mbmcz5

ðz − 1Þ2 þ 3ðx − 1ÞQ2xy3mbmcz4

ðz − 1Þ2 þ 3ðx − 1ÞQ2xy3mbmcz3

ðy − 1Þ2

−
3Q2ðx − 1Þxy4mbmcz3

ðy − 1Þ2 −
3ðy − 1Þymbm3

cz3

ðz − 1Þ2 −
4ym2

bm
2
cz3

ðz − 1Þ2 þ 6ðx − 1Þðz − 1ÞQ2xy3m2
bz

2

ðy − 1Þ2

þ 6ðy − 1Þðz − 1ÞQ2xm2
cz2

ðx − 1Þ2 þ 3ðy − 1Þðz − 1ÞQ2xmbmcz2

ðx − 1Þ2 −
3Q2ðy − 1Þðz − 1Þmbmcz2

ðx − 1Þ2

−
3Q2ðy − 1Þðz − 1Þmbmcz2

x
−
4xm2

bm
2
cz

ðx − 1Þ2 −
4y2m2

bm
2
cz

ðy − 1Þ2 −
6Q2ðx − 1Þðy − 1Þðz − 1Þm2

bz
2

x2
þ 3xmbm3

cz
ðx − 1Þ2

þ 4ym2
bm

2
cz

ðy − 1Þ2 þ 4m2
bm

2
cz

ðx − 1Þ2 þ
4m2

bm
2
cz

x
−
3ðx − 1Þm3

bmcz
x2

−
4ym2

bm
2
c

ðy − 1Þ2

YANG, WANG, CHEN, and CHEN PHYS. REV. D 104, 014003 (2021)

014003-10



þ3
	3ðx−1Þxz2mbmcy4

ðy−1Þ2 þ2ðx−1Þðz−1Þxzm2
by

3

ðy−1Þ2 þ2ðx−1Þðy−1Þxz4m2
cy3

ðz−1Þ2

þ3ðx−1Þxz4mbmcy3

ðz−1Þ2 þ2ðx−1Þxzmbmcy3

ðy−1Þ2 −
3ðx−1Þxz2mbmcy3

ðy−1Þ2 −
ðx−1Þxz3mbmcy3

ðz−1Þ2

þ2ðy−1Þðz−1Þxzm2
c

ðx−1Þ2 þ3ðy−1Þðz−1Þzmbmc

ðx−1Þ2 þ3ðy−1Þðz−1Þzmbmc

x
−
3xðy−1Þðz−1Þzmbmc

ðx−1Þ2

−
2ðx−1Þðy−1Þðz−1Þzm2

b

x2
−
2ðy−1Þðz−1Þmbmc

ðx−1Þ2y −
2ðy−1Þðz−1Þmbmc

x2y

�
Fðmb;mc;Q2Þz

−
3yðz−1Þm3

bmc

ðy−1Þ2 −
4m2

bm
2
c

ðx−1Þ2y−
4m2

bm
2
c

x2y

�
logðFðmb;mc;Q2ÞÞ

�

þhg2sGGi
256π6

Z
1

0

dx
Z

1

0

dy
Z

1

0

dz
3c2

ðx−1Þxðy−1Þyðz−1ÞlogðFðmb;mc;Q2ÞÞ

×f−zFðmb;mc;Q2Þðmbmcðy3zðx2ð6−10zÞþ6xð2z−1Þ−3zþ1Þþy2ð2x2ð5z2−5zþ1Þ
þxð−10z2þ8z−1Þþ4z2−5zþ2Þþð2x4−4x3þ4x2−3xþ1Þy4z2−4yðz−1Þ2þ2ðz−1Þ2Þ
þð2x2−3xþ1Þy2ðz−1Þm2

bððy−2Þzþ1Þ−xð2x−1Þðy−1Þy2zm2
cððy−2Þzþ1Þ

−8Q2ðx−1Þxð1−yÞy2ðz−1Þz2ððx−1Þxy2z−yzþyþz−1ÞÞ
−2Q2zmbmcððx−1Þ2x2y4z2þy2ðz−1Þ2−2yðz−1Þ2þðz−1Þ2Þ
þ2m2

bm
2
cððx−1Þxy2z−yzþyþz−1Þ

−2Q4ðx−1Þxð1−yÞy2ðz−1Þz3ððx−1Þxy2z−yzþyþz−1Þg

Πpert
1 ðQ2Þ¼ 1

3072π6

Z
1

0

dx
Z

1

0

dy
Z

1

0

dzc1yz2Fðmb;mc;Q2Þ2 logðFðmb;mc;Q2ÞÞ

×f−3ðx−1Þxðy−1Þy2ðz−1Þz3Fðmb;mc;Q2Þ2þFðmb;mc;Q2Þð−6ðx−1Þxy2z2mbmc

þ6ðy−1Þðz−1Þzmbmcþ20Q2ðx−1Þxðy−1Þy2ðz−1Þz3Þþ12Q2ðx−1Þxy2z2mbmc

−12Q2ðy−1Þðz−1Þzmbmcþ12m2
bm

2
c−12Q4ðx−1Þxðy−1Þy2ðz−1Þz3g

ΠGG
1 ðQ2Þ¼ hg2sGGi

18432π6

Z
1

0

dx
Z

1

0

dy
Z

1

0

dz

×c1

�
2

Fðmb;mc;Q2Þ
��

z−xz
x2

−
yðz−1Þ
ðy−1Þ2

�
mcm3

b−
1

ðx−1Þx2ðy−1Þ2ðz−1Þðzððx−1Þ2ðz−1Þ2ððx3−1Þy3þ3y2

−3yþ1ÞzQ2þðy−1Þððx−1Þxzy2þð−x2þxþz−1Þy−zþ1Þxm2
cÞm2

bÞ−
1

ðx−1Þ2xðy−1Þðz−1Þ2ðððx−1Þ

×ðz−1Þððx−1Þ2x2z2y4−ðx−1Þ2x2zy3−ðz−1Þ2y2þ2ðz−1Þ2y−ðz−1Þ2ÞzQ2þðy−1Þððy−1Þx2yz2þðy−1Þyz2

−xðð2y2−2yþ1Þz2−2zþ1ÞÞxm2
cÞzmcmbÞ−

Q2xðy−1Þz2ðððx−1Þ3y3þ1Þz3−3z2þ3z−1Þm2
c

ðx−1Þ2ðz−1Þ2
�
Q2

þ
�
10ðx−1Þðy−1ÞQ2xy3m2

cz5

ðz−1Þ2 þ11ðx−1ÞQ2xy3mbmcz5

ðz−1Þ2 −
7Q2ðx−1Þxy3mbmcz4

ðz−1Þ2 þ3ðy−1Þymbm3
cz3

ðz−1Þ2

þ4ym2
bm

2
cz3

ðz−1Þ2 −
11Q2xðy−1Þðz−1Þmbmcz2

ðx−1Þ2 þ3ðx−1Þm3
bmcz

x2
−
3xmbm3

cz
ðx−1Þ2 þ4y2m2

bm
2
cz

ðy−1Þ2 þ4xm2
bm

2
cz

ðx−1Þ2

þ11ðx−1ÞQ2xy4mbmcz3

ðy−1Þ2 −
11Q2ðx−1Þxy3mbmcz3

ðy−1Þ2 þ10ðx−1Þðz−1ÞQ2xy3m2
bz

2

ðy−1Þ2 þ10ðy−1Þðz−1ÞQ2xm2
cz2

ðx−1Þ2

þ4ðx−1ÞQ2xy3mbmcz2

ðy−1Þ2 þ11ðy−1Þðz−1ÞQ2mbmcz2

ðx−1Þ2 þ11ðy−1Þðz−1ÞQ2mbmcz2

x
þ4ym2

bm
2
c

ðy−1Þ2
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−
10Q2ðx − 1Þðy − 1Þðz − 1Þm2

bz
2

x2
þ 3

�
−
3ðx − 1Þxz2mbmcy4

ðy − 1Þ2 þ ðx − 1Þxz3mbmcy3

ðz − 1Þ2 −
3ðx − 1Þxz4mbmcy3

ðz − 1Þ2

þ 3ðx − 1Þxz2mbmcy3

ðy − 1Þ2 −
2ðx − 1Þxðz − 1Þzm2

by
3

ðy − 1Þ2 −
2ðx − 1Þxzmbmcy3

ðy − 1Þ2 −
2ðx − 1Þxðy − 1Þz4m2

cy3

ðz − 1Þ2

þ 2ðx − 1Þðy − 1Þðz − 1Þzm2
b

x2
þ 3ðy − 1Þðz − 1Þxzmbmc

ðx − 1Þ2 þ 2ðy − 1Þðz − 1Þmbmc

ðx − 1Þ2y þ 2ðy − 1Þðz − 1Þmbmc

x2y

−
2xðy − 1Þðz − 1Þzm2

c

ðx − 1Þ2 −
3ðy − 1Þðz − 1Þzmbmc

ðx − 1Þ2 −
3ðy − 1Þðz − 1Þzmbmc

x

�
Fðmb;mc;Q2Þz

−
4m2

bm
2
cz

ðx − 1Þ2 −
4ym2

bm
2
cz

ðy − 1Þ2 −
4m2

bm
2
cz

x
−
4Q2ðy − 1Þðz − 1Þmbmcz

ðx − 1Þ2y −
4Q2ðy − 1Þðz − 1Þmbmcz

x2y
þ 4m2

bm
2
c

ðx − 1Þ2y

þ 4m2
bm

2
c

x2y
þ 3ðz − 1Þym3

bmc

ðy − 1Þ2
�
log ðFðmb;mc;Q2ÞÞ

�

þ hg2sGGi
256π6

Z
1

0

dx
Z

1

0

dy
Z

1

0

dz
c2

ðx − 1Þxðy − 1Þyðz − 1Þ log ðFðmb;mc;Q2ÞÞ

fzFðmb;mc;Q2Þð3mbmcðy3zðx2ð6 − 10zÞ þ 6xð2z − 1Þ − 3zþ 1Þ þ y2ð2x2ð5z2 − 5zþ 1Þ
þxð−10z2 þ 8z − 1Þ þ 4z2 − 5zþ 2Þ þ ð2x4 − 4x3 þ 4x2 − 3xþ 1Þy4z2 − 4yðz − 1Þ2 þ 2ðz − 1Þ2Þ
þ 3ð2x2 − 3xþ 1Þy2ðz − 1Þm2

bððy − 2Þzþ 1Þ
−3xð2x − 1Þðy − 1Þy2zm2

cððy − 2Þzþ 1Þ − 8Q2ðx − 1Þxðy − 1Þy2ðz − 1Þz2ððx − 1Þxy2z − yzþ yþ z − 1ÞÞ
−2Q2zmbmcðy3zðx2ð6 − 10zÞ þ 6xð2z − 1Þ − 3zþ 1Þ þ y2ð2x2ð5z2 − 5zþ 1Þ þ xð−10z2 þ 8z − 1Þ þ 5z2 − 7zþ 3Þ
þð3x4 − 6x3 þ 5x2 − 3xþ 1Þy4z2 − 6yðz − 1Þ2 þ 3ðz − 1Þ2Þ − 6m2

bm
2
cððx − 1Þxy2z − yzþ yþ z − 1Þ

− 2Q2ð2x2 − 3xþ 1Þy2ðz − 1Þzm2
bððy − 2Þzþ 1Þ þ 2Q2ð2x − 1Þxðy − 1Þy2z2m2

cððy − 2Þzþ 1Þ
þ2Q4ðx − 1Þxðy − 1Þy2ðz − 1Þz3ððx − 1Þxy2z − yzþ yþ z − 1Þg: ðA3Þ

The correlation function for current J5 and j5 is shown as

Πpert
0 ðQ2Þ ¼ 1

1024π6

Z
1

0

dx
Z

1

0

dy
Z

1

0

dzc1yz2Fðmb;mc;Q2Þ2 log ðFðmb;mc;Q2ÞÞ

× fðx − 1Þxðy − 1Þy2ðz − 1Þz3Fðmb;mc;Q2Þ2 þ 2zFðmb;mc;Q2Þððx − 1Þxy2zmbmc − ðy − 1Þðz − 1Þmbmc

þ2Q2ðx − 1Þxðy − 1Þy2ðz − 1Þz2Þ þ 3Q2ðx − 1Þxy2z2mbmc − 3Q2ðy − 1Þðz − 1Þzmbmc − 6m2
bm

2
c

þ6Q4ðx − 1Þxðy − 1Þy2ðz − 1Þz3g

Πpert
0T ðQ2Þ ¼ 1

3072π6

Z
1

0

dx
Z

1

0

dy
Z

1

0

dzc1yz2Fðmb;mc;Q2Þ2 log ðFðmb;mc;Q2ÞÞ

× f3ðx − 1Þxðy − 1Þy2ðz − 1Þz3Fðmb;mc;Q2Þ2 þ 2zFðmb;mc;Q2Þððx − 1Þxy2zmbmc − ðy − 1Þðz − 1Þmbmc

−6Q2ðx − 1Þxðy − 1Þy2ðz − 1Þz2Þ − 3Q2ðx − 1Þxy2z2mbmc þ 3Q2ðy − 1Þðz − 1Þzmbmc − 6m2
bm

2
c

þ6Q4ðx − 1Þxðy − 1Þy2ðz − 1Þz3g

Πpert
1 ðQ2Þ ¼ 1

128π6

Z
1

0

dx
Z

1

0

dy
Z

1

0

dzc1yz2Fðmb;mc;Q2Þ2 log ðFðmb;mc;Q2ÞÞ

f−ðx − 1Þxðy − 1Þy2ðz − 1Þz3Fðmb;mc;Q2Þ2 − 2ðx − 1Þxy2z2mbmcFðmb;mc;Q2Þ
þ2ðy − 1Þðz − 1ÞzmbmcFðmb;mc;Q2Þ þ 6m2

bm
2
c þ 6Q4ðx − 1Þxðy − 1Þy2ðz − 1Þz3g
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Πpert
2 ðQ2Þ¼ 1

768π6

Z
1

0

dx
Z

1

0

dy
Z

1

0

dz5c1yz2Fðmb;mc;Q2Þ2 logðFðmb;mc;Q2ÞÞ

fðx−1Þxðy−1Þy2ðz−1Þz3Fðmb;mc;Q2Þ2þ2zFðmb;mc;Q2Þððx−1Þxy2zmbmc− ðy−1Þðz−1Þmbmc

−4Q2ðx−1Þxðy−1Þy2ðz−1Þz2Þ−6Q2ðx−1Þxy2z2mbmcþ6Q2ðy−1Þðz−1Þzmbmc−6m2
bm

2
c

þ6Q4ðx−1Þxðy−1Þy2ðz−1Þz3g

ΠGG
0 ðQ2Þ¼ hg2sGGi

12288π6

Z
1

0

dx
Z

1

0

dy
Z

1

0

dz

×c1

�
1

Fðmb;mc;Q2Þ
��

z−xz
x2

−
yðz−1Þ
ðy−1Þ2

�
mcm3

bþ
1

ðx−1Þx2ðy−1Þ2ðz−1Þð2zððx−1Þ2ðz−1Þ2ððx3−1Þy3
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The correlation function for current J6 and j6 is shown as
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