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The diphoton channel at lepton colliders, eþe−ðμþμ−Þ → γγ, has a remarkable feature that the leading
new physics contribution comes only from dimension-eight operators. This contribution is subject to a set
of positivity bounds, derived from the fundamental principles of quantum field theory, such as unitarity,
locality, analyticity and Lorentz invariance. These positivity bounds are thus applicable to the most direct
observable: the diphoton cross section. This unique feature provides a clear, robust, and unambiguous test
of these principles. We estimate the capability of various future lepton colliders in probing the dimension-
eight operators and testing the positivity bounds in this channel. We show that positivity bounds can lift
certain flat directions among the effective operators and significantly change the perspectives of a global
analysis. We also discuss the positivity bounds of the Zγ=ZZ processes which are related to the γγ ones,
but are more complicated due to the massive Z boson.
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Introduction.—Positivity bounds on coefficients for
operators in the standard model effective field theory
(SMEFT) arise from the assumption that their uv com-
pletion obeys the fundamental principles of quantum field
theory (QFT), such as unitarity, locality, analyticity and
Lorentz invariance. Testing these bounds at colliders is
difficult, as they generally only apply to effects of dimen-
sion-eight (dim-8) or higher operators [1–13]. Their con-
tribution to a given process is typically subleading
compared with those from dimension-six (dim-6) opera-
tors, making their measurements experimentally challeng-
ing even with differential observables [12,14]. For dim-6
operators, such bounds do not exist without explicit
assumptions on the uv model [15–19].
In this Letter, we identify a specific process, eþe− → γγ

(or μþμ− → γγ), in which the dim-8 operators provide
the leading new physics contribution, and a test of the
positivity bounds can be unambiguously carried out. The
measurements of this simple process at lepton colliders thus
have profound implications. A confirmed violation of the
positivity bounds would be more revolutionary than any

particle discovery, as it would indicate a breakdown of at
least one of the foundations of QFT.
The diphoton channel.—The leading new physics con-

tributions to eþe− → γγ appear at dim-8. This can be easily
deduced in the massless tree-level limit as follows, and we
postpone a more detailed discussion of the dim-6 effects to
the next section. Neglecting the electron mass, the tree-
level SM amplitude takes only the Aðfþf−γþγ−Þ helicity
configuration (the superscripts denote the helicity), where
f ¼ eL;R is the left- or right-handed electron. The lowest
order new physics contribution to the same helicity
amplitude (required to generate an interference term with
the SM) is a contact interaction that has mass dimension
four, which is generated by dim-8 operators. Denoting with
e the electric coupling, v the Higgs vacuum expectation
value (VEV), the amplitude of the diphoton process can be
written as

Aðfþf−γþγ−ÞSMþd8¼2e2
h24i2

h13ih23iþ
a
v4

½13�½23�h24i2

¼2e2
h24i2

h13ih23i
�
1þ a

2e2v4
tu

�
; ð1Þ

where the effective parameter a (denoted as aL;R later for
f ¼ eL;R) depends on the dim-8 coefficients, and s, t, u are
the Mandelstam variables. Here we only highlight the key
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features of the helicity amplitude formalism used in Eq. (1)
and refer the readers to recent reviews [20–22] for more
details. The two-component spinor jp� (jpi) has mass
dimension 1=2 and helicity þ1=2 (−1=2). The total
helicities of the amplitude need to be consistent with the
ones of the external particles (labelled in numerical order).
This uniquely fixes the form of the dim-8 contact term,
which has an overall mass dimension of four, while
½13�2h14ih24i ¼ −½13�½23�h24i2 is not independent. A
contact term with a lower mass dimension could not be
written down for the same helicity amplitude. We note here
that, by definition, a positive a indicates a constructive
interference between the SM and the dim-8 amplitudes.
Positivity bounds can be derived from a twice-subtracted

dispersion relation, assuming that the uv completion obeys
the fundamental principles of QFT [1]. The dispersion
relation connects the second s derivative of an elastic
amplitude to an integration of its discontinuity, which is
positive definite. Rotating the diphoton amplitude to the
elastic process eγ → eγ, and taking the forward limit,
we have

Aðfþγþf−γ−ÞSMþd8 ¼ 2e2
h34i2

h12ih32i
�
1þ a

2e2v4
su

�

¼
t→0

MSM

�
1 −

a
2e2v4

s2
�
; ð2Þ

where MSM ≡ 2e2ðh34i2=h12ih32iÞjt→0 is the SM ampli-
tude in the forward limit. An important feature of the
eγ → eγ process is that, in the forward limit where
the positivity bound is derived, the SM amplitude is a
nonzero finite constant, and one could explicitly show that
(see Supplemental Material [23] which includes Ref. [24])
MSM ¼ −2e2. This is in contrast with the examples in
Ref. [1], where the dim-4 Lagrangian is a free theory and
the interference term does not exist. In other cases (such as
the scattering of two fermions), the SM elastic amplitude
may have a t-channel pole from the exchange of a massless
particle, and the forward limit is not well defined. In such
cases, additional treatments are needed to obtain mean-
ingful positivity bounds, for instance by systematically
subtracting all calculable SM contributions to the amplitude
before taking the forward limit. It is also possible for the
SM amplitude to have s-channel poles that may contami-
nate the positivity bounds of dim-8 coefficients, which
again need to be systematically subtracted. These cases
introduce additional steps and subtleties in understanding
the implications of positivity bounds on observables. The
fact that the SM eγ → eγ forward amplitude is a finite
constant means that the positivity bound also uniquely fixes
the relative sign of the SM and dim-8 contributions, as
suggested by Eq. (2). Because of crossing, a positive a here
corresponds to a destructive interference between the SM
and dim-8 terms. Since MSM ¼ −2e2 < 0, the positivity
bound,

d2

ds2
Aðfþγþf−γ−Þjt→0 ≥ 0; ð3Þ

implies a ≥ 0. The interference between SM and dim-8
contributions is thus bounded to be destructive in eγ → eγ,
and constructive in eþe− → γγ.
One could work in the amplitude basis [25,26] and

directly connect Eq. (1) with the massless amplitudes of
the W and B fields in the unbroken electroweak phase.
Alternatively, using the basis of Ref. [27] (see also
Ref. [28]), aL and aR are given by

aL ¼ −2
v4

Λ4

�
c2Wcl2B2D − 2sWcWc

ð2Þ
l2WBD

þ s2Wc
ð1Þ
l2W2D

�
;

aR ¼ −2
v4

Λ4
ðc2Wce2B2D þ s2Wce2W2DÞ; ð4Þ

where sW ≡ sin θW , cW ≡ cos θW , ci’s are the coefficients
of the five dim-8 operators, Qi, as defined in Ref. [27] (see
Supplemental Material [23]), and Λ denotes the scale of the
potential new physics. They are the only relevant operators
in the full dim-8 basis, not only for diphoton but also for the
CP-even AðēLeLVþ

1 V
−
2 Þd8 and AðeRēRVþ

1 V
−
2 Þd8 ampli-

tudes in the massless limit, where V1;2 ¼ Z, γ.
Dim-6 contributions.—A dim-6 tree-level contribution to

the diphoton process can be generated only by a dipole
operator, and has a different fermion helicity configuration
than the SM one, Aðfþf−γþγ−Þ. The dim-6 interference
term therefore does not exist [29]. At the one-loop level,
several dim-6 contributions arise, but they are all strongly
constrained by other measurements, and can be safely
ignored with a loop factor suppression. For instance,
operator O3W ¼ ð1=3!ÞgϵabcWa ν

μ Wb
νρWc ρμ contributes to

Aðfþf−γþγ−Þ at one loop, but it can be very-well probed
by the eþe− → WW process. A rough estimation with the
projections from Ref. [30] (≲10−4 in terms of the anoma-
lous triple-gauge couplings) suggests that its impact on the
diphoton cross section is at most around δσγγ=σγγ ∼ 10−7,
much smaller than the expected precision at a realistic
lepton collider (see Supplemental Material [23]). Similarly,
the modifications in the Zeþe− (Zμþμ−) couplings are
already stringently constrained at the 10−4 (10−3) level even
with current measurements [30], and their loop contribu-
tions to the diphoton process can be safely neglected. The
one loop contributions involving the Higgs boson are also
irrelevant since they are suppressed by the square of
electron (muon) Yukawa coupling. While the four-fermion
operators involving two electrons and two top-quark fields
are poorly constrained, their contribution to Aðfþf−γþγ−Þ
is forbidden by the angular momentum selection rules,
since they cannot produce the J ¼ 2 state of two photons
[31]. The interference between the one-loop SM amplitude
and the tree-level dipole contribution is also absent with
massless electrons. Contributions with two insertions of
dim-6 operators are formally indistinguishable from dim-8
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operators. At the tree level, the only such contribution
which is not equivalent to a contact dim-8 operator
insertion comes from two insertions of electron dipole
couplings [32]. They are strongly constrained by the ge-2
and the electric dipole moment measurements [34,35]. A
rough estimation suggests that their impact on the diphoton
cross section is at most ðδσγγ=σγγÞ ∼ ðE=107 TeVÞ2 where
E is the center-of-mass energy, and can be safely ignored.
Finally, we note that dim-8 operators involving Higgs fields
do not contribute to Aðfþf−γþγ−Þ either, as the insertion
of a Higgs VEVeffectively makes the amplitude at a lower
mass dimension, where a contact term for Aðfþf−γþγ−Þ
does not exist.
Naively, one expects that the dim-6 contributions from

new physics will be first observed in some other processes.
What then is the motivation to look for dim-8 deviations in
eþe− → γγ? First, testing positivity at dim-8 provides more
fundamental information about the nature of new physics,
namely, whether it is consistent with the QFT framework,
which one cannot tell from a SMEFT analysis truncated at
dim-6. An observation of dim-6 deviation elsewhere would
only strengthen the motivation to test dim-8 deviations in
eþe− → γγ. Second, dim-6 effects from different uv states
could be suppressed due to dynamics [36], certain sym-
metries [18], or accidental cancellation. In contrast, con-
straining the positively bounded dim-8 effects could lead to
unambiguous exclusion limits on all possible uv particles,
as each of them contributes positively, assuming the QFT
framework is valid [12].
Positivity bounds on cross sections.—The positivity

bounds, aL ≥ 0 and aR ≥ 0, restrict the interference
between SM and dim-8 contributions to be constructive
in eþe− → γγ. As such, they can be directly related to the
cross section. Since the helicities of the two photons cannot
be measured in practice, we work with the folded distri-
bution of the production polar angle θ,

dσðeþe− → γγÞ
dj cos θj

¼ ð1− Pe−Þð1þ PeþÞ
4

e4

4πs

�
1þ c2θ
1− c2θ

þ aL
s2ð1þ c2θÞ
4e2v4

�

þ ð1þ Pe−Þð1− PeþÞ
4

e4

4πs

�
1þ c2θ
1− c2θ

þ aR
s2ð1þ c2θÞ
4e2v4

�
;

ð5Þ

where s is the square of the center-of-mass energy, Pe−

(Peþ) is the polarization of the electron (positron) beam,
and cθ ≡ j cos θj. The aL, aR terms come from the
interference between SM and dim-8 operators, while the
dim-8-squared contributions can be safely neglected due to
the high measurement precision of this channel at lepton
colliders. It is now clear that the positivity bounds aL ≥ 0,
aR ≥ 0 have a simple consequence, namely,

dσ
dj cos θj ðe

þe− → γγÞ ≥ dσSM
dj cos θj ðe

þe− → γγÞ; ð6Þ

for any beam polarizations and any j cos θj. We see that
the eþe− → γγ channel is special in that the positivity of
Wilson coefficients can be directly translated into positivity
in realistic observables, without being contaminated by any
other nonpositive operators. The diphoton process thus
provides a simple, clear, and unambiguous test of the
fundamental principles of QFT.
It is also interesting to note that the measurements at

LEP2 display an overall signal strength of eþe− → γγ to be
about 1.5 standard deviations below the SM expectation
[37]. While statistically insignificant, this deviation exhib-
its a small tension with the positivity bound.
Collider reach.—To estimate the reach at future lepton

colliders, we perform a simple binned analysis in the range
j cos θj ⊂ ½0; 0.95�, with a bin width of 0.05, and consider
only statistical uncertainties. A differential analysis in
j cos θj helps discriminate the dim-8 contribution from
the SM one, as the latter dominates the forward region
due to the t=u-channel electron exchange. We expect the
largest background to be the Bhabha scattering (eþe− →
eþe−). Assuming a sufficiently small rate (≪ 1%) for an
electron to be misidentified as a photon, this background
is more than 2 orders of magnitude smaller than the
signal (see Supplemental Material [23] which includes
Ref. [38]). The cut on the minimal production polar angle
(j cos θj < 0.95) is also very effective in removing the
beamstrahlung and initial state radiation effects. We note
that the reach on Λ is only mildly sensitive to the
measurement uncertainties (∼Δ−1=4) due to the 1=Λ4

dependence of the dim-8 contribution, so our analysis
gives a reasonable projection as long as the systematic
uncertainties are not overwhelmingly large. As a validation,
we apply it to the LEP2 run scenarios and find a very good
agreement with the result of Ref. [37] (with a ≲10%
difference in the reach on Λ).
To illustrate the interplay between the measurements and

the positivity bounds, we show the Δχ2 ¼ 1 contours in
Fig. 1 for collider scenarios CEPC=FCC-ee 240 GeV
[39–41] and international linear collider (ILC) 250 GeV
[42]. According to Eq. (5), if the beams are unpolarized
(Pe− ¼ Peþ ¼ 0), only the combination aL þ aR is probed,
leaving a flat direction along aL ¼ −aR as shown by the
diagonal band (indicating Δχ2 ≤ 1) for CEPC=FCC-ee. It
can be lifted by having multiple runs with different beam
polarization, as for example at the ILC. Clearly, beam
polarization is desirable, because it allows for testing the
signs of aL and aR (or the two polarized cross sections)
individually.
On a different ground, assuming the uv completion is

consistent with the QFT principles which imply aL; aR ≥ 0,
aL, and aR can be simultaneously constrained even without
beam polarization, as illustrated in Fig. 1. This is a general
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feature that also applies to many other processes, such as
the fermion scattering [12] or the Higgs production [43].
Positivity thus provides important information for future
global SMEFT analyses, complementary to the experimen-
tal inputs.
High energy lepton colliders can probe these operators

even further. The precision reach on the parameter a scales
with the energy E and luminosity L as Δa ∼ E−3L−1=2, as
the energy dependence of the dim-8 contribution gives an
E−4 dependence, and the measurement uncertainties are
proportional to ðσSM · LÞ−1=2 ∼ E · L−1=2. Since a ∼ 1=Λ4,
the reach of Λ thus scales as

Λ2

Λ1

¼
�
E2

E1

�3
4

�
L2

L1

�1
8

; ð7Þ

assuming all other variables are the same for the two
scenarios 1 and 2.
In Fig. 2, we show the 95% C.L. reach for Λ8 ≡ v=a

1
4 for

various collider scenarios, where a ¼ aL; aR is defined in
Eq. (1). Λ8 corresponds directly to the scale of new physics
which modifies the eþe− → γγ amplitudes. The band covers
integrated luminosities of 1 to 5 ab−1 and various beam
polarization scenarios, and is consistent with Eq. (7). We also
show the best reach for each collider scenario listed in the
Supplemental Material [23] (which includes Refs. [44–46])
from any linear combinations of aL and aR. For linear
colliders, aL and aR can be independently constrained, and
the corresponding ΛL and ΛR are also shown.
Similar analyses can be carried out for muon colliders,

which probe operators associated with muon fields.
Constraints on muon dipole moments [35] are significantly
weaker than those of the electron ones. We find that two
insertions of the electric dipole operator could generate a
deviation in the μþμ− → γγ cross section comparable to
the expected precision reach. However, future improve-
ments on the muon electric dipole moment measurement

could make this contribution irrelevant [ðδσγγ=σγγÞ∼
ðE=105 TeVÞ2] [47,48]. On the contrary, the current muon
gμ–2 measurement [49–51] sufficiently constrains the
magnetic dipole operator, so that the latter can be safely
ignored for the diphoton measurement [ðδσγγ=σγγÞ∼
ðE=105 TeVÞ2], independent of whether the apparent
discrepancy with the SM is confirmed.
Interplay with Zγ and ZZ measurements.—The same

operators that enter Eq. (4) also contribute to the Zγ and ZZ
processes. These processes are, however, more complicated
due to the massive Z boson, which enables contributions to
multiple helicity states from both SM and dim-8 operators
(including those responsible for neutral triple-gauge-boson
couplings [52–55]). Dim-6 operators could also contribute
at the tree level via modifications of the Zeþe− couplings.
At very high energies (

ffiffiffi
s

p
≫ mZ), the Z boson is effec-

tively massless, and the þ− final helicity states dominate
the Zγ and ZZ cross sections [7]. In this limit, the ZZ
process also exhibits a similar positivity bound,

dσ
dj cos θj ðe

þe− → ZZÞ ≥ dσSM
dj cos θj ðe

þe− → ZZÞ: ð8Þ

For the Zγ process, we focus on the CP-even elastic
amplitude AðeV → eVÞ, where V is an arbitrarily mixed
state of γ and Z. This gives

ðaZγL Þ2 ≤ aZZL aγγL ; ðaZγR Þ2 ≤ aZZR aγγR ; ð9Þ

FIG. 1. Δχ2 ¼ 1 contours for CEPC=FCC-ee 240 GeVand ILC
250 GeV. The green shaded region is allowed by the positivity
bounds.

FIG. 2. The reach on the scale of the dim-8 operators
Λ8ð≡v=a

1
4Þ as a function of the center-of-mass energy

ffiffiffi
s

p
from

the measurement of the eþe− → γγ (or μþμ− → γγ) process. The
band covers 1–5 ab−1 and various beam polarization scenarios.
The circle represents the best reach of each collider scenario. The
LEP2 [37] reach is shown assuming a SM central value. For
linear colliders, the triangle (square) shows the reach for aL (aR)
in a simultaneous fit of both parameters. Note that the luminos-
ities of the FCC Z pole (150 ab−1), LEP2 (3 fb−1), and muon
collider 30 TeV (90 ab−1) are all very different from the 1–5 ab−1

of the band.
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where aZγL;R (aZZL;R) is defined as in Eq. (1) with γþγ−

replaced by Zþγ− (ZþZ−), together with aL;R → aγγL;R to
distinguish them. This implies a simple relation among the
Zγ, γγ and ZZ cross sections for any fixed collider scenario
(again only in the

ffiffiffi
s

p
≫ mZ limit),

ðΔσZγÞ2 ≤ 4ΔσγγΔσZZ; ð10Þ

where Δσ ≡ ðdσ=dj cos θjÞ − ðdσSM=dj cos θjÞ. We note
here again that a proper treatment of the Zγ and ZZ
processes requires the inclusion of all helicity states of the
gauge bosons. The decay of the Z boson also provides new
observables sensitive to the interference of different Z
helicity states [55–57]. The mapping between positivity
bounds and observables in the Zγ=ZZ processes are
generally more complicated, and we leave such an analysis
to future studies. On the contrary, the positivity bound of
the diphoton process is simple and unambiguous, as we
emphasized above.
Violationof positivity.—The observation of f½dσðeþe− →

γγÞ�=dj cos θjg < f½dσSMðeþe− → γγÞ�=dj cos θjg does not
necessarily establish the violation of positivity bounds. It is
important to check whether the EFT description itself is
invalid, for instance, due to contributions from new light
particles. In this process, however, it is difficult for such
particles to generate a sizable destructive interference term
while evading the current and future search constraints.
A t-channel fermion exchange only generates a construc-
tive interference. Another possibility is an s-channel
exchange of a light composite spin-2 particle, which could
be very-well probed by the resonance search eþe− →
Xγ=XZ, X → γγ=eþe− [58]. Measuring the diphoton proc-
ess at multiple center-of-mass energies also helps probe or
exclude these light particle contributions and further
verifies that the observed deviations are generated by
dim-8 operators. After all other possibilities are excluded,
the result would then indicate the breakdown of the
fundamental principles of QFT [59]. Interestingly, a recent
study [60] shows with an explicit example that order-one
violations of positivity bounds could be generated if the
Lorentz symmetry is spontaneously broken.
Summary and outlook.—Positivity bounds require that

the diphoton cross section at lepton colliders must be no
smaller than the SM prediction, which offers a rare
opportunity to clearly and unambiguously test the funda-
mental principles of QFT. While high energy colliders
provide the best reaches, such probes are robust even for a
collider at around 240–250 GeV, a feature that is unique for
the diphoton process. Alternatively, imposing these bounds
could lift the flat directions among operators, indicating
that positivity could provide important information for
future global analyses with dim-8 operators.
Hadron colliders, such as the LHC or a future 100-TeV

collider, have a large center-of-mass energy and could
potentially provide powerful probes on the dim-8 operators

and their associated positivity bounds [7,8,14]. In particu-
lar, a similar process with quarks, qq̄ → γγ (or qq̄ →
Zγ=ZZ [7]), is already probed at the LHC with a larger
center-of-mass energy than the ones of most future lepton
colliders. However, these measurements usually suffer
from low measurement precisions which make the EFT
interpretation problematic, and a consistent EFT treatment
often results in much reduced sensitivities to the new
physics scale [61,62]. This is particularly important for
probing the positivity bounds, for which the contributions
of dim-10 operators, not subject to the same bounds, are a
potential source of contamination. On the other hand, a
potential future high energy photon collider [63] could
measure the reverse process γγ → ff̄ for different fermion
final states, and probe a wider range of operators and their
associated positivity bounds.We leave the detailed analyses
of these colliders to future studies.
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