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Abstract We address the galaxy rotation curves through
the Yukawa gravitational potential emerging as a correction
of the Newtonian potential in extended theories of grav-
ity. On the one hand, we consider the contribution of the
galactic bulge, galactic disk, and the dark matter halo of the
Navarro–Frenk–White profile, in the framework of the stan-
dard �CDM model. On the other hand, we use modified
Yukawa gravity to show that the rotational velocity of galax-
ies can be addressed successfully without the need for dark
matter. In Yukawa gravity, we recover MOND and show that
dark matter might be seen as an apparent effect due to the
modification of the law of gravitation in terms of two param-
eters: the coupling constant α and the characteristic length
λ. We thus test our theoretical scenario using the Milky Way
and M31 rotation velocity curves. In particular, we place
observational constraints on the free parameters of Yukawa
cosmology through the Monte Carlo method and then com-
pare our results with the predictions of the �CDM paradigm
by making use of Bayesian information criteria. Specifically,
we find that λ is constrained to be of the order of kpc, while
cosmological data suggest λ of the order of Gpc. To explain
this discrepancy, we argue that there is a fundamental limi-
tation in measuring λ due to the role of quantum mechanics
on cosmological scales.

1 Introduction

According to present observations, the best picture of cos-
mology suggests that our universe is uniform and isotropic
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at large scales. However, one of the most interesting discov-
eries is the presence of cold dark matter, a mysterious form
of matter that interacts only via the gravitational force [1–4].
Despite numerous efforts, there has been no direct detection
of dark matter particles, and their existence is solely mani-
fested through the gravitational impacts they exert on galax-
ies and larger cosmic structures [5]. Furthermore, dark energy
has been introduced as an explanatory concept to account for
the universe’s accelerating expansion pointed out by numer-
ous observations, and it is linked to the cosmological constant
[6–9].

The theoretical scenario describing the aforementioned
cosmological features is the �CDM paradigm, which stands
as the most successful model in modern cosmology. This
framework adeptly accounts for a wide range of cosmologi-
cal observations while employing a minimal set of param-
eters [10]. Nevertheless, fundamental issues remain con-
nected to the deep understanding of the nature and behavior
of both dark matter and dark energy [11–13]. This knowl-
edge gap persists also when scalar fields are invoked to
play a key role in the physical depiction of the universe,
as in the context of the inflationary scenario [14–18]. On
the other hand, recent inconsistencies among cosmological
datasets have highlighted some tensions inherent to the stan-
dard �CDM picture, questioning the accuracy of the model
itself to describe the entire universe evolution and dynamics
[19–22].

All the above problems motivated the studies of differ-
ent perspectives advocating for the possibility of explain-
ing observational data through modifications of Einstein
equations, resulting in alternative or extended theories of
gravity [23–38]. In the context of dark matter, which is
usually assumed to explain the flatness of galaxy rotation
curves [39], one of the initial theories put forward to address
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this phenomenon was the Modified Newtonian Dynamics
(MOND), first introduced in Ref. [40], involving modifica-
tions of the Newton law [41–47]. Other intriguing propos-
als in this domain include superfluid dark matter [48] and
the concept of Bose-Einstein condensate [49], among oth-
ers. These ideas represent diverse approaches to addressing
the challenges posed by dark matter’s role in galactic rotation
curves.

The present work is devoted to studying the Yukawa poten-
tial in galactic systems in view to elucidate the nature of
dark matter. In this model, dark matter is postulated to be
explicable through the coupling between baryonic matter
mediated by a long-range force, represented by the Yukawa
gravitational potential. The Yukawa model is described by
two crucial parameters: the coupling parameter α and the
effective length parameter λ, which is related to the graviton
mass. The Yukawa potential can appear in numerous scenar-
ios, including f (R) gravity [50–53]. As recently shown in
Refs. [54,55], using the Yukawa potential one can obtain the
�CDM as an effective model. In this picture, the dark mat-
ter is only an apparent effect that naturally appears from the
long-range force associated with the graviton. This modifies
Einstein’s gravity at large distances, and the amount of dark
matter follows from the distribution of baryonic matter under-
going the Yukawa-like gravitational interaction [28,54,55].
In this perspective, one of the most famous evidence for dark
matter is the rotation curves of galaxies. In the present paper,
we aim to test and study in more detail the Yukawa gravi-
tational potential for rotating curves. In particular, we aim
to show how the Yukawa potential can explain the rotating
curves without the need for dark matter. The latter, in fact,
appears as an effect of the modification of the law of gravi-
tation.

The paper is organized as follows. In Sect. 2, we review the
Yukawa potential obtained from f (R) gravity. In Sect. 3, we
examine the modified Friedmann equations in Yukawa cos-
mology while, in Sect. 4, we address the problem of rotating
galaxy curves in the framework of the �CDM model and the
new cosmological scenario. In Sect. 5, we use astrophysical
data of the Milky Way (MW) and M31 galaxies to constrain
the free parameters of the Yukawa model. Furthermore, in
Sect. 6, we discuss results in light of the most recent findings
in the literature. Finally, Sect. 7 is devoted to the conclusions
and final remarks.

Throughout this work, we use natural units of c = h̄ = 1,
unless otherwise specified.

2 Yukawa potential in f (R) gravity

Yukawa-like corrections to the Newtonian potential naturally
emerge in the weak field limit of extended theories of grav-
ity, such as f (R) models [23,25,56]. In particular, the f (R)

gravity action can be written as

S = 1

16πG

∫
d4x

√−g f (R) + Smatter[gμν,�i ], (1)

where R is the Ricci scalar, G is the Newton gravitational
constant and g is the determinant of the metric tensor, gμν .
In addition �i are matter fields. By varying the above action
with respect to gμν , we obtain the field equations

f ′(R)Rμν−1

2
f (R)gμν− f ′(R);μν+gμν� f ′(R)=8πG Tμν,

(2)

where Tμν is the matter energy-momentum tensor. Here, the
semicolon and the prime denote the covariant derivative and
the derivative with respect to R, respectively, while � stands
for the d’Alembert operator. Taking the trace of Eq. (1), one
finds

3� f ′(R) + f ′(R)R − 2 f (R) = 8πG T , (3)

It is worth noticing that Einstein’s equations of general rela-
tivity are recovered in the limit f (R) → R.

To show how the Yukawa-like potential emerges in f (R)

theories, we take into account the corresponding field equa-
tions in the presence of matter. In the weak field limit, we
can perturb the metric tensor as

gμν = ημν + hμν , (4)

where |hμν | � ημν is a small perturbation around the
Minkowsky spacetime, ημν . Assuming f (R) to be analytic,
one can consider the Taylor series [50,53,57,58]

f (R) � f (R0)+ f ′(R0)(R−R0)+ f ′′(R0)(R−R0)
2/2 . (5)

Then, imposing a spherical symmetry, we have

g00 = − (1 − 2�(r)) , (6)

leading to the gravitational Yukawa-like potential

�(r) = −GM

r

(
1 + α e−r/λ

1 + α

)
, (7)

with α = f ′(R0) − 1 and λ2 = −(1 + α)/(6 f ′′(R0)) can
be interpreted as the scale length of the interaction due to
the graviton. Under the rescaling G → G(1 + α), we finally
have

�(r) = −GM

r

(
1 + α e−mr ) , (8)
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where m = 1/λ represents the graviton mass. We notice that
the Newtonian potential is recovered for α = 0, that is for
f (R) → R.1

3 Yukawa cosmology

The Yukawa potential may be conveniently expressed in
terms of an effective length which can be considered as the
wavelength of a massive graviton. The Yukawa gravitational
potential was modified via the quantum deformed parameter
l0, in the following form [54]:

�(r) = − GMm√
r2 + l20

(
1 + α e− r

λ

)
. (9)

However, l0 is important only in the early universe [62],
meaning that we can set l0/r → 0 in the late-time universe.
Using the relationship F = −∇�(r), we find the correction
to Newton’s law of gravitation:

F = −GMm

r2

[
1 + α

(
r + λ

λ

)
e− r

λ

]
. (10)

Let us assume now the spacetime background as character-
ized by the Friedmann-Robertson-Walker (FRW) metric:

ds2 = −dt2 + a2(t)

[
dr2

1 − kr2 + r2(dθ2 + sin2 θdφ2)

]
,

(11)

where R = a(t)r is the apparent FRW horizon radius, with
a(t) being the normalized scale factor as a function of cosmic
time, t . Here, the spatial curvature parameter k = {0, 1,−1}
describes a flat, closed and open universe, respectively. If we
consider a matter source to be modeled as a perfect fluid with
energy density ρ and pressure p, one can write the energy-
momentum tensor as

Tμν = (ρ + p)uμuν + pgμν , (12)

along with the continuity equation

ρ̇ + 3H(ρ + p) = 0 , (13)

with H ≡ ȧ/a being the Hubble parameter. Therefore, the
first Friedmann equation reads [54]

H2 + k

a2 = 8πGeff

3

∑
i

ρi − 1

R2

∑
i

�1(ωi )ρi

1 We refer the reader to Refs. [59–61] for a detailed discussion on the
value and the sign of the parameter α to be consistent with observations.

+4πGeff

3
R2

∑
i

�2(ωi )ρi , (14)

where Geff = G(1 + α), along with the definitions

�1(wi ) ≡ 4πGeff l20
3

(
1 + 3ωi

1 + wi

)
, (15)

�2(wi ) ≡ α (1 + 3wi )

λ2(1 + α)(1 − 3wi )
, (16)

with wi = pi/ρi being the equation of state parameter of
the i-th cosmic species. Here, �1 plays an important role
in the early universe, while �2 plays an important role in
the late-time universe. We notice that in the last equation,
there appears a singularity in the case of radiation (w =
1/3). This suggests a phase transition in the early Universe,
from radiation to a matter-dominated state [54]. In fact, in
a radiation-dominated universe, we have �2 = 0, and no
singularity is present in the �1 term. In other words, the effect
of α becomes important only after the phase transition from
a radiation-dominated to a matter-dominated universe.

We shall then focus on the late-time Universe, where
Yukawa modifications to gravity assume a significant role.
In this regime, the first Friedmann equation in the late-time
universe reads

H2+ k

a2 = 8πGeff

3

∑
i

ρi+ 4πGeff

3
R2

∑
i

�2(ωi )ρi . (17)

We consider a non-relativistic matter source for the cosmic
fluid, in a flat universe scenario.2 In this case, R2 = H−2

and, for the Yukawa cosmology, we have [67]

E2(z) = (1 + α)

2

(
�B,0(1 + z)3 + ��,0

)

+ (1 + α)

2

√
(
�B,0(1 + z)3 + ��,0

)2 + �2
DM (z)

(1 + z)3 ,

(18)

where E(z) ≡ H(z)/H0 is the reduced Hubble parameter,
with H0 being the Hubble constant and z ≡ a−1 − 1 is the
cosmological redshift, while �B and �� are the normal-
ized density parameters related to baryonic matter and dark
energy, respectively. In particular, it has been shown that the
dark matter density parameter can be related to the baryonic
matter as [54]

�DM =
√

2α�B,0

λH0 (1 + α)
(1 + z)3 , (19)

2 It is worth mentioning that, although prompted by the cosmic
microwave background observations [10], the flat universe scenario is
still under debate, see, e.g., Refs. [63–66].
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where the subscript ‘0’ indicates quantities evaluated at
present, namely z = 0. This implies that dark matter can
be understood as a consequence of the modified Newton law,
quantified by α and �B . Furthermore, one can find an expres-
sion that relates between baryonic matter, effective dark mat-
ter, and dark energy:

�DM (z) = √
2 �B,0��,0(1 + z)3 . (20)

where we introduced the definition

��,0 = 1

λ2H2
0

α

(1 + α)2 . (21)

Up to the leading-order terms, one finds

E2(z) = (1 + α)
[
�̄B(1 + z)3 + ��

]
, (22)

The reduced Hubble parameter is thus obtained as [55]

E2(z)= (1+α)
[(

�B,0+
√

2�B,0��,0

)
(1+z)3 +��,0

]
,

(23)

while the condition H(z = 0) = H0 leads to

1 + α =
[
�B,0+√

2�B,0��,0+��,0

]−1
. (24)

It is important to stress that one may formally obtain the
standard �CDM cosmology under the following definitions:

(1 + α) �B,0 ≡ ��CDM
B,0 , (25)

(1 + α)
√

2�B,0��,0 ≡ ��CDM
DM,0 , (26)

(1 + α)��,0 ≡ ��CDM
�,0 . (27)

In fact, Eq. (23) can be recast as

E2(z) =
(
��CDM

B,0 + ��CDM
DM,0

)
(1 + z)3 + ��CDM

�,0 , (28)

which is related to the Hubble parameter of the �CDM model
through H(z) = H0 E(z), with H0 = H�CDM

0 .

4 Galaxy rotation curves: MOND from Yukawa
cosmology

In what follows, we briefly review galaxy rotation in the
�CDM model. We then describe how to obtain the galaxy
rotation curve in the framework of Yukawa cosmology.
Hence, the Navarro-Frenk-White (NFW) profile for dark
matter is analyzed in both contexts.

4.1 Rotation curves in �CDM

The galaxy rotation curve in the standard �CDM cosmology
can be modeled as detailed in Ref. [68]. Specifically, the total
squared rotational velocity is given as

v2(r) = v2
b(r) + v2

d(r) + v2
h(r) , (29)

where the three components on the left-hand side refer to the
galactic bulge, disk and the dark halo, respectively.

We assume the galactic bulge to be spherically symmetric
with a de Vaucouleur profile [69], with surface mass density

�b(r) = �b,0 e
−κ

[(
r
ab

)1/4−1

]
, (30)

where κ = 7.6695, and �b,0 is the surface mass density at
r = ab. Note that de Vaucouleurs profile is a good empiri-
cal model describing the surface brightness of a galaxy as a
function of distance from the center of the galaxy. As such,
it has not been obtained from a fundamental law and it does
not depend explicitly on the gravitational potential or modi-
fied gravity model in question. By construction, this profile
is a special case of the Sérsic profile, which is characterized
by the free parameter bn = 1.9992n − 0.32715, where n is
the Sérsic index. For the de Vaucouleurs profile, we here set
n = 4, hence κ = b4 = 7.66925. The mass density of the
bulge is then

ρb(r) = − 1

π

∫ ∞

r

d�b(x)

dx

1√
x2 − r2

dx , (31)

so that, the rotational velocity of the galaxy bulge is obtained
as

v2
b(r) = 4πG

r

∫ r

0
ρb(r

′)r ′2dr ′ . (32)

The galactic disk can be approximated through an expo-
nential profile for the surface mass density [70,71]:

�d(r) = �d,0 e
− r

ad , (33)

with �d,0 being its central value, and ad the characteristic
scale radius. The rotational velocity of the disk component
is then [71]

v2
d(r) = πG�d,0

ad
r2 [I0 (Xd) K0 (Xd) − I1 (Xd) K1 (Xd)] ,

(34)

where Xd ≡ r/ad , while Ii and Ki are modified Bessel
functions of the first and second kind, respectively.
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As regards the structure of the dark halo, one may assume
the NFW profile [72]:

ρh(r) = ρ0

Xh (1 + Xh)
2 , (35)

with ρ0 and h being the dark halo scale density and radius,
respectively. Thus, the rotational velocity of the dark halo
reads

v2
h(r) = 4πG

r
ρ0h

3
[

ln(1 + Xh) − Xh

1 + Xh

]
, (36)

where we have defined the quantity Xh ≡ r/h.

4.2 Rotation curves in Yukawa cosmology

One can easily check that the modified Newtonian dynamics
can explain the flat rotation curves of galaxies. Having the
potential, we can obtain the circular speed of an orbiting test
object using

v2(r) = r
d�(r)

dr
. (37)

If we define the Newtonian potential [73]

�N (r) = −GM(r)

r
, (38)

and

v2
N (r) = r

d�N (r)

dr
= −GM(r)

r
, (39)

we obtain

v2 = GM(r)

r
+ αGM(r)

r

(
r + λ

λ

)
e− r

λ . (40)

Near the galactic center, the first term dominates the total
force, hence we can assume M(r) = Mb(r) + Md(r) as a
sum of the bulge and disk masses, while the second term
is important and can be attributed to the dark matter effect,
which implies flat rotation curves of galaxies [54], namely

v2 = GMb(r)

r
+ GMd(r)

r
+ GMDM (r)

r
, (41)

where we have defined

MDM (r) = αM(r)

(
r + λ

λ

)
e− r

λ . (42)

This gives the expression for the apparent dark matter that
appears due to the modification of the gravitational potential.
Thus, one can write the total velocity as

v2(r) = v2
b(r) + v2

d(r) + v2
DM (r). (43)

wherev2
b(r) andv2

d(r) are given by Eqs. (32) and (34), respec-
tively, whereas the apparent dark matter contribution is

v2
DM = GMDM (r)

r
= αGM(r)

r

(
r + λ

λ

)
e− r

λ , (44)

with M(r) = Mb(r)+Md(r) being the baryonic mass profile
of the galaxy. The final expression for the total velocity can
be then written as

v =
√

(v2
b + v2

d)

[
1 + α(r + λ)

λ
e− r

λ

]
. (45)

We can further re-obtain the MOND expression found by
Milgrom, v4 = GMa0 [40,74,75]. In our case, we have

v2 � GM(r)

r
+

√
GM(r)

[
GM(r)(r + λ)2α2

r2λ2

]
e− 2r

λ . (46)

In the outer part of the galaxy, the contribution of the first
term is small, hence

v2 �
√
GM(r)

[
GM(r)(r + λ)2α2

r2λ2

]
e− 2r

λ , (47)

or

v4 � GM(r)

[
GM(r)(r + λ)2α2

r2λ2

]
e− 2r

λ . (48)

This implies that the quantity

a0 = GMα2

λ2

(
1 + λ

r

)2

e− 2r
λ (49)

is responsible for the MOND acceleration which is observed
to be a0 ∼ 1.2×10−10 m/s2. In fact, we can obtain this value
in the outer part of the galaxy by taking the limit

lim
r→λ

a0 = 4GMα2

λ2 e−2 � 1.2 × 10−10 m/s2 , (50)

where M ∼ 1.2 × 1040 kg, and λ ∼ 0.74 kpc. Therefore,
contrary to the �CDM case, the rotation curve in our model
does not need the dark matter halo contribution, but only the
ones from the bulge and the disk. In the Yukawa scenario,
dark matter may be thus seen as an apparent effect emerging
from the modification of the gravitational potential. See also
[73,76].
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4.3 The core-cusp problem and the role of NFW profile in
Yukawa cosmology

The core-cusp problem in �CDM cosmology is a well-
known issue, particularly concerning small-scale cosmolog-
ical phenomena within galactic centers [77]. From an obser-
vational perspective, there is a preference for a constant dark
matter density within the inner regions of galaxies. However,
numerical simulations conducted within the framework of
�CDM cosmology indicate a steep power-law-like behavior
in the galactic center, suggesting the presence of dark matter
spikes. These predicted dark matter spike regions, however,
have never been observed, posing a significant challenge to
the validity of the �CDM model. To address this discrepancy,
we can explore how a similar behavior may arise within the
framework of Yukawa cosmology.

In the �CDM model, the NFW profile is very often used
to describe the distribution of dark matter in the halos of
galaxies and in cosmological simulations. However, since we
have here an equation for the apparent dark matter obtained
from the modified law of gravity, we should verify whether
one can obtain effectively dark matter velocity due to the
NFW from the Yukawa model.

In particular, for the mass function in general we have
M(r) = Mstar(r) + Mgas(r) + ... including all the baryonic
matter components, such as bulge, disk, dust, black hole,
etc. The corrections to α start to appear at relatively large
distances from the galactic center. Viewed from this distance,
we can choose the following mass profile

M(r) = M

(
r

r + r0

)
, (51)

where M is some constant with dimensions of mass, and r0

is a given scale radius. Specifically, we introduce the average
apparent dark matter inside a region of volume V through
the relation

〈MDM (r)〉 = 1

V

∫ π

0

∫ 2π

0

∫ r

0
MDM (r ′)r ′2d3r ′. (52)

We shall now investigate the region r � λ, that is, the region
inside the galaxy. In this range, we have e−r/λ � 1 − r/λ,
then by solving the integral we obtain

〈MDM (r)〉 � 4παρ0r
3
0

[
ln

(
1 + r

r0

) (
r2

0

λ2 − 1

)]

− 4παρ0r
3
0

[
r(2r0 − r)

2λ2

]
+ f (α, ρ0, r0, r) ,

(53)

where ρ0 = M/V , r0 > λ and r < λ and f (α, M, r0, r)
is some aribitrary function. For the average velocity in the
region r � λ, due to the apparent dark matter, we get

〈
v2
DM (r)

〉
� 4Gπαρ0r3

0

r

[
ln

(
1 + r

r0

) (
r2

0

λ2 − 1

)]

−4Gπαρ0r3
0

r

[
r(2r0 − r)

2λ2

]

+4G f (α, ρ0, r0, r)

r
. (54)

Notice that, as we pointed out earlier, we have only an appar-
ent mass and not a real mass. In fact, the above expression
looks similar to the dark matter velocity computed by using
the NFW profile, suggesting that the latter could be an effec-
tive description of the Yukawa dark matter profile. In Yukawa
cosmology, the core-cusp problem in the galactic center is
alleviated. This issue arises when considering the average
mass for apparent dark matter. However, it is crucial to rec-
ognize that this apparent mass is not an actual form of matter;
rather, it emerges due to the distribution of baryonic matter
and the modifications introduced by Yukawa’s law of gravity.

5 Observational constraints

Let us now use galaxy rotation velocity data to constrain the
theoretical scenario inferred from the Yukawa cosmology.
Specifically, we consider the measurements at r < 100 kpc
obtained in [78] for the MW, and the measurements at
r < 400 kpc presented in [79] for the M31 galaxy. Then,
we compare our findings with the predictions of the �CDM
model built upon the NFW dark matter profile.

In the case of the Yukawa scenario, the set of parameters
to be fitted is

θYukawa = {�b,0, ab, �d,0, α, λ} , (55)

while, for the �CDM model, we have

θ�CDM = {�b,0, ab, �d,0, ρ0, h} . (56)

It is worth noticing that the number of free parameters is the
same for both models. To obtain observational bounds on the
above sets, we consider the Likelihood function

L(θ) ∝ e− 1
2 χ2(θ) , (57)

where

χ2(θ) =
N∑
i=1

[
vi − v(ri , θ)

σi

]2

. (58)

Here, N is the number of rotation velocity measurements,
vi , in the galaxy catalogs, each with standard deviation σi ,
whereas v(ri , θ) is the theoretical prediction for the rotation
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Table 1 68% (95%) C.L. estimates on the free parameters of the
Yukawa scenario, as a result of the MCMC analysis of the MW and
M31 galaxy rotation data

Parameter MW M31

�b,0 [×109M�] 0.37 ± 0.03 (0.06) 0.14+0.02 (0.08)
−0.05 (0.06)

ab [kpc] 2.20+0.10 (0.21)
−0.11 (0.19) 7.18+1.86 (2.77)

−1.47 (3.02)

�d,0 [×109M�] 0.66 ± 0.02 (0.05) 0.43+0.08 (0.21)
−0.12 (0.19)

ad [kpc] 9.05 ± 0.25 (0.50) 9.65+1.18 (3.67)
−2.12 (2.94)

α 0.40+0.06 (0.14)
−0.07 (0.12) 0.37+0.11 (0.31)

−0.17 (0.25)

λ [kpc] 0.74+0.05 (0.13)
−0.07 (0.11) 0.52+0.18 (0.41)

−0.24 (0.36)

Table 2 68% (95%) C.L. estimates on the free parameters of the
�CDM model, as a result of the MCMC analysis of the MW and M31
galaxy rotation data

Parameter MW M31

�b,0 [×109M�] 0.66 ± 0.02 (0.04) 0.70+0.07 (0.15)
−0.09 (0.14)

ab [kpc] 1.60 ± 0.05 (0.09) 1.31+0.14 (0.31)
−0.19 (0.28)

�d,0 [×109M�] 0.61 ± 0.02 (0.35) 0.61 ± 0.17 (0.32)

ad [kpc] 8.23 ± 0.33 (0.64) 4.52+0.93 (1.89)
−0.93 (1.78)

ρ0 [M� kpc−3] 0.71+0.15 (0.34)
−0.19 (0.31) × 104 1.70+0.53 (1.45)

−0.98 (1.19) × 107

h [kpc] 1.07 ± 0.15 (0.34) × 103 14.8+2.2 (7.2)
−4.1 (5.7)

velocity obtained in the context of the Yukawa scenario and
�CDM model.

We thus applied a Markov Chain Monte Carlo (MCMC)
analysis by means of the Metropolis-Hastings algorithm [80]
to sample the parameter space. Assuming flat priors on the
fitting parameters, we use the Python packagegetdist [81]
to analyze the chains.

Our numerical results are shown in Tables 1 and 2 for the
Yukawa scenario and the�CDM model, respectively. Specif-

ically, for each parameter, we report the mean value, together
with the 1σ and 2σ confidence level (C.L.), resulting from
the MCMC analysis on the MW and M31 data. In particular,
we use the mean results to highlight in Fig. 1 the differences
among the Yukawa rotation curves and those predicted by
the standard �CDM paradigm. Furthermore, Figs. 2 and 3
show the 1σ and 2σ C.L. regions and the posterior distri-
bution for the Yukawa and �CDM parameters, respectively,
obtained from the analysis of the MW measurements. The
same quantities in the case of the M31 measurements are
shown in Figs. 4 and 5.

5.1 Bayesian model selection

Useful tools to measure the statistical performance of models
are the Bayesian information criteria [82,83]. In this regard,
well-known examples are offered by the Akaike Informa-
tion Criterion (AIC) [84] and Bayesian Information Criterion
(BIC) [85], which describe the effective model complexity
by taking into account the number of free parameters that
characterizes different theoretical scenarios.3

However, since the models subject to the present study
have the same number of free parameters, the AIC and
BIC criteria reduce to the maximum likelihood estimation.
According to the latter, for a given dataset, models charac-
terized by the smaller values of χ2 are statistically favored
with respect to those with a higher χ2 value. In our case, we
can define the quantity

�χ2 = χ2
Yukawa − χ2

�CDM , (59)

whose sign suggests which model is better performing, i.e.,
the Yukawa scenario for �χ2 < 0, or the �CDM model in
the case of �χ2 > 0.

3 Applications of Bayesian information criteria in various cosmological
contexts may be found, e.g., in Refs. [86–89].

Fig. 1 Galaxy rotation curves of the Yukawa scenario and the �CDM model, based on the mean results of the MCMC analysis of the MW (left
panel) and M31 (right panel) measurements
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Fig. 2 Marginalized 68% and 95% C.L. contours and posterior distributions for the free parameters of the Yukawa scenario, as a result of the
MCMC analysis of the MW galaxy rotation data

Additionally, one may consider the more powerful and
accurate Deviance Information Criterion (DIC) [90,91]:

DIC ≡ 2〈−2 lnL〉 + 2 ln〈L〉 , (60)

where 〈·〉 denotes a mean over the posterior distribution. The
main advantage of the DIC with respect to the AIC and BIC
is that it involves an effective number of degrees of freedom,
thus accounting for parameters that are unconstrained by the
data. As seen for the χ2 case, to measure the goodness of the
model fittings, we analyze the difference

�DIC = DICYukawa − DIC�CDM . (61)

We summarize our results in Table 3. The highly negative
values of both statistical indicators suggest a strong prefer-
ence for the Yukawa scenario over the �CDM model when
used to fit the MW data. Conversely, in the case of the M31
data, both �χ2 and �DIC are positive, indicating that the
standard �CDM model is significantly favored with respect
to the Yukawa scenario inferred from the Yukawa cosmology.
As we argue in the Appendix, this issue is actually related to
the precision of the data employed in the analysis. In fact, we
demonstrate that utilizing a more recent and accurate sam-
ple of measurements can significantly improve the predictive
power of the Yukawa scenario in the outer galaxy regions,
thereby reducing the gap in the Bayes factor compared to the
�CDM model.
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Fig. 3 Marginalized 68% and 95% C.L. contours and posterior distributions for the free parameters of the �CDM model, as a result of the MCMC
analysis of the MW galaxy rotation data

6 Discussion

Let us discuss now our previous results in light of some recent
findings in the literature. To do so, we restore the SI units of
measurement.

In particular, in Refs. [54,55] it has been shown that the
Compton wavelength of the graviton suggested by cosmo-
logical data is of the order of Gpc, specifically

λcosmology ∼ 1026 m. (62)

In the present paper, however, we find that λ is of the order
of kpc, specifically,

λgalaxy ∼ 1019 m, (63)

in agreement with graviton bounds coming from gravitational
waves observations [92]. It is then natural to ask how one
can reconcile this apparent inconsistency. As we shall elu-
cidate below, the response to this question is surprisingly
concise and remarkable. Specifically, the graviton possesses
an exceedingly small mass, namely

mg = h̄

λc
, (64)

so that, it is imperative for it to have a quantum mechani-
cal description, a factor that could prove significant even on
cosmological scales. Hence, an uncertainty principle for the
graviton must exist:

�p�x ∼ h̄. (65)

123



  386 Page 10 of 17 Eur. Phys. J. C           (2024) 84:386 

Fig. 4 Marginalized 68% and 95% C.L. contours and posterior distributions for the free parameters of the Yukawa scenario, as a result of the
MCMC analysis of the M31 galaxy rotation data

Usually, the uncertainty in measurements arising from funda-
mental limitations due to the Heisenberg principle is a quan-
tum concept, but it possesses interesting implications also on
cosmological scales [93]. At large scales, in fact, we have
more uncertainty in position λcosmology = �xcosmology ∼
1026 m, but more precision on the momentum �pcosmology,
namely

�pcosmology ∼ h̄

�xcosmology ∼ 10−60 N · s. (66)

However, since �pcosmology = mgc, the graviton mass
results to be mg = 10−68 kg, and consequently we get

λcosmology = h̄

mgc
∼ 1026 m. (67)

In other words, applied to the whole universe, we have more
uncertainty in position but more precision on the momentum
and hence on the graviton mass.

On the other hand, applied to the galaxy scales, we have
less uncertainty in position λgalaxy = �xgalaxy ∼ 1019 m,
but more uncertainty in momentum �pgalaxy, namely

�pgalaxy ∼ h̄

�xgalaxy ∼ 10−53 N · s. (68)

By making use of �pgalaxy = mgc, we find the graviton mass
mg = 10−61kg, and consequently

λgalaxy = h̄

mgc
∼ 1019m. (69)
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Fig. 5 Marginalized 68% and 95% C.L. contours and posterior distributions for the free parameters of the �CDM model, as a result of the MCMC
analysis of the M31 galaxy rotation data

This explains perfectly well the discrepancies between our
results and the findings of [54,55]. In fact, as pointed out in
Ref. [67], the graviton wavelength λ is, in general, a function
of the redshift, i.e., λ(z), and the graviton mass can fluctuate
with the cosmological scales. It follows that

λ(z) ∼ h̄

mg(z) c
. (70)

By differentiating the last equations and by using dλ � �λ

along with dmg � �mg , we can write

∣∣∣∣�λ

λ

∣∣∣∣ ∼
∣∣∣∣�mg

mg

∣∣∣∣. (71)

Applying this relation to the cosmological and galactic
scales, we have

λcosmology − λgalaxy

λgalaxy ∼ mgalaxy
g − mcosmology

g

mcosmology
g

∼ 107, (72)

which resolves the apparent inconsistency between the two
measurements. To summarize, both constraints are correct,
however, there are fundamental limitations of measurements
even in cosmology, and that is the reason for the difference
found in the analyses of galactic and cosmological scales. The
mismatch between the two scales may arise due to screen-
ing mechanisms, such as the chameleon mechanism [94].
Specifically, the latter could result in a graviton mass that
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Table 3 Bayesian model selectors as a result of the MCMC analysis of
the MW and M31 data. The differences � are calculated with respect
to the �CDM model

Data �χ2 �DIC

MW −28.9 −27.5

M31 11.0 10.7

varies according to the surrounding environment. As for the
case of theories of massive bigravity [95,96], the increased
matter density within galactic scales leads to a particle mass
with an interaction range of the order of kpc, whereas, in cos-
mological contexts with significantly lower matter density,
the graviton mass is smaller, resulting in an exceptionally
long-range interaction, potentially on the scale of Mpc or
Gpc. Similar ideas have been investigated in various con-
texts, e.g., Ref. [97].

6.1 Implications to gravitational waves

Finally, let us comment here about the possible implications
of our results in terms of massive gravitons. This may prove
useful in light of the recent results of the NANOGrav collabo-
ration, which has shown the potential contribution of massive
gravitons to gravitational waves in the nHz frequency range
[98]. Specifically, the frequency associated with a massive
graviton reads

ω

c
=

√
m2

gc
2

h̄2 + |�k|2, (73)

with the four-wave vector kμ ≡ (ω/c, �k). The above equa-
tion suggests that there exists a minimal frequency for
the gravitational-wave signal due to the massive graviton,
namely [99]

fmin = mgc2

2π h̄
. (74)

Adopting the results from the galaxy rotation curves ana-
lyzed through the Yukawa scenario in the present paper, we
can infer estimates of the graviton mass. In particular, from
the MW data analysis, we find

mg � (1.54 ± 0.12) × 10−62 kg (1σ) (75)

mg � (1.54 ± 0.25) × 10−62 kg (2σ) (76)

while, from the M31 data analysis, we get

mg � (2.19 ± 0.89) × 10−62 kg (1σ) (77)

mg � (2.19 ± 1.62) × 10−62 kg (2σ) (78)

Using the best-fit values above, we obtain the following min-
imal frequencies:

fmin � 2.09 × 10−12 Hz , (79)

fmin � 2.97 × 10−12 Hz , (80)

for the MW and M31, respectively.
It is important to stress that the minimal value of the

frequency depends on the graviton mass, however, we saw
that there is a fundamental limitation in measuring the posi-
tion (length scale) and the momentum (graviton mass). This
means that different measurements point out different values
of the momentum due to the different lengths of characteristic
observation. This follows from the uncertainty principle, as
previously argued. In particular, considering the length scale
of large-scale structures to be �x ∼ 1025 m implies that
mg ∼ 10−68 kg, which gives rise to the minimal frequency
fmin ∼ 10−18 Hz. For galactic scales of �x ∼ 1019 m,
we saw that fmin ∼ 10−12 Hz. Finally, if we consider the
scale for the pulsar-timing array observations of the grav-
itational wave background with a characteristic length of
�x ∼ 1016 m [100], we have mg ∼ 10−59 kg, leading to
fmin ∼ 10−9 Hz. Therefore, we can say that the range of
frequency depends on the length of characteristic observa-
tion due to the uncertainty principle. Recent observations at
nHz frequency do not forbid massive gravitons and it can
be explained in terms of the scale of measurements due to
the uncertainty principle. Usually, the observation of these
frequencies, in the nHz range, is linked to the gravity weaves
produced by binary mergers of supermassive black holes
[101–103]. However, other possibilities for a stochastic grav-
itational wave background have been investigated, including
gravity waves from inflation (see Refs. [104,105] and refer-
ences therein), and the role of the graviton mass in gravita-
tional waves with very long wavelengths [99,100,106].

7 Conclusions and outlook

In this paper, we analyzed the galaxy rotation curves within
the framework of the Yukawa corrected gravitational poten-
tial. Our research draws upon observational data regarding
the rotational velocities observed in the MW and M31 galax-
ies. While employing the �CDM model, we thoroughly con-
sidered the contributions originating from the galactic bulge,
galactic disk, and the NFW profile for the dark matter halo.
On the other hand, using the modified gravitational force in
the framework of the Yukawa model, we found analytical
expressions characterizing the contribution of dark matter
velocity.

To analyze the galaxy rotation data, we performed a
Bayesian analysis based on the MCMC numerical technique.
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Specifically, we constrained the free parameter of the Yukawa
model up to 2σ C.L., and we obtained the posterior distribu-
tion for each coefficient after marginalizing over the param-
eter space. Moreover, we compared our results to the pre-
dictions of the standard �CDM paradigm. In particular, we
measured the statistical performance of our theoretical sce-
nario through information criteria taking into account the
effective number of degrees of freedom with respect to the
�CDM reference.

Our findings notably show that the galactic rotation curves
can be comprehensively explained without resorting to the
presence of dark matter. Within the scope of Yukawa gravity,
our study aligns with the recovery of MOND, suggesting
that the existence of dark matter might be thought of as an
apparent effect resulting from the modification of the law
of gravitation. This modification is explicated in terms of
the two key parameters of the Yukawa potential, namely the
coupling constant α, and the wavelength λ.

Furthermore, our research underscores a fundamental con-
straint in the precise determination of λ due to the impli-
cations of quantum mechanics, particularly associated with
the relatively small mass of the graviton. This constraint
manifests differently across various scales. On cosmologi-
cal scales, the uncertainty principle entails high uncertainty
in position, but less uncertainty in λ and the graviton mass.
In contrast, on galactic scales, there exists a higher level
of uncertainty in λ and, consequently, in the graviton mass,
with comparatively less uncertainty in position. This discrep-
ancy elucidates the different orders of magnitude observed
in cosmological data (λ ∼ Gpc) and in galactic observations
(λ ∼ kpc).

Finally, we used our MCMC results to constrain the gravi-
ton mass. Specifically, we obtained the minimal frequency
fmin ∼ 10−12 Hz from both MW and M31 galaxy analy-
ses. However, as we discussed, the frequency depends on
the graviton mass, and in particular we saw that there is a
fundamental limitation of measuring the position and the
momentum of the graviton due to the uncertainty princi-
ple. This implies that, at scales corresponding to the pulsar-
timing array observations, we can find the nHz frequency,
in accordance with the uncertainty principle. Therefore, we

expect massive gravitons to play an important role, in light
of the recent observations of nHz frequency obtained from
the NANOGrav collaboration.
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Appendix

We here examine how the accuracy of galaxy data impacts
the outcome of the numerical analysis. As a test, we can use
the more accurate measurements of M31 recently provided
in Ref. [107]. Therefore, we performed an MCMC analysis
on the new M31 dataset to constrain at the 68% and 95% C.L.
the free parameters of the Yukawa scenario and the �CDM
model. The new results are summarized in Table 4. Based on
the mean results of the MCMC analysis, we display the com-
parison between the predictions of both scenarios in Fig. 6.
Moreover, in Figs. 7 and 8, we show the marginalized 1σ and
2σ contours, along with the posterior distributions, for the
model parameters.

Table 4 MCMC results for the
Yukawa and the �CDM models
using the new M31 dataset

Parameter Yukawa Parameter �CDM

�b,0 [×108M�] 0.70+0.13 (0.41)
−0.23 (0.35) �b,0 [×108M�] 1.77+0.36 (0.96)

−0.58 (0.80)

ab [kpc] 14.4+3.1 (7.9)
−4.4 (6.9) ab [kpc] 4.8+0.8 (2.7)

−1.6 (2.0)

�d,0 [×108M�] 0.87+0.27 (0.81)
−0.45 (0.64) �d,0 [×108M�] 0.32+0.12 (0.40)

−0.27 (0.30)

ad [kpc] 28+7 (20)
−10 (20) ad [kpc] 45+20 (50)

−30 (40)

α 0.13+0.05 (0.13)
−0.10 (0.12) ρ0 [×106M� kpc−3] 22+9 (10)

−7 (10)

λ [kpc] 1.54+0.76 (1.34)
−0.88 (1.31) h [kpc] 10.7+1.4 (4.6)

−2.4 (3.3)
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Fig. 6 Rotation curves of the Yukawa scenario and the �CDM model,
based on the mean results of the MCMC analysis of the new M31 dataset

To quantify the statistical performance of the theoretical
scenarios, we employ Bayesian model selectors as described
in Sect. 5.1. In this case, we find

�χ2 = 2.59 , �DIC = 3.06 , (A.1)

indicating that the preference of the �CDM model over the
Yukawa scenario is not decisive. Furthermore, if we com-
pare these results with those of the second row of Table 3,
we notice a reduction in the evidence against the Yukawa
scenario. This provides further proof of the effectiveness of
the Yukawa model in taking into account observations at all
galactic distances.

Fig. 7 Contours for the Yukawa model using the new M31 data
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Fig. 8 Contours for the �CDM model using the new M31 data
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