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1 Introduction

Precision measurements of the Standard Model continue to stress-test our understanding
of particle physics at an unprecedented level. In particular, charged and neutral Drell-Yan
production at hadron colliders like the LHC are used as standard candles due to their large
cross sections and exceedingly small experimental uncertainties, often below the percent
level. However, these electroweak precision observables have also been brought to the fore-
front of searches for new physics, in the form of measured deviations from the Standard
Model prediction. For example, the recent extraction of the W boson mass, performed by
the CDF experiment on legacy Tevatron data [1], is in apparent tension with the world
average [2] and previous hadron and lepton collider measurements [3–20], as well as mea-
surements of other fundamental EW parameters in Z production [21–30]. Measurements
such as this motivate precise theoretical input with uncertainties in the permille range or
lower. At this level of required accuracy, higher-order QCD and electroweak corrections
in vector-boson production must be supplemented with additional sources of theoretical
precision. In addition to a consideration of the structure functions describing the make-up
of the incident particles, a detailed description of the vector boson’s decay is paramount.
Special emphasis must lie on the precise phase space distribution and flavour composition
of the accompanying radiation, in order to be able to precisely model the detector re-
sponse. With this paper we contribute to the effort to determine the size and uncertainty
of higher-order QED corrections in the description of the decay of massive vector bosons.
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Higher-order corrections to Drell-Yan processes are known to first order in the complete
electroweak Standard Model [31–40]. The recent advances at NNLO QCD-EW mixed cal-
culations [41–50], though an impressive achievement in their own right, have not increased
the perturbative accuracy of the description of EW or QED radiative corrections them-
selves. Alternatively, universal QED corrections can be resummed to all orders either in
traditional QED parton showers [51] by means of the DGLAP equation, or through the
soft-photon resummation devised by Yennie, Frautschi, and Suura (YFS) [52]. These re-
summations can of course be matched to the fixed-order calculations mentioned above. A
QED parton shower is available in all major Monte-Carlo event generators, Herwig [53, 54],
Pythia [55, 56], and Sherpa [57–59], while the YFS approach is implemented in Her-
wig [60] and Sherpa [61, 62] for particle decays. The implementation in Sherpa has re-
cently been extended to also resum initial-state soft-photon radiation in e+e− collisions [63].

To reach the necessary precision to make full use of the existing and future experimen-
tal datasets, the QED effects impacting the leptonic final state of the Drell-Yan process
have to be understood in detail. These effects are driven by soft and collinear photon
radiation. They can be resummed to all orders, and be further improved order by order
in perturbation theory. Such calculations, matching to at least NLO EW corrections and
sometimes even including NNLO QED ones, have been implemented using QED parton
showers in Horace [64–69] and Powheg [70–73], using the structure function approach in
Rady [37, 38], and through a YFS-type soft-photon resummation in Winhac/Zinhac [74],
Herwig [60] and Sherpa [61, 62]. In addition, the Photos Monte-Carlo [75–78] provides
an algorithm based on both soft-photon resummation and matrix element corrections. Ded-
icated comparisons between Sherpa’s YFS-type resummation and Photos [79], between
Horace and Photos [80], as well as Horace and Winhac [81] have yielded very good
agreement.

A key element in the description of final state radiative corrections, however, has
only been sporadically and not very systematically addressed: the possible splitting of the
radiated bremsstrahlungs photons into secondary charged-particle pairs. These corrections
only enter at a relative O(α2) in Drell-Yan processes, but the production of light flavours
may be enhanced logarithmically and thus gain relevance. In addition, and in contrast to
QCD, photons and light charged flavours like electrons, muons, or pions, are experimentally
distinguishable — such conversions alter the visible make-up of the final state and are thus
of importance at the envisaged theoretical precision. It is also important to consider
here the usual experimental and phenomenological practice of dressing charged leptons
with photon radiation. While definitions of QCD jets have been constantly refined, there
has been little discussion of dressed lepton algorithms since the adoption of cone-dressing
strategies where all photons within a certain radius of the lepton are absorbed. Considering
higher-order corrections in the form of photons splitting into charged particles has the
potential to spoil the physically meaningful definition of a lepton dressed with photons. The
treatment of charged leptons in the presence of secondary charged flavours must therefore
be handled with care. Thus, while a first implementation of pair-production corrections
exists in Photos [82, 83], it only covers photon splittings into electrons and muons, and
their theoretical and phenomenological impact has not been rigorously appraised. This
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paper addresses this issue by introducing a rigorous independent framework to calculate
these corrections and study the resulting theoretical and phenomenological implications.

This paper proceeds as follows: we begin by providing a brief summary of the YFS
soft-photon resummation as implemented in Sherpa before providing a comprehensive de-
scription of the photon splitting implementation, including a detailed examination of their
interplay and the splitting properties in section 2. We then present a detailed discussion of
possible extensions of the standard lepton dressing algorithm to cope with the presence of
secondary pairs of (light) charged particles, and quantify their effect on Z → e+e− decays
in section 3. Finally, we offer some concluding remarks in section 4.

2 Soft-photon resummation and photon splittings

Incorporating photon-splitting processes alongside photon emissions are straightforwardly
implemented when both are described in a common parton shower framework. We prefer,
however, to base our implementation on the existing and superior description of photon
emission corrections in the YFS framework of [61], including its inherent coherent-radiation
formulation and existing NNLO QED and NLO EW corrections [62]. In this section we
thus start by providing a brief summary of the Yennie-Frautschi-Suura (YFS) soft-photon
resummation and its implementation in the Sherpa event generator. The remainder of
this section then discusses the construction of photon splitting algorithm in detail before
examining its properties.

2.1 The YFS soft-photon resummation

The work of Yennie–Frautschi–Suura (YFS) [52] describes the infrared singularities of QED
to all orders. To achieve this, YFS consider all charged particles of the theory to be massive,
and as a consequence only singularities associated with soft-photon emission are present.
In particular, all photon splittings are finite and thus do not partake in the analysis of the
infrared singular structure. Using that knowledge, the YFS algorithm reorders the pertur-
bative expansion of a scattering or decay matrix element. This amounts to a resummation
of the respective soft-photon logarithms in the enhanced real and virtual regions, leaving
a perturbative expansion in infrared-finite, hard photons (both real emisssions and virtual
exchanges).

In the implementation of the YFS resummation in Sherpa for particle decays [61], the
all-orders soft-photon resummed differential decay rate is written as

dΓYFS = dΓ0 · eαY (ωcut) ·
∞∑

nγ=0

1
nγ !

[ nγ∏
i=1

dΦki · α S̃(ki) Θ(k0
i − ωcut) · C

]
, (2.1)

wherein dΓ0 is the leading-order (LO) differential decay rate and the YFS form factor
Y (ωcut) contains the soft-photon logarithms. The decay rate is then summed over all
possible additional photon emissions with an energy larger than ωcut wrt. the leading-order
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decay. Each emission is described through its eikonal S̃ and corrected for hard emission
effects up to a given order through the correction factor C.1

Unlike a conventional parton shower, where the resummation is reliant on the fac-
torisation of subsequent emissions when ordered in an evolution variable, YFS photons
are unordered. In addition, they are also emitted coherently from the charged multipole
through the radiator function S̃ and are thus not inherently associated with a specific
emitter particle. Consequently, when the produced final state is to be further treated by
a dedicated photon-splitting parton shower, the existing configuration must be interpreted
in the parton shower’s evolution and splitting language before any further splittings take
place. Of course, care has to be taken so as to not compromise its leading logarithmic soft-
photon resummation. In the following algorithm, since the effects added are completely
beyond the scope of the YFS formulation without any potential overlap, this requirement
amounts to ensuring the kinematic recoil induced by a splitting photon on the primary
charged particle ensemble (and possibly other existing photons), vanishes in the limit that
the energy of the splitting photon vanishes. While this is trivially true as all charged parti-
cles are treated as massive, the recoil assignment performed in this study and described in
section 2.2 introduces corrections to the momenta of the primary charged particle ensemble
which scale non-logarithmically with the photon energy and hence do not contribute to the
leading-logarithmic resummation.

2.2 Photon splittings

In this section we introduce the parton shower algorithm which computes the photon split-
ting probabilities and kinematics, while the principal user input commands to steer its
behaviour are described in appendix B. We will use the usual notation associated with
a Catani-Seymour dipole shower, following [84]. Since the YFS algorithm requires mas-
sive charged particles, it is necessary to include all masses in this shower for consistency.
There are therefore no infrared singularities associated with our photon splittings, since
the collinear pole is regulated by the fermion and scalar masses. However, the aim is still
to capture the correct behaviour in the quasi-collinear limit, accounting for the logarithmic
enhancement for collinear splitting into light flavours. Throughout this section we will fo-
cus on configurations where all relevant particles are in the final state of the decay process,
i.e. decays of neutral resonances. Decays of charged resonances are handled similarly; the
corresponding modifications are detailed in appendix A.

The key part of the parton shower algorithm is, as usual, the veto algorithm [85, 86].
This allows us to avoid the problem of analytically integrating the splitting functions, which
are detailed below, by using an overestimate to evaluate the cumulative emission proba-
bility, and then vetoing emissions with a probability which corrects for the overestimate.
The evolution begins at some starting scale tstart which is the highest possible scale for
a splitting to take place; we postpone its exact definition to the end of this section. All
splitting functions compete: a splitting scale is calculated for each possible combination of

1The hard (real and virtual) photon-emission corrections C are available up to NLO EW for leptonic W

decays and up to NNLO QED + NLO EW for leptonic Z decays [62].
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splitter ı::, splitting products i and j, and spectator k̃/k (before/after the splitting process).
Whichever splitting process would happen at the highest scale is selected. If the splitting
is accepted (not vetoed), a new particle is created and flavours and kinematics of existing
particles are updated. The whole process is repeated, starting from the selected splitting
scale, and iterated until some infrared cutoff t0 is reached. This cutoff is needed to regulate
the divergence of the splitting functions in the general case where these appear. For a QCD
shower, a physical choice for the cutoff is the hadronisation scale, which is of O(1GeV), well
above ΛQCD where QCD dynamics turn non-perturbative. For a QED shower, however, the
splittings which do not involve quarks can evolve to arbitrarily low scales. In the algorithm
presented here, which contains only splitting functions of photon emissions off charged
scalars and fermions as well as of photons splitting into massive fermions or pseudo-scalar
hadrons, the cutoff is dictated by the mass of the lightest fermion, t0 = 4m2

e or lower.
As stated earlier, in the case of a photon splitting to a fermion or scalar particle-

antiparticle pair, there is no soft divergence. The collinear divergence present for massless
splitting products is converted into a logarithmic collinear enhancement when masses are
included; hence, lighter particles will have a larger contribution to photon splitting cor-
rections. Here we include all possible splittings up to a mass cutoff of 2mi . 1GeV in
addition to τ pair production which, while rare, contributes to some observables through
the decays to lighter leptons or hadrons. Since most splittings occur near or below the
hadronisation scale, we consider hadrons, not quarks, to be the relevant QCD degrees of
freedom. Using this mass cutoff, the hadrons which can be produced are the charged pions
and kaons. They are pseudo-scalars, and their interaction with photons is modeled us-
ing point-like scalar QED, neglecting any substructure effects. We use the scalar splitting
functions of [87]. Depending on the experimental environment, the kaons and τ leptons
decay before hitting any detector. This can be handled within the usual (hadron) decay
treatment available within the Sherpa framework [59, 88].

Splitting functions and spectator assignment. In the usual parton shower notation,
we use the following dipole splitting functions [84, 87, 89]

Ssı::(k̃)→siγj(k) = Ss̄ı::(k̃)→s̄iγj(k) = −Q2
ı::k̃
α

[
2

1− z + zy
−
ṽı::,k̃
vij,k

(
2 + m2

i

pipj

)]

Sfı::(k̃)→fiγj(k) = Sf̄ı::(k̃)→f̄iγj(k) = −Q2
ı::k̃
α

[
2

1− z + zy
−
ṽı::,k̃
vij,k

(
1 + z + m2

i

pipj

)]

Sγı::(k̃)→sis̄j(k) = Sγı::(k̃)→fif̄j(k) = −Q2
ı::k̃
α

[
1− 2z(1− z)− z+z−

] (2.2)

for splittings involving the scalars s, fermions f , their antiparticles s̄ and f̄ , and a photon
γ, in terms of the splitting variable y and light-cone momentum fraction z. These are
defined as

y = pipj
pipj + pipk + pjpk

and z = pipk
pipk + pjpk

. (2.3)
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Further, mi is the mass of the splitting product i, and z− and z+ are the phase space
boundaries

z± =
2µ2

i + (1− µ2
i − µ2

j − µ2
k) y

2(µ2
i + µ2

j + (1− µ2
i − µ2

j − µ2
k) y)

(1± vij,i vij,k) , (2.4)

where the dimensionless rescaled masses µ2
i = m2

i /Q
2 are introduced for convenience, and

Q2 = (pi+pj +pk)2 = (pı:: +pk̃)2 is the invariant mass of the dipole. The relative velocities
ṽı::,k̃, vij,k, and vij,i are given by

ṽı::,k̃ =

√
λ(1, µ2

ı::, µ
2
k̃
)

1− µ2
ı:: − µ2

k̃

,

vij,i =

√
(1− µ2

i − µ2
j − µ2

k)2 y2 − 4µ2
iµ

2
j

(1− µ2
i − µ2

j − µ2
k) y + 2µ2

i

,

vij,k =

√
(2µ2

k + (1− µ2
i − µ2

j − µ2
k)(1− y))2 − 4µ2

k

(1− µ2
i − µ2

j − µ2
k)(1− y)

.

(2.5)

Finally, the charge correlator Q2
ı::k̃

is defined as [52, 89–91]

Q2
ı::k̃

=


Qı::Qk̃θı

::θk̃
Q2
ı::

ı:: 6= γ

κı::k̃ ı:: = γ
with

∑
k̃ 6=ı::

κı::k̃ = −1 ∀ ı:: = γ , (2.6)

where the Qı:: and Qk̃ are the charges of the splitter and spectator respectively and their
θı::/k̃ are 1 (−1) if they are in the final (initial) state. The κγk̃ need to ensure that the
splitting functions are appropriately normalised such that the correct collinear limit is
found, but are otherwise unconstrained. Here we choose

κγk̃ = − 1
Nspecs

, (2.7)

where Nspecs is the chosen number of possible spectators, i.e. we choose to weigh all selected
spectators k̃ equally. The photon splittings themselves are free of soft divergences, hence the
spectator is only needed for momentum conservation and, in principle, any other particle of
the process may assume this role. In the present context, we consider all primary charged
decay products as possible spectators of photon splittings as our default, but the choice to
consider only the splitting photon’s originator particle (as reconstructed, described below)
has also been implemented, see appendix B. While the other present YFS photons and
other neutral decay products as well as the decaying particle itself are all valid spectators,
the two choices described above both guarantee that enough energy is available to allow
photon splitting into heavier flavours to occur. Limiting the number of spectators also helps
to reduce the computational complexity. For photon radiation off the products of a photon
splitting, the spectator assignment, and therefore the recoil, is kept local in that system.

Evolution variable. For the evolution variable t used in the parton shower, the re-
quirement of leading logarithmic accuracy means that any choice which preserves dt/t is
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formally equivalent in the infrared limit. In a given splitting function we consider two
variants, virtuality q̄2 and transverse momentum k2

T. The virtuality is defined, in terms
of the dipole invariant mass Q2 and the masses of the emitter mı::, splitting products mi/j

and spectator mk, as

q̄2 = (Q2 −m2
i −m2

j −m2
k) y +m2

i +m2
j −m2

ı:: . (2.8)

Specifically, for the two relevant cases this translates to

q̄2
f→fγ = (Q2 −m2

f −m2
k) y (2.9)

for photon emissions, where the flavour f can either be a scalar s, fermion f , or their
antiparticles s̄ and f̄ , and

q̄2
γ→f f̄ = (Q2 − 2m2

f −m2
k) y + 2m2

f (2.10)

for photon splittings. We see that, as stated earlier, photon emissions are possible at arbi-
trarily low evolution scales while photon splittings can only occur if the virtuality exceeds
the pair-production threshold. Likewise, the transverse momentum is defined by [84]

k2
T = (Q2 −m2

i −m2
j −m2

k) y z(1− z)−m2
i (1− z)2 −m2

j z
2 . (2.11)

Again, for photon emissions this translates to

k2
T f→fγ = (Q2 −m2

f −m2
k) y z(1− z)−m2

f (1− z)2 (2.12)

and to
k2

T γ→f f̄ = (Q2 − 2m2
f −m2

k) y z(1− z)−m2
f (z2 + (1− z)2) (2.13)

for photon splittings. As discussed, photon emissions are possible down to k2
T = 0, but in

this case the photon-splitting threshold also lies at k2
T = 0. As a result, the chosen infrared

cutoff t0 will induce a minimal kT, and thus opening angle, produced in the pair-creation
process. Hence, in full analogy to most QCD parton showers, the pair’s virtuality q̄2,
with its automatic introduction of a pair-production threshold, is expected to give a better
description.

It can be seen that the relation

dt
t

= dk2
T

k2
T

= dq̄2

q̄2 (2.14)

holds, therefore both transverse momentum and virtuality are possible choices of evolution
variable and no Jacobian is needed to translate between them.

Using these definitions, there are three well-motivated choices for the global evolution
variable.

1. As in most QCD parton showers, t = k2
T is a viable choice. In analogy to QCD,

ordering photon emissions by transverse momentum results in the inclusion of charge
coherence effects [92], but there is no particular motivation to use t = k2

T as the
evolution variable for photon splittings into charged-particle pairs.
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2. Choosing t = q̄2 is an equally valid option. Due to the s-channel nature of photon
splittings, the photon virtuality is expected to be a good ordering variable here [55,
93]. But since it does not implement angular ordering natively, it is not expected to
yield the best description of soft-photon emissions.

3. Following eq. (2.14), we are free to interpret the evolution variable differently in
different splitting processes as long as dt/t is invariant. As our default, we thus
choose to interpret the evolution variable t as k2

T in photon emissions and as q̄2 in
photon splittings. We will call this the “mixed scheme” in later sections.

All three choices are implemented, see appendix B, and some of their respective conse-
quences will be explored in section 2.3.

Generation of splitting variables. While the evolution variable t is generated as usual
in the veto algorithm, the light-cone momentum fraction z has to be generated within its
allowed range [z−, z+]. The integration limits z± are defined in eq. (2.4), but in order
to generate a Sudakov factor we work with the evolution variable t. We generate a trial
emission using the integral of the overestimate of the splitting function, for which the z
limits are necessary, but we do not yet know the value of the kinematic variable y (eq. (2.3)).
Using a change of variables to replace y with the evolution parameter yields usable z ranges
at this stage. Hence in the kT ordered scheme, the z limits are [84]

z±,kT = min/max
[

1
2

(
1±

√
1− 4t0

Q2

)
, z±

]
. (2.15)

Note that the z± are not yet known, but can be overestimated by 0 and 1, respectively.
The above expression thus gives an overestimate of the true phase space available. The
number of splittings rejected as a result is very small, however, and does not have a large
impact on the efficiency of the algorithm.

On the other hand, in the virtuality ordered scheme q̄2 has no z dependence. This
means that y can be determined independently of the light-cone momentum fraction z as
well, y(t, z) = y(t), by solving eq. (2.8) for y. This implies that the z limits can be written as

z±,q̄ =min/max

q2 +m2
i −m2

j

2q2

1±
√√√√√1− 4m2

i q
2(

q2 +m2
i −m2

j

)2

√√√√√1+ 4m2
kq

2(
Q2−q2−m2

k

)2

 , z±


(2.16)
where q2 = q̄2 +m2

ı::. Again, however, it is only a small price in efficiency to use larger and
simpler limits at the trial emission stage. In the results that follow, z−,q̄2 = 0 and z+,q̄2 = 1
have been used.

Kinematics. With the above definitions of the dipole variables y and z or, alternatively,
with the evolution variable t and the splitting variable z, and the uniformly distributed
azimuthal splitting angle φ, we can now build the kinematics of the splitting products i
and j and the spectator k after the emission process. The new momenta are given by
an inversion of the momentum maps of [87], and in their construction we follow [84]. In
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particular, for the final-final (FF) dipoles discussed here, they are given in section 3.1.1
eq. (49)–(58) of [84]. Note that this redistribution of momenta is infrared safe and does
not spoil the leading logarithmic accuracy of the YFS resummation, since it introduces
non-logarithmic corrections only.

Starting conditions. Having defined the evolution and splitting variables as well as
the splitting functions and kinematic mappings above, we now need to specify the initial
conditions to fully define the algorithm. As the photon emissions are already generated by
the YFS soft-photon resummation, the existing distribution has to be reinterpreted as if
it was generated by our shower algorithm. Then, the missing photon-splitting corrections
can be embedded into the existing calculation. By not allowing further photon-radiation
off the primary charged-particle ensemble, double counting is avoided.

To determine the scale at which each existing photon has been produced, we cal-
culate the emission probabilities according to the splitting functions Sfı::(k̃)→fiγj(k) and
Ssı::(k̃)→siγj(k), respectively, for every existing soft-photon γj . Therein, every primary
charged particle (all existing charged particles of the process at this stage) can act as
possible emitter ı:: and spectator k̃. One of those possible splitting functions is then se-
lected either according to its probability Sı::k̃→ijk/

∑
ı::k̃ S (default), or by selecting the one

with the largest splitting probability (see appendix B). Its reconstructed evolution vari-
able t is then set as the starting scale tstart,j of the further evolution for photon γj . The
above parton shower algorithm is then started at the largest of all photons’ starting scale,
tstart = max[tstart,j ], but each individual photon’s evolution is only active for t ≤ tj,start.

2.3 Properties of the photon-splitting algorithm

Having the algorithm to calculate photon splitting probabilities at hand, we can now ex-
amine its properties and assess the consequences of specific algorithmic choices discussed
above. To be precise, we use the example of an on-shell Z boson decaying to an e+e− pair
(maximising the number of radiated photons). Hence, as we are not in a collider environ-
ment, we use a spherical coordinate system to measure relative radial distances ∆Θ in the
following.

We begin by presenting a detailed look into the conditions under which the photons
generated through the YFS soft-photon resummation split. As discussed, in a first step,
the existing distribution of photons and primary emitters has to be clustered to assign
individual starting scales to the evolution of each photon. This assignment is of course
dependent on the choice of evolution variable for photon emissions off charged particles as
well as the choice of spectator scheme.

Figure 1 shows the distribution of starting scales when the photon emissions are re-
constructed with the inverse emission kernels. In the left plot, the ordering variable is
interpreted as either a relative transverse momentum, t = k2

T (red) or a virtuality, t = q̄2

(blue). In the transverse momentum ordering scheme we observe an approximately logarith-
mic rise in the abundance of starting scales, starting at the kinematic limit of k2

T ' 1
4 m

2
Z .

This reflects the photon spectrum produced by the soft-photon resummation. This loga-
rithmic rise levels out at k2

T ≈ m2
e, formed by the reconstructed k2

T of ultra-soft photons
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Figure 1. Left: a comparison of the frequency of the reconstructed starting scales tstart using two
choices for the evolution variable t, k2

T or q̄2, in the reconstructed initial e± → e±γ splitting. Right:
a comparison of the frequency of the reconstructed starting scales tstart = k2

T,start using either a
probabilistic determination of the emitter lepton or a winner-takes-all in the reconstructed initial
e± → e±γ splitting. The threshold for photons splitting into charged particle pairs is t > 4m2

e, and
ω2

IR,YFS is the infrared cutoff of the YFS-style algorithm which generates the photons.

of the event. This plateau ends at the soft-photon cutoff ω2
IR,YFS used in the soft-photon

resummation. In contrast, in the virtuality ordering scheme we see the majority of events
have starting scales above 10−6 GeV. In both cases the characteristic scale at t = m2

e is
induced by both the splitter and the spectator masses of the primary decay. The effect of
the infrared cutoff is straightforward in the t = k2

T case, as shown by the labelled black
dashed line. In the t = q̄2 case the cutoff does not dictate the turning point of the frequency
plot, but, indirectly, the point at which the frequency falls to zero. Due to normalisation
this has the effect of increasing the frequency above the electron mass. This appears as a
flattening off of the plot just above the electron mass squared, before the frequency falls
towards zero at m2

Z independent of the IR cutoff. We note that in the mixed ordering
scheme, which we choose as our default ordering variable scheme, tstart = k2

T,start.
On its right-hand side, figure 1 shows the distribution of starting scales tstart = k2

T when
the reconstructed emission of a YFS photon from one of the final-state charged particles
is chosen either probabilistically according to the relative sizes of the splitting functions
(red, our default) or by simply choosing the more likely emitter (green, dashed). There is
no significant difference between the two schemes. A very small difference occurs at the
high tstart end. In the winner-takes-all scheme, large starting scales are less likely because
the emitter with the largest splitting function is always chosen; the chosen emitter is the
particle which results in a smaller starting scale, due to the soft divergence and collinear
enhancement of the splitting functions.

Having established the starting conditions of the photons’ evolution we can now ex-
amine their splitting process into pairs of charged particles, and the interplay of the choice
of interpretation of the evolution variable in either splitting process. Therefore, figure 2
depicts the correlation of the starting scale tstart,j of a photon and the collinearity, or
opening angle ∆Θpair, of its splitting products (mainly e+e− pairs), for all three different
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Figure 2. The interdependence of the starting scale tstart of a photon and the angular separation
between the particles produced in its splitting, ∆Θpair, in the in the q̄-ordered scheme (left), the
kT-ordered scheme (centre), and the mixed ordering scheme (right).

choices of interpretation of the evolution variable t: q̄2, k2
T, or mixed. In the virtuality-

ordered scheme, t = q̄2, photons can only split if t exceeds the pair-creation threshold of the
lightest charged species, t ≥ 4m2

e ≈ 10−6 GeV2. Further, there is also a strong correlation
between the starting scale of the evolution and the eventual splitting angle, which is mainly
a consequence of the identification of the starting scale tstart for each photon. As already
anticipated in section 2.2 above, the evolution scale in the kT-ordered case is only con-
strained to be above the infrared cutoff t0, which is also chosen to be t0 = 4m2

e here. This
constrains the opening angle of the pair of splitting products to be ∆Θpair & 10−4. The
mixed scheme, interpreting t = k2

T in reconstructing the photon emission to define tstart and
t = q̄2 in photon splittings, combines aspects of these two schemes, producing a smooth
distribution in the whole (tstart,∆Θpair) space independent of t0, as long as t0 ≤ 4m2

e.
The opening angle becomes relevant when studying the recombination properties of the
splitting product into a dressed primary charged particle, see section 3.1.

To further investigate the effects of our results on specific algorithmic choices, figure 3
focuses on the same observable familiar from the previous figure: the interdependence
of the starting scale tstart and the opening angle ∆Θpair. Here as in figure 1, we see
that the effect of a winner-takes-all choice of starting scale as opposed to our default
probabilistic starting scale definition is not significant. The winner-takes-all choice results
in the distribution of starting scales being skewed to slightly smaller values, as discussed
above, which correlates loosely with a more collinear splitting. This results in a slight
extension of the high-frequency (red) region of the plot towards the small-tstart small-angle
corner in the lower two plots of figure 3 compared to the upper two plots. We also show
the spectator scheme dependence in the photon splitting: whether we allow both primary
leptons to be spectators or only the lepton that the photon was reconstructed to have been
emitted from. Since in photon splittings, the spectator’s only role is to absorb recoil to
guarantee momentum conservation, it is physically well motivated for the splitting photon’s
progenitor to be the sole particle to absorb its gained virtuality necessary for the splitting
process. Note that this choice does not affect the value of tstart, only the energy available
in the splitting, which affects the overall splitting probability and the allowed opening
angle of the splitting products. Figure 3 shows that this choice has negligible effect on the
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Figure 3. The interdependence of the starting scale tstart of a photon and the angular separation
between the particles produced in its splitting, ∆Θpair, in mixed ordering scheme with different
choices of kinematic spectators of the photon splitting, both charged primary leptons (top row) or
only the primary lepton the splitting photon was reconstructed to have been emitted from (bottom
row), and the way in which the starting scale of the evolution is chosen, probabilistically (left
column) or by always choosing the winning dipole (right column).

distribution of splitting events in the (tstart,∆Θpair) plane.
To conclude this section, figure 4 shows the relative frequency of photons splitting into

different species of charged lepton and hadron. As the driving factor is the produced par-
ticle species’ mass, electron-positron pairs are most commonly produced, around an order
of magnitude more commonly the products of photon splittings than muons or charged
pions. The probability of producing a second pair of a given species roughly follows the
naïve expectation of being the square of the probability of producing one pair. In a more
detailed consideration one finds a factor of α2 log(mZ/Eγ) log(tstart/m

2) associated with
each secondary pair production. Therein, Eγ is the energy of the bremsstrahlungs photon
that subsequently splits into the pair of particles of mass m, and tstart is its reconstructed
starting scale. Hence, we observe a single-logarithmic suppression of heavier flavours, mod-
ulo possible minor differences in the splitting function itself. This is well-reproduced by
our algorithm. In fact, in the current example, the drop in frequency of producing an
additional pair of particles of the same flavour is between 2.5 and 4.5 orders of magnitude.

3 Lepton dressing beyond photons

In this section we analyse the final states produced by our algorithm, and in particular
the consequences of further resolving the photons produced by the standard soft-photon
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Figure 4. The relative abundance of secondary pairs of each species of charged particle produced
in photon splittings in the mixed ordering scheme.

resummation into charged-particle pairs. We will continue to use the decay of an on-shell
Z boson into an e+e− pair as a testbed for our algorithm. We will analyse the corrections
induced by photon splittings on a number of physical properties that are related to the
charged particle content of the radiation cloud surrounding the primary decay products.

The reader is reminded that we continue to use a spherical coordinate system to mea-
sure relative radial distances ∆Θ. Further, please note that for this study we turn off
kaon and τ decays for the greatest accuracy in identifying primary final-state particles. By
default, however, kaon and τ lepton decays would be handled as normal in Sherpa [59], in-
cluding various state-of-the-art parametrisations of all known decay channels and including
their own respective QED corrections.

3.1 Dressing strategies in the presence of photon splittings

Lepton dressing is commonly used to define infrared-safe observables through recombining
a primary bare lepton with its surrounding radiation cloud, in full analogy with the jet
clustering of QCD. While lepton dressing is essential when massless leptons are used in
a calculation due to the presence of collinear singularities, the inclusion of a lepton mass
renders both dressed and bare lepton definitions physical. Nonetheless, bare leptons suffer
from large corrections that are logarithmic in the lepton’s mass, making them particularly
relevant for electrons. Hence, a dressed lepton definition is also advantageous in calculations
with massive, but light, leptons.

In practice, there are two common methods for lepton dressing, analogous to jet def-
initions in QCD: cone dressing and sequential recombination dressing. While a sequen-
tial recombination algorithm typically uses either the anti-kt or Cambridge-Aachen algo-
rithm [94], the cone-based dressing uses the bare lepton to define the cone axis and, at
variance with historical QCD cone algorithms, keeps the cone itself stable throughout the
recombination procedure, rendering it collinear safe. In either case, the algorithm is not
completely blind to particle flavour since (at least) the primary bare lepton is used as the
dressing-initiator and defines the flavour of the resulting dressed lepton. As long as only
photon radiation is considered as a higher-order correction to lepton production, which
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is the current standard in both YFS based soft-photon resummations [60, 61] and Pho-
tos [76, 78], both algorithms work very straightforwardly by subsequently combining the
primary lepton with the surrounding photon cloud using the respective distance measure.

When photon splittings are included in the QED corrections to lepton production as
well, the radiation cloud surrounding the primary lepton becomes flavour-diverse. Con-
sidering the underlying physical process, these photon-splitting corrections are simply re-
solving the structure of the photons constituting the above photon cloud. While these
corrections are infrared finite when all lepton masses are considered, large logarithmic ef-
fects can be expected in particular when branching into the lightest species, electrons,
occurs. Further, the splitting into electrons is the most probable branching for a photon
emitter. Thus, while continuing to dress the primary leptons with photons only is infrared
safe, it is natural to demand that the resulting dressed lepton definition does not strongly
depend on whether or not we include further photon splittings. We will thus investigate
the following choices for the flavour set fdress which is used to dress the primary lepton:

{γ} We continue to use only photons to dress the primary charged lepton.

{γ, e} In addition to the mandatory dressing with the surrounding photons, we also in-
clude the lightest charged particle, the electron, in the dressing procedure of the
primary lepton. This is not only motivated by the fact that splittings into e+e− pairs
give the largest corrections, but also that experimentally both electrons and photons
are measured similarly in the calorimeter. Of course, the presence of a magnetic
field between the interaction and the calorimeter does in principle decorrelate the
direction of their respective momentum vectors.

{γ, e, π,K} We also include the lightest hadronic splitting products in the dressed lepton
definition. Such a definition is a compromise between theoretical inclusivity and
experimental feasability.

{γ, e, π,K, µ, τ} We include all species produced in our photon-splitting implementation
in order to be completely inclusive. It has to be noted though, that in realistic
experimental environments muons are well distinguishable even at low muon energies,
and τ leptons of course decay further before detection rendering their inclusion in
any realistic dressing algorithm highly non-trivial.

A schematic of how both the cone and sequential recombination dressing algorithms
in the presence of photon splittings proceed is given in figure 5. In the case of the case
of cone dressing, the primary leptons should be identified, and should be dressed with all
QED radiation that surrounds them, including other leptons and hadrons. In particular,
the flavour of the dressed lepton does not change even if flavours other than a photon are
included in it as it is determined entirely by the primary lepton. Thus, in consequence, the
cone-dressed lepton may have a net charge that is different from that of its assigned flavour
when not all photon-splitting products are recombined into the same dressed lepton. We
will use this algorithm for the remainder of this study.
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Figure 5. Recombination matrices of lepton dressing strategies beyond photon radiation. While
γ labels the photon, `p and fs denote the primary leptons and secondary flavours, respectively.

Nonetheless, a diagram of a flavour recombination matrix for sequential recombination
dressing is shown on the right-hand side of figure 5. Here it is possible to recombine a sec-
ondary (and hence soft/collinear) lepton-antilepton pair into a photon, while allowing for
even softer or more collinear surrounding photons to be combined with these charged lep-
tons first. On the level of primary leptons, then, they are only dressed with photons, either
from the final state or from previous secondary-lepton clusterings. This has the obvious
advantage that the charge and flavour of the primary lepton matches that of the dressed lep-
ton. It, however, is schematically more intricate and does not always lead circular dressed
leptons, which are favoured experimentally, and the investigation is left to a future study.

The first observables we examine offer closer looks into the substructure of the cone-
dressed leptons produced by different dressing strategies. Here and in the following we use
the notation: either photon splittings to charged flavours f are present (γ → f f̄) or they
are not (no γ → f f̄); the dressing algorithm is specified by the set of particle flavours fdress
which are included in the dressing.

The left-hand side plot of figure 6 displays the angular distance ∆Θ of the cone-dressed
lepton constituent from the primary lepton. To ensure infrared safety, only photons with
Eγ > 0.1MeV are included. A cutoff just below the electron mass has been selected to en-
sure that all electrons are included in the analysis. Besides observing the primary lepton’s
dead cone for ∆Θ . 2 ·10−5, we find that for ∆Θ . 10−4 the constituent multiplicity when
including photon splittings, irrespective of the dressing scheme used, coincides with the
multiplicity when omitting such splitting. This corroborates our earlier expectation that
collinear photons largely lack the necessary virtuality to split into a charged-particle pair.
At larger angles, where the required virtuality can be more easily gained, a photon’s proba-
bility to split increases. In consequence, when including photon-splitting effects in the cal-
culation, but not accounting for the splitting products in the dressing, a drop in multiplicity
can be observed. Including electrons as well as photons in the dressing reincorporates most
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Figure 6. Left: the differential distribution of the dressed lepton constituents, including radiated
photons with Eγ > 0.1MeV, in dependence on the angular distance ∆Θ from the primary lepton.
Right: the energy density ρ within the dressed lepton as a function of the angular distance ∆Θ
from the primary lepton. Shown are the predictions without accounting for photon splittings (red),
compared to the predictions allowing photons to split: dressed with photons only (blue), photons
and electrons (green) or all particles (violet).

splitting products into the dressed lepton definition (see figure 4). We find an increase above
the reference of approximately the same number of constituents that are lost in the γ → f f̄,
fdress = {γ} (blue) case. The completely flavour-inclusive dressing definition then shows the
same effects scaled to the production of heavier secondary species: larger virtualities, and
thus larger ∆Θ, are needed for a non-zero splitting probability, so fewer photons actually
split into these heavier flavours. This leads to a much smaller effect of these splittings, con-
centrated at the outside of the cone. We expect out-of-cone effects to be small, since the fre-
quency spectrum falls steeply towards the edge of the cone. More generally, it appears that
the splitting products are close to collinear with the progenitor photon, at least on average.

On the other hand, the right-hand side plot of figure 6 shows the distribution of
energy within the dressed lepton as a fraction of the energy of the entire dressed lepton.
Resolving photons into other species, i.e. pairs of charged particles, but continuing to dress
the primary lepton with photons only, naturally decreases the energy radial density of the
dressed lepton. The fact that this energy density loss is not constant but rather increases
with the radial distance to the primary lepton is again a result of the increasing possible
off-shellness at larger ∆Θ, and therefore the increased splitting probability. Even when the
photon splittings products are part of the dressing procedure, either secondary electrons
only or the set {e, π,K, µ, τ}, the energy density ρ falls below the reference at some distance
from the primary lepton showing that a significant number of splitting products end up
outside the dressing cone radius.

As mentioned above, it is possible for the charge of the dressed lepton to be different
from the charge of its primary constituent. This is shown in figure 7 for the case of cone
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Figure 7. The total charge of the cone-dressed electron and positron with ∆Θdress = 0.1 and
including all secondary flavours, i.e. fdress = {γ, e, π,K, µ, τ}.

dressing with ∆Θdress = 0.1. Fewer than a thousandth of the dressed leptons are neutral
or doubly charged, while a fraction of 10−7 of them are either triply charged or appear to
be their own antiparticle (a dressed electron having a charge of +1 or a dressed positron
having a charge of −1). Again, this is a consequence of only partially capturing the photon
splitting products.

In the next section we will look at the separate and combined effects of photon splittings
and flavour-aware lepton dressing on physical observables in the decay of an on-shell Z
boson.

3.2 Case study: Z boson decay

In a final step, we look at the decay of an on-shell Z boson into an e+e− pair and inves-
tigate the impact of the photon splitting corrections introduced in this paper on physical
observables. To be precise, we present the effects of including γ → f f̄ splittings and the
consequences of (not) using flavour-aware dressing algorithms on the decay rate, differential
with respect to the invariant mass m`` of the primary electron-positron pair.

We begin by examining the bare differential decay rate, i.e. the invariant mass of the
primary lepton pair that is not dressed with the radiation around it, in order to quantify the
kinematic effect of photon splittings on the primary leptons themselves without confusing
this effect with the intricacies of the dressing algorithm. We note that bare leptons are
theoretically well defined as all lepton masses are fully accounted for. To this end, figure 8
isolates the effect of allowing YFS photons to split by presenting the bare invariant mass
of the two most energetic leptons of opposite charge, one electron and one positron. In
the overwhelming majority of cases these are expected to be the primary electron-positron
pair generated in the on-shell Z decay. The largest deviation from the pure YFS prediction
without photon splittings, which is taken as the reference, is about 1% in the region of most
interest. It occurs just below the Z mass, at about 60− 70GeV. It is driven by extracting
additional momentum from the primary leptons to accommodate the necessary virtuality
for photon splittings to occur. Although barely visible, this is fueled by a minute reduction
of the much larger differential decay rate closer to the nominal Z mass itself. Although
of less interest due to the smaller absolute decay rate, the opposite effect is seen at very
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Figure 8. The bare dilepton invariant mass m`` as described by the YFS soft-photon resummation
only (red) or additionally resolving the photons further into pairs of charged particles (blue), in the
mixed ordering scheme.

small invariant masses, below 50GeV, where, through the same mechanism, the decay
rate is diminished by about 1 − 2% as the slope of the distribution is shallower but the
momentum extraction is similar in magnitude to that at larger invariant masses.

Finally, a change of the precise definition of the ordering variable, both for the recon-
structed starting scale of the evolution and the splitting scale of the eventual photon split-
ting, generally increases the size of the corrections for this observable. While using t = k2

T
for all splittings only increases the observed corrections slightly, due to the increased photon
splitting probability as kT < q̄ throughout, using t = q̄2 almost doubles the size of the cor-
rections as now the starting scales of the each photon’s evolution reconstruct to much larger
values, see figure 1. This is a consequence of the different properties of these ordering vari-
ables as discussed in section 2.2, although a priori all choices have the same formal accuracy.

Having assessed the basic kinematic effects on the bare primary leptons, we now turn
to dressed leptons. We will investigate the impact the different dressing strategies discussed
in section 3.1 have once the radiation cloud around the primary leptons is not comprised
of only photons but is resolved further into various different flavours of secondary charged
particles. To this end, figure 9 contrasts the pure YFS soft-photon resummation without
further photon splittings with a range of dressing strategies when photon splittings are
included. Four different cone sizes are considered, from ∆Θdress = 0.005 to ∆Θdress = 0.2.
The upper ratio illustrates the deviation of each prediction from the pure YFS case, due
to both the presence of photon splittings and the details of the dressing algorithm. The
lower ratio isolates the effect of the dressing strategy by showing the deviation with respect
to the photon-only-dressed events. In particular, this shows which secondary flavours are
recombined with the primary lepton into the dressed lepton. We observe that when the
photon radiation off the primary electrons is further resolved into charged-particle pairs
but the primary electrons are still only dressed with only the photons of their surrounding
radiation cloud, large effects are manifest. They range from slightly over 2% for ∆Θdress =
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Figure 9. The dressed dilepton invariant mass m`` as described by the YFS soft-photon resumma-
tion only (red) or additionally resolving the photons further into pairs of charged particles for four
different dressing cone sizes, ∆Θdress = 0.005 (top left), 0.02 (top right), 0.1 (bottom left), and 0.2
(bottom right), in the mixed ordering scheme. We differentiate various different dressing strategies,
recombining photons only (blue), photons and electrons (green), photons, electrons and charged
hadrons (orange), and all charged particles (violet) within the dressing cone with the primary
charged lepton. Two ratios are presented, either taking the soft-photon resummation without pho-
ton splittings (upper ratio), or the soft-photon resummation including photon splittings and dressing
the primary leptons with photons as well as secondary electrons (lower ratio), as the reference.
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Figure 10. This figure shows the cone size dependence of different dressing strategies. The differen-
tial decay rate dΓγ→ff̄

fdress,∆Θdress
/d logm`` has been divided by the corresponding dΓno γ→ff̄

∆Θdress
/d logm``,

in dependence of both the flavour set fdress included in the dressing and the dressing cone of size
∆Θdress. The left plot shows the difference case where only photons are used in the dressing (dotted)
and using both photons and secondary electrons (solid), whereas the right plot shows the difference
between a dressing strategy using only photons and electrons (solid) and all secondary flavours
(dashed).

0.005 to 6% for the common ∆Θdress = 0.1, and up to 9% for the more inclusive cone
radius of ∆Θdress = 0.2. This difference originates in the fact that as long as only photons
are included in the dressing, every photon lost by resolving it into a charged-particle pair
cannot be recombined into the dressed lepton, which then ends up with less energy simply
because higher-order corrections have been included. The observation that our algorithm
reconstructs higher starting scales for hard wide-angle photons than either soft or collinear
ones, and thus these are more likely to possess the necessary virtuality to split into charged-
particle pairs, explains the dressing-cone-size dependence. However, when more inclusive
dressing algorithms are considered, the effect of photon splittings on the differential decay
rate is reduced, as is the ∆Θdress dependence. As photons predominantly resolve into e+e−

pairs, their inclusion in the dressed lepton definition already captures the bulk of the effect,
in particular at smaller dressing cone radii. Along the lines of the above argument, photons
need to be sufficiently separated from the primary lepton in order to gain enough virtuality
to split into the heavier particle species. Thus, the inclusion of further secondary flavours
in the dressing algorithm only plays a role at larger dressing cones, with effects ranging
from 1% at ∆Θdress = 0.1 to 2% at ∆Θdress = 0.2. The effect of changing the ordering
scheme for the photon splitting algorithm on figure 9 is very similar to the effect on figure 8.
Again, using the transverse momentum or virtuality ordered schemes increases the size of
the corrections induced by photon splittings in a very similar way as before. It is still the
case that reincorporating splitting products in the dressing recovers the bare-lepton level
deviation from the pure YFS prediction. As above, it needs to be noted that such a change
in the ordering variable results in a subobtimal description of the physical process, and is
thus not recommended to be used as an estimator of the intrinsic uncertainty.

In figure 10 we show more clearly the recovery of the pure soft-photon prediction using
the two most relevant charged-particle-inclusive dressing strategies. The figure shows the
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ratio of the differential cross section including photon splittings to that without photon
splittings for different dressing choices. We find that including charged particles in the
cone dressing limits the effect of photons splitting corrections to the 1% level, irrespective
of cone size. Including electrons in the dressing similarly limits the corrections to 2% even
for the largest cone sizes considered here.

4 Conclusions

In this paper we detailed an extension to the soft-photon resummation in the Yennie-
Frautschi-Suura framework to incorporate higher QED corrections originating in photon
splittings into charged-particle pairs. These photon-splitting corrections, which resolve the
substructure of the newly produced photons, are often larger than suggested by the formal
accuracy. In particular, they can be logarithmically enhanced with the ratio of the lightest
charged particle, the electron, to the possible virtuality of the splitting photon.

Using the decay Z → e+e−, we found that the limit on the virtuality of the photon
bremsstrahlung off a primary lepton is strongly correlated with the angular distance to
this primary lepton, and thus also to the probability of that photon to split. We also
investigated the systematics of our photon-splitting algorithm and found that algorithmic
choices do not have a large impact on results. We found that the frequency of occurrence
of different species agreed with theoretical expectations, showing a logarithmic dependence
on the mass of the produced particles.

As a consequence of our extension, the cloud of QED radiation surrounding the primary
leptons of a hard decay contains an array of particle flavours, not solely photons. Hence,
the standard dressing algorithms to define infrared-safe dressed leptons were found to
develop a strong sensitivity to further resolving the initial soft-photon cloud, in particular
for larger dressing-cone radii. We therefore developed a novel set of flavour-aware strategies
for dressing charged leptons and investigated their respective properties. We found that
including secondary electrons as a minimal addition in the dressing procedure already
substantially reduces this dependence on photon resolution, while an inclusion of all possible
secondary flavours minimises it.

Using the example of the Z → e+e− decay rate, we investigated the dilepton invariant
mass in detail. We found corrections of around 1% from photon splittings, wrt. the previous
standard of not further resolving the initial photon radiation on the bare electrons. In the
more relevant case of leptons cone-dressed with photons only, these could become much
larger, up to 9% for large dressing cone radii of ∆Θdress = 0.1 or 0.2. Introducing a flavour-
aware dressing algorithm restored the bare result to a large degree, however, reigning in
the photon-splitting corrections to 1 − 2%, along with mostly removing their cone-size
dependence. We leave it to a future publication to study how the above effects translate
to the general off-shell production of a Drell-Yan lepton pair at a hadron collider.

The photon splitting corrections were implemented in the Sherpa Monte-Carlo event
generator and will be incorporated in a future release. All analyses and dressing strategies
were implemented using Rivet’s analysis tools [95, 96].
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A Charged resonances

In this appendix we give the definitions for final-initial (FI) dipoles needed for the descrip-
tion of photon splittings in the QED corrections of charged particle decays, like W → `ν.

The notation used in this appendix is for the most part consistent with section 2.2.
We consider a charged resonance ã (a) decaying to a charged particle ı:: (i) and a recoiling
system {ñ} ({n}): ã → ı:: {ñ} before and a → i j {n} after the emission of a photon j,
respectively. Ordinarily the recoil from the splitting would be absorbed locally by either
the spectator a when i is the emitter, or vice versa. Since a is the decaying particle,
however, we have chosen to keep its momentum unchanged and redistribute the recoil
effectively to the particle(s) {n}. This allows to use a single momentum map for both
situations and combine both emitter-spectator designations into a single dipole splitting
function. This not only simplifies its description, but also removes problems with the
positivity of the partial-fractioned Catani-Seymour splitting functions in situations where
the mass correction is larger than the (quasi-)collinear emission term. Hence, we follow the
treament in [97, 98] to construct the splitting functions and kinematic variables.

As described in section 2, the first step in the photon splitting algorithm is to determine
the starting scale of each photon by reconstructing its emission history. In principle,
emission of a photon can occur from the decaying particle ã or from its charged decay
product ı::. However, since the former splitting is suppressed by the decaying particle’s
mass, it is much more likely to act as spectator. Instead, as discussed above, we employ
a single splitting function which contains the initial-state emission term in addition to the
final-state emission. As a consequence, in the soft limit the full eikonal is recovered and the
dipole radiates coherently, but splitting from the initial-state particle is never kinematically
considered when building the required single-emitter history in the collinear interpretation
of our parton shower.

After calculating the starting scale, the photons’ evolution begins and photon splittings
are considered. Since a photon is never considered to be emitted from the initial-state
charged particle, and the decaying particle has a restricted phase space for absorbing recoil
in any case, the spectator in all photon splittings is chosen to be the final-state particle i.
For this reason, we do not need the kinematic mappings for an FI dipole. The splitting
function and evolution variable definitions are detailed below.
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Splitting functions. The dipole invariant mass Q2 is defined as

Q2 = (p̃ı:: − p̃ã)2 = (pi + pj − pa)2 (A.1)

for the case of a dipole with final-state emitter i and initial-state spectator a.
For convenience, we define the quantity

Q̄2 = m2
a −m2

i −m2
j −Q2. (A.2)

The kinematic variables z and y are defined differently from the FF case; they are
given by

y = pipj
papi + papj − pipj − 2m2

i − 2m2
j

and z = pipa − pipj −m2
i

pipa + pjpa − 2pipj −m2
i −m2

j

. (A.3)

In terms of these variables the splitting functions are given by

Sfı::(ã)→fiγj(a) = Sf̄ı::(ã)→f̄iγj(a) = −Q2
ı::ã α

[
2

1− z(1− y)

(
1 + 2m2

i

Q̄2

)
− (1 + z)− m2

i

pipj

− (pipj)
Q̄2

m2
a

Q̄2
4

[1− z(1− y)]2

]
,

Ssı::(ã)→siγj(a) = Ss̄ı::(ã)→s̄iγj(a) = −Q2
ı::ã α

[
2

1− z(1− y)

(
1 + 2m2

i

Q̄2

)
− 2− m2

i

pipj

− (pipj)
Q̄2

m2
a

Q̄2
4

[1− z(1− y)]2

]
. (A.4)

The additional factor (1+2m2
i /Q̄

2) is needed to recover the soft eikonal limit by cancelling
some of the mass dependence of the variables z and y. Note that mj = 0 needs to be taken
for the soft limit so is not present in this additional factor.

Evolution variable. As before, we consider two choices of evolution variable, virtuality
and transverse momentum. The form of these variables in terms of the dipole invariant mass
Q2 and the masses of the particles in the process are very similar to those for FF dipoles.

The virtuality is given by

q̄2 = (m2
a −m2

i −m2
j −Q2) y +m2

i +m2
j −m2

ı:: (A.5)

while the transverse momentum can be written

k2
T = (m2

a −m2
i −m2

j −Q2) y z(1− z)−m2
i (1− z)2 −m2

j z
2. (A.6)

As before, the default scheme for the evolution variable is the mixed scheme, where the
transverse momentum is computed as the starting scale for photon evolution but is inter-
preted as a virtuality thereafter. The pure transverse momentum and virtuality schemes
are implemented as well.
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B Usage

In this appendix we list the available keywords and settings in order to effect the various
algorithmic choices described in this paper. They are

YFS_PHOTON_SPLITTER_MODE This setting governs which secondary flavours will be con-
sidered.

0 photons do not split,

1 photons split into electron-positron pairs,

2 muons,

4 tau leptons,

8 and/or light hadrons (up to YFS_PHOTON_SPLITTER_MAX_HADMASS).

The settings are additive, the default is 15.

YFS_PHOTON_SPLITTER_MAX_HADMASS This setting sets the mass of the heaviest hadron
which can be produced in photon splittings. Note that vector splitting functions are
not currently implemented. Default is 0.5GeV.

YFS_PHOTON_SPLITTER_ORDERING_SCHEME This setting defines the ordering scheme used.

0 transverse momentum ordering,

1 virtuality ordering,

2 mixed scheme (default).

YFS_PHOTON_SPLITTER_SPECTATOR_SCHEME This setting defines the allowed spectators for
the photon splitting process.

0 all primary emitters may act as spectator (default),

1 only the photon’s reconstructed emitter is eligible as a spectator.

YFS_PHOTON_SPLITTER_STARTING_SCALE_SCHEME This setting governs the determination
of the starting scale.

0 starting scale is chosed probabilistically (default),

1 the starting scale is chosen using a winner-takes-all strategy.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited. SCOAP3 supports
the goals of the International Year of Basic Sciences for Sustainable Development.
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