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Abstract A near-threshold enhancementin the D D sys-
tem, dubbed as X (3960), is observed by the LHCb col-
laboration recently. A combined analysis on x.0(3930) (—
DTD7), X(3960) (— D D;),and X (3915) (— J/Yw)is
performed using both a K -matrix approach of Dy, Dyy) four-
point contact interactions and a model of Flatté-like param-
eterizations. The use of the pole counting rule and spectral
density function sum rule indicate, under current statistics,
that this D" D near-threshold state has probably the mixed
nature of a ¢¢ confining state and D" D; continuum.

1 Introduction

Most recently, the LHCb experiment [1,2] announced a new
hadron, X (3960), observed in the BY — DD K™ pro-
cess, where the properties of this state are measured to be

M =3956 5+ 10MeV,

' =43+ 13 £ 8MeV,
JPC _ o+t

If taking the X (3960) state and the x.0(3930) in the D™D~
mass distribution [3] as the same particle, the partial-width
ratio [2] is calculated to be

I'X - DTD)
(X — D Dy)
which probably implies the exotic nature of this hadron, since
it is harder to excite an ss pair than uu or dd pairs from the

=0.29+£0.09+£0.10 = 0.08,
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vacuum if this state is a pure charmonium [2]. Several recent
theoretical models [4—8] believe that the X (3960) state is a
molecular D D}~ structure, while others take it as a scalar
[es][cs] tetraquark [9—11].

Besides the X (3960) and x.0(3930) states, the X (3915)
found in the J/¥ @ mass spectrum [12] is also near the
D} D; threshold. As the three states have compatible masses
and widths, as well as the preferred /7€ = 0+ assignment
[12], we assume that they are the same hadron, noted X, in
this work. A combined analysis on the nature for this X state
is performed using both a model of DD and D D four-
point contact interactions and an energy-dependent Flatté-
like parameterization. The pole counting rule (PCR) [13],
which has been generally applied to the studies of “XY Z”
physics in Refs. [14-19], and spectral density function sum
rule (SDFSR) [18-23] (only available for a Flatté(-like)
model) are employed to distinguish whether this X state is
more inclined to be confining state bound by color force, or
composite hadronic molecule loosely bound by deuteron-like
meson-exchange force.

In this paper, Sect. 2 presents a couple-channel K -matrix
approach without the explicitly-introduced X state! to model
the Dy D(s) rescattering, Sect. 3 exploits a parameteriza-
tion with explicitly-introduced X state, using an energy-
dependent Flatté-like formula, to describe the couplings of
X — D*D™, D Dy, and J /¢ w, and a brief summary and
discussion are carried out in the last section.

2 K-matrix approach

For a comprehensive study of this X state’s nature, four
decays, i.e. Bt — D™D K*, Bt — D{D;K*, BT —
J/YwK™T, and y*y* — J/vWw, are utilized in this article.

I Explicit X state means that a field of X is introduced in the
Lagrangians.
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In this section, a couple-channel K -matrix approach with the
implicitly-introduced X state is employed to get the unita-
rized amplitudes. Then, poles of unitarized amplitudes will
be searched for in the complex s planes, and PCR [13] is
implemented to investigate the nature of this X structure near
the D} D; threshold.

2.1 Amplitudes of D(5)Dyy) rescattering effect

The effective Lagrangians for the above four channels under

S-wave couplings can be constructed as follows:

EB‘*’DDK'*’ = gBlB+DDK+’

EB'*’DfD;K'*’ = ngB+DjD;K+,

[:V*V*DD = g)/] FMUFMUDD,

Lyypip; = gy2F*" Fuy DI Dy,

‘CDﬁDD = gllDDDD,

Lpppip: = g2DDD} Dy,

Lppiye = 813DDY0",
Lp+p-ptp- = 2D Dy DYDY,

Lptp- 11y = 8305 DY Yo, M
where D = (D°, DT, D = (D°, D7), g with subscripts
stand for coupling constants, and the subscripts 1, 2 and 3
refer to the DD, D} Dy and J /Y@ channels, respectively.
For example, gp; means the coupling constant of BT —
DDK™ four-point vertex.

In this work, DD will be written in isospin eigenstate,
ie. |[DD)=0 = ‘T;(|D0D0) + |DTD7)) and |DD)/=! =
\L@(|DODO) — |D*TD™)).2 Two channels, DD and D} D",
are considered to construct the K -matrix. From the Lagrangians
in Eq. (1), the K-matrix can be written as

K’:0=< 6811 —x/§812>
2812 4gn )’

in which K stands for the process DD — DD, and K;»
for DD — D Dy, etc. The unitarized amplitudes can be
obtained by

@

T=K-[1-GK]!, 3)

where G is the diagonal matrix of two-point loop integrals of
these two channels, i.e. G = diag[Bo(mp,mp), Bo(ij,
m p-)]. The definition of two-point loop integral is,

Bo(p*, my, my)
_us dPk i i
i) QoPE2—m? 40T (p — k)% —m3 +i0F

2 Note that the isospin state of |DV) is —|I, I3) = —\%, %), |D™) =
|%, _71), |D% = |%, _71), and |D%) = |%, %), where these conventions
can guarantee G and C parities are conserved [24].

@ Springer

1 m: md—md—p? md
~— | -R+1—1In—% 1 2 In—2
1672 |: + u? + 2p? m3
2 2 2
— () — 1
4P (ml2 ma) a(pz)lna(l?z) } @
p a(p”) +1

where a MS renormalization is understood to be taken,
a(p?) = \/ %, /0 is renormalization scale set to
be 1 GeV, a(i) = —R + 1 is the subtraction constant as a
parameter which is 8.05 with large uncertainties obtained by
the fit.3

Since X (3960) has isospin I = 0, only the iso-singlet
states, |[DD)'=% and |DF D), are included in the unita-
rized amplitudes T. But the experimental results have been
reported only in the DV D~ final states to date, so the approx-
imations

1 - - |
Tpopopp- = 5 (T~ = T'=h ~ ST,

1 _ _ 1
Tp+p-—pip- = 5<T’—° + 717 ~ ETI_O’ ®)

are used. With the help of T, the amplitude of BT —
DY D™ K™ can be written as

1
Ap+p+rp-k+ =gp1T11 — ﬁgBZTZI, (6)

which satisfies the constraint on final-state interactions [26].%

Other amplitudes of BY — DID;K*, BT —
J/YywK™T, y*y* — J/Y¥ow, in which the interactions of
intermediate DD and D;f D states are included, can be
expressed as

A pipx+ = —V2281 T2+ g2T. (N
A+ okt =€ (py) - € (pw) X (2831T11813
—v2gp1T12823
—V2gpTa1813 + 832T22823>7 @

Ayyisifpo = (péfl p)‘iz —Pn- pyzglw) €u(Py)ev(py,)
X (88y1T11g13 —4v2g,1T12g23

—4v2g,2T21815 + 4gy2T22g23>
xe*(py) - € (Po)- )

Note thatin Eqs. (8) and (9), the final processes D) l_)(s) —
J /Y w are included by multiplying corresponding tree-level
diagrams, as it is suppressed by the Okubo-Zweig-lizuka
(OZI) rule.

3 InRef.[25],a(w) is taken tobe =~ 2. There isno physics here, however.
If we take a(u) = 2, the fit gives x2/d.o. f. = 56.29/51 = 1.10, with
the pole position almost unchanged, i.e. /s = (3.9192—0.0130i) GeV.

4 Our parameterization is actually equivalent to another widely used
form, e.g., in Ref. [27], up to a mild background contribution.
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2.2 Numerical results and pole analysis

In the previous subsection, the amplitude involving this X
state in each decay is obtained. Now a simultaneous analy-
sis for the aforementioned four processes is performed to fit
the experimental data [1-3,28,29]. The background (BKG)
shapes are parameterized to be similar as those in the exper-
iments. For the DY D~ chain, the incoherent background
contains two charmonia, ¥ (3770) and x.2(3930), modelled
by Breit—Wigner functions, and the mass reflection of the
X1(2900) resonance described by a 1st-order polynomial
times a Gaussian G (u, o) where the parameters are extracted
by fitting to the X;(2900) component in the LHCb data
[3]; and the three-body phase space of BT — DYD~ K™
is applied to describe other potential coherent backgrounds
with unconsidered intermediate states. For the D} D;” mode,
the backgrounds below 4.25 GeV in the invariant D" D
mass are the X (4140) state and the non-resonant three-body
phase space of Bt — D D K™, which are coherent with
the X state on grounds of the LHCb analysis [2]. For the
two J/vyw decays, only incoherent backgrounds are taken
into account, which is in agreement with the experiments
[28,29].

Finally, the number of events for each decay can be
expressed by [30]

N+ p+p-k+(s)
_ Rp+p-Nx_p+p- 1
~ B(BT —> XKNB(X — D*D)['p 21)332mp
X23/sp(mp, mk, /s)p(v/s,mp, mp)
ipy |2

x| Ap+_, p+p-x+ +aie

8v(3770)

+ .
$ = M3, 3770 + imy 3710 Dy 3770)

2(3930
+ 8xea( )

S m§62(3930) + iy 53930 x2(3930)
—(5—w?
+av/se 27, (10)
NB+—>Der;K+(S)
Rptp:Nx—pip: 1
B(BT — XKT)B(X — DI D) (27)332mp
x2/sp(mp, mi, v/s)p(/s,mp,, mp,)

i$21
X AB%D?D{K*’ +aze

gXo(4140)€ 2

+ , an

$ = M, 140y T iMx@140) T xo4140)
Np+— jjpwk+(8)

_ RipyoNx—1/vo 1

T BBt —> XKHB(X — J/Yw)Tg 27)332mp

X23/sp(mp, my, /)p(Vs, mypy, my)

X |~AB+—>J/1//wK+|2

+a31p (s, m gy, my)e 3Ty ), (12)
Nyeys s 1p(s) = nap(Vs, my gy, mo)l Aysys 1yl

+(as1/s + as), (13)

where Rp+p- = 0.0173 GeV, Rp+p- = 0.02 GeV,
and Ry = 0.01 GeV, are intervais :)f invariant mass
spectra in the experimental data; Ny_, p+p-, Ny_, DI D; >
and Ny_, J/yw, are the numbers of the expected X Sig-
nal events in the BY — D™D K", DfD K™, and
J/ywK™T decays, respectively, with Ny_, p+ p- = 46.6 and
Ny_ p+p- = 91.4 obtained by experiments [2,3], while
Nx_ /pe is an unknown parameter to be fitted; the decay
branching fractions B(B* — XKTB(X — DT™D™) =
8.1 x 107% [31], B(BT — XKT)B(X — D}D;) =
B(B* — XKHB(X — DYD7)FAZDb) — 81xl0™,
and B(B* - XKNB(X — J/yw) = 3.0 x 107 [28];
I'g = 4.018 x 10719 MeV, is the width of the B* meson in
accordance with the relationship I'p = fi/tp; na is a con-
stant to be fitted in the y*y* — J/v¥® coupling, which
absorbs the number of the expected X events and correspond-
ing branching fractions; p is the phase space factor defined
as

_ s = (m1 —m2)?][s — (m1 +m2)?]
p(samlamz) - S2 ’

m (I') denotes the mean mass (width) of a particle [31]; a
(with subscripts) are free parameters.

The fit projections are shown in Fig. 1, where the fit good-
ness is gained to be x2/d.o. f. = 56.22/50 = 1.12. Arrayed
by signs of phase space factors, a set of Riemann sheets is
defined as Table 1. The pole positions in complex s planes are
searched for, and also summarized in Table 1 and sketched
in Fig. 2. Only one pole, located on sheet I, is found near the
D Dy threshold. According to PCR [13], this manifests that
the X structure has molecular D} D" nature. More exactly,
the dynamically molecular picture without the explicit X
state is able to describe the current experimental data.

3 Flatté-like parameterization

Flatté(-like) formula [32] is a general model with an
explicitly-introduced hadron used to parameterize a resonant
structure near a hadron-hadron threshold in particle physics,
especially in experimental data analyses. In this subsection,
an energy-dependent Flatté-like parameterization for this X
state coupling to DY D™, D} D, and J /¢ w are used to fit
the experimental data and seek pole positions in the com-
plex s planes. PCR [13] and SDFSR [21,22] are carried out

@ Springer
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Fig. 1 Fit distributions with the K -matrix approach for B¥ — D™D~ K™ (top left), Bt — D D; K (top right), Bt — J/ywK* (bottom
left), and y*y* — J /¥ w (bottom right). Here, the data are from Refs. [1-3,28,29], and the vertical dashed lines are located at the Ds+ D¢ threshold

to distinguish whether this X state is a confining state or a

Then, the corresponding squared amplitudes read

molecular D D;” hadron. ) ; 2
IMp+optp-k+l” = |ig——F————ig1| » (15)
s —my +imxTy
3.1 Parameterization models ) 2
. l .
. . . |MB+—>DS+D;K+|2 =g ————ig&| , (16)
The effective Lagrangians of X coupling to the three channels s —my +imxTx
are given by IMpesyor+l
+n— . 2
LXD‘*’D_ =g1XD D, = ig—l g3
_ - 2 .
L‘,XDj,D; =g2XD;’_Ds s S—mX+lmXFX
Lxjipo = gXYuot. (14 XY en(Br)ep(Biry) Y €i(Pu)es (Pu)g” g™,
pol pol
3 (a7
Table 1 Def.ir.utlon of Riemann sheets for coupled D) D(s) channels | MV*V*%J/W!DP
and pole positions 5
Sheet Ppb Py D; Pole position = [48'(=p1- 28"+ pipY) — ig3g"”
my +imx 'y
I + + S 1
I - + 3.9207 — 0.0129i x5 2_lenPen (P01 Y lev(p)es (52)]
111 — — pol pol
v + - < Y les(Br)ey Bap)) Y _les (Po)eor(Bu)),  (18)
pol pol
0.02
Il
0.01 .
3.739 3.88 3.937
0.00 k . .
DD 3.75 3.80 3.85 Jyw 390 DsDg 3.95 4.00
-0.01 &
-0.02

Fig. 2 Schematic diagram of pole positions for the K-matrix approach
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where g and g’ stand for coupling constants of BT — XK
and y*y* — X, respectively, > poi denotes summation of
polarization, and

1

'y =
X 16rmx

X |:812,01 + g0+ 8303 <2 +

3.2 Numerical results and pole analysis

A simultaneous fit to the experimental data [1-3,28,29] is
imposed for the mentioned-above decays in this subsection.
The background shapes are parameterized similarly as the
K -matrix approach. Then each distribution of the number of
events can be expressed as

Np+_, p+p-k+(5)
_ Rp+p-Nx—p+p- 1
T B(Bt - XKT)B(X — D+D)I'g (27)332mp
X23/sp(mp, mi,/s)p(v/s,mp, mp)
2
881 idr
X + aje
‘DX(S)

8 (3770)

+ 5
s — mzw<377o> + imy 3770y (3770)

S 50

8 40 -o- Data
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o 30 — Total fit
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Refs. [1-3,28,29], and the vertical dashed lines are located at the
D} D; threshold

8x:2(3930)
2 .
§ =M 3030) T M y2(3930) ' x2(3930)
(5~ mz

+a/se 27,

Np+_prp;k+(8)

+

(20)

_ RDJD;NX»DJD; 1
" B(BT - XKHB(X — Dy D) 2m)332mp
x2/sp(mp, mk, /s)p(\/s,mp,,mp,)
' 882
X
Dx (s)

+ a28i¢21

gXo(4140)€'92

+ , 2n

s — m§0(4140) + imx,4140) ' xo (4140
Np+_ 1 jpok+(S)

_ RijpoNx—i/yo 1

" B(Bt - XKT)B(X — J/Yyw)T'g 27)332mp

ggs | (s—m21// —m2)?
) 2t
DX(S) 4m1/,mw
+a31p(V5, m gy me)e ™R3 TMI o),

(22)

= nap (s, mypy,my) | ——=
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Table 2 Key Riemann sheets for three coupled channels and pole posi-
tions

Sheet Ppb PJ o Ppipr Pole position

1I — + + S

1 - - + 3.9163 — 0.0107i
VIl — — - 3.8986 — 0.0108i

o2 232
e

4mym?2,

1 [4 2 5 (544 +g3)? (S+6112+q§)4]

X§ 92 2 16C]l2c]22

+(as /s + as), (23)
where
Dx(s) =s —m% +imxTy. (24)

As shown in Fig. 3, the fit gives x2/d.o.f. = 52.42/55 =
0.95, which is slightly better than the previous K-matrix
approach. According to signs of phase space factors, eight
Riemann sheets can be generated for the three coupled chan-
nels, among which only three sheets have the largest impact
onobservables [12], as listed in Table 2 and sketched in Fig. 4.
The pole positions in complex s planes are searched for and
also summarized in Table 2. According to PCR [13], the phe-
nomenon that two poles are found near the D;f D~ threshold
indicates that the X structure gets inclined to attribute with
a confining state. Thus, it can be seen that both the implicit
and explicit X interpretations can meet the experimental data
well, but the latter is a little better.

To further gain an insight on the nature of this near-
threshold state, SDFSR is carried out, which is utilized in
an S-wave Flatté-like parameterization. From Refs. [19-23],
a renormalization constant Z can be calculated by integrat-
ing a spectrum density function with respect to energy, which
refers to probability of finding a confining particle in the con-
tinuous spectrum: the greater the tendency of Z to 1, the more
the resonant structure is likely to be a confining state; con-
versely, the closer the value of Z is to 0, the more the hadron
tends to be a hadronic molecule. The fit gives Z = 0.458
when the integral interval belongs to [Ey — I'x, E¢ + I'x];
Z =0.670when[E ;—2TI"x, E y+2I'x], where E 7 is energy
difference between My and the D} D threshold (myy), i.e.
E ¢ = myx — myy,. The result that the Z value is slightly less

than 0.5in [Ey — 'y, Ey + I'x] but mildly greater than 0.5
in[Ey—2I'x, Ey+2Ix], implies that this X state may nei-
ther be a pure confining state nor a pure molecule. Together
with the previous pole analyses, this X resonant structure is
more probably a mixture of a confining state and a D" D
hadronic molecule.

4 Summary and discussion

Based on the assumption that x.0(3930) (— DVvD™),
X(3960) (— D} D;), and X(3915) (— J/yw) are the
same hadron, a combined analysis is performed using both
the K -matrix approach of D(y) D(s) four-point contact inter-
actions and the model of energy-dependent Flatté-like param-
eterizations. It is found that both the implicit and explicit X
interpretations can meet the experimental data well. The use
of PCR and SDFSR demonstrate that this X hadron is not
like a pure D" D;” molecule, but might be the mixed nature
of a c¢ confining state and D;f D~ continuum. One possible
scenario is that the X hadron has a cc core strongly renor-
malized by the D} D; coupling, like the x.1(3872) as a c¢
resonance with a contribution of the D*D couple-channel
effect [14,33].

To further analyze the nature of this X state, a number
of theoretical predictions for the 3P charmonia are sum-
marized in Table 3. If this X hadron is indeed a charmo-
nium, it is most likely to be the x.o(2P) candidate, which is
favored by the relativistic Godfrey—Isgur model (GIM) [34],
the couple-channel potential model (CPM) [35], and Liter-
ature [39]. However, it is not in agreement with the other
theoretical expectations, whose masses are predicted in the
range of 3842-3868 MeV [34,36-38]. Another phenomenon
is that two candidates can be treated as the y.o(2P) char-
monium: x.0(3860) [40] discovered in the DD decays via
ete™ — J/y DD andthe X state discussed in this work. Yet
Ref. [41] argued that the x.0(3860) peak is due to a bound
state around 3695 MeV. It needs to be confirmed in the forth-
coming experimental measurements. Whatever, more accu-
rate studies based on potential models, as well as other meth-
ods, are needed to shed light on the nature of the X state.
For example, Ref. [42] estimated the branching fraction of
Bt — X(3960)K ™ to be (2.9 — 13.3) x 10™* if assuming
X (3960) as a D} D;” bound state, which can be helpful in the
future experiments to test if the X (3960) hadron is a bound
State.

0.02
- i
-3.739 3.88 3.937
0.00 - L L R ———
- DD 3.75 3.80 3.85 Jyw 390 DgDg 3.95 4.00
-0.01F ° °
-0.02°t

Fig. 4 Schematic diagram of pole positions for the Flatté-like parameterization
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Table 3 Summary of > P charmonia’s properties between experimental
measurements [12]. Here the experimental measurements refer to the
mean values from the 2022 Particle Data Group (PDG) [12], and the the-
oretical predictions in different potential models from GIM [34], CPM
[35], the non-relativistic model (nRM) [34], the relativistic perturbative

model (RPM) [36], the relativistic non-perturbative model (RnPM) [36],
the screened potential model (SPM) [37], and the framework of chiral
quark model by solving the Schrodinger equation with the Gaussian
expansion method (GEM) [38]. The 2022 PDG [12] takes X (3915) and
Xxc0(3930) as the same particle, denoted as x.0(3915). (In units of MeV)

State EXP GIM CPM nRM RPM RnPM SPM GEM
13 Py xco(1P) 3414.71 +0.30 3445 3441 3424 3415.7 3415.2 3433 3430
3P xe1(1P) 3510.67 +0.05 3510 3520 3505 3508.2 3510.6 3510 3491
1’Py Xc2(2P) 3556.17 + 0.07 3550 3565 3556 3557.7 3556.2 3554 3523
2P ;ggg?g; ;ggﬁ% 18 3916 3915 3852 3843.7 3864.3 3842 3868
2P xe1(3872) 3871.65 4 0.06 3953 3875 3925 3939.7 3950.0 3901 3911
23p, xe2(3930) 39225+ 1.0 3979 3966 3972 3993.7 3992.3 3937 3935
33 Py 4292 4202 4131 4172
33 P 4317 4271 4178 4204
3P, 4337 4317 4208 4222

Table 4 Pole positions without the J /v« channel

Case Sheet Ppb Pppr Pole position

K -matrix II - + 3.9279 — 0.0079i

Flatté-like II - + 3.9303 — 0.0041i
I - - 3.8702 — 0.0109i

Table 5 Pole positions without the D" D;” channel

Case Sheet Pph PI/yw Pole position
K -matrix I — + 3.9189 — 0.0115i
Flatté-like 11 - + 3.9164 — 0.0046i

1 — — 3.9157 — 0.0101i

Due to limited data statistics, however, we cannot draw
a solid conclusion in this work. More experimental data
are expected to further clarify the nature of x.0(3930)/
X (3960)/X (3915), for instance, the yy — D(X)D(s) reac-
tions, the ete™ — l/fD(s)D(s) productions, the ampli-
tude analysis for the X (3915) — J/Y¥w chain, and the
ratio of I'(X — D)D)/ T (X — J/¥w). Without
doubt, other decay modes are also valuable to elucidate the
nature of the D" D near-threshold structure, such as X —
N0, T xe0.2. ¥ I /¥, y ¥ (3686), v (3770), y DW D, y
DDy, etc.

Nevertheless, it is noteworthy that the 0™ assignment
for the X(3915)(— J /Y w) state is not completely deter-
mined by experiments. Several works take the X (3915)(—
J /Y ) as the 27+ charmonium x.2(3930) [5,43], but the
%c0(3930) (— D*D7) and X(3960) (— D} D;) are
the same 0T* molecular hadron [5,44,45]. In view of this
assumption, fits without the J/vy @ channel are also tested,
where the numerical results are summarized in Table 4. These

pole positions are roughly consistent with the nominal results
though the elementariness of x.0(3930)/X(3960) is less
favored here. In addition, Refs. [5,11] regards the X (3960) as
a different state from x.0(3930) (— DTD7)/ X (3915)(—
J/¥w), so that fits without the D;f D; decay are used to
check. As listed in Table 5, the numerical values are compat-
ible with the nominal ones, which shed light on the mixed
nature of X (3915)/x.0(3930). That is, it does not shake the
conclusion of this article in case that the three decays are not
from the same hadron.
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Appendix A: Relevant fitted parameters

The parameters associated with pole positions are summa-
rized in Tables 6 and 7.
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Table 6 Parameters associated with pole positions in the K-matrix
method, which are g1, g12, g22 in Eq. 2 and subtraction constant a ()
of By function in Eq. 4, where g11 = g(1 +81), g2 = g(1 +82), and

gn=2g

Parameter Value

81 —0.0450 £+ 0.0653
82 2.4954 £+ 1.4267
g 1.6543 4+ 0.6575
a(p) 8.0516 £ 2.4454

Table7 Parameters associated with pole positions in Flatté-like param-

eterizations

Parameter Value

my (GeV) 3.9108 £ 0.0104
81 (GeV) 1.2287 £+ 1.9256
82 (GeV) 5.2372 +4.0788
83 (GeV) 3.6111 £ 0.6263
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